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The pressureless damped Euler—Riesz equations
Young-Pil Choi and Jinwook Jung

Abstract. In this paper, we analyze the pressureless damped Euler—Riesz equations posed in either
R or T<. We construct the global-in-time existence and uniqueness of classical solutions for the
system around a constant background state. We also establish large-time behaviors of classical solu-
tions showing the solutions towards the equilibrium as time goes to infinity. For the whole space
case, we first show an algebraic decay rate of solutions under additional assumptions on the initial
data compared to the existence theory. We then refine the argument to have an exponential decay
rate of convergence even in the whole space. In the case of the periodic domain, without any further
regularity assumptions on the initial data, we provide the exponential convergence of solutions.

1. Introduction

In this paper we are interested in the global well-posedness and large-time behavior for
the pressureless Euler—Riesz equations with linear damping posed either in @ = R? or
T:

dp+V-(pu)=0, xeQ,t>0,

d:(pu) + V- (pu ® u) = —ypu — ApVA“~ (p ),

subject to the initial data

(1.1)

(0, w)]t=0 := (po,uo), x €K, (1.2)

where p = p(x,t) and u = u(x,t) denote the density and velocity of the fluid at time #
and position x, respectively. Here, the Riesz operator A® is defined by (—A)*/2, and we
concentrate on the case d —2 < o < d. The coefficients y and A are positive constants,
and ¢ > 0 is the nonzero background state. For A%~% (p — ¢) to be well defined, we impose

the neutrality condition
/ (p—c)dx =0.
Q

Without loss of generality, for simplicity of presentation, wesety = A = ¢ = 1.
The pressureless Euler—Riesz system has recently been derived in [27] from the N-
interacting particle system governed by Newton’s laws. In [27], the interaction between
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particles is given by the force fields VK, where K(x) = |x|™® withd —2 < o < d, and
the modulated kinetic and interaction energies are employed to show the quantitative error
estimate between the particle and Euler—Riesz systems. We would like to remark that the
case o = d — 2 with d > 3 corresponds to the Coulomb potential, and the case max{d — 2,
0} < o < d with d > 1 is called the Riesz potential. The local well-posedness theory for
system (1.1) is developed in [12] and the case («, d) = (1, 2) is discussed in [1]. Strictly
speaking, in [12], system (1.1) with zero background state in the undamped case, i.e. c =0
and y = 0, is considered; however, a small modification of the strategy used in [12] leads
to establishing the local existence and uniqueness of classical solutions to system (1.1);
see Theorem 3.1 below for more detailed discussion.

The main purpose of the current work is to establish the global-in-time existence and
uniqueness of classical solutions to the pressureless damped Euler—Riesz system (1.1) and
its large-time behavior. We would like to emphasize that to the best of our knowledge,
even for the multidimensional Euler—Poisson system, in the absence of the pressure, much
less is known about the global-in-time regularity of classical solutions or the large-time
behavior estimate. For the one-dimensional case, a critical threshold on the initial data
distinguishing the global-in-time regularity of solutions and finite-time singularity forma-
tion for the pressureless Euler—Poisson system is analyzed in [2,7, 15,34]; see also [5,31]
for the case with pressure and other related systems. For higher-dimensional problems,
the critical threshold estimate for the two-dimensional restricted Euler—Poisson system is
studied in [26]; see [25] for more general discussion on the restricted flows. The global
existence of smooth solutions for the Euler—Poisson system around a constant background
state is discussed in [21,22,24]. We also refer to [16, 17, 19] for three-dimensional prob-
lems.

In order to state our first main result concerning the global well-posedness theory, we
use p > 0 and let 2 = p — 1 to reformulate system (1.1)—(1.2) as

oh+V-(hu)+V-u=0, xeQ,t>0,

(1.3)
du—+u-Vu=—u—VA*9p,
with initial data
(h,u)|t=0 =: (ho := po — L, up), x € Q. (1.4)
For our solution spaces, we consider the following norms:
2 L 2 2 2
) xm = WAl Em + Nl aze + A, e (15)

The notation X™ naturally denotes the space of functions with the finite corresponding
norm.

Now we state our first result on the global existence and uniqueness of solutions
to (1.1).
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Theorem 1.1. Consider system (1.3) on either @ =R? or T? with d > 1 and max{d — 2,
0} <a <d. Foranym > % + 2, suppose that the initial data (po, uo) satisfy

inf hg(x) > —1, / ho(x)dx =0, and (ho,up) € X™.
x€Q Q

If

(7o, u0) [l xm < €1

for some g1 > 0 sufficiently small, then system (1.3)—(1.4) admits a unique solution in
C(R4; X™).

As mentioned above, the local-in-time existence of solutions for system (1.1) with
y = 0 is investigated in a recent work [12]. We are currently interested in the linear
velocity-damping effect on the global-in-time regularity of solutions, and as stated in The-
orem 1.1, the damping can prevent the finite-time breakdown of smoothness of solutions,
even in the absence of pressure, when the initial data are sufficiently small and regu-
lar. This is reminiscent of the proof of a global Cauchy problem for the compressible
Euler equations with damping [29, 33]. However, we only have the Riesz interactions,
not the pressure term. On the other hand, for the Euler—Poisson system around a con-
stant background state, i.e. system (1.1) with pressure, « = d — 2, and y = 0, two- and
three-dimensional Cauchy problems are first discussed in [21,24] and in [16] under the
consideration of irrotational flows. Compared to those works, we have linear damping in
the velocity instead of the pressure term. The main difficulties lie in the analysis of the
highest-order derivative estimates and the dissipation rate on the solutions due to the sin-
gularity of Riesz interactions, beyond the Coulomb ones. It is natural to expect that the
linear damping gives a good dissipation rate for the velocity u. However, it is not clear how
to analyze the stabilizing effect from the Riesz interactions and obtain a proper dissipation
rate for the perturbed density 4. In order to overcome those difficulties, inspired by [12],
we estimate our solutions in the fractional Sobolev space specified in (1.5) and a modified
H™ norm for & (see (3.1) below) to have some cancellation of terms with the highest-
order derivatives. For the dissipation estimates for %, we clarify the dispersive effect of
the Riesz interaction and establish a delicate hypocoercivity-type estimate which provides
the higher-order dissipation rate. The proof strongly relies on the energy method based on
the commutator estimates for the fractional Laplacian and Gagliardo—Nirenberg—Sobolev-
type inequalities.

Remark 1.1. In [12], the finite-time singularity formation for the Euler—Riesz system
with zero background state in multidimensions d > 1 is investigated. In the presence of
pressure (isentropic or isothermal pressure), either the attractive or repulsive Riesz inter-
action case is considered, and the finite-time breakdown of smoothness of solutions is
observed under suitable assumptions on the initial data. The main idea is based on the
lower and upper bound estimates on the internal energy. In the attractive and pressure-
less case, the estimate of finite-time singularity formation in [12, Theorem 5.4] still holds.
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However, it is not clear how to employ those arguments for the repulsive and pressureless
case. As far as we know, the global-in-time existence or finite-in-time blowup results have
been shown only for the pressureless Euler—Poisson system with zero background state,
ie. (1.1) with o = d — 2 and ¢ = 0, in a special setting. In [15, 32, 34], the geometrical
symmetry was crucially used to deduce such results. To the best of our knowledge, nei-
ther the global-in-time existence nor finite-time blowup of solutions to the repulsive and
pressureless Euler—Riesz system (1.1) without any symmetry assumptions, has been stud-
ied so far in the higher-dimensional case (d > 2) even for the repulsive and pressureless
Euler—Poisson system.

Remark 1.2. In [11], after a suitable scaling, the strong relaxation limit of system (1.1)
with the zero background state, i.e. ¢ = 0, is investigated, and the following fractional
porous medium equation [3,4] is rigorously and quantitatively derived:

dp=V-(pVA*?p).

We would like to remark that the argument used in [11] can be extended to the nonzero
constant background state case when Q = T¢ . The local-in-time existence and uniqueness
of classical solutions for that limiting equation have been recently established in [10]. Note
that as long as there exist classical solutions for those systems, the strong relaxation limit
estimate holds. Thus, as a by-product of Theorem 1.1, if one can show the existence of
global-in-time classical solutions to the porous medium equation, then the relaxation limit
holds for all times. Note that such a global existence was covered as a special case of the
singular Euler-alignment system [14,28] in one dimension. We also refer to [6,8,9,20,23]
for the strong relaxation limits of compressible Euler/Euler—Poisson systems.

