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On the minus component of the equivariant Tamagawa
number conjecture for G,

Mabhiro Atsuta and Takenori Kataoka

Abstract. The equivariant Tamagawa number conjecture (hereinafter called the eTNC) predicts
close relationships between algebraic and analytic aspects of motives. In this paper, we prove a lot
of new cases of the minus component of the eTNC for G, and for CM abelian extensions. One
of the main results states that the p-component of the eTNC is true when there exists at least one
p-adic prime that is tamely ramified. The fundamental strategy is inspired by the work of Dasgupta
and Kakde on the Brumer—Stark conjecture.
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1. Introduction

The relationship between the special values of L-functions and algebraic objects is a cent-
ral theme in number theory. The equivariant Tamagawa number conjecture, which was
formulated by Burns and Flach [5], is a very general and strong conjecture on such a rela-
tionship. In this paper, we focus on the equivariant Tamagawa number conjecture for G,
(referred to below as the eTNC for short).

So far, a promising way to prove the eTNC has been to apply a suitable (equivariant)
Iwasawa main conjecture, together with a suitable descent theory. For example, using this
strategy, Burns and Greither [6] and Flach [16] proved the eTNC for an abelian extension
of Q. Also, Bley [2] proved the eTNC for a finite abelian extension of an imaginary quad-
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ratic field, under certain hypotheses. In both cases, the relevant Iwasawa main conjecture
could be proved by the theory of Euler systems: the system of cyclotomic units over Q and
the system of elliptic units over an imaginary quadratic field, respectively. More recently,
in [8], Burns, Kurihara, and Sano established a general descent theory for an arbitrary
number field to deduce the eTNC from the Iwasawa main conjecture and additional con-
jectures. The result [8, Theorem 1.1] is strong enough to recover the above-mentioned
results of [2,6, 16]. Note also that Burns [4] proved a global function field analogue of the
e¢TNC within a similar framework.

In this paper, we focus on the minus component of the eTNC for a finite abelian CM-
extension, which we refer to as the eTNC™. We will review a formulation of the eTNC™
in Section 1.1. Note that we ignore the 2-components whenever we consider the minus
components in this paper. Then the eTNC™ can be decomposed into the p-component
eTNC, for each odd prime number p.

This eTNC,, has been investigated closely, still via the Iwasawa main conjecture. For
instance, Nickel [25, Theorem 4] proved the eTNC,, under the hypotheses that the relevant
J-invariant vanishes, that the field extension is almost tamely ramified above p (the defin-
ition will be recalled after Theorem 1.1 below), and that another mild condition holds.
Note that the vanishing of the p-invariant is imposed for the Iwasawa main conjecture to
hold. On the other hand, as a consequence of the above-mentioned result, Burns, Kurihara,
and Sano [8, Corollary 1.2] proved the eTNC, under the hypotheses that the associated
p-adic L-function has at most one trivial zero, still assuming the vanishing of the u-
invariant. The condition on the number of the trivial zeros is imposed in order to use the
Gross—Stark conjecture proved by Darmon, Dasgupta, and Pollack [10] and Ventullo [31].
Subsequently, Dasgupta, Kakde, and Ventullo [14] proved a significant part of the Gross—
Stark conjecture without the condition on the trivial zeros, but this does not allow us to
remove the condition from the result of Burns, Kurihara, and Sano (see [8, Section 1.C]).

On the other hand, in a recent preprint [13], Dasgupta and Kakde unconditionally
proved the Brumer—Stark conjecture (we do not review the statement), except for the 2-
components. A promising strategy to prove the Brumer—Stark conjecture had been again to
descend from the (equivariant) Iwasawa main conjecture (e.g., Greither and Popescu [20]).
However, Dasgupta and Kakde do not follow this strategy, and instead they investigate
finite abelian CM-extensions directly. This is why they could avoid any hypotheses for the
Iwasawa main conjecture and for the descent procedure.

In more recent work, using the work [13], Nickel [27] proved the eTNC; as long
as all the p-adic primes are almost tamely ramified, without assuming the vanishing of
the p-invariant. Also, using the work [13], Johnston and Nickel [22] proved the relevant
Iwasawa main conjecture without assuming the vanishing of the p-invariant.

In this paper, by adapting the method of Dasgupta and Kakde [13] on the Brumer—
Stark conjecture, we prove the €TNC, in many more cases. The main theorem is the
following.
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Theorem 1.1. Let H/ F be a finite abelian CM-extension. Let p be an odd prime number.
Then the eTNC,, for H / F holds if at least one of the following conditions holds.

(i)  There exists at least one p-adic prime of F that is (at most) tamely ramified
in H/F.

(i)  The maximal extension of F in H that is totally split at all the p-adic primes is
totally real.

(iii) We have H" " (1u,) 7 H®. Here, H® denotes the Galois closure of H over Q,
H its maximal real subfield, and Wp the group of p-th roots of unity.

We emphasize that the assumption of this theorem is very mild. See Remark 1.6 below
for an equivalent condition of (iii). The above-mentioned result of Nickel [27] is also a
part of this theorem. Recall that a p-adic prime v of F is said to be almost tamely ramified
in H/F if either v is (at most) tamely ramified in H/F or the complex conjugation is in
the decomposition subgroup of v in Gal(H/F'). Therefore, the existence of a single p-
adic prime that is almost tamely ramified ensures the condition (i) or (ii). Note that [27]
also deals with non-commutative extensions, which we do not study in this paper.

Even without assuming (i), (ii), or (iii) of Theorem 1.1, in this paper we also show that
the eTNC,, holds after suitably enlarging the coefficient ring. See Theorem 1.8 for this
result.

Remark 1.2. After the authors had completed this project, very recently Bullach, Burns,
Daoud, and Seo [3] announced an unconditional proof of the eTNC™. This is achieved by
combining the result of [13] with a newly developed general theory of Euler system. On
the other hand, this present paper does not rely on the theory of Euler systems at all and
instead directly adapt the strategy of [13] (see Section 1.3).

In Section 1.1, we formulate the eTNC;. In Section 1.2, we state a more refined res-
ult (Theorem 1.10) on character-components of the eTNC,;, from which we will deduce
Theorems 1.1 and 1.8. In Section 1.3, we give an outline the proof of Theorem 1.10.

1.1. The formulation of the eTNC

In this section, we give a formulation of the eTNC™ that we adopt in this paper. The
equivalence with a more standard formulation will be shown in Section 4.4.

1.1.1. Notation. Let H/F be a finite abelian CM-extension, which means that H is a
CM-field and F is a totally real number field such that the Galois group G = Gal(H/F)
is finite and abelian.

Let ¢ € G denote the complex conjugation. We define Z[G]~ = Z[1/2][G]/(1 + ¢).
For a Z[G]-module M, we also define M~ = Z[G]™ ®z[g] M, which is regarded as a
Z|G]~-module. When x is an element of M, we write x~ for the image of x by the natural
homomorphism M — M ~. Note that we implicitly invert the prime 2 whenever we study
minus components.
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We write Sam(H/ F) for the set of places of F that are ramified in H/F, including
the infinite places. We also write Syia(H/F) C Stam(H/ F) for the set of finite primes
of F that are wildly ramified in H/F. We write Soo(F) (resp. S, (F) for an odd prime
number p) for the set of infinite places of F (resp. p-adic primes of F). For a finite set X
of places of F such that £ O Soo(F), weput Xy = X\ Soo(F).

For a finite set X’ of finite primes of F, we write CIIE{, for the ray class group of H
of modulus HweE’H w, where X', denotes the set of primes of H that lie above primes
in X’. We write w(H) for the group of roots of unity in H and define

pw(H)E ={t e p(H) | £ =1 (modw), Vw € )y}

) =

Note that the complex conjugation acts as the inversion on u(H ), so we have u(H
Z[1/2) ®z w(H)*>.

1.1.2. A Ritter—Weiss type module. We introduce an arithmetic module, denoted by
Qg/, that plays a central role in this paper. The construction and the proof of its basic
properties will occupy Section 2. The module is basically the same as what the authors
used in preceding work [1], though we have to slightly generalize the situation. In the
work [1], the module was used for computing the Fitting ideals of ray class groups of H.
The construction is based on Ritter and Weiss [29], Greither [18], and Kurihara [24].

For each finite prime v of F, we write G, (resp. I,) for the decomposition group
(resp. the inertia group) of v in G, and ¢, € G, /I, for the arithmetic Frobenius. We
define a finite Z[G]-module A, by

Ay = Z[G/ L)/ (1 — o' + #1I). (L.1)
Now we introduce the module Qg, which will be constructed in Section 2.5.

Proposition 1.3. Let 3 and X/ be finite sets of places of F satisfying the following.
HD) TNnX =0
(H2) £ D Soo(F).

Then there exists a finite Z.[G]™-module Qg such that we have an exact sequence

0—Cly~ - QF - P 4; —»o. (1.2)
veEf

Note that the sequence (1.2) does not characterize the module Qg up to isomorph-
isms; we have to determine the extension class associated to (1.2). This will be done in
Section 2.7.

The following is an important property of the module Qg.

Proposition 1.4. In addition to (H1) and (H2), let us suppose the following.
(H3) w(H)*"~ vanishes.
H4) XU D Sum(H/F)and ¥ D Syua(H/F).
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Then we have pdzg1- (Qg) < 1, where in general pd denotes the projective dimension.
In other words, the G-module le is cohomologically trivial.

This proposition will be refined in Proposition 1.9 below, which in turn will be proved
in Section 2.6.

1.1.3. A Stickelberger type element. We introduce an analytic element 922/ that should
correspond to Qg, under the eTNC™.

For a finite prime v of F, we define N(v) as the cardinality of the residue field of F
at v. For a C-valued character ¥ of G, we define the L-function L(, s) by

Y) \~'
LW@=HO— S),
oy » N

where v runs over the finite primes of F that do not divide the conductor fy of . It is
well-known that this infinite product converges absolutely for s € C whose real part is
larger than 1, and has an analytic continuation to the whole complex plane s € C. We
define an element v € C[G]™ by

w = Z L(w_l,O)ew,
W

where ¥ runs over the odd characters of G and ey, denotes the idempotent associated to
Y defined by
1 -1
ey = v Z Y(o)o .
0eG

We actually have w € Q[G]~, thanks to the Siegel-Klingen theorem. In other words, the
element w is characterized by ¥ (w) = L(y~!,0) for any odd character 1/, where by abuse
of notation we write i for the induced Q-algebra homomorphism from Q[G]™ to C.

For a finite set X’ of finite primes of F, we also define the “smoothed” L-value

L¥@.00= [ (1-Nwvy@)-L.0)
veEX,vify

and, accordingly, an element

o =) L¥ (. 0)ey € Q[G]".
Vv

For each finite prime v of F, we define a non-zero-divisor /,, € Q[G] by

VI, —1

hy = 1= gy —#1). (1.3)

v

Here, in general, for a finite group N, we write vy = ZUE y 0 for the norm element in a
group ring. Then, in our case, vy, induces a well-defined map Q[G/I,] — Q[G], which
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is implicit in the definition of &,. This element £, dates back to Greither [18], and used
by Kurihara [24] and the authors [1] for computing the Fitting ideals of (duals of) class
groups.

Now, for finite sets ¥ and X’ satisfying the conditions (H1) and (H2), we define the
Stickelberger element by

05 = [ m - o™ €QlG]™. (1.4)

UEEf

Note that this definition of the Stickelberger element differs from the usual ones (e.g.,
@g (H/F) in Section 4.4). We will remark on the integrality of this element just after
Conjecture 1.5 below.

1.1.4. The formulation of the eTNC. Now we can formulate the eTNC™ as follows. In
general, for a commutative noetherian ring R, let Fittg(—) denote the initial Fitting ideals
for finitely generated R-modules.

Conjecture 1.5 (The eTNC™). Let H/F be a finite abelian CM-extension. Let 3 and ¥’
be finite sets of places of F satisfying (H1), (H2), (H3), and (H4). Then we have

Fittzio1- (2 ) = (65)
as ideals of Z|G] ™.

This conjecture implicitly assumes the integrality of 9%’. Thanks to the work of
Deligne and Ribet [15] or Cassou-Nogues [9], we have the integrality as long as we
slightly strengthen the condition (H3) (see Section 4.1). However, unfortunately it seems
hard to directly deduce the integrality under the current hypotheses (H1), (H2), (H3),
and (H4).

The statement of this conjecture is independent from the choice of the pair (X, ¥’)
(see Section 3.1.1). It is clear that Conjecture 1.5 can be divided into p-components for
odd prime numbers p:

Fittz, (- (Z, ®z QF) = (6F)

as ideals of Z,[G]™. We refer to this equality as the eTNC,,.

This formulation of the eTNC™ is essentially what the authors’ preceding work [1]
used. In fact, the main content of [1] is to compute the Fitting ideal of lell’f, using the
sequence (1.2) and assuming the eTNC™. Therefore, Theorem 1.1 directly yields a lot of
unconditional cases of the main result of [1]. The equivalence between Conjecture 1.5 and
a more standard formulation of the eTNC will be shown in Section 4.4.

Now we have explained the statement of Theorem 1.1. Here we give two remarks on
the theorem.

Remark 1.6. We have a simple equivalent condition for the condition (iii) in Theorem 1.1.
Let M, be the maximal 2-extension of Q in Q(up). Then, for a CM-field K, we have
K*(up) D K ifand only if K D M.
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This is shown as follows. Since [Q(u,) : M,] is odd and [K : K*] = 2, we have
K*(up) D K if and only if Kt M, D K. Since M,/Q is a cyclic extension, so is
K*M,/K™, and thus the unique intermediate CM-field of K™ M, /K™ is K+ M,,. There-
fore, Kt M, D K is equivalent to K™ M, = K, thatis, M, C K.

Note that this argument also shows the following: Given a totally real field k, there
exists at most one CM-field K such that KT = k and K +(,up) D K; in fact, the unique
possible choice is K = kM, when k D M p+. For this reason, the condition (iii) is very
mild.

Remark 1.7. Let us illustrate the result of Theorem 1.1 when F = Q. As already re-
marked, Burns and Greither [6] have unconditionally proved the eTNC™ for the case
F = Q. Though Theorem 1.1 shows the validity of the eTNC,, for quite a lot of cases as
in Remark 1.6, unfortunately, we cannot recover the full statement. For instance, consider
the case where H = Q(Wmp») withn > 2 and p + m with m > 3 such that p splits com-
pletely in Q(iy,)/Q. Then none of the conditions (i)—(iii) of Theorem 1.1 hold. Indeed,
(i) the prime p is wildly ramified in H/Q; (ii) the concerned intermediate field is Q (14, ),
which is a CM-field; (iii) H contains M), introduced in Remark 1.6.

Even without assuming (i), (ii), or (iii) of Theorem 1.1, we also have the following
second main theorem. For each subgroup N of G, using the norm element vy of N, we
define a Z,[G]-algebra Z,[G](ny by

Zp|Glvy = Zp[G/N] x Zp[G]/(vN),

which can be naturally regarded as a subring of Q,[G] that contains Z,[G]. We put [, =
Y pes,r) In CG.

