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On the self-similar behavior of coagulation systems
with injection

Marina A. Ferreira, Eugenia Franco, and Juan J. L. Veldzquez

Abstract. In this paper we prove the existence of a family of self-similar solutions for a class
of coagulation equations with a constant flux of particles from the origin. These solutions are
expected to describe the longtime asymptotics of Smoluchowski’s coagulation equations with a
time-independent source of clusters concentrated in small sizes. The self-similar profiles are shown
to be smooth, provided the coagulation kernel is also smooth. Moreover, the self-similar profiles are
estimated from above and from below by x~+3)/2 55 x — 0, where y < 1 is the homogeneity of
the kernel, and are proven to decay at least exponentially as x — oo.

1. Introduction

1.1. Aim of the paper

Smoluchowski’s coagulation equation, introduced by the physicist Marian von Smolu-
chowski in 1916 (cf. [28]), is a mean field model describing a system of clusters evolving
in time due to coagulation upon binary collision between clusters. The solution of Smolu-
chowski’s equation, f(z, x), represents the number density of clusters of size x at time ¢
and is governed by the integro-differential equation

atf(t7x):K[f]([vx)? (11)
where K is the coagulation operator defined by
1 X
KIF100) =5 [ K=y fex = ey dy
0
- [ Kwsansaydy. (12)

The kernel K(x, y) is the coagulation rate of a cluster of size y with a cluster of size
x, and it summarizes the microscopical mechanisms underlying coagulation. Different
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kernels may induce completely different dynamics. For an overview on Smoluchowski’s
coagulation equations with different kernels we refer to [1] and [2].

Equation (1.1), as well as its discrete counterpart, has been extensively used as a
modeling tool. Polymerization [3], animal grouping [15], hemagglutination [25], plan-
etesimal aggregation [17] and atmospheric aerosol formation [12], [21], [26] are just some
examples of applications.

Several classes of coagulation kernels have been derived in the physical/chemical lit-
erature. The specific form of the kernels depends on mechanisms yielding the aggregation
of the particles (cf. [12]). Many of the kernels relevant in applications satisfy

(" Ay™h iy < K(x,y) < (xR y TR 4y AR (13)

where 0 < ¢; <c¢p <ooand y, A € R.

Two relevant kernels in aerosol science are the Brownian kernel and the free molecular
coagulation kernel [12]. The exponents y and A in (1.3), associated to these two kernels are
(y,A) =(0,1/3) and (y, A) = (1/6, 1/2) respectively. Both kernels yield the aggregation
rate for a set of molecules (monomers) immersed in the air. The difference between the
two kernels is that, in the first case, the mean free path of the molecules is smaller than
the cluster sizes, while it is much larger in the second case (for a more detailed discussion
see [10] and [12]).

We focus on the coagulation equation with source

9 f (1. x) = K[f](t. x) + n(x), (1.4)

with K defined by (1.2). The term 7 in (1.4) is a measure that represents a time-independent
source of particles, which is the main difference of this equation compared to the classical
pure coagulation equation (1.1).

Equation (1.4) has not been studied as much as the classical coagulation equation in
the mathematical literature, despite its relevance in atmospheric physics (see for instance
[21]). The existence of weak time-dependent solutions of (1.4) has been proven, under
specific assumptions on the coagulation kernel, in [5] and [7]. The long-term asymptotic
behavior of (1.4) has been studied in [4] with a combination of numerical simulations and
matched asymptotics expansions for the kernels

K(x,y) = x%y? +y%b ab>o0. (1.5)

This corresponds to y = a + b and b = —A in (1.3).
In the non-gelling regime, @ + b < 1 (and a, b > 0), the results of [4] suggest that the
long-term behavior of a large class of solutions to (1.4) behave as the self-similar solution

X

1
fs(t,x) = 5 ¢s(y)  withy = (1.6)

2
t1-v t1-y
as time goes to infinity. According to [4] the self-similar profile ¢, behaves as the power
3
law y_% as y tends to zero and decays at least exponentially as y tends to infinity.
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For x of order 1 we expect f to behave as a steady-state solution to (1.4) i.e. a solution
to

K[f](x) + n(x) = 0. (1.7)

The solutions of (1.7) have been studied in [5] for bounded kernels, and in [16] for
the discrete coagulation equation for kernels of the form (1.5) when @ and b can take both
positive and negative values. It is then proved that a solution to the discrete version of (1.7)
exists for the range of exponents max{y + A,—A} < 1,—1 <y <2and |y + 21| < L.

More recently, the existence of a solution to (1.7) has been studied in [10], for both
the continuous and the discrete cases for kernels of the form (1.3). Specifically, it has been
proven there that, if |y + 2A| < 1, then there exists at least a solution of (1.7) and, instead,
if |y + 24| > 1, then equation (1.7) does not have any solution. This implies that if the
coagulation kernel is the Brownian kernel then there exists a solution of (1.7) and, if the
coagulation kernel is the free molecular kernel, then (1.7) does not have any solution. We
remark that for the kernels of the form (1.5) considered in [4] if @ + b < 1, then, since
a,b > 0, we have |y + 24| < 1 and a steady state solving (1.7) always exists.

Results analogous to those in [10] have been obtained in [ 19] under different regularity
assumptions on the coagulation kernels, the source 7 and the solutions, as well as an
additional monotonicity assumption on the kernel.

In this paper we prove, under assumptions on the parameters y and A, the existence
of a self-similar solution of the coagulation equation with constant flux coming from the
origin, that can be formally written as

9: (xf(x)) = xK[f](x) + o. (1.8)

where & is the Dirac mass at {0}. A precise definition of equation (1.8) will be presented
in Definition 3.5. This result on the existence of self-similar solutions of equation (1.8)
is the main novelty presented in this work. In agreement with the results obtained in [4],
these self-similar solutions are expected to represent the longtime behavior of the solutions
of (1.4), where we consider 1 to be a Radon measure with bounded first moment and
decreasing fast enough for large sizes.

The self-similar profiles ¢ characterizing the self-similar solutions are constructed as
the limit as ¢ — 0 of a sequence of stationary solutions of certain coagulation equations
with source 7., where we assume that xn.(x) tends to the Dirac measure supported at
{0} as ¢ — 0. This is the main technical novelty of this paper and it requires uniform
estimates to be proved for the solutions. We also present some results on the regularity of
the self-similar profiles and on their asymptotic behavior for small and large clusters.

We focus on non-gelling kernels (see [8] for a complete explanation of the gelation
regimes), for which a stationary solution exists, i.e. we will consider

y <1,

1.9
ly + 24| < 1. (19
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By [10] we know that, since |y + 24| < 1, equation (1.4) admits a steady-state solution
f. Hence, we expect the solutions of equation (1.4) to approach a steady-state solution
when x is of order 1 and time goes to infinity. For every integrable function f we denote
by Jr the flux associated with equation (1.7),

5@ = [ koo @y (1.10)

The analysis in [10] shows that the reason there exists at least a solution of (1.7) is that
the contribution to Jr due to the interaction of particles of very different sizes, x < y or
¥y < x,is negligible compared to the contribution to J¢ due to the interaction of particles
of comparable sizes, x ~ y. On the contrary, when |y + 21| > 1 (to be considered in
another paper), the fact that a solution to (1.7) does not exist is due to the fact that the
collisions between particles of very different sizes very quickly drive the mass towards
infinity. Therefore, in the time-dependent problem we expect that if |y + 2A| > 1 one
will need to take into account the interaction between particles of different sizes, and the
behavior of the time-dependent solutions of (1.4) is expected to be different. In this case
we expect that f(z, x) — 0 for x of order 1 as time goes to infinity. For this range of
parameters, the existence of self-similar solutions is not studied in [4] and might be the
object of a future work.

1.2. Notation and plan of the paper

Before beginning with the technical content of the paper, hoping to help the reader, we
clarify the notation that we adopt in this work.

First of all we employ the notation R, := (0, 00), R4 := [0, 00). Moreover, we denote
by £ the Lebesgue measure. For any interval / C R, we denote by C.(I) the space of
continuous functions with compact support endowed with the supremum norm, denoted
by || - loo- We denote by Co(R,) the space of continuous functions vanishing at infinity,
which is the completion of C.(R4). As before, we endow Cy(R) with the supremum
norm.

We denote by M (I) the space of non-negative Radon measures on /. In the fol-
lowing, justified by the Riesz—Markov—Kakutani representation theorem, we frequently
identify M (1) with the set of positive linear functionals on C. (R ). We adopt the nota-
tion

My p(I) :={pn € My(I): p(I) < o0}

and endow this space with the total variation norm, which we denote by || - ||. Since we
consider positive measures, we can easily compute the total variation norm of any measure
1€ M4 (I),indeed ||| = p(1). We will sometimes endow M 5 (R,) with the weak-x
topology generated by the functionals (¢, ) = [; ¢(x)u(dx).

We denote by C(I, My 5 (Ry)) the space of continuous functions from the compact
set I C R to the space of Radon bounded measures. We endow this space with the norm

Ifllz 2= suprer 17 (2.
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Notice that || f||; < oo because / is a compact set and f(z,-) is a Radon bounded
measure. Assume Y is a normed space and S C Y. We use the notation C1([0, T]; S;Y)
for the collection of maps f:[0,T] — S such that f is continuous and there is f €
C([0, T]; Y) for which the Fréchet derivative of f at any point ¢ € [0, T'] is given by
f . We also drop the normed space Y from the notation if it is clear from the context, in
particular, if S = M p(I)and Y = My (I)or Y = S. Clearly, if f € C1([0,T];S;Y),
the function f is unique and it can be found by requiring that for all ¢ € (0, 1),
IS+ — fO) —ef @y

li
e—>0 |8|

=0

and then taking the left and right limits to obtain the values f (0) and f (T). To keep the
notation lighter, in some of the proofs we will denote by C or ¢ a constant that may be
different from line to line.

We denote by f the Fourier transform of f:R — R defined by

— / e f(x) dx.
R
We define the Sobolev spaces of fractional order s (negative or positive) as

HYR) :={f € S'®R) : | fllarm) < o0},

where S (R) is the space of infinitely differentiable and rapidly decreasing functions and
S'(R) is its dual (we refer to [6, Definition 14.6] for a precise definition), and the norm
| - || s ) is given by

1 oy = fR (1 + [xPY1f (P dx.

Let 2 be an open set and let s € R. The space H*(£2) is the set of the restricted functions
fie with f:R — R belonging to H°(R). It is a Banach space equipped with the norm

I flzrs(g) = inflg € H'(Q) : g1 = f}-

This definition is the same as in [22].

Finally, we will use the notation f ~ g as x — Xy to indicate the asymptotic equival-
ence between the function f and the function g, i.e. limy_, x, % = 1. Instead, we will
use the notation f & g to say that there exists a constant M > 0 such that ﬁ < % <M.

The organization of the paper is the following. In Section 2 we discuss the heuristic
justification to study the self-similar solutions constructed in this paper. In Section 3 we
explain in detail the setting in which we work, we present the definition of self-similar
profile and state the main results of the paper. In Section 4 we prove the existence of a
self-similar profile, while in Sections 5 and 6 we prove its properties. Finally, in Section

7, we prove that the self-similar solution f; defined by (1.6), solves equation (1.8).
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2. Heuristic argument

2.1. Scaling parameters

In this subsection, we explain how the exponents in (1.6) are computed. Since we are
only considering non-gelling kernels, the change of mass in the system is only due to the
contribution of the source. Indeed, multiplying equation (1.4) by x and integrating in x
from 0 to co we obtain formally

i /00 xf(t,x)dx = /ooxn(dx) < 00. 2.1
dr Jo 0

As a consequence, using the change of variables

1 X X
f(t,x) = t—a¢><lnt,[—ﬂ>, £= . t=lnt 2.2)

and considering the initial condition f(0, x) = 0, motivated by the fact that the total mass
in the system is proportional to time, we conclude that

]

tzﬂ_a/oooéqﬁ(f,é)dé:/ow t%q&(lnt, tiﬂ)dx =/:oxf(l‘,X)dx=l/(; xn(dx),

which implies that 28 — o« = 1. Hence the mass of the source is equal to the mass of ¢.
Moreover, using (2.2) in the coagulation term (1.2) and using (1.3) yields the scaling

K[f]1(t, x) ~ tP722FBVK[p] (. §).

On the other hand, the fact that

a,(z—“¢(1nt, t%)) - —t_“_1<a¢<lnt, ziﬂ) + /358;¢<1nt, zlﬂ) — g (11, tiﬂ))

implies that —1 — o = B — 2o 4+ By. Recalling the condition 28 — o = 1 we conclude
that
o2 gtV 2.3)
I—y 1—y
Notice that this scaling is in agreement with [4].
We now conclude this section by noticing that equation (1.4) has a scaling-invariance
property. Indeed, if f solves (1.4) with a source of mass f0°° xn(dx) = M,, then f (t,y)=
(M)" 0= (1, MY 077 ) solves (1.4) with a source of mass 1. Without loss of gener-

ality we therefore assume from now on that the source 1 has mass equal to 1.