Our second result provides the large-time behavior of solutions, obtained in Theo-
rem 1.1, to system (1.1) showing algebraic or exponential decay rates of convergence of
solutions in X” when Q = R? or T?.

Theorem 1.2. Let d > 2 and the assumptions of Theorem 1.1 be satisfied.

(i) (Whole space case): If we additionally assume that
(o, ug) € H*~"5" R) x [H~* (R (1.6)

for some

e [1 d—a “] (1.7)
K - =, .
2 2
then we have
(o) G0 [Zm + IIhIIE,H%ﬂ + )l =CA+DT", 1 =0,

where n > 0 is given by

2s s—i—d—a—l}

— g d—
d—a 1-432¢

n:i= min{
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Furthermore, if the order s > 0 is large enough such that (5 >)s > 2 +d —«a,
then we have an exponential decay rate of convergence:

(B, u) () |3m < Ce™8, 120

for some positive constants C and { independent of t.

(ii) (Periodic case): There exist positive constants C and A independent of t such that
I(h,u) (. t)llxm < Ce™™, t>0.
Remark 1.3. Condition (1.7) naturally requires d > 2.

Remark 1.4. Assumption (1.7) and the dimension restriction d > 2 can be relaxed in the
whole space case. Indeed, if we only assume (1.6) for some s € (0, «/2], then we have

S
d—

2, 1>0, (1.8)

1) D) fm < C(L41)

where C is a positive constant independent of 7. Note that when s + df"‘ < 1, the decay
rate of convergence for the whole space case is at most

d—a
1-dze

(1 +t)_1+d%“ — (1 +t)—1+£

for some constant ¢ € (0, 1). In this case, even though the order s > 0 is only assumed
to be positive, the decay rate does not depend on the dimension d; however this decay
estimate provides a good decay estimate for the one-dimensional case. On the other hand,
when s = %, i.e. (1.7) holds, the decay rate becomes

and it becomes
A+0)"9 D jfag=d—1.

This shows that we can have a better decay rate of convergence in higher dimensions.

Remark 1.5. For the periodic domain case, if we are only interested in the large-time
behavior of the lowest-order norm, i.e. ||u|| 72 + IIhIIH,dza , then the smallness assumption
on the solutions in Theorems 1.1-1.2 is not necessarily required. More precisely, if we
assume

(i) inf, yeraxr, 1+ (X, 1) > hmin > 0,
(i) h e Whoo (T4 x Ry), V-u € L®(R4; [L®(T)]%),
then we have
luC.0llez +1hCD]  aza < Ce™

Here C and A are positive constants independent of 7. In fact, the above estimate plays a
crucial role in establishing an exponential decay rate of convergence of ||(7, u) (-, )| %m;
see Proposition 4.2 below.
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Remark 1.6. All the results in Theorems 1.1 and 1.2 can be readily extended to the
Coulomb interaction case, i.e. system (1.3) with « = d — 2. In particular, if d > 6 and
(1.6) holds with s € (4,d — 2), we have an exponential decay rate of convergence of solu-
tions for system (1.3) with « = d — 2, i.e. pressureless damped Euler—Poisson system,
even in the whole space.

For the whole space case, as stated in Theorem 1.2, we take into account the neg-
ative Sobolev space of solutions. The negative Sobolev norm is first used in [18] for
the estimates on the optimal-time decay rates of convergence of solutions to the dissi-
pative equations in the whole space. As mentioned above, we were able to show that the
hypocoercivity-type estimate produces the dissipation rate for /; however, it does not give
the lower-order norm for /. For this, we find a proper negative order of derivative of solu-
tions that closes the estimates of Sobolev negative norms, and thus an algebraic decay
rate of convergence of solutions is established. We would also like to emphasize that an
exponential decay rate is found when the negative order is sufficiently large, which sub-
sequently requires d > 1 large enough, in the whole space. On the other hand, for the
periodic domain case, we suitably use the monotonicity of the negative Sobolev norms
and construct a modulated energy for system (1.3). More precisely, the modulated energy
is equivalent to the lowest-order norm of solutions, ||u|;2 + ||h||HJEa , and this decays
to zero exponentially fast as time goes to infinity. This strategy does not require any fur-
ther integrability in the negative Sobolev space and as stated in Remark 1.5 any smallness
assumption on solutions is not needed. This decay estimate on the lower-order norm of
solutions, together with the energy estimate established in the proof of Theorem 1.1, yields
an exponential decay rate of convergence of solutions in the X norm.

Throughout this paper, we use the following notation:
* C denotes a generic positive constant which may differ from line to line;
* C =C(a,pB,...) denotes a positive constant depending on ¢, §3, . . .;

* f < gand f ~ g mean that there exists a positive constant C > O such that f < Cg
and C™! f < g < Cf, respectively;

* f Zap,. g meansthat f < C(x,f,...)g for some constant C(x, 8,...) > 0;

9k denotes any partial derivative of order k.

The rest of this paper is organized as follows. In Section 2 we introduce several
auxiliary lemmas regarding the commutator estimates and Sobolev embeddings. These
estimates will very often be used throughout the paper. Section 3 is devoted to providing
the details of the proof of our first main theorem, Theorem 1.1. Since the local well-
posedness is by now classical, we mainly discuss the a priori estimates of solutions in the
proposed solution space. This yields that the local-in-time solutions can be extended to
the global-in-time one. Finally, in Section 4 we study the large-time behavior of classical
solutions.
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2. Preliminaries

In this section we provide various technical lemmas that will be used frequently through-

out the paper.
We first recall from [12] the commutator estimate.

Lemma 2.1 ([12]). Lets > 0. For avector fieldv € (H 51 +5+¢(R)) and f € H*(RY),
we have
A% v-VIfllLe Ssde VI dgpspe LS a0
H?2

We next present several results on the Gagliardo—Nirenberg interpolation inequalities
and Moser-type inequalities.

Proposition 2.1. We have the following relations:
() IffeH?(Q)and0 <51 =52,

2751 51

LA s < 102 1 N s
(i) Ifs2,53 > 0and 0 < s; < min{s,, 53,52 + 53 —d/2},
I /gl Es1 Sasi,s00ss 1S |H2 1€ || F55-
(i) Ifj,L e NwithO0< j </land f € HY(Q),

J
1-7

, I
IV fllzz Sae IV LIS LN
(iv) (Moser-type inequality) If f,g € (H* N L®)(Q),
105 ([ 2 Saw If Izelld*glizz + gl 0¥ £ L2
Moreover, if Vg € L*(Q2),
10¥(f2) — (% f)gllzz Sax I leelld®gllzz + 1Vl 057" £12.
In addition, if f.g € H*(Q) withV f,Vg € L®(RQ),

18%(fg) — (3 f)g — £ )2 Sax IV S lLld* gllL2
+ IVgllzeo | £z

We finally show the total energy estimate of system (1.1) whose proof can be readily
obtained.

Proposition 2.2. For T > 0, let (p, u) be a classical solution to (1.1) on [0, T]. Then we
have

1
—i(/ p|u|2dx+/(,o—1)A"‘_d(p—l)dx)—i—/ plu|*dx = 0.
2dt Q Q Q
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3. Global well-posedness for the damped pressureless Euler—Riesz
system

In this section we present the proof of Theorem 1.1. Although our proof mostly considers
the case Q = R¢, similar arguments can be used for the case Q = T?.

3.1. Local well-posedness

Note that the local-in-time existence and uniqueness of strong solutions can be deduced
from [12, Theorem 3.1]. Strictly speaking, in [12] the local well-posedness theory is stud-
ied in the case that p is integrable in €2; however the proof can be readily extended to our
case. Thus, we present the following theorem without providing any details of its proof.

