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Slopes of F -isocrystals over abelian varieties

Marco D’ Addezio

Abstract. We prove that an F-isocrystal over an abelian variety defined over a perfect field of pos-
itive characteristic has constant slopes. This recovers and extends a theorem of Tsuzuki for abelian
varieties over finite fields. Our proof exploits the theory of monodromy groups of convergent iso-
crystals.

1. Introduction

In this article, we chiefly study the behaviour of F-isocrystals over abelian varieties. Our
main result is the following theorem.

Theorem 1.1 (Theorem 4.2). Let A be an abelian variety over a perfect field k of pos-
itive characteristic p. Every F-isocrystal over A has constant slopes. (We say that an
F-isocrystal (M, @) over a variety X has constant slopes if for every closed point
i : x < X, the multiset of slopes of (i* M,i*® y) does not depend on x.)

Theorem 1.1 extends [21, Thm. 3.7] and agrees with the general expectation that fam-
ilies of smooth projective varieties parametrised by abelian varieties have “small mono-
dromy”, as explained in [21]. To prove it we use the theory of monodromy groups of
convergent isocrystals. This was firstly introduced by Crew in [5] and further studied
in [1,6,7,17,20]. Using this theory, it is possible to prove that the category of convergent
isocrystals over A, denoted by Isoc(A), has a rather simple structure. More precisely, we
prove the following result.

Proposition 1.2 (Proposition 4.1). Let Isoc(A) be the Tannakian category of convergent
isocrystals over A. The Tannaka group of Isoc(A) with respect to any fibre functor is
commutative.

Proposition 1.2 is proved using an Eckmann—Hilton argument, exploiting the Kiinneth
formula for these Tannaka groups (Proposition 2.2). When the ring of Witt vectors of k
embeds into the field complex numbers, Proposition 1.2 was also obtained independently
by Pal in some unpublished notes via a reduction to complex flat connections.
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Opver finite fields, knowing Proposition 1.2, Theorem 1.1 follows from a combination
of the theory of weights for overconvergent F-isocrystals, as developed in [13], and the
p-adic global monodromy theorem, proved in [5, Thm. 4.9] and [6, Thm. 3.4.4]. In this
particular case we can actually prove a stronger result. Write K for the fraction field of
the ring of Witt vectors of k and choose an isomorphism ¢ : K 5.

Theorem 1.3 (Theorem 4.3). If k is a finite field, every t-pure F"-isocrystal over A
becomes constant after passing to a finite étale cover.

If k is not finite, we cannot rely on the p-adic global monodromy theorem, since it is
false already for ordinary elliptic curves over Fp. To prove Theorem 1.1 we reduce instead
to the case of generically isoclinic F -isocrystals, where the global constancy follows from
the semi-continuity of the slope polygon.

If X is a smooth proper variety over an algebraically closed field k, we also deduce
from Proposition 1.2 a comparison between isocrystals over X and the ones over the
Albanese variety Alby. Let Isoc(X)r C Isoc(X) be the subcategory spanned by those
convergent isocrystals which can be endowed with a Frobenius structure.

Theorem 1.4 (Theorem 4.4). For every closed point x € |X|, the associated Albanese
morphism [ : X — Alby induces a faithfully flat morphism

7y (Isoc(X)F. x)ab EiN 71 (Isoc(Albx) 7, Oalby )

of affine group schemes, where mi(Isoc(X)F, x) and i (Isoc(Alby)F, Oawy ) are the
Tannaka fundamental groups of Isoc(X) g and Isoc(Alby)r with respect to x and the
identity element Oaly. The kernel of f is a finite constant group scheme isomorphic to
(Pick ;. /Picy /) (k).

This theorem is an analogue of [15, Thm. 7.1] and [3, Thm. 4.1]. The main tool we use

here, besides Proposition 1.2, is the fact that unit-root F-isocrystals correspond to p-adic
representations of the étale fundamental group of X.

Notation

Let k be a perfect field of positive characteristic p and let K be the fraction field of the
ring of Witt vectors of k. For a smooth variety X over k we denote by Isoc(X) the cat-
egory of K-linear convergent isocrystals over X, as defined in [18]. If X is geometrically
connected and 7 is a perfect point of X, we denote by 71 (Isoc(X), ) the Tannaka group
of Isoc(X) with respect to the fibre functor induced by 7 (see [5, §2.1]). In addition, if
M is a convergent isocrystal over X, we denote by G(M, 1) the Tannaka group of the
Tannakian subcategory (M) C Isoc(X), spanned by M, with respect to the fibre func-
tor induced by 1. We use a similar notation for the other variants of Isoc(X) that will
appear in this article. Also, if G is an affine group scheme, we denote by G* the maximal
commutative quotient, by G422 the maximal pro-diagonalisable quotient, and by G"" the
maximal pro-unipotent quotient.
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Let FF : X — X be the absolute Frobenius of X. For a positive integer n, we write
F-Isoc(X) for the category of convergent F"-isocrystals' and F*°-Isoc(X) for
2- li_r)nn F-Isoc(X). If (M, D) is a convergent F"-isocrystal, we write (M, P7) for
its image in F*°-Isoc(X). Further, we write Isoc(X ) r for the smallest strictly full abelian
®-subcategory of Isoc(X) closed under subquotients containing all the convergent iso-
crystals which can be endowed with a Frobenius structure.

