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Tori over number fields and special values at s = 1

Adrien Morin

Abstract. We define a Weil-étale complex with compact support for duals (in the sense of the
Bloch dualizing cycles complex Z€) of a large class of Z-constructible sheaves on an integral
1-dimensional proper arithmetic scheme flat over Spec(Z). This complex can be thought of as
computing Weil-étale homology. For those Z-constructible sheaves that are moreover tamely ram-
ified, we define an “additive” complex which we think of as the Lie algebra of the dual of the
Z-constructible sheaf. The product of the determinants of the additive and Weil-étale complex is
called the fundamental line. We prove a duality theorem which implies that the fundamental line has
a natural trivialization, giving a multiplicative Euler characteristic. We attach a natural L-function
to the dual of a Z-constructible sheaf; up to a finite number of factors, this L-function is an Artin L-
function at s 4+ 1. Our main theorem contains a vanishing order formula at s = 0 for the L-function
and states that, in the tamely ramified case, the special value at s = 0 is given up to sign by the Euler
characteristic. This generalizes the analytic class number formula for the special value at s = 1 of
the Dedekind zeta function. In the function field case, this is a theorem of Geisser—Suzuki.
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1. Introduction

1.1. Results

1.1.1. A new L-function. Let @ be an order in a number field K and X = Spec(O).
Denote Z$ := Z%(0) Bloch’s cycle complex (with cohomological indexing), defined on
the étale site of X ; in particular if X is regular we have Z§, = G,,[1]. A sheaf of abelian
groups F' on the étale site of X is Z-constructible if on a dense open it is locally con-
stant associated to a finite type abelian group, and moreover the stalks at all geometric
points are finite type abelian groups. If F is a Z-constructible sheaf, denote FP :=
RHomy (F,Z%). The cohomology of F D is related to the compactly supported coho-
mology of F' by Artin—Verdier duality; thus we think of it as computing homology with
coefficients in F. To FP, we associate an L-function:

Definition. For a complex of étale sheaves M, we put
M ®Q; := (Rlim(M ®* Z/1"Z)) ® Q
n

computed on the proétale site. For each closed point x of X, let / = [, be a prime num-
ber such that [ # char(k(x)) and L, the usual local factor defined using the geometric
Frobenius ¢: for a finite dimensional QQ;-representation V,

Ly(V,s) :=det (1 — pN(x)~|V) ™"
with N(x) = card(k(x)). We define the L-function of F? as
Lx(FP.5):= ] Lx(GXFP) & Q,.5).

x€Xo

We compute explicitly the local factors and show that they are well defined and that
the Euler product converges for s > 1. In fact, denote g : Spec(K) — X the inclusion
of the generic point and Gg = Gal(K*P/K). If V is the rational representation of Gg
corresponding to g*F ® Q and V'V is its linear dual, then the L-function of F? equals
up to a finite number of factors the Artin L-function Lg(VY,s + 1). In particular, the
L-function extends to a meromorphic function on C. If F is a Z-constructible sheaf on
Spec(K) associated to a finite type integral Gg-representation M, we have moreover
Lx((g+F)P,s) = Lx(Homa,(M,Q), s + 1). We have as a special case Ly (Z?,s) =
Cx (s + 1) if X is regular. On the other hand, let i : x — X be the inclusion of a closed
point and F is a Z-constructible sheaf on x. In [31] we introduced L-functions for Z-
constructible sheaves on X ; then

Lx (i« F)P,s) = det (I — pN(x)™*|Hom(F,Z) @ Q)"

is the L-function of the Z-constructible sheaf i« Homy(F, Z). Finally, if j : U — X is
the inclusion of a dense open subscheme, we have

Lx((G2)Ps) = tos + = ] 28D

xeX\U

(s+1)
L)
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1.1.2. Weil-étale cohomology and special values. We apply the Weil-étale formalism
of Flach-B. Morin [15] to give a special value formula at s = 0 of this new L-function.
The idea of Weil-étale cohomology originates in [27], where Lichtenbaum constructs a
Weil-étale topos for varieties over a finite field and links it to the special value at s = 0
of zeta functions. Further work was done by Geisser over a finite field [17]. For schemes
over Spec(Z), attempts at the definition of a Weil-étale topos were made by Lichten-
baum [28] and Flach-B. Morin [14] but its cohomology does not behave well in high
degree. Another approach was instigated by B. Morin in [33] and refined by Flach-B.
Morin in [15]: instead of constructing the Weil-étale topos, one only constructs Weil-étale
cohomology complexes in the derived category of abelian groups which fit into a certain
distinguished triangle. This distinguished triangle comes heuristically from the pushfor-
ward from the Weil-étale topos to the étale topos'.

Other relevant works on Weil-étale cohomology include Chiu’s thesis [10], Besh-
enov’s thesis [2, 3], Tran’s article [44] and the author’s article [31]. Work related to the
study of the Weil-étale cohomology of F P are Geisser—Suzuki’s article [20] and Tran’s
thesis [43]. As far as the author knows, Tran was the first to observe that for an integral
representation M of the Galois group of a number field K, the special value of the Artin
L-function of M ® Q at s = 1 should be related to Weil-étale cohomology of the dual of
the pushforward of M to Spec(Ok).

Following the formalism of Flach—B. Morin, we should construct for each F a “multi-
plicative” complex?, the Weil-étale complex (with compact support) which we think of as
“Weil-étale homology” with coefficients in F, and an “additive” complex’, an analogue
of Milne’s correcting factor in special value formulas for zeta functions of varieties over
finite fields. The right object to consider is then the fundamental line Ay (F D ), a free
abelian group of rank 1 which is defined as the product of the determinants of the additive
and multiplicative complexes. In the general situation of an arithmetic scheme, contrary
to the case over a finite field, the additive and multiplicative complexes are linked to each
other through phenomena happening on complex points and so cannot be studied inde-
pendently to get a special value formula; instead one of the fundamental insights of [15] is
that one has to study them together through the fundamental line*. The fundamental line
should have a canonical trivialization

Ax(FPYQ R SR
after base change to R, which enables one to construct a multiplicative Euler characteristic

as the covolume of Ay (FP) inside Ax(FP) ® R, and this Euler characteristic should
give the special value up to sign.

I'The pushforward had been computed by Geisser [17] in the case over a finite field and by B. Morin in
the case of the spectrum of a ring of integers in a number field [32, §8, §9].

2Here “multiplicative” suggests that the complex is linked to motivic cohomology: the latter involves
the units, the Picard group, etc.

3Here “additive” suggests that the complex is linked to coherent phenomena/de Rham cohomology.

“This idea has its origin in the formulation of Fontaine—Perrin-Riou of the Bloch-Kato conjecture on
special values of L-functions.
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1.1.3. The Weil-étale complex. We introduce compactly supported cohomology and
Tate compactly supported cohomology complexes’

RT.3(X,FP), RT.p(X,FP).

The two bear to each other the same kind of relationship as ordinary and Tate cohomol-
ogy: the fiber of the canonical morphism RT. (X, F?) — RT. (X, F?) computes
some homology at the archimedean places. Moreover, we prove an Artin—Verdier duality
statement for Rf‘c, B(X, FP), which suggests that compactly supported cohomology of
FP should be thought of as “étale homology” of F:

Theorem A (Artin—Verdier duality for F?, see Section 2.2). There is a natural pairing
RT(X.F) ®" RT. p(X. FP) > Q/Z[-2].
It induces a map
RT. (X, FP) — RHom (RT(X, F),Q/Z[-2)).

If F is Z-constructible, the above map is an isomorphism in degree # —1,0, and an
isomorphism after profinite completion of the left-hand side in degree —1, 0.

The proof proceeds by twisting the usual Artin—Verdier theorem [30, Thm. I1.3.1] by a
duality at archimedean places. With the Artin—Verdier-like duality theorem in our hands,
we can construct a Weil-étale complex using the methodology of [33]: the cohomology
groups with compact support of F? have a finite type part and a torsion of cofinite type
part (i.e., the Q/Z-dual of a finite type abelian group) and Artin—Verdier duality says
that the torsion cofinite type part is the Q/Z-dual of some étale cohomology of F. Tak-
ing inspiration from Geisser’s and B. Morin’s computation of the derived pushforward
from the Weil-étale topos to the étale topos [17, 32], there should exist a fundamental
distinguished triangle saying that Weil-étale cohomology with compact support of F? is
obtained by replacing the torsion cofinite type part of cohomology with compact support
of FP by a finite type part, using the short exact sequence 0 — Z — Q — Q/Z — 0.
This suggest the existence of a map Hom(H?7* (X, F),Q) — Hé,B (X, FP) making the
diagram

Hom (H?>7/(X, F).Q) ---------- > H p(X, FP)

| !

Hom (Hz_,' (X, F), Q/Z) Artin—Verdier I:\IZ:,B(Xv FD)

commute; taking kernels and cokernels will then give something of finite type. We are thus
?
led to consider the existence of a map R Hom(RT (X, F), Q[-2]) — RT. (X, FP), the

SThe subscript B refers to the way we correct the cohomology at infinity, which involves the Tate twist

Z(1) = 2inZ.
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cone of which we want to name Weil-étale cohomology with compact support of F2. We
achieve the construction of such a map with good functoriality properties in D(Z) for a
large class of Z-constructible sheaves, which we name red sheaves and blue sheaves.

Definition. Let F be a Z-constructible sheaf on X. We say that
« Fisredif H? 5(X, FP) is torsion, hence finite.
e Fisblueif H' (X, F) is torsion, hence finite.

* A red-to-blue morphism is a morphism of sheaves FF — G where either F' and G are
both blue, or are both red, or F' is red and G is blue ; a red-to-blue short exact sequence
is a short exact sequence with red-to-blue morphisms.

Examples of red sheaves are extensions by zero of locally constant Z-constructible
sheaves on a regular open subscheme. Examples of blue sheaves are Z-constructible
sheaves supported on a finite closed subscheme. The important point is that there are
“enough red and blue sheaves”, meaning that any Z-constructible sheaf can be put in a
short exact sequence where the first term is red and the last is blue®.

Theorem B (Existence of the Weil-étale complex, see Section 3). For every red or blue
sheaf F, there exists a Weil-étale complex with compact support RT'w (X, FP)e D(2),
well defined up to unique isomorphism. It sits in a distinguished triangle

RHom (RT'(X, F),Q[-2]) — RT: (X, FP) > RTw (X, F?) —.

It is a perfect complex, functorial in red-to-blue morphisms, and it yields a long exact
cohomology sequence for red-to-blue short exact sequences. If Y = Spec(O’) is the spec-
trum of an order in a number field with a finite dominant morphism w : Y — X, we have
a canonical isomorphism

RTw,(X, (meF)P) =~ RTw, (Y, FP).

The Weil-étale cohomology with compact support of F? is constructed from the com-
plex RT. (X, FP), so it can be thought of as some “Weil-étale homology” of F. The
idea of such a homology theory is not new: Geisser had defined “arithmetic homology” for
curves over finite fields [19], and there is a tentative construction of a Weil-étale complex
of FP over the spectrum of a ring of integers in a totally imaginary number field in Tran’s
thesis [43]. Finally, let K be a function field associated to a smooth proper curve C over
a finite field. Geisser—Suzuki showed in [21] that for a given torus over K, its connected
Néron model 7° over C is of the form F? for F a complex defined in terms of the char-
acter group of T, and they linked the special value of the L-function of the torus at s = 1
to Weil-étale cohomology of 7 °; this suggested that our approach might be fruitful (see
Section 1.2.2 for a precise comparison).

6Namely, take the short exact localization sequence associated to a regular dense open subscheme on
which the sheaf is locally constant.
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Having an oco-categorical construction of the map
RHom (RT (X, F),Q[-2]) - RT¢ g(X, F?)

would have been better, but this construction has eluded us. Instead, we use a kind of
miraculous vanishing of Ext! groups, for red or blue sheaves, which enables to define the
map by only specifying the maps it induces in cohomology. This vanishing is not true for
arbitrary Z-constructible sheaves, which explains our restriction. It will turn out that to
define the Weil-étale Euler characteristic this is not a problem.

1.1.4. The additive complex. We now have the multiplicative part of the fundamental
line, so we turn to the additive part, which we dub the tangent space of F2:

Definition (The tangent space of F?). Let F be a Z-constructible sheaf on X and denote
g : Spec(K) — X the inclusion of the generic point. We identify g* F with a discrete
Gg-module M. Denote also Ok the ring of integers in K.

*  We say that F is tamely ramified if for each x € X, the wild ramification group at
x acts trivially on M. Let K' be the maximal tamely ramified extension of K, and
G% := Gal(K'/K); if F is tamely ramified, M carries a natural action of G .

* Suppose that F is tamely ramified. The tangent space of F? is the complex
Liex (FP):= R Homg: (M, O:[1]).
* Suppose that F is tamely ramified and red or blue. The fundamental line is

Ax(FP) = dZethW,c(X, FP)® dZetLieX(FD)—l.

Our definition of the tangent space is made so that in particular, when X = Spec(Og)
is regular, the tangent space of ZP = 75 = Gup[l] is RT'(X, G4[1]) = Ok[1], and the
tangent space of the dual of a sheaf supported on a finite closed subscheme is 0. This is
as expected from the L-function we introduce: indeed for Z P it gives the zeta function at
s + 1 so its special value at O is the special value of the Dedekind zeta function at 1 and
should involve the contribution from O (the discriminant); this was shown already (in
the Weil-étale formalism) by Flach-B. Morin in the case of Z (1) = (Z?)[—2] for X regu-
lar [15]. On the other hand, for the dual of a sheaf supported on a finite closed subscheme
we find an L-function as in [31, §6.4], for which there is no “additive” contribution for
the special value at 0. The restriction to tamely ramified sheaves is justified by a theorem
of Noether [38], which implies that Qg is cohomologically trivial. We are still investigat-
ing how to remove the tamely unramified hypothesis. The definition was inspired by [21],
which uses the Lie algebra of the Néron model of a torus 7" over K to form the additive
part of the fundamental line giving the special value at s = 1 of the L-function of T (see
Section 1.2.2). Our definition is a generalization of this construction in the tamely ramified
case that includes finite groups of multiplicative type, as shows the following:
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Proposition (see Corollary 4.7). Suppose that F is tamely ramified and that g*F is
torsion-free. Denote T the torus over K with character group g* F and T its Néron model
over Spec(Ok). Then there is a canonical isomorphism

Liex (F?) ~ Lie(7)[1].

1.1.5. Trivialization of the fundamental line. Now that we have our fundamental line,
we should seek a canonical trivialization to obtain the Euler characteristic. We propose a
contravariant generalization of the complex R (X, R(1)) of [15]":

Definition. The map log| — | : C* — R induces a natural map
Log: RT'(X, FP)r — RHomgy x(c) (¢* F,R[1]).

For F a Z-constructible sheaf, we define the Deligne compactly supported complex with
coefficients in F 2 by

Log *
RT. o(X, F) := fib(RI'(X, FP)r — RHomg, x(c) (¢* F, R[1])).

Then, again following [15], we introduce Weil-Arakelov complexes:

Definition. Let F be a Z-constructible sheaf on X. We define Weil-Arakelov complex
of FP as the complex:

RTy (X, FP) := Rl o(X, FP)[-1] ® RT. o(X, FP).

The determinant of the Weil-Arakelov complex has a canonical trivialization; we will
obtain the trivialization of the fundamental line by relating the fundamental line with the
Weil-Arakelov complex through a duality theorem and the rational splitting of Weil-étale
cohomology:

Theorem C (Duality theorem for R-coefficients, see Section 5). There is a natural pair-
ing
(RT(X, F) ® R) ®F RT.0(X, FY) — R[0].

It induces a map

RT. o(X, Ff) — RHom (RI'(X, F),R)

which is an isomorphism for F € DY (Xy). If moreover F is a bounded complex with
Z-constructible cohomology groups, both sides are perfect complexes of R-vector spaces.

Proposition (Rational splitting of Weil-étale cohomology, see Proposition 3.12). Let F
be a red or blue sheaf. The defining distinguished triangle of Weil-étale cohomology splits

"The complex of Flach-B. Morin is the mapping fiber of the Beilinson regulator between motivic
cohomology (tensored with R) and (real) Deligne cohomology on the complex points, in weight 1; see
[15, §2.1].
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rationally to give an isomorphism
RTwo(X, F?) © Q 5 RHom (RT(X, F), Q[1]) @ RTc 5(X, FP) ® Q

natural in red-to-blue morphisms and red-to-blue short exact sequences, and compatible
with finite dominant morphisms between spectra of orders in number fields.

The duality theorem and the rational splitting imply that there is a distinguished trian-
gle
RTy (X, FR) — RTw,c(X, FP) ® R — Liex(FP) @ R

which gives the natural trivialization
A Ax(FP)g = det (RTwc (X, FP)®R) ® det (Liex(FP) @ R) ™'
5 det (RTurc (X, F2))
SR
1.1.6. The Euler characteristic and the special value theorem.

Definition. « Let F be a tamely ramified red or blue sheaf. The Weil-étale Euler char-
acteristic of F? is the positive real number yx (F ) such that

MAx(FP)) = yx(FP)™' . Z < R.

* Let F be a tamely ramified Z-constructible sheaf. There exists a short exact sequence
0 — F/ - F - F” — 0 with F’ red and tamely ramified and F” blue and tamely
ramified; define

xx (FP) = xx (F)P) xx ((F")P).
It does not depend on the chosen sequence.

The constructed Euler characteristic is multiplicative thanks to the functoriality prop-
erties of our constructions. We have an explicit computation:

Proposition (see Proposition 7.9). Let F be a tamely ramified Z.-constructible sheaf and
suppose that X is regular. We have

Q@) 22 EHO(X, F)ior ][ Exty (F, Gm)ior |R(FP)

xx(FP) = . -
[HY(X, F)or ][ Homy (F, Gp)ior|[ Extgy (Fy. Ok1)]|[N2] Disc(F)

where r1(F) and ro(F) are some positive integers, N3 is a certain finite 2-torsion abelian
group, R(FP) is a regulator-type real number and Disc(F) is a square-root-of-discrimi-
nant-type real number.

Now that we have an Euler characteristic at our disposition, the general method fol-
lowing work of Tran [44] (also used in [20,31]) is to reduce the special value formula via
Artin induction to computations in specific cases. We obtain:
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Theorem D (Special value formula, see Section 7.2). Let F be a Z-constructible sheaf.
We have the vanishing order formula

ords=o Lx (F”.s) = Y "(~=1)%i - dimg H}, .(X. Fg).
If F is tamely ramified and red or blue, we have the special value formula
“NLE(FP,007"-Z) = Ax(FP).

In general, if F is a tamely ramified Z-constructible sheaf, we have the special value
formula
Ly (FP.0) = £xx (FP).

For F = Z we find the analytic class formula for the Dedekind zeta function, so this
can be seen as a wide generalization of the analytic class number formula. In the singular
case, it does not give a special value formula at s = 1 of the zeta function: indeed if Z is
the singular locus and 77 : ¥ — X is the normalization,

(s+1)

Lx(ZP.5) =tz + D x [ T1 gyz (5)
y

z€Z n(y)=z

Using a remark made by Chen in their thesis [9], we observe that the case of a constructible
sheaf (which states that yx (F?) = 1) follows formally using [41, Cor. 1] from the case
of a sheaf supported on a closed subscheme and the multiplicativity properties of the
Euler characteristic (see Theorem 7.12). Applying this remark to the construction in [31],
this gives a quick proof of Tate’s formula for Euler characteristics in global fields (see
[30, Thm. [.5.1, Thm. I1.2.13] and [31, Prop. 6.23] for the reduction to Tate’s formula).

1.2. Comparison with other works

1.2.1. [43]. Our work represents a significant improvement on Tran’s thesis. The con-
struction of Tran, which takes place over X = Spec(Og) in the totally imaginary case,
involves a complex D gp for so-called “strongly Z-constructible sheaves” with a natu-
rally attached real number yrwn(FP?). In the previous chapters of his thesis, Tran had
constructed a complex D g with a naturally attached real number® yr,(F) such that, for
M a finite type torsion-free discrete Gx-module corresponding to an étale sheaf ¥ on
Spec(K) and g : Spec(K) — X the canonical morphism, Ly (M, 0) = =& yrn(g«Y). Let
d = rankz Y; Tran computes

)(Tran(F)(zﬂ)nd/2
XTran((g*Y)D) = 4
|Ak|

8We do not say Euler characteristic because the multiplicativity is not proven.
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and essentially deduces from the functional equation the formula

XTran((g* Y)D)
Ng/(f(M))

with f(M) the Artin conductor. The quantity Ng,q(f(M)) is shown to be related to two
natural integral structures on the Lie algebra Lie(D (M )) of the torus D (M) with character
group M.}

Tran’s thesis only works out the case of a totally imaginary number field, which avoids
the handling of factors of 2 linked to real places. Our construction takes places over an
order in an arbitrary number field; in particular we have to be careful with the 2-torsion,

LE(M. 1) = +

which is achieved through our compactly supported cohomology, and with singularities,
which are handled by using the dualizing complex Z¢ instead of G,,[1]. Though we restrict
ourselves to tamely ramified Z-constructible coefficients, we obtain a multiplicative Euler
characteristic, given on the nose by the fundamental line, which describes the special value
at s = 0 of the L-function Ly (FP?,s) (which includes as a special case Artin L-functions
at s = 1 for tamely ramified finite type discrete Gx-modules). We also have to place some
restrictions on the Z-constructible sheaves to obtain a construction of Weil-étale com-
plexes, but these restrictions are significantly weaker than the “strongly Z-constructible”
condition of Tran and give a well-behaved complex that has good functorial properties.

1.2.2. [21]. Our work can be seen as adapting and generalizing to the number field case
a part of Geisser—Suzuki’s work on special values of 1-motives over a function field K,
specifically the part about tori. The analogy between our work and theirs is as follows:
let K be a global field, let 7" be a torus over K with character group M, let X be either
Spec(Ok) or the smooth complete curve with function field K and let g : Spec(K) — X be
the canonical morphism. In the function field case, Geisser—Suzuki consider the connected
Néron model 7° of T over X. They prove that 7° ~ RHomyx(t='Rg.M,G,,) as an
étale sheaf. The cup product with a generator e € HI}V (X,Z) ~ Z induces a trivialization
on detr (RT'w (X, 7°) ® R) while the complex RI'z,(X, £ie(T°)) ® R is trivial; this
induces a trivialization

At ((det RTw (X, 7)) ® det RT7:(X. £ie(T))) ® R SR

After some reformulation, the special value formula for the L-function of T is'?
Theorem ([21, Thm. 4.6]).
A (L*(T.0)- Z) = (det RTw (X, 7)) ® det RTz7ue(X, Lie(T°)).

°It seems to us that there is a mistake there, as Tran claims that Lie(D (M )) = Homyz (M, K) while the
correct formula should be Lie(D(M)) = Homg, (M, K*P). It is not clear to us what impact this potential
mistake has on his results.

0We use the L-function L(T,s) of the 1-motive of [0 — T, which is related to the Hasse—Weil L-
function Lypw(7, s) by L(T,s) = Luw(T, s + 1). This is why our formula takes place at s = 0 while the
formula in [21] is for s = 1.
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In the number field case, denote F := t=! Rg.«M so that
FP = R¥Homx (t='Rg. M, G,)[1] = T°[1].

The sheaf g« M is red and moreover R! g+« M 1is constructible, so the conclusions of both
thm. A and thm. B hold without modification for F' and we have a Weil-étale complex
with compact support RI'w..(X, 7°) := RTw.(X, FP)[—1]. We have Lx(FP,s) =
L(T,s)”!. Finally when M is tamely ramified, since R'g«M is supported on a finite
closed subscheme we have

Liex (FP) = Liex ((g+M)P) = Lie(T)[1] = Lie(T°)[1] = RT7zu(X, Lie(T°))[1]

so our formula is the direct analogue of the previous one:

Theorem.

