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Generation of vortices in the Ginzburg-Landau heat flow
Michat Kowalczyk and Xavier Lamy

Abstract. We consider the Ginzburg—Landau heat flow on the flat two-dimensional torus, starting
from initial data with a finite number of nondegenerate zeros — but very high initial energy. We show
that the initial zeros are conserved, while away from these zeros the modulus quickly grows close
to 1, and the flow rapidly enters a logarithmic energy regime, from which the evolution of vortices
can be described by the works of Bethuel, Orlandi and Smets.

1. Introduction

In the flat two-dimensional torus T2 = R?/Z? we consider u(¢, x), a solution of the
Ginzburg-Landau heat flow

du—e?Au=>0—-uP)u t=>0, xeT?

1.1
M(O, X) = MO(X)’ ( )

with ug € C1(T?). The initial condition uy may have a finite number of zeros. More
precisely, we assume that there exists op > 0 such that

o ()] + [det Vo (x)] = . (1.2)

This implies in particular that the zeros of 1 are nondegenerate and the topological degree
of the vector field ug at each zerois 1 or —1.
We will denote the energy associated with (1.1) by

1
Eo) = [ 1Vul 4 5= )2
T2 &

Note that (1.1) is the L? gradient flow of E, up to a factor g2, hence E, is decreas-
ing along the flow. The Ginzburg-Landau heat flow has been extensively studied [2, 4,
5,10,13,15-17, 19] in the case of initial data ug = ug. satisfying a logarithmic energy
bound E.(uge) < M In(1/¢). This bound enables one to identify vortices, the zeros of
Upe, and to describe their evolution. More precisely, in [10, 13, 15], well-prepared initial
data are considered, with a finite number of vortices of degree 1 and correspondingly
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quantized energy. These works establish via different methods that, in the accelerated
timescale s = (¢2/1In(1/¢))t, vortices move according to the gradient flow of a renormal-
ized energy analyzed in [3], for as long as no collisions happen. This limitation is removed
in the works [5, 17, 19], where splittings and collisions of vortices are described rigor-
ously. Specifically, [17] describes the global-in-time motion of vortices, taking collisions
into account, in bounded domains with Dirichlet or Neumann boundary conditions. Initial
well-preparedness is also relaxed: initial vortices are of degree %1, but the energy quan-
tization assumption is less stringent; moreover, splitting of higher-degree vortices into
vortices of degree +1 is described under specific assumptions. In [5,19], the domain is the
whole plane and a global motion law allowing for splittings and collisions is obtained, for
initial data satisfying the logarithmic bound E¢(u¢) < M In(1/¢). In the case of N > 1
initial vortices, evolution of the vortex density is described by a mean-field equation first
obtained rigorously in [12, 18].

Here we are interested in initial data that may have much higher energy, and wish to
describe the emergence of vortices. This is mentioned as an open problem in [6, Prob-
lem 5]. Our methods are strongly inspired by similar results on the emergence of sharp
transitions in the Allen—Cahn heat flow [8].

Our first main result concerns the evolution of the zeros of u.

Theorem 1.1. There exists Cy > 0, depending on ug, such that, for all € > 0 sufficiently
small (depending on uy), if Z(t) denotes the set of zeros of u(t), we have

11 1
#Z(1) =#Z(0) for0<t<T,=In——lnln——Co.
& &

In other words, no new zeros of the vector field u(t) are generated up tot = T,. Addition-
ally, if z; (¢) is the evolution of the jth zero Zj(.) of uo, then |z;(t) — z](.)| < ey/In(1/e), and
the topological degree of u(t) at z; (t) is preserved. Finally, att = Ty we have

|u(Te, x)| > % for dist(x, Z(0)) = 8,llné. (1.3)

Above and throughout the paper the symbol A < B for two nonnegative quantities A,
B means that there exists a constant C > 0, depending only on u¢, such that 4 < CB.