2.2. Formal derivation of the equation for the self-similar profile

In this subsection we explain why we expect the solution of equation (1.4) to approach,
as time tends to infinity, a self-similar solution for x >> 1 and a steady state for x ~ 1,
following an argument inspired by the one in [4].
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When |y + 21| < 1, holds we know, from [10], that a stationary solution f exists and
we expect, in view of the numerical simulations in [4], that

f(t.x) > f(x)ast — oo for x of order 1. 2.4)

The fact that J f-(x) — 1 as x — oo (proven in [10]) and that the simplest solution
of Jp(x) = 1is p(x) = cox 2", with co = (f) [ K(y,2)z="2 y~'7 dy dz)~"/2,
suggests that f_ (x) ~ cox_HTy as x — oo. This yields the following matching condition:

3+y
2

ft,x) ~ cox™ (2.5)

forl € x K 177 or equivalently 1 <« x <« e

We now describe the asymptotic behavior of f(¢, x) in the self-similar region x =
t%. Using the self-similar change of variables (2.2) in (1.4), we deduce that ¢ satisfies
the following transport-coagulation equation with source,

3 2 4 2
Beh(r.) = TELHE) + () + KIPUrE) + e (e T 26)

fort > 0and £ > 0.
4 2
Since [;° xn(dx) = 1, then in the region & ~ 1 the term e 77 n(£e 77 *) tends to zero
in the sense of measures as 7 — oo.
We make the self-similar ansatz, i.e. we assume that there exists a self-similar profile
¢s such that

o(t,8) = ¢ps(§) ast—> 00 2.7
and conclude that ¢ solves
3 2
0= lf—;qss(s) £ ) T KB fort >0, 28)

By the matching condition (2.5), we know that
_3ty
¢s ~cof” 2 as& — 0. (2.9)

The fact that fooo Eps(§) d€ < 0o and the shape of the equation suggest that ¢; decays
at least exponentially (see also the statement of Theorem 3.2); later we will justify the
precise ansatz

os(€) ~ ce_Lfé_" as § — o0, (2.10)

for some L > 0. Rigorous upper estimates for ¢s supporting this asymptotic behavior will
be also derived in Theorem 3.2. The matching condition (2.9), together with (2.10) then
implies
lim Jg (§) = 1. (2.11)
£—0
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We conclude that the self-similar profile satisfies equation (2.8) with the boundary condi-
tion (2.11).

We now derive a relation between the flux coming from the origin, (2.11), and
fooo £¢s(d&). Multiplying (2.8) by & and noticing that £K[¢s](§) = —0g J4, (§) we obtain

0= —64:0)+ (2= E0:0) ~ T ©).

Integrating from O to infinity we deduce that
oo . 2
| e = lim (2200 - 10,)
. 2
= lim (= £ — 4o, ). 2.12)

Thanks to (2.9), and the assumption y < 1 we deduce that limg_,q £2¢5(§) = 0.
Moreover, thanks to (2.10) we deduce that limg_, o Jg, (§) = 0 and limg_, o £2¢5(§) = 0.
Therefore, combining (2.12) with (2.11) we obtain

[0 Egs(8)dE = 1.

Using the self-similar change of variables (2.2) we deduce that the self-similar solution f;
satisfies

/00 xfs(t,x)dx =1,
0

which is consistent with (2.1).

Finally, we justify (2.10). To this end we substitute in equation (2.8) the ansatz ¢ (§) ~
ce LEg2 a5 £ — 00 and formally estimate the behavior at infinity of all the terms in (2.8),
to deduce that a = —y. We start by considering the coagulation term

Kle “¥&%]

* 5 - a oo - a
= e LE&”[O K(y.& = y)y*(E —y)*dy — cPe L /0 K(E y)e L2y dy
1 1 [ee]
= 2o LEgytitaa (5[ K(y.1—y)y*(1—y)*dy —[ K(1, y)e L& ye dy)
0 0

2 1
~ St [ RG-y - ) dy
0

and therefore

1
K[e‘”é“]fvcz(/ K(yvl—y)y“(l—y)“dy)e_LééyH““ as§ —> 0o, (2.13)
0
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On the other hand,
34y 2cL _
T, —é¢s(5) ~ope ET wEse 219

Combining (2.13) and (2.14) we deduce that ¢ (£) ~ ce LE£77 and

_ 2L (1= ) )_1
c—l_y(/o Ky, 1=y)y "1 —y)7dy]| .

The power law behavior near the origin and the exponential behavior at infinity are
supported by the numerical simulations in [4]. The estimates (3.3), (3.4) show that the
mean of ¢ behaves as x~73)/2 near the origin and the inequality (3.6) shows that ¢
decays at least exponentially for large sizes.

2.3. Longtime asymptotics

In this section we present a different argument justifying the self-similar behavior of solu-
tions of (1.4). We show that, if the self-similar profile can be uniquely identified as the
solution of a coagulation equation with constant flux coming from the origin (equation
(1.8)), then the self-similar solution describes the longtime behavior of the solutions to
the coagulation equation with source (1.4). Since the investigation of the uniqueness of
the coagulation equation with constant flux coming from the origin is still an open prob-
lem, the following argument represents only a formal heuristic motivation for the study of
self-similar solutions of equation (1.4).

Nevertheless, the self-similar ansatz (1.6) is corroborated, at least for some of the
kernels considered here, by the numerical simulations and heuristic explanations in [4]
and by [20] from the point of view of physics.

Let us consider a solution f to (1.4) with initial condition fy such that fy(y) < cy®
withw < — "+3 and ¢ > 0, and a positive constant R. Since we are interested in the long-
time behaV1or and we are assuming y < 1, we consider the following change of variables:

x = £R, t=RPTys, s > 0.

The scaling in size balances the scaling in time in such a way that the function Fg defined
by
Fr(s.§) = RVD/2 f(Rg, R ) (2.15)

satisfies the coagulation equation
05 Fr(s.§) = K[FR](s.§) + nr(§) (2.16)

with the source
nr(§) == R*n(RE§)
and the initial condition Fg(0,&) = R™3 fo(RE).
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Integrating equation (2.16) against a test function ¢ € C([0, T] x R4) we obtain

A Eg(t.E) FR(1.£) dE
- / £0(0.8) FR(0.8) dE + f / Ed,0(s. ) Fr(s.£) dE ds
Ry 0 JR,

t K(y.
+/0 // —(ﬁ 2 [o(s. &+ W)(E+ ) —Ep(s. ) — yols. »)]
XFR(s,§)FRr(s,y)dEdy ds

+ /0 /R (. el de . @.17)

Since the source ng decays fast enough and

/0 En(E)dE = 1.

we infer that
dm [ ot oma@di = tim [ g(s. 7)m0)dy = 00,0

and ynr(y) — 8o(y) as R — oc.

Assuming that the solution F is unique and that the limit of Fg when R — o0 exists,
passing to the limit as R — oo in equation (2.16), we deduce that F, the limit of Fp,
solves the coagulation equation with constant flux coming from the origin in the sense of
Definition 3.5. s i

We will prove in Theorem 3.6 that the function s~ =7 ¢5(Es™ 1-7), with ¢ solving
(2.8) with the boundary condition (2.11), satisfies equation (3.10) for every test function
@ € C1([0,T],C(R4)). Assuming that (3.10) has a unique solution we conclude that

F(s.6) = lim Fr(s.) = s~ g (6s777). (2.18)

Choosing R = eT7 ands = 1 in (2.15), we conclude that

3+ T
F o2 (1,E) = 157 f(eF, EeTr),

el-y

where f is a solution of equation (1.4).
From (2.18) and the fact that F(1, &) = ¢5(§), we deduce that, as t tends to infinity,

T (e EeTTT) > s (£).

This implies the self-similar ansatz (1.6).
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3. Setting and main results

Given y, A € R and ¢y, ¢; > 0, a continuous symmetric function K: R, x R, — Ry isa
coagulation kernel of parameters y and A if it satisfies the inequalities

Clw(X,J’)EK(X’Y)Sczw(XJ’) Vx’yeR*w (31)
where

xy+/l yy+,l

wx,y)=—+——
(x.y) I o

We assume that the coagulation kernel is homogeneous, with homogeneity y, that is, for
any b > 0 it satisfies

K(bx,by) =b"K(x,y) Vx,y €R.,.
We now give the definition of a self-similar profile for equation (1.8).

Definition 3.1. Let K be a homogeneous symmetric coagulation kernel K € C(Ry x Ry)
satisfying (3.1) with homogeneity y < 1. A self-similar profile of equation (1.8) with
respect to the kernel K is a measurable function ¢ > 0 with

/ x¢p(x)dx =1 and Js € L3 (Ry),
R*
where Jy is defined by (1.10), and it satisfies

22¢(z) ae.z>0. (3.2)

z
Jp(2) = 1—/ x¢(x)dx + 2
0 l—y
Theorem 3.2 (Existence). Let K be a homogeneous symmetric coagulation kernel K €
C(R« x Ry) satisfying (3.1), with homogeneity y < 1 and |y + 2A| < 1. Then there exists
a self-similar profile ¢ as in Definition 3.1. Moreover, there exist positive constants C and
by with by < 1 such that

L[ dx < < 0 33
Z blzd)(.x) x_m foranyz> ()

and there exist two constants by € (0, 1) and ¢ > 0, depending on the parameters of the
kernel y, A as well as on ¢y, ¢3 in (3.1), such that

1 [* c
; bzz¢(X) dx > m, JANS (0, 1] (34)
There exists a positive constant L such that
o0
/ el p(x)dx < 0o (3.5)
1
and a positive constant p such that
lim sup ¢ (z2)e”? < oo. (3.6)

Z—>00
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Theorem 3.3 (Regularity). Assume K, A and y are as in the assumptions of Theorem
3.2 and assume ¢ to be the self-similar profile whose existence is proven in Theorem 3.2.
Assume that for every 0 < y < 1 we have K(-, y) € H'(Ry) with

sup y ™M FATAN K ) 1120 < 00 (3.7)
0<y<l1

Then the self-similar profile ¢ is such that x2¢(x) € H'(Ry).
Ifl > 3/2 then ¢ € C'(Ry) and it satisfies

x/2 0
| K G =y 00— Ko e sy + K990 dv
3 4 =2 x0p(x) =0 Vx € R, (3.8)
l—y l—y
with the boundary condition (2.11).

Remark 3.4. Due to the homogeneity and the symmetry of the kernel, inequality (3.7)
implies that for every (a,b) C R4 with 0 < a < b, we have

— min{y+A,—A
sup ¥R ) | g ey < 00
0<y<l1

Definition 3.5 (Coagulation equation with constant flux coming from the origin). Let K
be a homogeneous symmetric coagulation kernel K € C(R, x Ry) satisfying (3.1) with
homogeneity y < 1, and let 7 > 0. We say that F € C([0, T'], M+ (R4)) is a solution of
the coagulation equation with constant flux coming from the origin with initial condition
F(,) =0,if

sup E9F(s,dE) <oo  sup / EPF(s,d§) < o0 (3.9)
s€[0,717(0,1] s€[0,T] J[1,00)

forg =min{l +y + 1,1 —A, 1} and p = max{y + A, —A} and if it solves the equation

[ evtoreas
_ /t/ *;‘BS(p(s,E)F(s,dé)ds—k/t o(s,0) ds
0 R 0

1 t
w3 L L Kool et + 0 - 0.6~ nets )]
« F(s.dE)F(s.dn) ds (3.10)
for every test function ¢ € C1([0, T], C}(R4)) andevery 0 < ¢ < T.

Theorem 3.6. Assume K, A and y are as in the assumptions of Theorem 3.2. Let ¢ be a
y+3

self-similar profile as in Definition 3.1. Then F(t,d§) := I_Wq,')(ét_ﬁ) d§& solves the
coagulation equation with flux coming from the origin in the sense of Definition 3.5.
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Remark 3.7. We underline that the moment bounds (3.3), (3.4), (3.5), estimate (3.6) and
the regularity properties in Theorem 3.3 are proven only for the self-similar profile whose
existence is stated in Theorem 3.2. We do not know whether these properties are more
general, i.e. whether they hold for all the self-similar profiles as in Definition 3.1. (Since
we do not prove uniqueness of the self-similar profile, the existence of many self-similar
profiles is not excluded).

4. Existence of a self-similar profile

We briefly explain the technique we adopt to prove the existence of a solution of equation
(2.8) with the boundary condition (2.11).
The main idea is to approximate a solution of (2.8) with a sequence of solutions ¢, of

equation
3+y

-y

where 7, is a smooth function with support [¢, 2¢] and such that

0= TL00) + T2 E0:0:0) + KIBIE) + 1.0 @

/*xns(m dx = /R yi(dy) = 1.

To prove the existence of a solution of (4.1) we follow an approach which is extens-
ively used in the analysis of kinetic equations; see for instance [9] and [13]. We first
prove the existence of solutions of (4.1) by considering the corresponding truncated time-
dependent evolution problem:

!
§

where E, is a smooth monotone function E,: R, — R4 such that E,(x) = 1 if x > 2¢
and B.(x) = 0if x < ¢, while Kg 4 is the truncated coagulation operator defined by

2
1¢e(.§) = —e(r.5) + T—y e (§*Ee(§)Pe (T, £)) + Ko rIel (T, §) + ne(§), (4.2)

Cr(§)
2

3
Kr.alf1(z.§) = /0 Ka(§ —2.2) f(t.§ —2) f(t.2)dz

- /0 Ka(€.2) f(1.6) f(1.2) dz.

where K, is a kernel bounded from above by a and from below by 1/a and (g is a
truncation function of parameter R > 0, i.e. it is a smooth function {g: R, — R4 such
that {r(x) = 1if x < R while {g(x) = 0if x > 2R. The specific truncation in the growth
term of (4.2) has been chosen in order to ensure that the set {¢ : f0°° EP(E)dE < 1} is
invariant under the evolution equation corresponding to (4.2).

In Section 4.1 we prove the existence of a weak solution to (4.2). In Section 4.2 we
prove, using the Tychonoff fixed point theorem, the existence of a stationary weak solution
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of equation (4.2),
1
§

and in Section 4.3 we study the properties of ¢.. In Section 4.4 we show that the solu-
tions of (4.3) approximate a self-similar profile in the sense of Definition 3.1 as R — oo,
a— 00,&— 0.

0= —4u(6) + T g EEORE) + Karlpd® + 0. 43

4.1. Truncated time-dependent coagulation equation with source written in
self-similar variables

We introduce now some terminology that will enable us to define the truncated equation.
As we will see in the proof of Proposition 4.4, to prove the existence of a solution of
equation (4.2), we prove the existence of a solution of an auxiliary equation, obtained via
a time-dependent change of variables.