ATH(L*(T.0)- Z) = (det RTwc(X. 7)) ® det RTz4,(X. Lie(T°).

Since we consider all coefficients F? for F a Z-constructible sheaf, we gain some
flexibility which allows us to consider the case where X is singular. The main technical
difficulty in our situation seems to be the definition of Weil-étale cohomology, while in
the function field case Weil-étale cohomology is a well-established construction by work
of Lichtenbaum and Geisser [17,27].

1.2.3. [23]. Jordan—Poonen proved an analytic class number formula for the zeta function
of a 1-dimensional affine reduced arithmetic scheme. Our work is related but different in
nature, as the functions we consider are not the same: for j : U — X an open immer-
sion, we have Ly ((j1Z)P,s) = ty(s + 1) only when U = X and X is regular. Let
X = Spec(O) be the spectrum of an order in a number field K, let j : U — X be an
open subscheme and let Sy be the finite places missing in the normalization of U. Denote
A = Oy (U). Their special value formula for U is

211 2m)2h(A)R(A) [Tyes, ((1 = N(x)™")/log N(x))
o(A) /A4l

with rq, r, the number of real and complex places of K, h(A) := [Pic(U)], R(A) is the
covolume of A* C Ok ¢ under the usual logarithmic embedding, w(A4) = [(A™)] and
A4 is the discriminant of A, that is det(Tr(e;e;)) for a Z-basis e; of A.

Meanwhile our formula is computed explicitly as

to() =

, 21 (27)"2hy Ry
Ly ((hZ)P,0) = = —rxr—r
w+/|Ak]|

with iy = [CHo(U)], Ry the regulator from [31] and w the number of roots of unity
in K.
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1.3. Notations

1.3.1. Schemes. The étale site of a scheme Y will be denoted Y, and the pro-étale site
Yoroet [4]. There is a morphism of topoi v : Sh(¥proe) = Sh(Ye) such that v* is fully
faithful. A sheaf of abelian groups on Y., will be called an étale sheaf for short.

An arithmetic scheme is a scheme separated of finite type over Spec(Z); an arithmetic
curve is a dimension 1 arithmetic scheme. In this paper, we will consider proper integral
arithmetic curves that are flat over Spec(Z). Such a scheme is the spectrum of an order
O in a number field K. For the rest of the paper, we fix X = Spec(@). The generic point
will be denoted g : n = Spec(K) — X. We write Gg := Gal(K*P/K) for the Galois
group of K. If v is a finite place (resp. an archimedean place) of K, we will denote K, the
henselian local field (resp. complete local field) at v and gy : 1, = Spec(K,) — X the
canonical morphism. If x is a closed point of X, we will denote i, : x — X the inclusion
(or i when the context is clear), G, = Gal(k(x)*P/k(x)) the Galois group of the residue
field at x and N(x) = [k(x)] the cardinality of the residue field at x. When the context
allows, we will abuse notation and write v for a regular closed point of X corresponding
to a finite place v of K. If U is an open subscheme of X, we will denote j : U — X the
corresponding morphism. We denote by Xy the set of closed points of X.

For F an étale sheaf on X, we denote F; := g* F and Fy = i} F for x a closed point,
and we identify those with a discrete G x-module resp. discrete G,-module. We will make
no distinction between an étale sheaf on the spectrum of a field and the associated Galois
module.

1.3.2. Dualizing complex. Denote zo(X, i) the free abelian group generated by closed
integral subschemes of X x A, of relative dimension i, which intersect all faces properly.
The dualizing complex Z5 := 7Z5(0) is the complex of étale sheaves with zo(—, —) in
degree i and differentials the sum of face maps [18]. Denote

Gy = [g*((}m - @D ix,*z].

x€Xp

Deninger’s dualizing complex [12]. In our case we have Z§ ~ Gx[1] [34].
For F an étale sheaf on X, we denote FP := RHomy (F, Z%) the derived internal
hom in the derived category of étale shaves on X.

1.3.3. Group cohomology. If G is a finite group, we denote RI"(G, —) the derived func-
tor of G-invariants. Let P*® be the standard complete resolution of Z. We denote further-
more Rf‘(G, —) := RHomg(P*, —). This latter functor computes Tate cohomology.

Let G be a profinite group and H C G is an open subgroup. If M is a discrete H -
module, then the induction of M to G is the G-module indg M = Conty (G, M) of
H -equivariant continuous maps G — M. Let L/K be a finite extension of fields and F
an étale sheaf on Spec(L) corresponding to a discrete Gz-module M. If 7= denotes the
map Spec(L) — Spec(K) then 4 F corresponds to the discrete Gg-module indgf M.
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If M is an abelian group, we will denote M := R Homgz (M, Z) its (derived) linear
dual, M* := Homgz (M, Q/Z) its Pontryagin dual, and M T := Homz(M,Q)'". If V isa
vector space over a field E, we will denote V'V its linear dual.

1.3.4. Complex points. We endow the complex points X (C) with the analytic topology;
in our case the complex points are the embeddings K — C and the topology is discrete. We
denote Sh(Gg, X (C)) the topos of Gr-equivariant sheaves on X (C). There is a morphism
of topoi & : Sh(GRr, X(C)) — Sh(X¢). We denote Z(1) := 2i n Z € Sh(Gg, X(C)), and for
M a Gr-equivariant sheaf of abelian groups on X(C), M(1) := M ® Z(1) with diagonal
action and

MV = R%UmGR,X((C)(Mv Z)
Mv(l) = RJ{’UTYLGR’X(C) (M, Z(l)).
The Gr-equivariant cohomology of a complex C € D(Sh(Gr, X(C))) is defined as
RTgg (X(C),C) := RT(Gr, RT(X(C),C)).

We also denote
RTg, (X(C),C) := RT(Gg, RT'(X(C),C))

the Tate Gr-equivariant cohomology. The norm map N induces a fiber sequence

Z ®k ) RT(X(C),C) = RTgy (X(C), C) — RTg, (X(C),C).

Remark. Since X(C) is discrete, a Ggr-equivariant sheaf on X (C) is the data of
* For each embedding o : K — C, an abelian group Fj
* Anisomorphism F; — Fgz for o0 complex and an action of Gr on Fy for o real.

Choose an embedding o, for each archimedean place and put F;, = Fg,. We then have

I(X(@©).F)=[] Fox ] ind°®F,

v real v complex

as a Gr-module, and thus

RTG, (X(C).F)= [] RI(Gk, F).

v archimedean

This breaks down if X (C) is not discrete.

If F is an étale sheaf on X, we will denote F, its pullback to Spec(Ky); thus

(@*F)y, = Fy.

1“The dagger kills torsion.”
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1.3.5. Determinants. Let A = Z or R. A complex C in the derived category D(A) is
perfect if it is bounded with finite type cohomology groups. We will use the determinant
construction of Knudsen—-Mumford [25], and the subsequent work of Breuning, Burns,
and Knudsen, in particular [5,6]. Denote Proj, the exact category of projective finite type
A-modules, Gr” (Modg) the bounded graded abelian category of finite type A-modules,
Dperi(A) the derived category of perfect complexes and &4 the Picard groupoid of graded
A-lines. The usual determinant functor

det € det(Projs, P4), M > (A4 M AL ranky M)

extends to a determinant functor g4 € det(Gr® (Modfty), $4). Moreover, the graded coho-
mology functor H : Dpers(A) — Gr? (Modft,) induces a functor

H* : det (Gr® (Modfty), P4) — det (Dypert(A), Pa),
and we put dety := H*g4'?. There is a canonical isomorphism

detC R ~ det(C ® R).
(Ze )® Hg( ®R)

1.3.6. Derived oo-categories. We will use the theory of stable co-categories, see [29].
If X is a topos, we will denote D(X) the derived co-category associated to abelian
objects in X. It is a stable co-category whose homotopy category is the usual derived
(1-)category D(X). In particular we will denote D (X) the derived oo-category of étale
sheaves on X, D(Z) the derived oco-category of abelian groups and D (Gr, X(C)) the
derived oo-category of Gr-equivariant sheaves on X (C).

A stable co-category has all finite limits and colimits. Moreover, pushouts are pull-
backs and reciprocally. The homotopy category of a stable co-category has a canonical
structure of triangulated category. If € is a stable co-category and A € €, we denote A[1]
the shift of A, which is given by the following pushout:

A——0

! 1

0 —— A[l]

If f: A— B isamorphism in €, we define fib( /') and cofib( /) by the following pullback
and pushout diagrams:

fib(f) —s 4 A—L 4B

! ol !

0— B 0 — cofib(f)

A sequence A — B — C is called a fiber sequence if A = fib(B — C) (or equivalently
C = cofib(4 — B)). A fiber sequence induces a distinguished triangle in the homotopy
category.

12This convention is chosen to simplify proofs later on, but of course all determinant functors extending
dety € det(Proj,) are isomorphic.
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2. Cohomology with compact support of F?
2.1. Definitions

The Gr-equivariant sheaf a*Z5 = a*Gyx|[1] is Q*[1], with action of Gg via decompo-
sition groups at archimedean places. We have a canonical morphism a*Z§ — C*[1] and
the short exact sequence 0 — 2ixZ — C — C* — 0 gives a map C*[1] — 2inZ][2],
whence a composite arrow «*Z§ — Z(1)[2]. Let F, G be abelian sheaves on X. The
functor o* is strict monoidal, hence from the arrow

a*(RHomx (F,G) @ F) — a*G
obtained by applying a* to the natural map, we obtain by adjunction a canonical map
oa* RHomy (F,G) — RHomegy x)(@*F,a*G).
In particular, there is a natural transformation
a*(FP) = RHtomey xc)(e* F.C*[1]) — (@*F)¥(1)[2]
hence maps
RT(X,FP) - RTGy (X((C), (a*F)V(l)[Z]) — Rf‘GR (X((C), (a*F)V(l)[Z]).

Definition 2.1. The corrected cohomology with compact support of F is the fiber of the
first morphism:

RTc (X, FP):= fib(RT'(X, FP) — RTg, (X(C), («*F)¥(1)[2])).

The Tate corrected cohomology with compact support of F? is the fiber of the composite
morphism:

RT. p(X, FP) := fib (RT(X, FP) — RTg (X(C), (a* F)V(D[2])).

We also recall the definition of Tate cohomology with compact support of F from [31,
§2]"3 as the fiber:

RT.(X, F) := fib (RT'(X, F) — R (X(C),a*F)).

Remark. The above is only defined for sheaves of the specific form F 2. It is not a functor
on the whole category of sheaves. We think of it as a contravariant functor in F'. As we will
see later, Tate corrected cohomology with compact support of F is in an “Artin—Verdier-
like” duality with étale cohomology of F, so we can think of it as a étale homology of F.

Proposition 2.2. Let F be an étale sheaf on X. The canonical map a*Z5, — Z.(1)[2]
induces an isomorphism

RT.(X, FP) 5 RT, p(X. FP).

13The definition is not original but the terminology is, see [30, $I.2, Cohomology with compact sup-
port].
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Proof. We have to show that
RT(Gg,a*(FP)) 5 RT(Gg, (@*F)" (1)[2)).

It is enough to show it at real places. For v a real place, denote g, : Spec(K,) — X the
canonical map. As g, is proétale, we have g*(FP) = RHomgy (g¥F, Q*[1]), and we
thus want to show

RT(Ggr, RHomay (g5 F, Q*[1])) = RT(Gr, R¥omay (gX F,2inZ[2])).

All terms now depend only on M := g¥F so we can reason by Artin induction on any
finite type Gr-module M.

We first treat the case M = Z: from the exact sequence 0 — 2inZ — C - C* — 0
we find an isomorphism

RT(Ggr,C*[1]) = RT(Gr, Z(D)[2]).

Moreover, Q% and C* have the same Tate cohomology: both are zero in odd degree and
in even degree, both equal Z /27 via the sign map because a real algebraic number which
is a norm is the square of a real algebraic number, hence the norm of an algebraic number.

ItM = indgﬂf Z is induced, we have that RHomg (M, N) ~ ind{GOﬂf N is induced
for any Ggr-module N, so it has trivial Tate cohomology.

Finally, if M is finite RHomegy (M, Q*) and RHomgy (M, C*) are canonically
isomorphic because Q* and C* have the same torsion. Since C is uniquely divisible and
has no torsion, we have moreover RHomgg (M, C>) = RHomegy (M,2inZ[1]). We
thus obtain the required isomorphism on Tate cohomology.

By Artin induction we obtain the required isomorphism for any finite type Gr-module
M ; by taking filtered colimits, we obtain the statement for any Gg-module M since Tate
cohomology, being a derived Hom, commutes with derived limits. ]

2.2. Artin—Verdier duality for F?

For a complex of abelian groups, we will denote R Hom(—, Q/Z) = Hom®(—, Q/Z)
by (—)*. Artin—Verdier duality gives a map

RT(X. FP) = RHomy (F.Gyx[1]) 25 RE.(X, F)*[-2]

which is “almost” an isomorphism. We want to modify this duality at the complex points
to obtain an Artin—Verdier duality relating RT; (X, F D) and RT'(X, F). We have fiber
sequences

RTG, (X(C), (@*F)V(D[1]) - RT. p(X. FP) - RT(X, FP),
RT.(X,F) — RT(X, F) — Rlgg (X(C),a*F).
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To obtain an Artin—Verdier duality statement, we will construct in the next three para-
graphs pairings
RTG, (X(C), (@*F)¥(1)) ®* R, (X(C),a*F) — Q/Z[-3)],
RT(X, F) ®" RT p(X, FP) — Q/Z[-2]

such that we have a morphism of fiber sequences given by the adjoint maps:

RTg, (X(C), (@*F)V()[1]) — RT5(X, F?) —— RI(X, FP)

| l lAV @1

RTG, (X(C),a*F)*[-2] — RT(X, F)*[-2] — RT(X, F)*[-2]

2.2.1. Construction of the palrlng for Tate cohomology on X(C). Let us construct
the first pairing: Tate cohomology RFG]R (X(©C),—) = RFGR( ) o RT'(X(C), —) is lax-
monoidal [37, Thm. .3.1], hence the natural evaluation map («*F)V (1)[1] ®% «*F —
2i wZ[1] gives a map

Rl (X(C), (@*F)¥ (1)) ®" RTGg (X(C),a*F) — RTg, (X(C),2inZ).
Since I—AIER (X(C),2inZ) = 0 for i even, there is a canonical isomorphism'*

RTG, (X(C).2inZ) ~ @ HE, (X(C).2in Z)[-i].

Let r; be the number of real places of the function field of K. There is an identification
H3(Gr, X(C),2inZ) = (R*/RX,)" comes from the natural map C* — 2i 7 Z[1]. We
compose the previous pairing with a projection and a sum map to get the pairing

RTG,(X(C), (@*F)¥ (1)) ® RTg,(X(C),a* F) — RTg,(X(C),2inZ)

LR A (X(C),2inZ)[-3]
= (R*/RZy)"[-3]

% Q/z1-3] 22)

2.2.2. Construction of the pairing for R fc, (X, FP). In the following diagrams,
we will denote RT', RT'Gy, RlGy, RTc, and RT. p for RT(X,—), RTgg (X(C), ),
Rf‘GJR (X(C),-), RT, (X, —-), and RfC,B (X, —), respectively, and we will also write ®
for the derived tensor product. The natural lax monoidality pairings of RI'g (X(C), —)
and RIA*G]R (X(C), —) are compatible with each other [37, Thm. 1.3.1] and also with the
natural pairing for RT'(X, —) via the map RT'(X, —) — RTg (X(C),a*(-))," so the

4Indeed, there is always such an isomorphism (non-canonical) in the homotopy category D(Z), and
there is a canonical one here because there are no Ext! between two consecutive cohomology groups.
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following diagram commutes:

RT(F) ® RT'(FP) » RU(Z%)

| |

RT(F)® RTgy (FY()[2]) + RTGx(¢* F)® RTg, (FY(D[2]) + RTGy (2i7Z[2])

| ! |

RT(F)®RTGy (FY(D[2]) + RTg, (@* F)® RTgy, (FY(D)[2]) + RTgy, (2inZ[2])

We thus obtain the left dotted map in the following commutative diagram where the top
row is a fiber sequence:

RT(X, F) ®" R, p(X, F?) — RI(X,F) ®F RT(X, FP) — RT(X, F) ®" Rlg,(X(C), F(D[2])

! | l

RO, p(X,ZP) ————— RT(X.Z$) ——— Rlg, (X(C),2inZ[2])

We have
t22RT. p(X,2ZP) = t2?RT. (X, Z%) = Q/Z[-2]

by Proposition 2.2 and [30, Prop. I1.2.6, Lem. 11.6.1], hence we get a pairing
~ ~ >2
RT(X.F) @' RT. p(X, FP) - RT. 3(X.Z°) =5 Q/z[-2]. (23)

2.2.3. The morphism of fiber sequences. The following cube is commutative by com-
patibility of the involved pairings:

RT(F) ® RT'(FP) RT(F) ® Rl ((@*F)¥(1)[2])
RT(ZS) \Rf‘GR (2inZ[2))
|
RlG, (@*F) ® RT(FP) REgy (@*F) ® Rl ((e* F)¥(1)[2])
\éfGR (@*Z5,) \Rf‘GR (2imz[2])

15Since the lax monoidal structure for RT'(X, —) and RT gy (X(C), —) come from the strict monoidal
structure on their left adjoint, this is a formal consequence of the commutative triangle of right adjoints
with strict monoidal left adjoints

D(Gr.X(C)) ——=——— D(Xo)

RTgy (X((Cm RT(X,-)

D(Z)
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hence by adding the fibers of horizontal and vertical maps we deduce a morphism of
3 x 3 diagrams depicted in Diagram 1. Doing so, we recover in the middle layer the
pairing (2.3).

Let A, A’, B, B/, C, C’ be objects of D(Ab), with maps 4 — A’, B - B, C — C’.
Given two pairings A ®~ B — C and A’ ®* B’ — C’, the commutativity of the two
following induced diagrams is equivalent:

A > Al AQLB —— A®YB —— C
RJ¥Hom(B,C) —— RIHom(B',C’) A' ®L B c’

We now prove that the natural diagram (2.1) commutes. By the above, this reformu-
lates to the commutativity of a subdiagram of (1), together with the following commutative
diagram:

RT(2inZ[1]) = RT(C*) — R, p(ZP) +=— RT(Z%)

I ]ﬂ

Q/Z[-2
which follows from the proof of [30, Prop. 11.2.6].
Theorem 2.3 (Artin—Verdier duality for F?). The pairing
RT (X, F) ®" RT¢ p(X, FP) - Q/Z[-2]
induces a map
RT. (X, FP) — RT (X, F)*[-2]

which is an isomorphism in degree # —1,0, and an isomorphism after profinite completion
of the left-hand side in degree —1, 0. In particular if F is constructible then the map is an
isomorphism.

Remark. The statement also holds more generally for a bounded complex F € D?(X)
such that H°(F) is Z-constructible and H'(F) is constructible for i # 0 (by filtering
with the truncations). If we reformulate the theorem as the map RIA}, 3(X,.FP)® 7 —
RT' (X, F)*[-2] being an isomorphism, this generalizes to bounded complexes with Z-
constructible cohomology groups.

Proof. By the diagram (2.1) and Artin—Verdier duality for singular schemes [30, Thm.
I1.6.2], it suffices to show that the pairing

RTg, (X(C), (@*F)¥(1)[1]) ®" RTg, (X(C),a*F) — Q/Z[-2]

is a perfect pairing between complexes of abelian groups with finite cohomology groups.
To prove that the pairing is perfect, it suffices to do it at every real place, that is for the
Galois cohomology of Gr; thus it suffices to prove the next proposition. ]
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Proposition 2.4. The pairing
RT(Gr, MY (1)) @ RT(Gr, M) — Q/Z[-3]
is perfect for M any discrete Gr-module of finite type.

Proof. We will reduce to Theorem A.1 for the finite group Gr = Z/27Z. Denote ¢ the
augmentation Z[Gr] — Z and I, = (s — 1)Z the augmentation ideal. We have

H'(Gr.2inZ) = Extg, (Z,2inZ) = L/2Z,

and the non-zero class ¢ corresponds to a morphism Z — 2iZ[1] in the derived category
coming from the equivalence class of the non-split exact sequence

0—2inZ = Ig, — Z[Gr] > Z — 0.

Since I, = 2imwZ as a Gr-module, we obtain an isomorphism

~

RT(Gr, M) ——— RT'(Gg, M(D))[1].

(idps ®1)«

Note that MV (1) = (M V)(1). From the above isomorphism we deduce an isomorphism
of pairings

RT'(Gr, M) ®L RT'(Gr, M) —— RT'(Gr,Z) ——— H?(Gr.Z)[-2] — Q/Z[-2]
RT(Gr, MV (1)[1] ® RT(Gr, M) — RT(Gr.2inZ)[1] — H3(Gr.2i7Z)[-2] — Q/Z[-2]
which shows that it suffices to check that the natural pairing

RT(Gr, MV) ®* RT(Gr, M) — RT(Ggr.Z) — H*(Gr.Z)[-2] - Q/Z[-2]

is perfect. In a similar way, the non-zero class u € H?(Gg, Z) corresponds to a map
7 — Z[2] whose fiber comes from induced modules'®, and we also get an isomorphism
of pairings

RT(Gr, M) QL RT'(Gr, M) —— RT'(Gr,Z) — H°(GRr,Z)[0] — Q/Z[0]
RT(Gr, MY) ®L RT'(Gr. M)[2] — RT(Gr.Z)[2] — H?*(Gr.Z)[0] — Q/Z[0]
so equivalently it suffices to check that the natural pairing
RT(Gr, M) ®* RT(Gr, M) — RT(Gr,Z) — H°(Gg.Z)[0] - Q/Z[0]

is perfect; this is Theorem A.1. n

16This is just a reformulation of the 2-periodicity of the Tate cohomology of cyclic groups.
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We finish with a study of the behaviour of our corrected compactly supported coho-
mology with respect to finite dominant morphisms:

Proposition 2.5. Let Y = Spec(O’) be the spectrum of an order in a number field with
a finite dominant morphism w : Y — X and let F be a Z-constructible sheaf on Y. We
have canonical isomorphisms

RTc5(X. (m«F)P) = RT, p(Y. FP),

RT. 3(X, (m F)?) S RE, (Y, FP)
compatible with the maps RT; p(X, —)—>Rf‘c,B(X, —) resp. RIc p(Y,—) —>Rf‘c,3 (Y, —).
Proof. We prove it for RT. g(X, (—)?). The functor m, is exact and we have

Rn'Z$ = Ra'Gy[l] = Gy[l] = Z§
by the finite base change theorem, hence (74 F)? = 74 (FP). Denote by

7' : Sh(Gr,Y(C)) — Sh(Gr, X(C))

the morphism of topoi induced by 7, and o’ the morphism Sh(Gg, Y(C)) — Sh(Y,,).
Consider the commutative square

Sh(Gr.Y(C)) —— Sh(Ya)

R

Sh (Gg, X(C)) —*— Sh(X«)

It induces a canonical map a* 7« F — m,a’* F. We claim that it is an isomorphism; indeed
it suffices to check it on points of X(C), and then it follows from the computation of the
stalks of a finite morphism in the étale case and in the topological case'”.

Since X(C) and Y (C) are finite discrete, we have 7”' = 7'*, so Rn"' =n'*, Rn'*2inZ
=2inZ,and Ra"*C* = C*. The counit 7, 7"* — id is given on stalks by the sum map.
Denote 7 the base change of m toapointx € X andg:n— X, ¢ :7n > Y,ix:x > X,
iy 1 y — Y the inclusion of the generic points, resp. of closed points, of X and Y. The

counit 7423 — Z% is given by the morphism of complexes (with left term in degree —1)

/ _ . _ .
7+8:Gm = &+x7n xGm ZTrdy> DBy, iy 2z = Drex, bxx (Tx L)

| !