Theorem 1.8. Let H/ F be a finite abelian CM-extension. Let p be an odd prime number.
Let 3 and X' be finite sets of places of F satisfying (H1), (H2), (H3), and (H4). Let N be
a subgroup of I, that contains the p-Sylow subgroup of I, for some p € S, (F). Then we
have

(Fittz, (61~ (Zp ®2z Qg)) “LplGlyy = o5 Zp[Gl)

as ideals onp[G](_N). In other words, the eTNC,, holds if we enlarge the coefficient ring
Sfrom Z,[G]™ to ZP[G](_N).

Both Theorems 1.1 and 1.8 will be deduced from Theorem 1.10 below in Section 4.3.

1.2. A finer theorem for character-components

We fix an odd prime number p. In this subsection, we state a finer main theorem (The-
orem 1.10) concerning the character-components of the eTNC,, .

We introduce some general notation. For a finite abelian group G, let G’ denote
the maximal subgroup of G of order prime to p. For a character y of G, put O, =
Zp[tm(x)] regarded as a Z,[G]-algebra via y, and let Z,[G]* = Z,[G] ®z,[G] Oy be
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the y-component of Z,[G]. For a finitely generated Z,[G]-module M, we put M* =
Z,|G]* ®z(G] M, which is regarded as a Z p[G] -module. Even more generally, if M is a
Z[G]-module Whose p-adic completion M is finitely generated over Z,[G], we define
MX = (M)X. For each x € M, we write x* for the image of x by the natural map
M — MZX.

Now we return to a finite abelian CM-extension H/F and its Galois group G =
Gal(H/ F). Let G’ denote the maximal subgroup of G = Gal(H / F') whose order is prime
to p. We also put 7, = I,, N G’ for each finite prime v of F.

Let 3 and X’ be finite sets of places of F satisfying the conditions (H1) and (H2).
When we focus on the y-components for a given odd character y of G’, the conditions
(H3) and (H4) are relaxed to the following.

(H3)} ppoo (H )X vanishes, where Mpoe (H )Z' denotes the p-primary component of
p(H)*.
(H4); U DS, and Sy D SE N S,(F). Here, we write S, for the set of
finite primes v of F such that p | #/, and y is trivial on I;.
It is easy to see that (H3) (resp. (H4)) implies (H3)},( (resp. (H4)}§ ).
Now, under the conditions (H1) and (H2), we have a Z,[G]X-module Qg’x =(Zy, ®z
Qg’)x . The following is a refinement of Proposition 1.4. It will be proved in Section 2.6.

Proposition 1.9. Let y be an odd character of G'. Let 3 and X' be ﬁnzte sets of places of
F satisfying (H1), (H2), (H3)p, and (H4)p Then we have pdy [G]X(SZ N <1

By Proposition 1.9, as long as the conditions (H1), (H2), (H3)p, and (H4)§ hold, we
naturally expect the y-component of the eTNC,, (see Conjecture 1.5):

. ¥, ¥,
Fittz (6« Qs X) = (6’2 X)

as ideals of Z,[G]*. (Recall that the integrality of the Stickelberger element is not avail-
able in general; see Section 4.1.)

Now we can state the refined version of the main theorem of this paper, from which
Theorems 1.1 and 1.8 will follow (see Section 4.3). As before, we put I, = ZpESI,(F) I, C
G and define vy, € Zp[G] as the norm element.

Theorem 1.10. Let H/F be a finite abelian CM-extension. Let p be an odd prime num-
ber. Let G' denote the maximal subgroup of G = Gal(H/ F) of order prime to p. Let y
be an odd character of G' and put HX = HX"W0_ Let 3 and 3’ be finite sets of places of
F satisfying (H1), (H2), (H3)1),(, and (H4)§,(. Then the following are true.

(1) Unless the decomposition groups of all the p-adic primes in HX | F are p-groups
and all the p-adic primes are ramified in HX | F, we have

. ¥, >,
Fltth[G]x(Q): X) C (92 X)Zp[G]X

as principal (fractional) ideals of Z,[GX.
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(2) In any case, we have
Fittz,,[G]x(Qg ) C (05 ") z,161x + (V};)Frac(Zp[G]X)
in the total fraction ring Frac(Z,[G]*) of Z,[G]*.

Although this theorem concerns only the single inclusion, it is a standard fact that the
analytic class number formula allows us to deduce the equality from it. See Section 4.2
for the details.

The existence of vy, in claim (2) is exactly why the full statement of the eTNC,; cannot
be deduced. The reason why we need the element v;, will be explained in Section 1.3.
Nevertheless, from claim (2) we can deduce Theorem 1.1 (iii). For that purpose, we will
adapt the “avoiding trivial zero” argument of Wiles [33].

1.3. An outline of the proof and the organization of this paper

As already mentioned, the proof of Theorem 1.10 is very much inspired by the work [13]
of Dasgupta and Kakde on the Brumer—Stark conjecture.

Before explaining the method, let us explain a crucial difference between the eTNC,
and the work [13]. The main theorem [13, Theorem 3.3] of that paper states the equality

Fittz, (6~ (VE (H),) = (©%) (1.5)

as ideals of Z,[G]~, where Vg’(H ) is the transpose Selmer module (studied in [7]) and
@g is a Stickelberger element (we do not review the precise definitions here; cf. Sec-
tion 4.4). The formula (1.5) is indeed of the same form as the eTNC; formulated as
Conjecture 1.5. However, on the algebraic side, the module VS,(H ), may be infinite in
general, while our module Qg/ is always finite. Correspondingly, on the analytic side, the
element @g may be a zero-divisor, while our element 922/ is always a non-zero-divisor.
It is even possible that both sides of (1.5) are zero. Nevertheless, Dasgupta and Kakde
used (1.5) (for various intermediate extensions of H/F') in an ingenious way to deduce
the Brumer—Stark conjecture. However, there seems to be little hope to deduce the e TNC,;
from (1.5).

Generally speaking, we have two different strategies to prove relationships (e.g., the
e¢TNC and the Iwasawa main conjecture) between algebraic objects and analytic objects.
One is the theory of Euler systems. For instance, the Iwasawa main conjecture over Q can
be proved using the Euler system of cyclotomic units, which led to the proof by Burns
and Greither [6] of the eTNC when the base field is Q. The theory of Euler systems
has been developed for decades by many contributors. The other general strategy has its
origin in the work of Ribet [28] on the converse of the Herbrand theorem. A key idea
is to construct a suitable cuspform and then study the associated Galois representation.
The strategy is sophisticated by a lot of subsequent work, and as a milestone Wiles [33]
proved the Iwasawa main conjecture over totally real fields. It is also well-known that
these two strategies give the opposite divisibilities between algebraic objects and analytic
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objects. When we are dealing with G,,, thanks to the analytic class number formula, a
single divisibility is enough for the equality.

This latter strategy is the basis of the work of Dasgupta and Kakde [13]. They construct
a suitable cuspform and study the associated Galois representation. A key point we need to
care about is that we have to work over a group ring like Z ,[G], not over a domain like C.
Let us also mention that subsequently Dasgupta and Kakde [11] succeeded in applying
the strategy to establish explicit class field theory over totally real fields.

Now let us explain the organization of this paper and at the same time the outline the
proof of Theorem 1.10. It closely follows [13], but both the Ritter—Weiss type modules and
the Stickelberger elements are different, so we need appropriate modifications throughout.

Sections 2—4. These sections are essentially preliminaries concerning the formulation of
the eTNC™ and the statements of the main theorems of this paper. Firstly, Section 2 is
devoted to the construction and the proof of basic properties of Qg/. Then in Section 3,
we show functorial properties of those modules. They enable us to show the independency
of the eTNC™ from the choice of (X, ¥’), and also allow us to reduce the proof of the
main theorems to the case of the faithful odd characters y. In Section 4.1, we study the
integrality of the Stickelberger element 9%’. In Sections 4.2—4.3, we deduce Theorems 1.1
and 1.8 from Theorem 1.10. In Section 4.4, we show that our eTNC™ is equivalent to more
standard formulations.

Sections 5-6. The remaining sections are devoted to the proof of Theorem 1.10 (for a
particular choice of (X, X’) and faithful characters y). In Section 5, after reviewing basic
notation on Hilbert modular forms, we introduce the Eisenstein series and modify them
so that the relevant L-values appear in the constant terms. Then in Section 6, using the
Eisenstein series and applying the work of Silliman [30], we construct an appropriate
cuspform Fi (¢).

Sections 7.1-7.3. Using the Galois representation associated to the cuspform Fi (), we
define Z,[G]*-modules B_P, By, and Bj that fit into an exact sequence

O—>B_0—>B_p—>B_1—>0.

Compared to the work [13], the construction needs an additional idea because the Hecke
action on the cuspform is much more complicated.

Section 7.4. We construct a commutative diagram of Z 1,,[G]X_1 -modules

’ =1 /=1 -1
0——Cly" ——= Q5% —— @yey, 4F ——0

L] |

0 B—Oﬂ B—pﬁ B—lﬂ 0.

which corresponds to [13, Equation (125)]. Here, the upper sequence is the y~!-compo-

nent of (1.2), and in the lower sequence the superscript ff denotes the twist by the involution
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of the group ring that inverts every group element. This diagram is constructed by compar-
ing the extension classes of the both sequences. As a consequence, we obtain an inclusion

. ! . —

Fitt, (g (@57 ) CFitty 5,01 (Bp).

Section7.5. We show that Fittz, [G]x (B_p) is contained in the right-hand side of the claims
of Theorem 1.10. This is accomplished by a hard computation based on the idea of [13].
This is where we need the norm element vy, in general. The origin of vy, is Theorem 6.3
on Fy(¥); it is multiplied to a weight kK modular form. In this step, we have to com-
pute Fourier coefficients of Fj () (after a certain Hecke action), and the authors found it
difficult to manage the coefficients of the weight kK modular form.

2. Construction of the Ritter—Weiss type module

In this section, we construct the module Qg/ satisfying Propositions 1.3, 1.4, and 1.9.
The construction closely follows Kurihara [24] and the work [1] of the authors, which in
turn relies on work of Ritter and Weiss [29] and Greither [18]. The construction is more
or less standard and has nothing essentially new (we may also refer to the exposition of
Dasgupta and Kakde [13, Appendix A]). However, the actual construction is necessary to
obtain a concrete expression of the extension class associated to the sequence (1.2) as in
Section 2.7, and also to show functorial properties in Section 3. This is why we include a
complete construction of Qg/ in this section.

In Section 2.1, we review Gruenberg’s translation functor [21, Section 10.5]. Then in
Sections 2.2 and 2.3, following the work [29] by Ritter and Weiss, we review the con-
struction of local and global arithmetic modules by applying the translation functor to
the fundamental classes in class field theory. Using certain local and global compatibility
that we review in Section 2.4, we construct the module le satisfying Proposition 1.3 in
Section 2.5. We prove Proposition 1.9 (and thus Proposition 1.4) on the cohomological
triviality in Section 2.6. Finally in Section 2.7 we obtain a concrete expression of the
extension class associated to the sequence (1.2).

2.1. Gruenberg’s translation functor

In this subsection, we review Gruenberg’s translation functor. Let G be any finite group
(in the applications we only need the case where G is abelian).

Let A be a (left) Z[G]-module. It is well-known that the cohomology group H?(G, A)
can be identified with the set of equivalence classes of group extensions

l>-A4A—->X—>G—1 2.1

which are compatible with the G-module structure on A. Here, the last restraint means
that the G-module structure on A coincides with the structure defined by g -a = gag™!
forg € G anda € A, where g € X is alift of g.
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In general we define the augmentation ideal by AG = Ker(Z[G] — Z), so we have
an exact sequence
0—> AG > Z|[G] > Z — 0. 2.2)

It is also well-known that ExtIZ[G] (AG, A) can be identified with the set of the equivalence
classes of Z[G]-module extensions

0—>A—-Y > AG—0. 2.3)

Then Gruenberg’s translation functor [21, Section 10.5] (see also [29, Section 2]) can
be formally defined as follows.

Definition 2.1. For a finite group G and a Z[G]-module A, we have natural isomorphisms
t: H*(G, A) ~ Exty(Z, A) ~ Exty51(AG, A),

where the second isomorphism is induced by the exact sequence (2.2). We regard t as
a functor which sends group extensions (2.1) to module extensions (2.3), and call t the
translation functor.

We will need the following concrete expression of the translation functor. See [29,
Section 2, Lemma 3] for a proof; actually the following description is usually used as
the definition of the translation functor, and the equivalence with the above definition is
proved in the article.

Proposition 2.2. Let A be a Z[G]-module. Let

145 x 260 (2.4)

be a group extension which is compatible with the G-module structure on A. We define a
Z|G)-module Y by
Y = Z[G] ®zx) AX.

Here, the right Z|X|-module structure on Z|G] is defined by B. Then we have an exact
sequence

045y 2 Ao, (2.5)

where we define o’ by o’ (a) = 1 ® (a(a) — 1) fora € A, and B’ as the induced map from
AX — AG induced by B. Moreover, the translation functor t sends the extension (2.4) to
the extension (2.5).

2.2. Local consideration

Let Hy / F, be a finite Galois extension of non-archimedean local fields of mixed char-
acteristic. Let Gy, = Gal(Hy, / Fy) be the Galois group and I, C Gy, the inertia group.
Of course we have an extension H/F of number fields in mind, but in this subsection we
deal with only local fields.
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By local class field theory, we have the local fundamental class denoted by
Un,/F, € H*(Gy, Hy).

Let
ip, F, € H*(Gy, 7).

be the image of u g, /F, by the homomorphism induced by the normalized valuation map
ordy, : Hy, — Z.

Definition 2.3. By applying Gruenberg’s translation functor t to the local fundamental
class upg, /r,, we define a Z[G]-module V;, which fits in a Z[G,]-module extension

0— H, — Vy > AGy — 0 (2.6)

that represents t(ug, /r,) € Extg[Gw](AGw, H,;). Similarly, we define a Z[G,,]-module
W,, with an exact sequence

0—>7Z— Wy — AGy — 0 2.7)
that represents t(iig, /F,) € ExtIZ[Gw](AGw VAR

By the definition, the exact sequences (2.6) and (2.7) fit in a commutative diagram
with exact rows and columns

UHw pr— UHw
0 H Vi AGy, 0 (2.8)
0 Z W AGy, 0.

Here, Uy, denotes the unit group of the local field H,,.

For a more concrete description of W,,, we introduce the Weil groups. Let H,}' be
the maximal unramified extension of H,,. Let W(H,;f/Hy,) C Gal(H,)'/H,,) be the Weil
group, that is, the subgroup generated by the arithmetic Frobenius ¢,,. We similarly define
the Weil group W(F)"/ F,) C Gal(F,"/F,) generated by ¢,,.

We then define the Weil group of the extension Hj// F, by

W(HY/F,)) = {0 € Gal(HY/F,) | G € W(FY/Fy)},

where ¢ denotes the natural image of o in Gal(F}"/F,). Then the natural restriction
homomorphism Gal(H,;/ F,) — Gal(F}"/ Fy) x Gy, induces the first isomorphism of

W(HY/Fy) ~ {(h.g) € W(F)"/F)) X Gy | h = g in Gy /L, }
>{(n.g) €ZxGy | ¢) =ginGy/lu}, (2.9)
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where the overlines denote the images to G, / [, but we simply write ¢, for @, € Gy, /Iy
by abuse of notation.
We now have the following fact.