Remark 1.2. In Theorem 1.1 and all our statements, the dependence on u is through the
constant g > 0 in (1.2), and constants Ky, ro > 0 such that | Vug| L < K, the cardinal
of uy'({0}) is bounded by Ky, and uy is invertible with |Duy!| < Ko in B(z?, ro), for
each zero z](-). The initial datum uy may depend on ¢ as long as these constants can be
chosen e-independent.

An immediate corollary of Theorem 1.1 is that, if #¢ does not vanish, then u(¢) does
not vanish for 0 <t < Tj.

Corollary 1.3. If Z(0) = @ then Z(t) = 0 fort € [0, Tg].
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This means that up to time 7, the Ginzburg—Landau heat flow does not spontaneously
create dipoles, as happens in the Berezinsky—Kosterlitz—Thouless phase transition in sta-
tistical mechanics. If one allows the initial condition u to depend on &, one may however
observe creation of zeros, as in [14, Proposition 4.1]. More precisely, the construction
in [14, Proposition 4.1], adapted to our context (there & = 1), involves an initial condi-
tion ug = ug, bounded in C? and such that the two components of #( vanish along two
smooth curves passing, with parallel tangents, through two points distant at most &, so that
|ug| + |det(Vug)| < ¢ at these points, and o in (1.2) cannot be taken e-independent; see
Remark 1.2.

Our second main result is a logarithmic energy bound at the time t = T, given by
Theorem 1.1.

Theorem 1.4. For all sufficiently small ¢ > 0 (depending on uq), we have
1
E.(u(®)) SIn- Vt>T,.
e

Theorem 1.4 shows that the evolution enters an energy regime where the analysis of
[4,5, 19] can be applied. The present context is actually slightly different, because we
work on the torus T2 instead of R2, but the results of [4, 5, 19] should apply to T2, with
appropriate modifications. Conversely, the results of the present paper could be adapted to
R2, with appropriate conditions at infinity, at the price of minor technical complications.

In particular, the work [19] describes the evolution of the vortices of u as functions of

the accelerated time-variable

82

§ = ——1.
In %

The vortices ag (s) evolve according to the gradient flow of a renormalized energy W(a),
combined with a finite number of collision or branching times. Note that in the torus T2,
the renormalized energy W(a) would be slightly different from the one considered in [19];
see [1,7,9]. The initial conditions for the vortices ax (s) as s — 07 are identified via the
jacobian Ju = det(Vu) at the initial time [6, Proposition 2]. We therefore complement
Theorem 1.4 with our third main result, which characterizes the jacobian at time ¢ = T5.
Note that, in contrast with the previous theorems, where ¢ > 0 was small but fixed and
therefore we omitted stressing the e-dependence of u(z) = u,(¢) evolving according to
(1.1), this only concerns the limit, as ¢ — 0, of the map u(Ty) = u.(T%).

Theorem 1.5. We have, as ¢ — 0,

N
Ju(Ty) = det(Vu(Ty)) — Y d;8.o.
j=1
in the sense of distributions, where z(l), el ZIO\, are the zeros of ug, and c;’j € {1} its

topological degree at z](-).
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Now we can be more specific about the initial conditions for the later evolution of the
vortices ag (s), as described in [6, Proposition 2]. Letting dj denote the topological degree
of u(s) at ay (s) for small s > 0, the initial conditions ag = limy_, o+ ag (s) must satisfy

L N R
Y dikba = Zdjszjo.
k=1 j=1

This implies in particular that {a} = {z?}. But the points a) may not be disjoint: this
description does not prevent a priori a single initial zero Z](-) spontaneously splitting into
several vortices {ag}, because at s = 0 the energy is not yet quantized (in the sense of
[19, Theorem 1.5]). In fact, initial splitting into two vortices can easily be ruled out, but it
is not clear whether splitting into three or more vortices can occur.

However, note that in the setting of Corollary 1.3, if there are no initial zeros, we can
directly conclude that no later vortices appear. A complete proof of this fact would require
adapting [6] to our torus-based setting.