> ordy .
g*Gm > @XGX() lx’*Z

17In the topological case, by finite morphism we mean a universally closed separated continuous map
with finite discrete fibers; we then use [42, Tag 09V4].
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where the left arrow is obtained by applying g« to the counit of the adjunction 7y« =
m,, which is simply the sum map. Thus we have an identification (7«2}, — Z%) =

7, Q*[1] — Q*[1]'*. Combining this with the equality a* 4 F = m.a’* F and the iden-

tification R’ (Q* — 2inZ[2]) = Q* — 2inZ[1], we obtain a commutative diagram':

R Homy (F, ZCY) L*) R HomGR,Y(C) (Ot*F, @X[l]) — R HomGR,y(C) (Ot*F, 2i7‘[Z[2])

| s ¥

RHomy (7. F, Z$) — RHomg,, x(c) (ria* F,Q*[1]) — RHomg, x() (ria* F,2inZ[2])
a*

hence we obtain in the following diagram of fiber sequences the induced arrow, which is
an isomorphism:

RT: g(Y.(—)?) ——— RI(Y.(-)P) ——— RI, (Y(C). ()¢ (D[2])
. l: l: un
RTc g(X. (me—)P) —— RT(X, (1+—)P) —— RTgg (X(C). (me—)E(D[2])

Proposition 2.6. In the same setting, there is a commutative diagram of pairings:

RT(Y, F) ®" RTc(Y, FP) ——— R 3(Y.ZP)
RT(X, 74 F) @ RTc g(X, (n F)?) —— RT. (X, ZP)
where the arrow Rf‘C,B (Y.ZP) - Rf‘c’B(X, Z.P) is induced from the map
RT(Y, FP) - RI(X, FP)
(coming from the counit € : 1y Rn’Z% = 1.2ZP — ZP) and from the map
RTg (Y(C),2inZ[2]) - RTgg (X(C),2inZ[2]).
Proof. By compatibility of the pairings for RI'g (X(C), —) and Rf‘GR (X(C),—), we

can reduce to checking the statement with RT'c p instead of Rfc’ B. This will follow for-
mally (by taking the fiber) if we prove that the cube of Diagram 2 is commutative.
The lax monoidality of 74, 7}, @*, ¢’* induce maps
Ca i ¥ RHOomx (—, —) = RHomagy xc)(@*— a*—)
ot 2 0 RHOomy (—, —) = RHomey y)(@™— o —)
¢ T RHomy (—, —) = RHomy (we—, wsx—)

T RHOMGy v () (—. =) = RHOMGy x(©) (T~ T, —).

18That is, the pullback of the counit is the counit between the pullbacks.
1“The commutation can be seen from the observations made by writing the adjonction arrows as the
composition of applying the adjoint functor and postcomposing with the counit.
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(zxz(2)x)*o1y <

/

([Qzx1T g yo%r) DATOwog ¥ ® (J*xX) Iy

[ ]
([Kzx1z*(2)X) *239 < ~ =

— 7

(Tlz 21T g o) @A HOwoH ¥ & (o *A) IV <

Az x)Jd

CYAONL'S

T

X7 A *u)XwoH y @ (J*x°X) 1y

T

A7 1) AwoH Y ® (o ‘A) I

Diagram 2.
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The following diagram commutes by naturality; the composite rectangle is given by the
adjunction isomorphism 7, F D~ (e F )D :

m FP — ™  y Rouso*m FP = Raunla* FP

c,,l lRa*a*(cn)

RHomx (n4F, 1 Z$) —2— Roxa* RHomy (4 F, w4 Z5) (2.4)

8*l lRa*a*(a*)

(4 F)P e s Rotxo* (4 F)P

We have m.a™ = a'* ), so the following diagram commutes formally for any sheaf F
and G:

o R¥omy (F,G)

w

\

a*m. RHomy (F,G) T, RHomgy y)(@™* F,a™*G)
a*(cn)l lc,,,
a*RHomy (w+ F, 74 G) RHomx (njo* F, w,a*G)

RHomy (@i F,* 1, G)

/

Thus the top square in the following diagram commutes:

oa*m. FP = Rounla’* FP M) n;RJfamGR,y(C)(a*F,@X[I])

loc*(c,,) cﬂ/l

a* RHomy (w4 F, s Z$) —— RHomey x(c)(mia* F, w,Q*[1]) 2.5

l(x*(a*) s*l

a* RHomy (ni F, L) —2— RHomey xc)(mia* F,Q*[1])
The bottom square also commutes, because
a* (M2 — L) = 7L Q*[1] — Q*[1].
The commutative square

L QX[1] —— #l2inZ[2)]

| |

Q*[1] —— 2inZ[2]
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implies that the following diagram is commutative:

7, RHomey yc)(a* F.Q*[1]) —— m,RHomey yc)(o*F.2inZ[2])

Cﬂ/l lcﬂ/

R]fomGR,X(C)(n;a*F, n;@x[l]) — R]fomGR,X(C)(n;a*F, niZinZ[Z]) (2.6)

| I~

RHomeay x(0) (n;a*F, Q* [1]) — RHomgg x(C) (n;a*F, 2iZ[2])

Apply Ras to diagrams (2.5) and (2.6) and paste them next to diagram (2.4) to obtain the
following diagram:

n*FD — Ra,ml(a*F)V(1)[2]

\\

\RJé’UmX(n*F T Ly) —* RJfomX(n*F Ram), 21712[2])

AN Sl
N
) ]
N
N N
M TS

RHomy (neF,Z;) —— RHomy (n«F, Ray2iwZ[2])
where we have rewritten the terms on the right using
RayRHomegy xc)(@*—, —) = RHom(—, Rax—).

The back and side faces are obtained by composing the top and front faces; by properties
of adjunctions, the dotted maps are the adjunction isomorphisms for . 4 Rz resp. .,
Rn". By the ® 4 Hom-adjunction, the above diagram is equivalent to the following cube:

s F @ muFP ————— 7, F ® Ral, (a*F)V(1)[2]

~ VA _j y Roum,2inZ]2]

7w« F ® (m. F)P 7« F ® Ray(mha*F)V(1)[2]

T~

7% > Roy2iwZ]2)

Finally, applying the lax monoidal functor RT" (X, —) recovers the sought-after cube. m

2.3. Computations

Proposition 2.7. Let F be a Z-constructible sheaf. We have that
H} g(X.FP) ~ H p(X. FP)  fori > 1;
HCO,B(X7 FP) > PAICO,B(X, FP) s surjective.
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If o* F is torsion-free, we have that
Hl p(X.FP)~ H! ;(X.FP) fori >0;
HZE(X» FP) - ﬁc_,;;(X, FP) s surjective.

Proof. Let T(FP)be the cofiber of R (X, FP) — Rf‘c,B(X, FD). Let s be the gener-
ator of Gr and denote N = 1 + s the norm map. By the stable 3 x 3 lemma [31, Lem. 2.2],
we find that

T(FP) = fib (RTgy (X(C). @ F)"(D[2]) %> R, (X(C). (@* F)* (1[2]))
= Z ®%,; RT(X(C). (@*F) " ()[2])
= J] =z ®F16x,1 F (V2]

v archimedean

computes homology at the archimedean places. Let M be a Gr-module of finite type.
Then MY (1)[2] = RHomgz (M, 2i wZ)[2] is concentrated in degree —2 if M is torsion-
free and in degree [—2, —1] in general. It follows that Z ®Ii[GR] MY (1)[2] is concentrated
in degree < —2 if M is torsion-free and in degree < —1 in general. ]

Proposition 2.8. Let F be a Z-constructible sheaf. Then Rlc‘c, (X, FP) is concentrated
in degree < 2. If F is constructible, the complex has finite cohomology groups. In general,
we have
finite i <=2
1! (X, FP) = 1 finite type i=-1,0
torsion of cofinite type 1 = 1,2.
Proof. The vanishing in degree > 2 comes from Theorem 2.3. The remaining claims fol-

low from the defining long exact cohomology sequence and [30, Lem. 11.3.6], because the
complex RT gy (X(C), (@* F)Y(1)[2]) has finite 2-torsion cohomology groups. |

Proposition 2.9. Let F be a Z-constructible sheaf. Then RT'¢ p(X, F D) is concentrated
in degree [—1,2]. If F is constructible, the complex is perfect. In general, we have

finite type i=-1,0

i D
(X, F7) =
«B torsion of cofinite type 1 = 1,2.

Proof. By Proposition 2.7 and the previous proposition, we have

H! p(X,FP)=H! (X, FP)=0
fori > 2and Hci (X, FP) = flc‘ (X, FP) is torsion of cofinite type for i = 1,2; finally
for i = —1,0 the difference between H/ (X, FP) and I:\Ic"’B(X, FP) is given by a group

of finite type so H c’ p(X. F D)) is finite type by the previous proposition. The vanishing in
degree < —1 is clear. ]
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We now compute some special cases.
Proposition 2.10. Suppose that X = Spec(Ok) is regular. We have
Z i=0
H' (X,Z)=10 i=1
torsion 1 > 1.

Let j : U — X be an open subscheme of X with U # X. We have

0 i=0
H' (X, )Z) = (HveX\UZ)/Z =1
torsion i>1.

Proof. The result fori > 1 follows from [30, Lem. I1.2.10]. Since X is normal, Jrlfroet X)=
7$'(X) is profinite so H'(X,Z) = Homeons (75(X), Z) = 0. [

Proposition 2.11. Suppose that X = Spec(Ok) is regular. We have

finite type of rank [K : Q] —1 i =—1

7 .t i f—
H p(X.Z7) = JZW i —1
Q/Z i=2.

Moreover we have an exact sequence

072" - H p(X.Z”) > O - (Z/22)" — H 5(X,Z") — Pic(X) — 0
and HCO,B (X, ZP) is the narrow ideal class group Pic™ (X).
Proof. The exact sequence comes from the long exact cohomology sequence of the defin-
ing fiber sequence. By Proposition 2.7, we have

tZORT, p(X,ZP) = t2°RT. p(X,ZP) ~ t2°RE (X, G[1])

hence the result for i > 0 follows from [30, Prop. I1.2.6, Rem. I1.2.8 (a)]. n
Remark. e We have H}_(X(C).2inZ) ~ HY_(X(C).C*) = (R*/R%)". Since the

canonical map H°(X,G,,) — HéR (X(C),2inZ) factors through HgR (X(C),C*) by
definition, it is given by
(si u)v
05— Pz
v real
Its kernel is (DIX(’ +» the group of totally positive units; it has same rank as O . Thus we

have a short exact sequence

02" — H p(X.Z”) — Of.4+—0.
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e We can also recover the result for i > 1 by Artin—Verdier duality (Theorem 2.3) and
Proposition 2.7 since H! (X,Z)=0,Z,0fori <0,i =0,i = 1. On the other hand, from
the result for i = 0 we recover H2(X, Z) ~ Pic™ (X)*.

o If X is singular, the exact sequence becomes

0— 2" — H_ p(X.Z”) — CHo(X, 1) > (Z/2Z)" — H? 5(X.Z”) — CHp(X) — 0

and H cl (X, ZP) = H'(X,Z)* can be non-zero and non-finite, depending on the singu-
larities of X. Moreover, Hg (X, 7P can be seen as a “narrow Chow group”.

Proposition 2.12. Suppose that X = Spec(Og) is regular and let j : U — X be an open
subscheme with U # X, say U = Spec(Ok,s) with S a set of places containing the
archimedean places and at least one finite place. Denote Sy the set of finite places in S
and sy its cardinality. We have

finite type of rank [K : Q] — 1 i=-1
) finite i=0
Fp(X, (hz)P) =
c.s(X- D)%) Ker (@,es, Br(Ky) 2 Q/z) ~ Q2! i=1
0 i=2.

Moreover, we have an exact sequence
0—Z"— H J(X.(H2)P) - 0 s = (2/22)" — H? 5(X.(HZ)P) - Pic(U) = 0
and HcO,B (X, (1Z)P) is the narrow S-class group Pict (U).

Proof. By Proposition 2.7 and Artin—Verdier duality we obtain the result fori = 1,2 from
the computation of H' (X, jiZ). We have (/1,Z)P = Rj.Z$§, = j«Gp[1] [30, Lem. 11.1.4]
and (/1Z){ (1) = 2imZ so the exact sequence comes from the long exact cohomology
sequence associated to the defining fiber sequence.

We have RT. 5(X, (1Z)P) < RT.(X. j+Gu[l]) by Proposition 2.2. The divisor
short exact sequence

0— j«G, — 24Gy, — @ ip«Z — 0

vely

and Proposition 2.7 gives, as in [30, Rem. I1.2.8 (a)], the identification of
H p(X. Gi2)P) = HY p(X, (H2)P) = HO (X, jxGml1])
with the narrow S-class group. ]

Remark. e The map H°(U,G,,) — HéR (X(C),2inZ) is given by

(l v)vrca
Ofs —% P z/2.

v real
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Its kernel is (9,? 5.+ the group of totally positive S'-units; it has same rank as (9;’ 5+ Thus
there is a short exact sequence

0— 2" — H ' (X,(iZ)P) — (9;’,; - 0.

e Fori = 1,2, we can also prove the result directly by considering the following snake
diagram:

0 ——— H!p(X.(2)"”

| [

0 s 0 s H2(U,Gp) H?*(U,G,) —— 0

| | |
| | !

0— HveSf Br(KU) — nvES Br(KU) — nv archimedean Br(KU) — 0

H 5 }

[yes, Br(Ky) —=— Q/Z ——— H24(X,(HZ)?) — 0

e We recover from Artin—Vertier duality an identification H2(X, j1Z) ~ Pict(U)*.

Leti : x — X be aclosed point of X and M a discrete Gy-module of finite type. Since
Ri!Z} = Z[0], we have (i*M)D = i, MV, while (i, M)¢c = 0. Thus

RTc g (X, (ixM)P) = RT(Gx, M)
and we obtain the following:

Proposition 2.13. We have

0 i=-1
: . finite type i=0
LA(X, (i« M)P) =

s (X, (1-M)7) finite i=1

torsion of cofinite type i = 2.
If M is finite, RT p(X,(i»M)P) has finite cohomology groups and Hc(fB(Xv (ixM)P)=0.

Proof. TIf M is finite, we have MY = M *[—1]. On the other hand, if M is torsion-free we
have MY = Homauy, (M, Z). Thus in both cases we reduce to cohomology of discrete G ~
Z-modules of finite type, for which the result is known. For arbitrary M, we conclude with
the short exact sequence 0 — M, - M — M /tor — 0. [

Let D = RHom(RT' (X, F), Q[-2]), and denote (—)" = Hom(—, Q).
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Proposition 2.14. Let F be a Z-constructible sheaf. Then DF is concentrated in degree
[1,2].

Proof. Wehave H (Dr) = H*> (X, F)T. We thus have to show that H? (X, F) is torsion
fori #0,1.But H' (X, F) differs from H!(X, F) by a finite group since X is proper, and
the latter is torsion for i # 0, 1 [30, Thm. I1.6.2]. [

3. Weil-étale cohomology with compact support of F?

3.1. Construction of the Weil-étale complex

Following [15], the Weil-étale complex with compact support should be the cone of a map
o making the following diagram commute

RHom (RT(X, F),Q[-2]) ---- er ---> R (X, FP)

|

RT. p(X, FP)

!

RHom (RT(X, F),Q/Z[-2])

Let F, G be two Z-constructible sheaves on X and let us compute the morphism group
Hompz)(Dg,RI¢, (X, F D). Recall the Verdier spectral sequence [45, Chap. I1I, §4.6.10]:

EP? = ]‘[ Exty (H'(K), H'"(L)) = Ext},z,(K.L). (3.1
i€Z

Using the vanishing results of the previous section, the above degenerates to a short exact
sequence

0 — [izy, Bxt! (H>7/(X,G)', HIH (X, FP)) — Hompz) (Dg, RTc,5(X, FP))

i i 3.2
l_li:l,zHom(Hz"(X.G)*.H;,B(X,FD)) - .0 (3.2)
Since H. z(X, FP) is torsion and H°(X, G)" is a Q-vector space, we obtain
Ext! (HO(X, G)T, Hcl,B(X7 FD)) —0.

Therefore the left term is Ext' (H'(X, G), H? z(X, F?)). Similarly to the approach of
[31], this motivates the following definition:

Definition 3.1. Let F be a Z-constructible sheaf on X. We say that

e Fisredif H CO’ B (X, F D ) is torsion, hence finite.
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+ Fisblueif H'(X, F) is torsion, hence finite; this happens if and only if
H!'p(X. FP)=H! p(X.FP)
is finite (Theorem 2.3).

* A red-to-blue morphism is a morphism of sheaves F — G where either F and G are
both blue, or are both red, or F' is red and G is blue ; a red-to-blue short exact sequence
is a short exact sequence with red-to-blue morphisms.

Remark. e If F is constructible, F is blue and red.

e The constant sheaf Z is red; this follows from the finiteness of CHg(X)°. If X is
regular or more generally unibranch (so that each point has a singleton preimage in the
normalization of X), the sheaf Z is also blue.

oIf j : U — X is an open inclusion with U # X, the sheaf j,Z is red, and it is blue
if X is unibranch and | X\U| = 1.

e If F is Z-constructible and supported on a closed subscheme, then F is blue.
This reduces to the case of a single discrete finite type Z-module, where it follows from
H I(Z Z) = 0 and the Hochschild—Serre spectral sequence for a normal open subgroup
acting trivially.

Proposition 3.2. Let j : U — X be an open immersion such that U is regular and G a

locally constant Z-constructible sheaf on U. Then jG is red.

Proof. Indeed, the result is true if G is torsion so we can suppose that G is torsion-free.
Let g : n = Spec(K) — U be the generic point. Since G is locally constant, we have G =
g+g*G.”' By Artin induction for the Gx-module g*G, we find normal open subgroups
Hy, H; of Gk, an integer n € N and a finite Gg-module N such that we have a short
exact sequence

0 (g"G)" & Pindgt Z — Pindg. Z — N — 0.

Denote | : Vi — U, nr] : V; = U the normalizations of U in (K*?)fk (K*r)Hi By
applying g«, we find a short exact sequence

0— G" @@7{,’{’*2 — @nl/’*Z -0 -0
where Q is a subsheaf of the constructible sheaf g. /N and hence is constructible. Denote
by g : Yx — X (resp. 7 : ¥; — X) the normalization of X in (K*P)Hk (resp. (KP)H1)
and ji : Vx — Yi the open inclusion (resp. j; : V; — Y;). The points in Y (resp. ;)
above U are exactly the points of Vi (resp. V}) so

I WL = 7w i L 170 L= 7 w10 L

By Proposition 2.5 we conclude with the preceding remark. ]

20See the remark after Proposition 2.11 and the remark after [31, Cor. 7.5].
21The regularity hypothesis appears here: in general g.Z # Z.
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Remark. It follows that there are “enough red-and-blues”; by this, we mean that any
Z-constructible sheaf F sits in a short exact sequence

0O—-R—F—B—=0

with R red and B blue. Indeed, it suffices to take R = ji Fjy and B =i4i*F for j : U — X
a regular open subscheme such that Fy is locally constant and i : Z — X its closed
complement. As in [31], this remark will allow us to bootstrap the construction of the Weil-
étale Euler characteristic from red or blue sheaves to arbitrary Z-constructible sheaves by
enforcing multiplicativity.

If F isred or G is blue, the left term of the short exact sequence (3.2) vanishes and we
obtain:

Proposition 3.3. Suppose that F is red or that G is blue. We have

Hom (Dg. RT. 3(X. FP)) = [] Hom (H*7'(X,G)". H] 5(X. FP)).
i=1,2

In particular, suppose that F is red or blue. For i = 1, 2, we have by Theorem 2.3
isomorphisms

(X, FPY S Al p(X, FP) S H> (X, F)*.
Hence we obtain a canonical element «r € Hom(DFr, RI; p(X, F D )), given in coho-
mology in degree i = 1,2 by
Hi(ap): H' (X, F) — H* (X, F)* < H] 5(X, FP).
Definition 3.4. Let F be red or blue. We define

RTw.(X, FP) := Cone(ar)

the Weil-étale complex with compact support with coefficients in F 2.

Remark. We want to emphasize that our construction is only done in the homotopy cat-
egory, as a mapping cone. Nevertheless for red or blue sheaves we will obtain sufficient
functoriality properties; this is unusual.

3.2. Computation of Weil-étale cohomology

Proposition 3.5. Let F be a red or blue sheaf. Then RUyw (X, FP) is a perfect complex
of abelian groups concentrated in degree [—1, 2]. Moreover, we have

H7Y (X, FP) i=-1

i Dy _
HW,C(Xs F ) - {(HO(X, F)tor)* i=2
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and short exact sequences
0— HYp(X.F?) - Hy, (X, F?) — Hom (H' (X, F).Z) — 0,
0— (H' (X, F)or)” = Hy,(X. F?) — Hom (H°(X, F),Z) — 0.
Proof. The groups H' (X, F) are of finite type for i = 0, 1: they differ from I/-fc’ (X, F) by

a finite group since X is proper, and the latter are of finite type fori =0, 1 [30, Thm. IL.3.1,
Thm. I1.6.2]. The claim then follows from the distinguished triangle

RHom (RT'(X, F),Q[-2]) = RT 5(X, F?) — RTw (X, FP) —
and Propositions 2.9 and 2.14. |
We compute some special cases, using Propositions 2.11 and 2.12.
Proposition 3.6. Suppose that X = Spec(Ok) is regular. We have
. Z i=1
Hiy o (X.2P) = {0 o
and an exact sequence
0—Z" — Hyp' (X, ZP) > 0§ — (2/22)" — Hy, (X.Z”) — Pic(X) — 0.
Moreover HI(/)V,c (X,ZP) = PicT (X).

Remark. o If X is singular, we still have H}j, (X,ZP)=0; the abelian group Hy, (X, ZP)
is of rank 1 but it can have torsion coming from H!(X, Z) if X is not unibranch.

e The complexes RT'y..(X, ZP) is equal to the complex RTw (X, Z(1))[2] of [15]
and the above computation reproduces the one in [15].

Proposition 3.7. Suppose that X = Spec(Og) is regular and let j : U — X be an open
immersion with U # X ; we keep the notations from Proposition 2.12. Then
Hyy o (X, (H2)P) = Hi o (X, (h2)P) = 0
and we have short exact sequences
0—Z" — Hy' (X.(HZ)P) —> O 5.4 — 0
and
=
0 — Pict (U) > Hy,.(X. (HZ)P) — ker (Z°7 = Z) — 0.

Proposition 3.8. Leti : x — X be a closed point and M a finite type discrete G x-module.
Then
0 i=-1
Hiyy (X, (xM)P) = ¢ H*(Gy, MY) = Homg, (M, Z) i =0
(HO(Gx, M)ior)” i=2
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and we have a short exact sequence
0 — H'(Gx, M)* — H}, .(X.(ixM)P) - Hom (H*(Gx, M), Z) — 0.
Proposition 3.9. If F is constructible then

RT. 5(X.FP) 5 Ry (X, FP).

3.3. Functoriality properties

Theorem 3.10. Let F be red or blue. The complex RTw (X, FP) is well defined up to
unique isomorphism, is functorial in red-to-blue morphisms, and gives long exact coho-
mology sequences for red-to-blue short exact sequences.

Proof. For each red or blue sheaf F' we fixe a choice RI'w (X, F DY) of cone of af.
Let f : F — G be a red-to-blue morphism. Let us consider the following diagram with
distinguished rows:

Dr —£% RT. p(X,FP) —— RIw(X,FP) —
f*T ol
ag D D
Dg —— RFC,B(X,G ) — RFW,C(X,G ) —
We claim that the left square commutes. Indeed, by Proposition 3.3 it suffices to check it
in cohomology in degree 1 and 2, in which case it follows from the functoriality of the
maps
D(_) — RHomg (RF(X, —), Q/Z[—Z])
R p(X.(-)P) - RHomgz (RT (X, -).Q/Z[-2])
RTcp(X.(5)P) = RTc p(X.(5)P).
We obtain an induced morphism f*: RT'y..(X,GP) — RTw.(X, FP) in D(Z) com-
pleting the diagram to a morphism of distinguished triangles. Let us show that this induced

morphism is uniquely determined by the left square. It suffices to show that the natural
map

Hom (RTw,c(X,G?), RTw (X, F?)) — Hom (RT¢,5(X,GP), RTw (X, FP))
is injective. We have an exact sequence

Hom (Dg[1], RTw,c(X, F?)) — Hom (RT'w,(X, G?), RTw(X, FP))
— Hom (RT¢,5(X, GP), RTw (X, F?)).