Proposition 2.4. The group extension
1> W(Hy, /Hy) = W(H,/F) = Gy — 1,
which is obtained as the restriction of the natural exact sequence
| — Gal(Hy, /Hy) — Gal(H,, /F,) — Gy — 1,

represents the class g, /F, € H*(Gy, Z) (we identify W(HY/H,,) with Z by sending
O to 1).

By Propositions 2.2 and 2.4, we obtain an isomorphism
Wy ~ Z[Gy] @ziwH) F)) AW(Hy [ Fy). (2.10)

This description of W, gives the following more concrete one.

Proposition 2.5. We have an isomorphism of Z.[G]-modules
Wy =~ {(xvy) € AGy @ Z[Gy /Iy] | ¥ = (1 _901;_1))’ in Z[Gw/lw]},

where X denotes the image of x in Z|Gy /Iy]. Moreover, under this isomorphism, the

exact sequence (2.7) is described as follows: the map Z. — Wy, sends 1 to (0,vg, /1)
and the map Wy, — AGy, sends (x,y) to x. Here, vg, /1, = Z?(ZGI"J/I"J) @l € Z[Gy /1)
is the norm element.

Proof. Let us write W, for the right-hand side of the displayed isomorphism. We will
construct a commutative diagram with exact rows of the form

0 zZ Wi AG, —0
0 Z W), AG, —0.

Here, the upper sequence is (2.7), and the lower sequence is the one described in the
statement. It is easy to see that the lower sequence is also exact. Then it is enough to
construct the dotted arrow which makes the diagram commutative.

Using the identification (2.9), we define a Z-homomorphism

AW(HY/Fy) — AGy @ Z[Gy /1)

by sending (n,g) —1to (g —1,) 7, ¢)ifn > 0,t0 (g — 1,0) ifn = 0, and to (g — 1,
D N ! @, %) if n <0 (in any case the second component is defined as a formal expansion



The minus component of the eTNC 433

of (¢ —1)/(1 — ¢, 1)). It can directly checked that this is actually a Z[W(HY/F,)]-
homomorphism and the image is contained in W, . Thus, by (2.10), a Z|G,]-homomorph-
ism W, — W, is induced.

Let us check that the diagram is commutative. By the description in Proposition 2.2,
the map Z — Wy, sends 1 to ¢, — 1 = (#(Gy, /1), 1dg,, ) — 1 since ¢y, = (pﬁ(G'”/I"’). Then
this is sent to (0, Zf(zGl'”/ Lw) @) = (0, VG, /I,) in W,,, so the left square is commutative.
Each element (n, g) — 1 € AW(H.'/ Fy) is sent by the map Wy, — W, — AGy, tog — 1,
so the right square is also commutative. ]

The following proposition is elementary but of critical importance.

Proposition 2.6. We make use of the isomorphism in Proposition 2.5. The following are
true.

(1) If Hy / Fy is unramified, then we have an isomorphism
tw : Wy = Z[Gy],

which sends (x, y) to y.

(2) In any case we have an exact sequence

0= Wy 25 Z[Gy] — Z[Gw/Tul/(1 — g7 + #1,) — 0,
where fy, sends (x,y) to x + vy, y.

Proof. Claim (1) is easy. See the paper [I, Lemma 3.4] of the authors for the proof of
claim (2). [

Remark 2.7. As a variant of Proposition 2.6 (2), given a nonzero integer ¢, € Z, we have
an exact sequence

0 = Wy % Z[Gw] = Z[Guw/Tul/(1 — 97" + cutly) — 0, @2.11)

where E sends (x, y) to x + ¢y vy, y. Moreover, when we work over Z,, instead of Z,
an analogous construction is available for a nonzero p-adic integer ¢,, € Z. This remark
will be used in later in Section 3.

2.3. Global consideration

Let H/F be a finite Galois extension of number fields. Let G = Gal(H/ F') be the Galois
group. The argument in this subsection is in parallel with Section 2.2.
Let Cg be the idele class group of H. By global class field theory, we have the global
fundamental class
ug/r € H*(G,Cg).
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Let X/ be a finite set of finite primes of F. Let CIEI, be the ray class group of H of modulus
[Twes,, w. where £ denotes the set of primes of / that lie above primes in X'. We
define

iy r € HH(G,C1E)

as the image of u g/ by the homomorphism H?(G, Cy) — H*(G, CIEI,) induced by the
natural map Cg — CIE.
Similarly as in the local case, we introduce the following.

Definition 2.8. By applying the translation functor t, we define a Z[G]-module © which
fits in a Z[G]-module extension

0>Cyg—>9O—>AG—0 (2.12)

that represents t(ug/r) € ExtIZ[G](AG, Cpg). Similarly, for a finite set X’ of finite primes

of F, we define a Z[G]-module $* which fits in an exact sequence
0—ClY - % - AG -0 (2.13)
that represents t(iig/F) € Extlz[G](AG, Clg .

By the definition, the sequences (2.12) and (2.13) fit in a commutative diagram with
exact rows

0 Cu Iy) AG 0
0 cly & AG 0.

We need more concrete description of 6% Let HZ " be the ray class field of H
of modulus ]_[sz/H w, so we have an isomorphism CIEI/ ~ Gal(H*"*/H) by the Artin
reciprocity map.

We now have the following fact.

Proposition 2.9. The group extension 1 — Gal(H=*/H) — Gal(HZ**/F) - G — 1
represents the class ug/p € H 2(G, ClEI/ .

By Propositions 2.2 and 2.9, we have
9% = Z[G] @ gy AGal(HZ ™ /F). (2.14)

2.4. Compatibility between the local and global diagrams

Let H/F be as in Section 2.3. For each finite prime w of H, let I, C G, C G be
the inertia group and the decomposition group, respectively. We can apply the results
in Section 2.2 to the extension H,,/ F,, where v denotes the prime of F lying below w.
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Since we have appropriate compatibility between the local and the global fundamental
classes, we obtain a commutative diagram concerning the sequences (2.6) and (2.12):

0 HY Vi AG, 0
l l [ (2.15)
0 Ch Iy AG 0.

Similarly, for a finite set ¥’ of finite primes of F with v ¢ X', we have a commutative
diagram concerning the sequences (2.7) and (2.13):

0 Z Wy AGy, 0
l zwl [ (2.16)
0 Cly s AG 0.

See [29, p. 169] for a three-dimensional diagram which incorporates (2.15) and (2.16).
The following computation will be used later. Let

¥ :Gr —> G < Z[G]*

be the tautological character. Here, G = Gal(F/F) denotes the absolute Galois group
of F. We also write G, for the absolute Galois group of Fj,, and [F, for its inertia
subgroup. These are regarded as subgroups of G g by fixing a place of F' above w.

Proposition 2.10. We suppose v & X'. Let us recall the descriptions of Wy, in Proposi-
tion 2.5 and of % in (2.14). For each o € G g, we write & € Gal(H="**/ F) for the image
of o by the restriction map. Then the middle vertical arrow, denoted by z,, of (2.16) is
described as follows.

(1) Foreacho € If,, we have

Zw((lll(a) — 1,0)) =1®@©—-1).

(2) Let oy € GF, be a lift of the arithmetic Frobenius. Then we have

2w (¥ (@) — L)) =1® (@ — D).

Proof. We first move from the description of Proposition 2.5 to one using (2.10). Note
that, for each 0 € Gr,, we have ¥ (0) € Gy,. Then, thanks to the description (2.9), for
o € I, asinclaim (1) (resp. ¢y € G, as in claim (2)), we have an element s := (0, ¥ (0))
(resp. s := (1, ¥(¢y))) of W(HY/F,). Then, by the proof of Proposition 2.5, we can
directly check that the element 1 ® (s — 1) of Wy, using (2.10) corresponds to the element
(¥ (0) — 1,0) (resp. (¥ (0) — 1. ¢v)).

The map W(H,)'/ F,) — Gal(H Tab / F) sends s to & (resp. @y). Therefore, the map
Zw, which is induced by the natural map between the right components of (2.10) and
(2.14),sends 1 ® (s — 1) to 1 ® (@ — 1) (resp. 1 ® (@, — 1)). This completes the proof. m
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2.5. Construction of the Ritter—Weiss type module

In this subsection, we construct the module le satisfying the exact sequence (1.2) in
Proposition 1.3. Let H/ F be a finite abelian CM-extension and put G = Gal(H/ F). Let
¥ and Y’ be finite sets of places of F satisfying (H1) and (H2).

Let us take an auxiliary finite set S’ of places of F such that

e S'NY =9,
e §'D3,
» each element of S’ \ ¥ is unramified in H/ F,

. Cl,%: s = 0, where Cl,zii s denotes the quotient of ClZ by the prime ideals in (S }) H
and

* Uesnz Gv =G.
Moreover, we assume that there exists an element vy € S’ \ X such that

Gy, = Gal(H/H™).

The role that vy plays will become clear later. The existence of such an S’ can be checked
in a straightforward way using Chebotarev’s density theorem.
We write SJ’, = 8"\ Soo(F). We introduce the following Z[G]-modules:

J¥ = l_[ H;(xl_[UHvxl_[U,;vx 1_[ Un,,

VESs (F) veSJ’, vex’ PEAE
! X 1
v = [T w1 % 10k T1 Un
VESs (F) veSJ’, vex’ vgS'UxY/
’ U
Ws =Vg |J¥ =[] W
!
veSf

Here, we define V;, = ,,|, Vw and Wy, = @, Wi by using the modules introduced in
Section 2.2. We also write H, = H Qf F, >~ ]_[w‘v Hy, and Uy, and U[;U denote the
unit group and the principal unit group of H,, respectively.

Then, by combining (2.15) for w € (S }) g with the tautological maps, we obtain a
commutative diagram

0 JE/ VSE// WS, 0
e{ evl ewl 2.17)
0 Cy O AG 0.

Lemma 2.11 ([13, Lemma A.1]). The homomorphism 0y in (2.17) is surjective.



The minus component of the eTNC 437

Proof. We put

J§ =[] HX>x[[H*x]]Uk > [] Un-

VES(F) UGS} veX’ vgS'Ux/
WS’ = VS/I/JS/I = l—[ Indgv AGU,

’
veSf

where Indgv denotes the induction from Z[G,]-modules to Z[G]-modules. Then, similarly
as (2.17), we obtain a commutative diagram

0 I3 Ve W 0
e/,l gvl %
0 Cu ) AG 0.

By the choice of S’, the cokernels of 6, and of 6y, vanish (the former follows from
Cl,%: s = 0 and the latter from {J,egn5 Gv = G). Hence 8y is surjective by the snake
lemma. n

Let OF; be the unit group of H. We put
05" = {x € 0% | x =1 (mod w), Vw € ).
By applying the snake lemma to (2.17), thanks to Lemma 2.11, we obtain an exact se-
quence
’ 8 ’
0— 05" — Ker(dy) — Ker(fy) —> Clij — 0. (2.18)

Since we have ((9;(1’2/)_ =u(H )E”_ by the Dirichlet unit theorem, the minus component
of (2.18) yields
/ 8y I
0 — u(H)="~ - Ker(fy)~ — Ker(6w)™ —> CI5"~ — 0. (2.19)

We next investigate Ker(fy/)~. For that purpose, we use the element vy € S’ \ X such
that G, = Gal(H/H™). We write ¢ € Gal(H/H ™) for the complex conjugation.

Lemma 2.12. The natural projection map Wsr — @, ¢ S\ (vo) W, induces an isomorph-
ism
Ker(fw) =~ @ w,.
veS;\{vo}
Proof. For each prime wy | v of H, by the sequence (2.7), we have isomorphisms
Wio = (AGuyy)™ = Z[Guyyl ™.

Note that, under the description in Proposition 2.5, this isomorphism sends %(1 —-c, 1) e
W, to the identity element %(1 — ¢) € Z[Gu,|™. Thus we have an isomorphism W, =~
Z[G]~. This isomorphism is the component of 8, at vg, so the lemma follows. |
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Definition 2.13. We define an injective homomorphism

f :Ker(Ow)™ — @ Z|G]™

veS\{vo}

as the composite map of the isomorphism in Lemma 2.12 and the map

b w, -~ @ zer

veS;\{vo} veS\{vo}

which is defined, by using Proposition 2.6, as f,~ at the components for v € X and as ¢,
at the components for v € S]C \ (Zf U {vo}).

Definition 2.14. We define a Z[G]™-module Qg, as the cokernel of the composite map

Ker(9y)™ — Ker(0w)™ &> @ ZIGI, (2.20)
A

where the first map is the middle map of the sequence (2.19).

By Proposition 2.6, we have Cok(f) =~ @vezf A, where A, is defined in (1.1).
Then the exact sequence (1.2) follows easily from (2.19). This finishes the proof of Pro-
position 1.3 (the construction of Qg/).

Though we omit the detail, the construction of Qg/ does not depend, up to isomorph-
isms, on the choice of S’ and vg. This may be deduced from the determination of the
extension class as we will discuss in Section 2.7.

The following proposition will be useful for investigation of the homomorphism 8g in
the exact sequence (2.18) (defined by the snake lemma).

Proposition 2.15 ([29, Theorem 5]). Let us consider the commutative diagram

0—— Byes, G, Z —— Dyes; Wo —— Dyes) Indg, AGy —— 0

| | |

0 ciz S AG 0

induced by (2.16) for w € (Sj}) . Then the image of Ker(0w) under the middle vertical

arrow is contained in the image of CIIE{I, and the induced homomorphism Ker(Ow ) — CIEI/
coincides with the homomorphism 8¢ in (2.18).

2.6. Cohomological triviality

In this subsection, we prove Proposition 1.9, from which Proposition 1.4 follows. A key
observation is the following facts from local and global class field theory ((1) is [29,
Proposition 2, p. 159] and (2) is explained in [29, p. 162, 6 lines after diagram 3]).
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Proposition 2.16. The following are true.
(1) In the situation of Section 2.2, the module V, is cohomologically trivial over Gy,.

(2) In the situation of Section 2.3, the module 9 is cohomologically trivial over G.

From now on, let us fix an odd prime number p. Recall the convention introduced in
Section 1.2 on the character components. For a Z-module M, we write M for its p-adic
completion. For example, let us consider a non-archimedean local field H,, with mixed
characteristic. When the residue characteristic of Hy, is p, we have le\w ~U I}Iw. On the
other hand, when the residue characteristic of H,, is not p, we have

Un, ~ Un,/Ufy, = Zp ®z Un, /U, .
In both cases, the Z,-module l71.1\w is finitely generated.

Lemma 2.17. We consider the situation in Section 2.2 (we do not restrict the residue
characteristic). Let us suppose that Gy, = Gal(Hy,/ Fy) is abelian. Let G,, C Gy, denote
the maximal subgroup of order prime to p. Let x be a character of G,,. Suppose either
p + #1y, or y is non-trivial on G,,. Then U If(lw is cohomologically trivial over Gy,.