The main idea of this paper is that on the timescale considered, the effect of diffusion
in the Ginzburg-Landau equation is dominated by the nonlinear effect. This means that
the modulus of any initial data instantaneously (on the fast timescale s = £2¢/(In 1/¢))
approaches 1, except possibly on small regions where the initial data is close to 0. The
methods are elementary and provide explicit pointwise estimates on u (¢, x), which directly
imply the stated results. To control diffusive effects, the key tool is Lemma 2.2, which is
a type of Gronwall inequality (new to the best of our knowledge). The organization of the
paper follows that of the presentation of the results, which are proven in the same order in
consecutive sections.

2. Zeros of u: Proof of Theorem 1.1

Denote by ®: R x R? — R? the flow of the ODE y’ = (1 — |y|?)y, that is,
0:®=(1—|P?*P, @0,X)=X,

given explicitly by
B e'x
VIHIXPE 1)

We want to estimate how far u is from

(1, X)

2.1)

v(t,x) = ®(t, g(t, x))

for some well-chosen map g with g(0, x) = ug(x). To this end we define w = e~ (u — v),
so that
u=v+ew.
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Using the equations satisfied by ¥ and ® we obtain
0w —e2Aw = =2 -w)v — [v*w—e "N, elw) —e 'R, (2.2)
Nw, X)=|XPPv+20- X)X + | XX,
R=0dv—e2Av—(1— )
= DO(t.2)(d:g — > Ag) —*D*®(t,g)Vg - Vg.
In view of (2.2), it is natural to choose, as in [8], g(t) = e"“z’Auo, that is, g solves
dg —e?Ag =0, g(0,x) = up(x),

and therefore
R =—e*D?®(t,g)Vg - Vg. (2.3)

The rest of the article is devoted to obtaining good pointwise estimates on e‘w = u — v.
Lemma 2.1. If w solves
9w —e?Aw = =2 -w)v — |v|2w +F, t>0,xeQQ,
with w(0, x) = 0, then t
ol = [ IF©le ds.
Proof. Multiplying the equation by w/|w| we obtain

. 2
delw] = 2% Aw — [Plw| — 28 L g 2

lw] |lw] |lw]
w

<& —.Aw+ |F|
lw]

< 2Alw| + |F|,

so by the comparison principle we have |w| < p, where p solves 9;p — e2Ap = | F| and
p(0,x) = 0, that is, p(¢t) = fé esz(’_s)A|F(s)| ds, where e’ denotes the heat semigroup
on the torus T2. Since the L°°-norm is nonincreasing under the action of that semigroup,
we deduce the announced bound.

We apply Lemma 2.1 to our map w and F = —e* N (v, e’w) — e ? R. We have |g| <
lupl < 1,50 |v| < 1and|N (v, X)| < |X|? for | X| < 1 (we will apply thisto X = efw =
u — v). Thus we obtain

t

t
lefw(t)|Le < [ e efw(s)| 2 ds + [ 'SR (s)]| oo ds. (2.4)
0 0

Recall that
R =—e>D?d(t,g)Vg - Vg,
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and [Vg| < [Vuo| < 1, hence
[R(@) oo < €2 sup |D2d(t, X)|.
|X]=<1
Direct calculation gives
elX|(e* —1)
(14 [XP(e = 1))3/2
(XPe — 1)
L+ [XP( = D)2

|D?®(t, X)| <

— et(eZt _ ])1/2

< et(62t _ 1)1/27
SO
t t
/ " R(s)|| Lo ds < sze’/ (e —1)"/2 ds
0 0
< Szet(eZt _ 1)1/2’

where we have used

t @ -n2 2
/ (> —1)2ds = / ——dx
0 0 1 + )C2

= (e* — 1)V/2 —arctan((e? —1)!/?)

< (eZt _ 1)1/2‘

Plugging this into (2.4) we deduce

t
lefw(t)| Lo < / e leSw(s)| 2 ds + 2t (e — 1)1/2,
0

Lemma 2.2. Assume f, h are continuous positive functions on (0, 00) satisfying

S0

limsup =——= <
~o  h()

t
and f(t) <c / e f(s)>ds+ h(t) Yt>0,
0
for some constant ¢ > 0. If T > 0 is such that

L i) i
su e L h(s)ds < —,
R R T CL

then
f(@t) <2h(t) Vte(0,7).