Since D¢ is a complex of Q-vector spaces, the multiplication-by-n map on D¢ is a quasi-
isomorphism for every integer 7. The same must hold for Hom(Dg[1], RT'w. (X, FP))
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by functoriality, so the latter is a Q-vector space. Moreover, by Proposition 3.5 and (3.1),
the abelian group Hom(RI'w (X, GP), Rl'w(X, FD)) is of finite type so the image of

Hom (Dg[1], RTw,c(X, FP)) inside Hom (RT'w,(X,GP), RTw(X, FP))

must be 0 and the claim follows. This proves the functoriality in red-to-blue morphisms;
by running the same argument with the morphismid : F* — F for a choice of two different
cones of ar, we obtain the uniqueness up to unique isomorphism.

Let0 - F — G — H — 0 be ared-to-blue short exact sequence. Denote u : H —
F[1] the induced map. By the previous argument, we obtain a diagram

D —* 5 RT, p(X,FP) ——— Ry (X, FP) ——
T ] T
Dg —C 5 Rl p(X,GP) —— Ry (X.GP) ——
g*" g*T g*T
Dy —* 5 RT.3(X,HP) ——— RIy.(X,HP?) ——

A~ ~
|
u* u*T u*
|

ap[—1]

Dp[—1] = RT. (X, FP)[-1] —— RTw.(X, FP)[-1] —

To construct the unique dotted arrow u* making the diagram commute, repeat the previous
argument using Proposition 2.14 and (3.1).

The right column provides a triangle that is not necessarily distinguished. We will
show that it induces a long exact cohomology sequence. Fix a prime p and an integer
n € N, Observe that D is a complex of Q-vector spaces, so that Dr ®L Z/p"Z = 0.
It follows that

RT. 3(X, FPY®L Z/p"Z = RTw. (X, F?) ®L 2/p"Z.

Denote by (—), = Rlim(— ®L Z/p"7Z) the derived p-completion. By passing to the
derived limit, we find

RT. 5(X.FP)) = RTw(X.FP)) = RTw.(X.F?) ®" Z,

naturally in F' where the right equality holds because RI'w (X, F D) is a perfect com-
plex”. Since derived p-completion is an exact functor, it follows that

RTw. (X, (—)P) ®F 2,

is an exact functor too. Now Z,, is flat and the family (Zp)p prime is faithfully flat so it
suffices to show that the long cohomology sequence is exact after tensoring with Z,, for
each prime p; this follows from the exactness of RT'w..(X, (—)?) &L Z - |

22This follows from [42, Tag OEEU] and [42, Tag 00MA] by filtering with the truncations.


https://stacks.math.columbia.edu/tag/0EEU
https://stacks.math.columbia.edu/tag/00MA
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Proposition 3.11. Let Y = Spec(O’) be the spectrum of an order in a number field with
a finite dominant morphism 7w : Y — X and let F be a red or blue Z-constructible sheaf
onY. Then . F is red or blue and we have a unique isomorphism

RTw. (Y, F?) 5 RTw (X, (. F)P).

Proof. We can run an argument similar to the previous proof: it suffices to check that the
square

RU(Y, F)'[-2] —2£— RT. (Y. FP)

i ;

RT(X, 4 F)T[-2] w7 RTen(X, (4 F)P)

is commutative. This can be checked in cohomology in degree 2 and 3, whence from the
definition of o we reduce to checking that

H! (Y. FP) ——— H?>7(Y.F)*
Al 5 (X, (1 F)P) —— H?>7(X, m. F)*

is commutative for i = 2, 3. This would be implied by the commutativity of the following
diagram:

RT(Y,F) ®% RTc p(Y, F?) ——— RTcp(Y.ZP) — Q/Z[-2]
=

I | H

RT(X. 7. F) ®" RT p(X. (mu F)P) —— R p(X.ZP) — Q/Z[-2)]
=

By Proposition 2.6, the left square is commutative. Moreover, we can identify the canoni-
cal map RI'; 5 (Y, 7Py — RT: B(X, 7P) as the composition

RT. p(Y.ZP) ~ RT.(Y.Z$) ~ RT (X, n R1'Z$) — RTo(X,Z$) ~ RT, p(X.ZP)

coming from the counit & : 4 R — id. It induces in cohomology in degree 2 the identity
Q/Z — Q/Z [30, Lem. 11.3.10], [22, Thm. 8.9], so the right square is commutative. =

The Weil-étale complex splits rationally:

Proposition 3.12. Let F be a red or blue sheaf. There is an isomorphism
RTw,.(X, F?)g = RHom (RT(X, F),Q[-1]) ® RT. 3(X, FP)q

natural in red-to-blue morphisms and red-to-blue short exact sequences.
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Proof. Consider the distinguished triangle
p
RFC,B (Xa (_)D)Q g RFW,c (X, (_)D)Q - D(—) []]

It suffices to show that p has a section; but if F is a red sheaf or G is a blue sheaf,
considerations on the Verdier spectral sequence (3.1) show that

Hompz) (DF[1], RT¢,5(X,GP)q) = 0,
Hompz) (DF[1], RT¢,5(X,GP)g[1]) =0

so that composition with pg induces an isomorphism
HOIIlD(Z) (DF [1], RFW,C (X, GD)Q) j) HomD(Z) (DF [1], DG[I]).
1

We then put sp = p;,*(id); the functoriality is easily checked from the above isomor-
phism. ]

Proposition 3.13. Let Y = Spec(O’) be the spectrum of an order in a number field with
a finite dominant morphism 7w .Y — X and let F be a red or blue sheaf on Y. Then
the rational splitting of Weil-étale cohomology is compatible with ., i.e., the following
square commutes

RTw, (Y, FP)g ———— Dr[1]1® RT.(Y, FP)q

! |

RTwe(X, (0 F)P) —— Dn,r[1] @ RT:(X, (7 F)P),q

Proof. 1t suffices to prove that in the following square, the square with the sections com-

mutes:
SF

RTw.(Y,FP)o < Dp[1]
PF

ly SJ/
DPrxF

RFW,C(X’ (”*F)D)Q ¢ Dn*F[l]

Smx F

As in the previous proof, there is an isomorphism

Homp(z) (Dr[1]. RTw,(X, (ﬂ*F)D)@) —= Homp(z) (DF[1]. D, r[1]).

Drs F %

We compute
DPr FYSF = 8pFrSF =8 = Pr FSx,FO. L
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4. The tangent space and the fundamental line

Denote g : n = Spec(K) — X the inclusion of the generic point, Gx the absolute Galois
group of K, K’ the maximal tamely ramified extension of K, G4 = Gal(K’/K) and Ok
the ring of integers of K’. For each finite place v of K, denote P, C I, C D, C Gk the
wild ramification, inertia, decomposition subgroups of Gg at v>*. Denote N the smallest
closed normal subgroup of Gg containing P, for each finite place v. We have G% =
Gk /N by Proposition B.4. For a sheaf F on X, denote F, := g*F, seen as a discrete
Gg-module.

Definition 4.1. Let F be a Z-constructible sheaf on X .

*  We say that F is tamely ramified if for each finite place v of K, P, acts trivially on
Fy; then F; carries a natural action of G .

*  Suppose that F is tamely ramified. The tangent space of F? is the complex
Liex (F?) := RHomg (Fy, Ok:[1]).

Remark. e Let us motivate the above definition. Following the work of Flach-B. Morin
[15], the complex Liey (F ) should be the “additive complex™ giving the additive part of
the fundamental line. It should behave like Milne’s correcting factor in the special value
formula for Ly (FP,s) ats = 0. Since Ly (ZP”,s) = tx(s + 1) when X = Spec(Ok) is
regular, we must have Liex (G,,) = Ok: this is the additive complex for Z(1)[1] on X.
We want Liey to be an exact functor’*. Recall the L-function of a Z-constructible sheaf
Ly (—,s) introduced in [31, §6.4]. If i : x — X is the inclusion of a closed point and M
is a finite type G-module, we have

Ly (i+M)P,5) = Ly (ixM" ).

Since the special value at s = 0 of Ly (i.M",s) does not involve an additive complex,
it is expected that Liey ((i»M)?) = 0. Therefore, Liex (F ?) should only depend on F,,.
In [21], Geisser—Suzuki consider a torus 7" over a function field K associated to a proper
smooth curve over a finite field C. They write down a special value formula for the L-
function of 7' (defined in terms of the rational /-adic Tate module) at s = 1 in terms
of Weil-étale cohomology and of the Lie algebra of the connected Néron model 7° on
C of T. Moreover, they show that on the étale site, 70 = RJfom(ig, G) where Yisa
bounded complex with Z-constructible cohomology sheaves related to the character group
of T. This inspired our construction.

o If F is Z-constructible and X = Spec(Ok) is regular, F is tamely ramified if and
only if for each U C X such that Fy is locally constant, there exist a finite extension
L/K such that the normalization 77 : ¥ — X of X in L is étale over U with (7™ F) -1 (1)
constant, and 7 is tamely ramified above points x € X\U.

2 coming from a choice of embedding K, < K.

2*A way to avoid the tame ramification hypothesis may be to relax this condition and only ask that
dety, (Liex ((—)?)) is multiplicative with respect to fiber sequences.
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e If X is not regular we nonetheless have Liey (Z?) = @k[1]. This seems strange to
us, but as we explained Liey (F?) depends only on F, » which does not see singular points
so it is also more or less expected.

e We have Liey (F?)q = Homg, (F,, K*P)[1].

The restriction to tamely ramified sheaves is justified by the following theorem, essen-
tially due to Noether [3 81%:

Theorem 4.2 ([36, Thm. 6.1.10]). Let K be a number field or a p-adic field. The discrete
G -module Ok is cohomologically trivial. In particular

RT (G, Og:) = Ok[0).

Corollary 4.3. Let L/ K be a finite tamely ramified Galois extension of number fields or
p-adic fields with Galois group G. Fori > 1 denote Or[t]; := 1+ t'OL[t]. Then O [t];
is a cohomologically trivial G-module.

Proof. We have an isomorphism O [t]; /Or[t]i+1 =~ Or and
O] = lim OL[¢]i /OL[1]k-

The transition maps are surjective, and the terms are cohomologically trivial by induc-
tion using Theorem 4.2. Moreover, the kernel of O [t]; /OL[[]x+1 = OL[t]i/OL[t]x is
OL[t]x//OL[t]k+1 =~ Or which is cohomologically trivial, so for every subgroup H of
G the maps (Or[t]; /OL[t]k+1)® — (OL[t]:/OL[t]x)H are surjective.
Put Ay = Op[t]i/OL[t]x and let H be a subgroup of G. We compute:
RT(H,O[1];) = RT(H,lim Ay) = RT(H, Rlim Ay)
= Rlim RT'(H, A¢) = Rlim (A7 [0]) = (lim A")[0]

where each limit is a derived limit because the transition maps are surjective. ]

The following lemma together with the above theorem will enable us to compute the
tangent space of F more explicitely:

Lemma4.4. Let G be a profinite group and let O be a torsion-free cohomologically trivial
discrete G-module. Let M be a finite type discrete G-module. The complex RHomg(M,0)
is cohomologically concentrated in degree [0, 1]. Moreover, if M is finite it is concentrated
in degree 1 and if M is torsion-free it is concentrated in degree 0.

Proof. To show the vanishing result, we can use the short exact sequence
0—> My - M — M/tor — 0

to reduce to the finite and torsion-free cases; thus it suffices to study those cases:

See also [26, Thm. 1.1].
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*  Suppose first that M is finite. We then have Homg (M, @) = 0 because O is torsion-
free. As Ext%(M, ) = 0 for p # 1, we obtain fori > 1:

Exty; (M, 0) = H'™'(G,Ext;,(M, 0)).

Let us now show the vanishing for i > 1. We can suppose that M is p-primary, and even
p-torsion. Let H be any p-Sylow of G. As an H-module, M has a composition series
with quotients isomorphic to Z/ pZ with its trivial action [40, Chap. IX, §1, Thm. 2].
We have

H'(H,Exty(Z/pZ,0)) = H'(H,0/pO) =0

for i > 1 because @ is cohomologically trivial. It follows that for any i > 1 we also
have H' (H,Ext};(M, ©)) = 0. Finally, the following triangle commutes:

[G:H]

~

H'(G,Exty (M, 09))

= > H' (G, Ext}, (M, 0))

Res 4

H'(H,Ext,(M,0)) =0

whence it follows that H' (G, Exty, (M, ©)) = 0 fori > 1.

*  Suppose now that M is torsion-free, and let us show that ExtiG (M,0)=0fori >0.By
Artin induction and the previous case it suffices to consider the case of M = indg Z
for H an open subgroup. Since ¢ is cohomologically trivial we have

R Homg (ind% Z,0) = RT(H, 0) = 07 0]
which is concentrated in degree 0. ]

Corollary 4.5. Let M be a finite type discrete Gi-module. Then R HomG§< (M, Ok:[1])
is a perfect complex cohomologically concentrated in degree [—1, 0]. More precisely,
EXtE;{ (M, Ok« [1)) is free of finite rank and Extg;( (M, Ok: (1)) is finite.

Proof. We apply first Lemma 4.4 to obtain the vanishing outside [—1, 0]. Now let H
be an open normal subgroup of G acting trivially on M and corresponding to a finite
tamely ramified Galois extension L/K, and put G := G%/H = Gal(L/K). There is a
natural G-action on M. The functor RT'(H, —) is right adjoint to the forgetful functor
G-Mod — G%-Mod, so we obtain

R Homg (M, (9Kt[1]) = RHomg (M, RF(H, (9Kt[1])) = RHomg (M, @L[l])

by Theorem 4.2.
Since @y, is torsion-free, Homg (M, @1 ) is free of finite rank. On the other hand, we
can use the short-exact sequence

0— My —> M — M/tor — 0,
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the vanishing Extg (Mor, Or) = 0 for p # 1 and Lemma 4.4 (applied to G and Oy,) to
compute

Exts (M, Or) = Extl(Mior, O1) = H(G, Extl (Mior, O1))
which is finite. [

Corollary 4.6. Let F be a tamely ramified Z-constructible sheaf. Then Liex (FP) is a
perfect complex concentrated in degree [—1,0]. Moreover H™ Liex (FP) is free of finite
rank and H° Liey (FP) is finite.

Corollary 4.7. Suppose that M is a torsion-free discrete G%-module and let T be the
torus over K with character group M. Denote T the Ift (locally of finite type) Néron
model of T over Spec(Ok). We have a canonical, functorial isomorphism

Lie(T) = Homg; (M, Ok:)
where the left term is the Lie algebra of T .

Proof. Both terms are lattices inside Lie(7) = Homg, (M, K*%P). It suffices to show that
they are canonically isomorphic after tensoring with Ok, for all non-archimedean places
v. On the one hand we have

Lie(7) ®ox Uk, = Lie(T(QKU) = Lie (JV(TKU))

where N denotes the Ift Néron model. On the other hand let G = Gal(L/K) be a quotient
of G through which the action of G} on M factors. We have
0L Qo Uk, = l_[ OL,

wlv

and thus
Homg: (M, Ok:) ®ox Ok, = Homg (M, OL) ®oy Ok, = Homg (M, OL Qo Uk,)

= Homg (M, 1_[ (9Lw) = HomeO/v (M, (9Lw0)

wlv

where wy is a fixed place of L above v, so we can reduce to the case where K is a p-adic
field. By [8, §A1, Prop. A1.7] we have a canonical functorial isomorphism

Lie(7) = {v € Homg (M, Or) | v lifts to Homg (M Or ﬂt]]l)}

It thus suffices to show that Homg (M, O [t]1) — Homg (M, O1) is surjective. We have
an exact sequence

Homg (M. O [t]1) — Homg (M., Or) — Extg (M, OL[t]>).
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Now O [t], is torsion-free and cohomologically trivial by Corollary 4.3 and M is a
torsion-free finite type G-module, so we can apply Lemma 4.4 to obtain

Exty; (M, OL[t]2) =0 fori > 1. ]

Remark. As a corollary, a short exact sequence of tori that are split by a tamely ramified
extension gives rise to a short exact sequence of the Lie algebras of the respective 1ft Néron
models.

In the following, denote (—)r 1= — ®L R.
Proposition 4.8. Let F be a tamely ramified Z-constructible sheaf. We have
Liex (F?)r = RHomg,, x(c) (*F.C[1]).

Proof. Let L/K be a finite tamely ramified Galois extension such that G, acts trivially
on Fy, and denote G := G%/G} = Gal(L/K). We have:

Liex (F?)r = RHomg (F,, OL[1])g s RHomg (F,, 0, ®z R[1])

= RHomg (Fﬂ’ 1_[ HLw[l])

v archimedean w|v

[[ RHomg (F,,, I1 Lw[l]).

v archimedean wlv

where (*) holds because F;, is a finite type abelian group, hence a finite presentation
Z[G]-module. For each archimedean place v, choose a place wg in L above v. The group
G acts transitively on the places above v, the fields L., are pairwise isomorphic, and the
stabilizer D, of wy identifies with Gal(Ly,,/Ky). Thus [],,1, Lw = indgwo Ly, and we
find

wlv

Liex(FP)p = [[ RHomp,, (Fy.Lu,[1]).
v archimedean
On the other hand, for v an archimedean place we have F, = F; with the restricted action
to Gk, := Gal(C/K,). Therefore the action of Gg, factors through Gal(L,,,/Ky); as
the functor RI'(Gal(C/Ly,), —) is right adjoint to the forgetful functor D,,,-Mod —
Gk,-Mod, we find

R HOIIlGR,X(C) (OZ*F, (C[l]) RFGR (X((C), RJ&IWLX((C) ((X*F, (C[l]))

[] Rr(Gk,. RHomgz (F,C[1]))
v archimedean

[[ RHomg,, (F,.C[1])

v archimedean

1—[ RI’IOI’HDw0 (Fv7 Lwo [1])

v archimedean

= Liex (FP)g. "
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Proposition 4.9. Let Y = Spec(O') be the spectrum of an order in a number field with a
finite dominant morphism 7w : Y — X. If K(Y)/K is tamely ramified and F is a tamely
ramified Z-constructible sheaf on Y, we have

Liex (7« F)?) = Liey (FP).

Proof. Denote g’ : Spec(L) — Y the inclusion of the generic point and 7’ : L — K the
map induced by base change of 7 by g : Spec(K) — X. By finite base change, we have
g¥*nF =n, g™ F.If K C H C G are normal subgroups of a profinite group G and M
is a discrete H/ K-module, we have

indfj/k M = Conty;x(G/K. M) ~ Cont(G/H, M) = Cont (G. M) = ind§y M

where the left term is seen as a G-module, and on the right M has the natural H-module
structure. Denote U : G&-Mod — Gg-Mod resp. U’ : G} -Mod — G -Mod the forgetful
functors. The functor 7, identifies with induction indgf. We have K' = L because L/ K
is tamely ramiﬁedt so we can apply the above to Gal K*P/K! C G C Gg. We obtain the

. .G .
formula U o 1ndG{< = 1ndgi‘ oU’, so that
L

. . Gt
Liey (7« F)?):= R Homg:, (de‘,'L< g F, Ok [1])
= RHomg;: (¢ F, Ok:[1]) = Liex (FP)
since induction is right and left adjoint to the forgetful functor by the finiteness of L/K. =

Definition 4.10. Let F be a tamely ramified red or blue sheaf. The fundamental line is
the determinant

Ax(FP) = det (RTw.c(X. FP) ® det (Liex (FP))™".

5. Deligne compactly supported cohomology and the duality theorem

There is a natural Ggr-equivariant map of sheaves on X(C) given by the logarithm of the
absolute value log | - | : C* — R. Let F be a sheaf on X. We denote by Log the natural
map

Log : RHom(F,Z%) — RHomg, x(c) (¢* F,Q*[1])
—> RHomGR,X(C) (Ol*F, (Cx[l])

(log |-)+[1] *
——— RHomgy x(c) (Ot F, R[l]).

Since the target is a sheaf of R-vector spaces, the map factors as Log : RT'(X, FP)g =
R HOHl(F, Z})R — R HOIIlGRij((C)(Ot*F, R[l]).
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Definition 5.1. Let F be a Z-constructible sheaf. We define the Deligne compactly sup-
ported cohomology with coefficients in F© by

RFC,;D(X, F]I{{-)) := fib (RF(X, FD)]R E) RHOII]GR,X((C) ((X*F,R[l])).

Remark. We have chosen to name the different cohomologies with compact support by
what happens at the archimedean places; here the cohomology at the archimedean places
is replaced by a contravariant version of Deligne cohomology with real coefficients

R(1)p = [2i7R — C] = R[-1].
The commutative diagram with exact rows of Gr-equivariant sheaves

0 s 2inZ s C > C* > 0

L e

0 s 2irR s C s R > 0

gives a commutative square

C* —— 2inZ[1]

llogl.l l ;.1

R —— 2imxR[1]
Consider the following diagram

RT: g(X, FP)r ———— RT(X, FP)p ——— RHomg, x(c)(@*F.2inR)[2]

I
i Log J/Log H
N

R HomGR,X(C) (Ol*F, C [1]) — R HomGR,X((C) (O{*F, R[l]) — R HOII]GR,X((C)(O[*F, 2i71’R)[2]

where the top fiber sequence is the defining fiber sequence of RT. z(X, FP) tensored
with R and the bottom fiber sequence is induced from the short exact sequence 0 —
2itR — C — R — 0. We claim that the right square is commutative, hence induces the
left map making the whole diagram commute. This follows from the following commuta-
tive diagram, induced by the commutative square (5.1), by using the universal property of
base change to R-coefficients:

RT(X, FP) &% RHomg, x(c) («* F,Q*[1])

|

R HomG]R,X(C) (Ol*F, (Cx[l]) — R HomG]R,X((C) (Ol*F, ZiJTZ[Z])
Lo,
. Jog H

RHomgy x(c) (oz*F,R[l]) — RHomg, x(c) (oe*F,2i71R[2])



A. Morin 218

26

By the oo-categorical nine lemma™ we obtain

Log
RT: p(X, FP) = fib (RT¢,5(X, FP)r — RHomg, x(c) (¢* F,C[1])).

We now want to prove a duality theorem relating RI'(X, F)r and RI; o (X, Fﬂf ).
Let us construct a natural pairing

RT(X, F)r ®F RT. o(X, FP) — R[0].

Consider Diagram 3. Its right rectangle commutes. The top and bottom rows are fiber
sequences, so we obtain an induced dotted map making the diagram commute. To obtain
the desired pairing, it remains to compute RI¢ o (X, Zﬁ ). The complex RI'(X,Z5) =
RT'(X,Gy) is torsion in degree i > 1 [30, Thm. I1.6.2], and we have RI'g, (X(C),R[1]) =
(Ilo:x-c R)C=[1]. The cohomology in degree —1 and 0 is given by the exact sequence

L G
0— H H(X,ZR)—>CHo(X, Dr —> ( I1 R) " HY (X, Z8)—~CHy(X)r = 0.
0:K—-C
Denote f : X — Spec(Z) the structure map of X, Z its singular locus and U its regular
locus. By [31, Thm. 4.4]*7, we have®
CHy(X)g = Homy (Z, Z$)r — Hom (H2(X, Z)g,R) = 0.