Theorem 3.1. Let the same assumptions as in Theorem 1.1 be verified. Then for any
positive constants €1 < My, there exists a positive constant Ty depending only on g1 and
My such that if || (ho, uo)|lxm < €1, then system (1.3) admits a unique solution (h,u) €
€([0,T); X™) satisfying
sup |[(h, u)llxm < Mo.
0<t<To

We next show the equivalence relation between the reformulated system (1.3) and the

original one (1.1). Since its proof is classical, we omit it here.

Proposition 3.1. Let m > % + 2. For any fixed T > 0, if (p,u) € €([0,T); X™) solves
system (1.1) with p > 0, then (h,u) € €([0, T); X™) solves system (1.3) with 1 + h > 0.
Conversely, if (h,u) € €([0, T); X™) solves system (1.3) with 1 + h > 0, then (p,u) €
€([0,T); X™) solves system (1.1) with p > 0.

3.2. Global well-posedness

In this part we focus on the a priori estimates of solutions (%, u) in the function space

€0,T; X™).
Before we move on, we define a modified H™ norm for & as
_1
Wlgm =Y lp 20"l 3.1
0<|k|<m

Note that ||| gm = ||o|| gm- Furthermore, if |||z < 1, then
12l = 12l L2 + 1121 gom

since

1
A= llz) 2l g < D> 10FhlL2 < 1ol A1 gon-

o<|k|<m

Thus, rather than directly estimating ||| g=, we can estimate ||h]|z2 + || gm-
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Next, we investigate higher-order estimates for (h, u). Before proceeding, for nota-
tional simplicity we set
X(T:m):= sup |(h,u)(,0)lxm and  Xo(m) := ||(ho. uo)lzm-
o<t<T

Since the proofs for the following two lemmas are almost the same as in [12], we omit
them here.

Lemma 3.1. Let T > 0, m > % + 2, and (h,u) € €([0, T); X™) be a solution to system
(1.3). Then we have

ld a—d
—— U125 + [|Uk 17> < Cllul? —fATVBkh-de
T 1Ukllz2 + 1Ukllz. = Cll IIH ; k

m+7d;a

for 0 < k < m, where Uy := Adz;aaku and C = C(m, k,d, ) is a positive constant
independent of T

Remark 3.1. Thanks to the Gagliardo—Nirenberg interpolation inequalities in Proposi-
tion 2.1, we have the following equivalence relation: for any i € {0,...,m},

lllzz + D WUkllze ~ llull sz (3.2)

i<k<m

Lemma 3.2, LetT >0, m > % + 2, and (h,u) € €([0,T); X™) be a solution to system
(1.3). Then we have

1d | A 2(k—1)
337 SRR = Clul 1+ [V 0 ple) |

L2

1
—y h‘
NG

+ / A VR - Up dx
Q
for1 <k <m, where C = C(m, k,d,a) is a positive constant independent of T .

Here, we separately consider the L2-estimate for /.

Lemma 3.3. Let T > 0 and (h,u) € €([0, T); X™) be a solution to system (1.3). Then
we have

1d

a—d
Ed—llhlliz < lullz2 VAl L2 [12] o +/ A2 Vh-Updx.
! Q

Proof. Direct computation implies

1d
EEIIhIIZZ =—f9hv-(hu)dx—/ghv-udx
:/h(Vh'u)dx—i—/Vhwdx
Q Q
< hllLe VAl L2 [lu] 22 +/QA%Vh'U0 dx,

and this implies the desired result. ]
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As stated in Lemma 3.1, due to the presence of the linear damping in velocity, we have
a dissipation rate for the velocity u. Moreover, the terms with the highest-order derivatives
appearing in Lemmas 3.1 and 3.2 cancel each other out. Thus, we now focus on the esti-
mate for the dissipation rate for &. For this, a delicate analysis for the Riesz interaction
term based on the hypocoercivity-type estimate is required.

We first begin with the zeroth-order estimate.

Lemma 3.4. Let T >0, m > % + 2, and (h,u) € €([0, T); X™) be a solution to system

(1.3) satisfying
1
sup [|A(1)[|ze =<

0<t<T 5
Then we have
i/ Lo A=ewdx + L|VRIZ, < CIVAgmar |2 + AT 0
dt Jo p 2 H" 2
+ 6] A ul|7

where C = C(m, d, ) is a positive constant independent of T .
Proof. We first find

i th-Ad_“u dx
dr Jag p

9 1
- —/ ’—th-Ad—“udx+[ “V@©@.h) - A dx
Q P QP

1
+/ —Vh-A"%D,u) dx
QP

=11+ 1+ I3,

where we use the equation of % in (1.3) to estimate

Vh
I, =/ —0ch - ATy dx—/
QP

1
—3;hA"(V - u) dx
QP

1
=-I, +f —V - (pu)A**(V -u) dx
QP

-1 +/Q(V-u)Ad_°‘(V-u)dx—i—/gz(%-u)/\d_“(v'u)dx

]| oo
1 — ||l

d—a
< —Li+ A= (V-wllzs + ClIVAl2 ul? | o
H 2

d—a —
<-Ii+ AT (V-wl?, + VA2 AT (V - u)]| 2

Here C = C(m,d, «) is a positive constant independent of 7.
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On the other hand, I3 can be estimated as

1
I3 = _/ —Vh- A% -Vu+u+ A*9Vh)dx
QP

1
1=l

1 _
< Com VAl iy + VAl 1A
1 — |||z H™ 2
— | Vh|?

Tl e

_ 2
CIIVhIILZIIuIIZmM% + 2| VAl L2 [ AUl 2 — §I|Vhlliz

IA

IA

1 -
—EIIVhIIiz + C||Vh||L2||u”iIm+d%a + 6] AT U7,

Thus, we combine the estimates for .I;,i = 1,2, 3, to conclude the desired result. m

Before proceeding to the higher-order estimates, we provide some technical estimates
based on the Moser-type inequality below. For smoothness of reading, we postpone its
proof to Appendix A.

Lemma 3.5. Let T > 0, m > % + 2, and (h,u) € €([0, T); X™) be a solution to system
(1.3) satisfying

1
sup[[A(0) e < 5.
0<t<T

Then for 1 <k <m — 1 we have

. Vh
O V(o34 ew)] , = COF IVl Tl el e

2

L2

1
@ V[V (5 @) = @ o p@t)) |
< CO+ VAl gm0 2V hll g ]y i

1
(i) a(/?(akh)w)”m < C(L+ VR gm-0) IV,
(iv) ATk 19,u| . < C(llullzmﬂ% el i aze + IV En-1), and

V) AT (Ve (Vi) e < Cllull?
H

m+d5a'

Here p=h+ 1and C = C(m, k,d,a) is a positive constant independent of T .

Lemma 3.6. Let T > 0, m > % + 2, and (h,u) € €([0, T); X™) be a solution to system

(1.3) satisfying
1
sup_[[h(0)] < 3.
T

0<t<



Y.-P. Choi and J. Jung

Then we have

%/ —okVh - ATk udx + = ||8"Vhlliz

)t 1A “F* 0% (v - w) )12,

< C(1 + [IVh| gm-1)*(IV Rl Fpmr + ||u||j{
+6]|AT kw2,

for1 <k <m—1, where C = C(m,k,d,«) is a positive constant independent of T .

604

Proof. Throughout this proof, C > 0 denotes the generic constant depending only on

m,k,d, and o, independent of T'.
Direct computation yields

i[ —0kVh - ATy dx
dt
9 1
= / ’path A4~ “Bkudx—l-/ —kVa,h- ATk u dx
a p? Qp
+/ —*Vh - AT, udx
QP
= d1+J+ s

We estimate $1, $2, and $3 one by one as follows.