Suppose k algebraically closed. As in [7, Def. 3.1.2], we denote by IsocQSr(X , 1) the
Tannaka category of convergent isocrystals with punctual Q3-structure at n. We recall
that this category is the category of convergent isocrystal endowed with the choice of
a Q}-linear vector subspace Vy € M, such that Vy ®quw K(n) = My, where K(n)
is the fraction field of the ring of Witt vectors of I'(n, O,). Moreover, we denote by
ISOCQSr(X ,n)F the Tannakian subcategory of IsocQ;;r (X, n) spanned by the essential
image of the functor A, : F*°-Isoc(X) — ISOCQ}\;r (X, n) constructed in [7, Def. 3.1.6].

2. Kiinneth formula
In this section we want to prove the Kiinneth formula for the fundamental group of con-
vergent isocrystals. The main ingredient is the following existence theorem.

Theorem 2.1 ([17, §81°). For a smooth morphism f :Y — X of smooth proper varieties,
the functor f* :Isoc(X) — Isoc(Y) admits a right adjoint fy. The formation of f is
compatible with base change with respect to morphisms Z — X where Z is smooth and
proper.

Proposition 2.2. Let X and Y be two smooth proper connected varieties endowed with
the choice of rational points x and y. The projections of the product X x Y to the two
factors induce an isomorphism

7y (Isoc(X x Y), (x,y)) N 7y (Isoc(X), x) x my (Isoc(Y), y).

Proof. Wedenoteby g : X x Y — X the projection to the first factor and by 7 both x < X
and x X ¥ < X x Y. These morphisms induce the following cartesian diagram

xfo%XxY
bk
X%X.

Moreover, we get the following sequence of affine group schemes over K

1 — 7 (Isoc(Y), y) 5 71 (Isoe(X x Y), (x,)) LY mi(Isoe(X), x) — 1, (2.2.1)

'We recall that by [19, Thm. 0.7.2] and [2, Thm. 2.4.2], the category F"-Isoc(X) is equivalent to the
category of F"-isocrystals over the absolute crystalline site of X.
2Note that Theorem 2.1 can be also obtained as a consequence of [9] or [22].
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where « is induced by i * and 8 by ¢*. We want to use [8, Thm. A.13] to show that (2.2.1)
is an exact sequence.

First, note that the projection X x ¥ — Y and the closed immersion X x y < X x Y
induce respectively a retraction for « and a section for 8. This shows that « is a closed
immersion, § is faithfully flat, and i * : Isoc(X x Y) — Isoc(Y) is essentially surjective,
thus observable’. It is also clear by construction that 8 o « is trivial.

It remains to show that for every convergent isocrystal M over X x Y, there exists
N C M, such that i*N is the maximal trivial subobject of i*.M. We claim that we
can take as N the convergent isocrystal ¢*g+«-M equipped with the adjunction morphism
q*qx+M — M. Indeed, by the compatibility of the formation of direct image with base
change given by Theorem 2.1, we have a natural isomorphism i *q*q« M >~ g*qxi* M.
Combining this with the fact that g4i*.M = H(Y,i*M), we deduce that i *q*q.«M is
the maximal trivial subobject of i * M. In addition, since i * is an exact ®-functor, this also
implies that ¢*¢.«.M — M is an injective morphism. This concludes the proof of the exact-
ness of (2.2.1). For symmetry reasons, we deduce that the analogue sequence where X and
Y are exchanged is also exact. Combining these two facts, we get the desired result. =

Remark 2.3. If X and Y are projective one can alternatively recover Proposition 2.2 from
[17, Thm. 7.1]. A variant of Proposition 2.2 is also proven in [9, Thm. III].

3. Isocrystals with commutative monodromy

This section is an interlude on convergent isocrystals with commutative monodromy. The
main result in this section is that every Frobenius structure on these isocrystals has con-
stant slopes (Proposition 3.2). As we will see in Section 4, over abelian varieties the
monodromy group of a convergent isocrystal is always commutative.

Lemma 3.1. Suppose k algebraically closed and let (M, O ) be a convergent F"-
isocrystal over X. If (M, @'Y) is irreducible for every m > 0, then M is irreducible.