Proof. We make use of the results in Section 2.2. By the middle vertical exact sequence
in (2.8) and Proposition 2.16 (1), the cohomological triviality of U IZ(Iw is equivalent to that
of WX, which in turn is equivalent to that of

(Zp[Gu/ 1)/ (1 = g7+ #1)"

by Proposition 2.6 (2). When p { #1,,, then the Z,[Gy,]-module Z,[G,, / I,] is projective,
from which we can easily deduce the claim. Suppose p | #1,, and y is non-trivial on G/,.
Then we have

Fp ®z, (Zp[Guw/Iwl/(1 — ;" + #1,))* =~ (Fp[Guw/Iw]/(1 — ¢, 1)) =~ (Fp)X = 0.
By Nakayama’s lemma, (Z,[Gy/Iw]/(1 — @, ! + #1,,))X vanishes. n
Now we are ready to prove Proposition 1.9.
Proof of Proposition 1.9. By the sequence (2.19), the homomorphism
Ker(6y )X — Ker(6y )X

is injective under (HS)I),(. Therefore, by Definition 2.14, the module Qg,’x is the cokernel
of the injective homomorphism from Ker(6y)* to a free Z,[G]X-module. It is well-known
that a finitely generated module over Z,[G]* is cohomologically trivial over G if and only
if its projective dimension over Z,[G]* is finite, in which case the projective dimension
is actually at most one. It is also clear that the cokernel of an injective homomorph-
ism between cohomologically trivial modules is again cohomologically trivial. Thus, it
is enough to show that Ker(6y )X is cohomologically trivial over G.
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Since Oy is surjective by Lemma 2.11, thanks to Proposition 2.16, it remains only
to show that (U I}IU)X is cohomologically trivial for v € ¥’ and U I)-;v is cohomologically
trivial forv ¢ S’ U X/, As (UIIIU X=0forv¢S,(F)and (Ufllv)x = UI)_}U forv e S,(F),
these are combined to that U I)-}v is cohomologically trivial for v & S’ U (X' \ S,(F)).
By Lemma 2.17, for a finite prime v of F, U }_}u is cohomologically trivial if v & S% ;.
By (H4)J, we have SX, C =7 U (Z'\ S,(F)) C SJQ U (X' \ Sp(F)). This completes
the proof. ]

This proof shows that the conclusion of Proposition 1.9 holds even if we weaken the
condition (H4)% by replacing SZ, by the smaller set of finite primes v of F such that
p | #I,, and y is trivial on G, not only on I,. However, for the purpose of this paper it is
more convenient to use the current condition (H4)}f .

2.7. The extension class

We keep the notation in Section 2.5. The goal of this subsection is to obtain a description
of the element 7, introduced below. This corresponds to [13, Appendix A.5].

Definition 2.18. We define
neBxthg (@D 45.057)
UEE/'
as the element which corresponds to the extension (1.2). For each v € Xy, we define
Ny € Extlz[G]_(A;, CIIEJ/’_) as the component of 7 at v.
Definition 2.19. Recall that, by [13, Lemma 6.3], the restriction map induces an iso-
morphism
HY(Gp,Cl7) ~ HY(Gy,Cly, ") = Homg (G, CL; 7).
We regard the natural homomorphism
¢ : Gy — Gal(HZ**/H) ~ CI — CI5"~,

where the middle isomorphism is given by the Artin reciprocity map, as an element of
Homg (Gy, lel’f). We then define a cocycle class [¢] € H'(GF, Cl,zi ’") so that the
restriction of [¢] equals to ¢ . Note that we defined only the class [¢], not ¢.

Lemma 2.20 ([13, Appendix A.5, (159)]). Let ¢ € GF be a lift of the complex conjugation
c €G. Wedefineamap ¢ : Gp — CIEI’_ by

$(g) = ¢u(gcg eV
Then ¢ is a cocycle and represents the cocycle class [p] € H' (G, CIEI,’_).
Proof. Since H/F is abelian, the element g¢g~'¢~! is contained in Gy, so the map ¢ is
well-defined. It is easy to see that ¢ is a cocycle. Finally, when g € Gy, by the definition
of the action of the complex conjugation, we have ¢(g) = ¢x (g). |



The minus component of the eTNC 441

For each finite prime v of F, we define an ideal J, of Z[G] as the annihilator ideal of
the module A, defined in (1.1). Since A4, is a cyclic module, we have an exact sequence

0—J, > Z[G] - A, — 0, (2.21)
which induces an exact sequence
- Y- - Y-
HOInZ[G]— (Z[G] ,CIH ) — HOIIIZ[G]—(JU ,C]H )
8y _ r_
= Extlgy- (4, .Cly ™) — 0. (2.22)
Let
¥ :Gp —>» G — Z[G]*

be the tautological character. Then J,, is generated by

Y(o)—1
foro € If, and
V(0y) — 1 + v, ¥ (@y)

for a lift ¢y € Gf, of ¢, € Gal(F."/Fy). Therefore, a Z[G]-homomorphism from J,, is
determined by the values of these elements.

Proposition 2.21. Let v € Xy. Let us choose a lift ¢ € G of the complex conjugation
¢ € G and define a cocycle ¢ : G — lel”_ as in Lemma 2.20. Then there exists an
element
7y € Homgg- (J;, CI5"7)
which satisfies the following.
(a) We have 8§,(1y) = 1y, where 8y is the homomorphism in (2.22).
(b) Forany o € If,, we have (¥ (o) — 1) = ¢ (o).

(c) Forany lift ¢y € GF, of the arithmetic Frobenius, we have

To(¥ (@) — 1+ v, ¥ () = ¢(F0).

Proof. In order to distinguish with unspecified v’s, we write v; for the fixed v. We define
Xxe®,e SP\(vo) Z|G]~ as the element whose component at v; is 1 and whose other com-

ponents are 0. We then define x € Qg as the image of X (recall Definition 2.14). By the
definitions, the map in (1.2) sends x to the element of @vezf A}, whose component at
vp is the class of 1 and whose other components are zero. Then we have a commutative
diagram with exact rows

0 Iy ZIG] A5 0

=

¥ ,— / _
0 Cly QI Byes, 47 —0.
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where the upper sequence is the minus component of (2.21), the lower sequence is (1.2),
the right vertical arrow is the injection into the v;-component, the middle vertical arrow
is the Z[G]~-homomorphism that sends 1 to x, and the left vertical arrow (named 7y, ) is
the induced one.

We first check that 7, satisfies the condition (a). From the above diagram we obtain
a commutative diagram

Homgz,g)- J

v’

T T

= Y- R ,
Homgz G- (Cly ", Cly )—>Ext1Z[G]_(@vezf A, ,Cly™),

12,’_ 8111 1 A_ 12/,—
Cly )—>Eth[G]_( Cly )

v’

where §,, is the same map as in (2.22). By the construction, the identity map on Clg’_
as an element of the left bottom module goes to 7, of the left upper module, and to n
of the right bottom module. The right vertical arrow is nothing but the projection to the
v1-component. Therefore, the condition (a) follows from the commutativity of the square
diagram.

It remains to show the conditions (b) and (c). We recall the homomorphism f in
Definition 2.13:

fiKeaOw) =~ P Wy~ @ z6l.

veS,\{vo} veS;\{vo}

where the final arrow is f,;” at v € X ¢ and ¢, at the others. For each o in (b) (resp. @ := ¢y,
in (c)), let y, (resp. yz) be the element of Ker(6y )~ which is sent by f to (¥ (o) — 1)x
(resp. (¥ (¢) — 1 + vy, ¥(9))X). Let

8y : Ker(Ow)™ — Clg’_

be the snake map in (2.19). By the definition of 7,, , we then have 7, (¥ (o) — 1) = 85 (¥o)

(resp. 7y, (Y (@) — 1 + v, ¥()) = 85 (¥5))-
Note that, by the definition of f,,,, we have

S (¥(0)—1,0) =¥ (o) — 1

(resp. fu, (¥ (@) —1,9) =¥ (@) — 1 + vy, ¥(P) with ¢ := @y,). Also recall that we have
an isomorphism
W,, = Z[G]~

v

which sends %(1 — ¢, 1) to the identity element %(1 —¢) (see Lemma 2.12). There-
fore, the element y, (resp. yz) is the element whose component is (¥ (o) — 1, 0) (resp.
W@ — L.o) atvi, ~(¥ (o) — DL —c. 1) (resp. (¥ (@) — ) 1(1 ¢, 1)) at vo, and
zero at the others.
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Now we apply Propositions 2.10 and 2.15 and, as a consequence, we obtain

89(y(,)—l®(1(l—c)(o—l)+(0—l) (c—l))

respectively,
by (vp) =1® (%(1 —H@-D+ (@ - 1)%(5— 1))

as elements of $=' via (2.14). Here, the overlines mean the restrictions to Gal(H ="/ F)
and the coefficients 1 5 (1= ¢) comes from projection to the minus component. This element
can be computed as
—_ 1 —— ~— 1 _:__1 :_1 ~— 1 _:__1 :_1
(Vo) =1® E(UC —co)=1Q® E(oco ¢ —leo=1® E(O'CO' ¢ =1,
respectively,

=z=_13

- 1 ~= == 1 == = _
85 () = 1® (B¢ =) = 1@ (@G ¢ —1)ig =1 (<p 1F o).

Therefore, via the inclusion CIE, T 9 the element 8y (vo) (resp. 8, (yg)) of ST
coincides with ¢y (0¢o™ l~_1)1/2 ¢(0) € Cl T (resp. ¢u (PEGTIETHY2 = ¢(9) €
CIEI/’_). This completes the proof. ]

3. Compatibility of the eTNC

In this section, we prove two functorial properties of our module Qg/. These properties
are necessary for proving the compatibility of the eTNC and also for reducing the proof
of the main theorems of this paper to special cases.

In Section 3.1, we state the propositions that are to be proved in this section. The proof
is given in Section 3.4 after preliminary discussion in Sections 3.2-3.3.
3.1. Statements

Let H/F be a finite abelian CM-extension and put G = Gal(H/F). We fix an odd prime
number p and write G’ for the maximal subgroup of G of order prime to p.

3.1.1. Varying (X, X’). For each finite prime v of F, let us put
I, —
¢, €QIG].

Note that, for a pair (X, ') of finite sets of places of F satisfying (H1) and (H2), we have

= [1h- T o (3.1

vEX vex’

B, =1-

(see (1.4)). This immediately gives us formulas for the variance of 95/ as (X, X) varies
(we do not write them concretely). The following proposition is their algebraic counter-
parts.
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Proposition 3.1. Let y be an odd character of G'. Let (X, ') be a pair of finite sets of
places of F satisfying (H1), (H2), (H3)§, and (H4)},(. Then the following hold.

(1) For a finite prime v ¢ ¥ U X', we have

’

: T/, : X,
Fittz, (611 (Q5.},y) = h Fittz, 61 (25 7).
(2) For a finite prime v ¢ ¥ U X', we have
. )24 . )24
Fittz, (61« (QE U{v)’x) = hyX Fittz,, (6]« (QE ’X).

(3) For a finite prime v € Ty \ (S, N Sp(F)) (note that (£ \ {v}, T' U {v}) again
satisfies the conditions (H1), (H2), (H3)§, and (H4)§ ), we have

4
: Uy _ W ¥,
Fittz 161« (QE\{UI}) X) = 3 Fittz 161« (QE X).

The proof will be given in Section 3.4. The proof of the claims (1) and (2) is not hard
as we have simple relations between the modules concerned. On the other hand, the proof
of claim (3) is much harder. This is because we cannot bypass claim (1) or (2) since the
condition (H4)% fails for the pair (X \ {v}, &) if v € SL,\ (Sp(F) N SX,).

Proposition 3.1 implies that the y-component of the eTNC, is independent from the
choice of (X, X’). Moreover, the statement of Theorem 1.10 is also independent from

(=, 3.

3.1.2. Varying H. Let K be an intermediate CM-field of the original finite abelian CM-
extension H/ F. In order to clarify the field concerned, we write 4, g, 0223/ - and Qg/ I
for the objects &y, 922/, and Qg, defined for the extension H/F. Then we also have h, g,
9%:1(, and QE,K defined for K/ F instead of H/ F.
We study the behavior of the analytic and algebraic objects with respect to the natural
map
mh/k : Z[G] — Z[Gal(K/F)].

By abuse of notation, we also write 7g, g for the induced map Q[G] — Q[Gal(K/F)].
First we observe the behavior on the analytic side. Let (X, X’) be a pair of finite sets
of places of F satisfying (H1) and (H2). By (3.1), we immediately obtain

’ T (hv’ ) ’
k(05 ) = ( I %)9% (32)
VEXy v,K

as elements of Q[Gal(K/ F)].

Note that we have g /g (hy, 1) = hy k if and only if v is unramified in H /K. This is
the subtle point of our formulation of the eTNC using 922/ and Qg. Since the definitions
of Ay in (1.1) and of &, in (1.3) depend on (the order of) the inertia subgroup, they do not
enjoy the most desirable compatibility with respect to field extensions. This seems to be
inevitable in order to make A, a finite module and /4, a non-zero-divisor.
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Now the following proposition is the algebraic counterpart of (3.2). As usual, let G’
and Gal(K/F)' be the maximal subgroup of G and Gal(K/F) of order prime to p,
respectively.

Proposition 3.2. Let y be an odd character of Gal(K/ F)', which is also regarded as an
odd character of G’ via the natural map G’ — Gal(K/ F)'. Let (X, X') be a pair of finite
sets of places of F satisfying (H1), (H2), (HS);,(, and (H4)§ for H/F. Note that those
conditions also hold for K/ F. Then we have

k(B g)

. ¥, . ¥,
Fittz, (cak/Fy (5 f)cacr/x)) = ( I1 hx—) Fittz, Ga(k/Fyp (Qx k)
UEEf v,K

as ideals of Z,[Gal(K / F)]X.

The proof will be given in Section 3.4.

By Propositions 3.1 and 3.2, in order to prove the full statement of Theorem 1.10, we
may suppose that y is faithful and may choose any pair (X, ¥’) (satisfying the conditions
(H1), (H2), (H3)1)§, and (H4)}§ ). In practice, the choice will be as in Setting 6.1.

3.2. Preliminaries on Fitting ideals

This subsection is an algebraic preliminary to proving Propositions 3.1 and 3.2. Most of
the contents are just reformulations of materials that are known to experts of this field.
Although the following argument is quite elementary, algebraic K-theory is in the back-
ground (see Nickel [26, Sections 1.1-1.2], for instance).

Let § be a profinite group which is isomorphic to the product of a finite abelian group
and Zg for some d > 0. We consider the completed group ring R = Z,[9].

First we show a lemma that will be necessary in Definition 3.4.

Lemma 3.3. Let M be a finitely generated R-module with pdg (M) < 1. Then there exist
a projective R-module F and an injective R-homomorphism  : F — M whose cokernel
Cok () is a (finitely generated) torsion R-module.

Proof. For simplicity, let us assume that & is a pro-p-group, so R = Z,[¥] is a local
ring. (In general, R is known to be a finite product of local rings, and similar reasoning is
valid.) Then by pdp (M) < 1, there exist integers @ > b > 0 and an exact sequence

0—> R > R*5S M 0.