© Estimates for §1. One obtains

v.
1 =/ Vo) gy ndegfy dx
o P

V. Vh -
f uath-Ad_“akudx—f—/ L9 Vh - A0 u dx
Q P>

) Q
[Vullpeo d—a ok VAl Lo llullzee | ok d—a gk
< —————|[0°Vh|2|A T u||f2 + ——————— |0 V| 2| A®T¥ 0" ul 12
T A~ | L2l 72 (0= [h]=)? I L2l 72
< CA+ Vil gm- IV gmi [ul? | g
H 2

¢ Estimates for §,. We get

1 1
5!z=/ —28k8tth-Ad_°‘8kudx—/ —99,RATT*0 (V- u) dx
Qp Qp

= —/ izak(v-(hu))Vh-Ad—“akudx—/ izak(v-u)Vh-Ad—aaku dx
QP QP
1
+ / ;ak(v (pu)) ATV u) dx
Q

1 1
= —/ — (V- (hu))Vh - A~ oFu dx—/ — (V- u)Vh- AR u dx
Qp Qp

Vh 1
+/ —2-8k(pu)Ad_“8k(V-u)dx—/ —9%(pu) - VA4, (V - u) dx
QP QP



The pressureless damped Euler-Riesz equations 605
1 1
=—/ — (V- (hu)Vh - A= oky dx—/ — K (V- u)Vh- A"k dx
Qp QP
Vh k d—aqk 1 k d—a gk
—/V(—z-a(pu))-A 8udx—/—(8 Byu - VAY™ 9 (V - u) dx
Q P QP
—f F*u - VAR (V - u) dx
Q

—/ %(3k(pu) — (@ p)u — p(3*u)) - VAT (V - u) dx
Q

6
=: Z 5(2,'.
i=1
For $,1, we use the Moser-type inequality in Proposition 2.1 to get
1
Jo1 = —/ — (VR -u)Vh - A0 u dx
Qp
1
—/ — (% (V- u) — ho* (V- u)) Vi - AT 0%y dx
QP

1
—/ —hd*(V-u)Vh- ATy dx
Qp

VA||Le
T (1= |lh]lLe)?
1
—/ —hd*(V-u)Vh- A"k u dx
QP

(195 (VR -u)| g2 + 185 (R - w) — hd* (V- u) || 22) [ A9 u | 2

< C|IVh|| oo (I VAl oo l|0%ul 12 + oo |0F ]| o ) AT~ 05| 2

1
—/ —hd*(V-u)Vh- A"y dx
Qp

1
< C|Vh| % ||u||i1 —[Q Fhak(v-u)Vh-Ad_“aku dx.

m+d%a
This implies
2 2 1 k d—aak
Fo1 + F22 = ClIVhlgmalull® | ae — [ —0°(V-u)Vh- A0 udx
Hm+ 3 Q p
< CA+ VAl gm-) IV gm1 ] g
H™ 53
For 3, we use Holder’s inequality and Lemma 3.5(i) to obtain
Vh k d—a ok
g3 = | V(25 (o) | 1Ak ulpo
< CQL A+ | VAl gm-)* VAl gmr [l
H™ ™2

We next use integration by parts to deduce

d—a
Jos = [IA 2 (V- w)||2,.
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For the estimate of §,¢ we use Lemma 3.5(ii) to deduce
1 _
Jo6 = —/ v[v- (—(ak(pu) — (@ pyu — p(aku))>] A9k y dx
Q P

< [9[7- (G0 o = @ ppu o4 || 1A*-0ul

2
< C(L+ VAl gm=1) I V] gms IIMIIZ

m+d;a .

Hence, we gather the estimates for the ¢,; to yield

1 —a
9o < —/ ;(akh)u VARV u)dx + ||A“Tak(v-u)||§2
Q

+ C(L+ VA gm=1) (| VA -1 IIMIIZ

m+d;zz .

¢ Estimates for $3. In this case,
1 1
93 :/ —2(a’<h)Vh-Ad—“aka,udx—/ — RN, (V - u) dx
QP QP
1
:/ — (Fn)Vh - A 0% 9,u dx
QP

1
+ / — ()N (V- (- Vu) + Vu+ A AR) dx
QP

1 1
=/ —Z(Bkh)Vh-Ad_“Bkatudx—i—/ —(@* RNV - (u - Vu)) dx
QP Qp

+/ l(akh)Ad_“Bk(V-u)dx+/ l(a"h)A(akh) dx
QP Qp

4
= Z#si-
i=1

For the term J31, we use Lemma 3.5(iii) & (iv) to obtain
1
Ia1 = / a(—z(akh)Vh) A9, dx
Q \p

< Ha(p—lz(akh)Vh)HL2||Ad""8k’18tu||Lz

2 2
=Ca+ ”Vh”H”"l)”Vh”Hm—l(||u||Hm+d%a F el s a5

= C(U+ VAl gn— + [ul e ase VAN Fmr (] dse + VR ).

We then estimate §3; as

J3r = — /Q 8(%(8kh))Ad_“8k_1(V-(u-Vu)) dx

+ I VA ggm-1)

606
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a (akh) AR (- V)V - u)) dx
Q

-J,7G
/Qa(;(a"h) Ad =NV (u - Vu) —u-V(V-u))dx
-
.

Q

1
a( (akh) u VAL =1V . ) dx
Q \p

3 (akh) [AD% 4y - VoK (V - u) dx
P

Q0

(;
fa(p( h) A - V(V - u)) —u - VOFN(V )] dx
(

/31
P

4

(8kh) AR (w - Vu) —u - V(V - u)) dx

Q0

321

i=1

First, we estimate $3,; as
1 1
Ja21 = / —(@*h)ou - VA2V - u) dx +[ — (@ hyu - VAR (V - u) dx
QP QP
1 1
= —/V-(—(8kh)8u)Ad_°‘8k_1(V-u)dx +/ — (@ h)u - VAITR(V - u) dx
Q P Qp

- (IIVhIILw||3khI|L2||3u||Loo ||3th|IL2I|3u||Loo+I|3"h||L2|IV2M|ILoo)
- (1 —lAllz=)? 1 — |||z

1
X A4V - u)| 2 +/ — (@ hyu - VAT*9K(V - u) dx
Qp

1 _
< C(1 + ||Vh| gm-1)||Vh| ggm- ||u||2m+d%a +/Q ;(akh)u.VAd 29k (V - u) dx.

Next, Lemma 2.1 yields

VAl 1# i | [0 bl .
o = (T igmr T il Wt v 1977 0l

< C(+ VRl gm-D)IIV ] gm-r ||u||2m+d;

where ¢ satisfies (d —«)/2 4+ ¢ < 1 so that ‘% +14+d—-a)+e<m+ d%“.
For $3,3 we need to estimate

A9 (@ - V15V - w)) |2
forl <l <k—1.Forl =1,

IA? =9 - VO*2(V - w) L2 < 3w - VI (V- w)l|a—a < Clul?

— Hm+d£aa

where we used Proposition 2.1(ii) with s; = s3 =d —« and s, = % + 2+ d%"‘.
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For 2 < ¢ < k — 1, we use Proposition 2.1 to get
IA9=*8% - VOF1"H(V )| 2 < (0% - VOFTIHV - w) | 2
< CUIO w ] gm0~ 2| gty
< Cllul?

Hm_'_d?x ’

and this implies

VRl 8 Ay,
<

e (e ol g L
< U+ VAl [Tl ],

m+d5a

Now, for $324 We use the estimate

C(IIVhIILoo||3kh||L2 ||8k+1h||L2)
(1= hllze)? 1—|AllLe
< CA + VAl gm-DIIV Al gm-r,

Jo(Gn)

together with Lemma 3.5(v), to obtain

9324 = Z / (akh) AR D ;0 u7) dx

L,j=1

- —/ 8(—(8kh))Ad""8k’1(Vu : (V)T dx
Q P
< [oG@#m)| 1At u s (v

< CA A+ VRl gm-)IV ] gm-r IIMIIZ

erdEot .

Then we collect the estimates for the J35; to yield

Fa2 = CAA + VAl gm-D)IIV | gm IIullz

m+d;ot

1
+/ — (@ h)yu - VAR (V - u) dx.
Qp

For 233 and 3,’34,

1 1
933 =/ —2(8kh)Vh-Ad_°‘8kudx—/ —0*Vh - AT YR dx
QP QP

o VAl
(1= Ihllze)?