Moreover, [31, Thm. 4.4] and the computation of H (X, Z) gives a short exact sequence
Lo G Ex[Tyez
o—>CH0(X,1)R—§>( I1 ]R) “xTT 11 g ez % oo [[rR—0

g:K—C veZ r(w)=v veZ

where X denote sum maps. Consider the following snake diagram:

i » H 5 (X, ZR)
0 > 0 > CHo(X, 1)g =————= CHy(X,)r — 0

| l !

0~ HUEZ l_[n(w):v[R K (I—[O'ZK—>C R)GR X l_[veZ Hn(w)=vR K (HU:K—>C R)GR +0

‘ lEXHUEZ > l

l_[vEZ Hﬂ(w):v R R x l_[l)EZ R HB,JD(X’ Zlg) — 0

(OanveZ E)
—

26See [31, Lem. 2.2].

2’Which also holds for singular schemes; this can be seen either by applying it on Spec(Z) to the direct
image with compact support along the structural morphism, or by modifying slightly the proof to reduce to
the regular case by removing the singular points.

28This is essentially the finiteness of the class number of a number field.
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(I (Q)x) "1y < WXz x) 1y < E7x)0°1y

I I

(11N o1 o0) @X Howoy y @ ¥(g,0°(D)x)¥o0y WXz )woHY ,® A(f ‘X) 1Y

l :

([T 1 0) DX MPwoy y @ (] “X)IF ——— (g ‘X)IH 7® (LX) IY — (o X)T20Y ,® U “X)I¥

TR

Diagram 3.
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If we denote by ([ [; R)* the kernel of the sum map [ | ;1 R — R, we obtain identifications

Hohx.zR) =TT ( 11 R)Z, H? (X, Z8) = R

veZ m(w)=v

and under the latter identification the map

( TI R)GRHHS’@(X,ZH?)
0:K—C

is simply the restriction of X. If X is unibranch, and in particular if it is regular, we have
H 5(X,Zg) = 0.
The desired pairing is now

RT(X, F)r ® RT. (X, FP) — RT..o(X,ZE) =0 R[0].

Theorem 5.2. Let F € D?(X.) be a bounded complex with Z-constructible cohomology
groups. The pairing

RT(X, F)r ®F RT. o(X, FP) — R[0]
is a perfect pairing of perfect complexes of R-vector spaces. If F € DV (X.,), the map
RT. o(X, Ff) — RHom (RT'(X, F)g,R)
is an isomorphism.

Proof. The map RI': (X, (—)]g) — R Hom(RT' (X, —)gr, R) is a natural transforma-
tion between exact functors which commute with filtered colimits. Any complex F €
DT (X,) is a filtered colimit of bounded complexes; a bounded complex has a filtration
by truncations with graded pieces shifts of sheaves; and any sheaf is a filtered colimit
of Z-constructible sheaves. We thus reduce to the case of a single Z-constructible sheaf.
The groups H' (X, F) differ from H!(X, F) by a finite group since X is proper, hence
are finite type for i = 0, 1 and torsion otherwise, so RI'(X, F)R is a perfect complex of
R-vector spaces.

We now prove the perfectness of the complex RI'; o (X, FRD ) and of the pairing by
Artin induction.

e This is trivial if F is constructible.

* If X isregular and F = Z, we have RI'(X,Z)r = R[0] and RT"; o (X, Z]ﬁ) = RJ[0]
so the pairing is of the form R ® R — R, concentrated in degree 0. By construction,
we have a commutative square

RT(X,Z)r ®F RTg, (X(C),R) —— RI(X,Z)r ®F RTc (X, ZE)

| |

RTg (X(C),R) > RT 0(X.ZR)
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so we get a commutative diagram

R® ([[,:xoc B2 2% R@R

! |

(HGZK—>(C R)GR —E» R

Since the pairing on the left is multiplication, the pairing on the right is also multipli-
cation, so it is perfect.

If F is supported on a closed subscheme, without loss of generality we can suppose
that there is a closed point i: x — X and a finite type Gx-module M such that F =
i«M . We have

RT(X,ixM) ~ RT(Gy, M),
RT: o(X. (i(xM)R) = RT(X, (ixM)P)p = RT(X.ixM")r ~ RT (G, M")R.

The counit i*Ri!Zg( = ixZ — 75 induces a map
RT(Gy,Z) = RT (X, (ixZ)”) — RT (X, Z).
Since a*i, = 0, this induces a map
RT(Gx, Z)R — RT. (X, ZR).
Upon identifying Z with Z", this map is the map
RTc o (X, (ixZ)R) — RT..0(X, ZR)

induced by Z — i+ Z. Denote j : U := X \x — X the open immersion; the short exact
sequence
0> HWZ —>Z —ixZ —0

gives a 3 x 3 diagram:

RT. (X, (HZ)R[-1]) —— R o(X.(+Z)R) ——— RT: o(X.ZE)

| | |

RU(U.Z4[-1])g —— RI(X,ixZ)p ——— RT(X,Z{)r

| | |

RTgy, (X(C),R) > RTgy (X(C),R[1])

The map
RTc (X, (i+Z)R) — RTc,0(X,ZR)
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is given in degree 0 by a map R — R which is computed as the boundary map § in the
following snake diagram

0 —— H p(X,Zg) —— H_ (X, (Hi2)R) > R
0 — % CHp(X,1)g —— CHp(U, Dg —>™ 3 R y0 |°

| |
: ! | |

0—— (HU:K—>(C R)GR - (HO’IK—>C R)GR —0——0

L l |

H) (X, Z8) =R —— H? (X, (HZ)R) —— 0 —— 0

Let f € CHg(U, 1)r such that ord, (f) = 1; we also have ord,, (f) = 0 forw € U
by definition. Then
8(1) = T oLog(f) = —log N(v)

by the product formula. From Diagram 3, we obtain the commutativity of the upper
left rectangle in the following commutative diagram.

RT(X,isM)R ®F RT¢ 0 (X, (ixM)R) — RTc p(X.ZR) =% R[0]

| |

RU(X,ixM)r ® RT (X, (ixM)P)y, —— RT(X,Z$)r —log N(v)

-] I

RT(Gy, M)g ®L RT(Gy, MV)g —— RT(Gy, Z)r ——>+ R[0]
The perfectness of the pairing reduces to that of the natural pairing
RT(Gy, M)gr ®* RT(G,, M¥)g — R
coming from M ®% MY — Z. It was shown in [31, Paragraph 4.2.4] that this latter
pairing is perfect®.
* LetY = Spec(O’) be the spectrum of an order in a number field with a finite dominant

morphism 7 : ¥ — X, and suppose F = 7,.G for a Z-constructible sheaf G on Y.
Denote 77" : Y(C) — X(C) the induced morphism. The counit 74Z{ — Z$ is sent

This also reduces by Artin induction, after showing compatibility with induction, to the perfectness
for M = Z.
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under %’; to the counit 77,Q*[1] — Q*[1], and we have the canonical maps Q*[1] —
C*[1]—R[1]. We obtain formally a morphism RT¢ (Y, ZE) — Rl o(X. ZR)
and isomorphisms RI'; o (Y, G]{g )—>RT. o(X, FRD ) making the following diagram
of pairing commute

RT(Y,G)g &~ RT. p(Y.GL) —— RT, 5(¥.Z2) =% R[0]

I | |

RT(X, F)g ®L RT, o(X. F?) —— RT,.p(X.Z2) = R[0]

The rightmost map is determined by the following commutative diagram (coming from
the defining long exact cohomology sequences)

s
(Te:k@)>c R)F —= H2 (Y, Zg) =R

| |

(Me:xoc R)O® —Z» HO o (X.ZB) =R

where the left map sums components corresponding to embeddings of K(Y) restrict-
ing to the same embedding of K. Thus the rightmost map is the identity and the pairing
for F is perfect if and only if the pairing for G is perfect. ]

Remark. Using duality for Deligne cohomology, it should be possible to reduce the the-
orem to the duality theorem [31, Thm. 4.4] similarly to how we reduced Artin—Verdier
duality for FP to Artin—Verdier duality for F.

6. The L-function of F?

For any scheme S, we will denote v : Sh(Sproer) — Sh(Set) the natural morphism of topoi;
the left adjoint v* is fully faithful [4, Lem. 5.1.2].

Definition 6.1. For each closed point x of X, let [, be a prime number coprime to the
residual characteristic at x and ¢ be the geometric Frobenius in G. Denote —®Q; =
(Rlim(— ®% Z/1"7)) ® Q the completed tensor product with Q;, with the derived limit
computed on the proétale site.

Let F be a Z-constructible sheaf on X. We define the L-function of F? by the Euler
product

Ly(FP.s) = ] det(1 = N&)p(v* (1 FP))®Qy,) "
xeXyp

We will show that the L-function does not depend on the choice of the prime numbers
(lx)xeX 0°
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6.1. Explicit computation

In this section, we compute more explicitely the L-function of F2. Denote 7 : ¥ — X the
normalization of X and leti : x — X be a closed point. Denote X = Spec(k (x)*P), G, =
Gal(k (x)*P /K (x)), (9)}; (resp. O3M) the henselian (resp. strict henselian) local ring at x. For
each closed point y € Y above x, we will consider similarly G, = Gal(k(y)*?/k(y)),
(9;‘, (D;h, and moreover K;‘ = Frac((D;’) (resp. K ;h) the henselian local field at y (resp. its
maximal unramified extension). Fix an embedding K ;’ < K*P_ This determines an inertia
group [, inside Gk which is the absolute Galois group of K;h. If G is a topological group
we will denote G the associated condensed group.

Let us fix some conventions. If L(M, s) is an L-function attached to some object M,
defined by an Euler product over closed points of X, we will denote L, (M, s) for the
local factor at a closed point x € X. If N is a discrete G,-module with free of finite type
underlying abelian group, or a rational or /-adic G-representation of finite dimension,
denote

Ox(N,s) := det(I — N(x)°¢|N)~"!
with ¢ the geometric Frobenius at x.

Theorem 6.2. Let F be a Z-constructible sheaf on X. The local factor at x of the L-
function of FP is
[Tegy=x Oy ()P s + DO (FY.5)

Hrr(y):x Qy((an)IyaS)

The proof is divided into the following several lemmas below. We mention first some
important consequences:

Ly(FP s) =

Corollary 6.3. « If F is locally constant around the regular closed point v, then I, acts
trivially on Fy, Fy = F, and we find that the local factor at v of FP equals the local
factor at v of the Artin L-function of F, ® Q at s + 1.7

Ly(FP.s) = Ly(F, ® Q.5 +1).

* Each local factor is well defined, independently of the choice of a prime number [

coprime to the residual characteristic.

e The L-function of FP differs from the Artin L-function Ly (F, ® Q,s + 1) by a finite
number of factors and is thus well defined.

s Ly(FP,5) is meromorphic.

Denote T the torus over K with character group Y := F,/tor. For any prime /, define
the rational /-adic Tate module of 7" as

Vi(T) := (imT[I"]) ® Q.

30Which kind of L-function we will try to make clear each time from the context.
3I'Notice that a rational representation of a finite group is self-dual because its character takes real values
hence is its own conjugate.
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It is a finite dimensional /-adic representation of Gg. We know that
Vi(T) =YY @ Q;(1) = F/ ® Qu(1)
as [-adic representations.
Definition 6.4 ([16, §8]). The L-function Lk (T,s) of T is the L-function of the 1-motive
[0 — T] over K, defined by the Euler product:

Lg(T,s) = [] det = N(x) Vi (T) ™)™
xeXo

where [ is a prime number coprime to the residual characteristic at x.

By the above, the L-function of T is also the Artin L-functionats +1of Y ® Q =
F; ® Q, and it does not depend on the choice of the family (/).

Remark. Our definition differs slightly from the definition in [21]: we use the L-function
of the 1-motive [0 — T, involving V;(T'), while Geisser—Suzuki use the Hasse—Weil L-
function of T involving V;(T)(—1).

Proposition 6.5. Suppose that v is a regular closed point. Let M be a discrete Dy,-module
of finite type. There is a canonical Gy-equivariant isomorphism

MI”®Q2>M1,,®Q'

Proof. The action of D, on M factors through a finite quotient G; denote H the image
of I, in G. Then the canonical composite map

fMP > M- My

is G-equivariant hence also G/H -equivariant, and if N denotes the norm ) .z h we
have fN = [H]ld and Nf = [H]Id. The result follows. L]

Corollary 6.6. * Suppose that the canonical map F, — F,]I YV is an isomorphism for a
regular closed point v. Then the local factor at v of FP is Ly(F,®Q,5s+1) =
Ly(T,s).

Suppose that X is regular. We have Lx ((g+Y)P,s) = Lg(T.,s) = Lxg (Y ® Q,s + 1).

»  Suppose that X is regular and denote T° the connected (Ift) Néron model of T on X,
seen as an étale sheaf on X. We can define an L-function Lx (7°, s) for T° with local
factorati : x — X given by Q((v*i*T°)®Qy, s). Then

Lx(7°5) = Lx(T,s)"".
Proof. We have a canonical G-equivariant isomorphism:
(F))™ ® Q = Homy, (Fy ® Q. Q) = Homay ((Fy)1, ® Q. Q)
~ HomAb(F,,I“ ®Q,Q) ~F/®Q

hence the local factor at v of the L-function of F? simplifies to L, (F, ®Q,5s+1).
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The second point is an immediate consequence of the first. Let us prove the last point.
We have [21, Prop. 2.2]

79 = RHomx (1= Rg.Y,G,p)

as étale sheaves. We claim that R'g.Y is skyscraper constructible: indeed (R'g,Y )7 van-
ishes, while (R'g.Y )5 = H'(K:", Y) which is finite, and zero if the inertia subgroup 7,
acts trivially on Y since Y is free as an abelian group®”. As there are only a finite number
of points where the inertia acts non-trivially, we obtain the claim. Therefore R'g,Y is
killed by an integer N and thus

W TORQ = (Vi (g+Y)") ®Qi[-1].
The result follows. =

We now prove Theorem 6.2.

Lemma 6.7. Let F be an étale sheaf on X, and leti : x — X be a closed point. There is
a fiber sequence
RHom(Fy,Z) > i*FP — [] indg* RHomgy gy (Fp, Gml1]).
n(y)=x
Remark. We abused notation by identifying what should be the right term with its under-
lying complex of abelian groups.

Proof. Denote X(x) := Spec((?i’), n(x) := Spec(@ﬁ) xx Spec(K) and f : X(x) — X,
g : n — X the canonical morphisms. We consider the cartesian diagram

n(x) £ X(x)

7| %

n—5— X

Denote again i : x — X(x) the closed immersion. Since f is (ind-)étale, we have
i*FP =i* f*RHomx (F.Gx[1]) = i* RHomx ) (F. Gxx)[l]).
By Proposition D.5, we have
no = [ J] Seec(k
7 (y)=x Gal(k(y)/k(x))
and thus

(Rg,Gm)s = RT((x),Gm) = [] indg* RU(K}"Gm) = [] indg: (K3
n(y)=x m(y)=x

32This is the crucial point: if ¥ is finite then R!g, Y is skyscraper with finite stalks but has non-zero stalk
almost everywhere; for instance by Hensel’s lemma the stalk of R!g.Z/nZ at a point with characteristic
coprime ton is Z/nZ.
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hence g, G,, = Rg’.G,,. Moreover there is by definition a fiber sequence
Gxx) = £xGm = ixZ
so we obtain a fiber sequence
RHomy(Fy,Z) — i*FP — i* Rg\, RHom ) (8 F, Gml[1]).

Using again Proposition D.5, we see that the right term is the following complex of abelian
groups with its natural G-module structure:

. Gy
(R, RIo M) (2 F. Gp[1])) . = 1_[ indg* R Homg,e. ) (Fp.Gu[1]). m
7(y)=x
From now on, we suppose that F' is a Z-constructible sheaf on X .

Lemma 6.8. We have
(vV*RHomy(Fx, 2))®Q; = (v*Homy(Fx.Z)) ® Q;.

Proof. We have
v¥*RHomy(Fy,Z) = RHOMy, (V" Fx, Z).

ln
The functor — ®% Z /1" 7Z is the cofiber of the map (—) — (—) so it commutes with exact
functors, and we find

RHom o (v* Fx, L)®Z; = RHom,, (v Fy, RUMZ/ 1" Z).

The constant sheaf functor is exact so the transition maps Z/["*1Z — 7Z/I"Z are sur-
jective, hence we have RlimZ /"7 = limZ/I"Z =: Z; [4, Prop. 3.1.10].

Under the identification Xpoer 2 Gx-Cond(Set), the sheaf & xtfcpmel (V*Fy,7Zy) is the
condensed abelian group &x1/, a( Ab)(v"‘Fx, Zy) with its natural G-action; since both
v*F, and Z; are locally compact abelian groups*, we find 8xt;pma(v*Fx, Z;) = 0 for
i >2[11,Remark after 4.9]. Let us show that 8xt§pmel(v* Fy,7Z;) is killed by some integer
N. We have

RHoMmy, (v Fy, Z1) = Rlim RHom . (v* Fy, v*Z/I" L)
= Rlimv*RHomy(Fx,Z/1"7)

so there is a short exact sequence

0 — R'limv*Hom,(Fy,Z/1"Z) — E:xz;pm(u*Fx, Zr)
— limv*&xt} (Fy,Z/1"Z) — 0.

33The former is even discrete.
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The underlying abelian group of the discrete Gx-module Homy (Fyx,Z/1"Z) is given by
Homay(Fyx,Z /I"Z), so the transition maps Hom . (Fy,Z /"1 Z) — Homy(Fx,Z /1" 7)
are eventually surjective: if F is torsion-free this is clear, and if F) is torsion then the
groups are constant for n greater than the /-adic valuation of the order of Fy. Thus the left
term is zero by Lemma C.2. Let k be the [-adic valuation of (Fy),; then

Exti(Fx.Z/1"Z) = &xt}((Fy)ior. Z/ 1" L)

is killed by N = [¥, and therefore so is Exty  (v* Fy, Zy).
From the previous point, it follows by tensoring with Q that

RHomy,,..(v* Fx. 2)®Q; = Homy, (v Fx.Z;) ® Q.
There are canonical maps
Jgomxl)mel(v*F)ﬁ Zl) ® Q - ‘}fomXpme((V*va Ql) <~ JeomXproet(v*Fx’ Z) ® Ql

We have Ab(Sh(xproet)) = Ab(Sh((BGx)proet)) = Gx — Cond(Ab) = Z[G] — Mod, the
category of modules under the condensed ring Z[Gy] (Proposition C.7). To conclude it

suffices to show that both maps are isomorphisms. Let G be a finite quotient of G,. We
check it first for Fy = Z[G]. This is easily done using next lemma.

By a standard argument it thus suffices to show that v* F; is (globally) of finite pre-
sentation as a Z[G]-module for some finite quotient G of G this is clear as Fy is discrete
and of finite type as an abelian group. |

Lemma 6.9. Let G be a finite quotient of Gx. Then Z[G] is a left Gx-module such that
HoM oo (Z[G]. ) = Z[G] @ —.
Proof. We have Z[G] = Z[G] = ®¢Z, thus
HOM x 000 (Z[@ —) = @cHomy,. (L, —) = ®gld = Z[G] ® —. |

Denote RHomy,,, the enriched R Hom on the proétale site of a scheme, a complex of

condensed abelian groups with underlying complex of abelian groups R Homy .
Lemma 6.10. We have
(U* R HOmSpeC(K;h) (Fy, 5 Gm [1])) @Zl = RHomSpeC(Kj‘,h)pme‘ (U* F7/ , Zl (1) [2]) .

Proof. We have

V* R Homspec(K;h) (Fn s Gm [1]) = RHomSpeC(K;h)pmm (])* Fn s U*Gm [1]) .
Thus we find

1)* R HomspeC(K;h) (FTI 5 Gm [1]) @Zl = R HomspeC(KJS/h)proel (])* Fn ) (])*Gm [1])@2[).
Since / is invertible on Spec(K;h), we have G, ® Z/1"7Z = p;»[1] and thus
(V*Gm[1)®Z; = Rlimv* (2] = Z;(1)[2]. "
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Lemma 6.11. Let H be an open normal subgroup of I, acting trivially on Fy, and let
G :=1,/H. Denote RHomy; the enriched R Hom between condensed G -modules. There
is a fiber sequence

RHomg (v* F. Z;(1)) — RHomSpec(K;h)pmel(v*Fﬂ’Zl(l)) — RHomg (v* Fy. Z;)[-1].

Proof. We have Spec(K;h)pmet = (BIy)proet = 1y-Cond(Set) by Proposition C.7. The
functor RT'(H, —) := RHomy (Z, —) is right adjoint to the forgetful functor

D(I,-Cond(A4b)) — D(G-Cond(Ab)).

so we have
RHomg,. gy . (V" Fy. Zi(1)) = RHomg (v* Fy, RL(H. Z;(1))).
We compute
RT(H.Z(1)) = Rlim RLC(H,v*pn) = Rlimv*RT(H, pyn).

Denote F the finite extension of K;h corresponding to H . Since [ is prime to the residual
characteristic of K;h, all ["-th roots of unity are contained in K;h and thus also in H.
Hensel’s lemma together with the short exact sequence 0 — O — F* — Z — 0 then
gives Hi (H, ) = pyn, Z/1"Z fori = 0, 1, while H* (H, ju;») = 0 for i > 2 because
I, is of cohomological dimension 1 and therefore also H [22, Thm. 8.11 (b), Prop. 5.10].
Thus we have a fiber sequence of discrete G-modules

wim — RU(H, upm) — Z/1"Z]-1].

The transition maps on both sides are surjective. Applying the fully faithful exact functor
v*, we can compute the R lim using that the transition maps are again surjective and we
obtain a fiber sequence in D(G-Cond(Ab)):

Zi(1) — RL(H,Z;(1)) — Z;[~1]. n

Since K;h has all /”-th roots of unity, as G-modules we have Z; ~ Z;(1).
Lemma 6.12. We have
RI—IOJQ(V*FTNZI) ® Q = V*HomG(FT]s Q) ®Q Ql = V*(Fy;/)ly ® le
RHomg (v* Fy, Z;(1)) ® Q = v*(F,)" ® Q;(1).

Proof. The proof of both statements is similar, so we treat only the first one.
We first show that E_xt‘G (v*Fy, Z;) is killed by some integer N for all i > 1. There is
a spectral sequence giving short exact sequences

0— R'limv*Extg " (Fy.Z/1"Z) — Ext (v* Fy, Z;) — limv* Ext (Fy, Z/ 1" Z) — 0.
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Denote #Homg is the internal Hom for discrete G-modules. There is moreover a spectral
sequence giving a long exact sequence

o — HI(G,Homg(Fy,Z/1"Z)) — Ext;(F,,Z/I1"Z) ~ H'~YG, Ext}(Fy, Z/I"ZL))

H* (G, Homg(Fy, L) 1"L)) —— ---

Fori > 2, since

Homeg(Fn. Z/1"Z) = Homap(Fy, Z/1"Z)
and

Ext§(Fy, 21" 1) = Exty,(Fy, Z/1"7)

are of finite type, both H (G, #omg (Fy.Z/1"Z)) and H' =" (G, Ext}(F,, Z/1"Z)) are
finite and killed by [G], thus ExtiG (Fy,Z/1"Z) is killed by [G]?. For i = 1, the group
HY(G, Jomg(F,,Z/1"Z)) is finite killed by [G] and H°(G, Sxté(F,,, Z/1"7)) is
finite killed by [(Fy)ior], 50 Extg; (Fy, Z /1" Z) is finite killed by [G][(Fy)]. Finally, for
i = 0 we have that Homg (F,, Z/["Z) is a finite group.