Proof. Let N C M be an irreducible subobject. By [16, Cor. 6.2], the functor (F™)* is
an autoequivalence of Isoc(X), thus (F")* permutes the isomorphism classes of the irre-
ducible subobjects of M. We deduce that after possibly replacing n with a multiple, we
have that (F")*N ~ N . In other words, N can be endowed with some F”-structure @y .
Write (£, ®F) for (N, PR)Y ® (M, D). If T C £ is the maximal trivial subobject

f &, it defines a subobject (T, ®F) C (P, d>°°) Up to replacing @ with p*®’,
for some (s,r) € Z X Zxo, we may assume that one of the slopes of (7, ®F) is 0.
Since (T, ®F) comes from a convergent F*°-isocrystal over Spec(k), we deduce that
(7, ®F) has a non-trivial global section in F*°-Isoc(X). This implies that there exists
a non-zero morphism (N, ®F) — (M, ©F). Since (M, F;) is irreducible, we deduce
that (N, ®F) = (M, ©F). In turn, this 1mphes that M is 1rredu01ble as we wanted. ®

3For the definition of an observable functor see [8, Def. A.2].
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Proposition 3.2. Let (M, @) be a convergent F"-isocrystal over a geometrically con-
nected variety X over a perfect field k. If the monodromy group G(M, n) is commutative
for some perfect point 1, then the slopes of (M, ® ) are constant.

Proof. Thanks to [5, (2.1.10)] we may assume k algebraically closed and we may replace
(M, @) with the induced convergent F*-isocrystal (M, ®F). By looking at the irre-
ducible subquotients, we may further assume that (M, ®%) is irreducible. The aim is to
show that generically (M, ®%) admits a unique slope. Indeed thanks to [14, Thm. 3.12],
this would imply that (M, ) admits a unique slope globally.

To prove this we choose a closed point i : x < X where (M, ®F)) has the same
slopes as the generic ones. Let i * : (M, @) — F-Isoc(x) be the induced restriction
functor. By the Dieudonné—Manin classification, the category F°°-Isoc(x) is equivalent
to the category of Q-graded Q}-vector spaces, where the Q-graduation is induced by the
slopes. Therefore, if d is the lem of the denominators of the generic slopes of (M, ® (),
the functor i * induces a morphism y : G,ln/d — G(M, PP, x), where G,l,l/d is the dimen-
sion 1 torus with characters %Z. Let V¢ be the Dieudonné—Manin structure of M at x
associated to ® ¢ (cf. [7, Def. 3.1.6]). By (the proof of) [7, Prop. 3.2.8], the associated
monodromy group G (M, Vg, x) is a normal subgroup of G(M, @5, x). Therefore, the
morphism y induces an action of (G,L/ ? on G (M, Ve, x) by conjugation.

Thanks to [7, Prop. 3.3.2], the algebraic group G (M, V., x) is a Q-form of G(M, x),
thus it is commutative by our assumption. In addition, thanks to Lemma 3.1, we know that
(M, V) is irreducible, which implies that G (M, V¢, x) is reductive. Since G (M, Vi, x)
is a commutative reductive group, its group scheme of automorphisms is a discrete group.
This implies that the action of (G,l,,/ 4 on G(M, Ve, x) must be trivial. If (M, D) had
at least two generic slopes, then V would decompose as Vx] @ W, where V.,EZ] is the
subspace of Vy of slope a € Q and W is its Frobenius-stable direct summand. Since
)((G,l,,/ d) commutes with G(M, Vi, x), this decomposition would be stable under the
action of G(M, Vi, x), and thus it would induce a decomposition of M in two pieces.
This would contradict the fact that M is irreducible. ]

We end this section with a consequence of Proposition 3.2 that we will need later on.

Corollary 3.3. Ifk is algebraically closed, there is a natural isomorphism

nl(Isochu;(X nF, 17) g—>7T1(LS(X Q5). )dlag

where LS(X, Q}) is the category of lisse Q' -sheaves over X.
Proof. In [7, Prop. 3.3.4] we constructed a natural fully faithful functor
VU LS(X, Q) — Isocqu (X, n)F.

By [loc. cit.], the essential image is spanned by those isocrystals with QJ-structure that
can be endowed with an isoclinic Frobenius structure. Therefore, to prove the corollary
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it is enough to show that every object (M, V() in Isocqu (X, n)F with diagonalisable
monodromy group is in the essential image of W.

Without loss of generality, we may assume that (M, V) comes from an F"-isocrystal
(M, D (). In addition, since (M, V) is semi-simple, it is enough to prove that the irredu-
cible subobjects of (M, D () are isoclinic. This simply follows from Proposition 3.2. =

4. Isocrystals over abelian varieties

Let A be an abelian variety over k with identity point 04. We want to prove that the F”"-
isocrystals over A have constant slopes. For this scope, we first prove that the Tannaka
group of the category of convergent isocrystals over A is commutative.

