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Modified energies for the periodic generalized KdV
equation and applications

Fabrice Planchon, Nikolay Tzvetkov, and Nicola Visciglia

Abstract. We construct modified energies for the generalized KdV equation. As a consequence,
we obtain quasi-invariance of the high-order Gaussian measures, along with L? regularity on the
corresponding Radon—-Nikodym density, as well as new bounds on the growth of the Sobolev norms
of the solutions.

Dedicated to the memory of Professor Jean Ginibre

1. Introduction

1.1. Integrable KdV models and their conservation laws

The Korteweg—de Vries (KdV) and modified Korteweg—de Vries (mKdV) equations are
canonical integrable partial differential equations which read

8,u—8)3‘u+3x(u"+1)=0, p=12, (1.1

with p = 1 for the KdV equation and p = 2 for mKdV. The well-known Miura transform
may be used to connect solutions of KAV and mKdV. Both equations (1.1) have a Lax
pair formulation and, as a consequence, possess infinitely many conservation laws (see
e.g. [20,42,51] and references therein). One important consequence of these conservation
laws is a priori global in time bound for the Sobolev norm H* of the solutions of (1.1):
for every k € N, there exists a first integral that is written

/ (8% u)? dx + lower-order terms,

where integration holds on the line R or on a torus R/(27Z) depending on which back-
ground (1.1) is considered. Following [51], another interesting consequence of the afore-
mentioned conservation laws is the existence of invariant measures along the flow asso-
ciated with (1.1); such measures are also absolutely continuous with respect to Gaussian
measures (see Section 1.4 for their definition).
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1.2. Generalized KdV models and their almost conservation laws

The Lax pair formulation is no longer known to hold if the power p is replaced by p # 1,2
in (1.1). Therefore a natural question is whether conservation laws for KdV and mKdV
may still hold in the case of a general power p. We introduce in this paper a family of
energies which are not exact conservation laws, however will be useful to get new results
for the long time behavior of the solutions to (1.2), as we shall specify in the sequel.

Consequently, we consider the Cauchy problem, which we call the generalized KdV
(gKdV) equation,

(1.2)

du—02u + dx(wPt)y =0, p=>3, pe2N,
u(0,x) = p(x) € HX(T),

where T denotes the one-dimensional torus R /(27 Z). Even if (1.2) does not have a Lax
pair formulation it still has a Hamiltonian formulation, with conserved Hamiltonian # (u):

_ ! 2 1 p+2
J{’(u)—Z/T(Bxu) dx+p+2/Tu dx.

That J is preserved along the flow of (1.2) and some of its truncations will play a key
role in our analysis.

Equation (1.2) is the so-called defocusing model. The focusing model can be obtained
by a change of sign in front of the nonlinear term in (1.2) (which also changes the sign in
front of the second term defining #¢). Most of the results that we will obtain below can
be extended to either odd p or to the focusing gKdV for even p, provided that a uniform
bound on the H! norm of the solution is assumed. These extensions do not require any
new significant argument and therefore we restrict ourselves to (1.2).

The Cauchy problem (1.1) has a long and interesting history. The first results dealt
mainly with (1.2) on the spatial domain R rather than the torus T. A classical reference
is the work by Saut [41]. In the fundamental paper [21], Kato initiated the use of the
dispersive properties in the analysis of (1.2). In [22-24] Kenig—Ponce—Vega implemented
tools from harmonic analysis allowing a deeper view of the dispersive effect. However,
these tools were not efficient in the periodic case. The dispersive effect in the periodic
case was understood by Bourgain in [1]. The methods developed by Bourgain had far-
reaching consequences in the field of dispersive PDEs. We will benefit from Bourgain’s
seminal work in this paper too. In the case p = 4 and focusing nonlinearity, when (1.2) is
posed on the real line, there are remarkable results by Martel-Merle—Rapha¢l on solutions
developing singularities in finite time; see [27-29] and the references therein. It is not clear
how to extend the results of [27-29] to the periodic case because on R the blow-up point
may escape to infinity, and therefore its localization seems a considerable challenge. For
recent progress in this direction, we refer to [30].

Throughout the paper we shall also need to analyze Fourier truncations of (1.2). For a
given even integer p > 3 and M € N, we consider the following truncated version of the
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gKdV equation (1.2):

{a,u — 33U + T dx ((raru)? ) = 0, (1.3)

u(0,x) = ¢(x),

where for M € N we denote by 75/ the Dirichlet projector defined by mpr (3", c7 cne'™™)
= <M cne'™ . Thanks to the aforementioned references on the Cauchy problem for
(1.2), solving (1.3) will not be an issue here because we know from [1, 3, 7, 44] that
(1.3) is globally well posed in H*(T), s > 1 (and even locally well posed for s > %),
where H*(T) is defined through the Fourier transform as ((1 + |n|)cn)n € [2(Z). In
fact, for M < oo an easier argument can be applied by using that for frequencies < M
equation (1.3) becomes an ODE (with a Lipschitz vector field) for which global well-
posedness holds thanks to the L? conservation law, while for frequencies > M equation
(1.3) becomes a linear equation. However, if one wishes to have H*(T ) bounds uniformly
with respect to M, the analysis of [1,3,7,44] cannot be avoided. Let us denote by ®ar(¢)
the flow of (1.3) and ®(¢) the flow of (1.2). We shall not specify the dependence on p in
this notation.

Our aims are twofold: first, we provide new a priori polynomial bounds on the growth
of high-order Sobolev norm for solutions to (1.2) (see Theorem 1.1); second, we gain
knowledge about the transport of Gaussian measures along the flow associated with (1.2)
(see Theorem 1.4).

Let us introduce some notation that will be used in the sequel: for every s € R and for
every p € [1,00] denote H® = H*(T) and L? = L?(T); H* will denote any Sobolev
space H*~¢ with & > 0 small enough. Similarly, given a real number ¢, denote by o™ any
real number larger than . We shall denote N = {0, 1,2, ...}, and for every k € N \ {0}
we shall use the following specific Sobolev norm: ||<p||12qk = |l¢ ||i2 + | al;(p ||i2 We recall
that ®(¢) and Py (¢) denote respectively the nonlinear flows associated with (1.2) and
(1.3). We shall also sometimes use the notation ®(¢) = O, (¢). The Dirichlet projector on
frequencies smaller than or equal to M is denoted by mas and we also sometimes use the
notation 7 to denote the identity operator.

We can now state our main results.

1.3. Growth of Sobolev norms
The first main result of this paper is the following one.

Theorem 1.1. Let k > 1 be an integer. Then for every ¢ € H* and for every ¢ > 0 there
exists a constant C > 0 such that

k_
1Dl g < ll@lge +Ct T Ve >o. (1.4)

Although Theorem 1.1 is stated for # > 0, it can be extended to every ¢ € R by the
reversibility of the flow associated with (1.2). Moreover, the constant C may be chosen
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uniformly with respect to bounded sets in H k , and, even better, in H!, once ¢ has been
chosen (through the use of Proposition 2.1).

The line of research leading to results such as the one in Theorem 1.1 was initiated
in [5]. We improve results obtained in [44] (where the growth had exponent 2k) and [31]
(where the growth was lowered to k — 1 + ¢.)

It would be very interesting to construct solutions of the defocusing gKdV such that
the H* norms do not remain bounded in time for k > 1. Unfortunately, such results are
rare in the context of canonical dispersive models (with the notable exception of [19]). Our
approach is restricted so far to one-dimensional models and it would be very interesting to
extend it to higher dimensions; however, we believe it does apply to the one-dimensional
nonlinear Schrodinger (NLS) equation, modulo some additional difficulties related to
complex-valued functions. This will be addressed elsewhere.

The proof of Theorem 1.1 stems from constructing suitable modified energies at the
level of H¥ norms: while we are unable to obtain invariant energies, we quantify how far
they are from being exact conservation laws. The closer we are to conservation laws, the
better are polynomial bounds for corresponding nonlinear solutions.

Theorem 1.2. Let k > 1 be an integer. Then for every T > O there exist functionals
&:HF >R, gl HF >R

such that
e forallg € H* and all T > 0 we have

Ex(D(T)p) — Ex(p) = G (); (15)
* the energy &y has the structure
&) = 1 0%ullZ> + Re (). (1.6)

with Ry (u) satisfying for allu € H¥,

2=t 2
1 (1.7)

[Rie)| = C + Cllull g2 el

e for every fixed R > 0 and T > 0, there exists a constant C > 0 such that, for all
@ € H* such that ||¢|| g1 < R, we have
=

15 (9)| < C + Cllgl % (1.8)

We emphasize that Theorem 1.2 immediately holds, in a stronger form, for k = 0, 1,
with energies o (1) = ||u ||22, &1(u) = H(u); these energies are indeed conserved along
the flow associated with (1.2). However, for k > 1, such exact conservation laws are not
available and hence the r.h.s. in (1.5) is nonzero.

The proof of Theorem 1.2 relies on a key improvement in some ideas developed in
[38] in the context of NLS, together with bounds resulting from dispersive estimates such
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as Bourgain’s L° Strichartz inequality for (linear) KdV. Let us now briefly sketch the main
p01nt adaptlng the argument in [38] would allow us to get suitable energies & r such that
Ex(D(T)p) — Ex(p) = gT(<p) where ﬁT would satisfy |‘§T(§0)| =C+C ||<p||aH(,]f), but
with a(k) > (215%14)+. Here, we get a significantly smaller power of the H* norm of the
initial datum in (1.8) for ﬁkT . This improvement on «(k), which in turn is crucial in order
to obtain the growth of the Sobolev norms in Theorem 1.1, follows from a refinement of
the construction of the energies §; compared with §k, In particular, once we compute the
variation of the energies introduced in this paper along solutions, we get that ﬁkT (¢) can
be expressed as the space-time integral of multilinear expressions of densities in which
the worse single terms (namely those that carry the maximal number of derivatives) have
at least five factors involving at least one derivative. This key property of distributing
derivatives on several factors was out of reach with our previous constructions of modified
energies. For details we refer to Section 3. Then the dispersive effect, through the L
Strichartz bound, allows us to transform the aforementioned distribution of derivatives in
terms of powers of Sobolev norms of the initial datum, as discussed above.

We should point out that, in the context of gKdV, modified energies similar to those
we get in Theorem 1.2 have already appeared, at the level of k = 2, in [26], where they
are used in connection with N -soliton asymptotics.

For details on how Theorem 1.2 implies Theorem 1.1 we refer to [38]; however for
the sake of completeness we briefly outline the argument. By local Cauchy theory, for any
given ¢ € H¥ with k > 1, there exists T = T(|l¢||g1) and a constant C = C(||¢] 1)
such that sup,¢(o, 7y [®@)¢ |l gx < Cll@| & From sup, | ®()¢|| g1 < oo (recall we are
considering the defocusing equation), we may use the estimate above uniformly, selecting
as initial condition ®(s)¢ for arbitrary s and hence

sup ()¢l < Cl|P(s)@llgx Vs > 0. (1.9
te(s,s+7T)

Combining (1.5) with (1.6) and recalling the conservation of the L2 norm, we get, for our
chosen T,

1 + Tl — 12O@l7 = G (@(1)¢) = Ri(D(t + T)p) + Ri(P(1)g).

In turn, (1.8) and (1.7) (recalling that the H' norm on the r.h.s. is uniformly bounded)
together imply

=k =

[0 + Tl — 12M¢l3 < C+CIOE + Dl i + ClPOell,)

<c+ClomglF

for all ¢ > 0, where we used (1.9) in the last step. Choosing ¢t = nT and defining «,, =
|Dnr (@) ||2k we get a discrete Gronwall-type inequality

=)t
pi1 — oy < C + Cayt"
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this yields o, < Cn%* =D which in turn implies (1.4) fort =nT. Using (1.9), this extends
toall .

1.4. Quasi-invariant Gaussian measures

Next we focus on the quasi-invariance of certain Gaussian measures under ®(¢). For k > 1,
we denote by px the measure induced by the map

gn(a)) inx
w Z (1 +n2)k/2 ’

where g, = g—,, go = 0 and (g, )0 is a sequence of independent, identically distributed
complex Gaussian random variables. We can see /1% as a probability measure on H ¥ —2)7,
We aim to understand how py is transported under the flow of (1.2). This is a delicate
task because infinite-dimensional measures become easily mutually singular. As J is
preserved along the flow of (1.2), studying the transport of yg(H (u)) dtx (1) is more
natural, where R > 0 is a fixed energy level and yg:R — R is a continuous function
vanishing outside [—R, R]. Such cutoffs were first introduced in the field of dispersive
PDEs in [25].

For M < oo, verifying that the transport of the measure yg(H# (mwaru)) duy(u) by
@y (T) is absolutely continuous with respect to its initial value will be relatively easy,
with a Radon—Nikodym derivative given by

2

The main difficulty is passing to the limit M — oo in f7,3s. The issue is that each term in
the exponential in (1.10) strongly diverges in the limit M — oo and therefore subtle can-
cellations should be exploited. A suitable adaptation of the modified energies introduced
in Theorem 1.2 can be useful to overcome this difficulty; more precisely we shall need the
following result.