Suppose first that i > 2. Then Extic;_l(F,,, Z/1"7Z) is a system of finite groups so it
satisfies the Mittag-Leffler condition, thus R! lim v* ExtiG_I(F,,, Z/1"Z) = 0 by Lem-
mas C.2 and C.3. On the other hand, ExtiG (Fy.Z/1"Z) is a system of finite group killed
by [G]?, thus Exty; (v* Fyy, Z;) = limv* Extl, (F,, Z/I"Z) is killed by [G]>. We now treat
the case i = 1. Let us show that R! lim v* Homg (F,, Z/["Z) = 0. Again this is a system
of finite groups, which thus satisfies the Mittag-Leffler condition, and we can apply Lem-
mas C.2 and C.3. It follows that @}; W*Fy,Z;) = limv* Exth (Fy.Z/1"Z) is killed by

[GI[(Fpror]-
We deduce that

RHomg (v Fy,Z;) ® Q = Homg (V' Fy, Z1) ® Q.
There are canonical maps
Homg (v* Fy. Z;) ® Q — Homg (v* Fy. Q;) < Homg (v* F. Q) ®q Q;
= v*Homg (v*Fp, Q) ®q Q;.

Since F; is a finite type, hence finite presentation abelian group and G is finite, F}; is a
finite presentation G-module so v* F}, is (globally) of finite presentation as a G-module™*.
By a standard argument, to show that the canonical maps are isomorphisms we reduce
to the case of Z[G]. But Hom (Z[G], —) is the forgetful functor U : G — Cond(Ab) —
Cond(Ab), thus everything follows from the identifications

UZnpeQ=2,9Q0=0Q;,=UQ =Q® Q@ =UQ ®q Q.
The second equality in each case follows from the identity

Homg (F,, Q) = (F,)° ® Q = (F,)" ® Q. .

3*Note that as G is finite, Z[G] = Z[G].
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6.2. Functoriality

Proposition 6.13. Let 0 — F — G — H — 0 be a short exact sequence of Z-constructible

sheaves on X. Then
Lx(GP.s) = Lx(FP.5)Lx(HP ).

Proof. Ifi : v — X is a closed point, the short exact sequence gives a fiber triangle
W i*HPYQQ; — (v i*GP)®Q; - (v*i*FP)RQ;.
Local factors are multiplicative with respect to short exact sequences, hence
Ly(GP,s) = Ly(FP,s)L,(HP,s). "

Proposition 6.14. Let w : Y — X be a finite morphism between spectra of orders in
number fields and let F be a Z-constructible sheaf on Y. We have

Lx((ms F)P,s) = Ly (FP.s).

Proof. This follows readily from Theorem 6.2 using the compatibility of local factors with
induction [35, § VII.10, Prop. 10.4 (iv) and its proof]. [

‘We mention the following consequence of [31]:

Proposition 6.15. Let X = Spec(O) be the spectrum of an order in a number field K,
with open subscheme j : U — X. Let w be the number of roots of units in K, Ak its
discriminant, r1 and rp respectively the number of real and complex places of K, and
Ry the regulator introduced in [31] for irreducible 1-dimensional arithmetic schemes. We
have

_ 2" (2n)"[CHo(U)]Ry

w+/|Ak|

Ly ((Hz)P,0)

Proof. Denote f : V — X the regular locus of U seen as an open subscheme of X and Z
its closed complement in U. Denote also 7 : ¥ — X the normalizationof X, f':V — Y
the inclusion and K the function field of X and Y. We have f = = f’ and 7 induces
an isomorphism between 71 (V) and V. Finally, denote T the closed complement of V/
in Y. We have for the L-functions of Z-constructible sheaves:

HUEZ é‘v

hZ) = = .
Lx(1Z) = {u Zynwerfw

Hence by [31, Thm. C], we get the relation
[CHo(U)IRy _ hx Rk [[er log N(w)

w o [[yez log N(v)

which simplifies to

_ hx Rk [[yer log N(w)
[CHo@ Ry = =1 log W)
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On the other hand, we have similarly

Lx ((12)P) = Ly(Zm%
weT Sw
hence
* . D ok M
HOBTO =G0, o)
_ 2"Q2m)?hg Rk [ yer log N(w)
oAk [Tyez log N(v)
_ 27(20)[CHo(U)]Ry ]
w/|Ak| '

Remark. When X is singular we do not necessarily have Ly (Gx[1],s) = {x(s + 1),
as can be seen from Theorem 6.2. This formula is to be compared with the formula for

g (1):
2" 2m)?hg Rk [lyez 1/(1=N@)™)
w/|Ak| [Twer 1/(1 = N(w)~1)

_ 2"(2m)2[CHy(U)]Ry [lyezlog N()/(1 = N(v)™")
w/|Ak| [Twer log N(w)/(1 = N(w)~")

tp () =

and also with the formula from [23].

Remark. We could have also obtained this using Theorem 7.13. Suppose that U is a
proper subscheme of X. Denote Sy the finite places in the normalization 7 : ¥ — X
that are not above U, and Z the closed complement of U. We can compute explicitly
R((j1Z)P), by considering the following snake diagram:

0 —— (H'(X.()i2)r)"

l [

CHo(X,1)p =———— CHo(X,Hh)r —— 0

(=)
—

Log

! | |

0 — [Tyes, RxTT vez R — [Tyes, Rx[] vez R x (], R)’® —— ([1, R)°® — 0
! m(w)=v f m(w)=v

H [z i

=x[], =
HUES/ R x 1_[ vez R all R x l_[veZ R 0
z(w)=v

Log

If U = X, we get a similar diagram with H°(X, Z)y, instead of 0 at the bottom, enabling
us to compute R(Z?). We then obtain the formula using Proposition 7.9.
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7. The Weil-étale Euler characteristic and the special value theorem

7.1. Definitions

Definition 7.1. Let F be a Z-constructible sheaf on X. We define Weil-Arakelov coho-
mology with coefficients in F© as the complex:

RTuo (X, F) 1= RTc,p(X. FR)[~1] @ RTc o (X. FY).
The determinant of Weil-Arakelov cohomology has a canonical trivialization

det RTurc (X, FPy S det (RT.0(X,F2)) ' ® det (RT..0(X, F2)) S R.

We now put an integral structure on the determinant of Weil-Arakelov cohomology. Let
F be a tamely ramified red or blue sheaf. Recall that

Liex (FP)r = RHomg, x(c) (a* F, C[1]).
Consider the map
RTw.o(X, FP)r = RHom (RT(X, F),R[~1]) ® RT (X, FP)r
% RT.p(X. FP)g
~% RHomg, xc) (¢*F.C[1]).
By the duality Theorem 5.2 and the remark after Definition 5.1, its mapping fiber is
RHom (RT(X, F),R[-1]) ® R (X, FY) ~ RTuc(X, FP).
We thus have a distinguished triangle
RTy (X, FP) = RTw(X, FP)r — Liex(F)gr
and we find by taking determinants a natural trivialization
At Ax(FP)g

= det (RTw.c(X. FP)z) ® det ( Liex (FP)r) ™' 5 det (R (X, F) SR

Definition 7.2. Let F be a tamely ramified red or blue sheaf. The Weil-étale Euler char-
acteristic of F? is the positive real number yx (F ) such that

AM(Ax (FP)) = (xx(FP))™'Z < R.
Remark. If we let U6 be the map given by the composition of projections and inclusions

U6 : RTue(X, FP) = RT.0(X, FP) = RTuc (X, ED)[1]
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then U# induces a long exact sequence

. 2] ; 0 ;
oo HIZNX, FR) 5 HE (X, FP) = HEFN(X, FP) — -

ar,c r ar,c

which gives a trivialization

¥ (R (det Hy (X FE) T SR
i€Z

which coincides with A under the isomorphism

det R (X. ) =~ R (det Hj, o (X. )Y
i€Z

We can thus define alternatively yx (F?) such that

M (det Hiy (X FP) T @ (R) (det H' Liex (FP) ")
i€Z i€Z

= (xx(F?)'z > R.

Theorem 7.3. The Weil-étale Euler characteristic is multiplicative with respect to red-to-
blue short exact sequences of tamely ramified sheaves.

Proof. Let0 - F — G — H — 0 be a red-to-blue short exact sequence of tamely ram-
ified sheaves. We let

Ty : RTw.(X,HP) - RTw (X, GP) - Ry (X, FP) —
T, : Liex(H?) — Liex (G?) — Liex (FP) —

be the two natural triangles; the first one is not distinguished. For R = Z, R, let gr be
a determinant functor on Gr? (Modf}e) with values in graded R-lines extending the usual
determinant functor on projective R-modules of finite type. The graded cohomology func-
tor

H : Dpert(R) — Gr?(Modl)

together with the assignment that sends a distinguished triangle 7 : X - Y — Z — to
the exact sequence

0 — ker (H(u)) — H(X) — H(Y) — H(Z) > ker (H(u))[1] = 0

induced by the long exact sequence, induces a pullback functor H* on Picard groupoids
of determinants. We put fr = H *gg. Notice that H(T) makes sense for any triangle (not
necessarily distinguished) that induces a long exact cohomology sequence. There is a base
change isomorphism y : (gz(—))r 5 gr((—)R), which induces a base change isomor-
phism H*(y) : (fz(-)r 5 frR((—)R). By Theorem 3.10, H(T}) is an exact sequence
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in Gr® (Mode‘), while H(T3) is because T3 is distinguished. On the other hand, 7 g and
T, r are both distinguished triangles and the structure of exact sequence on H (7 r) and
H(T» r) coming from the distinguished triangles coincides with the structure coming by
base change from H(7T7) and H(T). We get a commutative diagram (see [31, Thm. 6.3
and its proof]):

) ) (HT)®gz(HT2)™!
f2(RTw,e (X, HP)) ® fz(RTw,(X, FP)) @R f2(RTw.(X.GP)) ®

z - — Z
Jfz(Liex(HP))™' ® fz(Liex(F?))™ Jz(Liex (GP)) ™!
J/ (z(HT))R®(8z(HT2) Hr J/
(/z(RTw,e(X, HP)))p ® (fz(RTw.e(X. FP)))p ® (/2 (RTw,c(X,G)))g ®
(fz(Liex (HP))™")g ® (fz(Liex (F2))™)g (fz(Liex(G)))g
lH"()/)®H"()/)®H"()/)‘1®H"(y)‘l H*(y)®H*(V)"l
fR(Ax(HP)R) ® fr(Ax(FP)R) fr(Ax (FP)R)
l gR(H(Tl,R))®gR(H(T2,R)7I)=f]R(TL,R)®f]R(T2,R)71
R ® R mult R
Under the multiplication map, the image of xZ ® yZ C R ® R is xyZ. |

Proposition 7.4. Let Y = Spec(O') be the spectrum of an order in a number field with a
finite dominant morphism 7w : Y — X. Suppose that K(Y)/K is tamely ramified, and let
F be a tamely ramified red or blue sheaf on Y. Then

1x ((wa F)P) = yy (FP).
Proof. This follows from the isomorphism

RTw,o(Y, F?) 5 RTw (X, (. F)P)
Liey (FP) = Liex (. F)P)
RT..o(Y, F?) 5 RT. o(X, (. F)B)

and the isomorphism of distinguished triangles

RTy (Y, F) ———— RTw, (Y, FP)r ——— Liey(FP)p ——

| | S

Ry (X, (mxF)R) —— RTwe(X, (4 F)P)p — Liex (e F)P)p —

We now use the multiplicativity of the Weil-étale Euler characteristic to extend it to
arbitrary tamely ramified Z-constructible sheaves:
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Definition 7.5. Let F be a tamely ramified Z-constructible sheaf, let j : U — X be
an open subscheme such that F|y is locally constant and let i : Z — X be the closed
complement. The sheaves ji Fjyy and i,i* F are tamely ramified and respectively red and
blue, and we define the Weil-étale Euler characteristic of F2 as

xx(FP) = xx (Gr Fo)P) xx (G4 * F)P).

The definition does not depend on the choice of U. The Weil-étale Euler characteristic is
multiplicative with respect to short exact sequences of tamely ramified sheaves. Let ¥ =
Spec(O’) be the spectrum of an order in a number field with a finite dominant morphism
Y — X such that K(Y)/K is tamely ramified, and let F be a tamely ramified Z-
constructible sheaf on Y. Then

1x (e F)P) = xy (FP).
Proof. This follows formally from the previous results by using the open-closed decom-
position lemma, see [31, §6.5]. [
7.2. Computations of the Euler characteristic, and the special value theorem

We first give an explicit expression of our Euler characteristic which does not involve
Weil-étale cohomology anymore. This will allow us to give an expression valid for any
tamely ramified Z-constructible sheaf.

Proposition 7.6. Let F be a tamely ramified red or blue sheaf. Let R (FP) be the abso-
lute value of the determinant of the pairing

H p(X. F)x H' (X, F)r > R
and Ro(FP) the absolute value of the determinant of the pairing
H] (X, F{)x H(X, F)r —> R

in the following bases : pick bases modulo torsion of H™'(Liex (FP)), of H (X, F) for
i =0,1and of H. g(X, FP) for i = —1,0. Then pick any R-bases of H! o (X, F{)
compatible® with the chosen bases in the following exact sequence
0> H p(X,F{) — H_ p(X. FP)r — H™'(Liex(F?))g
— H) (X, Fg) —> H? g(X. FP)g — 0.
We have

[HO(X» F)tor][Hc(»),B(X’FD)tor] RI(FD)
[H(X. F)or|[H (X FP)or|[H®(Liex (FP))] Ro(FP)’

xx(FP) =

31n the following sense: denote &° the exact sequence seen as an acyclic comple)(i, then the choice of
. . . . det(0
bases gives an element of detg &° which is required to be sent to 1 under detg &* —— R.
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Remark. We can reformulate the part about determinants of pairings. Consider an acyclic
chain complex of R-vector spaces A® with a Z-lattice M’ C A’ given for each i. We define
detz,r A°® to be the absolute value of the image of the vector corresponding to bases of
the lattices under the canonical isomorphism detg A*———R; put another way, it is the
positive real number such that detx (0)

det M)V’ det MH)DY) .~ det A°

R ¢ (@) ~
i€Z i€Z

corresponds to (detz g A*)Z C R under the canonical isomorphism detg A';R.

Consider the following complex detz (0)

A% 0— (H'(X.F)r)  — H_(X. FP)p — H™'(Liex (F?))g
— (H°(X. F)r)" — HY5(X. FP)r — 0
with first non-zero term in degree —1 and endowed with the natural lattices. Then we have
Ry(FP
M = det A°.
Ro(FP) zR

Proof. Since determinants depend only on cohomology and are multiplicative in short
exact sequences, we can write Ay (F?) as an alternating tensor product of the determi-
nants of the torsion and torsion-free parts of the cohomology groups:

Ax(FP) = Ax (FP):Ax (FP)/tor.

We have (Ax (FP);)r = detg(0) = R canonically hence by [31, Lem. A.1] the contri-
bution of Ay (FP), inside Ax (FP)g is sent under the trivialization to

TT[H Liex (F2)] ™"
[T[Hiy (X, FP)o]

We obtain the first part of the claimed expression by the computation of the involved
cohomology groups in Proposition 3.5 and Corollary 4.6.

It remains to show that Ay (F?) /tor = g;(iﬁi . We will use [31, Lem. A.2]. Fix basis
vectors of H'(X, F)/tor fori = 0, 1, of (H_(l Liex (F?))/tor and of H! (X, FP) for
i = —1,0. The image of Ax (FP)/tor inside

1/ xx (FP)or 1=

Ax(FP)g = det RTw (X, FP)p ®r (dﬂgtLieX(FD)R)_l
~ det (Drr[1]) ®r det RT p(X. FP)r ®r (dﬂgtLieX(FD)R)_l

~ det (Drr[1]) ®r det R, o(X, FP)

~ @ (et i (Dr2) ™ @r @) (det Hl o (X, FE)
i i
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is a certain product of basis vectors and dual basis vectors, obtained from the basis vectors
of Hci (X, FP)/tor, H' Liex (FP)/tor and H?(X, F)/tor through the identity

H'(DpRr) =Hom (H*"(X, F),R)
and the long exact sequence associated to the fiber sequence
RT. o(X, FP) — RT p(X, FP)g — Liex(F?)g.

Finally, the trivialization is obtained by combining together, for each i € Z, the terms
related by the duality theorem Theorem 5.2:

. -1 i . —1 i+1
(det H o (X. ) ® (det B2 (Dpp) "

(_I)H—l

= (dﬂgt Hci,:o(X» FRD))(_I)l ® (dngt Hcl:,i)(X7 FR))

R.

e

The isomorphism H' o (X, F?) = H'*2(DFR) is non-trivial only for i = —1,0 in
which case its determinant in the bases obtained is exactly (up to sign) Ry, resp. Ry. By
[31, Lem. A.2], the contribution of Ay (FP?)/tor is thus sent under the trivialization to

1

———— = Ry/R;. L]
I
Corollary 7.7. Let F be a tamely ramified Z.-constructible sheaf. With the same notations,
we have
b [H(X, F)ior ] [H? g (X, FP)ior] Ri(FP)
xx(F7) =

[H'(X. F)or|[H_ 5 (X. FP) o [[H(Liex (F?))] Ro(FP)’

Proof. Let j : U — X be an open subscheme such that Fy is locally constant and let
i : Z — X be the closed complement. Put Fy = jiFly and Fz = ii* F. Then Fy is red,
Fz is blue and there is a short exact sequence 0 — Fy — F — Fz — 0. Consider the
two following acyclic complexes of abelian groups, with first non-zero term respectively
in degree —1 and 0:

A®:0 > H p(X,(F2)P) » H; p(X. FP) — HZ L (X. (Fu)?)

— H)p(X.(F2)?) > HYp(X. FP) > H? g (X, (Fp)P) > T — 0,
B*:0— H%X, Fy) > H*(X,F) - H(X, Fz)

— HY(X,Fy) > H'(X,F) > H' (X, Fz) > J = 0

where I is the image of H? 5 (X, F?) in H} (X, F2) and J is the image of H'(X, Fz)
in H*(X, Fy). Since Fz is blue, H! (X, FP)and H'(X, Fz) are finite so / and J are
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also finite. Moreover Artin—Verdier duality gives a commutative square
d
HY p(X. (Fu)?) —— H_ p(X. (F2)®)

H2(X, Fy)* —2 s HY(X, Fz)*

whence [ ~ J*.
Since Fz is supported on a finite closed subscheme, we have Liex ((Fz)”) = 0 hence

an isomorphism Liey (F?) = Liex ((Fy)P?) which gives a canonical isomorphism
det Liex (FP)(det Licy (F)?) ' S z.
T
On the other hand, since A® and B*® are acyclic, we obtain canonical trivializations

detA®* — Z, detB® — Z.
Z det0 Z det0

Consider now the line
A = det A* det B® det Liey (F) (det Liex ((Fo)P)) ™.

. . o det 0@det 0® 7 ~
It obtains a canonical trivializatione : A ——— "5 7 Q@ Z ® Z — Z through the pre-

vious remarks.
For a distinguished triangle X — Y — Z — X[1], denote i : (detY )~ !det X det Z — 1
the structural isomorphism to the unit. From the octahedral diagram

Rl o(X.(Fz)R) —— RT.o(X.FP) —— RT . o(X.(Fu)R)

RT 8(X.(Fz)P)y —— RT.p(X.FP)r —— RT.5(X.(Fu)?)g
Liex ((Fz)P)g =0 —— Liex (F)p ——— Liex ((Fv)?)g
we find using the associativity axiom of determinant functors [6, §3.1] a commutative

diagram

(detr RTc,p(X. F;?)) ™" detg RTc.p(X. (Fy)g) detr RTc.0(X. (Fz)R) —— R

(detr RTc,5(X, FP)r) ™" detr RTc,(X. (Fu)P)g -
detg RTc,p(X. (Fz)P)g detg Liex (FP)r BT L, R®rR

(detg Liey ((FU)D)]R)_l
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There are isomorphisms
o Dy 1 D D
dﬂgtAR_(dﬂgtRFc,B(X,F )]R) dﬂgtRFc’B (X, (Fv) )Rdﬂgt RT: B (X, (Fz) )R, (7.2)

det B = (det RT(X. Fyr)™" det RT(X. Fy)r det RT (X, Fz)r (1.3)

under which the trivialization det(0)g = detg (0) on the left corresponds to ig on the right.
By combining (7.1) to (7.3), we find a commutative diagram of isomorphisms

Ag —= (detg RT, 5 (X, F2)) 7" detg RT, 5 (X, (Fy)D) detg RTe.o(X. (Fz)B)

(detRRF(X, F)R)(_l) detr RF(X, FU)R detr RF(X, FZ)]R
OtJ li-ilR
R R

We now describe how to produce another trivialization of Ar. By Theorem 5.2, there
is an isomorphism

¥ : RTe (X, (5R) = RT(X, (5)p-

§
If L is a graded R-line, there is a canonical isomorphism L ® L~! — R and we take the
trivialization

-1
(detg RT. 5 (X, F2)) TV detg RT, 5 (X. (Fy)R) detg RTe.o(X. (Fz)P)
(detg RT(X. F)g)" ™" detg RT'(X. Fy)g detg RT(X. Fz)g

|

detg RT'(X, F)g (detg RT(X, Fy)r)" (detr RT (X, Fz)R)
(detg RT (X, F)g)" ™" detg RT'(X, Fy)g detg RT'(X, Fz)r

(Y

l&®8®8
R®r R®r R

lmult

R

Consider Diagram 4. From the isomorphism of fiber sequences

Rl o(X.(F2)R) —— RT . o(X. FP) —— R o(X. (Fu)R)

- ! -

RT(X, Fz)}, —— RT(X, F)}, —— RT(X, Fy)}

we deduce that the upper triangle in Diagram 4 commutes, while the lower square com-
mutes formally. Thus the trivialization by duality equals the trivialization i - iR.
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Jpnur

¥ IQ AR A

H Jpnur

B(Z *X) 1y Wop WA x) Ty Dop  (F( X)T¥ Hop)

Az

, . , 1, () LR
aoy((Z4 )23 ®op) (A4 °X).1d Bp) (4 “X) 1y Hop

<« i1
Zdprop Al piop | _(,(A419p))

H(Zg *X) T TP WA X) Ty TP (A(S “X)T H9p)
(q(Z4) x) @0y @op (G(2) X) F20y Wop | (g4 “X) T 1y ¥op)

Diagram 4.
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Under those equal trivializations, the image of A inside R is Z on the one hand and is
computed with [31, Prop. A.3] on the other hand. We get an identity

[HO(X. F)oe][H 5 (X. FP)ior] Ri(FP)[J] 1
[H(X. F)u ] [H; 5 (X. FP)oe)[HO (Liex (FP))] Ro(FP) [1] yx (Fu)?) xx (F2)P)
=1

and thus, because [/] = [/]:

xx (FP) = xx ((Fu)P) xx ((F2)P)
[HO(Xs F)lor][HCO,B(X’ FD)lor] Rl(FD)
[HY(X, F)or|[Ho (X, FP)ior | [HO(Liex (FP))] Ro(FP)

Definition 7.8. Let F be a tamely ramified Z-constructible sheaf. We put

r1(F) = log, ([EthGR,X(C)(O‘*F’ 2inZ)]),
r2(F) = rankz Homgy x(c) (0™ F,2inZ).

For each archimedean place v of K, fix a corresponding embedding o,,. There is an iso-
morphism?®®

HomGR,X(C) (Ol*F, ]R) :> 1_[ HOI’nGU (Fv, Z)R

v
given by (¢o) = (¢o,) v reals (2000,)v complex- Using Proposition 4.8, the short exact sequence
R
0 - 2irR — C — R — 0 and the above isomorphism, we can consider the following
acyclic complex of R-vector spaces with lattices:
D*: 0 — Homgy x()(@* F.2inZ)r — H 'Liex (FP)r — l_[Hova (Fy,Z)r — 0
v

(with first non-zero term in degree —1). We denote

Disc(F) = (27)2F) det D°.
isc(F) = (2m) det

Remark. « If D* is the complex

0 — Homg, x)(@*F,iZ)r — H ™ 'Liex (FP)r — HHomGU(Fv,Z)R -0

v

with similar degree conventions, then Disc(F) = detz r De.