If in addition h is nondecreasing, it suffices to check that

r 1
[ eT=Sh(s)ds < —.
0 8C

6

2.5)
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Proof. Forallt > > 0 we have

SO _ | i (L6 16)
mfé‘/oe (h(s)) mh(S)dS'Fl

" rsh(s) 2
/Oe h(f)h(s)ds®(t) +1

0@)* + 1,

=

o

=

0| =—

where

_ S)
O = s 4

Taking the supremum over 0 < 7 < ¢ we deduce that
o) < %@(z)2 +1 Vie(0,T7).
so ® takes values into
[xeR:E —x 4120} = (—00,4—2v2] U4+ 2v2, +0).

Since © is continuous on (0, 7') and ©(0F) < 1 < 4 — 24/2, we deduce that O(r) <
4—2y2 <2forallt € (0,T). "

We apply Lemma 2.2 to
f@) = lew)lze.  ht) = A% (@ =DV,

where A > 1 is the constant hidden in the sign < in (2.5). By Lemma 2.1, applied to w and
F = —e'"N(v,e'w) — e * R which satisfies || < 1for 0 < ¢ < 1, the map w satisfies
lle*w (@)L St for0 <t < 1solimsupy+(f/h) =0, and thanks to (2.5) we deduce that

2 2 1/2 1 2
le'w(r)l|z < e2e' (e —1)V/2 for0<r<T =Inl—In(164%),  (2.6)

since / is nondecreasing, and for this value of 7 we have

T
SA/ eT5h(s)ds < 84%¢%e?T <
0

N =

Estimate (2.6) tells us that u is close to v. Note in particular that (2.6) is valid up to
t=1In(l/e) — % Inln (1/¢) if ¢ is small enough. From (2.6) we also deduce a bound on
Vw, using equation (2.2) again.

Lemma 2.3. If w solves ;w — 2 Aw = G with w(0) = 0 in the torus T2, then we have

t
L[ 16 5
0

e

A
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Proof. We can consider w and G as periodic maps defined on R?; then w is given by the
Duhamel formula

t
w(t) :/ H, ji= * G(s)ds,
0

where the convolution is on R and Hy (x) = 8§ 2H(x/8), H(x) = (4m)~'e~*1*/4_ There-
fore, we have

t
V(@) < /0 IVH, /=10 1G(s) o ds.

and the estimate follows from

IVH, ji=llr < EmHVHllLI- "

Applying Lemma 2.3 to equation (2.2) satisfied by w and noting that the choice of T
in (2.6) ensures that the right-hand side G of (2.2) satisfies

1G] < llwllie + e2(e* — D2 < (e — 1)'/2,

we obtain L s 12
1 g“(e”* —1)
Vwl|pe < — —ds,fe\/?em—ll/z 2.7
[Vl < - /0 = (e —1) @.7)

forallt < T =In(1/e) —In(16A4?).

All assertions of Theorem 1.1 will follow from the bounds (2.6)—(2.7) on e’ w = u — v
and the explicit expression of v = ®(z, g). First, we need to gather some information on
gty =g, )= e®18y,. To that end we use the nondegeneracy assumption (1.2). It
implies that 1 has a finite number of zeros, all of degree +1. We denote

{up =0} = {z?,...,z?\,}.

Since g(t,x) = g(&%t,x), where g(f) = e®uyis Clin [0,00) x T2, we deduce that there
exist tg, Bo, ro > 0 such that, for all ¢ < to/sz,

1g(0)] + |det (Ve (1))] = %

lg(t.x)| = Bo for dist(x, {z}) > ro.
g (1) is invertible and |[Vg(¢)™'| < 1 on B(z?, ro).