The aim of the rest of this section is to prove the existence of a solution, for every
@ € C1([0, T], CL(Ry)), of the following truncated equation:

A D.dD.6) - /R DdE(0.6) - [O fR (5. 0. dE) ds

= %/0 /* /R* Ka(g,Z)[(p(S,S + Z)ZR(S + Z) _(p(s,S) _QO(S,Z)]
x O(s,d€§)D(s,dz) ds

t 5 ; .
-/ /R*QD(S,é)CD(s,dS)ds—m/O /R . () ple. DED(, dE) ds

2 t _ t
tie [ Ewesnocan [ v on@atas ap

where we are assuming that y < 1 and ®g € M4 p(Ry) with Oy ((0, ] U [2R, 00)) = 0.

The proof of the existence of a solution of equation (4.4) is standard, in the sense that
it is based on the Banach fixed point theorem. More precisely, we will use a change of
variables to obtain an equation which is easier to analyze (cf. (4.12)). This equation looks
complicated, but it does not contain any transport terms, and, therefore, it is suitable for a
fixed point argument.

To prepare the change of variables, we introduce the following notation. We denote by
X(t, x) the solution of the characteristic ODE,

aXézt, xX) _ —BX(1.X)Eo(X(t.x)), X(0.x) = x. (4.5)

We also introduce the function £: [0, T] x R4« x R, — R which is the function that
satisfies

X(t, 01, x,y)) = X(t,x) + X(t, y). (4.6)
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The function £ is well defined because the map x — X (¢, x) is a diffeomorphism for every
time 7.
A time-dependent truncation of parameter R is a function g € C°([1,T] x Ry x Ry)
defined by
Or(t,x,y) = (r(X(Int,x) + X(Int, y)), 4.7)

where (g is a truncation function of parameter R.
We also define a truncated time-dependent kernel. A time-dependent coagulation ker-
nel of parameter a > 0 is a continuous map K, 7:[1, T] x R« x Ry — R defined by

Kar(t,x,y) :=t2K,(X(Int, x), X(Int, y)), (4.8)

where K, is a bounded coagulation kernel of bound a. We also introduce a new auxiliary
source 1], defined by

—g(Int,x) 3X(lnt, X)
ax

e(t,x) = e ne(X(Int,x)), t>1, x>0, (4.9)

where g is defined by
T
g(t,x) = ﬁ/ E¢(X(s,x))ds foreveryt > 0,x > 0. (4.10)
0

Notice that, by the change of variables formula, this implies that for every test function ¢
and every time ¢ > 0,

/R o(E)e(6) dE = [ (X (1. )5 7.(e! ) dx. @11)

*

Proposition 4.1. Let T > 1,y <1, 8 =2/(1 — y), and consider a source 7, a kernel
Ka.1, atruncation Og and a truncation E. Let £ be the function defined by (4.6). Consider
an initial condition fi € M4 p(Ry) with f1((0,€] U (2R, 00)) = 0. Then there exists a
unique solution to the equation

[ () f (1. dx)
Ry

- / ()1, %) dx

*

[ B (Al ) - pe ) — (et i)
x f(t,dx) f(t,dy) (4.12)
forany ¢ € C.(Ry) andt € [1,T], with f(1,-) = f1(-) and where

Ale](t, x, y) := ¢(¢(Int, x, y))e—g(lnt,i(lnt,x,y))+g(1nt,x)+g(1nt,y)QR(t, x,y). (4.13)
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The solution f € C'([1,T], M4 »(Rx)) has the following properties for every t € [1,T]:

fR F(tdx) < Tlnell + 1A 4.14)
and

(2, (0,€] U 2R1#, 00)) = 0. (4.15)

Before starting with the proof of this proposition we provide some definitions and
two auxiliary lemmas that help in its proof. Let us define the operator ¥, which is a
contraction, as will be shown in the proof of Proposition 4.1, whose fixed point is the
solution of (4.12).

Consider f € C([1, T], M4+ »(R4)) with f(1,:) = fi1(-). We denote by b and h g the
following expressions:

bLf1(t. x) := A Ka1(t,x,y) f(t.dy)ef ),

hr(t,5,%,y) 1= Or(s, x, y)e~ s LLAAED dE

The operator ¥ [ f](¢): Co(R4) > R, is defined by

(FLA@, 9) == (ALf10). 0) + (F2[ 1), @) + (F3[ 1), ¢) (4.16)

for ¢ € [1, T], where the operators ¥;: Co(R4) > R are defined by
A0 9) = [ pe D fid),
]R*

4 1
(B[ £1(0), ) :=/ / / Alg](s. x. y)e—F vIen dg Kar (. X v)
1 JR. JR, 2
x f(s,dx) f(s,dy)ds,
t t
FUAO0) = [ o [ e BN 53 ds dx.
R. 1
We define the set X, as

Xe = {f € My(Ry): £((0,¢]) = O} 4.17)

The set X is a closed set both with respect to the weak-* topology and the norm topology
on Mp(R); thus it is a Banach space with respect to the total variation norm.

Lemma 4.2. Assume y, B, ne, Ka,1, E¢, £ and O are as in Proposition 4.1. The operator
F defined by (4.16), for any initial condition fi; € X¢, maps C([1, T], X) into itself.

Consider an initial condition f; for equation (4.12); we denote by X7 the set defined
by
Xr:={f e C(LTLX:): | f ~ fillpry = L+ Al (4.18)
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Lemma 4.3. Under the assumptions of Lemma 4.2, we deduce that if

T—1< M 4.19)
L+ Al
for a suitable constant C(ng,a) > 0, then, for every f, g € X, it holds that
17110 = FI&lOlpnr = Crllf — gl (4.20)
with 0 < Cr < 3 and
17 A1) = filln,r < D+ | fill,T) (4.21)

with 0 < Dr < 3.

The proofs of these lemmas are postponed to the appendix, as they are based on ele-
mentary sequences of inequalities.

Proof of Proposition 4.1. Thanks to Lemma 4.2 we already know that ¥ maps C([1, T'],
X¢) into itself.

By Lemma 4.3 we also know that if T satisfies (4.19), then ¥ is a contraction and for
every f € Xr,

17 1/1= filln,r = (Cr + D)+ || fill,r)

with Cr + D < 1.

By the Banach fixed point theorem we deduce that if 7" satisfies (4.19), then the
operator ¥ has a unique fixed point f in X7. Notice that if f € C([1, T], X¢), then
Ff] e CY(1,T], X,), therefore the map f:[l,T] — X, is Fréchet differentiable. Dif-
ferentiating ¥ [ f] = f we deduce that f satisfies equation (4.12). (For the details of this
computation we refer to [29, proof of Lemma 5.6].)

For the moment we only know that the solution of equation (4.12) exists if 7" is small
enough. Let us show, following the strategy of [10] and [29], that we can extend this
solution to the whole line [1, 00). To this end we first prove inequality (4.14). Considering
in (4.12) a test function ¢ € C,(R4) such that 0 < ¢ < 1 and ¢ = 1 on [e, 2T# R] we
obtain the following a priori estimate, for every ¢ > 1:

/ () £ (1. dx)
Ry
- f (V) (t. %) dx

*

Kor(t.x,y)
b EEEI gl 5) - per ) — p(y)ern)
(&,00) J(&,00)

x f(t.dx) f(t.dy)
=< lnell.
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where the last inequality is a consequence of (4.11) and of the fact that, due to the defini-
tion of £ and the monotonicity of E,, max{g(Int,x), g(Int, y)} — g(Int,£(In?,x,y)) <0,
hence

Alplt, x, y) — @(x)ef M) — g(y)ef) <0t >0, x,y > ¢ (4.22)

for our choice of test function.
Therefore, for every ¢ € [1, T], inequality (4.14) holds and a unique solution of (4.12)
exists in the interval [1, T7] with

C(ne,a)
L+ Al

To extend the solution, preserving uniqueness and differentiability, we update the initial
conditionto f5(-) ;= f (% -) and by (4.19) and (4.14) we deduce that there exists a unique
solution on [1, It + 7] with

T1—11=

i Coe _ COua
L+ A+ St~ 11

Iterating this argument, thanks to (4.14) and (4.19) we deduce that a unique solution exists
on the whole real line. We refer to [29, proof of Proposition 5.8] for the details.

We show that f(z, (2R1#, 00)) = 0. Considering a test function ¢, which approaches
X (2Rt 00) N €quation (4.12), we deduce that fR* On (x)f(z, dx) < 0 forevery n > 0 and
the desired conclusion follows by the Lebesgue dominated convergence theorem. ]

Proposition 4.4. Let y, B, Ku.1, e, B¢ and Or be as in Proposition 4.1 and let f
denote the solution of equation (4.12) with respect to Ko, ne, E¢ and 0. Then ® €
Cclt ([0, T], M+ p(Ry)), defined, by duality, as the function with measure values that satis-
fies, for every ¢ € Cp(Ry) and every t € [0, T, the equality

/ o(E)D(r. dE) = [ (X (2. x))e 8D £(e7 d), 4.23)
R« R«

where g is given by (4.10), is a solution of equation (4.4) with respect to K4, ne, (g and
E¢ and the initial condition ®¢ € M (Ry) with ®¢((0, e] U (2R, 00)) = 0. The solution
D has the following properties for every T € [0, T]:

®(z, (0,€] U (2R, 00)) = 0,

/ O(r, d&) < e T Inell + 1| Bol). (4.24)

*

Proof. By the change of variables (4.23), for every ¢ € C1([0, T], C1(R,)),

d d
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d
_ / - (p(r X(@ X)) (et d)

d
+ / o(t, X (1, x))ef &9 —— f(e®, dx).
. det

Expanding the first term and using the definition of g, (4.10), we obtain

d T o
/ (0@ X(zx))e TR EXEDID) feT dx)
R, AT

- [I; [81(,0(7:, X(t’ )C)) - ﬁX(Tv X)EE(X(‘C’ x))82¢(r9 X(T9 )C)) - @(T» X(T» X))
+ BE(X(z.0))p(r, X(r,x)) oAl XD pe7, dx)
= / [019(1.2) = B2Ee(2)D20(z. 2) = 9(r. 2) + BE(2)p(r. 2)| O (r. d2).

On the other hand, since f is the fixed point of ¥, choosing the test function
¥ (T, x) := o(t, X(1, x))es &) (4.25)
in (4.12) we deduce that

d
V() S S d)
Ry e
— [ vEnme s
Ry

K,7(et.x.
" /* / . M(A[W(T»')](et,x,y) — Y (z, x)e8 @)

— ¥ (z,y)ef ) f(e*, dx) f(e", dy),
which together with (4.8), (4.11) and (4.25) implies that

/ o(t, X(x, x))eg(m)di f(e®,dx)

ef
:/ o(z, X(t,x))eg(”x)%(e’,x)dx
R

K T
+ / / Kar (€0 X0) aen) 0z, X(,x) + X(r. )0R (5. x. )

2
- @(Tv X(Tv X)) - (p(‘fv X(Tv y))]
x f(e*.dx) f(e*.dy)

- [ ot Ene(6) d&
Ry

N / Ka(X(z,x), X(1,y))
. IR,

[o(r. X(z.x) + X(z. »))lr(X(7. X) + X(1, )

- (p(Tv X(Tv X)) - (p(T’ X(T’ y))]
x e TTEED f(eT dx)eTTHEEY) (e dy).

2
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By the change of variables (4.23), we deduce that

/ o(t, X(z, x))eg(r’x)if(e’, dx)
det

*

= [ vmom@as
= [ [ EE 2l + o0tz +9) - 0.8 — gt )]0 a0 d),

Summarizing, we have proven that ® satisfies (4.4) for all p € C1([0, T], C}(R+)).
Since f is a solution of equation (4.12), then (4.15) holds. Considering a test function
@ = 1in (0,¢] U (2Rt#, 00) in (4.23) and recalling that, if x > 2¢, then X(¢,x) =t Px
and for every ¢ > x > 0 and every ¢ > 1 we have X(¢, x) = x, we conclude that for every
T €[0,T],
®(7,(0,e] U 2R, 0)) = 0.

By inequality (4.14) and by the fact that f; = @, we deduce that

sup / O(r,d€) = sup / eTTHB s Be X6 ds 07 gy

z€[0,T] /R 7€[0,T] /R«
1+
< swp [ fdn) < BT I + 9o,
te[l,eT] Ry
The bound (4.24) follows. ]

4.2. Existence of steady-state solutions for the truncated coagulation equation with
source written in self-similar variables

In this subsection we prove the existence of steady-state solutions of equation (4.4) (see
Proposition 4.6).

Definition 4.5. Lety < 1. We say that a measure ® € M 5 (R ) is a steady-state solution
of equation (4.4) with respect to K,, {r, B, and 1, if it solves the following equation for
every ¢ € CH(Ry):

[ (1) ()

Ry

2
— [ vmwax+ 2 [ 00w - xp e
Ry — VY JR,
Ka(x,
s [ ] EE D e+ gt + ) - 00 - p)] @@ @) 426

In the following we will denote by y . the mollification of the characteristic function
X(0,z]>
Xzn(x) = /R X©.z(x = ¥)pa(y) dy, (4.27)
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where p;, are the mollifiers considered in [14]. In the following, we use the notation

1
" 1
gz (x) :=/ cpe -1 dy, (4.28)
x—z

Classical results for mollifiers yield yz,, — xjo.z7 in L'(Rx).

Proposition 4.6. Let y < 1. There exists a steady-state solution for equation (4.4) corres-
ponding to Ky, ne, B¢ and (g, ® # 0, as in (4.5), satisfying

®((0,€] U (2R, 00)) = 0, (4.29)
0< / x®(dx) < 1. (4.30)

Before proceeding with the proof of Proposition 4.6 we present and prove two auxili-
ary results.