Theorem 1.3. Let k > 1 be an integer. Then for every T > 0, M € N U {00} there exist
functionals
8k:Hk — R, ﬁ,z: H(k_’ — R
such that
« forevery M e NU{oc}, T > 0and ¢ € H* we have

Eic(taa (P (T)9)) — (@) = Gy (a1 9): (L.11)
e the energy &y has the structure
E() = |ull72 + Ric(w).
where Ry: H&=2)" — R satisfies for all u € H*®=2)" the bound

(3=8)+ +
mum<c+cwn@uﬂwgﬂa (1.12)
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* for every fixed R > 0 and T > 0, there exists a constant C > 0, uniform w.rt. to
M € N U {oo}, such that for all ¢ € H%=2)7 such that lellgr < R we have

oT GED*
Gea T @) = € + Clloll %2 (1.13)
* foreveryp € H(kf%)iandfOr every T > 0 we have the convergence
>T M—oo =t
Gem(Tme) —— G (). (1.14)

Let us compare Theorems 1.2 and 1.3: we point out that both energies & and &) coin-
cide; however, we elected to use different notation, as the corresponding lower-order part
of &, namely Ry, introduced in Theorem 1.2, is defined on H k, while ﬁk introduced
in Theorem 1.3 is defined on the larger space H * =2)7_ 1t will be clear in the proof that
Ri(u) = Ri(u) for u € H* but Ry to be defined on H®=2)" is crucial for our pur-
pose: when dealing with the analysis of transported Gaussian measures [y, working at
regularity H* is not sufficient and one needs to go below at lower regularity H k=27,
as Uk (H(k_%)f) =1 and pux(H*) = 0. The same comment applies to functionals ng
and ng o appearing in Theorems 1.2 and 1.3. While they coincide on H k. we consider
the second one as defined on the larger space H (*k=2)" Estimates (1.12) and (1.13) will
be crucial in the sequel and should be compared with (1.7) and (1.8). Notice how the
power of the H'! norm differs in (1.7) and (1.12), while in (1.13) we lose more deriva-
tives but we gain a smaller power compared to (1.8): in the r.h.s. of (1.12) and (1.13)
we have the H k=3~ norm of the initial datum to a power that is less than 2, and this
is crucial for using some standard Gaussian analysis. This is the key to proving, beyond
quasi-invariance, L4 regularity for the density of the transported Gaussian measure (see
Theorem 1.4).

Let us also comment on the introduction, in Theorem 1.3, unlike in Theorem 1.2, of
a family of functionals ng’ y for M € N. In order to study properties of the transported
Gaussian measures along the infinite-dimensional flow associated with (1.2), we first need
to analyze the variation of the energy &) along the flow ®ps(¢) associated with (1.3)
(see (1.11)). The functionals ng, )y turn out to be strongly related to ng’ o (and hence to
the functional ng in Theorem 1.2). Actually they do look alike except for the Dirichlet
projector mpy that appears in ng y for M € N. However, the nice properties enjoyed by
projectors mps allow us to estimate ng, g Uniformly w.r.t. M.

As Theorem 1.2, Theorem 1.3 relies similarly on a key improvement in [39]. The
energies that we introduce in Theorem 1.3 allow us to improve on the power that we get
on the r.h.s. in (1.12) and (1.13) when compared to what we would get by simply adapting
the construction used in [39] in the NLS context.

We can now give the precise statement of our quasi-invariance result for gKdV.

Theorem 1.4. Let k > 1 be an integer. The Gaussian measure [Ly is quasi-invariant by
the flow ®(T) for every T > 0. Moreover, for every fixed R > 0 and T > 0 we have, for
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A a Borel subset of H k=),
/ 2R ) dpig () = / g7 () xR (W) dpig ).
d(T)HA A

where g (u) yr(H (u)) € LY(uy) with g € [1,00) for k > 2 and g = oo for k = 2. In
addition, we have

gr(u) = exp(—Re () + Re(D(Tw) — G (W),

where ﬁk and ng oo GS introduced in Theorem 1.3, are well-defined quantities on the
support of . More precisely, with gr y defined in (1.10), we have

A}i_f)noo Il g7,n () x R(H (ragu)) — g7 () ¥ R(H (W)l La(dyy ) = O-

We point out that with such quasi-invariance we also get L4 regularity for the Radon—
Nikodym density. Exactly as for Theorem 1.1, the result in Theorem 1.4 can be extended
to the case 7' < 0 by using the reversibility of the flow associated with (1.2). However, for
simplicity we shall focus on the case T > 0.

Theorem 1.4 fits in the line of research aiming to describe macroscopical (statistical
dynamics) properties of Hamiltonian PDEs. In particular, it implies a stability property
of the corresponding infinite-dimensional Liouville equation (see [45, Corollary 1.3]).
The earliest reference we are aware of is [13], followed by [2,4,25,51]. Inspired by the
work on invariant measures for the Benjamin—Ono equation [10,48-50], quasi-invariance
of Gaussian measure for several dispersive models was obtained in recent years; see
[9,11,12,15,16,18,33-37,39,43,47]. The method to identify the densities in Theorem 1.4
is inspired by recent works [9, 14]. In Theorem 1.4, we provide much more information
on the densities when compared to [39], which used modified energies on the nonlinear
Schrodinger equation. It should be underlined that a key novelty in the proof of Theo-
rem 1.4 with respect to [14] and [39] is that we crucially use dispersive estimates in the
analysis.

We hope that the approach developed here may allow us to identify the Radon—
Nikodym derivatives in the quasi-invariance obtained in [39], up to additional difficulties
related to complex-valued functions in the context of NLS.

Let us finally comment on the case k = 1. In this case the Gibbs measure, which is
absolutely continuous with respect to w1, is an invariant measure. This is precisely the
result obtained in [40] in the case p = 3 and [6] in the general case p > 3 (see also [32]
for weak solutions in the case p > 3).

1.5. An informal conclusion

The results of this paper and previous works of the second and third authors [10,48-50]
can be summarized as follows. In the case of integrable models, exact conservation laws
for all Sobolev regularities imply existence of invariant measures; the modified energies
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we construct in the context of nonintegrable models imply the existence of quasi-invariant
measures. Concerning the deterministic behavior of the solutions, exact conservation laws
imply uniform bounds on Sobolev norms of solutions, while the modified energies we
construct imply polynomial bounds on Sobolev norms of solutions.

1.6. Organization of the paper

In Section 2 we get dispersive estimates that play a crucial role in the analysis. For com-
pleteness, the proof of the key nonlinear estimate is presented in the appendix. In Section
3 we prove Theorem 1.2 and in Section 4 we prove Theorem 1.3. Section 5 is devoted to
the proof of Theorem 1.4.

2. Dispersive estimates

The aim of this section is to collect useful results on the flows associated with (1.2) and
(1.3). First, global existence and uniqueness of solutions for the truncated flows follow
by a straightforward ODE argument, along with conservation of L2 mass. From now on
we assume without further comment existence and uniqueness of global flows ®ys (¢) for
M e N. The Cauchy problem associated with (1.2) is much more involved. In particular,
we quote [1, 3,7, 44] whose analyses imply that for every s > 1 there exists a unique
global solution associated with the initial datum ¢ € H*; moreover, we have continuous
dependence on the initial datum. The analysis in [7] allows local Cauchy theory to be
treated down to low regularity H 7.

It will later be important to have a series of uniform bounds with respect to M (in par-
ticular, suitable L® bounds), as well as some delicate convergences in suitable topologies
of the finite-dimensional flows to the infinite-dimensional one. To the best of our knowl-
edge, these properties do not follow in a straightforward way from the aforementioned
works and their proofs require some further arguments. Indeed, in our analysis we shall
borrow many ideas from the references above (in particular [7]), which in conjunction with
new ingredients will imply several properties for the flows ®ps(¢) with M € N U {oco}.

In order to provide a precise statement we first define our resolution space. First recall
xs:b spaces, introduced in the fundamental work [1]. For real numbers s, b and a function
u on R x T, we define the X*? norm associated with the KdV dispersive relation by

3\b~
lullxse = [1(n)° (z + )"0 (. n)llz ..

where ti(t,n), T € R, n € Z is the space-time Fourier transform of u. For T > 0, we
denote by X ;’b the restriction space of a function on (—7,7) x T equipped with the norm

u = inf u .
lullyzs = _inf | Jiilges

| (—r,ry=u
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In our analysis one needs to take b = 1/2 and we are led to work in the space Y* equipped
with the norm

lllys = Null oy + HnYa(zm)lzLr

One can introduce as above the restriction spaces Y. We recall the embedding Y C
C([0.T]: H?).

Proposition 2.1. Lets > 1 and T > 0; then
Vo € H*, 31 ®(t)p € Y7, a solution to (1.2) 2.1

and we have convergence of the truncated flow, for all compact X C H°,

M—
sup [|7a (Par (1)) — D)@ || Lo (0,77 H5) ——> 0. (22)
peX

For every ¢ > 0 and R > 0 there exists C > 0 independent of M € N U {oco} such that

Yoe H st lollg <R, |nmPu()¢las = Cllgllas, (2.3)

Vo € H* st lpllg < R, |z (@ar (D)l Lo (o, 1y;ws6) < Clloll s, (2.4)
M —o0

Vo € H*?, l7a (Pa ()p) — D@l Lo o,1);ws) — 0. (2.5)

We remark that (2.2) (with K = {¢}) and (2.4) imply (2.5): using the interpolation
inequality, for § > 0, ;
lullwss < Cllullyyiesslull s
we get, by time integration, the Holder inequality in time and the Sobolev embedding

H* C LS,

lellzoo.mywesy < CHIEE o 1y apsrss 1120 ey 2.6)
Next one can choose u = s (®Ppr(2)p) — D(¢)p and we get (2.5) since the second term
on the r.h.s. in (2.6) converges to zero by (2.2) and the first term on the r.h.s. is bounded
provided we choose § = 5 and apply (2.4), replacing s by s + 5 (there is room to play
with € > 0).

Hence we are reduced to proving (2.1), (2.2), (2.3) and (2.4). The main idea is to
perform a gauge transform on gKdV, work on the gauged equation and then transfer results
back to the original flow. To prove (2.2) it will be of importance to have a lemma about the
continuity of time-dependent translations for time-dependent functions (see Lemma 2.1

below).

2.1. The gauged gKdV equation

We now present the gauge transform following [7]. Set ups (¢, x) = 7p (Ppr(t)@) and
introduce a change of unknown,

t
vM(t,x)zuM(t,x—l-(P-i-l)/ /uffldxdt),
o JT
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taming the derivative loss in the nonlinearity. By invariance of the Lebesgue norm by
translation,

t
uM(t,x)va(t,x—(p+l)/ / vf,,dxdt). 2.7
o Jr

Therefore, vz is a solution to

vy — aivM + 7111,18)6(1)1‘:'11+1 —(p+ 1)(/ v{l dx)ava =0,

um (0, x) = Ty o (x).

Let IT be the orthogonal projector on the nonzero frequencies defined by I1f(x) = f(x) —
fT f dx for x € T, and observe that s vps = vps. Therefore, we can write

B (0P — (p + 1)(/;r ol dx)ava — (p+ Drar (02, dxvme)

—(p+ 1)(/ vf,l dx)rrMvaM
T
= (p + Drmag (Do TTvEy).

Next, notice that since I1(dyvar) = 0xvpr, We can write

1
/vaMvaldxzf vf,IHE)vadx:[ vﬁavadx:—/ Bx(vf;l)dx:O;
T T T p+1lJr

therefore we have (p + l)nM(vaMval) =(p+ l)JTMH(avaHviI) and the equa-
tion for vy can be written as

{ drvm — vy + (p + D I (0xvp Tvdy) =0, 2.8)

vp (0, x) = mprp(x).
The projector IT in the nonlinear term of (2.8) is of fundamental importance because it

allows cancellation of resonant nonlinear interactions in Bourgain spaces. Next we denote
by @z (t)e the flow associated with

{ ;v —02v 4+ (p + Dy ((Oxmarv) I (prv)?) = 0,
v(0, x) = ¢(x),

and by <I>fo (t)@ the flow associated with

{a,v—a;v+(p+ DIT(dxv Mv?) = 0, 29

v(0,x) = ¢(x).

We abuse notation, writing q)fo (1) = ®¥(¢). Notice that the solution to (2.8) is provided
by s (9 (1)¢).

In order to prove Proposition 2.1, we work with the flow @i (t) and then go back to
the original flow @y (¢).
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Proposition 2.2. Lets > 1 and T > 0; then
Yo e H*, 1 ®¥(t)p € Y$, a solution to (2.9). (2.10)
For every R > 0, the map from HS N {p € H® s.t. |¢||g1 < R} to Y7,
¢ — JTMQDZ (t)@ is uniformly Lipschitz w.r.t. M € N U {oo}, (2.1D)
and there exists C > 0, independent of M € N U {o0o}, such that
Vo € H st ol < R, |ma @5 (D¢l Lo r:me) < Cllgllas. (2.12)

We also have the following convergence, for all compact X C H*:
M—oc0
sup [|a (P (1)) — 7 (1)@ || L go,71:15) — 0. (2.13)

peK

Finally, for all € > 0 there exists C > 0, independent of M € N U {c0}, such that

Vo e H st lollm < R, |lmm (@ (D@ oo, rywssy < Cllglgsse.  (2.14)

Notice that in the statement of Proposition 2.2 we claim Lipschitz continuity of the
flow. This property will be crucial in order to prove (2.13). Once we are done with this
proposition, we can go back to the original flow ®,/(¢) by using the following result
concerning a time-dependent version of the continuity of the translation operator.