1 -
= CIVAIG s Wl ae + NOVAIL: + 61 AT 0 ullL,,

_ 1 _
1% Rl L2 IAY 9 |2 + mllakwllulll\d 9 ull 2
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1 I
g34=/ —2(8kh)Vh-8thdx—/ 2|V RP dx
Qp Qp

VAL .k k PR
< ——————[0Fn| 2 |0* VA 2 — ————]|0% Vi
(1= ||llz)? 1+ ||| L
2
< ClIVhlznor = 310V Z.
Thus, we combine the estimates for the §3; to obtain
F3 < C(L+ | Vhllgm-0) (VA 3mes + ||u||3 i) = ||ath||L2 + 6llAT 9 u |2,

+/ —(@*hyu - VA9 (V - u) dx.
QP

Therefore, we gather all the results for the §; to obtain

d
E/ —*Vh- AT udx + - ||ath||L2

< C(L+ VAl gm-10)* (VA s + lul? Lyt dze)
2
+ A RV w2, + 6] AT 0 w2, -
Based on the results so far, below we provide a uniform-in-time bound estimate of
solutions.

Proposition 3.2. Let T > 0, m > % + 2, and (h,u) € €([0,T); X™) be a solution to
system (1.3). Suppose that X(T;m) < 8% < 1, so that

1
sup (1) < 5.
0<t<

Then there exists a positive constant C* independent of T such that
X(T;m) < C*Xo(m).

Proof. Applying Lemma 3.6 and (3.2) implies that we can find C; > 0 independent of T’
such that

1
k d—a gk 2
dl( > /Q—a Vh- A9 udx)+§||Vh||Hm_1

0<k<m—1
< C(1+ [IVh| gm-1)>(IVA 3 pmr + ||u||i1m+d%a)
+2 ) (V-UDZ+6 > AT oku|2,
0<k<m—1 0<k<m—1

< CU+ [V m PNV Gpes + Nl ) + €1 Y Ul B3)

0<k<m
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where we used
IAY 5 ull 2 = A5 Uiz < Ukl

On the other hand, it follows from Lemmas 3.1 and 3.2 that

%[ ) (||Uk||L2+] )}+z SRR
1<k<m 1<k<m

< CA + VAl gm-1)> "DV s + IIMIIZM%Q)- (34

Here we used

2
(1 + |V Iog pllz)2 D 3" H—a’h\)u < C+ VAl 2D VA2
0<l<k

fork =1,...,m —1, where C > 0 is independent of ¢.
Now we use Lemma 3.1 for k = 0 and Lemma 3.3 to get

d
E(Ilhlliz + 1Uol72) +201Uoll7 < Cllullzmﬂ% + 2Mull L2 VAl L2 1A] oo
and combine this with Proposition 2.2 to obtain
d 2 2 2 2
n plul dx + 1Al _aze + IR1IZ2 + 1UolIZ2 | + llullZ> + 211 Uo7
< CIIMII3 mrd=e T2l VA| 2|17l Lo
H 2

We next choose a positive constant n; < 1 satisfying C1n; < 1 and combine (3.3) and
(3.4) to find

d
Ll VA2, Wi + 1,

£ X (|Uk||L2+H—ak BELEDS /Qpakw A |

0<k<m

1
+7||Vh||§,m_l+(nu||zz+ > ||Uk||zz)

1<k<m

< C(L+ VAl gm0 (VA s + Tl as)
H 2

+ Clhilgn(lulZ. + IVRIZS). (3.5)

Since we have the equivalence relations
,

s, Wb~ 3 | ]
fsksm (3.6)
Il ize = el 4 32 WUl

0<k<m
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and
1Ukl72 + —ak + M ath Ak y dx
L L2
0<k<m 1<k<m 0<k<m—1
~ Y U+ Y H—ak \ 3.7)

0<k<m 1<k<m

for n1 > 0 sufficiently small, we can find positive constants 7, and C, independent of T’
such that

d
P I1AlI72 + ”h”il_d%a) + Y™ < Cre0Y™, (3.8)
where Y = Y™ (¢) is given by

/p|u|2dx+ Y Uklz + Z H

0<k<m

+m Y /—ath A4y dx.

0<k<m-—1

Thus, once ¢ is chosen sufficiently small so that 7, — Ce9 > 0, we set A := 1, — Cr8p
and use Gronwall’s lemma to get

t
Y7 () + |h ¢ 0ll72 + ”h('v[)”i.l_d%a +l/0 Y (r)dr
< Y"(0) + llhollZ> + IIhollz,d;a

Since

Y7 () + (. 0)l72 + 1A, t)||2 ~ (|, u) ) m

for n; > 0 small enough, we conclude the des1red result. ]

3.3. Proof of Theorem 1.1

We are now ready to provide the details of the proof of Theorem 1.1.
First, choose ¢ as required in Proposition 3.2. Then we set £ to

2
€0

el = — 20—,
2(1+C*)
By the local existence theory, Theorem 3.1, we can find Ty > O such that if the initial data
(ho, uo) satisfies Xo(m) < &2, a solution (%, u) to (1.3) exists in €([0, Tp); X™). Assume
for a contradiction that

T*:= sup{T > 0| X(T:m) < &5} < oo.
Then by definition,

C*
g2 = X(T*;m) < C*Xo(m) < C*e3 = ZUTC*)E(Z) < £,

and this contradicts the assumption. Thus, the solution exists in €(R4; X™).
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4. Large-time behavior of solutions

4.1. Whole space case: Algebraic decay rate of convergence

To get the large-time behavior estimates for the whole space case, we investigate negative
Sobolev norms. First, we present an auxiliary lemma below.

Lemma 4.1. (i) Let —d < sy <5 <53 <d and f € (H*" N H)(R?). Then we
have

Sp—s 5—51
I s < W1 GG IS,
(i) Ifs €(0,d), 1 < p<qg<oo,andl/q+s/d = 1/p, then we have

IA™ fllze <p I fllLe-

Proof. For (i), since we have

Sy — S S — 8
NES s1+ 82,
$2 — 81 $2 — 81

we use Holder’s inequality to obtain

1 @Pde = [ 6P R PeGE f e PED L F @ P ds
R4 R4

s—s1

< ([, |é|2“|f(s)|2ds)%(4d sPe1f@rag)”

and this implies the desired result.
The inequality in (ii) is the well-known Hardy-Littlewood—Sobolev inequality, and for

the proof, we refer to [30, p. 119, Theorem 1]. |
Lemma 4.2. Let T > 0, m > % +2,and 0 <s < 5. Let (h,u) € €([0,T); X™) be a
solution to system (1.3) satisfying
1
sup [h(0)]lz» = .
0<t<T

Then we have
d _ _g_d=a -
E(IIA ullfs +IATT 2 k) + 20 Al
- _g—d—a
< Cllullzmﬂ%alll\ ullea + Cllhllz2llull g [AT772 VA L2,
where C = C(s,«,d,m) is a positive constant independent of T .

Proof. Direct estimation gives
1d (
2 dt
- —/ A™S(u - V) - ASu dx—/ ATV - () AT hdx
R4 R4

— _g—d=a —
IA™ullZ> + IA™72 A7) + A ulZ,
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- —/ A= (u - V) - ASu dx +/ A5 (hu) - A= 55 Vi dx
R4 R4
= I+ I,.
For I, one gets

Iy < IA7 (- Vi) 2 [ A7 u ]| 2

S - Vull o AT a2

L2t
< IVullzallull, ¢ 1A ullz2
diiq_ —0p A —
< ClIVullg [V 3l 7201 A 5w 2
< Clul® oo IA™ulL2,
H 2

where we used Lemma 4.1(ii) and the Gagliardo—Nirenberg interpolation inequality with
-
[%] +1—s

[S1SW

=<%_§)9+%(1—9), k:[§]+1—s, =

S
d
For I, we obtain

Ip < | A= (hu) | L[| A5~ 2 VA .2

d—
<hul o |ATTZVA| e
1 s+d;a
L2t 7
_g—d=a
< lhllz2lul g AT Vh]
Ls+ Ea

o — _ __d—a
< CAl 2 IV =508, u | 150 | A=~ 25 Vi| 2

_g—d-a
< Cllhllz2 el aza 1A 5 Vil 2.

Here we also used Lemma 4.1(ii) and the Gagliardo—Nirenberg interpolation inequality
with

d—a o
s + - 1 k 1 o 5 =S
SN T g V7 S k:[—] l—s, =2 "
d (3-2)0+30-0 ) [E]+1-s
Now we combine all the estimates for the .I; to deduce the desired result. [

Lemma 4.3. Let T > 0, m > % +2,and 0 <s < 5. Let (h,u) € €([0,T); X™) be a
solution to system (1.3) satisfying

sup |[2(2)] Lo

0<t<T

IA
| —
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Then we have

d

1 d—a
- ATSVh-ASudx + =||A™5" "2 Vh|?

a

_g—d—a —
< C(lhllam + 1A™2 Vhllu)llullil + C Al lA™ ull7,

m+d%a
_ 1, _ ida
+ A S(V-u)||iz+§||A S 2,
where C > 0 is independent of T .