Lemma 4.7. Under the assumptions of Proposition 4.4, we have that each solution ® €
C'([1, T], M4 5(Ry)) of (4.4) corresponding to an initial condition ®o € M p(Ry)
such that [p §®o(d§) < 1, and to Kq, e, §r, B¢ satisfies [p §O(t,d§) < 1.

Proof. We consider the test function oM (£) := £ ypr., () , with ypr, defined by (4.27)
in equation (4.4) and we pass to the limit as M tends to infinity in all the terms of (4.4).
First, we notice that

/ Egmn ()P, dE) >0 as M — oo;
(M,M+1/n]
indeed, for every £ € Ry, we have yar,m+1/21(6)gm,n(§) < 1 and
[ ED(t,dE) < 2RD(1,R,) < 0.
Ry
Therefore, by the Lebesgue dominated convergence theorem,
i [ oM ©ow.d5) = [ so.ap.
M—oc0 R R
A similar argument can be used to prove that
[ et @n@dsas~ [ en@ras asm —oc.

If M > 2R, then

oM (E + 2)R(E +2) — oM (&) — M (2) = ~Exmn(®) — 2xmn(2).
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This implies that

Jim fo / * fR Kale D)ol 6+ RE +2) o))~ ! )]

X O(s,dE)D(s,dz) ds < 0.

Let us now consider the term

/ 2Ee ()3 (Xmn (£)) D2, dE) =/ Ee(§)E%0s (gm0 (§))D(1, dE).
[0.M+1/n] (MM +1/n]

M+1/

1
Since gj, ,(x) = —cpe @-M*-1 by the Lebesgue dominated convergence theorem we
can conclude that

Jim [ O anm @80 e (6) 0. d6) = 0.
—>00 R,

Passing to the limit as M — oo in equation (4.4), thanks to the specific form of the
truncation for small particles in (4.2), we deduce that

oo o0
8,/ x®(t,dx) < l—/ x®(t,dx).
0 0

Therefore, since by assumption fooo x®o(dx) < 1, we deduce that fooo x®(t,dx) <1 for
every t > 0. ]

Lemma 4.8. Under the assumptions of Proposition 4.6, for every T > O there exists a
unique solution ¢ € C1([0, T], C1(Ry)), with o(T,-) := ¢ € CL(Ry), of the equation

dsp(s, x) — (s, x) + Ee(x)(@(s, x) = xdx@(s, x)) + Llp](s, x) =0, (4.31)

2
I—y
where 1L is defined by

1
Llg](s,x) := E/R Ka(x, y)(@(s.x + y)ER(x 4+ y) —(s.x) — (5. y)) s (dy). (4.32)

where g = O(s,-) + V(s,-) and  and V are two solutions of (4.4) with initial conditions
¢ and Yy respectively.

Proof. Equation (4.31) includes a transport term. Therefore, we proceed by integrating
along the characteristics. Since the associated ODE is (4.5), we can rewrite equation (4.31)
as

d
3‘“& X(s,y)) = ¢(s, X(s,y)) — L[g](s, X (s, y))

2
=y Ee(X(s,»)e(s, X(s,¥)).



On the self-similar behavior of coagulation systems with injection 825

We aim now to apply the Banach fixed point theorem. We therefore rewrite the equation
in a fixed point form ¢ (s, X (s, ¥)) = T [¢](s, X(s, y)), where

Tll(s. ) = v (X(1.7)) + / (1= Be (X 9D X (1. ) = (. X (. y))) dr

-y
+/ Lip](r, X(r, y)) dr.

Recall that ¢ € Y := C([0, T], C.(R4)) and Y is a Banach space with the norm | - ||y :=
Sup[o,7] SUPR, | - |- We show that the operator 7:Y — Y is a contraction.
Let us consider ¢1, ¢, € Y; then

Tlpl(s.y) = Tlg2l(s. y) =/ (Lig1] = Llg2D(r, X(r. y)) dr

N [(2381({(: »))

— (0102 X2 ) = 020 X(. 1)) ) dr.

(01(r. X(r. y)) — @2(r. X(r. y)))

We start by estimating the last term,

/s (2831({(;, y))

(01(r, X(r, y)) — 2(r, X(r, y)))

— (0102 X2 ) = 20 X (7)) ) dr

3 —
< 7|7 fler = eally. (4.33)

and then we analyze the first term,

/ (Llg1] - Liga))(r. X(r, y)) dr

a [t [

=5[] T =+ XC 0l + ) = 1 =)0

S
— (p1 — @2)(r, X(r, y)) ] pr (dx)
3a ! 3a !
= Sler—ely | w®adr=—lei—elly [ (20Ra) +¥(r.Ry)) dr.
S S
To prove that 7 is a contraction, we need to control the quantity
t
/ (®(r,Ry) + ¥ (r,Ry)) dr.
N
Thanks to (4.24) and to the fact that y < 1, we know that for every r > 0,

Ity 2
W(r.Ry) < e ([Woll + e"[Inell) < "™ (I[Woll + lInell)

and
Lty 2
O(r,Rx) < e" 7 (| Dol + e |nell) < "™ (1Pol + lI7elD)-
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Therefore,

t t 2
[ (D(r,Ry) + W(r,Ry)) dr < 2(max{||Wol|, [[Pol} + ||ns||)[ " dr
l—y
3_

Since forany & > 0and 1 >t > 5 > 0 then €%’ — e*5 < ¢% — 1 < t(e* — 1), we conclude,
recalling (4.33), that for every T > 0,

3— 3—
(etﬁ — esﬁ).

= 2(max{[|Wo [, [[®oll} + lI7¢)

3-— 3 !
1710 = Theally < bor = al (|12 |7 + 5 [ @@eur) + w(Reryar )

=cTle1 —2lly.
where

1

a
3
IfT < min{%, 1}, then the operator T is a contraction. By the Banach fixed point theorem
we conclude there exists a unique solution to the equation ¢(¢,-) = T ¢(-,¢) fort € [0, T].
Since T ¢(:, x) defines a differentiable function for every x € R, we conclude that
@ € C1([0,T],C.(R4)). We can now extend the existence of a fixed point for the operator
7 on C1([0, T], C.(R4)) for an arbitrary T > 0. For this it is enough to notice that, since
¢ and T do not depend on the initial condition i, we can iterate the argument and deduce
that there exists a unique solution of (4.31). ]

-y 3
— V(e 1= — 1) (max{[|[Wol. [|Poll} + lInel)-

Proof of Proposition 4.6. We introduce the semigroup {S(¢)};>o with values in M 5 (R)
and defined by S(0)®¢(-) = Do (-) and S(¢)Dg(-) = D(¢,-), where P is the solution of (4.4)
with respect to K, Eg, 1., g and the initial condition @, defined by (4.23). Namely, ®
is the measure defined by equality (4.23) for every ¢ € C.(R) with f being the unique
solution of the fixed point equation (4.12)

We split the proof into steps: first of all we show the existence of a weak-* compact
invariant region. Then we prove the weak-* continuity of the operator ® — S(¢)P,. By
the Tychonoff fixed point theorem we conclude that for every ¢ > 0 the operator S(¢) has
a fixed point &3,. As a last step we show that a steady state of (4.4), as in Definition 4.5,
can be obtained from @, by passing to the limit as ¢ goes to zero.

Step 1: Existence of an invariant region. Let us consider the set P C M 5(R,) defined
by
P:={H € M;;(Ry): H(0.6] U (2R, 00)) = 0, [;° xH(dx) < 1}.

Notice that P C B(0, %) ={HeMi(R):|H| < %} where || - || is the total variation
norm. By the Banach—Alaoglu theorem we conclude that P is compact in the weak-*
topology, since it is a closed subset of the set B(0, %), which is compact in the weak-*
topology.

Proposition 4.4 implies that if ®¢((0, ] U (2R, 00)) = 0, then S(¢)Do((0, g] U
(2R, 00)) = 0. By Lemma 4.7 we conclude that P is an invariant region.
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Step 2: Weak-* continuity. To be able to apply the Tychonoff fixed point theorem, we
need to check that the map @y > S(¢) Py is continuous in the weak-* topology.
To this end, it is enough to show that, for every test function ¥ € C.(R),

/ F)(@ — W) (1. dx) = / V() (Bo — Wo) (d), (4.34)
Ry R«

where @ and W are two solutions of (4.4) corresponding to the two initial conditions ®q
and W, respectively.
With this aim, we notice that the measure (® — W)(z, -) is a solution of

/ o, x)(® — W)(t,dx)

*

- / (6, %) (Bo — Vo) (dx)

*

+ /O’ /R* 050(s, x)(® — W) (s, dx) ds + /O’ [R* L[](x, $)(® — W)(s,dx) ds

! 28,
+ /o /R*[ 1 _(;j) (p(s,x) — 0xp(s, x)x) — go(x)](fb —W)(s,dx)ds,

where £ is given by (4.32). By Lemma 4.8 we conclude that (4.34) holds and, hence, we
can prove that the map ®¢ + S (1) Dy is weak-* continuous as in [23, proof of Proposition
2.8].

Step 3: Time continuity. The function S(¢) has a fixed point ®, for every time t > 0. We
now show that the map
t - S(t)do (4.35)

is weak-* continuous for any ®¢ in M (Ry).
Since @ solves (4.4), for every ¢ € C!(R) it holds that

/0 o) [(x1. dx) — B(r. d)]
:/n/ 9(x)P(7, dx)
2 12} - 17}
= | zwiewseeandr+ [ [ emian
1o
41 / / f Ko )00 + 1) — p(x) — ()] @, dx)(r. dy)dc

1_),/ / Ee(x)p(x)x®(r,dx)dt

< (2 —11)C(Ne. 9. ¥) + (12 — 11)*Cla. 9. y).

where C(ne, ¢, y) and C(a, ¢, y) are positive constants. Therefore, the function (4.35) is
continuous in the weak-* topology.
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Since the set P is compact and metrizable and the map (4.35) is continuous, we con-
clude by [9, Theorem 1.2] that there exists a measure ® such that S () ® = ®. The measure
® is a solution of equation (4.26).

Finally, ® # 0 because 0 does not solve (4.26), whence f0°° x®(dx) > 0. n

4.3. Properties of the steady-state solutions
We state now some important properties of the solutions of equation (4.26).

Lemma 4.9 (Regularity). If ® € M (Ry) is a solution of equation (4.26) with respect to
Ky, ne, Be and LR, as in (4.5), then ® K L.

Proof. We follow a similar strategy to the one used in [ 18]. If we consider the test function
1

o(x) := —/ —x(2)dz, (4.36)
(x,00) Z

with y € C.(Ry) in (4.26), then we obtain, for any p,q € Ry suchthat1/p 4+ 1/q =1,

2 ~ 1+ 3a
2 [ @) < (o + o + Fo.r)
— Y IR« 11—y 2
T
2 Loy AN GO):

where K is the support of y. By the density of C,(Ry) in L?(R,), we conclude that for
any q¢ < oo and any compact set K,

’/R X(X)Ee(X)(dx)| = C(K.y. e, D) XllLaex) Yx € LI(K).

This implies that the measure E,(x)®P(dx) is absolutely continuous with respect to the
Lebesgue measure. Thus @ is absolutely continuous with respect to the Lebesgue measure
on (0, ¢) and since ®((0, €]) = 0 we deduce that hence ® K £. |

Lemma 4.10. Every steady-state solution ® of (4.4), defined as in Definition 4.5, with
density ¢, corresponding to K,, 1., E¢ and (R, satisfies the inequality

2
I—y

/ / Ka(x. »)xd(0)(y) dy dx < / Wne(dx) + ——22p(z) (437
0 Z—X 0

for almost every z > 0.

Proof. If we consider the test function @7 (x) = xy;,,(x), with y, given by formula
(4.27), in equation (4.26), we obtain

z+% z+% 2 z+% ,
| @ - [ T twewdx - 7 [ 2t s da
0 0 —VJo

2 z-‘r%

o | Bl (g () dx
—YJo



On the self-similar behavior of coagulation systems with injection 829

1 z+1 Lzl ) ) )
2 /0 /0 Ka (e, )[Er(x + )07 (x + 7)) — 07 () — 07 ()]
X ¢(x) dx ¢ () dy.

Applying the Lebesgue dominated convergence theorem we prove that

Jin [Tt = [Cxno. im [T ermpeodx = [“xpeodx
and o B
Jim [ Ewet s dr = [ Eorp dx.
> Jo 0

We now aim to show that

z+1/n z
/0 Be(0)x (X Y z,1(x)) P (x) dx — /0 Ee(x)x¢(x) dx — Ee(2)2%¢(2)

as n — oo. Notice that x} ,(x) = pu(x — z), where p, are the mollifiers introduced in
Section 4.2. As a consequence of the properties of the mollifiers, we know that for every
f e L'(Ry),

lon* f— flli =0 asn — oo,

where with | - ||; we denote the L! norm and with * the classical convolution product.
This implies that, up to a subsequence,

/ 2o ()26 (x) 1 () dx = / 2o (X2 (X)on(x — 2) dx — Eo(2)%$(2) ac.

* *

as n goes to infinity.
On the other hand, it is possible to prove as in [10, proof of Lemma 2.7] that

n—o0

z+% z+%
— lim \ /0 Kao(x, )@ (x + y) — @} (x) — @2 (1) |¢(x) dx ¢(y) dy
- /0 / Ka(x, 7)) dx $(y) dy
Z—X
as n goes to infinity. Since, by definition of the truncation we have (g < 1,
z+% z+%
- /0 /0 Ko 0)[ER (X + 00 + 3) = 02(x) — 02 ()] (x) dx () dy

z+1 pz4l
= _/0 /0 Ka(x. [0 (x + y) — 92 (x) — 9L ()] - ¢(x) dx p(y) dy.
the statement of the lemma follows. .

To prove the estimates for the solutions of (4.26), [10, Lemma 2.10] will be useful.
‘We recall the statement here.