Lemma 2.1. Let s > 0 and 'W C €([0, T]; H*) be compact. Assume that for every
w(t, x) € W there exists a sequence wy (¢, x) € €([0, T]; H*) and functions ty;, ¥ €
€([0, T]; R) such that

M —oc0

sup |[wps (1, x) — w(t, x) | Leo(o,r;55) — 0 (2.15)
weKX
and
w w M —o0
sup |73 (1) — ()L (0,71;R) — O. (2.16)
weKXK
Then we have
w w M —o00
sup [lwar (2, x + 70 (1)) — w(t, x + % (1)) || Loo(0,1):H5) — 0. (2.17)

weX

Proof of Proposition 2.1. Together, Proposition 2.2 and Lemma 2.1 imply Proposition
2.1. From (2.7),

[ma (Dar (1)9)](x) = [7em (9% (1)) (x + Ty (1)),
where

(@) =—(p+ 1)/0 /T[tbfl(t)go]Pde dt, (2.18)
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hence (2.1) follows by (2.10). As W* 6 is translation invariant, (2.4) follows by (2.14), and
(2.3) follows by (2.12). Moreover, (2.2) follows by (2.13) in conjunction with Lemma 2.1,
where we choose W = {®7(1)¢ s.t. ¢ € K}, and if we denote w = ®7(t)¢ then the
corresponding translation parameters 73, (¢) that appear in Lemma 2.1 are given by (2.18).
Notice that the compactness of {®? ()¢ | p € K} in € ([0, T]; H*), required in Lemma 2.1,
comes as a by-product of continuity of the flow map ®¥ (¢) (see (2.11)) along with the
embedding Y} C €([0, T]; H®). Uniform convergence of the translation parameters as
M — oo follows by (2.13) in conjunction with Sobolev embedding H* C LP*!. ]

Proof of Lemma 2.1. By translation invariance of the H* norm and by (2.15) we get

M—o0
sup [lwar (2, x 4+ () —w(t, x + (1) | Lo (o, 71,55 — O:
wew

hence, it will be enough to prove

M—
sup [lwar (¢, x 4+ Ty (1)) — war (¢, x + T (1)) || Loo (o, 71: H%) %0 (2.19)
wew

in order for (2.17) to hold. Again by translation invariance of the H*® norm, (2.19) is
equivalent to

M —o0
sup [[war (t, x 4+ 14 (1) — (1)) — wpr (¢, X)|| Lo o, 71 55) — 0.
wew

k
Assume by contradiction there exist w* € ‘W and times 11]16/1(1() € [0, T] with M (k) RGNS
such that

k (k k k k k (k
Wi Careys ¥ + T Eagy) — T W) — Wit gy X lEs > €0 > 0.
By (2.15) we get
ko k wk ok wk  k ko k €

We claim that this cannot be: by compactness of ‘W we can assume that

k—o00

w* S wreWw ine(o,T]: H),
and therefore

k k &
lw* U X + Thaio Uza) — T Uga) — W U s > -+ >0

k—o0 I .
Next, up to a subsequence, t}l‘l(k) — t* and by continuity of the function w* w.r.t.
time, we get

k k Eo
lw* (™. x + T W) — T Uhga) — w* @ x)[|as > < >0 (2.20)
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But by (2.16) we have

k k—o0
|%h100) Threy) = T (hge)| —— 0
and (2.20) contradicts the boundedness of the translation operator in (time-independent)
HS. [

Proposition 2.2 follows from the proposition below, which holds for finite time inter-
vals. The defocusing character of our equation is crucial in order to extend these local-in-
time properties to large times.

Proposition 2.3. Lets > 1 and R > 0, then there exists T > 0 such that
Yoe H N{p e H® s.t. |l <R}, 3 % (t)p € Y§, a solution 1o (2.9); (2.21)
the solution maps from H® N {p € H" s.t. ||¢||g1 < R} to Y7,
© —> Ty CDZ (t)g are uniformly Lipschitz w.r.t. M € N U {oco}. (2.22)
Moreover, there exists a constant C > 0 independent of M € N U {oo} such that

Vo e H st llglur < R Imu®@uOli=qorias < Clolas.  (223)

We also have, for all compact X C H?®, the convergence

M—o0
sup ||7ar (9% (1)9) — @ ()¢ || Lo (0,17, 15) —— O, (2.24)
peX

and for every € > 0 there exists C > 0 independent of M € N U {o0} such that

Vo e H ™ st |lollm < R, |mm (@O0 lzsco,rywsey < Cllgllgste.  (2.25)

Proof of Proposition 2.2. We now prove that Proposition 2.3 implies Proposition 2.2. The
quantity

1 2 2 1 +2
3 [ @50 + (remn @5 00)) +— [ (@ 00)" 7 220
is conserved by (1.3) for M € N U {oo}. In particular, if we set M = oo and R > 0 we
get
sup (|07 (D¢l = K(R) < o0,
r€[0,T)
peH st lollyzn <R

where 7, is the maximal time of existence of a solution in the iteration space Y. The
solution ®¥ (1) retains Sobolev regularity H* and the corresponding H' norm stays
below K(R) up to T,;**. Hence we have T = oo as we can iterate the local existence
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result provided by (2.21) infinitely many times, where R is replaced by K(R) and T is the
corresponding time of local existence in (2.21). We also have, by (2.26),

sup l7p @5 (D¢l = K(R) < o0,
M eNU{oo}, t€[0,00)
peH* st |lolly1 <R

and arguing as above one easily checks that (2.11) follows by iterations of (2.22), with
R = K(R). By a similar iteration argument, (2.14) follows by (2.25) and (2.12) follows by
(2.23). Finally (2.24) and (2.11) imply (2.13) following a general argument from [47]. =

Proof of Proposition 2.3. Denote by S(t) the linear group associated with the linear KdV
equation, namely S(z) = e’ 9% Then (2.8) is rewritten, in integral form, as

t
vy () = S@t)(tpme) + (p + 1)/ St — t)nMH(vaM(r)va,I(t)) dr. (2.27)
0
The analysis of [7, pp. 183—-186 and pp. 197-200] may be used to obtain that, for s > 1,

t
[ sa-ommaw@nur@dr| < crlfuly, @2
0 T

Yz

where k > 0 and T € (0, 1). We refer to the appendix for the proof of (2.28). Notice that
(2.28) is a slightly modified version compared with the one available in the literature: we
gain a power of T, which is very important later. By a similar argument one proves a
multilinear estimate for s > 1:

H/(; St — )ap M0y wp+1 (D) (wi(7) X -+ X wp(7))) dt

vy
p+1

sCT”Z(nwiny; I ||wj||YT1), (2.29)
i=1 j=1,...,p+1

J#i

and existence and uniqueness follow by a classical fixed point argument in the space Y}.

Applying (2.28) with s=1, w=wvy and recalling (2.27), we obtain ||vas ||YT1 <Cllellg
provided 7 is small enough, depending only on a bound for ¢ in H!. Applying (2.28) once
again, we get

lvmllyy = Cliellas + CT*(Cllella)”lvm llys.
which implies
lomllyy < Cllellas

by possibly taking T smaller but still depending only on an H' bound for ¢. By the
embedding Y C L*°([0, T']: H®), (2.23) follows and we also get

loall .y < Cliglzrs. (230)
X

T
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Now we invoke the Strichartz estimate of [1, (8.37)]:

1S@glLso,7):L6) < Cligllae, o >0,

which together with the transfer principle from [17, Lemma 2.3] yields

1
||w||Ls((0’T);L6) < C||w||X;,b, b > E (231)
11
Nextletw € X/ ?; then we may assume without loss of generality that w is a global space-
time function such that ||w|_1 1 <2||lw| 1 1.By the Sobolev embedding H3 C L®and
) ) X33 X33
S(¢) being an isometry on H°, r

1
lwllLew:Ls(ry < CIS(=t)w(z, -)||L6(R,H%(T)) < CI(D): (S(=)w(t, )l Ls®;L2(T))-

and by the Minkowski inequality and Sobolev embedding (which we now exploit w.r.t.
the time variable),

. < CI(DYE (S(—1)wr. Nllzzcr:Lomy)

1
= CIUDK S0 gk oy

= CIUDY (D) (S(—D)w(t. )2 @xT)

=Cllwl, 11 <2C|lw]
X33 X

g

~ o

so that ||w||Ls(0,1);26) < C|lwl| . Interpolation with (2.31) yields
X

1
°3

N

Ve >0, [wlrsqo,ryLe) < C||w||XE,%-
T

By choosing w = vy and recalling (2.30) where we replace s by s + &,

loat llzso.ryiwsey = Cllivmll siey = Cliglasre Ve >0,
T

and we get (2.25). The proof of (2.22) follows by (2.29) by considering the difference of
two solutions.
Finally,

i TL(0xvp TTvyy) — (0 vITv?) = ag TT(dx vpr TL(v}y — V7)) + (dxvar — Oxv) VP
= (I = mp) (0 vITw?),
where vz, v are solutions to (2.8) and (2.9). Therefore, using (2.29), where we choose p
factors w; equal to either vas, v and one factor equal to v — vy, writing the fixed point

equation solved by v — vy, and recalling (2.22), we get (see e.g. [47, Proposition 2.7] for
details), with KX being compact in H*,

M—o00
sup |mar o5 (g — D% (elyy — 0.
@E

Therefore, we get (2.24) by using the continuous embedding Y7 C L*°([0,T]; H®). =
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3. The energy & (1) and proof of Theorem 1.2

Recall p € 2N is the integer involved in the nonlinearity in (1.2) and the following notation
will be used without any further comment. For any time-independent function u(x) we
write ['u = [ u(x)dx and, similarly, for any time-dependent function w(z,x) and T > 0
we write fi [w = [ [ w(t,x)dxdt.

We now introduce suitable densities that will be needed to construct the modified
energy & (u). We start with densities that represent the “worse contributions” that will
appear when we compute the time derivative of & (1) along solutions to (1.2). The specific
structure of & (1) will allow us to erase the aforementioned “worse” contributions due to
algebraic cancellations.

Definition 3.1. For all (jo, j1, j2) € N3, let I, j,,j,(u) = uP~2(32°u)2 97 ud2u. For
every integer k > 1 we define sets of densities
Yi = {Zjo.jv.in W) s:t. Go. j1. j2) € AY}. Ex = {Tjp. 0. W) st Go. j1. j2) € B},
where sets of indices Ak, B* are defined as

A* = {(jo. j1. j2) € N?sit. jo < ji < jo.2jo + j1 + jo = 2k — 2},

B ={(jo. j1.j2) € N*sit. jo < j1 < jo. 2jo + j1 + j2 = 2k + 1}.

We next introduce “good densities”, namely densities that appear once we compute
the time derivative of &g (u) along solutions to (1.2), but are harmless since they can be
handled thanks to the dispersive effect of (1.2).

Ok = {Fjorrjoper W) St (oo -+ jops1) € EFY,
Q= {Fjosrrjpss W) s:t. Go. ..o jpt1) € i)k},
with
€ = {(jou- .. jop+1) € NP2t jopiy <o < jo. Y024 ji <2k -1,
j2=1, jo<k—1},
DX = (o, jpa1) € NP5t jpiy <ooo < jo, YPA L ji =2k 4+ 1, ja > 1),

Remark 3.1. Roughly speaking, densities in ® are homogeneous of order 2p + 2, the
sum of the derivatives on each factor is 2k — 1 and derivatives are distributed on at least
three factors. Densities in 2 are homogeneous of order p + 2, the sum of the derivatives
is 2k + 1 and derivatives are shared on at least five factors.

Definition 3.3. For any (jo. j1. j») € A¥ we define
T3 500 = (p = 275 P00 b + 207 20udp o

+ uP72(300u)? 00 3 udu + uP 2 (000u)? 9 ud 2y
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and
I ) = (p = 2DuP2 0 (Pt (00u) >0 udfu
+ 2uP720ud ot WP udu + uP 2 (000u) 0 Pt udPu
+ uP72(0u) 20 ud 2 T Pt
Remark 3.2. The expression I]*o 122 (u) is obtained by considering the time derivative
of the density Ij, j,.;,() and by replacing d,u with d3u. Similarly, I]"O*]1 j,(u) is con-

structed by considering the time derivative of the density I}, ;, j, () and by replacing 9,u
with 0, (u?+1). Then, if v(z, x) is a solution to (1.2),

d * * %k
E/@mmW=/%an /%hﬁ) (3.1)

The next proposition, on the structure of & (1), will be key in obtaining Theorem 1.2.
We shall assume in the next proposition that v(z, x) is smooth in order to justify all the
necessary computations. Then this smoothness assumption may be removed once we inte-
grate (3.3) in time and use a density argument.

Proposition 3.1. Let k > 1. Then for all (jo, j1, j2) € AF there exists Xj, j,.;, € R, for
all (o,..., jap+1) € €* there exists Wjo..rjaprr € R and for all (jo, ..., jp+1) € Dk
€ R such that, with

.....

there exists v, i .|

Er(u) = ||8];u||i2 - Z Ajosjroia / Ljo,jr,jo (W), (3.2

(o, J1,J2) €Ak

the following identity holds for any smooth solution v(t, x) to (1.2):

d
Egk(v) = Z Hjose.osjap+i /glo ,,,,, sz+1(v)

(Jos-eesJ2p+1)EEK

+ Z Vio,..., ]p+l/gJO ----- ]p+l(v)

(ose-sp+1)EDFK

- Ajo.jr.2 / T (3.3)
(st jz)GeA'k

Remark 3.3. The energy &;(u) has leading-order term ||8];u||22, plus a lower-order
remainder that is a linear combination of densities belonging to T, whose coefficients
Ajo.jr.» are well prepared in such a way that on the r.h.s. in (3.3) we get a linear com-
bination of densities belonging to ®; and Q. In particular, densities I**. . (v) can be

JosJr.J2
expressed as linear combinations of terms belonging to ®; computed along v(z, x).