In each disk B(z?, ro), the map g(¢) has exactly one zero Z; (1), so

{g) =0} = {&:1(0), ... . En (1)},

and we have
dist(+, {Z; (1)}) < |g(@, )| < dist(+, {Z; (1)}). (2.8)
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Thanks to the implicit function theorem, the maps ¢ > Z;(¢) are C ! and

i o .
50 = Vg .2)7 0,81, ).

hence

d .,
22| 5 Noigloo S 2 AglL.

Viewing g and ug as periodic maps defined on R?, g is given by the formula
g(l) = Hs\/f * Ug,

where the convolution is on R? and Hs(x) = § 2 H(x/§), H(x) = (4n)_1e_|x‘2/4, SO

1
Agllze < IVH, £l Vuolle < —.
[AgllLe = [IVH, sl [Vuollz /i

and we infer
£

S —

NG
Next we combine these properties of g(¢) with the explicit expression v = (¢, g) and
the bounds (2.6)~(2.7) on e’w = u — v to obtain the desired properties on 1. We denote
by C > 0 a generic constant depending on ¢ and which may change from line to line.

We start by bounding the modulus |u| from below: using (2.1) and (2.6) we obtain, for
0<t<lIn(l/e)—C,

d,
)Ez, 12 (1) — 20| < &7, 2.9)

e'lgl

VIt gl = 1)

1
3 min(e’|g|, 1) — Ce2e?.

[u| > |v] —e'|w| — Ce2e?

v

v

The last quantity is positive whenever e’|g| > 1 and e?’ < 1/(2C¢&?), or ¢*|g| < 1 and
|g|? > 2C&?. Hence we deduce that

. 1
lul > 0in {|g| > Ce} for0<:<Ini—C.

In the case without initial zeros, this proves in particular Corollary 1.3. Moreover, com-
bining this with (2.8) we have |u(f)| > 0 outside the disks B(Z;(¢), C¢e). By homotopy
invariance of the topological degree, 1 (¢) must have at least one zero z; (¢) € B(Z;(¢), Ce).
Next we verify that this zero is unique.

Recall that g(7) is invertible on B(zg, ), and maps B(z;j(t), C¢) into B(0, K¢), for
some constant K depending on u, thanks to (2.8). The flow map ®(¢) = ®(¢, -) is invert-
ible from B(0, K¢) onto B(0, R) given by R = &D(t, Ke), with inverse ®(¢)~! = &(—1).
Here, (z,r) = |®(t, re'?)| for any r > 0 and 0 € R.
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Therefore, v(t) = ®(¢) o g(¢) is invertible on B(z;(¢), Ce), and

sup Vo)™ < sup  |VO(—t, X)|.
v(B(2;(1),Ce)) |X|<®(t,Ke)

Fort <1In(1/¢) — C we have

e'Ke ; 1
®(t,Ke) = <eKe=<,
V1+ K2e2(e2t — 1) 2
provided C is large enough, and, for | X| < 1/2,
e™! 1 —e %
Vo(-t,X) = I+ X®X),
\/1—|X|2(1—e—2f)( I—|X[2(1 —e™2) )

so we infer
sup Vo)™l <e.
v(B(2;(t),Ce)

We use this to show that u(¢) is injective on B(Z;(¢), C¢). Since the equation y = u(x) =
v(x) 4+ e’w(x) is equivalent to x = v~ (y — ew(x)), it suffices to check that the map
F:x — v 1(y — e'w(x)) is a contraction on B(Z;(), Ce¢), for |y| < §. Here, § > Ois a
small constant such that v=! is well defined on B(0, 28). Thanks to (2.6) we have lefw| <§
provided C is large enough, and

sup  |VF| S e e Voo < [[VW|loo-
B(z;(1),Ce)

Since ||Vw| e < e+/2€’ thanks to (2.7), we deduce that F is a contraction for

0<t<Te=Inl-1lnnl-C,

if the constant Cy is large enough, depending on u. By the above discussion this shows
that u(¢) is injective on B(Z;(t), Ce¢), and