M. A. Ferreira, E. Franco, and J. J. L. Veldzquez 830

Lemma 4.11. Suppose d > 0 and b € (0, 1) and assume that L € (0, oo] is such that
L > d. Consider some . € M4 (Ry) and ¢ € C(Ry), with ¢ > 0.

(1) Suppose L < oo, and assume that there is g € L'([d, L)) such that g > 0 and

z

! / o(u(dx) < g(z) forz € [d. L], 4.38)
[bz,z]

Then
Ja.18) dz
[Inb|

(2) If L = oo and there is g € L'([d, 00)) such that g > 0 and

/ p(x)u(dx) < + Lg(L).

s

1
! / o()p(dx) < g(z) forz = d,
[bz,z]

z

then
f[d,oo) g(2)d:z

/[d’oo) sl = L2

Lemma 4.12. The density ¢ of every solution of equation (4.26) with respect to K,, Eg,
ne and CR satisfying (4.30) and (4.29) is such that

1 [* a\1/2
2 gydx < c(—3) ., zel0,2R], (4.39)
Z J8z/9 zZ

or some C > 0 independent of ¢, a, R, and such that
e p
o0
f $(x)dx < Caey™/?, y €[l.2R], (4.40)
y

for a positive constant Cq4 ¢ > 0 independent of R.

Proof. Since ¢ satisfies (4.37), it follows that for almost every z > 0,

2
I—y

Jp(z) <1+ 224(z). (4.41)

Noting that
2 2
[2z/3.z]" Cc{(x,y) eRL|0<x <z, y>z—x}=Q;, (4.42)
as well as the lower bound for the kernel

z pz cz z 2
16z [ [ Katrrxompravay=( [ puodx)  forz <2k, @4

for some constant ¢ > 0 independent of @, R and ¢.
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Combining (4.41) and (4.43) we conclude that

1+ {222 1
/ p(x)dx < (C—Z)l/z(ﬂ) . ae.z <2R. (4.44)
[2z/3,z] c

z

Since —22¢(z) > 0, integrating (4.44) over [w, 2w], with w € [0, R], we obtain

/2w/ ¢(x)dxdz<(_)1/2(/w2w<;) i +/2w<15y2¢(2));d2)'

w

By the Cauchy—Schwarz inequality we conclude that

2w 2w 1/2 2w 1/2
(z¢(z))% dz < (/ dz) (/ z¢(2) dz) <w'/2,

Notice that, for the last inequality, we have used (4.30).
Combining all the above inequalities we conclude that

/:w 2;¢>(x)dxdz < (‘61(1 G fy)))”zwl/z.

Moreover, by observing that

[8w/9. w] x [w.4w/3] C {(x.2) € R} :2z/3 < x <z, z € [w,2w]}.

we deduce that

w

4w/3
/ / ¢(x)dxdz >/ \ /9¢(x)dxdz =w/3 ¢(x)dx.

8w/9

Consequently, adopting the notation C =3¢V 2(%)1/ 2, we conclude that for any w €
[0,2R],

w
w ¢(x)dx§Ca1/2wl/2.
8w/9

Let us prove (4.40). Thanks to inequality (4.39), hypothesis (4.38) of Lemma 4.11
holds with d = y, b = 8/9, L = 2R, g(z) = Cz=3/24"/2, and implies

SR (&) dz
In(3/2)

2R

i mmm§@%f+c

Since

[ =) Q) =) e [ o =

and the result follows. [



M. A. Ferreira, E. Franco, and J. J. L. Veldzquez 832

4.4. Proof of the existence of a self-similar solution

The aim of this section is to prove that, as R — oo, a — oo and ¢ — 0, each solution
D, 4,r of (4.26) with respect to K,, (g, E, and 7., converges, in the weak-* topology, to
a measure ¢ whose density is a self-similar profile as in Definition 3.1.

Lemmas 4.13 and 4.16 describe the bounds and the properties that the limiting meas-
ures ®, , and P, respectively satisfy. In the proof of Theorem 3.2 we will use these bounds
and properties to prove the existence of a self-similar profile.

Lemma 4.13. Consider a sequence {R,} C Ry such that lim, o, R, = 0o. Let O¢ 4 R,
be a solution of (4.26) with respect to K4, B¢, 1 and {g,,. There exists a measure g 4 €
M4 (Ry) such that

Deu.r, = Pea asn — oo, in the weak-* topology. (4.45)

The measure ®. 4 is absolutely continuous with respect to the Lebesgue measure and
satisfies the equation

/ e (dX)p(x)

*

=/ co(x)na(dx)+12 / 2. (1) () — 30’ (6) Bea ()
* —V JR,
" %[ / Ko, )[o0r +3) = 0(x) = ()] Pea(dX)Pea(dy)  (4.46)
Ry IRy

for every ¢ € CY(Ry). Moreover, ®, 4 satisfies the growth bound

1

1 1/2
_/ D¢ q(dx) < C<—3 . ) , z2>0, (4.47)
Z J[8z/9,z] z3 min{a, z7}

for some positive C.
Proof. We use inequality (4.39), proven in Lemma 4.12, and apply Lemma 4.11 with
d=¢b=8/9,L=2R, g(z) = Cz7324/2 to conclude that
/ D, 4R, (dx) < 2asV/2.
[e,.2R,]

From (4.29) we deduce that the sequence {®, 4 r,} is bounded in the weak-* topology.

By the Banach—Alaoglu theorem we deduce that the sequence {®; 4 g, } admits a sub-
sequence, {P; 4, Rn, }, which converges in the weak-* topology, namely, there exists a
measure ®; , such that

D, 4, Rup — d,, ask — oo, in the weak-* topology.

Since for every n > 0,
/ (I)s,a,R,, (dx) = Ca,a,
R
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we conclude, by passing to the limit as n tends to infinity, that

/ D, 4(dx) < Cey. (4.48)

*

We would like to show that &, , satisfies equation (4.46). Since ®; 4 g, — P4 as
n — oo in the weak-* topology, we immediately conclude that, for every ¢ € C}(Ry),

[ @(x)Dgq,R, (dx) — O(x)Dg 4 (dx) asn — oo,
* R*

[ e ()9 () Doa , (dx) — f (o) Pea(dx)  asn — oo,
R R

/ Ee(x)x¢ (x) D¢ 4.8, (dx) — / Ee(x)x¢' (x)Deq(dx) asn — oo.
R, Ry
It is not straightforward to conclude that

fR [R Ka(eo ) [Er, (5 + )00 +3) — 0() — ()] Pk, (@) Poar, (dY)

> [ Kalenfot+ 3) = 000 — 90| 0ua @) Pealdr) asn > .
Ry /Ry
The main difficulty lies in the fact that the function

(x.y) > Ka(x, Y)[r, (x + Y)o(x + ¥) — o(x) — ()]

has not, in general, a compact support. Here, the estimate (4.40) can be used. The details
of the proof are shown in [10, proof of Theorem 2.3] and we omit them here. We conclude
that &, , is a solution of equation (4.46).

An adaptation of the proof of Lemma 4.9 allows us to conclude that ®, , < £. Indeed,
if we consider the test function defined by (4.36), then for any p,q € R, such that 1/p +
1/g = 1, we deduce that for some C(e,a, y) > 0 we have

< e

Il X114 (suppe)) -

2
—_— x)®, ,(dx
1—y ‘/R 1()®Pe.a(dx) L2 (supp(x))

By the density of C.(Ry) in L?(R,) we conclude that for any ¢ and any compact set K,

' fR () Pea(d)] < CCK.y e a)xlocry Vi € LICK).

This implies that the measure ®, , is absolutely continuous with respect to the Lebesgue
measure.

Let us prove estimate (4.47). First of all, as in the proof of Lemma 4.10, we can
conclude that, if ®, , satisfies (4.46), then the density ¢, . satisfies

Jpa(2) = /0 xme(dx) — /0 boa) dx + —— Eo()heal)  (449)

11—y
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for almost every z > 0 and where

Toa@yi= [ | Kaleo ) o) dx o) dy. .50)

From (4.49), it follows that for almost every z > 0,

2
Y

Jpoa(@) S 1+ T7=2200a(). (4.51)

Noting that [2z/3,z]? C Q,, where Q is defined by (4.42), as well as the condition on
the kernel (3.1), we write

z 2
Jpea(2) > cz min{zy,a}( /2 Pe.alx) dx) (4.52)

for some constant ¢ > 0 independent of a and ¢.
Combining (4.51) and (4.52) we conclude that

[; Pea(x)dx < (%)1/2(1 + iy e (Z))%, ae.z > 0. (4.53)

zmin{z?,a}

Since 22¢>8,a (z) = 0, by integrating (4.53) over [w, 2w], with w > 0, we obtain that there
exists a constant ¢(y) > 0 such that

2w pz 2w 1 2w 2 1
oo fpacoasaszeor( [N ra) o+ [ i) )

By the Cauchy—-Schwarz inequality we conclude that

2w 1 %d 1 1/2 2w 1 d 12
- < -
/w <Z min{zy,a}) z=(n2) (/w min{z”,a} Z)

2 2gsalz) |} S V2
/w (mzin{zy,za}) dzg(/l; min{zl’,a}dz) '

Combining all the above inequalities we conclude that there exists a constant c¢(y) > 0

such that
2w pz 2w 1 1/2
[ [ oataxaz <con( [T o ta)
w Jz w min{z¥ a}

Moreover, by observing that [, w] x [w, #2] C {(x,z) e R2: 272 <x<z, zE€w,2w]}
we deduce that

and

4w/3 pw 4w/3 pw w
/ Gea()dx dz > / bea()dxdz =w/3 [ pea(x)dx

w 8w/9 w 8w/9 8w/9
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and, consequently, adopting the notation C = 3c¢(y) we conclude that for any w > 0,

w _ 2w 1 1/2
w ¢£,a(x)dx = C(/ .—dz) .
8w/9 w mm{ZV, a}

Notice that C is independent of a, ¢.
Ifa'/v ¢ [w,2w], then

w

v 8w/9 Pea(x) dx < 2'2¢ max{l, (1 : y)l/z}(min{aw, wy})]/z’

whereas if a'/? € [w, 2w], then

w ! Gea(x)dx < 5(

8w/9

ally 1 2w 1 1/2
[ —dz + / — dz)
w z¥ ally a

~ 1/2
B
a(l—y) a

<2l/2¢ max{l, (1 i y>1/2}<min{z), wy})l/z.

The statement of the lemma follows by selecting C = 2'/2C max{1, (ﬁ)l/ 23, n

In the following definition we explain how we truncate the coagulation kernel K to
obtain a bounded coagulation kernel. Let us adopt the notation

pi=max{A,—(y + 1)}. (4.54)

Each homogeneous coagulation kernel K of parameters y, A and with homogeneity y can
be written as

K(x,y) = (x + y)VF(xxTy), (4.55)

with F: (0, 1) — R being a smooth function such that

C C
L <F(s) < 2

sP(1—s5)? ~ sP(1 —s)P (4.56)

F(s) = F(1—s) and

for any s € (0, 1) and for some constants Cy, C; satisfying 0 < C; < C, < oo.

Definition 4.14. Assume K is a homogeneous coagulation kernel of parameters y, A € R
and homogeneity y. We say that K, is the bounded coagulation kernel corresponding to
K and of bound @ > 0 if

Ky(x,y):=1/a +min{(x + y)y,a}Fa(ﬁ), X,y € Ry,
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where F, is a smooth non-negative function such that

F(s) if F(s) < Aa®,

Fa(s) 1= {o if F(s) > Aa®,

where A > 0 is a constant independent of a, 0 = 0 if p < 0 while 0 > 0 if p > 0 and
y < 0and, finally, 0 < 0 < fifp >0andy > 0.

This definition is taken from [10] and even if it might seem odd, it allows us to pass to
the limit as a goes to infinity in (4.46). The main properties of this truncation of the kernel,
which motivated us to introduce Definition 4.14, are exposed in the following lemma.

Lemma 4.15. Let {a,} C Ry such that a, — oo as n — oo. For every n, let K,, be a
bounded coagulation kernel of bound a,, corresponding to a homogeneous coagulation
kernel K of parameters y and A, with homogeneity y < 1 and |y + 21| < 1. Let € be a
compact subset of Ry and M > 0. For each x € € and y > M it holds that

() ify,p <0, then

min{(x + y)”,an}Fa,,( ) <c3 c3>0;

X+Yy
) ifp<0andy > 0, then

min{(x + Y)ysan}Fan(x .T_ y)

<™+ " M 1 aniny )
+ caan(y* + yfyil))({ym,,l/y}(y), cq > 0;

3) if p > 0 then

X
min{(x Y a,}F, (—)
{( +y) n} AN y
<es(h+ y”H)X{ysc*an—a/p}(y), s, cx > 0.
Let @, 4, be a solution of (4.46), with respect to K,, and ng. Then, for every ¢ € Cc(Ry),
we have

. y X
[ mindCe 27} oy (1 )00 (@0 () >0 457

as M — oo.

For the proof of Lemma 4.15 we refer to [10, proof of Theorem 2.3]. The main idea
is that Definition 4.14 allows us to prove the inequalities presented in the lemma, which
imply (4.57).
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Lemma 4.16. Assume K is a homogeneous symmetric coagulation kernel K € C(R4 x
R.) satisfying (3.1) with homogeneity y < 1 and |y + 2A| < 1. Consider a sequence
{an} C Ry such that limy,_, o a, = 00 and the sequence of bounded coagulation kernels
{Kyg,} corresponding to K. Let ®; 4, be a solution of (4.46) with respect to 1., E, and
with respect to Kg,. There exists a measure ®¢ such that

Dy 4, — P asn — oo, in the weak-+ topology. (4.58)

The measure ®, is absolutely continuous with respect to the Lebesgue measure, with dens-
ity ¢,. It satisfies the bounds

/ x? P, (dx) < oo, / x A @4 (dx) < 00 (4.59)
and )
1 C \2

- . (dx) < 0. 4.60

z /[.82/9,2] (0 = <z3+V) P (460)

Moreover, it solves for every ¢ € C.(Ry) the equation
(e )
| eanew
0

= [ oo + 7 [ B0 v ()@.dx) dx
0 —VJo

1 o0 o0
T / / K ) [olx + ) — o) — p()]Pe(d)®u(dy).  (461)
2Jo Jo

Proof. We know that @, ,((0, e]) = 0. Therefore inequality (4.47) is non-trivial when
z > ¢. Let us consider the case y < 0. In this case we have z¥ < &”. Since ¢ is fixed and
an — 00 as n — 0o, there exists an 71 such that z¥ < a,, for every n > 7.