» The quantity Disc(F') only depends on F,.

36Non-canonical; the particular choice here is justified by the later computation of Disc(F) and R(FP)
for the case F = Z.
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We now reformulate the previous expression obtained to make it closer to a formula
looking like the analytic class number formula.

Proposition 7.9. Let F be a tamely ramified Z-constructible sheaf. Denote
Ny := Ker (Extg, y(o)(@*F.2inZ) — H} g(X, FP))

and let Gx =[g+«Gm—> ®rex,ix +Z] denote Deninger’s dualizing complex. Let R(FP):=
detz r B® with B® the exact sequence of R-vector spaces with lattices

B*: 0— (H'(X.F)r)" — Homy(F.Gx)r — | [Homg, (F,. Z)r

v

— (H°(X, F)r)” — Exty(F,Gx)r — 0
with first non-zero term in degree —1. We have

)2 EHO(X, F)or || Exty (F, Gx )ior ]
[H' (X, F)or][ Homy (F, Gx)ior ][ Extiyy (Fy, Ox1)][N2] Disc(F)

xx(FP) = R(FP).

Proof. We have Z§, >~ Gx[1] [34]. Consider the biacyclic double complex of Diagram 5
(numbers on the side indicate indexing, zeros are omitted). If C*-® is any biacyclic double
complex of R-vector spaces with lattices, we find by applying Lemma E.I to both the
rows and the columns that the following diagram is commutative:

Q(detg C1+/) D™
i,j

l:

detg Tot € ———— @(detp C*/)V, o ®R(‘“’

J
J detO l
®(detg €19 —52 @(R)C T
i

Fix bases (u,(c” )) of the lattices inside the C*/, and denote (u;cj )~! the dual basis vectors.
By looking at the image under the composite morphism ®i’ j (detg CH/ )(_l)tﬂ — R of
Qi /\k((u,(ci"i))(_l)'+] ), we find the relation

i,® =1y _ L) (-1)/
[Tigge™ =TTigge ™
Hence in our case we obtain
1

. o\—1 . o\ 1 °
%%A(gﬁéB) —de:tC(detD) (dfatE)
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0 -

Wgd ‘X)oH < ,(Ad X)oH) ¢ ¥z ) "Owol '[| «——— Wqd 'X)_H < (¥4 X)H)

] | T

Uad N)TH — (84 X)oH) ¢ U)X H 4 Uqd WUH —— (44 X)H)

| I

A(7 2117 g ,0) DX Towoy — d(7x1g g ,0) X TDwoy

o .d 5

“ed

“.v\

Diagram 5.
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Thus it remains to compute detz g C*(detz g E*)~!. Consider the following acyclic com-
plex of abelian groups:

0 — Homgy x(c)(@*F,2inZ) — H_ L(X,FP) — H (X, FP)
O7F o Bxth, g @ F.2inZ) — HOg(X.FP) — HO(X.FP)

> N» > 0

where we have placed the first non-zero term in degree —1. The last term is a subgroup of
EthG]R, X(C)(a*F ,2iwZ) and hence is finite 2-torsion. Then detz G°?_(O)>Z and G =
C*® & E°®[-3], thus we find

det C*(det £%)”" = det G = [ (Gl .
> ’ i

Proposition 7.10. Suppose that X is regular. We have

. . 22 2hg R
SO (1) - dimg B (X ZR) = —1. gu(zP) = 2T R
w+/|Ak|

and thus the special value formula
ords=o Lx(Z") = ords=1 &x = Y _(=1)'i - dimg H} .(X.Z§).
LY (ZP.0) = &z (1) = xx (ZP).
Proof. The first formula is immediate from the previous computations.

We use Proposition 7.9. We easily find 5 (Z)=r,, r1(Z)=r;, No=0, and Liex(Z?) =
Ox|1] so in particular H° Liex (Z?) = 0. Thus using Propositions 2.10 and 3.6 we obtain

2"1(2) 2 hg R(ZP)

D\ __
x(27) = — T 5ie(@D)

By the choices made in Definition 7.8, Disc(Z?) is computed as follows: fix a basis
() of Og. Choose an ordering of the archimedean places, real places first and complex
places second, and denote o; the choice of an embedding for each place v; and 0, 47, +i =
0,,+i- Thus o1,. .., 0y, are the real embeddings and 6, +1,. . ., 0, +r, the chosen complex
embeddings for each complex place. By unravelling the definitions, we see that we are

. . R(o; j <i< <j<
asked to compute the determinant of the matrix (((%(ff’ (f’, )(Bil)‘)’):rffrz’ 11" =""). Observe that
ry+i g <i'<rp,1<j<n
it is obtained from the matrix (0j(c;));,j=1,..,» by some elementary transformations on
the rows which will make a factor (%)’2 appear. Since (det(o;(@;))i,j)*> = Ak and the

sign of Ak is (—1)"2 (Brill’s theorem [46, Lem. 2.2]), we obtain

Disc(Z?) = ‘(ll) det (oj(oti))i,j' = +|Akl.
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It remains to determine R(ZP). By definition, this is detz g B® where B* is the acyclic
complex with first non-zero term in degree 0

0— (OF)r — (Hz)R = (Zr)" — 0.

Let us make the maps explicit. Denote | - |, the normalized absolute value for the archime-

dean place v: |- |, = |- |if visreal and | - |, = | - |? if v is complex. Denote also L :=
[T, log|oy(-)|» the logarithmic embedding. We have a commutative diagram
([T, R)°=

[y log \y l"* R

Or —— [[,LR —— R

where the middle isomorphism comes from Definition 7.8 and X is the sum of components
map (see the discussion after Definition 5.1). Here R = HC(,’,‘@(X, Zﬁ) = HO(X, Z)g
obtains the canonical basis because the perfect pairing HCO’ X, Zﬂg yx HY(X,Z)r =
R xR — R is given by the multiplication map. The ordering on the places gives an
ordered basis on ([ [, Z)r. Let x be the vector (1,0,...,0) € ([ ], Z)r. We have = (x) = 1.
Denote (&;) a system of fundamental units of Og. Then detz g B* is the absolute value
of the determinant of the matrix P expressing (L(e1), L(&2), ..., L(&r,4r,—1), X) in the
basis of ([, Z)r. Put N; = 1if 0; is real and N; = 2 if 0; is complex. Then we have

Nilogloi(e1)| --- Nplogloi(es—1)| 1
Nylogloz(e1)| --- Nalogloz(es—1)| O
Ngloglos(e1)| -+ Nsloglos(es—1)| O

By definition, the regulator Rk is the absolute value of the determinant of any (s — 1) x
(s — 1) minor of the matrix (N; log |0i(&;)|)i=1,....s:j=1,....s—1; thus by developing the
determinant of P with respect to the last column we find

.....

R(ZP) = |det P| = Rg.
We obtain finally
x(ZP) = 2n (2n)’2hKRK. .
w/|Ak|
Remark. For F = Z, the complexes
Liex (Z?), RTw.(X,ZP), RT.9(X,ZE), and RT..(X,ZR)
are equal respectively (up to a shift) to the complexes

RT4r(X/Z)/F', RTw.(X,Z(1)), RT(X,R(1)), and RTu.(X,R(1))

of [15], in which the above formula was already obtained.
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Proposition 7.11. Leti : x — X be the inclusion of a closed point, M a discrete Gyx.-module
of finite type. Let yw, denote the Weil-étale Euler characteristic of a Z-constructible
sheaf on X from [31] and let R(M) be the absolute value of the determinant of the pair-

" H®(Gx. M)r x H(Gx, M¥)r — R
in bases modulo torsion. Then

> (=i -dimg H (X, (i«M)R) = —rankz H*(Gx. M"),

[H°(Gx. M),
[H'(Gx, M)]R(M)log (N (v)
= xwe((xM) = Yw,e(ixM").

We have the special value formula

ordg—o Lx (i« M)P) = > "(=1)!i - dimg H], .(X(.isM)R).

Ly ((:M)P,0) = xx ((ixM)P).
Proof. The computation of Y (—1)%i - dimg H.. .(X(,i«M)R) is straightforward. Let us
compute yx ((i+M)P). Using Proposition 7.9 we find
[H°(Gx. M)uor| R((1xM)P)
[H1(Gx. M)]

xx (((eM)P) = )rankHo(Gx,M)

xx ((ixM)P) =

Here, the complex B* is
(HO(X,isM)g)" = HO(X,i x MV)g
with first term in degree 2, so R((i«M)P) = detz g B* is the inverse of the absolute value
of the determinant of the pairing
HY(X,isM)r x H*(X,ixM") — R.
Hence from the proof of Theorem 5.2 we see that

1
R(M)log (N(v)

R((ixM)P) = G
which shows the first equality. The second equality is [31, Cor. 6.8]. Let us show the last
equality. If M is torsion, then MY = M™*[—1] so by [31, Prop. 6.23] both terms equal 1.
We can thus suppose that M is torsion-free. Let n = rankz H°(G,, M). Then we have
rankz Homg, (M, Z) = n by the perfectness of the above pairing, MY = Homgz (M, Z),
and

1
[HY(Gx, M)]R(M)log (N(v))"’

1

[H'(Gx. MV)|R(MY)log (N(v))"

Aw,e(ixM) =

XW,c(i*Mv) =
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whence the result from the duality isomorphism
H'(Gx, M) ~Extg (M, Z)* = H'(Gx, M")*

and the identification R(M) = R(M").
Finally, since Ly ((i+M)?,s) = Lx(ixM",s) is the L-function of a (complex of)
Z.-constructible sheaves, from [31, Thm. 6.24] we find

ords—o Lx ((ixM)P,s) = —rankz H(Gx, M*),
Ly ((:M)P,0) = ywc(ixM"). n

Theorem 7.12. Let F be a constructible sheaf. Then
> (=i -dimg H (X, F) = 0 = ords=o Lx (F”.5).
If F is moreover tamely ramified, then
xx(FP) =1.
In particular, we have the special value formula Ly (FP,0) = & yx(FP).

Proof. The vanishing order formula is immediate; let us show the special value for-
mula. If F is supported on a finite closed subscheme, we reduce to the case F' = i, M
where i : x — X is a closed point and M is a finite discrete G,-module. In that case,
Proposition 7.11 gives xx ((i«M)P) = 1. The kernel and cokernel of the canonical map
F — g.g*F are constructible supported on a finite closed subscheme. Therefore we are
reduced to checking that yx ((g«M)P) = 1 for M a tamely ramified finite discrete G-
module. Let L be a tamely ramified extension of K such that G, acts trivially on M, and
let G x := Gal(L/K). For R aring, denote K{(R) the Grothendieck group of finitely
generated left R-modules. The map 6 : M — yx((g«M)P) is multiplicative: indeed, if
0—- M — M — M"” — 0is an exact sequence of G, x-modules then we have an exact
sequence 0 — g. M’ — g.M — g.M"” — N — 0. Then N is Z-constructible as a quo-
tient of g.M"”. We have (R'g«M’), = 0 and the stalk (R'g.M"), = H'(I,, M’) is
Galois cohomology hence torsion. As N C R'g.M’, N is torsion and skyscraper, which
shows that N is constructible supported on a finite closed subset. Then yx(N) =1 so
xx(g«sM) = xx(g+M")xx(g+«M"). We find that 6 factors through K;(Z[Gp /k]) and
takes values in RZ, which is torsion-free. By [41, Cor. 1], the kernel of K((Z[G,k]) —
K{(Q[Gr/k]) is finite; since M @ Q = 0, this implies that the class of M is a torsion
element in K((Z[Gr/k]) so (M) = yx(g«M) = 1. (]

Remark. e In [31], a similar formula for the Weil-étale Euler characteristic yx (F) of a
constructible sheaf F is proven by reduction to Tate’s formula for the Euler characteristic
of a global field (see [30, Thm. I.5.1, Thm. II.2.13] and [31, Prop. 6.23] for the reduction).
The method of the above proof applies mutatis mutandis to xx (F') and thus gives an alter-
native proof of Tate’s formula (which still depends on Tate’s formula in the local case).
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o If F' is a tamely ramified constructible sheaf, we have
RTyc (X, FP) =0,
RTw,(X, FP) ~ RT. p(X, FP),
Liex (F?) = Ext}, (Fy. Ok)[0]
K

and the two latter complexes are bounded with finite cohomology groups. Thus their Euler
characteristics

. _1y
twx (FP) =[] [Hiyo(x. F?)] 7Y
i€Z
and
xLx(FP):= [Exté;%(F,,, Ok!)]

are well defined and we have yx (F?)=yw.x (F?)/xL.x (F?). On the other hand, using
Artin—Verdier duality, the morphism of fiber sequences (2.1) and [31, Prop. 6.23], we find

Jw x (FP) =[]0,
Thus the above proposition implies that
[Exth;((Fn, Ok)] = [F,)KQL

Theorem 7.13 (Special values theorem). Let F be a Z-constructible sheaf. We have the
vanishing order formula

ords—o Lx (F”.s) =Y "(—1)%i - dimg H}, .(X. Fg).
If F is tamely ramified, we have the special value formula
LY (FP.0) = £xx(FP).

Proof. This follows from Propositions 7.10 and 7.11 and Theorem 7.12 by Artin induc-
tion. ]

A. Duality for the Tate cohomology of finite groups

Let G be a finite group. The functor Rf(G, —) is lax monoidal, so for any complex of
G-modules M we can construct the pairing

RT(G,MV) ®@" RT(G, M) — RT(G,Z) — H°(G,Z)[0] = Z/|G|Z[0] — Q/Z[0]
where MY = RHomg(M,Z). In the following, we will also denote
M* = Homg(M,Q/Z)

the Pontryagin dual.
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Theorem A.1. Let G be a finite group. The natural pairing
RT(G. M) ®" RT(G. M) — Q/Z[0]
is perfect for any bounded complex M of G-modules with finite type cohomology groups.

Proof. By definition, showing that the pairing is perfect is showing that the adjoint map
RT(G,M") — RT(G,M)* is an isomorphism. Passing to cohomology, this is equivalent
(using [42, Tag OFP2] and the injectivity of Q/Z) to showing that the cup product pairing

H (G.M)x H(G,M") > H°(G.Z) > Q/Z

is perfect for each i € Z. Notice that if M is induced, then MV is also induced; moreover,
if My is a finite type abelian group, ind® M, also is. Thus the usual dimension shifting
argument reduces to checking that the pairing is perfect in just one degree. We proceed by
Artin induction:

e In an exact sequence 0 > M — P — O — 0 or more generally a fiber sequence
M — P — Q, if the theorem is true for two out of the three terms then it is true for
the third.

*  We can filter a bounded complex with finite type cohomology groups by its trunca-
tions, which reduces to the case of a G-module M of finite type.

* Let H be a proper subgroup of G, let M be a torsion-free finite type discrete H -

module and let us consider the induced G-module indg M . We want to show compat-
ibility of the pairing in degree O for indg M and the pairing in degree 0 for M.
We have MY = Homgy (M, Z). Denote 7, for the induction functor indg and 7 * for
restriction to H. The functor 4 is a right adjoint of 7* and the finiteness of G also
makes 7, into a left adjoint of 7 *. Let us denote 7 : w«7r* — id the counit of the latter
adjunction; the counit 1z, : m«Z >~ ® /g Z — Z is the sum map. As a right adjoint to
a strict monoidal functor, 74 has a lax monoidal structure

lax
7x(=) ® 7 (=) = ma(— ® ).
Consider the following commutative diagram:

M @ (1 M)V e

] e

M Q@ (M) - (M @ MY) m 2,

We can apply the lax-monoidal functor HP to the above to obtain Diagram 6 (using
Shapiro’s lemma’s identifications). Square (1) commutes by functoriality of the cup
product, square (2) commutes by functoriality of H %(G, —), square (3) commutes
by inspection, square (4) commutes by functoriality in Shapiro’s lemma and square


https://stacks.math.columbia.edu/tag/0FP2
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7/ <> ZIHI/Z = (Z'H)oH < (\W ® W H)oH < =

N/ﬁ (2] H/ﬁ (©)

*((a0) *xr) *xe|

© (Z*°0)oH +—— (WS W)*x D) oH < (N)*EX® WL 'D)oH <+

Eé@ @ ,T

Z/0 < zZIol/z = (2'9)oH

(A(*2) ® W*r'0)oH

(WA CH)oH ® (W 'H)oH

=

((A)*2°D) o H ® (W*2£'D)oH

4] /T

— (A(W*2)'D)oH © (W*2'D)oH

Diagram 6.
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2im

(5) commutes because (e%)[G:H I = ¢7HT, As the bottom left square commutes, the
whole diagram commutes and the pairing for M is perfect if and only if the pairing
for ind$ M is perfect.

e For M = Z we have MY = Z. The map Rf(G, MY) — Rf(G, M)* corresponds in
degree 0 to the adjoint map to the cup product pairing
Z]|G|1ZQRZ/|G|Z — Z]|G|Z — Q/Z

induced by the multiplication Z ® Z — Z. Thus it is perfect.

* For M finite as an abelian group, we have RHomg (M, Q) = 0 so the fiber sequence
Z — Q — Q/Z gives MY ~ M*[—1]. For any bounded complex M, the complex
M ® Q is a complex of Q-vector spaces hence cohomologically trivial. The map
Q/Z]—-1] — Z thus induces an isomorphism of pairings

RT(G, M*)[-1] ®* RT'(G, M) — RT(G,Q/Z)[-1] — H™Y(G,Q/Z)[0] — Q/Z[0]

| | L

RT(G,MY) ®L RT'(G,M) —— RT(G,Z) ———— H*(G, Z)[0] — Q/Z[0]

It follows that it is enough to prove that the map Rf(G, M*)[-1] — Rf‘(G, M)* is
an isomorphism in degree 0, i.e., that the cup-product pairing

H (G, M*) x H*(G,M) - H™(G.Q/Z) - Q/Z

induced by the Pontryagin duality pairing M* ® M — Q/Z is perfect. For g € G,
g acts on M* as the transpose of g~!. Thus, on M*, N acts as N’ and the family
(1 — g)gec is a permutation of the family ((1 — g)*)geg. In the perfect pairing

M*®@M — Q/Z,

we have l(ﬂgeG Ker(1 —g)) = > peq Im((1 — 2)") and Ker(N)* = Im(N?), so
this pairing induces a perfect pairing between the subquotients:

Ker(N")/ Z Im ((1—¢)") x ﬂ Ker(1 — g)/Im(N) — Q/Z.

geG geG

This is exactly what we had to prove. ]

B. The maximal tamely ramified extension of a number field

In this section, we discuss the tame Galois group of a number field. The results are cer-
tainly known but we did not find a convenient reference.

Let K be the field of fractions of a henselian DVR with finite residue field. A finite
extension L/K is called tamely ramified if the ramification index ey, is prime to the
residual characteristic. We have the following properties:
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Proposition B.1 ([35, §I1.7, Cor. 7.8, Cor. 7.9, Def. 7.10]). (1) If M/L/K is a tower of
finite extensions, then M/ K is tamely ramified if and only if M/ L and L/K are.

(2) The composite of two tamely ramified finite extensions of K is tamely ramified.

(3) The maximal tamely ramified extension K' is defined as the composite of all finite
tamely ramified extensions of K inside K*%. Its finite subextensions are tamely ramified.

Let K be a number field. For each finite place v of K, which corresponds to a closed
point of X = Spec(Ok), denote K, the henselian local field at v. Let K*P be a separable
closure of K and for each finite place v, choose an embedding K, < K*°P; this determines
a place v of K*P above v and gives K*P the structure of a separable closure of K.
Denote Gk, resp. G, the absolute Galois group of K resp. K. The previous proposition
is adapted to the global case by working simultaneously at all places, as following: a finite
extension L /K is called tamely ramified if for all finite places v of K and w of L above
v, the finite extension L, /K, is tamely ramified. We then have:

Corollary B.2. (1) If M/L/K is a tower of finite extensions, then M/ K is tamely ramified
ifand only if M/L and L/ K are.

(2) The composite of two tamely ramified finite extensions of K is tamely ramified.

(3) The maximal tamely ramified extension K* is defined as the composite of all finite
tamely ramified extensions of K inside K*. Its finite subextensions are tamely ramified.

Proof. This follows from the previous propositions by taking henselizations, using the
two following observations:

» For any choice of finite place in any of the three fields in a tower M/ L /K, there exists
a compatible system of places above and below it.

e If L/K and M/K are two finite extensions inside K*P and z is a finite place of
the composite extension LM mapping to places w, w’ of L and M then (LM), =
Ly My ; indeed, (L M), is the smallest henselian field inside K*°P containing LM so
(LM), C Ly, My, and the other inclusion is immediate. ]

Definition B.3. The tame Galois group of K, denoted G%, is the Galois group of the
Galois extension K’/ K:
Gk = Gal(K'/K).

For a finite place v of K, denote P, C D, the wild ramification and decomposition
subgroup of the place v of K*®P. There is an identification D, = Gk, under which we
have P, = Gal(K*?/K"). We now characterise the tame Galois group in terms of the
wild inertia subgroups P,.

Proposition B.4. Let N be the smallest closed normal subgroup of Gk containing P, for
all finite places v. Then N = Gal(K**?/K"), and consequently Gy, = Gg/N.

Proof. We first show N C Gal(K*/K"); since the latter is normal and closed it suffices
to show that the elements of P, for any finite place v, fix K*. Let L/K be a finite tamely
ramified extension. The place v of K determines a unique place w of L above v. The
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following diagram commutes

Gal(Lw /K,) — Gal(L/K)

1

Gal(K’ /Ky) 0K Gal(K'/K)

I

Gk

>0,

Indeed, the only nontrivial part is square (1). If L/ K is a finite tamely ramified extension
and w is the place of L induced by v then L C L,, C K!; therefore there is an inclusion
K' C K! and the commutativity of (1) follows. Since the diagram commutes, the elements
of P, are sent to 0 in Gal(L/K) so they fix any finite tamely ramified extension of K,
hence also K°.

We now show Gal(K*P/K?) C N. Since N is normal, it suffices to show that for
N C U with U an open normal subgroup, we have Gal(K*?/K") C U. This amounts
to showing that the finite extension L /K corresponding to an open normal subgroup U
containing N is tamely ramified. Let v be a finite place of K and denote w the place of
L induced by v. Then L,, = LK, is the fixed field of U N Gg,, which contains P,, so
Ly C K} is tamely ramified. L]

C. Miscellaneous results on proétale cohomology and condensed
mathematics

In this section, we collect some results on condensed mathematics; these are certainly
already known to experts.

Definition C.1 ([4, Def. 3.2.1]). An object F of a topos X is called weakly contractible
if every surjection G — F has a section. We say that X is locally weakly contractible if
it has enough weakly contractible coherent objects, i.e., each X € X admits a surjection
U;Y; — X with Y; a coherent weakly contractible object.

The proétale topos of a scheme is locally weakly contractible [4, Prop. 4.2.8]; in par-
ticular the condensed topos (i.e., the proétale topos of a geometric point) is locally weakly
contractible, and (the sheaves represented by) extremally disconnected profinite sets are a
suitable family of weakly contractible objects.

Lemma C.2. Let X be a locally contractible topos. If (A;) is a projective system of
abelian group objects satisfying the Mittag-Leffler condition, then R1lim A; = lim A;.
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Proof. LetY be a weakly contractible object. As I'(Y, —) is exact and preserves injectives,
we find T'(Y,—) = RI'(Y,—) and thus (R1lim 4;)(Y) = R1lim(A4; (Y)). Moreover, (4; (Y))
is a projective system of abelian groups satisfying the Mittag-Leffler condition, again by
exactness and commutation with arbitrary limits of I'(Y, —); so we are done. n

Lemma C.3. Let (A;) be a family of discrete abelian groups satisfying the Mittag-Leffler
condition, and let v* : Ab — Cond(Ab) be the constant sheaf functor. Then (v* A;) satis-
fies the Mittag-Leffler condition.