Proof. Straightforward calculation yields

d
—/ ASVh-ASudx = —f AT (Oh)ATV -udx
dt Jra R4

+/ AVh-A50;u)dx
R4
=1 $1 + 2.

For 41 we use Lemma 4.1 to get
= / ATV (hu)) AV -udx + ||/\_S(V'u)||]%2
R4

= _/ A5 (hu) - VATV -udx + |[A(V-u)|7,
R4

< AT (|2 |ATV(V - w)llzz + AT (Vw17
< Cllhull o _[ATV(V )]z + AT (V- w)ll72

1.5
L27d

= Cliklallul s ase IATVV w22 + IAT(V - 0) |72

< Clhllzalull e ase (1l ppase + IAT ] 22) + AT (Vw172

Here we used
5 2 Ky 2
—s —S. || 5F2 2| s+2 —s 2
[ATV(V )|z < [[ATull 27 IVoull 2" < mllA ullz + s+_2”V ullzz.
For ¢, we also have

9r = —/ ATSVh- A5 (u - V) dx —/ ATIVR - ASudx — ||AT 5 VA2,
R4 R4

— — 1 _g_d=a 1 _gpd—a
< [AT*Vh] L2||A S(M-Vu)llu—illl\ T2 VhllinrEIIA 2|7
_g—d-a
< C(IA™72 Vhlgz + VAl [l | 4o
H 2

d—a

1, . _de | B
— SNSRI, 4 AT,
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where we used Lemma 4.1 and Young’s inequality to get

_ —s—d=a —
A=Vl < A== Vh| 5, VA L?

< QAT VR 2 + (1= 0)|Vh| 2, 0= —

s+
Thus, we gather the estimates for §; and ¢, to conclude the desired result. ]
Proposition 4.1. Let T > 0,m > £ +2,and 0 < s < %. Let (h,u) € €([0,T); X™) be

a solution to system (1.3). Suppose that X(T;m) < 8% < 1 so that

sup [|A(1)[|zee =
0<t<T

l\)l'—‘

Then we have
luC O e + NG ONZ o+ 1RO + 1RO, i
Hm+ 2 H s

t
+f (GO | aca + GO + IVAC D e + 1BC DI,
0 HTT 2
< C(lluol?

d—a
HM" %

a)dr

1s—2

2 2
. h m h — 9
+ ||u0|| H-—s + || 0||H + ” 0” -_S_dza)

where C > 0 is independent of T .

Proof. We collect the estimates in Lemmas 4.2 and 4.3, combine these with (3.8), and use
Young’s inequality to find positive constants A;, 13, and C5 satisfying

d _ _g—d=a
(9 VA s DRI, + 1A

— — — _g—d=a
+ 13 /Rd/\ SVh-A Sudx) + Ao (Y™ 4+ A2, + AT VR|Z,)
— _g—d=a
< Cseo(¥" + A ull. + |1A7772 VA 72).

where we used :
ATV )2 <s 1AT ullel [Vul ;5
and
dﬂx d;a

A5 U2 Ssaa 1A ull " ||”||L2

Thus, we use the smallness of &g to get a constant A3 > 0 and the relations
1A= h) 2 < ”A_S_ihan A=

<OIAT " hl|2 + (1= O)|hl|L2, O
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and

_ _e_d—a g -0
IA™ VAl < A7 F h]%, VA 15
S

- d—a - -
<OIAT T Rl + (L= 0)|hllg2, 6= ————
[ > + (1= )72 =

to yield
Y™ + uC ol + 1hCON7 + IIh(-,l)lli.I_s_d;a

t
tha [ @@ + D+ DI, ) de
.)

This asserts the desired result. [

< C(Y™(0) + lluoll3,—, + lloll72 + lihol?

—S— 2

4.1.1. Proof of Theorem 1.2. In this part, we provide the details of the proof of Theorem
1.2 on the large-time behavior of solutions in the whole space.

Before getting into the main estimates, we first deal with the decay estimate (1.8) in
Remark 1.4. That introduces the main ideas behind our arguments for the better decay
estimates of solutions.

From Lemma 4.1, we have that for s > 0,

H_a.' o« L 1+d a
14s+4 1+s+ 45 i d 14+s+4
I2ll2 < [IVA L, ||h||H_S_d%a and |[2]] . _aza = VA, ||h|| i

We then use the uniform bound in Proposition 4.1 and the smallness assumptions on the

solutions to get
1+s+d%‘1

(”h”iz"i_”h”;_d%a) T < VAL

Thus, we now set
Fr) = Y70 + R ONL + malh GO “.1)

where Y™ is from Proposition 4.1. From the smallness of solutions and estimates in (3.8),
we can find a constant A4 > 0 satisfying

d—
145+ 452

d
SFT 4 Ay (F™)

<0.
dt -

This gives
d —ot

i g () <

S
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We integrate the above with respect to ¢ and get

14452 14452 1+ 4=
(Fm@)~ 5 = (FMO0)T 5 4 Ag——21,
S
or equivalently,
14 d=a 1+ d—o  _ : _
F) = (FmO) 5 +he——2r) T
S

Thus, we obtain
p =
z .

Fre) S A +1)

Since F™(t) ~ ||(h,u)(, 1) ||)2(,,,, this concludes the desired result.

As mentioned in Remark 1.4, the above estimates do not allow us to have a better
decay rate of convergence even in higher dimensions. For that reason, we refine the above
arguments by taking the negative order (5 >) s > 0 large enough.

We present the proof by dividing into two cases: s > 1 — d%"‘ ands >2+d — .
In the former case, we obtain an algebraic decay rate of convergence of solutions. On the
other hand, in the latter case, an exponential decay rate is found.

o CaseA: s > 1— d%"‘. In this case, we first note that

d—« d—«
<-1+

—s — <0 and —s<d-a—-1<1

with our assumption on s and «, and thus the interpolation inequality implies

d—

(ho.uo) € H™'52" (RY) x [H*~* 1 (RY)}.
Then, similarly to Lemma 4.2, we estimate
1d (
2dt
- —/ (A EE ) AT (V - (hu) dx—/ (A EE AT S (V u) dx
R4 R4

—14452, 12 d—a—1,,12 d—a—1,,112
[ATHF 2 R)7, + 1A u||7,) + AT |7,

1
—-/ Ad_“_l(u~Vu)Ad_°‘_1udx—/ VAT ThAT* Yy dx
2 JRrd R4

Y i 1
=/ (A‘1+dTVh)-A_1+dT(hu)dx——/ AT o V) AT Wy dx
R4 2 R4
—14+452 —1445e l d—a—1 d—a—1
SIATT 2 Va2 AT 2 (e + S 1A (u - Vu)|r2[|A ullr2

yad—e 1 o o
< [IA 2 V|2 | hul| S +5||Ad - V)| L2 | AT | 2.

Here, if @ < d — 1, we get

d—a—
1A - V)llpz < Cllu- Vullgr < Clull? 4.
H 2
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andifa € (d — 1,d), we deduce

< [[VullL2

—(d—a—1 v 2
AT D (- V)| 2 < |u- Vul L g =Clull” g
Lzt - He

d

D=

In either case, we have

1d
5 77 (AT R + 1A ) + A9
< IATHF el Clul?

2

d—a—1
G [ P

Lit—a

14 d-a 2
< IATT 2Vl Allallull g+ Clul medse |

b
2 2
< Cl gl e + Cllul?