Consequently, for every n > n, we conclude that

1 cl/2
= o @) = S

Applying Lemma 4.11 to the rescaled measure x¥**®, , (dx) we conclude that, if n > 7,
then
/ X', (dx) < C1/2/ -2, vH g, <
[e,00) [e,00)

where C; is a constant which depends only on ¢ and where the last inequality comes from
the bound |y + 21| < 1.

Since ®,4((0, €]) = 0, the sequence of rescaled measures {x"**®,, (dX)}n>7
belongs to a compact set, and we conclude by the Banach—Alaoglu theorem that there
exists a subsequence of {x?** ®; 4, (dx)} which converges, in the weak-* topology, to
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a measure (. This implies that, if we denote by ®, the measure defined by ®.(dx) :=
x~ O+ 1 (dx), we have, up to a subsequence, that

(Ds,a,, - qu

as n — 00, in the weak-* topology.
Let us now consider the case 0 < y < 1.If z¥ > a it holds that

1 c'/?
- D, 4(dx) < .
z /[82/9,2] cald¥) =

If, instead, z¥ < a, then

1 C1/2
- D, (dx) < ————.
z /[82/9,2] aldx) = zG+v)/2

By applying Lemma 4.11 to the scaled measure ®, ,, with a, > 1, we conclude that
/ q)a,an(dx) < CI/Z(S—I/Z _}_8(—1-‘1-)/)/2).
[e,00)
Therefore, the sequence {®, 4, } belongs to a compact set, and O 5, — P asn — 0o, in

the weak-* topology.
Passing to the limit as @ — oo in inequality (4.47) we obtain

1 C \z
— ®.(dx) < , > 0.
A /[82/9,2] 8( X) - (Z3+V) z

By applying Lemma 4.11 with g(z) = 2= and using the assumption |y + 24| < 1,
we deduce that

/ x*®y(dx) < 0o and / YD, (dx) < oo.
* R*

Let us pass to the limit as # tends to infinity in all the terms of equation (4.46).
From the weak-* convergence of &, ,, to ., we conclude that, for every ¢ € C Cl (Ry),

[ 0@~ [ pt@n, n— oo,
/R* Ee(x)x¢ (x)®Pe g, (dx) > /R* Ee(x)x¢ (x)®e(dx), n — oo,
/ Ee(x)p(x)Pg g, (dx) — [R Ee(x)p(x)P.(dx), n — oo.
For the proof of the fact that, for every ¢ € C.(R),

[ / Koy (6 9)[0(x + ) = 9(3) = 9(0) [ Boa, (d2) D, (dY)
Ry /R,
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converges, as n tends to infinity, to

/ / K(x, ))[e(x + y) —o(y) — ¢(x)]|Pe(dx) Pc(dy),
Ry« JR&

we refer to [10, proof of Theorem 2.3]. Nevertheless, we find it instructive to provide the
main steps of the proof here. First of all, since K, and K are continuous functions we
have, for any compact subset of Ry 2, (xy)? K, (x, y) — (xy)? K(x, y), uniformly in x, y
as a — oo for any ¢ € R. Consequently, for any ¢ € C.(R),

/ / Ky (6. 00 + 3) @0, (d) B (d7)
Ry /R,

N /R /R K(x, 2)0(x + 2)0e(dx) e (dy)
as n — o00. For the same reason we know that

[ / Ka, (6, 1)9(x) P, (dy) Do, (d)
« J(0,M]

R / f K. )0 (x) e (dy) e (dx)

* 4 (0,M]

and
/ / K, (. 9)0() o, () B, (d)
* J(0,M]

R / / K, )9 (0)®s(dx) ®u(d).

« J(0,M]

To conclude we just need now to show that, as M — oo,
/ /( 1y Kan (50200000, (40, () = 0

and

/ /( 1 Kan (6 DDP0 P, @) ) = 0.

Notice that, by the definition of K,,,,
Lo K e3)0t0@en, @9)0us, (@)
x v (M,00)
1
s [ )0, @) @)
Qn « J (M,00)

[ i) @b, ()00 @, (@3) e, (d). (462)
x v (M,00) X+ y

Thanks to (4.40), we have

/ / (p(x)cps,a,, (dy)CDe,a,, (dx) < CM_l/zy
x J (M,00)

where c is just a positive constant.



M. A. Ferreira, E. Franco, and J. J. L. Veldzquez 840

By Lemma 4.15 we know that
L, minte 37701y (5 )0 B @), () = 0
« J (M,00) +y
as M — oo. The same holds also for the term
L mintes 7 (5 )00 e 0510, @),
« J (M,00) +y
We conclude that ®, satisfies the following equation for every ¢ € C!(R.):
o0 o0 2 o0
| e@ope = [T oton@n + 12— [z - e
1 o0 o0
5 [ K+ ) = 0 - p0)]@u @) @s ).

As in the proof of Lemma 4.9, we can choose the test function ¢ given by expression
(4.36) to conclude that, for any p,q € Ry suchthat 1/p 4+ 1/q = 1, we have

2 =2
m} /R H)Z)0eld)

3 1
z y+i -1 _
= /R ) [ e HLP(U)uanq(m

where we are using the notation supp(y) := U. By the density of C.(Ry) in L7 (R) we
conclude that for any ¢ and any compact set X,

+V|¢( )
7/ *

xllLa @y

K
lxllLew) + L)

+ e LP(U) 1—

’ /R e () 1) e(dx)| < C(K. .6, P xllLaey Vi € LK),

Therefore, &, < L. n

We now introduce some notation, which will be employed in the following, and a
lemma, taken from [10], which will be important for the proof of Theorem 3.2.
For a given § > 0, we consider the partition R2 = X{(§) U Z,(8) U Z3(§) with
21(8) = {(x.y) [ vy > x/8},
22(8) = {(x,y) | 6x = y < x/8},
23(8) = {(x, ») | y < 8x},

and, if u € M4 (Ry) is such that for every z > 0,

[9 K(x. y)xp(dx)u(dy) < oo,
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where Q2 is defined by (4.42), then we define

Beswi= [ K@) forz >0
Q:N%;(6)
for j =1,2,3.

Notice that
3

S dis = [ Ky

j=1

Lemma 4.17. Let K be a homogeneous symmetric coagulation kernel K € C(Ry x Ry)
satisfying (3.1) with |y + 2A| < 1. Suppose that the measure 1 € My (R ) satisfies

1 A
- dx) < —— V 0. 4.63
- /[Z/Z,Z]“( X) = oz i (4.63)

Then, for every e > 0, there exists a §; > 0 depending on ¢, as well as on y and A and on
the constants ¢ and ¢ of inequality (3.1), but independent of A, such that for any § < §¢
we have

sup Ji(z,8, ) < eA?, (4.64)

z>0

1
sup — J3(z,8, 1) dz < A (4.65)
Rr>0 R JIR2R]

Proposition 4.18. Assume K, n, A and y are as in the assumptions of Theorem 3.2. There
exists a © € My (Ry) with
Jo € Lo (Ry)

solving

/ w(Z)(Jcp(z) dz—dz+/ x®(dx)dz — 2
R, 1

22<I>(dz)) =0 (4.66)
0,z] —-Y

for every test function ¢ € C.(Ry) and satisfying (3.3) and the inequalities
/ x®(dx) <1, (4.67)

/ xP®(dx) < oo, x9®(dx) < oo, (4.68)
(1,00) (0,1]

withqg =min{y + A + 1,1 — A} and p = max{y + A, —A}.

Proof. Consider the sequences {&,, }, {a,, } and { Ry }, with lim,,_, o &, = 0, limy, 00 @y =
oo and limg .o, R, = 00. Consider a sequence of measures {®g, 4,,,r, } that solve (4.26)
with respect to {g,, K4, and n,,. By Lemmas 4.13 and 4.16 we know that ®,, 4, r,
converges in the weak-* topology to the absolutely continuous measure ®,, as m and k
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go to infinity, solves (4.61) and satisfies the bound (4.60). We would like to prove that
there exists a measure @ such that &,, — ® asn — oo, in the weak-* topology, and that
® solves (4.606), (4.68) and (4.67).

Consequently, we use the following diagonal argument, which is similar to the one
used in [10, Section 7]. We notice that if 7 := [2_k, 2k], then Ry = U;:ozl I;.. The restric-
ted sequence {®,, |, } on I has a convergent subsequence {(I)Snl L }. Since if k > m, then
Im C Iy, we can use a diagonal argument to conclude that, up to a subsequence, there
exists a measure ® € M (Ry) such that &,, — P asn — oo, in the weak-* topology.

Since @ is the weak-* limit of ®,, as n — oo thanks to (4.30), we know that

[ x®g, (dx) < 1.

Passing to the limit for n — oo we deduce (4.67). Similarly, passing to the limit in (4.59)
we deduce (3.3).

Thanks to inequality (3.3), Lemma 4.11 and the assumption |y 4+ 2A| < 1 we can prove
(4.68).

We aim now to show that Jo € L° (R,). Notice that

Jo(2) = / / 2K (x, ) ®(dx) D(dy) + / K (x, ) ®(dx) D(dy).
(z,00) J(0,z] (z—y,z]

(0,2]

and using (4.68) and (3.3) we deduce that for every z > 0,
[ [ skeme@ean ze [ e [ xriie
(z,00) J/(0,z] (z,00) (0,2]

+ ¢ / yY A d(dy) x1 7 d(dx)
(z,00) (0,z]

< (5 < 0OQ,

where ¢ is a positive constant depending on y and A and independent of z.
On the other hand,

/ / K (x, y)B(dx)®(dy) < 2 / XA D(dx) " D (dy)
0,z] J(z—y,z] (z—y,z]

(0,7]
+ ¢ / / XA @ (dx)yF d(dy).
(0,2] J(z—y,Z]
Again, from (3.3) we conclude, applying Lemma 4.11, that

/ A o(dy) < ¢ /Z WIAGIN/2 gy =202 (o ) (-220)2
(z=y.,7] z=y

Notice that for every p > 0, if x > y, then

(x + y)? —x? < C(p)xP 'y, (4.69)
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while if x < y,
(x+»)? —xP <c(p)y?, (4.70)

where ¢(p) and C(p) are two positive constants. We conclude that if y < Z, we have
/ xl—/\qD(dx) < Z(—l—ZA—V)/2y_
(z—y,2]
If instead y > %, we obtain

/ xl_’XCID(dx) < y(l—ZA—J’)/Z_
(z—y.7]
Consequently, for every z > 0 we have

f f XA (dx) b (dy) < ZC12A2 [ VI H(dy) < e < oo,
0,z/2] J(z—y,z] (0,z]

where c¢ > 0 is independent of z, and
/ / x' Ao (dx)y? P o(dy) < / yID2¢(dy) < 23 < oo,
(z/2,2] J(z—y,z] (z/2,2]

with ¢(z) > 0 for every z.
We conclude that, if X is a compact subset of R, then there exists a constant ¢ > 0
such that

sup / / x' 720 (dx)y? T o (dy) < ¢ < oo.
zeXK J(0,z] J(z—y,z]

Similarly, it is possible to prove that there exists another constant ¢ > 0 such that

/ / xR P(dx)yTFD(dy) < ¢ < 0
0,2] J(z—y,2]

and we conclude that Jo € L2 (Ry).

We now prove that ® solves (4.66) using a similar argument to [10, Section 7]. First
of all we prove that the measure ®,, satisfies, for every test function ¢ € C.(R), the
equality

/1;* p(z)Je,,(z)dz = /R* @(2) Xne, (dx) dz — /

(0,z] 0,z

*

©(2) x®g, (dx)dz
(0,z]

+ 2 Ee(2)z%0(2) P, (d2). 4.71)
1=y Jr.

Since the measure ®, satisfies (4.61), we conclude, as in Lemma 4.10, that the density
@¢, of &g, satisfies

Be(2)z%¢e, (z) ae.z > 0.

Vo @) = /0 ¥, () dx — /Ozxass,,(x) dx+ =
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Integrating against a test function ¢ € C. (R ) we conclude that equation (4.71) holds. We
aim now to pass to the limit as n goes to infinity in equation (4.71).