Let us consider the induced exact sequence

0 — Frac(R)? — Frac(R)* 5 Frac(R) g M — 0,

where Frac(R) denotes the ring of fractions of R. Observe that Frac(R) is a finite product
of fields since Z, [[Z;f}] is a domain. Therefore, the last displayed sequence implies that
Frac(R) ® g M is a free Frac(R)-module of rank @ — b. Moreover, the sequence splits
over Frac(R), i.e., there exists a homomorphism § : Frac(R) ® g M — Frac(R)“ such
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that € o § is the identity map. Now let us take any free R-submodule F' C Frac(R) @ g M
whose rank is @ — b such that §(F) C R?. Then ¢ :=¢o03§: F — M satisfies the required
condition. ]

Here we recall the following well-known properties of Fitting ideals (e.g., [23, Pro-
position 2.7]).

* Let M be a finitely generated torsion R-module such that pdp (M) < 1. Then the
Fitting ideal Fittg (M) is invertible as a fractional ideal of R.
* Let My, My, M3 be finitely generated torsion R-modules such that pdp(M3) < 1.

If there exists a short exact sequence 0 - M| — M, — M3 — 0, then we have
Fittg (M>) = Fittg (M,) Fittg (M3).

Definition 3.4. Let M and M’ be finitely generated R-modules such that pdgz (M) < 1
and pdgr(M’) < 1.Let¢ : M — M’ be an R-homomorphism whose kernel and cokernel
are both torsion over R. We shall introduce an invertible fractional ideal Fittg(¢) of R,
which we call the Fitting ideal of ¢.

By Lemma 3.3, we can take a projective R-module F and an injective homomorphism
¥ . F — M whose cokernel is torsion. Note that then ¢p o ¢ : F — M’ is also injective
with torsion cokernel. Then we define

Fittg(¢) = Fittg (Cok(y)) " Fittg (Cok(¢ o ¥/)).
Since Cok(y) and Cok(¢ o ¥) are both torsion and of pdg < 1, the Fitting ideals in the

right-hand side are invertible, so Fittg(¢) is an invertible fractional ideal.

Roughly speaking, Fittg(¢) represents the ratio between M and M’; precisely, by
regarding F as submodules of M and M’ using the injective homomorphisms ¥ and
¢ o Y respectively, we may write

Fittg (¢) = Fittg(M/F) ™ Fittg(M'/ F).
This interpretation enables us to show the independency of Fittg(¢) from the choice
of  : F — M, as follows. Let ¢’ : F' — M be another choice. We may regard both F

and F’ as submodules of M by ¥ and ¥’ respectively. Let F” be a free submodule of
F N F’ in M whose rank is the same as F (and as F’). Then we obtain exact sequences

0— F/F' > M/F"— M/F —0
and
0—F/F' -MJF'"—-M/F —0.
By using the multiplicativity of Fittg, since the terms involving F/F" cancel, these imply

Fittg(M/F)~! Fittg(M'/ F) = Fittg(M/F") ! Fittg(M'/ F").

In the same way, we obtain the corresponding formula for F’ instead of F. This proves
the independency, as claimed.
Let us observe elementary properties of Fittg (¢).
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Lemma 3.5. Let M, M’, and M" be finitely generated R-modules with pdg < 1. Let
¢: M —> M andp’ : M’ — M" be R-homomorphisms whose kernels and cokernels are
all torsion over R. Then the kernel and the cokernel of ¢’ o ¢ are also torsion and we have

Fittg (¢’ o ¢) = Fittr(¢) Fittr(¢").

Proof. Take a projective R-module F' and an injective homomorphism ¢ : FF — M. We
may regard F as submodules of M, M’, and M"” via ¥, ¢ o ¥, and ¢’ o ¢ o Y, respect-
ively. Then we have

Fittg(¢) Fittg(¢") = (Fittg(M/F)~"' Fittg(M'/ F))(Fittg(M'/F)~" Fittg(M" / F))
= Fittg(M/F) ™! Fittg(M" / F)
= Fittr(¢' 0 ¢),
as desired. [

Lemma 3.6. Let us consider a commutative diagram with exact rows

0 M, M M; 0
¢1l ¢2l ¢3l
0 Ml/ Mé M3’ 0,

where all modules are finitely generated R-modules with pdp < 1. We assume that the
kernels and cokernels of 1, 2, ¢3 are all torsion over R. Then we have

Fittg (¢2) = Fittr(¢1) Fittg(¢3).

Proof. Take projective R-modules F;, F3 and injective homomorphisms vy : F; — My,
Y3 : F3 — M3 whose cokernels are torsion. Put F, = F; @ F3. Then, by the horseshoe
lemma, we can construct a commutative diagram with exact rows

0 F F> F3
1//1\[ Wz\[ %\[
0 M1 M2 M3

This induces an exact sequence

0

0.

0 — Cok(y;) — Cok(yp) — Cok(yz) — 0,

SO we obtain

Fittg (Cok(y2)) = Fittg (Cok(y1)) Fittg (Cok(y3)).

In a similar way, we also obtain

Fittg (Cok(¢z o ¥2)) = Fittg (Cok(¢; o v1)) Fittg (Cok(¢s o ¥13)).

These formulas show the lemma. [



M. Atsuta and T. Kataoka 448
Lemma 3.7. For ¢ : M — M’ as in Definition 3.4, we have

Fittg (Cok(¢)) = Fittg(¢) Fittg (Eg(Ker(¢)))

as (not necessarily invertible) ideals of R. Here, we put EIIe M) = Ext}a (M, R) for an
R-module M.

Proof. For i as in Definition 3.4, we have an exact sequence
0 — Ker(¢) — Cok(y) — Cok(¢ o ) — Cok(¢) — O.

Then the lemma is a reformulation of a formula that is often used in this field (see [23,
Remark 4.8] and the references mentioned there). [

Remark 3.8. If we assume pdg(Cok(¢)) < 1, then we also have pdp(Ker(¢)) < 1 and
Lemma 3.7 implies

Fittg(¢) = Fittg (Ker(¢)) ™" Fittg (Cok(¢)),

which we may regard as a definition of Fittg(¢) in this case. However, we will have to
deal with the case where the assumption does not hold.

We will also need the following descent property. Let I' be a closed subgroup of §
which is isomorphic to Z,, and we put # = §/T. Note that, for each Z,[§]-module
M with Pde I¢1 (M) < 1and MT = 0, we have dep [[J(]](Mr‘) < 1. Here, we write M T
(resp. Mr) for the I'-invariant (resp. I'-coinvariant) of M. Let nir : Z,[§] — Z,[F] be
the natural map. Let us define a multiplicative subset § of Z,[§] as the set of elements
which are sent by 7 to non-zero-divisors of Z, [#]. Then, by localization, 71 induces
an algebra homomorphism

$71Z,[8] — Frac (Z,[H]).

where Frac(Z, [#]) denotes the ring of fractions of Z, [#]. We write rr for this induced
homomorphism again.

Proposition 3.9. Let ¢ : M — M’ be as in Definition 3.4. We assume that M' = 0 and
(M) = 0. We moreover suppose that the kernel and the cokernel of the induced 7. o[ H]-
homomorphism ¢r : My — M{. are both torsion over Z,[H], so Definition 3.4 applies
to ¢r. Then we have

Fittz, 51 (¢r) = 7r (Fittz, [g7(9)).

Proof. Let us take a projective module F over Z,[H] and an injective homomorphism
¥ : F — Mt whose cokernel is torsion over Z p[J]. Let F be a projective module over
Z,[€] such that we have an identification F = Fr. By the projectivity of F, we can
construct a homomorphism ¥ : F — M over Z,[§] whose base change coincides with .
Since we have Cok(y)r =~ Cok(), which is assumed to be torsion over Zp[H], the
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module Cok(¥) is also torsion over Z,[§]. By observing the ranks, we also see that i/ is
injective. Therefore, we can use v to compute Fittg (¢). Then the basic property of Fitting
ideals shows

Fittzp[[gg]] (COk(lZ)) = Fittzp[[gf]] (Cok(lﬂ)r) = JTF(Fittzp [¢1 (COk(l[f)))

We also have a similar formula for ¢ o ¥ instead of ¥, and those imply the proposition. =

3.3. A minor variant of the Ritter—Weiss type module

As usual, let H/F be a finite abelian CM-extension and p an odd prime number. Let X
and Y’ be finite sets of places of F satisfying (H1) and (H2).

In thiss_ubsection, given a family of scalars (¢y)yes s using Remark 2.7, we construct
a variant Qg' of Zp, ® Qg/. Note that the case where ¢, = 1 for all v would recover the
original. The variant will be useful for the proof of Propositions 3.1 and 3.2.

Let us suppose that we are given a family (c¢y)ves, C Zp \ {0}. See (3.6) and (3.9)
below for practical choices. The choice of (¢y)yex p will be implicit in the notation; the
objects with overlines do depend on the choice of (cy)y.

For each v € X, as a variant of (1.1), we define a Z,[G]-module A, by

Ay = Zp[G/ L]/ (1 = 9y + co#ly).
Then, as a variant of Proposition 2.6 (2) (see Remark 2.7), we have an exact sequence of
Z,[G]-modules

0> Z, ® Wy 15 2,[G] — Ay — 0, (3.3)

where f, sends (x, y) to x + cyVr, Y.
We choose S’ (and vg) as in Section 2.5 and use the same notation. Then, as a variant
of Definition 2.13, we can define a Z,[G]™-homomorphism

f:Z, ®Ker(Ow)” — P Z,[G]
veS,\{vo}

as the composite map of the isomorphism in Lemma 2.12 and the map

Z,8 @ w,—> P zl6-

veS;\{vo} veS,\{vo}

which is defined as ﬁ_ at the components for v € X ¢ and as ¢, at the components for
veS N\ (ZU{v}).

Now, as a variant of Definition 2.14, we define a Z,[G]™-module Qg/ as the cokernel
of the composite map

Z, @ Ker(®y)™ — Z, 9 Ker(Ow)™ &> D 7,61, (3.4)
ves;\(vo}
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where the first map is the middle map of the sequence (2.19). Then, as a variant of (1.2),
we have an exact sequence

0->2Z,®Cly " - QF - P4, —o. (3.5)
ver

We write Q Q' r for the y-component of QE for each odd character y of G’.
Asa varlant of Proposition 1.9, if the COIldlthIlS (H3)1, and (H4)p hold, then we have

pdz 61 (Q5 %) < 1.

We investigate the difference between the Fitting ideals of Q X and of QZ X For a
finite prime v not lying above p, as a variant of &, defined in (1.3), we put

— v,
l’lv =1-— #—IU((/JU 1 —Cv#lv) € QP[G]

Proposition 3.10. Let y be an odd character of G' and suppose that the conditions (H3)%
and (H4)¥ hold for (£, X'). Then we have

, h¥ Yy
Fittz (o) (Q3 %) = ( I1 h_—vx) Fittz, (g1 (23 ).
'UGEf v

Proof. First, for each v € X, let us observe that the following diagram commutes:

/\

Zp @ W, (G]

\/

Here and henceforth, for any element a € Q,[G], we write xa for the homomorphism
which is induced by the multiplication by a. The commutativity says

hy(x 4+ v, y) = hy(x + cpvr,y)

for (x, y) € W,. We can directly compute

— vy,
hy —hy = #l,

“#I,(1—cy) = v, (1 —cy)

and

_ v
vr, (cohy — hy) = vp, (cy — 1)(1 — #; 0, ) (cy — Dvr, (1 — o, ).
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Then the desired formula follows from the relation vy, x = vy, (1 — @ 1)y by the descrip-
tion of W,.

By definition, Fittz,(Gx (Qz %) (resp. Fittz, [G)x (Q X)) equals to the Fitting ideal of
the y-component of the homomorphism (2.20) (resp. (3.4)), in the sense of Definition 3.4.
We consider a commutative diagram

@vES’ \{vo} ZP [G]i

T

Duesy\vo} - Lp[G]™

P

y ZplG]™,

Ker(6w)~

vGSf\{vo

Here, /i and h are defined as xh, and xh, forveX + respectively, and as the identity
(the inclusion) for the other v’s. Then this diagram also commutes thanks to the above
observation. It then follows from Lemma 3.5 that

Fittz,,(G)x (h*) Fittz,[(Gx (Qg ’X) = Fittz, ()« (h¥) Fittz, ,[61x (Qg’x),
which is equivalent to
X\ ’ . .y
( I 7 )F]tth[G]x (QF*) = ( I h{f) Fittz, (61x (25 %)
UGEf veEf

This shows the proposition. ]

3.4. The proof of Propositions 3.1 and 3.2
First we prove Proposition 3.2.
Proof of Proposition 3.2. We define (cy)vex, C Zp \ {0} by
cy = #Iy gk (3.6)

for each v, where we write I, g/x for the inertia group of H/K. We define 4, g and

Q%’K using this choice of (¢y)vex, as in Section 3.3. By the choice (3.6), concerning the
natural map g, : Z[G] — Z[Gal(K/F)], we have

gk (ho,g) = hy k. 3.7

This formula is the motivation for the choice (3.6); see the discussion after (3.2). Then by
Proposition 3.10, in order to prove Proposition 3.2, it is enough to show an isomorphism

X~ = x
Q5 x = (57 quc - (3.8)
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Let us write fy, i and Oy, g for the homomorphisms 6y in (2.17) for the extension H/F
and K/ F, respectively. We write Oy, g and O,k similarly and put § := Gal(H/K). Then
we have the following commutative diagram:

— —fi —
(Zp ® Ker(Oy,1))y — (Zp @ Ker(Ow, 1)) g —— Dye sty Lo [Gal(H/F)],

N :l

K

Here, the left vertical isomorphism follows from [13, Lemma B.1] and the right square
is commutative because of the choice (3.6) of (c¢y)vex - Then we obtain an isomorph-
ism (3.8). This completes the proof of Proposition 3.2. ]

In the rest of this subsection, we aim at proving Proposition 3.1. The proof makes use
of the local considerations as in Lemmas 3.11 and 3.12.

Lemma 3.11. Let y be an odd character of G'. Let v be a finite prime of F. We suppose
either p + #1I,, or x is non-trivial on I). Then the following are true.

(1) We have Fittg, ;g1 (A}) = (h%).
(2) We have Fittz,,j61x(Un, / U )X = (h3").

Proof. (1) If x is non-trivial on I, the both sides are the unit ideal by the definitions of
A, and of h,,. Let us assume that p } #1, and show

FittZ,, [G] (Av) = (hv)

as ideals of Z,[G]. Since p t #1,, we may decompose this equality with respect to the
characters of I,,. For the nontrivial characters of I,, the components of the both sides are
the unit ideal. For the trivial character of 7,,, the components of the both sides are the same
as (1 — @, ! + #I,), so the equality holds.