Proof of Theorem 1.2. 'We prove how Proposition 3.1 implies Theorem 1.2. We first define
the quantity

Rie(u) = Z Ajo,jl,jz/.'[jo,jl,jz(u) 34

(o, J1,j2) EAK
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and we show (1.7). We have by the Holder and Sobolev embedding,
0, \2941,,9J -2 0, 12|19 j -2
[ @R udgoe | < jopulgog ulsogul i

-2
< Cllulizyjo laell i+ ||u||H12+1 el 7
26p+61+6 2—26, —6>+
< Cllullg ™ 2 ullg e =

P+ 2
Al (.

= Clul i (3.5)

’

where we performed interpolation with 6gk + (1 — 8y) = jo, 61k + (1 —6;) = j; + 1 for
[ = 1,2 and hence 26y + 01 + 6, = (2k — 4)/(k — 1). Next we define the functional

ng(QD) = Z Hjo,..., ]2p+1/ /3’]0 ,,,,, ]2p+1(q>(f)§0)d7

(Joseeerj2p+1)ECK

(J0seees jp+1)€i)k

- - / / I (@) dr. (3.6)

UosJ1 12)604!1‘

and we shall prove (1.8). Notice that the identity (1.5) follows after integration in time of
the identity (3.3) provided that ¢ is regular enough that all computations may be justified.
Then by a straightforward density argument we get identity (1.5) for ¢ € H¥ by adapting
the proof of (1.8) that we give below. By looking at the structure of the densities involved
in the definition of (3.6) we deduce (1.8) provided that for any R > 0 and 7 > 0 there
exists C > 0 such that for all ¢ € H¥ with ||¢]|g1 < R, we have the following bound for

v(t,x) = O(t)gp:

p+1 ( 4yt p+1
afl <CHClolA 0 Jpr S <o Y i =2k +1,
=0
Ja=1, (3.7
2p+1 ( iyr 2p+1
l_[ 8” <C+Clellyx k=1 . J2p+1 = = Jo, Z J1 <2k —1,
1=0
J2>1.(3.8)

One easily checks that, by integration by parts, for every (jo. j1, j2) € Ak, [ I;:,* iaja (u)
can be expressed as the integral of a linear combination of densities belonging to ®:
if (jo. j1,j2) # (k —1,0,0) then I7*, ~ (u) is a linear combination of densities with
homogeneity 2p + 2 and the top-order derivative is at most k — 1; for (jo, j1, j2) =

(k —1,0,0) we have

I o0 = 208 @PTH o uu? + p(@* " u)20, Pt HuP
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The second term on the r.h.s. belongs to ®, and the first term on the r.h.s. can be writ-
ten, by using the Leibniz rule to develop 8§ (uP*1), as a linear combination of terms
belonging to ® plus a multiple of 9Xud%~1uu2?. We conclude using / Kuok—1yu?r =
% J 9 (ai_lu)zuzl’ =—p f(al;_lu)zaxuu”_l, and the last one is the integral of a den-
sity in . Hence, all terms on the r.h.s. of (3.3) can be expressed as linear combinations
of terms in ® and Qj and therefore (3.7) and (3.8) are enough to conclude.

Next we prove (3.7) and (3.8) by splitting the proof into four subcases.

Proof of (3.7), js = 0. By the Holder inequality we get
p+1

T .
/ / 1_[ dflv
0 1=0

and by Sobolev embedding, conservation of the Hamiltonian and (2.4) we proceed as
follows:

4
. —4
< l_[ 103 vllzso.1y:Ly IV oo,y IV oo, 1ypoey  (B9)
1=0

4 4
— 6 1-6 —
()< c(]‘[ ||¢||H_,,+)||so||,’;f <C[Jdlelzdlelm Hlelr:’
1=0 =0

Z?:o ‘91

p+2->1_.6
= Cllelly t=o

el :

.+_
where 6k + (1 —6;) = jl+ for j =0,...,4, namely 6; = %, and

2k — 4N+
Oo+ 01+ 0, + 03+ 04 = (m) .
Summarizing, we get (3.7) by using the uniform a priori bound on ||| 1.
Proofof (3.7), js #0. We follow the previous argument closely. By the Holder inequality,
Sobolev embedding, (2.4) and interpolation, we get

T p+1 5 p+1
/ / [ 1240 < [T192vlsoryze [ 1920l
0 1=0 1=0 =6

p+1
el ,_11 100, s oy 1)

p+1
el TTlell v
=6

|
0 0 p+1

1— 1—

el el TT el el

=6

5
=c[]
=0

5
=c[]
=0

5
<c[]
=0

Yoo O+, +2-35_ o 6-y 0!
= Cllelg ™™ == Mol 7= (310
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where 91k+(1—91)=jl+ for/ =0,...,5 and r)lk+(1—m)=jl++1forl=

6,...,p + 1, hence
p+1

2914‘2771 (2k 5)

The estimates above, along with the uniform bound assumed on ||¢|| g1, imply

p+1

1_[ 8”v

hence we get (3.7) (indeed, in this subcase we get even better bounds as the corresponding
powers are smaller than the ones that appear in (3.7)).

C=oN
<Cliglyi

Proof of (3.8), j3 = 0. Again, by the Holder inequality we get
2p+1

1—[ a]z

H 1020 Lo,y IV lL4 0.7 L4)||v||Loo((0 T):L%)

2

j 2p—2
< C [ 182 vliLso.ryeo IVl e 10 oo ryroey  B-1D
I=0

and by Sobolev embedding, conservation of the Hamiltonian and (2.4),

2
(- ><c(1‘[||¢|| i )nqou“’ 4<c1‘[(||<p|| el gl 2!
1=

2,6 2p4+2-Y7_, 6,
= Clolz " el o,

where 0;k + (1 —6;) = Jl+ for/ =0,1,2and hence 6y + 6, + 6, = (2k 4)+ Combining
the above estimates with the uniform bound on ||¢|| g1 we get

2p+1

/Haﬂ

Proof of (3.8), j3 # 0. By the Holder inequality, Sobolev embedding, (2.4) and interpo-
lation,

Gyt
<Clol i

2p+1 3 ) 2p+1 _
/ H v < H||3§’v||L4((o,T);L4) [T 192 vllzeo0.7y:Lo)
1=0 =4
2p+1
scr[naﬂvnmo ey || 192vllzeo(o.1y:Lo)
1=0 =4

2p+1

3
=<C 1_[ ||§0||Hjl+ 1_[ ”U”Lw((o T)‘Hjl++1)
1=0 1=4 T



F. Planchon, N. Tzvetkov, and N. Visciglia 884

2p+1

CFHNM Hnwmﬂ

2p+1

1-6, 0 1—
SCHWMWWNQ)HOMMWWWQ
1=

DI ANIES S 771” ”2P+2 Yo=Y 771

= Clellzx o

(3.12)
where 0,k + (1 — 6)) = jl+ for/ =0,1,2,3 and gk + (1 — ) = j1+ + 1 for [ =

4,...,2p + 1, then
2p+1

ZGI‘FZ’H <2k 5)

Combining the above estimates with the uniform bound on ||¢|| g1,

2p+1
=)

ol =Clolit m

3.1. Proof of Proposition 3.1
We first define an ordering on the sets A and B¥.

Definition 3.4. Given (ig,i1,12), (lo,11,12) € AK or B, we define

ither ig < [
(io.i1.12) < (lo. 1. 1) & {el erio <lo

OI'i() = lo,il < 11,
either (io,i1,i2) < (lo, 11, 12)

or (ig,i1.i2) = (lo.11,12).

(0. i1,12) X (lo, 11, 12) & {

For any given (jo, j1, j2) € s we define

AZVOTD) = (o, jr, ja) € Ak | Gos s J2) < Gos Jis J2))s

as well as A<(10 J1,J2) A>(J0 J1572) A

=(jo.J1,J2) by modifying the order accordingly.
The next propositions will be of importance:

Proposition 3.2. For every (jo, j1. j2) € AF there exists 8jo.i1,j» € R and for every

(Jo, -+, Jp+1) € DF there exists Yiosnips1 € R such that

fal;ual;+l(up+l) = Z S.io,jl,./'z[Iio+1,.i1+1,./2(”)

(osJ1,72) EAK

+ Z Yio,.. ]p+1/5(]0 ,,,,, ]p+1(u)

(ose-esp+1)EDK
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Proof. The map (jo, j1, j2) = (jo + 1, j1 + 1, j2) is one to one from Ay to By, hence
the statement is equivalent to

/3§u8§+1(up+1) = Z 8j0:j11j2/Ij09j1aj2(u)

(jo,J1,j2)eB*

+ Z Vjoseosp+1 /g.i05-~~:jp+l(u)' (3.13)

(Joseemrip+1)EDK

Expanding the (k + 1)st derivative on the L.h.s. by the chain rule, we get integrals of linear
combinations of the densities

]_[ 3u.

Jo=j1=+>Jjp+120
Jot+Fipr1=2k+1

We shall denote by l.o.t. all the densities belonging to 2, namely densities that can be
absorbed in the second term on the r.h.s. in (3.13). Hence we are reduced to considering
only terms like

/8§°u8i‘u8{?u8§uu"_2,
Jo+ji+j2+j3=2k+1, jo=j1= )22 J3, (3.14)

and we will prove that, up to Lo.t., they can be expressed as a linear combination of terms

/Iio,il,iz(uL (0, 11,02) € 8*.

For every density defined in (3.14) we also define A(jo, j1, j2, j3) = Jjo — J1, SO that by
integration by parts we are done if A(jy, j1, j2, j3) € {0, 1}. We claim that if A(jo, ji,
Jj2, j3) > 1 then, up to Lo.t., we can express the terms in (3.14) as a linear combination
of densities such that A(jo, j1, j2, j3) € {0, 1}. In order to do so, assume that we have
a density like (3.14) such that A(jo, j1, j2, j3) > 1. Then by integration by parts, more
precisely by moving one derivative from the higher-order derivative 8£°u on the other
factors we get, up to l.o.t., a linear combination of terms

/agyuaguagguapr—z,
Jot+ i+ ia+tiz=2k+1 jo= =)= j3
A(jo. 1. j2. J3) € {AGo. j1. J2. j3) — 1. AGo. J1. J2. J3) — 2}
We can further iterate this argument, and conclude after a finite number of steps. ]

Our next proposition will be used in the proof of Proposition 3.1 and we postpone its
proof for now.
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Proposition 3.3. Let (jo, ji, j2) € AX. There exists Qo i1, € R\ {0} such that
[ I;),jl,jz () = o, ji,j / Tiot1,ji+1,5, (1)

+ Z nio,il,iszio,il,iz(”)

(io.i1,i2)eBF
(i0,i1,i2)<(o+1,j1+1,/2)

Y e / Lo iy 0. (3.15)

(jose-sp+1)EDK

where ¢, e R.

,,,,, Jp+1 Mio,in iz

Proof of Proposition 3.1. Propositions 3.2 and 3.3 will imply Proposition 3.1. If v (¢, x) is
a solution to (1.2) then

d
Eua’;vniz = 2/3,3’;va’;v = 2/3’;+3ua’;v—2/3’;+1(v1’+1)a’;v

k k
= _2/ T P o%w.
Hence, by Proposition 3.2,
d ko2
E”axv”ﬂ = Z Bio.ja | Lio+1.1+1,52(v) + Lo, (3.16)
(Jo,J1,j2) EAK
where B, j,.j» = —285.j1,/» and Lo.t. denotes the integral of a linear combination of den-

sities belonging to ©, and Q. Next we prove that we can select the coefficients A, ;, j,
in such a way that

> ﬂjo,jlsjz/Ij0+1,j1+1,jz(v)

(Jo,J1:J2) €k

- > A,-O,jl,h/f;),h,jz(v)=1.o.t, (3.17)

(Jo,J1,J2) €

where again l.o.t. denotes the integral of a linear combination of densities belonging to ®
and Q. Of course, (3.17) allows us to conclude the proof thanks to (3.1) and by recalling
that terms [ I;':)* i (v) dx can be absorbed in l.0.t. (more precisely those densities are a
linear combination of terms belonging to ®p).