We plan to show that estimate (4.60) implies that ® satisfies the hypothesis of Lemma
4.17. To this end, we only need to ensure that

1/z¢()d <(C)% >0 (4.72)
— e (x)dx < , z , .
z2 Jz n 734y

for some constant C > 0.
Notice that there exists m > 0 such that [z/2, z] C |7, [(8/9)'z, (8/9)'"'z]. Since
for every i,

1 &9 7'z 1 ,8\i—1 [82/9 C \}
- dx = —(= dy < , 0,
z [(8/9)iz ben () dx z (9) [z Pen () dy = (z3+3’> e

then (4.72) holds and we can apply Lemma 4.17 to conclude that for any € > O there is a
80 > 0 depending on ¢ and y, such that for any § < §¢ and any ¢ € C.(R),

< CéllgllLo,00)- (4.73)

Z[ Ji(z,8,®,)0(z) dz
jet1.3y” @

Since ¢ is compactly supported and for every compact set K the set | ), cx X2 N Q;
is bounded, using the fact that ®,, converges to ® in the weak-* topology, we have the
following limits as n — oo:

/Oo J2(z,8, ¢, )p(z)dz — /00 J2(z,68,D)p(z) dz,
0 0

/0 /(O,z) x®g, (dx)p(z)dz — /0 /(O,z) x®(dx)(z) dz,
/000 /(O’Z e, (x)xP,, (dx)p(z)dz — /000 /(O’Z)de(dx)gp(z) dz,

/00 Ee, (z)zch(z)fbgn (z2)dz — /OO 22p(2)®(2) dz.
0 0

These limits, together with (4.73), imply an upper estimate for the difference between the
right-hand side of (4.71) and f(o 00) J2(z,68,D)p(z) dz,

'/0 Ja(z,68, D)p(z) dz—/o ©(2) dz+/(; /(o,z]x®(dX)¢(Z) dz

_2 [T
1—)//0 z°9(2)D(z) dz

= Cél¢llco- (4.74)

Using (3.3), we can again apply Lemma 4.17 to @ to conclude that

> [0 Jj(z,8, ®)g(z) dz

J€{1,3}

= Cé||¢]loo- (4.75)
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Finally, estimates (4.74) and (4.75) imply

/ / XK (x., y)®(dx)D(dy)p(z) dz — / 0(z) dz
0 Q, 0

+ /0 /(‘O,z] x®(dx)p(z)dz + T » /R* z%@(z)P(dz)

< Céll¢lloo

for any £ > 0 and any ¢ € C,(0, co0), which implies that ® satisfies (4.66). |

5. Moment bounds satisfied by the self-similar profile

Proposition 5.1 (Moment bounds). Assume K, 1, A and y are as in the assumptions
of Theorem 3.2. The solution of (4.66) with respect to K, n, constructed in Proposition
(4.18), satisfies for every u € R,

/oox“d)(dx) < 0. (5.1)
1

Proof. The bound (5.1) for u < 1 follows directly from (4.67).
We now focus on proving the bound for u > 1. Integrating (3.2) against a positive test
function ¢ € LIIOC(R+) and denoting ¥ (z) := foz ¢(x) dx, we obtain

22p(2)®P(dz)

Ry

T
< / /R [V(x + ) — Y@ ]xK(x. 7)B(dy) D(dx). (52)

Let § be a small positive constant satisfying the two conditions

max{y,y + A,—A}+8§ <1 and 1—-A4+8§<1ifA >0, (5.3)

and choose ¢(x) = xs_l)((l,oo)(x), where y4(x) = 1if x € A and y4(x) = 0 otherwise.

Plugging ¢ into (5.2), we obtain
2

= 1+8 1 5
1—y [l,oo)x d(dx) < 5 /*/[l’oo)[(X-i-y) X ]XK(X,y)CD(dx)CD(dy)

1
+ —/ / (x + y)°xK(x, y)®(dx)D(dy). (5.4)
§ Jr. Ja-y.n
Next we derive estimates for each term of the right-hand side. We start by dividing the

domain of integration of the first term into two regions defined by y < 1, x > 1 and by
x,y > 1, respectively.
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In the region y < 1, x > 1, using the upper bound for the kernel (3.1) and the estimates
(4.69)—(4.70), we have

/ / [(x + »)° — X ]xK (x, y)®(dx)D(dy)
(0,1) J[1,00)
) / / YK (x. ) (dx) D(dy)
(0,1) J[1,00)
< C)es / / (O ITA L A ) B(dy).  (5.5)
(0,1) J[1,00)

which is finite by (4.67)—(4.68).
In the second region x, y > 1 we use the symmetry of the kernel, as well as (4.69) and
(4.70), to obtain

f/[ ) [(x + ») — X ]xK (x, y)@(dy) P(dx)
1,00)2
<CG@ SyK(x, y)®(dy)D(d
< ()f/{lsm}x VK (x. )®(dy) (dx)
+ ¢(8) /[ VO XK (x, y)®(dy)®(dx) (5.6)
{l<x<y}

= (CG) +c(3)) //{ K ()@@ @) 5.7)
1<y=x

The upper bound for the kernel (3.1) implies

XSyK(x,y) < c2(x8+y+lyl—/l +yl+y+lx8—k)’

which yields the following estimates, for 1 < y < x:

S+y+4

XSyK(x,y) < ealx y 4+ x1TAyy Y s o,

A

PyK(x,y) < 62(x5+yy<§> + x‘H”“y), A<0,y+1>0,
A

x‘syK(x,y)fcz<x8+yy<§> +x8_ky), A<0,y+A=0.

The bounds (4.67)—(4.68), together with the condition on § (5.3), then ensure that (5.7) is
finite.

We now focus on the second term of (5.4). We divide the domain of integration into
two regions, defined by y > 1, x < landby l —y <x <1, y < 1. In the first region
y > 1, x < 1, it holds that

/ / (x + )P xK(x, y)®(dx)D(dy) < 2° / / VXK (e, ) D(dx)B(dy).
(1,00) J(0,1] (1,00) J(0,1]
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Similarly to the region y < 1, x > 1 (cf. (5.5)), this integral is finite by (3.1) and (4.67)—
(4.68). In the second region 1 — y < x <1,y < 1, we notice that (x + y)® < 2%. Therefore,

/ / (x + )P xK(x. y)®(dx) D(dy) < 2° / / K (x. ) D(dx)®(dy).
(0,1] (l—y,l] (0,1] (l—x,l]

which is bounded by Jg (1), which is finite by Proposition 4.18.

Thus, we conclude that
2
— 2" d(dz) < 0. (5.8)
I— Y J[1,00)

Now let us select ¢(x) = x"~1y (1 o0)(x) in (5.2):

_2 1+ns i né _ .né
1_y/R*x ¢(x)dx < né’/*/[l,oo)[(ﬁy) X" xK(x, y)®(dx)P(dy)

L né
+ s /*/(l_y,ll(ery) xK(x, y)®(dx)®(dy).

We divide the domains of integration as before and conclude that, for some constant cs ,,
that depends on ¢ and n, the following estimate holds:

L 1+né ( s
=y /R* x T (x)dx < csp /(0,1) /[l,oo)x yK(x, y)p ()¢ (x) dx dy
+ X" YK (x, y)(dx)D(dy)
[[xzyz1}

T [ / VB XK (x. ) ®(dx) D(dy)
(1,00) J(0,1]

K(x, y)®(dx)d(d .
+ f(m /(l_x’ux (x, ) ®(dx) (y))

The last term is bounded by cs ,Jo(1) < oc. The third term may be estimated exactly
as the first term. The first and second terms may be estimated as before using the upper
bound for the kernel (3.1):

(n—1)8+8+y+A 1—A+yl+y+/lx(n—l)8+8—)t).

X" yK(x,y) < ca(x y

It then follows by the choice of § that, for some constant ¢s , depending on § and n, as
well as on the parameters of the kernel, we have

[ X1 d(dx) < 3¢5, / XT3 (dx) + 5., J0(1). (5.9)
(1,00) (1,00)
The bound (5.1) follows by induction combining (5.8) and (5.9). ]

Proposition 5.2. Assume K, n, A and y are as in the assumptions of Theorem 3.2. The
solution ® of (4.66), constructed in Proposition 4.18, satisfies (3.5) for some positive
constant L.
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Proof. We now prove the exponential bound following the approach of [11]. Let us intro-
duce the notation W, (L) := fR* miLeLmi“{x’”}fD(dx). Notice that

n{x,a}

2 2
M
lDa(O)zf ,x—q>(dx)+/ T o@x) <1+ 22 (5.10)
(0,¢) Min{x, a} [a,00) 4 a

and
W (L) = / x2elmintx.al (g y).
R

Considering the test function ¢’ (x) = eL™n*.a} in (5.2), we deduce that

V(L) < c(y) /R /R K (x. ) / Y oLzl g2 (dy) b(dx)

<c(y) /1; ¥ g 1 (d) [R vtz (d),

where we are using the notation j4,7.(dx) := xelmin{x.a}p(dx).
. 1 A .
Since y + A < 1and —A < 1, the maps x — x~ % and x — x *+» are convex functions.
By the Jensen inequality we obtain

A

AL, (dx) Y i

sl [ wrti L@ ey YUL a(dx)
R. lier,allt R,

< W (L)AL Lyt

and similarly

d
lrall [ worPald) ey )
" Tl

As a consequence W/, (L) < c(y)W,(L)*" YW, (L)", or equivalently,
W (L) < Wa(L) T e(y) ™.
This implies that if L < W, (0)” 77 c(y)” 77, then
Wo(L) < (9 (0) 77 —e(y) ™7 L),

Since by (5.10) it follows that W,(0) — 1 as a — oo, we deduce that if L < c(y)_ﬁ
then

/ el ®(dx) < limsup W, (L) < oo. [
(1,00)

a—>o0

Proof of Theorem 3.2. Let ® be a solution of (4.66) constructed in Proposition 4.18. We
know that & satisfies (3.5) and (3.3). We now prove that @ is absolutely continuous. Since
® is a solution of (4.66), by selecting p(x) = Ziz)((x) with y € C.(Ry), we conclude that

/* /(Z,oo)xcp(dx)zizx(z) dz

= (1 + ”Jlsuppx”oo)”1/Z2||LP(supp)()”X”L‘I(suppx) < o0.

+

=

2
[ e

1
/ Jo(2) = 1()p(2) d=
Ry Z
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Therefore, by density we know that for every ¢ > 1 and any compact set K C Ry,

/ 2(2)P(dz)

*

<C A V. O xllLaxy. x € LUX).

This implies that @ is absolutely continuous and that its density ¢ satisfies (3.2). We
now show (3.6). First of all we notice that

22¢(z) forae.z > 0.

J¢(Z)=/ x¢pdx + 1 2

As a consequence we deduce that

v Jp(z) forae.z > 0. (5.11)

1
¢(z) = 52

Assume z > 1, hence we can rewrite Jy in the following way:

Jg(2) = /0 K(x. )¢ () (x) dy dx

Z—Xx

1 o0
- /0 K(x. »)x¢(0)p(x) dy dx

Z—X

+ /1 /;_x K, y)x¢(y)p(x)dy dx. (5.12)

Using (4.68), we have that, if z is large enough, then there exists a constant L > 0 such
that

1 [ee]
/ / K(x. »)xg ()¢ (x) dy dx
0 zZ—X
1 o0
y+Ai+1 —A dvd
502/0 X ¢(X)/Z_1y d(y)dydx
1 )
o /0 F () / Y (y) dy dix
z—1
—zL

We now focus on the second term of (5.12), which for large enough z can be written
as the sum of two terms in the following way:

|| Kemseoise dyax

_ / K(x. y)x¢ (0 (x) dy dx

—-1Jz—x

z—1 poo
K ) 1
* /1 / _ KGy)xp(0)g(x) dy dx 5.13)
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Moreover, since
zZ— o0 o0 oo
[ [ kemmememarixze [ tiewdr [y
1 z—Xx z/2 1
o o0
va [ xTwadr [ e dy
z/2 1
o0 o0
+C2/ X7 AL () dX[ y 7 rp(y)dy
1 z/2
o0 o0
va [ x @ [y e,
1 z/2
from this we deduce, thanks to (3.5), that
z—1 o0
[ Km0 dydx < et
1 zZ—X

for suitable constants L.; > 0 and ¢ > 0. We focus now on the first term of (5.13). Notice
that there exists a positive constant L4 > 0 such that

/Z /Oc xK(x, y)p(n)$(x) dy dx < ce F4%.
z—1J1

Using (5.11) we deduce that

z ot K(x y)

z 1
|| k@omememayds < e B g(x) dy dx.

z—1Jz—x

Combining all the above inequalities we have that there exists a p > 0 such that

z 1K(y)

z—1Jz—x

Jp(x) <ce” +c(y)

¢ (y)Jp(x)dydx.

On the other hand, using Lemma 4.11 we deduce that

z 1
[ 1 RO 3y sy dy

Z—X

K
< s J¢<x)/1f B o3y dy

x€[z—1,z]

Z xy+A —2A— ~r= Z/H—y -3
< sup Jg(x) / / y dy dx +/ / dy dx
x€[z—1,z] z—1 X z—x z—

1

z y+A—1 —2A—y-1 Z _A 1 2)L+y 1
<c sup Jg(x) X (z—x)" 2 (z—x) dx

z—1 z—1

x€[z—1,z]
[
o)
0

1 — —_y—
<c sup J¢(x)|:(z—1)y+l_1/ y 2
0

x€[z—1,z]
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This allows us to deduce that there exists an N, such that for every z > Ng,

Je(z) <ce™® +¢e sup Jg(x). (5.14)
x€[z—1,z]
with e™” > £ > 0. Let
Joi= sup  Jy(2);
z€[n—1,n]

then by (5.14) we deduce that
Jn < edu_t +edy +ce™, (5.15)

and by the local boundedness of J4 we have that there exists a ¢o > 0 such that J N, < Co.
Formula (5.15) implies that for every k > 0,

k .
Tnoak < 1ige—p(zve+k) Zw(%)’ + coePk.
i=0
As a consequence, for large z we have J4(z) < ce™”?, where c is a positive constant.

The inequality ¢(z) < ce™* as z — oo follows by the fact that J4(z) < ce™*? and
by equation (3.2).

We now prove the lower power-law bound (3.4). Let C be any positive constant. For
small enough positive constants zg and & such that 1 — Ce — foz *xp(x)dx > %, it follows
by Lemma 4.17 that there is a §o > 0 depending on ¢ and y such that for any § < &y and
any ¢ € Cc(Ry),

z

2 22¢(z)—C8—/ xp(x)xdx > %, a.e. z € (0,z9]. (5.16)
0

-V
Moreover, using a geometrical argument, we deduce that there exists a constant b € (0, 1)
depending on § such that, for all z € [R,2R],

J2(z,8,¢) > 1+ N

Q. N 5,06 C (%z,z] x (%z g] c (VbR. R/Vb],

with ©, defined by (4.42), which together with the upper bound for the kernel (3.1),
xK(x,y) < cRY™1, yields

2
/ Jo(z,8,9)dz < cR? T2 (/ @(x) dx) ., R>0,
[R.2R] (VBR,R/N/b]

for a constant ¢ > 0 depending only on y, A, ¢ and c,. This together with (5.16) implies

R 2
—SCRVH(/ X dx) , R e(0,z].
> (JER,R/JE](p( ) (0, zo]

Hence, the result follows after substituting R/ Vb by z.