(2) Similarly, if x is non-trivial on I, the both sides are the unit ideal. Let us assume
that p t #I,, and show

. v, —
Fittz, (6)(Zy ® Un,/ Uk,) = (1= N) 70" )
v

as ideals of Z,[G]. When v | p, we have Z, ® Un,/Up = 0and 1 — N(v);%(pv_l is a
unit, so the both sides are again the unit ideal. When v } p, we have

Zp ® U,/ Ufy, = pipeo(Hy) = Zp[G/1,]/(1 — N(v)g; ),

from which we can deduce the claim by considering the decomposition with respect to
characters of I,. [
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Proof of Proposition 3.1 (1)(2). As we need to use the construction in Section 2.5 for
various X and X', we write GSE/ for Oy in (2.17).
(1) We may choose S’ so that v ¢ S’. Let us use S’ for the construction of le, and

S’ U {v} for QE,U (v} By definition, we have an exact sequence

)2l >
0—>Vy — VS’U{v} - W, — 0,
which induces the upper exact sequence in a commutative diagram

0——Z,®Ker(03) ———Z, ® Ker(eg’u{v})— ——Zy, @ W, ——0

0— @ves}\{vo} Zp[G]” — @ve(s}u{v})\{vo} Zp|G]” —— Zp[G]” —— 0.

Here, the right vertical arrow is f, and the left and the middle arrows are those defining
Qg and Q%’U (o) respectively. By applying the snake lemma, we obtain an exact sequence

0— Qg — qu{v} — A, —> 0.

Since v ¢ Séld by (H4)}§ , we can apply Lemma 3.11 (1) and we obtain the claim.

(2) We may choose S’ so that v ¢ S’ and use S’ for the constructions of both Qg and

Qg U{”}. By definition, we have an exact sequence

0— VSE, wivd VSE,/ — UHU/U}I') — 0,
which induces the upper exact sequence in a commutative diagram

0 — Z, @ Ker(03, **)~ —— Z, ® Ker(0F)™ —— Zp ® (Up,/Ufy )~ —0

Dres)\twoy Zo[G” == Dres)\tvoy LplG]™-
By applying the snake lemma, we obtain an exact sequence
0—Zp® (Un, /U )~ — Q3" 5 Qf -0
Then we can apply Lemma 3.11 (2) and obtain the claim. ]

As already remarked, Proposition 3.1 (3) is the harder part and in order to prove it
we make use of the variants with overlines introduced in Section 3.3. Thanks to Propos-
ition 3.10, for any choice of (¢y)vex, C Zp \ {0}, the proposition is equivalent to the
corresponding statement for objects with overlines; simply add the overlines on all ’s
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and all 2,,’s for v € X (not on h’,’s). Indeed it is convenient to take

-1 _
o {(N(v) /#1, (v f p) 3.9)

1 (v | p).

By local class field theory, ¢, is actually p-adically integral. Accordingly we construct
objects with overlines as in Section 3.3.

Lemma 3.12. Let v be a finite prime of F such that v } p. Let us consider the composite
map

bv: Vo = Ly @ Wy — Z,[G],

where the first map is the surjection in (2.8) and the second is the injection fv Here, recall
that ( ) denotes the p-adic completion, so we have W ~Z, @ W,. Then we have

Fittz,61(¢v) = (1).

Proof. Let us fix a prime w of H lying above v. It is enough to study the w-component
¢y of ¢,. The kernel and the cokernel of ¢, can be determined by the middle vertical
sequence in (2.8) and the sequence (3.3), respectively. We then have an exact sequence

E ¢w
0 — ppo(Hy) = Vy — Zp[Gw] — Upoo (Hy) — 0.

Here, we used a non-canonical isomorphism between A, = Z,[Gy]/(N(v)™! — ¢, 1)
and ppeo (Hy ). When Hy, does not contain a non-trivial p-th power root of unity, ¢,, is
an isomorphism, so the assertion is clear. In the rest of the proof, we assume that Hy,
contains a non-trivial p-th power roots of unity. A hard point is that the module ptp00 (Hy)
is not cohomologically trivial in general, so the Fitting ideals do not behave well. To
overcome such a difficulty, we use an idea from Iwasawa theory; we go up the unramified
Zp-tower and then descend to the finite extension.

For each integer n > 0, we consider the unramified extension Hy, ,/H,, of degree p".
We can apply the constructions in Section 2.2 to the extension Hy, ,/F,, and then we
obtain Z,[Gal(Hy n/ Fy)]-modules V3, , and Wy, ,,. Then, as in (the proof of) [13, Lemma
B.1], we have natural isomorphisms

Vw n = (Vw,n’)Gal(Hwyn/ [Huy.n)

for each n’ > n. We define V) oo = lim IZ,,\,, Then, by Proposition 2.16 (1), we can see
that Vy, oo is cohomologically trivial over Gy, 00 = Gal(Hy,00/ Fyy) and moreover we have

(Viw,00) Gal(Hup 00/ Hu) == V.

We construct a homomorphism ¢y, ,, : 17,‘,\,, — Zp[Gy ] in an analogous way. It is
straightforward to show that the homomorphisms ¢, ,, are compatible; for n’ > n > 0, we
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have a commutative diagram

Vw,n’ — Zp &® Ww,n’ (—> Zp [Gw,n’]

L] |

m —»Zp @ Wy (fT> Zp|Guw ).

Here, we use the same ¢, as in (3.9) for every n > 0. The commutativity of the right
square is verified as the extension H, /H,, is unramified. As a consequence, we obtain a
homomorphism ¢y, » which fits in the following diagram with exact rows:

¢w,oo
0——Zp(1) —— Vip,o0o —— Zp[Guw 0] Zp(1) 0
0 —— ppeo () Vi~ Lp[Gu) —— ppe= (Hu) —— 0.

Here, we again used a non-canonical isomorphism between the cokernel of ¢, o and
Zp(1). It follows from the upper sequence and Lemma 3.7 that

Fitth[[Gw,ooﬂ (Zp(l)) = FitthlIGw,oo]] (¢w,oo) Fitth[[Gw,oo]} (Zp(l)).

The ideal Fittz, [G,, .,](Zp(1)) is not principal in general. Nevertheless, since the u-
invariant of Z, (1) is zero, this formula implies

Fittzp [Guw.col (¢w,oo) = (1)

(see, e.g., [19, Lemma 3.12]). Finally, by applying Proposition 3.9 to ¢, oo, we obtain the
proposition. u

Now we are ready to prove Proposition 3.1 (3).
Proof of Proposition 3.1 (3). First we assume that v | p. By the hypothesis
veZy\ (82N Sy(F)),

we then have v ¢ SZ ;. Then the condition (H4)% still holds for (X \ {v}, X’). Thus we
can apply the claims (1) and (2) to show

. UG, : =,
Fittz, jopx (R oy %) = 3 Fittz, oy (23y5,)

" b
= o Fitth[G]x (QE ’X).

v
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Now we assume that v } p. As in the proof of (1) and (2), we have a commutative
diagram with exact rows

0—Z, @ Ker (95,,\%?)_ —— 7, ® Ker(@?/)_ Vo~ 0

J»

0 —— e\ vy Zo[G1” ——= Buesy\puoy ZolGlT —— Z,[G]” ——0.

!’
vE(Sf

Here, the right vertical arrow ¢, is the same as in Lemma 3.12. The left and the middle

vertical arrows are those denoted by f , whose cokernels are Qg/\%{)l}’} and Qg, respect-

ively. Then by Lemmas 3.6 and 3.12, we obtain

. U}, . 3,
Fittz,, (6]« (QE\L{JS})} X) = Fittz, (6] (QE X).

By Proposition 3.10, this can be rewritten as

—x
. Uy _ M z,
Fittz, (61x (Q5\() ) = W Fittz 161x (R3 7).

Since h,, = h, by (3.9), this completes the proof. ]

4. Reduction of the main theorems

In Section 4.1, we show the integrality of the Stickelberger element. In Section 4.2, we
show how to deduce the main theorems on the eTNC, from single inclusions. Then in
Section 4.3, we deduce Theorems 1.1 and 1.8 from Theorem 1.10. We will begin the
actual proof of Theorem 1.10 from the next section. In Section 4.4, we show that our
eTNC™ is equivalent to more standard formulations.

4.1. The integrality of the Stickelberger element

Let H/F be a finite abelian CM-extension with G = Gal(H/ F). Let (X, ') be a pair of
finite sets of places of F satisfying the conditions (H1) and (H2). In this subsection, we
show the integrality of the Stickelberger element «922/ under certain hypotheses.

Before the main discussion, let us introduce conditions (H3), and (H4),, for each odd
prime number p:

(H3), poo(H)T vanishes.
(H4), Xr UX D Spag and X D Spag N Sp(F). Here, we write Spyq for the set of
finite primes v of F such that p | #1,, and H’ is a CM-field.
It is easy to see that (H3) (resp. (H4)) implies (H3), (resp. (H4),) (for all odd primes p).
Moreover, the condition (H3),, (resp. (H4),) is equivalent to that (H3)}§ (resp. (H4)§ ) holds
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for all odd characters y of G’ (the maximal subgroup of G of order prime to p). In order
to show the equivalence between (H4), and (H4)§, it is enough to show Sp.a = X Sg;d,
where y runs over the odd characters of G’. This follows immediately from Lemma 4.6
below (applied to N = 1,).

Then, by Proposition 1.9, we have pdz 6)- (Z, ®z Qg) < 1 as long as the pair
(2, X') satisfies (H3), and (H4),. Therefore, the eTNC, (H/F) is expected under these
conditions.

Now we begin the discussion on the integrality of 9%’. The essential ingredient is the
result of Deligne and Ribet [15] or Cassou-Nogues [9]. In order to apply it, we have to
strengthen the condition (H3), (H3),, and (H3)§ (when p is an odd prime number and y
is an odd character of G’) to the following:

(H3') p(H )T~ vanishes, where we put X = %'\ (Spm(H/F) N X).

(H3"), ppoe(H )Eﬁr vanishes, where ptpo0 (H )EGr is the p-primary component of
J(H )P,

(H3)f w(H)Zwt = /Lpoo(H)Eﬁr’X vanishes.

Clearly these three conditions respectively imply (H3), (H3),, and (H3)§ . Moreover, (H3')
is equivalent to that (H3'), holds for any p, and (H3'), is equivalent to that (H3')¥ holds
for any odd character y of G'.

Now we have the following integrality property.

Proposition 4.1. Let ¥ and X' be finite sets of places of F satisfying the conditions (H1)
and (H2). Then the following are true.

(1) Let p be an odd prime number and let y be an odd character of G'. Suppose the
conditions (H3’)1),( and (H4)}§. Then we have 9;: X e 7,]G]*x.

(2) Let p be an odd prime number. Suppose the conditions (H3'), and (H4),. Then
we have 9%:, € Zp|G]~.

(3) Suppose the conditions (H3') and (H4). Then we have 022/ € Z[G]".
Proof. Ttis clear that (1) implies (2) and (2) implies (3). Let us prove (1). Put
’ U[v _ ’ —
oF (H/F) = ] (1-1r¢;") 0™ € QIGT™.

vex, #hy
Then, as in [13, Formula (2) and Remark 3.6] (also see [27, Proposition 2.1]), the celeb-
rated theorem of Deligne and Ribet [15] or Cassou-Nogues [9] implies that

OF (H/F)* € Z,[G]*
as long as the conditions (H1), (H2), (H3’ )},‘ ,and (H4)§ hold. We shall deduce the propos-

ition from this integrality of @g/ (H/F)*.
By (1.3) and (1.4), we obtain

0¥ = ¥ (ITw) T1 (1-pea)or.

JCZy wved veX\J
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where J runs over all (possibly empty) subsets of Xr. Then it is enough to show the
integrality of the y-component of the term in the right-hand side for each J. For each J,
let us define an intermediate field H” of H/F by Gal(H/H”)=Y",.; I, C Gal(H/F).
Then we have

VL, 1) % _ [lves #1v x/ J
(1) TI (1_#lv¢" Jo = [ < 1) " Ona HEE).
veJ veX \J

where vy, g7 denotes the norm element of Gal(H / H 7). If y is non-trivial on Gal(H/H"),
then we have U;I T = 0, so we can ignore this case. Let us suppose that y is trivial on
Gal(H/H"). Then x can be regarded as an odd character of H”/F, and the conditions
(H3)} and (H4)% still holds for the extension H”’ / F and the pair (X \ J, ¥'). Therefore,

we have the integrality of ®§\ J(H 7/ F)X, from which the conclusion follows. |

4.2. An application of the analytic class number formula

Let H/F be a finite abelian CM-extension and put G = Gal(H/F). Let p be an odd
prime number. For a pair (X, ') of finite sets of places of F satisfying (H1) and (H2),
we simply write
z/ z/
P25 = Zp ®z Q3 .

The aim of this subsection is to prove the following proposition, which allows us to deduce
the conclusions of Theorems 1.1 and 1.8 from single inclusions.

Proposition 4.2. Let ¥ and X' be finite sets of places of F satisfying (H1), (H2), (H3'),,
and (H4),.

(1) Ifwe have
Fittz,j61- (%) C (6%)

as ideals of Z,[G]~, then the equality also holds.

(2) Let N be a subgroup of G and recall the algebra Z,[G]ny introduced before
Theorem 1.8. If we have

Fittz, (61- (2% ) - Zp[Gl ) C 05 - Zp[Gliyy
as ideals of Z,, [G](_N), then the equality also holds.

For the proof of this proposition, we apply a standard method using the analytic class
number formula (e.g., Greither [17, Theorem 4.11]), following [13, Section 2]. Note that
the situation is actually easier than [13] because we have only to deal with finite modules
and non-zero-divisors.

In Lemmas 4.3 and 4.4 below, we consider a general finite abelian group G. Let G’
its maximal subgroup of order prime to p, and y a character of G’. We consider the
set of Q,-valued characters of G whose restrictions to G’ coincide with y. We have
an equivalence relation ~ on the set defined as y; ~ v if and only if ¥, = oy for
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some o € Gal(@/ Qp). We fix a complete system of representatives of the equivalence
classes modulo ~, and write W, for the set of representatives. Then we have a natural
injective algebra homomorphism with finite cokernel

Zp|G* — ] 0y.
yew,

where we put Oy, = Z,[Im(y)]. Let W be any subset of W, . We define an algebra Z,, [G]Y
as the image of the natural map

Z,[G)* — ]‘[ Oy.
Yvev

Note that Z,[G]¥ is a local ring unless ¥ is empty.
Lemma 4.3. Let N be a finite Z7.,[G Y -module with pdz,G1v (N) < 1. Then we have
#N = [ | #(0y/Fitto, (N ®z,161v Oy)).
Yev
Proof. See [13, Lemmas 2.4 and 2.5]. [

Lemma 4.4. Let Ny and N, be finite ZP[G]\I’—modules with dep[G]‘l’(Ni) <1 for
i = 1,2. Then we have

Fitth[G]‘l’ (Nl) = Fitth[G]‘l’ (N2)
if and only if both Fittz, (v (N1) C Fitty Gv (N3) and #N1 = #N, hold.