We proceed with (3.17): we claim that for every (jo, j1, j2) € /A; We can select a real
number A, ;. ;, such that the following holds: for any given ( Jo. j1. J2) € Ay there exists
a function

p(jOsjl,j2):Al:(]0=]l,]2) 5 (o, j1. j2) — p](;?;ljj}iz) cR
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such that

Z [(:3]'0,.1'1,]'2'[]'0+1,j1+1,j2 (u) - Ajos.il,J'z'zt;'lz),jl,jz (u))

(o, ,./'2)€e>4=;f(/0"” J2)

= 3 plo-) / Tjgs1i+1., () + Loit, (3.18)
Gos 1,2y 07172

If we prove the claim then (3.17) holds by choosing (jo. j1, j2) € s such that, for all

(Jo. J1. J2) € Ak, (o, J1. j2) = (o, J1. j2)-

We first select Ax—1,0,0) Where (k — 1,0,0) = max{(jo, j1, j2) € #Ak}; in a second
step we define A(j; ;v jr), where (jg. ji. j5) = max{(jo, j1. j2) € A;(k_l’o’o)}. Then we
proceed in a similar way until we get to defining Ay, 7,7, j,), Where (jo”, j1”, j2") =
min{(jo. j1, j2) € /g }. We start by choosing Ax_; ¢,0. Notice that by (3.15), if we impose
the condition Agx_1,0,00k—1,0,0 = Bk—1,0,0, then we get

,3k—1,0,0/Ik,l,o(u)—/\k—l,o,o/flt_l,o,o(u)

k—1,0,0
- Z pf('o,jl,jz )/Ij0+lsjl+1,j2(u) + Lo.t.

o, j2) ey &=100

Assume that we have selected A, ;, i, for every (jo, j1, j2) > (Jo. J1, j») and assume that
(3.18) holds. In the next step we select 'Xfo,fl,fz where (jo, j1, j2) = max{(jo, j1, j2) €

A;(’ 0:/1:72)y ‘Then, by using the same construction as above, we can select A ot With

the condition A5 - ~a+ = » = pY°/1/2) This concludes the proof. n
J05J15J2 " J05J15J)2 JosJ15J2

Proof of Proposition 3.3. To streamline our proof, for a given density D (u), we say that
J O(u) = 0 if and only if O(u) is a linear combination of densities in Qx and densi-
ties Lj,.i,,i,(4) € Eg such that (ip, i1, i2) < (jo + 1, j1 + 1, j2). If, moreover, D (u)
and D, (u) are two densities then we say [ D;(u) = [ D, (u) if and only if [(D;(u) —
D>(u)) = 0. Hence we aim to prove [ I . . (u) = &jo,ji,j» | Ljo+1,j1+1,j»(u), where
Wjo.j1.j2 7 0-

We may write

Iy ) =24+ B+C+(p—2)D (3.19)

with
A= /ul’—zaf“ua@uaguagm, B = /up—z(ag;ou)zag“ua;m,
(3.20)
C = /ul’—z(agufa;lua;z“u, D= /u”_38§u(8§°u)28§1u8§2u.

We split the proof into three cases, each with subcases. Define A(jo, j1, j2) = Jjo — Jji1-
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First case: A(jo, j1, j2) = 2. First we prove that
B=C=D=0. (3.21)

The condition A(jy, j1, j2) > 2 is equivalent to j; + 3 < jo + 1, hence we get B = 0 as
at most one derivative involved in the density of B is of order jo + 1 and all the remaining
factors have lower-order derivatives. By a similar argument we get C = 0. Regarding D,
A(jo, j1, J2) = 2 implies jo > 2 and hence D = 0 as again at most one derivative involved
in the density of D can be of order jy + 1 and all the other factors involve lower-order
derivatives.

In order to deal with A notice that by integration by parts we can move one derivative

from 8§°+3u to the other factors in the density of A:

A= —/(u”_zi){;ﬁzuai‘]ﬂui)fuafu + uP =20 2y gloy g1ty 92y
4 uP=29J0F 2y 3Joy g uafﬂu)
—(p—2) / uP30,ud0 2y d0udl uol2u
— (Iy + Ty + M) + TV,4. (3.22)
Asly =-1 fu”_zax((ai‘)ﬂu)z)a{;‘uaffu, by integration by parts,
Iy = 5[up_2(3£0+1u)23i1+luafczu+ 5/Mp—2(3£0+1u)23)jcluaf+lu
_9 . o
+ pT/up_38xu(8§‘°+lu)28§c‘uaffu.

For 114, again by integration by parts we move one derivative from factor 8£°+2u onto the
others:

Iy = /ul’—2(a§°+1u)28§1+1uafu +/ul’—za§°+1ua§;°uagg+2ua§2u

=0

p—2g9jo+1, 9j0,,9/1+1, 9j2a+1
—l—/u 0T o ud M T ud 2T

=0

+(p—2)/u”_38xu8£°+1u8£°u3£1+1u8£2u.

=0

Indeed, the second, third and fourth terms on the r.h.s. are equivalent to zero as, with
A(jo, J1, j2) = 2, in the corresponding densities we have at most one derivative of order
Jjo + 1 and all the others are lower order.
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Similarly, for the third term III4 we get by integration by parts,

iy = /MP—Z(aio-i-lu)Zaguaiz-i-lu+/up—28;0+1uaiouai1+lu8;2+lu

=0

+/up_28§°+1u8£°u8£1u3£2+2u +(p—2)/up_38xu8{;°+1u8£°u8£1uaf}"'lu,

=0 =0

where similarly to II4 we get that the second, third and fourth terms on the r.h.s. are
equivalent to zero from A(jog, j1, j2) > 2.

Summarizing, we get from (3.22) the following equivalence:

A= %/up—z(ago“u)zag“ua;}u + g/ul’—z(a@“u)Zaguag“u

—2 . o
+ pT/up_38xu(8§°+lu)28§1u8§2u
—(p—2)/u”_38xu8£°+2u8)];°u8£1uafu. (3.23)

Notice that no integration by parts was performed on IV4 as its contribution will depend
on the value of j,. Next we consider two subcases.

First subcase: A(jo, j1, j2) = 2, j» > 0. We have ful’_33xu85’;°+2u3£°u8{;‘ua',’;zu =0
as the density under the integral has five factors with a nontrivial derivative. Similarly we
have ful’_38xu(8§0+1u)28§‘u8§2u = 0, hence by (3.23) we get

A= %/up—2(840+1u)28i1+1u8)j;2u+ %/up—2(3£0+1u)2841u8i2+1u.

Summarizing, we obtain that, for j; = j»,

A= 3/Ij0+1,,-1+1,j2(u), (3.24)
while for j; > j»,
3
A= E/Ij0+1,jl+l,j2(u)' (3.25)

In any case by (3.24), (3.25), (3.21) and (3.19) we get the desired conclusion in this sub-
case.

Second subcase: A(jo, j1, j2) = 2, j» = 0. By (3.23), we get

3

. . 3 . .
A= E/MP-I(agyﬂu)zag“u + E/ul’—z(agyﬂu)zagguaxu

_2 ‘ ) . o
n pT/uP—Zaxu(agy“u)zaQu —(p—2)/up—zaxua;0+2ua;°uagu

=14 + 14 + Iy +IVy4. (3.26)
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For the term IV 4, we move one derivative from factor 8§°+2u onto the other factors,

V4= (p _2)/ul’—zaxu(a§°+1u)za§1u +(p —2)/uP—Zaxuag;o“uag;Ouag“u

=0

+(p—2)/up_zaiua)’;"ﬂuai“ua?u

=0

+(p —2)? f up_3(8xu)28£°+1u8£°u8£1u .

=0
Again, the second, third and fourth terms on the r.h.s. are equivalent to zero. Indeed, at
most one derivative involved in the densities is of order jo + 1 and all the others are lower
order: from A(jo, j1, j2) = 2 we get jo + 1 > 3 and that settles the third term on the r.h.s.;
for the fourth term the argument is even easier and for the second term, A(jo, j1, j2) > 2
implies j; + 1 < jo + 1. Hence we get from (3.26),

3 : : 3 , ,
A= E/uﬂ—l(ag“u)zagg“u + E/u"_Z(a{C"Hu)ZE){cluaxu

3 . .
+ E(p -2) [ uP729,u(30  u)29/1u.

Notice that if j; > 0 then the second and third terms on the r.h.s. in (3.26) are equivalent to
zero: the corresponding densities involve two derivatives of order jo + 1 but the remaining
derivatives necessarily have order below j; + 1, and we conclude that

3
A= §/Ijo+1,j1+1,jz(”)- (3.27)

If j; = 0, densities are multiples of [u?~(3/°""u)23,u. By computing the sum of the

coefficients we get
3
A= 5P/Iio+1,.i1+1,jz(”)- (3.28)

Combining (3.27), (3.28), (3.21) and (3.19) we get the desired conclusion in this subcase.

Second case: A(jo, j1,j2) = 1. As jo = j1 + 1 we have by integration by parts (see
(3.20) for the definition of B),

B = / uP=2(3ou)?970+2y 972y

_ _/up—z(a)fyu)za;o+lua;2+lu—2/u1’—2a§°u(a;°+1u)28;2u

=0

—(p— 2)/ul’—3axu(a§°u)2a;0+lua;2u,

=0
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where the first and third terms on the r.h.s. are equivalent to zero, as one can easily check
that only one derivative involved in the corresponding densities has order jo + 1 and all
the others are lower order. Then

= —2/ Ljo+1,j1+1,5, (). (3.29)

Moreover, we have (see (3.20)) 4 = [u?~2 8§°+3u8§°u8§°_1u8§2u, and if we move one
derivative by integration by parts, from 3§°+3u onto the other factors we get

A= —/u”_z(a{;o“ua)’;”lu&{;"_luaizu + uP 72900 2y (870u) 972 u
+ uP20 2y loud 0 ud 2 )
—(p-2) [ uP739,ud70 2y d0oudlo "y 2y
= (L4 + Iy + III4) + IV,. (3.30)
We have Iy = —1 [u?™20, ((32°714)2)32°~ 4972y and by integration by parts,
1 ) o 1 . . )
Iy = §/up—2(8i0+lu)28§ou8izu + E/&1/l17—2(a§co+1M)Zajco—luafcz-i-lu
) . : .
+ pT/u”_33xu(3)’c°+1u)28§°_1uaffu.

Regarding 114, integration by parts moves one derivative from 8{;°+2u onto the other fac-
tors and we get

Iy =2 f uP=2(900 )2 90u972u + / uP=29lot y (9loy)2 972ty

=0

+ (p—2)/up—3axua;°+1u(a§°u)2a;2u.

=0
Again, the second and third terms on the r.h.s. are equivalent to zero, as A(jo, j1, j2) = 1
implies at most one derivative in the corresponding densities has order jo + 1 and all the
others are lower order.
Similarly, by integration by parts, we rewrite 114 as

My = /ul’—z(ag;o“u)zag;o—lua;ﬁlu +/ul’—za;o“u(ag;wfa;;z“u

=0

p—2g9jo+1, 9j0,, 9jo—1, 9j2+2
—}—/u 00T ud0udl T ud 2y

+(p—-2) / uP 30, udfotydloydlo "yt y

=0
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Again, on the r.h.s. we have terms equivalent to zero as, exactly as above, in the corre-

sponding densities only one derivative has order jy + 1 and all the others are lower order.
By integration by parts, moving one derivative from 8§°+2u onto other factors, we get

IVa=(p-2) / u”_3Bxu(a-)’;ﬁlu)za-)’;o_luafu

+(p—-2) / up_38xu3-)’;°+1u(8-)’;°u)28fu

=0

+(p-2) / uP 730, udfo Ty oyl y 2ty

=0

+(p-2) / uP392ud0 Y dloudlo "y l2y

+(p-2(p-3) / uP~*(05u)?olotualoualo ua2u .

=0

On the r.h.s. we get several terms equivalent to zero as, once again, the corresponding den-
sities have one derivative of order jo 4 1 and all the others are lower order. Summarizing,
we get from (3.30) the equivalence
1 ) o 1 . . )
A= E / up—Z(a!Co-i-lu)Zaiouaizu + 5 / uP—2(8£0+lu)2aio—luaiz+lu
) ) , ) ) o

+ pT / uP730,u (30T ) 290 a2y + 2/ uP=2 (300t 1y)2 970972y

+ /up—2(8f€°+1u)28{c°_1uajfﬂu 4 / MP—28i0+1u8iouanvo—luai2+2u

+(p —2)/uHaxu(agﬁlu)za;o—lua;m

+(p—-2) / uP392u a0ty dloudlo "y 2y, (3.31)
Moreover, by (3.20) and integration by parts,

3.3 . i

D = / uP393u(90u)?07 ua2u

= —2/u”_38§u8§°+1u3§°u8§°_1uajczu—/up_38§u(8-)’c°u)38fu

=0

—/u"_38)26u(8)’;°u)28§°_1u8§2+1u—(p—3)/u"_48xuaiu(ai"u)za)’;"_luafu,

=0 =0
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where three terms on the r.h.s. are equivalent to zero as the corresponding densities have
at most one derivative of order jy + 1 and all the others are lower order. Hence we get

=-2 / uP 3920070ty dlou o~y o2y, (3.32)
Next we split into three subcases.

First subcase: A(jo, 1, j2) = 1, j1 > Jj». Here all terms except the first and the fourth
on the r.h.s. in (3.31) are equivalent to zero and

5
A= E/Ij0+l,j1+1,j2(u)- (3.33)

In fact, densities involved at the second, third, fifth and seventh terms on the r.h.s. in (3.31)
involve two derivatives of order jo + 1 but all the remaining factors involve derivatives
of order less than jj. Notice also that sixth and eighth terms on the r.h.s. in (3.31) are
equivalent to zero as, in the corresponding densities, only one derivative has order jy + 1
and all the remaining ones are lower order. Moreover, j, + 3 < jo + 1 and (3.20) yield

C=0 (3.34)

as at most one derivative in the corresponding density is of order jy + 1 and all the others
have lower order. Notice also that
D=0 (3.35)

from (3.32), as necessarily jo > 1, hence only one derivative in the density is of order
Jjo + 1 and all the others are lower order. We conclude by combining (3.33), (3.34), (3.35),
(3.29) and (3.19).