Finally, fR* x¢(x)dx = 1 follows by the fact that for every sequence {z,} such that
limy, o0 2, = 00 we have lim, o J¢(2,) = 0 and, thanks to (3.5), up to a subsequence
limy 00 22 (zn) = 0. n
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6. Regularity of the self-similar profiles

Proof of Theorem 3.3. We divide the proof into steps.

Step 1. For every y € C°(R), every B > 0and 0 < s < 1 it holds that

W C+3) =¥ Ollg-s@ < VIV I ®). yeR.

This follows by the fact that
18Oy sy = [+ 18,0 (0P dx
- / (1 + PP [P ) Ple™ — 11 dx
R
<c / (1 + PP [ ) RIx [ |y 2 dx
R

<clyPs /R IR + |x2)8 dx
= PV OI s,

where we are using the notation A,y (-) := Y (- + y) — ¥ ().

Step 2. Let U be an open set and let us define the operator T: C2°(R) — C1(U) as

1
TIY)(x) = /0 K@ )¢ () Ay (x) dy. xeU.

Then
ITW 2wy = ClIY | gsw)

for some positive constant C > 0, and

1
1>§>y+

N =

—min{y +A,—-A} >

To prove (6.2) we notice that
1
T @) < /0 1K Ce 7)) Ay () |2y dy
1
<c /0 YRR ()| AP () |2y dy

1 -
<cC /0 YRR G () Ay [ s -

852

6.1)

6.2)

(6.3)

where, for the last inequality, we use the fact that || Ay ¥ (x)[[z2w) < Cly S|l | s (r)s see

[27].

Inequalities (3.3) and (6.3) imply that fol yminly+4,=43454 () dy < o0 and, therefore,

(6.2) follows.
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Step 3. If | > B > 1/2, then

ITW N a-8w) < CIY | a5-8x)- (6.4)
First of all we notice that if f € H*(U) and g € H™#(R), then fg € H™#(U). This
is due to the fact that, if § > 1/2,

| felg-8@n = inf 1Ell -5 &
O " Een-t®):Ey=re) ®

= inf I8F | -5 w)
{FeH-BR):Fly=1}

< inf 1F N -8 @) I8 | -5
{FeH-BR):Fy=f} ®) ®

=1 flla-sw)lgla-sm) < oo

Since K € H! (R) as well as the fact that it satisfies (3.7), we deduce that

1
W00 < | [ K(x,y)qs(y)Ayw(x)dyH

H-BU)
1
< [0 1K) Ay () 15 0y () dy
1
<c /0 YIRS (1) | Ay () | b ey A

1
< ClY s / YIRS 5 ()
0

< Cl¥las-sm)
for some positive constant C. To deduce the second last inequality, we applied (6.1).

Step 4. In this last step we show how to combine the results of the previous steps to prove
the regularity of the self-similar profile. Considering a test function ¢(z) = ¥'(z) with
Y € CX(Ry) and supp(y) = [a, b] for some a > b > 0 in (4.66), we deduce that

1—y Ey /R 2y (2)p(2) dz = /R x¢(x)(w(x) +/R* Aylﬁ(x)K(x,y)qS(y)) dx dy.
Therefore,

2 /
T—y /R 229 ()¢ dz =< 1V llL2(iapp 1¥¢ () | L2 a1
b 0o
+ / [1 Ay ¥ (x)xK(x, )¢ (x)p(y) dy dx
b
+ / XT[Y](x)¢(x) dx

* /0 fa_x ¥ (x + XK. 9)$ )P (y) dx dy.
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We notice that, for some C > 0,
b poo
[ [ stk pwen) dyax
a

b 0o
< ClY s / / K (e )PS0 dy dx < ClY L2 qeny

and

/o V(x + y)xK(x, »)p(x)¢(y) dy dx < ¥ |lL2qa.pnde(@) < ClYL2((ap))-

a—x

Thanks to Step 2 we deduce that

b
/ AT () dx < [xb L2080 1TV 2 et
< lx¢z2qaop I T V]l L2w)
< xp )2 qapp 1V | 55 r)-

By denoting with © the function z + z2¢(z) we conclude that
o0
| veee d: < iyl

This inequality implies that ®'(z) € (H*)'(R) = H*(R) and therefore ® € H'~5(R).
For every test function { € C®(R), we have ®¢ € H!'~*(R).

Assume now that {® € H"(=9(R) for any test function ¢ and for some n > 1. Then
if I > n(s — 1), considering a test function which is equal to % on [a, b] we deduce that

/ TP ) dx = C / LTI I0P() d
= 1€O| gna-5 @) I T Y1) | n6-1 (0,
< 18BN gra-o @) |1V | e+ 05 (R)-
This implies that -
|20 @oe dz < el e

and, therefore, © € H®*TDU=(R) and the desired result follows.
Recalling the Sobolev embeddings ([6]) and differentiating (3.2), we deduce that ¢
satisfies (2.8). [

7. Self-similar solutions for the coagulation with constant flux coming
from the origin

Proof of Theorem 3.6. The fact that F satisfies (3.9) follows by (4.68).
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We notice that for every ¢ > 0 and every ¢ € C 1 ([0, 77, CC1 (Ry)),
_y+3 __2
L Ep(e,§)F(s,d§) = /R Ep(e, &)e T p(ke” T7)dE

sz (e, yeT7 )e () dy
< el ¢lloos

and therefore fR* Ep(t,&)F(t,8)d& — 0ast — 0. Consequently, via a change of variables
and integral manipulations, we deduce that

f&"“’é)”ﬂé)dé—// Edsp(s. §)F(s.6) dE
R. o JR,
Z/I/ x‘P(S,xsl%V)tl)(x)dxds
1—)/// X0 (s. x5 ) (x) dx ds

=/ /*/(Ox] 8,0(s, ys 727 ) dy x (x) dox ds

1—)// /* X 0xp(s. xs T V)¢(x)dxds

[ [ st [ sewan 2

Since ® solves (4.66), by considering the test function ¥ (x) = 9, ¢(s, xs%) for a fixed
s > 0, we deduce that

22¢(z2) dz) ds
14

[R B P06 dE - /0 /R (0. P (.6) d = /0 /R (0,257 g (2) d.
Since

az (s, ZS%)Jq)(Z) dz
R*

= /]R /]R (‘/’(S, (z + S)S%) —<p(s,zsﬁ))z[((z,é§)¢(z) dz ¢(§) dE

K(y,
= / f (); x) (v + x)p(s,x + y) — xp(s,x) — yo(s, y)) F (s, dy) F (s, dx),

thus F solves (3.10) for every ¢ € C1([0, T], C}(Ry)).
Every test function ¢ € C!([0, T], C}(R4)) can be approximated by a sequence
of functions {g,} C C'([0, T], C.(R4)) defined by ¢, (s, x) = ¢(xn)e(s, x), with ¢ €
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C®(R4) suchthat {(x) = 1if x > 1 and {(x) = 0if x < 1/2. For every n € N it holds
that

/ Egn(t.E)F(1,€) dE = / / £0,0n(s. §) F(5.£) d€ ds
R. o JRr,

t
+/0 /]R+ 0e@n(s,8)JFr(s,)(E)dE ds. (7.1)

. _2
Since dggn(s. £) = p(s. L' (En) + LEMep(s. £). Trisey = Jp(Es T7) < 00 and,
moreover, f0°° EF(t,€)dE <t, by the Lebesgue dominated convergence theorem we
deduce that

/ / CEn) (s, E) T pen (€) dE ds — f / 0605 £) T r (5.9 (€) dE ds asn — oo,
o JrR, o JrR,
/ Egu(t. E)F(1.E) dE — / Ep(t. E)F(1.6) dE as 11— oo,
Ry R«

/0 /;{+$3s<pn(S,$)F(S,§)d§ds—>/() /R+ E050(s, E)F(s,£)dEds asn — oo.

For any n > 0,

/ / nt'(En)p(s,£)Jp(s,(€)dEds -0 ase — 0.
0o JR,

This, together with the fact that for any n € N it holds that fooo nt'(En)d& = 1, that

supp(n¢’(-n)) C [5-, 1] and that [;° x¢(x) dx = 1 implies

[ /R ng (En)p(s. ) (s, () dE ds

-/ t i g Enets.)

537% 2 2
x[l— [ seoans zy@s—l—y)%(ss‘l—v)}dsds

1-—

t
—>/ ¢(s,0)ds asn — ooande — 0.
0

Notice that we have used the fact that

/8[ /R+ ng'(En)p(s, £) /OES_12V x¢(x)dx dEds

2

s =7

g/t/ n;’(gnyp(s,g)/ " xp(x)dxdids — 0 asn — oo
e JR4 0
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and that, by Lemma 4.17,

2

/ /R ng (En)p(s. ) (Es™ 77 )P (65~ T7) dE ds

t 1/n 5 5
, “17)2 “Tv)dEd
=/ /Wgo(s £)(Es™T7) 29 (65 T7) dE ds
SC(%)TV —0 asn — oo.

Passing to the limit as n — oo in equation (7.1), we deduce that F' is a solution of the
coagulation with constant flux coming from the origin in the sense of Definition 3.5. =

A. Proofs of Lemmas 4.2 and 4.3

In this section we write the proof of some auxiliary lemmas.

Proof of Lemma 4.2. First of all we show that, for each f € C([1,T], M4 5(Ry)) and for
every t € [1, T], the functional & [ f](¢) is a linear and continuous functional on Co(R )
and, consequently, defines a measure in M 5(R,). The linearity follows directly from
the definition.

To check the continuity we notice that for every ¢1, ¢» € C.(Ry),

KALA1@), o1 — @2)] < llg1 = p2llool| Dol

and

RN VAR

(B0 01— 02) = 5l —<P2||oomax{|ﬂly|

(F3[11), 01 — 92) < 91 — @2lloolnell T

where T := T — 1. Combining all the above inequalities we conclude that

(FLAO. 01— 01) =< g1 — gall (1o + %max{ﬁrﬂy“,r}nfnﬁ,n + InelT).
Given the fact that C;y' (R+) is isomorphic with the space M (R ) (see for instance [24]),
we conclude that the operator ¥ [ f](¢) defines a measure.

We now check that ¥ maps C([1, T], X) into itself. We have already shown that
FLfI() € My p(Ry). The fact that F[f](2)((0, €]) = 0 follows easily by the fact that
Fi()((0,e]) =0 fori = 1, 2. Indeed, F;(¢) are defined as integrals over measures that
are equal to zero in the set (0, ]. Moreover, since for any ¢ > 0 we have £(z, x, y) >
max{x, y}, we deduce that for every test function with support contained in (0, ] we have
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that A[p] = 0if x, y > &. Thus, for this choice of test function,

t t
@i = [ [ [ Al et e Ear D)
1 J(&,00) J(e,00)

X f(s,dx) f(s,dy)ds =0,

hence %,(¢)((0,¢]) = 0.
Let us first show that ¥ [ /] is a continuous map from [1, 7] to M4 (R ). To this end
we notice that for every t, > #; > 0, for every ¢ € Co(R) with |l¢] < 1, we have

o A1) = RN < amax{ s m(lzyﬂH — 0 1) 1 — ol £ 1, 70-

On the other side, we have

(. P2 f1(12) = Fo[f1(1))] < %nfufm max{m(ﬂﬂ“ 2P0 —m}

1 ~
X (1 + amax{—TVﬂH, T}”f”[l,T])-
yB
Moreover,

o, F3[f1(t2) — F3[f1(t))] < (12 — 1) (@ max{ T"8, T f llpu,ry + 1)l17e ]l

If y <0, then

max{

|ﬁ|<r””1 2P0 - 1) < max{1, |ﬂ|}(“ 1)

and, if y > 0, then

max{ (tyﬂJrl Vﬂ“) th — } < max{l —}(tyﬂ+1 fgﬂﬂ)

VBl Bl

Therefore, the continuity of ¥ [ f] follows by the above inequalities. |

Proof of Lemma 4.3. For every ¢ € C.(R,) with ||¢|| < 1 we have
(0. FA10 = Al < amax{ZFALTN1f = gl il
(o F3Lf10) = F3[810)] < all f =gl max{#ﬂﬂ“, THinell.
(0. B2Lf 1) = F2lg) 1)) = 241+ 2 ADIf = glpn,my max{%ﬂﬁ“, o

1 ~ -
+a®| f —glpm( + 2] A1)? maX{WTZ(yﬂH)»TZ},
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where 7 := T — 1. To obtain the above inequalities we have used the fact that |[e™*! —
e 2| < |x1 — x2|, whenever x; > 0 and x, > 0.
Summarizing,

S[lllpT](fﬂ,?[f](l) —Flgl®) = Crllf —gllp,m.

where

1 ~ ~
Cr:= amax{—T”ﬁ‘H,T}
lyB

(Il 1+ 20 fiDPamax{ 2 AT 430 +21AD). A

It is possible to verify that if

~ 1 1 1 1
Fee L (Lmnfl L} A2
min{1, 5 \10a ™ el T 20 /1] (A2
then Cr < 1.
The inequalities
1 ~ ~
17201 = f iy = @l £ rymax{ o 77 T,
. I ~ ~
120 .1y = @l gy ] o TP T,
[rod 1 ad ~
1750 Wity < Wl T < el max{ — 778+, T
V]
imply that if T satisfies (A.2), then (4.21) holds for Dr < % [
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