Proof. If W is empty, then the claim is trivial, so let us assume that ¥ is non-empty. The
“only if” part immediately follows from Lemma 4.3. For the “if” part, let A € Z,[G]¥
be an element such that Fitth[G]\p(Nl) =1 Fitth[G]\p(Nz). Then by Lemma 4.3 and
#N1 = #N>, we must have Y (1) € O forany y € W. This implies A € (Z, [G]¥)* since,
for any ¢ € W, the algebra homomorphism 7Z ,,[G]‘I’ — Oy is alocal homomorphism. m

We now return to the arithmetic setting. Note that we have an isomorphism
oo X
»0F = [o5".
X

where y runs over all equivalence classes of odd characters of G’. By using the analytic
class number formula, we obtain the following.

Proposition 4.5. Let X and X' be finite sets of places of F satisfying (H1), (H2), (H3'),,
and (H4),. Then we have

#,QF = #(Z,[G]7/(63)).
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Proof. We take a finite extension of Q, that contains the values of all the @-Valued
characters of G, and let O be its ring of integers. Then we have a natural homomorphism

0[G]" - []o.
W

which is injective with finite cokernel. Here, and in the rest of the proof, ¥ runs over the
odd characters of G.
We aim at showing #(0 ®z Qg) = #(O[G]_/(GEE/)). By the sequence (1.2), we have

#O®QE) =[] #O ® 4;) - #O ®CI; ).
UEZf

On the other hand, we have

#01617/63)) = [ [#(0/(v 62))).
¥
By (1.4), this implies
#01617/02)) = [ [[#O/(wh))) < [[#(0/ (¥ (@))).
veEXs ¥ v
We claim that
#O ® 4;) = [[#(0/ (v ()))
¥
holds for each v € X¢. By the definition of 4,, we have
#O® 4,) = [ [#(0/(1=v(p) ™" +#L)),
¥

where v runs over the odd characters that are trivial on [,. By the definition of 4,, we
have ¥ (hy) = 1 — ¥ (@y)~' + #1, if ¥ is trivial on I, and ¥ (h,) = 1 otherwise. Then
we obtain the claim.

The analytic class number formula (cf. [13, Lemma 2.1]) implies

#O @ Cly ) = [[#0/(L¥ w™.0)).
Vv

By the definition of @*', we have L= (=, 0) = v (") for each odd character ¥ of G.
Incorporating these formulas, we obtain the proposition. ]

Now we are ready to prove Proposition 4.2.

Proof of Proposition 4.2. (1) Suppose that

Fittz, 61-(,Q% ) C (%)
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holds. Then by Lemma 4.3, for all odd characters y of G’, we have
Y, Y,
#(Z,[G1¥/(05°9)) | #Q23 *.

Then by Proposition 4.5, the divisibility of the orders must be an equality for all y. Now
we can apply Lemma 4.4 and obtain claim (1).
(2) It is easy to see (e.g., by Lemma 4.3)

#(Z,[G17/(6F) = #(Z, Gl /(63))
and
#Q5 = #(Z,[Gl) ®z,06)- p2E)-
By Proposition 4.5, these formulas imply

#(Zp[Glny/(0F) = #(Zp[Gl(y) ®z, 61 p 23 )- 4.1

For each odd character y of G’, we introduce ¥, as before and let W, ; (resp. ¥, »)
be the subset of W, whose elements are trivial on N (resp. non-trivial on N). Then we
have

(Zp[G/N))* =~ Z, ]G] ¥

and
(Zp [G]/(VN))X ~ ZP[G]‘I’X,z_

By the assumption and Lemma 4.3, we have
. Wy . ’
#(Zp1G]" /(05 7")) | #(Z,[G]™ @z, (61 p23)

for i € {1, 2}. Here, 922/’\1”"" denotes the image of 922/ to Zp [G]¥xi. Then by (4.1), the
divisibility of the orders must be an equality for all y and i. Now we can apply Lemma 4.4
and obtain claim (2). [ ]

4.3. Deducing Theorems 1.1 and 1.8 from Theorem 1.10

In this subsection, assuming the validity of Theorem 1.10, we prove Theorems 1.1 and 1.8.
Let H/F be a finite abelian CM-extension and p an odd prime number. Put

G =Gal(H/F)
and define G’ as usual. For each (2, X’), we keep the notation pQg =7, ®z Qg,.
4.3.1. The proof of Theorem 1.8. We first prove Theorem 1.8 from Theorem 1.10

Proof of Theorem 1.8. Thanks to Proposition 3.1, the statement of Theorem 1.8 is inde-
pendent from the choice of (X, ¥). Therefore, we may assume that the conditions (H1),
(H2), (H3'),, and (H4), hold (we do not need to assume (H3) or (H4)).
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By Proposition 4.2 (2), we have only to show
Fittz,(61- (%) - Zp[Glyy C 05 - Zp[Gliy,.
By the definition of Z,[G](n), this is equivalent to both
Fittz, (61~ (% ) - Zp[G/N]~ C 05 - Z,[G/N]~ 4.2)
and
Fittz, (61 (2% ) - (Z,[G]7/(vy)) € 05 - (Z,G]7/(vy)) 43)
hold.
Let us show (4.3). For any odd character y of G’, recall that we have the integrality of
9;: *X by Proposition 4.1. Therefore, by
(V] Iz, 1610 N Zp[G1* = (v] )z, 1611
Theorem 1.10(2) implies
Fittzp[G]x(Qg ’X) C (6’22: X v}(p)

as ideals of Z,[G]*. By the assumption N C I, we have (v7,) C (vy). Then we obtain
(4.3).

Let us check (4.2). If HY is totally real (i.e., the complex conjugation lies in N), then
Zp|G/N]~ =0, so the claim is trivial. Otherwise, by (3.2) and Proposition 3.2, the claim
is equivalent to

(FittZP[G/N]* (pQg,HN)) C (QEE:HN)

as ideals of Z,[G/N]~. By the choice of N, at least one p-adic prime is (at most) tamely
ramified in H% / F, so this is true by Theorem 1.10 (1). ]

4.3.2. The proof of Theorem 1.1 (i)(ii). We first observe elementary lemmas.

Lemma 4.6. Let N C G’ be a subgroup. Then HN is a CM-field if and only if there exists
an odd character x of G’ which is trivial on N.

Proof. The field H" is a CM-field if and only if N does not contain the complex conjug-

ation ¢ € G. If there exists an odd character y of G’ which is trivial on N, then y(c) = —1
implies that c € N. If ¢ € N, we may find a character y of G’ which is trivial on N and
x(c) =—1. [

Lemma 4.7. The following are equivalent.

(a) For any odd character x of G', the following is false: the decomposition group of
all p-adic primes in HX/F are p-groups and all p-adic primes are ramified in
HX/F (recall that HX = HX0),

(b) Either (i) or (ii) of Theorem 1.1 holds.
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Proof. Let us show the equivalence of —(a) and —(b), where — denotes the negation. Put
F,=H G’ Let x be an odd character of G’ and p a p-adic prime of F. Then the condition
that “the decomposition group of p in HX/F is a p-group and p is ramified in HX/F”
is equivalent to that “p is totally split in H*/F, and p is ramified in F,/F”. Therefore,
—(a) is equivalent to that both () and (8) hold, where:

(o) Any p-adic prime is ramified in F),/ F.

(B) There exists an odd character y of G’ such that any p-adic prime is totally split in

HX/F,.
Clearly () is equivalent to —(i). It is then enough to show that (8) is equivalent to —(ii).
Let
Go= Y Gy,CG
PES,(F)

be the sum of the decomposition groups and put Gfp = G, N G'. Then the condition (B) is
equivalent to that there exists an odd character y of G’ that is trivial on G;. By Lemma 4.6,
we see that (f) is equivalent to that H % is a CM-field. Since Gp/ G, is a p-group, H %
is a CM-field if and only if so is H ®7. Thus (B) is equivalent to —(ii). This completes the
proof. ]

Proof of Theorem 1.1 (1)(ii). Assume either (i) or (ii) in Theorem 1.1 is true. In that case,
by Lemma 4.7, we may apply Theorem 1.10 (1) for any odd character y of G’, so we obtain
one inclusion of the eTN Cl),( . Then by Proposition 4.2 (1), we obtain the eTNC,, . ]

4.3.3. The proof of Theorem 1.1 (iii). The proof of Theorem 1.1 (iii) is not so direct
as the others. We assume the condition (iii), that is, H"" (u,) 7 H. The key idea is
the technique of Wiles [33] on avoiding the trivial zeros. The technique makes use of the
following lemma (in which the field F is not concerned).

Lemma 4.8 ([17, Proposition 4.1]). Assume that H>% () 7 H. Then, for any positive
integer n, there are infinitely many prime numbers | satisfying the following conditions.

(1) H/Q is unramified at any prime above 1.
(2) I =1 (mod p").
(3) No prime of H™ above [ splits in H.

(4) The prime p is inert in the extension E;/Q, where E; is the subfield of Q(u;)
such that [E; : Q] = p™.

Proof. For the readers’ convenience, let us explain the key ideas. We consider the exten-
sion H(pupn, pl/P)/H°1’+(/Lpn), which is cyclic of order 2 p, thanks to the assumption
H (1) 7 H. By Chebotarev’s density theorem, we find infinitely many prime ideals
L of HF (upn) whose degrees are one and that are inert in the extension. Then the prime
number / lying below £ satisfies the conditions. Shortly speaking, (1) is easy, being totally
split in H"F (u,n)/Q ensures (2), and being inert in H (upn)/H T (ppn) (resp. in
HH (ppn, pV/P)/HY (jupn)) ensures (3) (resp. (4)). n
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In order to show Theorem 1.1 (iii), we may and do assume that (i) fails, that is, all
p-adic primes of F are wildly ramified in H. Let ¥ and X’ be finite sets of places of F
satisfying (H1), (H2), (H3'),,, and (H4),. Also we may assume that X D S, (F).

We write 1y g7, hy, H. GS,H, and Qg’H for I, hy, 922,, and Qg’ in order to clarify the
relevant field (the base field Fis always,unchanged). Take an integer r > 0 such that

r

_r
[Hw . Qp] ©

for any p-adic prime w of H. Since 95/ y 1s anon-zero-divisor in Z,[G]™, we can take a
positive integer n > r such that

Z, (4.4)

P e (05 ) (4.5)

holds in Z,[G]~. For this n, we take a prime number / such that (1)—(4) in Lemma 4.8
hold. We moreover require that S; N (X7 U X’) = @, where S; = S;(F) denotes the set
of [-adic primes of F'. We write H; = HE; and F; = FE;. Note that H N F; = F since
each prime above [ is totally ramified in Fj/ F and is unramified in H/ F. This shows that
we have

Gal(H;/ F;) x Gal(H;/H) = Gal(H;/ F).

Lemma 4.9 ([33, Lemma 10.2]). Let W be a character of Gal(H;/ F) whose restriction
to Gal(H;/H) has order > p". Then we have Y (v) # 1 for any v € S, (F).

Proof. We may assume that v is unramified at v, since otherwise ¥ (v) = 0. We can de-

compose ¥ = Y15, where 1 (resp. V) is a character of Gal(F;/ F) (resp. Gal(H/ F)).

Note that, by (4) in Lemma 4.8, we have

pn

ord (Froby, (F;/F)) > ———
(Frobs )2 a,

for each v € S,(F), where [F, : Qp], denotes the largest p-power dividing [F, : Qp].

Then, by combining with the assumption, 1 (v) is a p-power root of unity with

r

)4

ord (1 (v)) > [Fo: Qplp

On the other hand, we have

ord (Wz(v)) | [Hw : Fv]v

where w is a prime of H lying above v. If ¢ (v) = 1, we must have ord(y;(v)) =
ord(y2(v)), so the above formulas imply
pr
[Hy : Fylp > ———,
v o [Fy: Qplp
where the left-hand side is defined similarly. This contradicts the choice of r in (4.4), so
the lemma follows. ]
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We define v € Z,[Gal(H;/F)] as the norm element of Gal(H;/H )P". Concretely, if
7 is a generator of Gal(H;/H ), we put

pnfr_l

v= > 177 € Z,[Gal(H/F)).
j=0

Note that the condition on ¥ in Lemma 4.9 is equivalent to that ¥ (v) = 0.
As an intermediate to the final goal, we prove the following.

Claim 4.10. We have

Fittz, (ca,/ F)- (r25.3) C (05 50 v)”

Proof. For an integer m > 0, let H; , be the m-th layer of the cyclotomic Z,-extension
of H;. We take an integer m > 0 such that

#lp.H, ,,/H, 'US;
— 4.6
#Gal(H;/F) (05.1,") (4.6)
holds in Z,[Gal(H;/ F)]~, where we write
IPaHl,m/Hl = Z ID,Hz,m/Hl C Gal(Hy,m/Hi)
peS, (F)

for the sum of the inertia subgroups. Then, by Theorem 1.10 (2), we have

. z'Us z'Us -
Fittz, G, /P~ (025,1,,) € Oy 0 Vity i) - @7

Let

7 Qp|Gal(Hym/F)| — Qp[Gal(H;/F)]
be the natural map. Note that ”(‘)Ip,H, /Hz) = p® if we put p* = #lp g, ,/u,- Then
by (3.2) and Proposition 3.2, we can deduce from (4.7) that

! ! h -
: $'US U v.H
Fittz, (cacm /)1~ (p25,m,") C (92,11,’, I1 n(h—’) : p“) . (48
veS,(F) "\ v Him

In the product, v only has to run over the p-adic primes, since iy, g7, = 7 (hy, Hl,m) for
v & S,(F), for H; ,,/H) is unramified at v.
For a character v of Gal(H;/F) and v € S,(F), by the definition of /4, in (1.3), we

have
( hv,Hl ) _ 1- W(U)_l + #1y i,
7(hv,m,,) L=y )~ +#Iy
if ¥ is unramified at v, and otherwise the left-hand side is 1. Recall that we assume —(i),
so the orders of the inertia groups on the right-hand side are divisible by p. Therefore, as
long as ¥ (v) # 1, we have an integrality

ho, a1,
w(—H) € Z,[Im(y)].

T[(hv,Hlym)
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In particular, by Lemma 4.9, this integrality holds if ¥ (v) = 0. Therefore, we have

hU,Hl

R [Gal(H,/ F)] + Q,[Gal(H,;/ F)]v.

#Gal(H/F)- | ]

vES,(F)

This, together with (4.6), shows

Iy - / _
p“-( ]_[ —H’) e(eg,z;g’)—i-(@p[Gal(H,/F)] V.

veS, (F) 7 (hv.m,,)
Then (4.8) implies
. 'US, UUAY —
Fittz, a1~ (r23.01,) € (05.01,") + Qp[Gal(Hi/F)] v.

Note that both the left-hand side and (92E /Zf’ ) are contained in Z,[Gal(H;/F)]~, and that
we also have

Qp[Gal(H;/F)|v N Zp|Gal(H;/F)| = Z,|Gal(H;/F)]v.
Therefore, the claim follows. ]

Using Claim 4.10, we finish the proof of Theorem 1.1, assuming (iii) and —(i). From
now on, 7 denotes the natural map

7 1 Zp|Gal(H;/F)| — Zp[G].