{u(r) =0} ={z:1(0),.... 28 ()},

for some z;(t) € B(Z;(t), Ce). This proves Theorem 1.1, except for its last assertion (1.3).
To verify (1.3), we note that (2.6) ensures |u — v| = |e’w]| < 1/4 for t = T, so it suffices
to check that |v(Te, x)| > 3/4 for dist(x, {z](.)}) > &+4/In(1/g). We have

els|g| 1

VI+1gP@% 1) 1+ (1—[gP)eTe[g|2
1

1+ (= [g2)eCo (=m0

[v(Te)| =

If |g| > Me/In(1/¢) for some large enough M > 0, we deduce |v(T;)| > 3/4. Thanks
to (2.8) this implies that |v (T, x)| > 3/4 for dist(x, {zj‘?}) 2 £4/In(1/¢) and concludes the
proof of Theorem 1.1.
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3. Energy of u: Proof of Theorem 1.4
First, we obtain more precise estimates for w away from the bad disks B(z?, Ce/In(1/¢)).

To this end we localize the equation by setting

o = y*w,

for some appropriate smooth cutoff function 0 < y(x) < 1, to be chosen later. From equa-
tion (2.2) satisfied by w we deduce

;W — AW = =2(v-W)v — V[>T —e " 2N, e'w) —e " 2R

— (AP w —2e2Vy? - Vuw. 3.1

Applying Lemma 2.1 to equation (3.1) satisfied by W, and using (2.6)—(2.7) to estimate
the two last terms, we deduce

t

t
ndwmsfeHWWMmh+/éﬂw3mmMm
0 0
+ (VT VLo + €2 V2 ylle)e?e! (2 — 1)1/2

forall  <In(1/¢) — C. Applying Lemma 2.2 we therefore have

t
e ol 5 [ RO ds

+ (VYL + VP xllLe)e?e! (¢ = D2, (3.2)
provided ¢ < In(1/e) — C and e/1||Vy|lL~ + €2||V? x|z < 1. Using properties (2.8)
of g, the fact that |Z; (1) — Z]9| < ey/In(1/¢e) for t <In(1/¢) thanks to (2.9), and letting

D(x) = dist(x, {z}}),
we have
D<|gl<D in{D = Msy/In(1/¢)},

for t <In(1/¢). Here, M > 0 is a large constant that depends only on uy. More pre-
cisely, it suffices to choose M such that 2|Z; (t) — ZJ(»)| < Me+/In(1/¢), which implies that
D/2 <dist(-,2;(¢)) <3D/2in{D > Me,/In(1/¢e)}. Since |Vg| < 1, recalling the explicit
formulas (2.3) and (2.1) we deduce

e'lgl(e* — 1)
(1+|gl?(e? —1))3/2

<eZel(e? — 1)

|R| < &

D
(14 C2D2(e? — 1))3/2’
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in{D > Me,/In(1/¢)} for t <In(1/e) — C. Therefore, choosing cutoff functions y sat-
isfying

Ly<p<ar < ¥ < lp<p<ar. VXIS |V2 12,

for some A = e4/In(1/¢), from (3.2) we infer

t 2s
-1
t < 2,t
lefw| < &% D/o (17 C2D2(e 1)) ds

+ %\/1 Fie%e (2 — 1)/ (3.3)

in{D > Me/In(1/¢)} fort <In(1/e) — C and & small enough.
For any « € (0, 1/2) we have

t eZS 1
/ ds
o (1+a2(e2 = 1)
1 a+e?Ee -1l (x2—1) 1 % dx
" a2 ), 2x2—1+a?)  ~a? )i ¥
thanks to the change of variable x = (1 4+ a2(e2® — 1))'/2. Hence, taking C large enough
that D/C < 1/2, from (3.3) we deduce

VA
D

1
—le'w| < ee’ (34)
&

in{D > Me,/In(1/¢)} for t <In(l/e) — C and ¢ small enough. Using Lemma 2.3 and
(3.4) to estimate the right-hand side of (3.1), we also obtain gradient bounds

e'\Vw| < e’ Vi ——— ! + (3.5)

in{D > Me,/In(1/¢e)} fort <In(1/e) — C and & small enough.