Second subcase: A(jo, j1, j2) = 1, j1 = j» > 0. All terms on the r.h.s. in (3.31) are
equivalent to zero, except the first, second, fourth, fifth, sixth, and hence

A= S/Ij0+1,j1+1,,-2(u). (3.36)

In fact, one can check that the remaining terms on the r.h.s. in (3.31) are equivalent to zero
as either the corresponding densities involve at most one derivative of order jo + 1 and
the others are lower order, or two derivatives are of order jo + 1 but the other derivatives
are of order less than jy. Moreover, we have from (3.20),

C = / uP=2(30u)>9s0~ 1y g2y

—/u"_z(a{c"u)Za)’C"ua)’C"“u—2/u”_zajj’ua{c‘)_lu(a)’c"Hu)z

=0

—(p—2)/up—3axu(a§°u)za§°—1uagy“u,

=0
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where we used integration by parts and noticed that the first and third terms on the r.h.s.
are equivalent to zero as the corresponding densities have only one derivative of order
Jo + 1 and the others are lower order. Hence,

= —2/ Ljot1,j1+1,5, (). (3.37)
Notice also that by (3.32) and jj > 1, we get
D=0 (3.38)

as in the corresponding density at most one derivative is of order jo + 1. We conclude this
subcase by combining (3.36), (3.37), (3.38), (3.29) and (3.19).

Third subcase: A(jo, J1,j2) =1, j1 = j2 =0. Onther.h.s.in (3.31) no term is equivalent
to zero; indeed, all of them are equivalent to | Ij+1,7,+1,/, (1) dx, hence

5

A= Ep/Ij0+l,j1+l,jz(u)~ (3.39)

Notice also that in this subcase, by (3.20) we get by integration by parts,

[ uP~1(0,u)?03u

= —2/ uP~ 19, u(2u)> — (p—1) / uP™2(0,u)?92u,

=0

C

where the second term on the r.h.s. is equivalent to zero as only one derivative has order
Jjo + 1 and all the other factors involve derivatives of order less than jo + 1. Hence we get

=-2 / Tjo+1,j1+1,52 (). (3.40)
Moreover, by (3.32) we get
D= —Z/u"_l(aiu)zaxu dx = —2/ Lio1,j141,7, (1). (3.41)

We conclude this subcase by combining (3.39), (3.40), (3.41), (3.29) and (3.19).
Third case: A(jo, j1,j2) = 0. First of all, we have by (3.20),
D= /u"_38)3€u(85’;°u)28{;°u8)’;2u.
For j, > 0 we get D = 0, as the density on the r.h.s. involves five factors with nontrivial
derivatives. For j, = 0 we have, using 2jo + j; 4+ j» = 2k — 2, that j; is an even number

and as j; = jo we necessarily have jo > 2, and hence

D= /up—zaiu(a§0u)23§0u =0,
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where in the density above at most one derivative has order jy + 1 due to the fact that
Jjo = 2 and all the other factors have lower-order derivatives. Summarizing, we have

D =0. (3.42)
Notice also that in this case, by (3.20) we have
A= B, (3.43)
hence we focus on A. By definition of A (see (3.20)) and integration by parts, we get
A= / uP =200t 3y (3J0u)2 972y
=2 f uP=29Jo 2y glot 1y gloy 3ray — / uP 297012y (9lou)29 22y
—(p —2)/ul’—3axua;0+2u(a;0u)za;2u

=14+ 14 + 4. (3.44)

We have Iy = — [u?"20, (32714)2)87°1 72y and, by integration by parts,
Iy = / uP =2 (900t y)2 970ty 922y
+/up—z(ag;o“u)zag;magg“u

+(p-2 / u”_38xu(8§°+lu)28§°u8§;2u.

=0

The third term on the r.h.s. is equivalent to zero as the density involves two factors with
derivatives of order jo + 1 and the other factors involve derivatives of order less than
j1 + 1 = jo + 1. By integration by parts, we move one derivative from 8)’;°+2
other factors and write the second term on the r.h.s. in (3.44) as

u on the

My = 2/ul’—z(ag;o“u)zag?uag“u
+/ul’—zag;o“u(ag;m)zag}“u

+(p-2 / uP30,ud0  y(320u)? 92y

=0

where the third term on the r.h.s. is equivalent to zero as the corresponding density involves
five factors with nontrivial derivatives. Similarly, by integration by parts we write the third
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term on the r.h.s. in (3.44) as

My =2(p—2) / uP739,u (30T u)2970u 972y

=0

+ (p—2)/up—3axua§;°+1u(ag;ou)zag“u

=0

+ (p—2)/ul’—3a§ua;0+1u(a;0u)2a;2u

=0

+(p—2)(p—3) / uP =4 (3,u)?00 u(800u)?92u .

=0

The first term on the r.h.s. is equivalent to zero as it is equal to the third term on the r.h.s.
of I4 above. Concerning the second and fourth terms on the r.h.s., they are equivalent to
zero as in the corresponding densities there are at least five factors involving nontrivial
derivatives. Finally, the third term on the r.h.s. is zero as at most two factors may have
Jjo + 1 derivatives and all the other terms have derivatives of order less than jo + 1 =
j1 + 1. Summarizing, we get from (3.44),

A= /Ijo+l,j1+l,fz(u) +3/”p_2(8£0+1u)28)];01/la)];2+lu
+ f uP 72970ty (300u) >0 2u. (3.45)

Next we split into two subcases.

First subcase: A(jo, J1, J2) =0, jo = j1 = j2. We have from (3.20),
Jo,J J J J
A=B=C= /up_28£°+3u8£°u8£°u8£"u (3.46)
and, moreover, by (3.45) we get
A= / Tjo+1.ji+1.2(0) +3 / uP 2@+ u)*0ou + [ P 290t u(@00u)* 80 u
1 o .
=4 [ Trrnsnn+ 5 [ur2@kwa.@F )
= 4’/'Zi]'o-i-l,]'l-i-l,jz(u)_/up_z8)1;01‘(8'){()4—1”)3

-2 . .
_ pT P38, (370u)2 300+ )2

=0
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where again we used integration by parts, and the third term on the r.h.s. is equivalent to
zero as the corresponding density involves five factors with nontrivial derivatives. Sum-
marizing, we get

A= 3/Ii0+15.j1+19j2(u)' (3.47)
We conclude by (3.47), (3.42), (3.46) and (3.19).

Second subcase: jo = j1 > j». From (3.45) we get

A= /Ij0+1,j1+1,j2(u) + 3/u”_z(a{;"“u)zaj;"uaf“u

=0

P—23jot+1,, 9j0,,\29/2+2
+/u 0P u(00u)* 02 " u ,

=0
where the second term on the r.h.s. is equivalent to zero as the density involves two deriva-
tives of order jo + 1 and all the other derivatives have order less than jo + 1, while the
density of the third term on the r.h.s. involves at most two derivatives of order jo 4 1 and
all the other derivatives have order at most jo. Summarizing, we get

A= / Tiot1,1+1,7, (). (3.48)
Next, 2jo + j1 + j» = 2k — 2 implies that j; + j, is even and as j; > j, we get
J2+2=j1 = jo. (3.49)
On the other hand, by (3.20) we have

C = / uP=2(3%0u)?970u9723u = 0, (3.50)

where on the r.h.s. the density involves at most one derivative of order jy + 1 (see (3.49))
and all the other factors have derivatives of order less than jy. We conclude by (3.42),
(3.43), (3.48), (3.50) and (3.19). [ ]

4. Proof of Theorem 1.3

The proof relies heavily on Proposition 3.1. We set Ry (1) to be the density from the r.h.s.
of (3.4) and ng,oo((p) to be the r.h.s. in (3.6). First, we will prove (1.12). For M = oo,
identity (1.11) follows from integrating the identity from Proposition 3.1 and a density
argument like the one we used to prove (1.5). Second, we will prove (1.13) in the case
M = oo. In a further step, we will define, for M € N, the functionals ng’ M (¢) in such
a way that (1.11) occurs and we will prove the bound (1.13) for M € N. Constructing

ﬁ,z: () will require a slight modification of ﬁ,: oo (®). Finally, we will prove (1.13) for
M € N to conclude with the proof of (1.14).
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4.1. Proof of (1.12)

The proof of (1.12) follows the same ideas used in the proof of (1.7). Recall that the
structure of Ry (1) is provided in (3.4) and hence by repeating the same computations as
in (3.5), except for a modification of the interpolation estimates at the last step, we get

. o o
'/(3£°u)23§1u3§2uu” 2| = Cllullzyio Nl v el e el 77

20p+6;+9
= Clul” 0

2—20p—01—6>+p
HE=5~ ’

el

where 6g(k — 1)~ 4+ (1 — 69) = jo. Ok — )™+ (1 —6;) = ji + 1 for =1,2. We
conclude (1.12) since we have

4k — 8>+'

290+91+92=(2k_3

4.2. Proof of (1.13) in the case M = oo

Since the expression ng () is defined by the r.h.s. in (3.6) we can adapt the proof of
(1.8) in order to get (1.13) in the case M = oo. In fact it is sufficient to prove the following
version of (3.7) and (3.8) for any R, T > 0 and for all ¢ € H* such that ||¢||z1 < R:

T b+l p+1
Ji GEDT . . .
[T#v] <C+Clel’ 27 . Jprr << Jjo. Y i =2k + 1,
0 H*=5)
1=0 =0
Ja=1, @D
T 2p+1 ' (k=) + . . 2p+1 '
/0 / [T odv| = C+Cllel 220 japar == jo. Y Jr =2k —1.
1=0 =0
2=1. (42)

The proof of (4.1) follows, exactly as for the proof of (3.7), by considering two subcases:
js = 0 and js5 # 0. In the first case we start from the estimate (3.9) and the subsequent
computation, which imply

T p+1
/ / 1_[ 8{;11)
0 1=0

and hence by interpolation we can continue the estimate as follows:

4 4 4
1 0, +2—->7_,0,
()< C(H ol Zio )nwu,‘; Yiotr
=0

4
)
< (Tl ) ol

=0

&=~

Ji 1
and
3

k=3

where 0; (k — %)_ +(1-6)= jlJr for/ =0,...,4, namely 6; =

4k —8)+.

o + 61 + 0 + 6 + 63 = (57—
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Hence we get (4.1) in the case js = 0. In order to establish (4.1) in the case js # 0 we
argue as in the proof of (3.7) for j5; # 0 and hence following (3.10) we get

p+1 p+1
Ji
1‘[8 C]_[Ilwll i H|| U oyt
p+1

<C H lell i+ TTHel e
=0 =6

and we can continue the estimate as follows by interpolation:

p+1

)<C]_[(||90|| i lell” k,l)_>1‘[(||¢|| i

_ Yo b+ pt2-— Zz 0=y
= CllglZo = g} ,

where ;(k — )"+ (1—6;) = j forl =0,....5, mk -~ + 1A —n) = j  +1
for/ =6,..., p+ 1. We conclude (4.1) for js5 # 0 since

p+1

Zel—i-zrn ( 10)

(notice that in fact we get in this case a stronger version of (4.1) since we get on the r.h.s.
an exponent even smaller than (%))

In order to establish (4.2) we argue as in the proof of (3.8) and hence we split into the
following subcases: j3 = 0 and j3 # 0. In the case j3 = 0 we can argue as in (3.11) and

the subsequent computations in order to get
2p+1

[T <c(1‘[||<o|| )uwn”’ ‘

and hence by interpolation we can continue the estimate as follows:

[’ 6, 2 1 0 2p+2— 0,
) =c 1‘[(||¢|| ey Ml = Cllol i o,

where 0; (k — %)_ +(1-6)= Jl for/ = 0,1,2. We get (4.2) in the case j;3 = 0 since
B0+ 61+ 6, = (;i—:g)# In order to prove (4.2) in the case j3 # 0, we can argue as in
(3.12) and we get

2p+1 2p+1

<c 1‘[ el H el -

a]l
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and we can continue by interpolation as follows:

2p+1
1-6 6 1
= Tl ol o) LTl b7
=0
Yo O+ 2p+2-Y 7o 0=
<C||||l° i lell =0 &

(k ])7 H! ’

where 0;(k — 1)~ + (1-6)) _j,+ for/ =0,1,2,3andmy(k—3) "+ (1 —n)=j" +1
forl =4,...,2p + 1, then Zl —o 01 + le+1 m = (%=19)* Then we conclude (4.2)

2k—3
: : : 4k—10\+
in the case j3 # 0 (in fact we get an even stronger version since we have ( =3 )

(3=5)).

4.3. Definition of ng M for M € N and proof of (1.13) with constant uniform
w.r.t. M

We first introduce the energies ng, ) in such a way that (1.11) occurs, and we shall also
establish (1.13) for M € N. We set vps (¢, x) = mpr (v(2, x)), where v(¢, x) is the unique
solution to (1.3) for a given M € N. We retain the notation from Section 3, except that we
need to alter I;)* 1.5, () as follows:

Definition 4.1. For any (jo, ji. j2) € AF and for every M € N we define
I3 o @) = (p = 2uP g (0 P (021) 97 udf2u
4 2uP 72 0umpr (30T (P T1)) 0 ud 2 u
+ up_z(aiou)an (8{;‘“ (up"'l))uafu
+ uP2(390u) 00 umpy (92 (P Th)).