Proposition 4.1. The affine group scheme w1(Isoc(A),04) is commutative.

Proof. We want to prove that m; (Isoc(A4), 04) is commutative using an Eckmann—Hilton
argument (see [10, Thm. 5.4.2]). By Proposition 2.2, the two projections of A x A to its
factors induce an isomorphism

1 (Isoc(A x A),04 x 04) = 1 (Isoc(A),04) x 71 (Isoc(A),04).
Ifm: Ax A — A isthe multiplication map of A, the induced morphism
71 (Isoc(A), 04) x 71 (Isoc(A), 04) M 1 (Isoc(A), 04)

endows 11 (Isoc(A4),0,4) with the structure of a group object in the category of affine group
schemes. This implies that 77 (Isoc(A), 04) is commutative, as we wanted. [

Theorem 4.2. If A is an abelian variety over a perfect field k of positive characteristic,
every F"-isocrystal over A has constant slopes.

Proof. Let (M, ®y) be an F"-isocrystal over A. By Proposition 4.1, the monodromy
group G (M, 0y4), being a quotient of 1 (Isoc(A), 04), is commutative. Thanks to Propos-
ition 3.2, we deduce that the slopes of (M, ® () are constant. This ends the proof. [

Theorem 4.3. If k is a finite field, every t-pure F"-isocrystal over A becomes constant
after passing to a finite étale cover.

Proof. Without loss of generality we may assume that n = [k : [F,]. By [6, Cor. 3.5.2], if
(M, D) is a t-pure F™-isocrystal over A, then M is semi-simple*. As a consequence,
thanks to [6, Cor. 3.4.5], the neutral component G(M, 1)° is a semi-simple algebraic
group. Combining this with Proposition 4.1, we deduce that G(M, )° is trivial. There-
fore, by [6, Prop. 3.3.4], after passing to a finite étale cover of A4, the isocrystal M becomes
trivial. This yields the desired result. ]

“In the notation of [6], the F"-isocrystal (M, ® () is a K-coefficient object and M is the geometric
K -coefficient object associated to M.



Slopes of F-isocrystals over abelian varieties 7

To end the article, we want to prove an additional consequence of Proposition 4.1,
which is an analogue of [3, 15].

Theorem 4.4. Let X be a smooth connected proper variety over an algebraically closed
field k of positive characteristic and let x be a k-point of X. If f : X — Alby is the
Albanese morphism mapping x to Oy, the induced morphism

1 (Tsoe(X) . x)™ L5 1, (Tsoc(Alby) . Oammy )

is faithfully flat. Moreover, the kernel of fy is a finite constant group scheme over K
isomorphic to C := (Picg . / Pic;)(’;e;)v(k).

Proof. Write G for wj(Isoc(X)F, x) and H for mj(Isoc(Alby)F, Oawy ). By Proposi-
tion 4.1, the affine group scheme H is commutative, therefore both G** and H decompose
as a product of a pro-diagonalisable affine group and a commutative pro-unipotent affine
group. By [12, Lem. 5], the morphism nft(X, x) — nft(Ale, Oalby ) 18 surjective and
the kernel is isomorphic to C. This implies that

1 (LS(X, Q¥), x)™ — 71 (LS(Alby, Q). Oarvy )

is faithfully flat with kernel C. By Corollary 3.3 we deduce then that

dia, dia,
1 (Isocqu (X, x)F. X) f o m (Isocqy (Albx, Oalby ) £+ Oalby ) ¢

is faithfully flat with kernel C. Finally, by virtue of [7, Prop. 3.3.2], we get that G422 —
H %22 is faithfully flat with kernel C.

It remains to prove that the morphism G®"" — HU is an isomorphism. By [8,
Thm. 5.4] and its proof, the category Isoc(X)F (resp. Isoc(Albx)F) is a Serre subcat-
egory of Isoc(X) (resp. Isoc(Alby)). This implies that every convergent isocrystal over
X with unipotent monodromy is contained in Isoc(X) . Therefore, the affine group G'™
(resp. H"") is the Tannaka group of the category of unipotent convergent isocrystals over
X (resp. Alby). In other words, the affine group scheme G (resp. H"™) coincides with
the fundamental group of X (resp. Alby) considered in [4, §2.2.1]. As explained in the
proof of [4, Prop. 3.2.1], the Lie algebra of G®'"™ (resp. H"") is dual to Hrilg(X) (resp.
Hr}g(Ale)). Thanks to [11, Rmq. 11.3.11.2], we deduce that G s i §s an iso-
morphism, as we wanted. n
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