Ad—a—lu”L2

d—a—
P 1 ST

where we used 1 — 452 € (0, 1) to have IA=1* %5 Vh]|| > < |[h]|zzm. On the other hand,
similarly to Lemma 4.3, we can get a constant y > 0 satisfying

d

T hA?™72V .y dx

—f (8th)Ad_°‘_2V-udx—/ hA™(0,(V - u)) dx
R4 R4

== ATO2Y(V w) dx + ATV )2,

1
-/ hAd_“_z(V-(u-Vu))dx—/ hAY™*72V - udx — |2,
< lullzeo Al L2 | AT 2V (Y <) 2 + [ATF V)2,

+ CllalL2 [ A2V - - Va2 — 5||h||i2 + EnAd—Hv ullz.

o 1
< C”h”LZ”””Z +y (Il + 1A ul7,) - Ellhlliz.

m+ L;a

Then we use the estimates in Proposition 4.1 to get

d
n (5‘7’”+||A‘1+ “hi?, + |AYT 2, —n4/ hAd—e2y. udx)

+ s (Y7 + 1A | 72 + [1AI1Z2)
< Ceo(¥" + AT ull72 + |IAl172) 4.2)
for some positive constants 74 and 15, where ¥ appears in (4.1). Noting that

d—u«

o4 d—a d—a}’

21>max{l— ,
2 2
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we find

d— lfd—ot

s s+d—a—1 2

s s d s d— s
P Ve U I N 7 B 7 el 17 i

Q

which subsequently implies

s+d_ S+d2a

S 1Aflz> and Ilhll”d Ciea S Al L2.

1+d“"’

From the smallness condition on ||/2]|;2 we have

d—ua l—d%“
2s 's+d—a—1

1+
(I e+ 112, o)™ S RN, 2= max] ) @3

We now define
Zz"m =F" + |AT 14452 h||L2 + ||Ad o= 1u||L2 - m/ hAY™*2V sy dx;
R4
then a simple combination (4.2) and (4.3) leads to

d
T2 Az <0,

Solving the above differential inequality gives

_1
(Z™)(1) < ((Z"™(O0)F +Astr) ¢,
and this proves the first assertion in Theorem 1.2.

¢ Case B: s > 2+ d — «a. Note that

1445e

d & ts 1+ 452 g
lollze < Tl el

s

S
d—a
e ts

and s > 2 + d — « is equivalent to " > % Since we have a uniform bound for

llull g—s» we can get
3s 3s 2

1 dse g 2 1+ 45% +5 2
lllz> <& 7 el aze = o0 R 1Y

where U; was defined as U; := VAd%au
We now define a function

gri= 3 (||Uk||L2+H—a" |

)
1<k<m

+m Z /R—ath A9k dx. 4.4)

0<k<m—1
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Then it follows from (3.3) and (3.4) that there exist positive constants 75 and C, indepen-
dent of ¢ and T, such that

3s
d — _ _ — d—a S—2
Y+ sY" < CeoY™ + Clul3, < Ceo¥™ +Cey” = 7 U2,

Then the smallness condition on &g implies

d — _
—ym Y™ <0
i + 17 =

for some constant 17 > 0, and Grénwall’s lemma implies an exponential decay rate of
convergence of solutions. This completes the proof.

4.2. Periodic case: Exponential decay rate of convergence

In this part we consider the periodic domain, i.e. 2 = T¢, and study the large-time behav-
ior estimates of system (1.3). Instead of dealing with the negative Sobolev norm of (%, u),
we take advantage of the boundedness of the domain and show an exponential decay esti-
mate of its L2 norm.

Let us define a modulated energy:

1 1
6(t) == —/ (1 +h)u—me|*dx + = | hA*“%hdx,
2 Td 2 T4

where m, denotes the average of the momentum:
Mme = / 14+ hudx.
Td

Here we remind the reader that the mass is assumed to be zero, i.e. fT 2 hdx = 0 for all
t>0.

Note that if there exists a positive constant lower bound on 1 + £, i.e. h(x,2) + 1 >
min > 0 for all (x,7) € T x R, then the modulated energy satisfies

| (4 =) (O 72 + WO 0y =€) 4.5)

for all + > 0. This implies that the exponential decay of & (¢) also gives an estimate of the
lowest-order norm of solutions. For that reason, our first goal is to prove the following
proposition.
Proposition 4.2. Let (h,u) be a global classical solution to (1.3) with sufficient regularity.
Suppose that

(1) inf(x,t)erXR+ 1 —+ h(x, t) 2 hmin > 0 and

(i) h e Wh*(T4 xRy), V-u € L¥R4; [L®(T¥))9).
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Then we have
1= me) OB + IAC. DI ama < Ce.
Here C and A are positive constants independent of t.

Remark 4.1. We notice that the required regularity and assumptions for solutions (%, u)
are guaranteed by Theorem 1.1.

In the lemma below, we first show that the modulated energy & (¢) is not increasing in
time.

Lemma 4.4. Let (h,u) be a global classical solution to (1.3) with sufficient regularity.
Then we have

d
ES(:) + D(t) =0,

where the dissipation rate function D is given by
D) := / (h + D|u —m)*dx.
Td

Proof. Direct computation gives

1d

e Dlu — 2
T /Td(h—i- Nu —me|*dx

1
= —/ 8,h|u—mc|2dx+/ (h+ D)(u —me)(0u —ml)dx
2 Td Td

/ ((h+Du-Vu)- (u—m)dx
Td
—/ (h+ D) —me)- (u-Vu+u+ VA h)dx
Td
= —/ (h + 1)(u—mc)-udx—/ (h+ 1)(u—me)-VA* 4 hdx
T4 Td
= —/ (h + Du —me|* dx —/ (h+ Du-VA*“4hdx.
T4 T4
Here we used the symmetry of the operator A%~ ¢:
/ (h+DVA* 8 hdx = | hVA*hdx =0.
T4 T4

Since we have

1d

- = hA“_dhdx:/ (h+ Du-VA* 4 hdx,
2dt Jra Td

we combine the above results to conclude the desired result. [
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Since the dissipation rate function £ does not have a dissipation with respect to #,
motivated by [13], we introduce a perturbed modulated energy &

&° :=8+0/ (u—me) - VW x hdx,
Td

where o > 0 will be chosen appropriately later and W satisfies the following relations:

(i) The potential W is an even function explicitly written as

W) —colog|x| + Go(x) ifd =2,
X) =
C1|x|2_d + G1(x) ifd > 3,

where ¢g > 0 and ¢y > 0 are normalization constants and Gy and G; are smooth
functions over T2 and T¢ (d > 3), respectively.

(ii) For any & € L%(T?) with de hdx =0,U := W »h € H'(T?) is the unique
function that satisfies the condition

/w Udx=0 and /w VU -V dx Z/Tdhl,//dx vy e HY(TY), (4.6)
i.e. U is the unique weak solution to —AU = h.
Remark 4.2. For h € L*(T%) with Jpa hdx =0, the following hold:
(i) For W defined above we have
120l g1 ~ [IVW k| 2.
(ii) We can define the H 5 (T ?)-norm as

R 1/2
]| s = ( > |n|_2s|h(n)|2) _

nezd
Then, by definition, it is clear that for s; > 5, > 0,
121l -5 < N2l g-sz -
In particular, we have

Il - = M7l ;- dze

dueto (d —a)/2 € (0, 1).

Remark 4.3. Due to Remark 4.2 and the assumptions in Proposition 4.2, we find

‘/ (u—me)- VW x hdx
Td

< [ Dl dx +
T

Since [|A|| g1 < ||h||I_.rd5a , for sufficiently small o, we get

& ~ 8°. 4.7
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We are now in a position to provide the details of the proof for Proposition 4.2.

Proof of Proposition 4.2. It is obvious that £ satisfies

d
—E&7+ D% =0, 4.8
praii (4.8)
where D = D (t) is given as
d
D° :=<§O—a—/ (u—me) - VW x hdx.
dt Td

Now we claim that
DO(t) = c&(t)

for some positive constant ¢ independent of 7. First, we estimate

d
E/Td(u—mc)-VW*hdx

=—/ (u-Vu+u+VA°‘_dh)-VW*hdx—m/C/ VW % hdx
Td Td
+/ (u—me)- VW *x (d;:h) dx
Td
=—/ (u-Vu)-VW*hdx—/ (u—me)- VW x hdx
T4 T4

—/ VA"‘_dh~VW*hdx—/ (u—me) VW % (V- ((h+ Du))dx
Td Td

4
=: Zgl
i=1

For ¢, we recall that fora = (ay,...,a4) € R4 and b = (b1,...,bg) € R4,

d
Ve@®b) =Y dy(aib)) =a(V-b)+(b-Va.