Next we refine these estimates by including the effect of the second term —|v|?@ in
the right-hand side of (3.1). We choose as above a cutoff function y supported in {1 <
D < 42}, with [Vy| < A7 ' and |[V2y| < 172, for some A > Me,/In(1/g). Combining
(2.6)—(2.7) and (3.4)—(3.5) to bound the two last terms in (3.1), we have

3,0 — *AW = —2(v-W)v — |v]*T + F, (3.6)
|F| < e™le"B7e0 + e | x* Rl

3 JT+t
+%«/1+tmin( ; ,(e2’—1)1/2).

Arguing as in the proof of Lemma 2.1 but retaining the second term in the right-hand side
of (3.6), we have
3 |W| + |v[?|B] — 2 AlD| < |F|.
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In the support of y we have

I { G b 1
1+ [g]>(e* = 1) 1+ g2 (e = 1)
—2t
> max(l — W,O);

hence
o2t -
9, || +max(1 - W’O)"m — 2 A|B| < |F.
We rewrite this as
0, V|| — &2 A" O] < O F),

where

¢ o2t
ht=/max1——,0 ds
0= (1- &559)

0 forO <t <1y,

[—1) — (e72 —e2) fort > 1y,

1
2C2)2
where t; = In(1/(CA)) is such that 1 — e™2% /(C2A?) = 0. Arguing again as in Lem-
ma 2.1 we deduce

t
1)l < fo RO F(5) | oo ds

i) -
- /0 1F ()]l ds

¢ —t 1 (e—Zt_efzs) ~
+/ e IF(s)]| Lo ds
173

I - t -
< / 1F )l ds + C / S F ()]l ds:
0

I
hence, from the bound on F in (3.6), and estimating the term y2R exactly as before
(because the worst term in (3.6) is the last one anyway),

t

t
lle* @ ()l Lo S/ e’ B(9) |70 ds +f X R(s)lIze ds
0 0

83 1) 83 t
+7et/ \/l—i—s(ezs—l)l/zds—i—ﬁ/(1+s)esds
0 78

t 2 &3
< f e S|e* W(s) |2 ds + Te’ + A—ze’(l +1).
0

Applying Lemma 2.2 we obtain

14+ (e/D)(1+1)
D

“lefw| < ge
8| ~
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and, with the help of Lemma 2.3, the gradient bound

1+ (¢/D)(1 +1)

le'Vw| < ee V1 )

These bounds are valid in {D > Me/In(1/¢)} fort < 1n(1/¢) — C and & small enough.
Using

/ 1+ (82/D?)(1 +1)? p
X
(D>Me/in(1/8)} D2
1 1
d d 1
s/ —r+82(1+t)2/ si-,
es/In(1/e) T e/In(1/e) T &

and u — v = e’ w, we deduce the energy bounds

2

Uu—"v 1
/ % dx < &%e* 1In -,
{D>M¢e+/In(1/¢)} & &

1
/ [Vu — Vo2 dx < e2e*'t1n—,
{D>Me/In(1/e)} &

and, using (2.6)—(2.7) to estimate the contributions from {D < e./In(1/¢)},
|2

/ (|w — Vo2 + |u——2v
Q &

Note that this upper bound is < In(1/¢) at t = T, < In(1/e+/In(1/¢)). Next we derive
energy bounds for v. We have

1
) dx < e%e®tIn-. 3.7)
P

_oetgr o 1-gP
I+ gl —=1)  1+[g)(e* —1)
1
<—)
T LA glPe = 1)

1—pPr=1

and since |g| is of the same order as dist(:, {Z; (t)}) thanks to (2.8) we deduce

1 1 J
-y X
2 Jo (1+[g]2(e* = 1))?