The main difference between IJ";* i1, w) and I o " i1 ja.m (W) 1s the projector 7. The

reason for this modification is that we have the f0110w1ng identity (compare with (3.1)):

d
E/‘IjOs]‘l’]é(vM) Z[ JosJ1s JZ(UM) / JO J15J25 M(UM)’ (43)

where vy (t, x) = mpr(v(t, x)) and v(z, x) is a solution to (1.3). Next we notice that we
have the following version of (3.16), where the solution v(z, x) to (1.2) is replaced by
v (2, x):

d
E||3§UM||,23 = Z ﬂjo,jl,jz/Ij0+1,j1+1,j2(vM) + lo.t., (4.4)
(Jo,J1,j2) EAK

where l.o.t. denotes the integral of a linear combination of densities belonging to ®f and
Q computed along the solution vy (¢, x). In fact we have

d
Eua’;anzz = z/a,aﬁvMa’;vM = z[a’;+3vMa’;vM —2/3’;+1n (WP ek vy

=2 [ 810k,
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where we used that 777 is symmetric and s (vas) = v . Hence, the proof of (4.4) follows
that of (3.16). Next recall that by (3.17), which is available for any generic function u(x),
we get

*
> ﬁjo,jl,jz/Ijo+1,jl+1,jz(vM)— > Aj'o,jl,jZ/Ijo,jl,jz(vM):l'o't"

(Jo,J1:J2) €Ak (osJ1,j2) €y

where l.o.t. denotes the integral of a linear combination of densities belonging to ®; and
Q. By combining this identity with (4.4) and (4.3) we get (by defining the energy & as
in (3.2))

d —
Eébk(vM) = Z Hjo,..., j2p+1/gj0 ~~~~~ j2p+1(vM)

(JoseeesJ2p+1)ECK

+ Z Vio,ewns jp+1/gjo ,,,,, jp+1(vM)

(ose-rJpt1) €DK

= Y ik f s (), (4.5)

(Jo,J1,72) EAK

where on the r.h.s. we have the integral of a linear combination of densities belonging to
O and Q, computed along the solution vy (¢, x), plus the integral of a linear combi-
nation of the expressions I]"‘O*/.l i (UM (1, x)) where (jo, j1, j2) € k. Notice that we

cannot expand [ T ;':)* M (vpm (¢, x)) dx as the integral of a linear combination of terms
belonging to ®; computed along vy (¢, x) because of 7ps appearing in I7* o ().

. Jo,J15J2,
Based on the r.h.s. in (4.5) we define

T
@)= Y e /0 [ g @ 10

(Josemsd2p+1)EEK

T
- Z Ajo’jl,jZ/O /I;::jl,jz,M(”M(cDM(t)(p)’ (4.6)

(o, J1,72) EAK

and we prove (1.13) for M € N with constant uniform w.r.t. M. On the r.h.s. of (4.6) we
have three types of densities. The first two groups of densities on the r.h.s. computed along
vps (¢, x) can be estimated by using (4.1) and (4.2), where v(¢, x) is replaced by vy (¢, x).
Indeed, the proof can be done mutatis mutandis by replacing v(t, x) with vy (¢, x).

Hence we only need to estimate the third group of densities on the r.h.s. in (4.6) as
follows:

4k—8\+
(3k=3)

H(k,%)—’ (jo» jl’jZ) € ‘Ak, (47)

T
‘ /0 / oozt @M (1.20)| < € + Cllgl|
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with a constant uniform w.r.t. M, in order to conclude (1.13). Notice that I;)* M (vm)
with (o, j1. j2) € AF can be expressed as a linear combination of densities belonging to
Oy, except that the projector ps can appear in front of a group of factors. The proof of
this fact is obvious if (jg, j1, j2) # (kK — 1,0,0). Assuming (jo, j1, j2) = (kK — 1,0,0),

we have
/Ik 1,0,0m (VM) = 2/3kﬂM(vp+l)3§_lva§4
+P/(3§_1UM)ZU Vs 0y (verl . (4.8)

The density of the second integral on the r.h.s. belongs to ®, with factors vas up to the
projector mps . For the first term on the r.h.s., recall that by Leibniz rule we have

p+1
k—1 _ ak—1 +1 § : o
(p + 1)ax uup - ax (up ) + cdl,...,()[erl 1_[ axluv
(@15ees0pt1) j
ay+topr1=k—1
aj<k—1

hence the first term on the r.h.s. in (4.8) can be expressed as a multiple of

p+1
/ Ky LT+ Y e / Do ol T 0% v
(@1,ees0p+1) =

ay+topr1=k—1
(Xj<k—1

/8kn (v‘u+1 8k Yrem (v‘u+1

p+1
k—1 +1 aj
- Z cCl1,...,Olp+1 / ax ™ (vp X( 1_[ ax] UM) ’ (49)

(@1,0e50p+1) j=1

ap+tapr1=k—1
aj<k—1

where we used that 7 is a projector. Now, the first term on the r.h.s. in (4.9) is zero, as
an integral of an exact derivative, and the other terms, after expanding the derivative of a
product, can be expressed as the integral of densities belonging to ®; up to the projector
7. Summarizing, in order to get (4.7) it is sufficient to estimate

m 2p+1
(l_[a,}éivM)n’M( 1_[ 8fivM)
j=0 i=m+1

where Z —oVj T Z,ZPZIH Bi =2k — 1 and at least three numbers in {y;, ; } are nonzero.
We can assume the following alternative: the four factors with higher derivatives belong
to the first product outside the projector, the four factors with higher derivatives belong

to the second product on which we have the action of the projector or the four factors

(2k=8y+
<C+Cllo| >3/ _, (4.10)
g%
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with higher derivatives are distributed between the two groups. Hence, depending on the
structure of the density appearing on the Lh.s. in (4.10) and by assuming that the numbers
y; are decreasing as well as the numbers ;, we can associate with the density on the Lh.s.
in (4.10) anumber J € {0, 1,2, 3, 4} defined as

J = 4 in the case {yk,k =0,1,2,3}
>max{y;,Bi | j=4....m i=m+1,....2p+1},
J =0in the case min{fx.k =m + 1.m +2,m + 3, m + 4}
>max{y;.fi | j=0,....m, i =m+5,....2p+ 1},
0<J <4inthecase min{y,, B |h=0.....J =1, k=m+1,....m+4—J}
>max{y;.Bi | j=J.....m, i=m+4—J,... 2p+1}.

In the case J = 4 we estimate

[ (oo 1 200)

i=m+1
m 2p+1
< |[]0% vm ([T 9%om) ,
=0 L'((0,T);L") i=m+1 L>((0,T);L%°)

and by Sobolev embedding and the Holder inequality, we proceed with

3 m
() = C [T 10 vallzacoryes [ [ 10¥ vallLeo.ryieoe

j=0 =4
2p+1

X |7 1_[ 85" VM
i=m4+1 Lo°((0,T);HY)

3 m
< C [T 18 vallLsqo.ryies [ ] 19% varllLoeqo.ryztny

j=0 j=4
2p+1

x [T 195 valloeqorymy:
i=m+1

where we used that H! is an algebra and continuity of 7y on H'. The proof of (4.10)
can now be completed exactly following the proof of (4.2). A similar argument works for
J = 0.Inthe case 0 < J < 4, we alter the argument above as follows

T m 2p+1
[T IT )
0 =0

i=m+1
2p+1
M ( 1_[ 8£" UM)

i=m+1

[]o%
Jj=0

4 4 _4 4
L7 ((0,T);LV) L3-7J((0,T);L3-7)
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By continuity of s on L? with p € (1, 00) we can remove the projector, and then we
can apply the Holder inequality twice in order to place the four higher derivatives in L*
and the other ones in L*°. Then we proceed exactly following the proof of (4.2).

4.4. Proof of (1.14)

Due to the structure of the functionals ng m We first have to prove that, if we consider
a given density belonging to 2, then the corresponding space-time integrals computed
along vy (¢, x) converge to the same integral computed along v(¢, x). This follows from
the expression under consideration being multilinear. Indeed, by following the same com-
putations that we did to get (4.1), we estimate the difference of the two expressions we
are interested in, by the product of several factors, where each factor involves norms of
upm (£, x), v(, x) in either H%, 0 < k — 4 or L6((0, T); W**), s < k — 1 and one factor
involves the norm of v — vy ineither H?, 0 <k — % or L6((0,T); W%, s <k — % Then
we conclude that the difference converges to zero by the result in Section 2. The proof of
(1.14) will follow provided that we prove the same convergence property as above if we
now have a density belonging to ®; with the extra property that in the density, when
computed along vy (¢, x), the projector 7as appears in front of the product of a group of
derivatives of vz (¢, x). By using the identity Id = mwps + 7> 57, We remove the projector
7y at the expense of a remainder. Without the remainder, convergence for the correspond-
ing terms follows the same lines as above in the case of a density in €2, as in the proof of
(4.2). We now deal with a remainder given by the density belonging to ®; computed along
v (¢, x) with the projector 7~ ps in front of a product of derivatives of vz (¢, x). In order to
show that this remainder goes to zero as M — oo, notice that every factor involved in the
product on which the operator 7~ s acts, can itself be decomposed by using the identity
Id = wepr + m>cm, Where c is a suitable small constant. Once the decomposition of each
factor is done following this last identity, then we develop the product and notice that we
get nontrivial contributions after the application of the projector 7~ ps only for the terms
where at least one factor involves 7. Vs (¢, X). Then we conclude following the same
chain of inequalities needed in order to get (4.2). All factors that we get will be bounded
according to estimates in Section 2, except one that appears with a projector m~.ps and
needs to be computed in one of the norms H%, 0 < k — % or L°((0,T); WS0), s < k — %
As we are allowed to lose ¢ derivatives in our estimates, we deduce by a straightforward
argument that we are converging to zero as M — oo.

5. Proof of Theorem 1.4

We denote by duy (resp. d /L]Jc‘ ) the Gaussian measure induced by the random series

gn(w) inx gn() inx
w H— Z W@ (I‘eSp. Z We ),

nez neZ,n|>M
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and define the following two measures:
dpe = xr(H (W) dpr,  dpi,m = XR(H (mpu)) dpi.
Next we shall also use the representation
die = ym exp (=llmpulfp)dus ... dup x dpicpy. 5.1)

where Yy is a suitable renormalization constant and du . . . duyy is the Lebesgue measure
on CM  Next, changing variable,

Pie,m (Par (T)A)

_ 2
= 7 xR Grgu)e” ™k duy . dung x dpii gy
Py (1)A

= ym /A HRIH (rag (@ (Tyuy))e™ W @O gy gy c dpt

- / X RO Gy @y (T )yl el O D00 g, (5.2)
A

where A is a Borel subset of H*~2)" and we used (5.1) in the last identity; hence
ok.m (Pu (T)A)
— / xR (H (mag (P (T)u)))e—ﬁk (e )+ Ry (rpg (Pag (Tu))
A

% eék (marw)—Ex (mrpr (Ppr (T)u) dp

B /AxR(Jf(nM(ch(T)u)))e—ﬁ“w“”ﬁk(w<°M<T>“>e‘§5M(”M"> dpi. (53)
where &, ng o and Ry are the functionals in Theorem 1.3. Set

fromu) = xr(H (7pr (® M(T)u)))e—ﬁk(wuwrﬁk(er(ch(T)u)) o T (i)
Fr() = yr(H(D(T)u))e Fe+Re(@D) (=50 00,
then by (1.14) and continuity of ﬁk on H®%=2)" (which follows by minor modifications

of the proof of (1.12)), we get frar (1) — fr(u) almost surely w.r.t ;t, when M — oo.
Moreover, we claim that, for all g € [1, 00),

Sﬂ‘flp I fr.m )| Laquy) < 00, (5.4)

and therefore, as u is a finite measure and by using the Egoroff theorem, we can upgrade
to convergence in L4, namely

Froan ) 222 o) € L) as M — oo, (5.5)
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and we conclude, by the conservation of the Hamiltonian #, y g(# (u))gr (1) = fr(u) €
L9 (g ). Next we prove (5.4). From conservation of the Hamiltonian, # (7ps ($ar (T )u))
= JH (mpu) and due to yg there exists C > 0, uniform w.r.t. M, such that the support of
J1,m is contained in {u € H®&=2)" | lwarul| g1 < C}. By combining this fact with (2.3)
(where we choose s = (k — %)_ and ¢ = mpru) we get that, with another constant C > 0
uniform w.r.t. M, for every u in the support of fr s,

sup |ty @y (Dull g1y~ < Cllmmull g1y~
t€[0,T] H™2 H™ 2

Gathering all together and recalling (1.12) and (1.13) (where we choose ¢ = mpru) we
get, with C > 0 depending on R, T > 0 and uniform w.r.t. M,
GEDT )

from () < exp(C + Cllull 27, -
H% 2

As (‘2”,;—:2) < 2, we can apply classical Gaussian bounds in order to get

4k—8\+
(3x=3)

exp(C ||u||H(k7%)_

) € L9 (i)

and we conclude (5.4). Going back to (5.2) and (5.3) we get

mM@MwmraéﬁMwwM, (5.6)

and hence by passing to the limit as M — oo (at least formally) we get

m@@@=£ﬁwwm, 5.7)

where fr(u) € L9(ux) and we could conclude the proof. Proving (5.6) = (5.7) requires
some work: we will prove the inequality

MMDMSAﬁMWw (5.8)

and the reversed one

/MMDMELﬁMMM, (5.9)

which in turn imply (5.7). Assume in the sequel that A is a compact set in H (k_%)f; by
classical approximation arguments this will be sufficient to deal with any generic measur-
able set. In order to prove (5.6) = (5.8) with A compact, we use the following property of
the flows ®ps (), whose proof follows by combining Proposition 2.1 and the arguments
in [47]:

VA C H(k_%r compact, Ve > 0,

_1y-
IMo € N s.t. &(T)A C O (T)A+BE?) VM > My,
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where B; denotes the ball of radius ¢ > 0 in H*. Then if A compact and & > 0 are given,
we get

k—1)-
Pret (D(T)A) < peae (Par (T)(A + BET2))
= / k—1)— fT,M(u) d,uk VM > M(),
A+B; 2

where we used (5.6). By using (5.5) we can pass to the limit as M — oo and we get
lim sup pg p (P(T)A) < f P fr(u)duy Ve>O0.
M—o0 A+B, 2

On the other hand, one can easily check that lim supy,_, oo ok, p (P(T)A) = pr (P(T)A)
and also, with A compact, one can prove that

tim [y o die = [ frodp

¢2>0J4+B

and (5.8) follows. In order to prove (5.9) we take advantage of a property of the flows
®yy () that follows from Proposition 2.1:

VA c H% 2~ compact, Ve > 0,
_1y-
IMy € N s.t. YM > Mo, Dy (T)A C D(T)A + B2
By combining this fact with (5.6) we get for any compact set A,

(S
e (@(TA+ BETH) = sy (@ (1) = [ frawt i VM > Mo,
A
and by passing to the limit as M — oo on the 1.h.s. and r.h.s. we get
(ke=3)
Pe(P(T)A + Be ) = | Jr () dp.