Jj=1

This gives
I = —/ (u-Vu—me)) - VW x hdx
Td

=—[ V-((u—m6)®u)-VW*hdx+/ (u—me)(V-u)-VW x hdx
T4 Td

/ ((u—mc)®u):V2W*hdx+/ (u—me)(V-u)-VW x hdx.
Td T4
For 43 we use (4.6) to get

I3 = / (A" )AW » hdx = —/ hAY % h dx.
Td Td
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For g4 we find
Iq = —/ (u—me)- VW % (V-((h + 1)(u—mc)))dx
Td
—[ (u—me)- VW x (V- ((h + )m¢)) dx.
Td
Here we rewrite the second term on the right-hand side of the above as
—/ (u—me) VW x (V- ((h 4+ D)m.)) dx
Td
= /Td(V c(u—me))W x (V -((h+ l)mc)) dx
— [ = moy W= 0V, - s dxdy
TdxTd
— [ = mowme VWG = () dx dy
TdxTd
=/ me(V-(u—me)) - VW x hdx
Td
:/ V-(me®Ww—me)) - VW x hdx
Td
= _/ (Mme ® (u—me)): VW x hdx
Td

:_/ (u—me)@me) : VW x hdx,
Td

624

where we used the symmetry of VZW « h to get the last equality. Thus, g4 can be esti-

mated as
fa=— [ @=me) - VW (V- 0+ D= me)) ds
—/ (U —me) @ me) : V2W x hdx.
Td

Hence, we combine the estimates for the J; to yield

d

— (u—me) - VW xhdx

dt Td

:f (u—me) @ (u—me)): VW x hdx
Td

+/ Veu—1D)wu—me) - VW x hdx
Td

— [ A= [ me YW e (7 (@ D= moy)dx
Td

Td
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Therefore, we choose sufficiently small o > 0 to obtain
D = @—U/Td((u—mc) Q (u—me)): VW x hdx
—U/Td(V-u— D(u—me) - VW xhdx
—i—o/;rd hA* 9 hdx —i—a/Td(u—mc)-VW * (V- ((h + D(u—me))) dx
> D — o[ VW * hllzeo || (u —me) |72
—o(1+ IV ulleo) | —me|lL2[VW * Rl 2
+ Ollhllil_d% —alu—mellpz |[VW x (V- ((h + D —me)))] .

> D — Col VW ||t Vh] 1o (/ (h + Dl —mc|2dx)
Td

1/2
— Co(/d(h + Du —mc|2dx) ”h”frl
T
+ ollhllil_d%a —Collu—me|2V-((h+ D@ —me)|| g
>(1-=C(0"?>+0)D + (0 — Ca3/2)||h||27d;a
2
> 87,

where ¢ = ¢(hmin, [|[VW L1, |h||lwiee, ||V - u||Le) is a positive constant independent of ¢.
Thus, the claim is proved, and we have from (4.8) that

d

—89 4+ ¢8% <.

dt
Applying Gronwall’s lemma to the above gives exponential decay of &9, and this, com-
bined with (4.5) and (4.7), concludes the desired result. ]

4.2.1. Proof of Theorem 1.2: Periodic case. We first notice that the average of momen-
tum satisfies
m(t) = —me(t), ie me(t) = me(0)e™,

due to the symmetry of the operator A%~ . This together with Proposition 4.2 gives
/ lu|? dx < 2/ lu —me|? dx + 2|me|? < Cre €
Td Td

for some C; > 0,i = 1,2, independent of . On the other hand, it follows from (3.5) and
the equivalence relations (3.6)—(3.7) that

d — _
— Y™ 4+ AsY™ < Cre !
a0 T =te
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for some A5 > 0 which is independent of ¢, where ym appears in (4.4). Applying Gron-
wall’s lemma to the above yields exponential decay of Y™ towards zero as t — oo. Note
that the L2-norm of / is not included in Y. For the decay estimate of ||/z(-, )| .2, we use
Lemma 4.1 to get

1

IAllz2 < 17)1° oo IVAIR® with = ———.
L I+ 5

Since the right-hand side of the above converges to zero exponentially fast, we also have
the same exponential decay rate of convergence of ||2||;2. This completes the proof.

A. Proof of Lemma 3.5

In this appendix we provide the details of the proof of Lemma 3.5.

(1) We apply Proposition 2.1 to obtain
Vh
I 8"W))

_Hv( @ o) — hikw )| +Hv(va’-aku)

L2

H me H HW (Ilak(hu)—hakuum+||aku||H1)

<C( ||V2h||L°° VA7 )
T NA=lAllLe)* (= lAllze)?

x (IVRIwroo 185 ull g + 18R] ullzos + 185wl 1)

< C(L+ VAl gm-1)? | VA gt [[u ]

Hm+d;oz )

where C = C(m, k, d, «) is a positive constant independent of 7.

(ii) Note that the left-hand side equals zero when k = 1. For k > 2, we again use Propo-
sition 2.1 to estimate

[9] 7+ (5 @ @ o= s )|

< [72(2)] 19 om0 — @y = 0]

L2

+ch( ), IV @ ow) = @ pyu — p(@*w) | .

1

2 (ak k
+ m”v (3 (pu) — (3 p)u — p(3*u)) I,
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o(NTHan IV
A= hlz= "~ (= [hl=)’

VA2 B B
m[(nvzhnmnak Yll e + VO R L2 || V]| o)

<

YUVAIL= 1wl 2 + 10K R 2Vt o0)

+ (IVAllLo 1F Vul| 2 + 105 Rl L2 | VP o0 ]
C _ _
T T LV Al 10 gz + 157 V2h 2| Vul)
+ (IV2h Lo |05 V| 12 + 1057 V]| L2 V2ul| )
+ (IVAllL |05 VU 2 + 057 Al 2 | V3 ul| 1o0) ]

< CU A+ |IVhllwroe) VAl gm= [ull

m+d%a
< CU A+ IVl Vi pm-a ]y e

(>iii) Note that

1, 1, oh et .
8([7(8 h)Vh) = ;(—Z(a W)Vh + & T1hVh + (3 h)vah),

and thus taking the L2 norm on both sides of the above and using Proposition 2.1 gives

1 k
(@ mvn)],.
c IV, )
= O hllz + 18 Al 2 | Vil oo
o (e 1 e + 18 ALV

+ 104l V2R )
< C(1+ VAl gm-) V|5
@iv) It follows from the equation for u in (1.3) that
—ATP T = AR (- Vi 4w+ AYTVR)
=u- VA% 4 Ay V]
+ A VI A9+ 951V,
Thus, we have

A= 19ul| L

< c(||u||Loo||VAd—”‘a"‘1u||Lz 1l g oo 19 e e
k—1
3 AT @ VI ) e+ AT g + ||ak1vm|u)
j=1

2
< C(IIMIIH,,,M%X el aze + VA1)
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where we used Lemma 2.1 with ¢ > 0 satisfying (d — «)/2 + ¢ < 1, together with Propo-
sition 2.1, to get

IAY™ (@ u - VFE )2 Sga 107U VFE U g
S 1107w s 195~ ull gy
Sadi, lullzm
forl <j<k-—1.
(v) By adding and subtracting, we obtain

AP (Vu (V)T

AT D u - V)

Il
-

Il
.M&

AT (@ Ty u) - Vg + Dy u - VO ;)

|
.M*‘“

Il
-

d
+ Y AT (0T @xu - V) — - VO g — 0, (05w - V)
i=1
d
- ZZ dyyu - VAR "Ny, 4 2[A97% 9 - V)K" 1y,
i=1
d
+ Z Ad_a (ak_l(ax,-u . Vui) - 8xiu ) Vak_lui - 8xi (8k_1u) ’ VMi)'
i=1

We then apply Lemma 2.1 and Proposition 2.1 to deduce
AT (Vu s (Vi) D)2

k—1
< (19l Bl + 1900 g I il

k—2
+ Z ||Ad—a(8€+lu . Vak—l—éu)HLz)
=1

2
< ClulP,, e

where ¢ satisfies (d —«)/2 + ¢ < 1.
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