Proof. The functor v* is exact and agrees with the functor (—) : Ab(Top) — Cond(A4b) on
discrete abelian groups [4, Lem. 4.2.12]; the latter functor is limit-preserving. An inter-
section of a decreasing family of abelian groups is a limit of the associated (discrete)

topological abelian groups, so we are done. ]

Proposition C.4 ([4, Lem. 6.1.17]). Let w : Y — X be a finite morphism of finite presen-
tation. Then Trproer, s © D (Yproet) = D (Xproet) has a right adjoint.

Proof. Since both source and target triangulated categories are compactly generated, it
suffices to show that 7pre,« commutes with direct sums. This can be checked on w-
contractible affines. Since evaluation of sheaves of abelian groups on the proétale site
at w-contractible affines commutes with colimits, this is easily shown using [4, Lem.
2.4.10]. |

In the following we follow [1] and call a topology a family of sieves satisfying the
usual axioms, and a pretopology a family of covers satisfying the usual axioms.

Proposition C.5. The canonical topology on condensed sets induces the proétale topol-
ogy (i.e., generated by finite jointly surjective families) on profinite sets under the Yoneda
embedding.

Proof. Denote Jprer, Tesp. Jing the proétale topology resp. the topology induced from
the canonical topology on condensed sets. Since condensed sets are covered under the
canonical topology by profinite sets (under the fully faithful, limit-preserving Yoneda
embedding), we conclude by [1, Exp. IV, Cor. 1.2.1] that Sh(Top"f » Jproet) = Cond(Set) ~
Sh(Top"f , Jind). Since the topology is characterized by its category of sheaves [1, Exp. II,
Cor. 4.4.4] we find Jproet = Jind- [

Definition C.6 ([4, Def. 4.3.1]). Let G be a compactly generated topological group. The
pro-étale site B Gproc; Of G is defined as the site of profinite continuous G-sets with covers
given by finite jointly surjective families.

Proposition C.7 ([13, Cor. 2]). Let G be a compactly generated topological group. We
have
Sh(BGproet) = G-Cond(Set).

If moreover G = Gal(k*? / k) for a field k, then
Sh (Spec(k)proet) = G- Cond(Set).
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Proof. The Yoneda embedding from profinite sets to condensed sets if fully faithful, and
it can be extended to a right adjoint (hence limit-preserving) faithful functor (—), which
is moreover fully faithful when restricted to compactly generated topologicals_pace [11,
Prop. 1.7]. The action of G on a profinite set X is encoded by a map G x X — X,
where the product is computed in topological spaces. The product of a profinite set and
a compactly generated space is compactly generated [39, Appendix A, Prop. A.2 (vi)]*/,
so this is the same as a map G x X — X. Thus we get a fully faithful embedding of
profinite continuous G-sets in G-Cond(Set). The canonical topology on G-condensed
sets is obtained by forgetting the G-structure, and similarly for the proétale topology on
profinite continuous G-sets, so that the canonical topology on the former induces the
proétale topology on the latter by the previous proposition. By [1, Exp. IV, Cor. 1.2.1] it
remains only to show that a G-condensed set is covered by profinite G-sets; for any cover
of the underlying condensed set by profinite sets S;, G x S; (where G acts on the first
factor) is a cover by profinite G-sets by an adjunction argument. ]

D. Strictly henselian local rings of singular schemes

Let X be an integral arithmetic scheme with finite normalization 7 : ¥ — X, and let
x € X be aclosed point. We want to understand the fiber above the generic point of X of
the strictly henselian local ring at x in terms of the fibers of strictly henselian local rings
of points of Y above x. We can localize at x and we are thus in the following setting: let
(A, m) be a Noetherian integral local ring with fraction field K, perfect residue field k and
integral closure B. Can we describe A" @4 K in terms of B and its strict henselizations
at various maximal ideals?
We first have

Lemma D.1 ([42, Tag 07QQ]).

n
AN @4 K =[x
i=1
where p; are the prime ideals of A" ® 4 K above (0); moreover each k(p;)/ k is separable
algebraic.

Proof. A™" is Noetherian and flat over A so it has finitely many minimal primes, which
are exactly the primes lying above (0). Moreover it is reduced as A is reduced. Therefore
A ®4 K is Noetherian and has finitely many prime ideals, all minimals, so A" ® 4 K is
an Artinina ring; since it is reduced, its local rings are fields. [

The lemma says that A" ® 4 K is the total rings of fraction of A*". The total ring of
fractions of the normalization of A" is the same, so we want to determine the normaliza-
tion of A%h:

37In the above reference, compactly generated spaces are called k-spaces.


https://stacks.math.columbia.edu/tag/07QQ
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Lemma D.2 ([42, Tag 0CBM]). B’ := B ®4 A™ is the normalization of A

Proof. Normalization commutes with étale maps®® and filtered colimits, and A" is a fil-
tered colimit of étale A-algebras. ]

By the previous lemma, the minimal primes of A*" and B’ are in bijection. Moreover,
as B’ is finite over A*", B’ is a finite product of strictly henselian local rings each finite
over A", Since B’ is normal, each local ring is moreover normal, hence integral. We now
see that each minimal prime ideal is contained in a unique maximal ideal of B’, and vice-
versa. Denote q; the minimal prime of B’ corresponding to p; and 9; the maximal ideal
containing ¢;. We deduce

K (pi) = x(a;) = Frac ((B")an,)-
Lemma D.3 ([42, Tag 08HV]). Denote n = M; N B. We have
(B ), = B

Proof. B’ is a filtered colimit of étale B-algebras and so is B". Since there is a natural
morphism of B-algebras B’ — B, B! is also a filtered colimit of étale B’-algebras.
Since B;h is a strictly henselian local ring, it must be the strict henselian local ring of B’
at any prime above n. L]

Thus «(g;) = Frac((B")gn,) = Frac(B:"). Because B’ is a colimit of étale B-algebras,
the maximal ideal 1 of B is above m. Moreover we have:

Lemma D.4 ([42, Tag 0C25]). The fiber above 1 in B’ is isomorphic to Homy (« (1), k5P)

Proof. We have
B' ®pk(n) = A" @4 k(1) = A" @4 k ® k(1) = kP ® k()
hence the result. [

Combining everything, we obtain

Proposition D.5. Let (A, m) be a Noetherian integral local ring with fraction field K,
perfect residue field k and integral closure B finite over A. The total ring of fractions of
AN is:
AT @4 K = 1_[ 1_[ Frac(B:M)
T Homy (k (n),k*P)

where 1 goes through the finitely many maximal ideals of B.

31t is easy to see the commutation with localization, so this reduces to commutation with standard étale
maps.


https://stacks.math.columbia.edu/tag/0CBM
https://stacks.math.columbia.edu/tag/08HV
https://stacks.math.columbia.edu/tag/0C25
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E. A lemma on determinants of total complexes

Lemma E.1. Let A be an abelian category, let C be a double complex of objects of A
with uniformly bounded and acyclic rows and columns and let det be a determinant functor
Ch® (A)gis = P. We denote by 1 the unit of the Picard category 5. Define the filtration
by rows on Tot C by F" TotC = Tot(c="C),** where (6="C)P4 = CP9 if ¢ < n and 0
otherwise. The filtration by rows induces a commutative diagram

det Tot C det 0 s 1

| |

®; (et C=Y ——— @)V
' ®; (det0)"D7 T

Proof. The n-th graded piece of the filtration by rows of Tot C is C*"[—n]. Since the
rows are exact, the map 0 : Tot C — 0 is a quasi-isomorphism; moreover it induces
quasi-isomorphisms between the graded pieces of the filtrations by rows on Tot C and
the trivial filtration on O because columns are exact. We conclude with [24, Prop. 1.7] and
[7, Lem. 2.3]. [

Acknowledgments. Iwould like to thank Takashi Suzuki for stimulating exchanges about
the Lie construction, and Baptiste Morin and Matthias Flach for general discussions on
Weil-étale cohomology and related topics. Finally, I would like to thank Thomas Geisser
and Niranjan Ramachandran for helpful remarks and discussions.

References

[1] M. Artin, A. Grothendieck, and J. L. Verdier, Théorie des topos et cohomologie étale des
schémas. Tome 1-2-3. Lecture Notes in Math. 269, 270, 305, Springer, Berlin, 1972/1973
MR 0354652

[2] A. Beshenov, Weil-étale cohomology for arbitrary arithmetic schemes and n < 0. Part I: Con-
struction of Weil-étale complexes. Preprint

[3] A. Beshenov, Weil-étale cohomology for arbitrary arithmetic schemes and n < 0. Part II: The
special value conjecture. Preprint

[4] B. Bhatt and P. Scholze, The pro-étale topology for schemes. Astérisque 369 (2015), 99-201
Zbl 1351.19001 MR 3379634

[5] M. Breuning, Determinants of perfect complexes and Euler characteristics in relative Kq-
groups. 2008, arXiv:0812.1556

[6] M. Breuning, Determinant functors on triangulated categories. J. K-Theory 8 (2011), no. 2,
251-291 Zbl 1243.18023 MR 2842932

[7] M. Breuning and D. Burns, Additivity of Euler characteristics in relative algebraic K-groups.
Homology Homotopy Appl. 7 (2005), no. 3, 11-36 Zbl 1085.18011 MR 2200204

3Here r stands for rows.


https://mathscinet.ams.org/mathscinet-getitem?mr=0354652
https://zbmath.org/?q=an:1351.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=3379634
https://arxiv.org/abs/0812.1556
https://doi.org/10.1017/is010006009jkt120
https://zbmath.org/?q=an:1243.18023
https://mathscinet.ams.org/mathscinet-getitem?mr=2842932
https://doi.org/10.4310/HHA.2005.v7.n3.a2
https://zbmath.org/?q=an:1085.18011
https://mathscinet.ams.org/mathscinet-getitem?mr=2200204

(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]

[26]
[27]
(28]

[29]
(30]

Tori over number fields and special values at s = 1 259

C.-L. Chai and J.-K. Yu, Congruences of Néron models for tori and the Artin conductor. Ann.
of Math. (2) 154 (2001), no. 2, 347-382 Zbl 1098.14014 MR 1865974

X. Chen, Duality theorems and special value of Artin L-functions at zero. Ph.D. thesis, Brown
University, Providence, RI, 2017

Y.-C. Chiu, On the Weil-étale cohomology of S-integers. Ph.D. thesis, California Institute of
Technology, Pasadena, CA, 2011

D. Clausen and P. Scholze, Lectures on condensed mathematics. 2019, https://www.math.uni-
bonn.de/people/scholze/Condensed.pdf

C. Deninger, Duality in the étale cohomology of one-dimensional proper schemes and gener-
alizations. Math. Ann. 277 (1987), no. 3, 529-541 Zbl 0607.14011 MR 891590

M. Flach, Cohomology of topological groups with applications to the Weil group. Compos.
Math. 144 (2008), no. 3, 633-656 Zbl 1145.18006 MR 2422342

M. Flach and B. Morin, On the Weil-étale topos of regular arithmetic schemes. Doc. Math. 17
(2012), 313-399 Zbl 1288.14011 MR 2946826

M. Flach and B. Morin, Weil-étale cohomology and zeta-values of proper regular arithmetic
schemes. Doc. Math. 23 (2018), 1425-1560 Zbl 1404.14024 MR 3874942

J.-M. Fontaine, Valeurs spéciales des fonctions L des motifs. séminaire Bourbaki, Vol.
1991/92. Astérisque 206 (1992), Exp. No. 751, 4, 205-249 Zbl 0799.14006 MR 1206069

T. Geisser, Weil-étale cohomology over finite fields. Math. Ann. 330 (2004), no. 4, 665-692
Zbl 1069.14021 MR 2102307

T. Geisser, Duality via cycle complexes. Ann. of Math. (2) 172 (2010), no. 2, 1095-1126

Zbl 1215.19001 MR 2680487

T. Geisser, Duality for Z-constructible sheaves on curves over finite fields. Doc. Math. 17
(2012), 989-1002 Zbl 1267.14028 MR 3007682

T. H. Geisser and B. Morin, Pontryagin duality for varieties over p-adic fields. J. Inst. Math.
Jussieu (2022), DOI 10.1017/S1474748022000469

T. H. Geisser and T. Suzuki, Special values of L-functions of one-motives over function fields.
J. Reine Angew. Math. 793 (2022), 281-304 Zbl 07623476 MR 4513170

D. Harari, Galois cohomology and class field theory. Universitext, Springer, Cham, 2020

7Zbl 1466.11086 MR 4174395

B. W. Jordan and B. Poonen, The analytic class number formula for 1-dimensional affine
schemes. Bull. Lond. Math. Soc. 52 (2020), no. 5, 793-806 Zbl 1473.11212 MR 4171403

F. F. Knudsen, Determinant functors on exact categories and their extensions to categories of
bounded complexes. Michigan Math. J. 50 (2002), no. 2, 407-444 7Zbl 1023.18012

MR 1914072

F. F. Knudsen and D. Mumford, The projectivity of the moduli space of stable curves. I. Pre-
liminaries on “det” and “Div”. Math. Scand. 39 (1976), no. 1, 19-55 Zbl 0343.14008

MR 437541

B. Kock, Galois structure of Zariski cohomology for weakly ramified covers of curves. Amer.
J. Math. 126 (2004), no. 5, 1085-1107 Zbl 1095.14027 MR 2089083

S. Lichtenbaum, The Weil-¢tale topology on schemes over finite fields. Compos. Math. 141
(2005), no. 3, 689-702 Zbl 1073.14024 MR 2135283

S. Lichtenbaum, The Weil-étale topology for number rings. Ann. of Math. (2) 170 (2009),
no. 2, 657-683 Zbl 1278.14029 MR 2552104

J. Lurie, Higher algebra. 2017, http://people.math.harvard.edu/~lurie/papers/HA.pdf

J. S. Milne, Arithmetic duality theorems. 2nd edn., BookSurge, Charleston, SC, 2006

Zbl 1127.14001 MR 2261462


https://doi.org/10.2307/3062100
https://zbmath.org/?q=an:1098.14014
https://mathscinet.ams.org/mathscinet-getitem?mr=1865974
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://doi.org/10.1007/BF01458330
https://doi.org/10.1007/BF01458330
https://zbmath.org/?q=an:0607.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=891590
https://doi.org/10.1112/S0010437X07003338
https://zbmath.org/?q=an:1145.18006
https://mathscinet.ams.org/mathscinet-getitem?mr=2422342
https://doi.org/10.4171/DM/369
https://zbmath.org/?q=an:1288.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=2946826
https://doi.org/10.4171/DM/651
https://doi.org/10.4171/DM/651
https://zbmath.org/?q=an:1404.14024
https://mathscinet.ams.org/mathscinet-getitem?mr=3874942
https://zbmath.org/?q=an:0799.14006
https://mathscinet.ams.org/mathscinet-getitem?mr=1206069
https://doi.org/10.1007/s00208-004-0564-8
https://zbmath.org/?q=an:1069.14021
https://mathscinet.ams.org/mathscinet-getitem?mr=2102307
https://doi.org/10.4007/annals.2010.172.1095
https://zbmath.org/?q=an:1215.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=2680487
https://doi.org/10.4171/DM/387
https://zbmath.org/?q=an:1267.14028
https://mathscinet.ams.org/mathscinet-getitem?mr=3007682
https://doi.org/10.1017/S1474748022000469
https://doi.org/10.1515/crelle-2022-0081
https://zbmath.org/?q=an:07623476
https://mathscinet.ams.org/mathscinet-getitem?mr=4513170
https://doi.org/10.1007/978-3-030-43901-9
https://zbmath.org/?q=an:1466.11086
https://mathscinet.ams.org/mathscinet-getitem?mr=4174395
https://doi.org/10.1112/blms.12357
https://doi.org/10.1112/blms.12357
https://zbmath.org/?q=an:1473.11212
https://mathscinet.ams.org/mathscinet-getitem?mr=4171403
https://doi.org/10.1307/mmj/1028575741
https://doi.org/10.1307/mmj/1028575741
https://zbmath.org/?q=an:1023.18012
https://mathscinet.ams.org/mathscinet-getitem?mr=1914072
https://doi.org/10.7146/math.scand.a-11642
https://doi.org/10.7146/math.scand.a-11642
https://zbmath.org/?q=an:0343.14008
https://mathscinet.ams.org/mathscinet-getitem?mr=437541
https://doi.org/10.1353/ajm.2004.0037
https://zbmath.org/?q=an:1095.14027
https://mathscinet.ams.org/mathscinet-getitem?mr=2089083
https://doi.org/10.1112/S0010437X04001150
https://zbmath.org/?q=an:1073.14024
https://mathscinet.ams.org/mathscinet-getitem?mr=2135283
https://doi.org/10.4007/annals.2009.170.657
https://zbmath.org/?q=an:1278.14029
https://mathscinet.ams.org/mathscinet-getitem?mr=2552104
http://people.math.harvard.edu/~lurie/papers/HA.pdf
https://zbmath.org/?q=an:1127.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=2261462

(31]
(32]
(33]
(34]
[35]
(36]
(371
(38]
(39]
(40]
[41]

(42]
[43]

[44]
[45]

[46]

A. Morin 260

A. Morin, Special values of L-functions on regular arithmetic schemes of dimension 1. J.
Number Theory 243 (2023), 412-474 Zbl 07635391 MR 4502240

B. Morin, On the Weil-étale cohomology of number fields. Trans. Amer. Math. Soc. 363
(2011), no. 9, 4877-4927 Zbl 1233.14016 MR 2806695

B. Morin, Zeta functions of regular arithmetic schemes at s = 0. Duke Math. J. 163 (2014),
no. 7, 1263-1336 Zbl 1408.14076 MR 3205726

E. Nart, The Bloch complex in codimension one and arithmetic duality. J. Number Theory 32
(1989), no. 3, 321-331 Zbl 0728.14002 MR 1006598

J. Neukirch, Algebraic number theory. Grundlehren Math. Wiss. 322, Springer, Berlin, 1999
Zbl 0956.11021 MR 1697859

J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields. 2nd edn., Grundleh-
ren Math. Wiss. 323, Springer, Berlin, 2008 Zbl 1136.11001 MR 2392026

T. Nikolaus and P. Scholze, On topological cyclic homology. Acta Math. 221 (2018), no. 2,
203-409 Zbl 1457.19007 MR 3904731

E. Noether, Normalbasis bei Korpern ohne hohere Verzweigung. J. Reine Angew. Math. 167
(1932), 147-152 Zbl 0003.14601 MR 1581331

S. Schwede, Global homotopy theory. New Math. Monogr. 34, Cambridge University Press,
Cambridge, 2018 Zbl 1451.55001 MR 3838307

J.-P. Serre, Corps locaux. 3rd edn., Publications de 1’Université de Nancago VIII, Hermann,
Paris, 1968 Zbl 0423.12017 MR 0354618

R. G. Swan, The Grothendieck ring of a finite group. Topology 2 (1963), 85-110

Zbl 0119.02905 MR 153722

T. Stacks Project Authors, Stacks Project. 2020, https://stacks.math.columbia.edu

M.-H. Tran, Weil-étale cohomology and special values of L-functions of 1-motives. Ph.D. the-
sis, Brown University, Providence, RI, 2015

M.-H. Tran, Weil-étale cohomology and special values of L-functions. 2016,
arXiv:1611.01720

J.-L. Verdier, Des catégories dérivées des catégories abéliennes. Astérisque 239, Société
Mathématique de France, Paris, 1996 Zbl 0882.18010

L. C. Washington, Introduction to cyclotomic fields. 2nd edn., Grad. Texts in Math. 83,
Springer, New York, 1997 Zbl 0966.11047 MR 1421575

Communicated by Thomas H. Geisser

Received 10 November 2022; revised 6 January 2023.

Adrien Morin
Institut de Mathématiques de Bordeaux, Université de Bordeaux, 351 cours de la Libération,
33405 Talence, France; adrien.morin@math.u-bordeaux.fr


https://doi.org/10.1016/j.jnt.2022.07.002
https://zbmath.org/?q=an:07635391
https://mathscinet.ams.org/mathscinet-getitem?mr=4502240
https://doi.org/10.1090/S0002-9947-2011-05124-X
https://zbmath.org/?q=an:1233.14016
https://mathscinet.ams.org/mathscinet-getitem?mr=2806695
https://doi.org/10.1215/00127094-2681387
https://zbmath.org/?q=an:1408.14076
https://mathscinet.ams.org/mathscinet-getitem?mr=3205726
https://doi.org/10.1016/0022-314X(89)90088-7
https://zbmath.org/?q=an:0728.14002
https://mathscinet.ams.org/mathscinet-getitem?mr=1006598
https://doi.org/10.1007/978-3-662-03983-0
https://zbmath.org/?q=an:0956.11021
https://mathscinet.ams.org/mathscinet-getitem?mr=1697859
https://doi.org/10.1007/978-3-540-37889-1
https://zbmath.org/?q=an:1136.11001
https://mathscinet.ams.org/mathscinet-getitem?mr=2392026
https://doi.org/10.4310/ACTA.2018.v221.n2.a1
https://zbmath.org/?q=an:1457.19007
https://mathscinet.ams.org/mathscinet-getitem?mr=3904731
https://doi.org/10.1515/crll.1932.167.147
https://zbmath.org/?q=an:0003.14601
https://mathscinet.ams.org/mathscinet-getitem?mr=1581331
https://doi.org/10.1017/9781108349161
https://zbmath.org/?q=an:1451.55001
https://mathscinet.ams.org/mathscinet-getitem?mr=3838307
https://zbmath.org/?q=an:0423.12017
https://mathscinet.ams.org/mathscinet-getitem?mr=0354618
https://doi.org/10.1016/0040-9383(63)90025-9
https://zbmath.org/?q=an:0119.02905
https://mathscinet.ams.org/mathscinet-getitem?mr=153722
https://stacks.math.columbia.edu
https://arxiv.org/abs/1611.01720
https://zbmath.org/?q=an:0882.18010
https://doi.org/10.1007/978-1-4612-1934-7
https://zbmath.org/?q=an:0966.11047
https://mathscinet.ams.org/mathscinet-getitem?mr=1421575
mailto:adrien.morin@math.u-bordeaux.fr

	Contents
	1. Introduction
	1.1. Results
	1.1.1 A new L-function
	1.1.2 Weil-étale cohomology and special values
	1.1.3 The Weil-étale complex
	1.1.4 The additive complex
	1.1.5 Trivialization of the fundamental line
	1.1.6 The Euler characteristic and the special value theorem

	1.2. Comparison with other works
	1.2.1 [43]
	1.2.2 [21]
	1.2.3 [23]

	1.3. Notations
	1.3.1 Schemes
	1.3.2 Dualizing complex
	1.3.3 Group cohomology
	1.3.4 Complex points
	1.3.5 Determinants
	1.3.6 Derived \infty-categories


	2. Cohomology with compact support of F^D
	2.1. Definitions
	2.2. Artin–Verdier duality for F^D
	2.2.1 Construction of the pairing for Tate cohomology on X(\mathbb{C})
	2.2.2 Construction of the pairing for R\hat{Γ}_{c,B}(X,F^D)
	2.2.3 The morphism of fiber sequences

	2.3. Computations

	3. Weil-étale cohomology with compact support of F^D
	3.1. Construction of the Weil-étale complex
	3.2. Computation of Weil-étale cohomology
	3.3. Functoriality properties

	4. The tangent space and the fundamental line
	5. Deligne compactly supported cohomology and the duality theorem
	6. The L-function of F^D
	6.1. Explicit computation
	6.2. Functoriality

	7. The Weil-étale Euler characteristic and the special value theorem
	7.1. Definitions
	7.2. Computations of the Euler characteristic, and the special value theorem

	A. Duality for the Tate cohomology of finite groups
	B. The maximal tamely ramified extension of a number field
	C. Miscellaneous results on proétale cohomology and condensed mathematics
	D. Strictly henselian local rings of singular schemes
	E. A lemma on determinants of total complexes
	References