_1y-
From compactness of A, we easily get limg_.¢ pr (P(T)A + Bék 2) ) = pr(®(T)A) and

(5.9) follows.
A. A nonlinear local-in-time estimate
The aim of this appendix is to provide a proof of (2.28).

A.l1. A first reduction

Lets > 1 and p > 3 be integers. For the sake of completeness, we prove

/t St —)ap (I ((v(1))?)dxv(7)) dt
0

< CT ]y, lvlly;. k>0,
Y3 r
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for T < 1 and C > 0 independent of M and k. The arguments that we will perform below
are standard. Our only goal is to provide a complete argument for a reader unfamiliar with
the X*? machinery, as well as proving how to gain the positive power of T at the r.h.s.
(which was of importance for our analysis in Section 2). To the best of our knowledge,
the estimate above written in this form is not readily available in the literature, even if we
closely follow [7]. As 7y is bounded on Y, it suffices to prove

H/t St —)II(0xv(r)[TvP (7)) dt
0

< CTPly,llvlly. x> 0.
el r T

Recalling the definition of restriction spaces, proving the global-in-time estimate will be
sufficient:

¥(t) /Ot St —1)I0xv(r)[Tv? (7)) dt

=< CT"IIUI|§TIIIUIIY;, K >0,

YS
where ¥ € C§°(R) is such that Y = 1 on [—1, 1]. Using [7, Lemma 3.1], we obtain

Hl/f(t) /Ot St — )0 v(z)TvP (7)) dt < C||T1(0xvITv?)|| zs,

Ys

where by definition ||u|| zs = |ju]|
ing

yod +|[{(r +n3)7! (n)sﬁ(t,n)HL%L%. Therefore, prov-

ITL@xvITv?) | zs < CT"IIvll,’;;IIUIIY;, k>0 (A1)

will be enough. Its proof follows by combining the following propositions. The next state-
ment is a slightly modified version of [7, Theorem 3].

Proposition A.1. For s > 1 there exists a constant C > 0 such that

-1
[Pl yory < Cllullys ull gy (A2)

Xsfl,i
We shall also need the following bilinear estimate.

Proposition A.2. For s > 1 there exists C > 0 such that, for T € (0, 1),

I M) ze < CT (har |,y luall oy + el oy lluall_ooy)e >0,
XT XT XT XT
Let us see how (A.1) is a consequence of both propositions: from Proposition A.2 we
get
ITL(xvITv?) | zs = [[TI(IT0xvITv?)| 25
< CT (0l 10600 oy + 107Ny 19201 o 1)
Next, using Proposition A.1 we get
-1

1P lery = Clivliyslvlg. 10710y < Cllvlig:,

and we get (A.1).
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Proof of Proposition A.1. Write

p
Fanem = Y [T,

=0t g fedny k=1
where ¥ and # denote the space-time Fourier transform (continuous in time and discrete
in space),

W,y = [ L@ e @)

nez

Notice that the r.h.s. in (A.3) may be bounded with

P 2
AZ(n)m—l)(Hnﬂ(/ > ]‘[m(fk,nkn) d.

nez =n+-+15 n=ni+-+np k=1

Hence, if we define w(z, x) by w(z, n) = |u(z,n)|, we get [ulysso = |wllxss, |u]ys =
|w]lys, and we are reduced to estimating

/RZ(n)z(s—ﬂ(r - n3>(/; > ﬁ ﬁ(rk,nk))zdz. (Ad)

nez =ttt n=ni+-+np k=1

Next we split the domain of integration and we consider first the contribution to (A.4) in
the region
|t 4+ n3| < 10p|t; +nd). (A.5)

If we define wy by wq(r,n) = (t + n3)%@(t, n), then the contribution to (A.4) in the
region (A.5) can be controlled in the physical space variables as

—152
Cllwiw? ”LZ(R;Hs—l)
2 —12 2 —12
< COW1 I gty 107 e iy + 1101122 00y 107 o sprsmsy)
2(p-2) )

2 2(p—1) 2 2
< COIwI2, -, y 107y + 1011 iy 10 ooy 1017 Ly

where we have used standard product rules and Sobolev embedding H'! C L. We pro-
ceed with

2(p—1 2(p—2
Gy < Cwlz,y TwlFP + w2yl 3P ),

where we used Y! € L®(R; H'), Y*~! ¢ L®(R; H*™'). Notice that we have a better
estimate, when compared with (A.2), in the region (A.5). Similarly, we can evaluate the
contributions to (A.4) of the regions

|t +n3 < 10p| +n,3€|, 2<k<p.
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Therefore, we may assume that the summation and the integration in (A.4) are performed
in the region

1
max |t +n3| < —|‘L’ +nd|. (A.6)
1<k< 10p

Write
p p 3 )4
()= ey = (Y] - Yo
k=1 k=1 k=1
therefore, in the region (A.6) we have

»
’(an) Zni >|t+n |_Z|Tk+”k|—m|7+”3|
k=1 k=1 k=1
hence
» 3P
(r+n3)§C(an) —an
k=1 k=1

By symmetry we can assume |nq| > |ny| > --- > |ng| and by using [7, Lemma 4.1], we

obtain
P 3 P
(2m) - 20

k=1 k=1
(

< Clny?|nz|.

Consequently, in the region (A.6) we get (t 4+ n3) < C(n1)?{n,), and the corresponding
contribution to (A.4) can be estimated as

/Z(/r > 5]i[ (rk,nk))zdt. (A7)

nez =utetn n=n+-+np

If we define wy, wy by Wy (t,n) = (n)*w(z,n), wa(r,n) = (n )% (z,n), going back to
physical space variables, we estimate (A.7) as

-212 2 2 2 2(p—3
C”wlewp ||L2(R;L2) = C”U)] ||L°°(]R;L2)”w2”L4(R;L°°)”w”L4(R Loo)”w”L(og(R)Loo)
2 2 2(p-3
< Cllwl oo, 12 I L e (] e

L4(R; W
Hence, by using Y'! € L®(R; H') and Y* C L*®(R; H*), along with the estimate
lllzs@szey < Cllullyo.1 (A.8)
established in the fundamental work [1], we proceed with

2 2 2 2 3
G = Cllwliysliwlly, Twll, ylwllys 7=,

and this concludes the proof. ]
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Proof of Proposition A.2. We start with proving

Iy )|y < CT(aenll vy ol oy + lall oy luall ,rg)- (A9)
X X X X
T T T T

As a first step we prove an estimate for global-in-time functions:

ITH(TT s )| s -y = C(flual 21l 0

Iqullxs_l,%). (A.10)

lazll oy + Nt sy

luallyr, g + Nl

1
Xsfl,f

+ [l

1 1
X0,§ X0'7

Notice that by comparing (A.9) and (A.10) in the second estimate we gain derivatives but
we lose a positive power of the time 7. We will prove toward the end how to go from
(A.10) to (A.9).

The square of the Lh.s. of (A.10) may be written as

/Z 25(¢ 4+ 03N F (Tuy Muz)(t,n)? dx,
n#0
and moreover we easily have
F M= Y [ finn) i = oo -l da,
n17é0n

For j = 1,2, define w; (¢, x) with W; (t,n) = |di;(z, n)|. Then we estimate the Lh.s. of
(A.10) as

2
/Z T4+n (n;n/wl(fl,nl)wz(T—fl,n—nl)dzl) T,

which in turn by a duality argument is bounded with

sup /RZ(—; > /wl(fl ny)a(t —t1,n —nyp)|d(zr,n)|dv dr.

”v”Ltz,xSI ns0 (T+n n10,n

Forn # 0andn; # 0,n, we have (n)* < Cln|2|n —n1|2|n|2 ((n1)S~! + (n —nq)* D).
Therefore, by using a symmetry argument, it suffices to evaluate

1 1 1
[n1]2|n —ny|2|n|2 R
Sup / Z T ((n1)" ' D1 (z1,m1))

2 3
||u||L%,x§1 R n#0,n1#0,n (t+n3):2

X Wa(t — 11, n —ny)|0(z,n)|dry d. (A.11)
The key property for smoothing is the elementary bound

max ((t 032 (03 (t—1 + (n —n1)3)%) > Clny|2|n —ny|2|n|2.
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We will consider a splitting of the expression in (A.11) into three contributions, taking
into account which term is the maximum in the above elementary bound. Notice that the
contribution of (A.11) in the region

(t+n)3 = Clmy|2|n —ny|3|n|? (A.12)

may be estimated as
Cllwz x v x (Dx) ' willpi@szy < Clollz (D2 willza@;s w2l Le; Lo
where vy (¢, x) is defined with v, (z,n) = |0(z, n)|. Now, using (A.8), we write
D) " willzs@izey < Cllwillory = Cllunllyomr st
lwillzsgizs < Clhwnll oy = Clull o
Hence we can estimate the contribution to (A.11) in the region (A.12) by
[ I

up to a multiplicative constant. Next we consider the contribution to (A.11) in the region

(t1 +13)2 = Clnyl 2 n —ny |2 |n)>. (A.13)
Let vy (¢, x) be defined by

Bi(r.n) = (v +n%) 2z n)]
and let wq (¢, x) be defined as
D11 (r.n) = (0 (x +n®) 21 (z.0);
then we can estimate the contribution of (A.11) in the region (A.13) by
Cllwir x w2 x villiw;zry < Cllwillzz@:z2y lwallew; 4y lvillLe@;z4)-
Using (A.8) again we obtain
loillzs@:cey = Clvllyo-y = Cllvllzo@:z2).
wallLs@;zey < Cllwallyo1 < Clluallo-

Moreover, we have

lwille@:yy = llwillyy = lunllpomy s

and, summarizing, we control the contribution to (A.11) in the region (A.13) by

flurll, o, 1 ||u2||X0’ 1 up to a multiplicative factor. Finally, consider the contribution to
(A.11) in the third region

(t—11 4 (1 —n)?)? > Clny|2|n —ny|2|n2. (A.14)
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Retain vy (¢, x) with 01(z,n) = (t + I’l3)_%|{)(l', n)| and let wyq (¢, x) be defined with
Wo1(t,n) = (t + n3)%@2(r, n). Then we can control the contribution to (A.11) in the
region (A.14) by

Cllwar x v1 x (Dx)* 'wi L.z
< CI{DxY* ' will s lwail2®:r2 v lLs®:24)
< Cllullysmr g 2l o 10103 5

where we have used (A.8) again. Hence, the contribution of (A.11) in the region (A.14)
can be estimated, up to a multiplicative constant, by ||u|| 1 |luz| . Summarizing,

ys-1.3 x%3
we estimate (A.11) by

el o Ntz oy + Tl 2l o,

for functions u; and u, which are not localized in time. Recall that by symmetry, in order
to estimate the 1Lh.s. in (A.10), we need to add further terms where the roles of u; and
u, have been exchanged. Hence we have established (A.10) which, as already said, in
some sense is stronger than (A.9), since lower-order conormal derivatives of u; and u,
are involved, but it is weaker than (A.9) since no gain of positive power of 7" has been
obtained in (A.10). We finally deal with this issue: as a consequence of [46, Lemma 2.11]
(see also [8, Lemma 3.2]) there exists k > 0 such that
lwl 0y =CTNwll 1y, wll oy =CT|wll o3,
XT XT XT XT

and we complete the proof of (A.9) by combining the estimates above with (A.10), along
with a suitable choice of extensions for #; and u,, which a priori are defined on the strip
of time (—T7, T'), on the whole space-time with a global norm of the extension which is at
most twice the corresponding localized norm. ]
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