1
—2[ (1 — [P dx <
& Q

- 1/1 1 4
Y rar
~ g2 Jo (1 + C~2r2(e2t —1))2

1 1

S S5
g2 2t 1

We also have

et

V| = |Dx®(t,2)Vg| < ;
Vol = 1Dx @ Vel S
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hence

1
1
V 2< 2[/ d
/QI L A s P TP
2t

e _
< eZ’——lln(l + C72(* —1)).
Gathering the above and recalling T, = In(1/¢) — % Inln(1/e) — Cp, we obtain

1 1
/ <|Vv|2 + (- |v|2)2) dx <ln- att =T,
Q & &

Combining this with the bounds (3.7) concludes the proof of Theorem 1.4.

4. Jacobian of u: Proof of Theorem 1.5

Define 11, (x) = u(T, x), where T, = In(1/¢) — (1/2) InIn(1/¢e) — Cy for a large enough
constant Cy. We consider the jacobian

Ju, = det(Vuy),

and show, as ¢ — 0, the convergence
N
Jug >y d; 8. 4.1
j=1

in the sense of distributions, where d /i € {£1} is the topological degree of u at ZJ‘-’.

Note that one can check, by direct calculation, that Jv(7,) converges to this sum of
Dirac masses. But the bounds we have obtained on e’ w = u — v are not enough to directly
infer (4.1). Instead, we invoke the compactness result of [11, Theorem 3.1]: thanks to the
energy bound

1
E.(ug) <In—,
I3

there exists a sequence &, — 0, integers dy € \ {0}, and distinct points a; € T? such
that

M
Jug, — w Z dibay.-
k=1
We show next that we must have M = N, {a;} = {Zj(-)}, without loss of generality a; = zj(-’
for j =1,...,N,and d; = d;. Therefore, the limit is unique and this proves (4.1).
First, we prove that {az} C {zj(.)}. This is a consequence of the bounds obtained above

on the map u, and the fact that the limit of Ju, provides a lower bound for E(11;)/In(1/¢)
[11, Theorem 4.1]. By that lower bound, for any § > 0 we must have

1 1
Ee, (16,: B(ax.8)) = xldi|In — + o(1n —)
€n €n
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as n — oo. Note that |di| > 1. Therefore, to show that {ay} C {zj(.)} it suffices to obtain
an upper bound of the form

1
E¢(ug; B(a,§)) < %ln - fore k1,
)

for any a ¢ {Z?} and some § > 0. Recall that we have u = v + ¢’ w, and the pointwise
bounds from Section 3,

1 1 1 1
2 2 2t
Vol + 5 =P 5 o (7 + 1 paar)-

1 12
12 t,,12 2,21
[Ve'w| +82|e w|® < e%e >

in{D > Cslnl/z(l/s)} andfor 1 <t <In(1/¢e) —
Fort =T, =1In(1/e) — (1/2) Inln(1/g) — Cp, we deduce

1+ (¢/D)%e*0 In2(1/¢) 4+ e~2C0 In(1 /e)
D2

1
[Vl + (1= ul?)? 5

in{D > Celnl/z(l/s)}. Hence at time t = T, for any § > ¢In(1/¢) and for dist(a, {Zj(.’}) >
468, we have

2 1 1
E.(ug; B(a,d)) S 1+ (E) e*om? = e 20 - < zln -,
8 £ I3 2 &

for ¢ < 1, provided Cy is chosen large enough. By the above discussion, this implies that

{ary C {z7}.
Therefore, we may write

N
Jug, >y J,-észjq, (4.2)

where J € Z. Here we allow the possibility that c? = 0 because we have not yet proven
that {ZO} C {ag}. To prove (4.1), it suffices to show that d = d To that end, note that
for all small & > 0 we have

l det(Vu,) = deg(ug, 0B(z%, 1)) = c?j

B(z](»),r)
for any small » > Oand j = 1,..., N. This is because ¢ +> u(¢) is smooth and u(¢) does
not vanish on dB(z?, ) for small ¢ > 0 and all ¢ € [0, T¢], so the degree of u, = u(T}) is
equal to the degree of ug = u(0), which is d by definition. Therefore, testing (4.2) with a
test function ¢ ~ 1 B(z0.r)> W obtain d; ~ dj :, hence d; = d because these are integers.

This concludes the proof of (4.1).
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