Note that r(v) = p™~". Then, using (3.2) and Proposition 3.2, we deduce from Claim 4.10
that
. E/ S ’ _ —
Fittz, (61~ (»25.0") C (05 5" P" ). (4.9)
Here, we used the fact that any finite prime v ¢ S; (in particular any v € X¢) is unramified
in H;/H . On the other hand, by (3.1) and Proposition 3.1 (2), we have

Fittz, (61- (25 30') = [ | (1 = N(v)¢;")” -Fittz, 61- (2% )

ves;

and the corresponding formula for the Stickelberger elements. By the conditions (2) and
(3) in Lemma 4.8, we know that HvESl(l — N()p, 1)~ is a unit in Z,[G]~. There-
fore, (4.9) implies that

Fittz, (61 (o3 1) C (05 1 P" )"

By (4.5), the right-hand side equals to (Gg/ 7)- Therefore, by applying Proposition 4.2 (1),
we obtain the €TNC,, as desired. This completes the proof of Theorem 1.1 under (iii)
(and —(1)).
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4.4. Other formulations of the eTNC

In this subsection, we prove that our formulation of the eTNC™ (Conjecture 1.5) is equi-
valent to a more standard one formulated by Burns, Kurihara, and Sano [7, Conjecture
3.1]. We first review the statement.

Let H/F be a finite abelian CM-extension and write G = Gal(H/F). Let ¥ and ¥’
be finite sets of places of F satisfying the conditions (H1), (H2), (H3), and (H4"), where

H4*) £ D Sum(H/F).

Clearly (H4’) is stronger than (H4).

We introduce a variant of the homomorphism (2.20) whose cokernel is Qg/. Take an
auxiliary finite set S’ and vo € S’ as in Section 2.5. For each finite prime w of H, we
consider the map

gw : Wy — Z[Gy] 4.10)
which sends (x, y) to x (here we identify W,, with the right-hand side of the isomorphism
in Proposition 2.5). For each v € Xy, we write gy = @yjv8w : Wo — @ww Z|Gy] ~
Z[G]. Note that the last isomorphism depends the choice of a prime of H above v. Using
this, we consider a homomorphism

g P wi—> P zler
veS:\{vo} veS;\{vo}
which is defined as g, at the components for Xs and as ¢, at the components v €

SJL \ (27 U{ve}), where t; = (Pyytw)” is defined in Proposition 2.6. We define a homo-
morphism wgl : Ker(6y)™ — @ves}\{vo} Z|G]~ as the composite map

Ker(ly)" > @ wy > @ z6r @.11)

veSt\{vo} veS;\{vo}

where the first map is the middle arrow in the sequence (2.19) with the identification as in
Lemma 2.12.

Here, let us observe that Ker(fy )~ is a projective Z[G]™-module of constant rank
#S } — 1. By Definition 2.14, we have a short exact sequence

0—Ker(fy)” > @ Z[GI” > Qf —o0.
veS;\{vo}

Since we are assuming the hypotheses (H1), (H2), (H3) and (H4’), Proposition 1.4 implies
that the projective dimension of Q%/ is at most one, so Ker(y ) is a projective module
over Z[G]™. Moreover, since Q7 is a finite module, the rank of Ker(0y )y, is #S ]/, — 1, as
claimed.

We consider a complex of Z[G]~-modules

5 _vf _
cf = (Ker(HV) = P zi6) )
ves)\(vo}
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where the first term Ker(6y )~ is placed in degree zero. Since Ker(6y )~ is a projective
Z|G]~-module as observed above, C EZ/ is a perfect complex of Z[G]~-modules.
The cohomology groups of C EE, are described as follows. We put

(9;1’2, ={x € H* | ordy(x) =0,Yw ¢ Ty and x = 1 (mod w), Vw € S} }.

Put Xgx = Ker(@wezH 7 — 7). Let Vg/(H) be the transpose Selmer module (see
[13, Definition A.2]). Then by [13, Appendix A.1, (148)], we have an exact sequence

0—Cly g — VE(H) - X5 — 0. (4.12)

Proposition 4.11 ([13, Appendix A.1]). We have an exact sequence
x, X\~ — l/fg/ — >/ —
0 (0f%) —Ker(y)” — P Z[G]” - V5 (H)” —0.
veS:\{vo}

In other words, we have isomorphisms HO(C,?) ~ ((9;1’22/)7 and HI(C%:,) o~ Vg(H)f.

Now we introduce relevant L-values and Stickelberger elements. For any C-valued
character ¥ of G, the “X-depleted, X’-smoothed” L-function is defined by

LEWs) = L) ] (1 ‘”(”))-H(l—w)N(v)l‘S).

o K
veXyr,vify N(U) vex’

We define the Stickelberger element @g/(H /F) by

OF (H/F) =) L¥ (™", 0)ey € Q[G]",
v

where v runs over the odd characters of G. Alternatively, we have

oFH/F) =[] (1 _ U w—l)‘.wﬁ’.

#1770
UGEf

Since we are assuming (H1), (H2), (H3), and (H4’), by the work of Deligne and Ribet [15]
or Cassou-Nogues [9], we know G)g/(H/F) € Z|G]™.

We put ry.» = ords—g Lg(l,/f, s). Consider the leading term of Lg/(l/f, s)ats =0
defined by

: . LE(Y.5)
LE (y.0)* = slBR) i’T

Then we consider the leading term of the equivariant L-function at s = 0 defined by

OF*(H/F) =Y LEW™".0)y € C[G]",
v

where 1 runs over the odd characters of G. This element is a non-zero-divisor.
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Using these ingredients, we introduce the zeta element. Let detz[g]- (C EE,) denote the
determinant module of the complex C g’. Then we have isomorphisms

98« detzir- (CF) ® C ~ detcg)- (CF ® C)
~ detcior- ((057%)” ® C) ® detglgy- (X5 ® C)
~ C[G]™,

where the second isomorphism comes from Proposition 4.11 and (4.12), and the last iso-
morphism is induced by the minus component of Dirichlet’s regulator isomorphism

(053) ®C~XF5®C

which sends x~ € ((9;}% )" 0 (=X ypes,, log|x|ww)™. Here, | — [, denotes the normal-
ized w-adic absolute value.
Using this, we define the minus component of the zeta element z; I8 by

ZITI/F,E,):’ = ﬂg:i;l(@g,’*(H/F)) € detz[g]- (Cg/) ® C.

Then the more standard statement of the minus component of the eTNC is the fol-
lowing.

Conjecture 4.12 (cf. [7, Conjecture 3.1]). We have

detZ[G]* (Cg/) == Z;I/F,E,Z/Z[G]_'

In other words, the zeta element THIF S is a Z|G) ™ -basis of the determinant module
detzG]- (Cg ).

Remark 4.13. Let us explain advantages of Conjecture 1.5 among various formulations
of the eTNC™.

One advantage is that we only have to work rationally; the L-values involved in Con-
jecture 1.5 are known to be rational, thanks to the Siegel-Klingen theorem. This is in
contrast to Conjecture 4.12. Indeed, in general the derivatives of the L-functions involve
the (transcendental) Dirichlet regulators by the analytic class number formula. Note that
this advantage is naturally related to the fact that our GEE, is always a non-zero-divisor as
mentioned in Section 1.3.

Another advantage of Conjecture 1.5 is that it is suitable to apply the strategy of [13].
This is also explained in Section 1.3. For instance, we will recall another form of the
eTNC™ as Conjecture 4.15 below, but that seems too complicated to apply the strategy
of [13].

Finally, let us mention again that in [1] the authors succeeded in computing the Fitting
ideal of the class groups Clg’_ by using the formulation of Conjecture 1.5. This also
shows the usefulness of Conjecture 1.5.
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In the rest of this section, we show the following.
Theorem 4.14. Conjecture 4.12 is equivalent to Conjecture 1.5.

For the proof, it is convenient to make use of another formulation proposed by Kuri-
hara [24], which we now review.

We write Ker(0y)g, 1/f§/ gy and Wy, g for Ker(6y), wg/ and W, in order to clarify
the field concerned. We also put , Ker(0y)y = Z, ®z Ker(y)};. As observed before,
Ker(fy )y is a projective module over Z[G]™ of constant rank #S } — 1. It follows that
p Ker(8y ) is a free Z,[G]™-module of rank #S} — 1 as Z,[G]™ is a product of local
rings.

Then, for each intermediate CM-field K of H/F, we have

Yk K@)y — @ Z,[Gal(K/F)]".

veS:\{vo}

By [13, Lemma B.1], we have a canonical homomorphism
resg, m/k - Ker(8y)g — Ker(0y )k

which induces an isomorphism (Ker(0v ) g )ca(r/x) = Ker(0y)k.
Putr = #S]’, — 1. We fix a basis {b; g }1<i<r Of @ves}\{uo} Z|G]~. For instance, we
may take the standard basis. For each intermediate CM-field K of H/F, we write

wH/k  L[G] — Z[Gal(K/F)]

for the natural restriction map. By abuse of notation, we also write 7y, k for the induced

homomorphism
P zier - P z[Ga(k/F)] .
veS,\{vo} veS;\{vo}

Then we put b; x = gk (bi i) forany 1 <i <r,so{b; k}1<i<r is a basis of the module
@ues;\{uo} Z[Gal(K/F)]".

Conjecture 4.15 ([24, Conjecture 3.4]). For any odd prime p, there is a basis {e; p }1<i<r
of p Ker(Oy)y as a Z,[G]™-module satisfying the following property. For an intermedi-
ate CM-field K of H/F, we put e; x = resg, u/k(eig) for all 1 <i <r. Note that
{ei,k h1<i<r is a basis of p Ker(Oy)x as a Z,[Gal(K/F)|™-module. Then, for any inter-
mediate CM-field K of H/ F and any subset T of . satisfying £ O Seo(F) U Seam (K / F),
we have

det (1//? ) = ©Z (K/F).

where det(l/fz ) is the determinant of wz with respect to the bases {e; x}1<i<r Of
» Ker(6y) ¢ and {bi.k1<i<r OfEBves/ \{vo} Zp[Gal(K/F)]_

We have the following.
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Proposition 4.16 ([24, Proposition 3.5]). Conjecture 4.15 is equivalent to Conjecture
4.12.

Thanks to this proposition, in order to prove Theorem 4.14, it is enough to show the
equivalence between Conjectures 1.5 and 4.15.

Recall that in Definition 2.14, Qg is defined as the cokernel of the injective homo-
morphism (2.20). We write

¢>§I : Ker(fy)™ — @ Z|G]™

veS\{vo}

for the homomorphism (2.20).
We show a lemma that is necessary for proving the equivalence.

Lemma 4.17. The following are true.
(1) The following is commutative.

>/
¢s

Ker(0y)" ® Q —— @ves}\{vo} Q[G]™

T |

@ves;\{vo} Q[G]™.

Here, the vertical arrow is defined as the identity at the components for v ¢ Xy and as
x(1— ;ITZ(pv_l)h;l at the components v € Xy (recall that hy is defined in (1.3)).

(2) Let T be a subset of ¥ such that £ D Seo(F) U Seam(H/ F). Then the following
is commutative.

s/
&

Ker(fy)” @ Q —— @UGS]’,\{UO} Q6™

T |

@ves;\{vo) QlG]™.

Here, the vertical arrow is defined as the identity at the components for v ¢ ¥ \ = and as
xhy, ! at the components v € T \ T

(3) In order to clarify the field, we write ¢§H and hy g for ¢))_:‘j, and hy. Then, for an
intermediate CM-field K of H/ F, the fallowiné is commutative.

>/

255 -
Ker(@v)[, ®Q # @UES}\{UO} Q[6]

resgV ,H/K
>/

o5 —
Ker(fy)pg ® Q —— @ues}\{uo} Q[Gal(K/F)] .



M. Atsuta and T. Kataoka 472

Here, the right vertical arrow is defined as the natural restriction map wygk at the com-
ponents for v ¢ Xy and as the minus component of the composite map

TH/K xhy g g (hy, i)
Q[6] =5 Q[Gal(K/F)] ! Q[Gal(K/F)]

at the components v € Xy.

Proof. (1)(2) Let v be any finite prime of F. For any finite prime w of H above v, by
Proposition 2.5, Wy, ® Q is a free Q[Gy ]-module of rank 1 and (1 — ;IT’;(pv_l, 1) is a basis
of Wy, ® Q. By the definitions of ty,, fi, gw (see Proposition 2.6 (1), (2), and (4.10),

respectively), we have
UIU a ))
1——= 1)) =1,
lw (( 1, Py

(1 it )) =

VI, 1 )) _ VI, 1
l——¢, ., 1)) =1—- ¢, .
gw(( #]v(pv #Iv(pv

Therefore, the following are commutative.

W ® Q —22 Q[Gu] W ® Q —22 Q[Gu]
k lX(l—i’fé%l)hv‘ x lxh?
QIGu). QG-

These diagrams imply the claims (1) and (2), respectively.
(3) By a similar proof as [13, Lemma B.2], we obtain a commutative diagram

Ker(Oy)y —— @veS}\{vo} Wou

reSeV!H/Kl l

Ker(Oy )y — @ves/’.\{vo} Wy k-

Here, the two horizontal arrows are the first map in (4.11) and the right vertical arrow is
the natural restriction map. For any finite prime v of F, the natural map W, g ® Q —
Wy.k ® Q sends the basis (1 — :ZZ oy 1 1) of W, g ® Q to the basis (1 — ;Z’; @, 1 1) of
Wk ® Q. Therefore, the above formula on f,, implies that the following is commutative.

Won ®Q —"— Q[G]
J l(Xhu,K'ﬂH/K(hv,H)_l)°7TH/K
Wk ® Q%5 Q[Gal(K/F)].
where f, g and f, k are defined as in Definition 2.13. From these diagrams, claim (3)
follows. ]
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Now we are ready to prove Theorem 4.14.

Proof of Theorem 4.14. By Proposition 4.16, it is enough to show the equivalence be-
tween Conjectures 1.5 and 4.15. Firstly, we prove that Conjecture 1.5 implies Conjec-
ture 4.15. Assume that Conjecture 1.5 holds. We fix an odd prime number p. Since Qg is
the cokernel of ¢§l = ¢§:H and , Ker(fy)y, is a free Z,[G]~-module of rank r, by the
validity of Conjecture 1.5, there exists a basis {e;, u }1<i<, of  Ker(fy)y such that

det (¢§/H) =0 = 9§:H
with respect to the basis {e; g }1<i<, and the fixed basis {b; g }1<i<r Of
D zlor
veSi\{vo}

For an intermediate CM-field K of H/F, we define e; x = resg, m/k(e; ) forall 1 <
i < r. For any subset ¥ of ¥ such that ¥ D Seo(F) U S;am(K/F), by Lemma 4.17 (1),
(2), and (3), respectively, we obtain the first, second, and third equalities of

det (w)—::K) = 1_[ |:(1 — 4:11:1; ‘Pt),}{) .(hU,K)1:| - det (¢§K)

vEX,
U[v’ _ - _ = - \— !
vel, > veZ\E
V[v! _ - _ _ —
I I D (R |
inf v.K vEX, vEX,
X JTH/K( 1_[ (h;,H)71 - det (¢§IH))
UEEf
VIU,K — B b
= ]‘_[ (1—#]U,K¢v,}<) ‘ma/k(@0F)
veEf
= OZ(K/F).

Therefore, Conjecture 4.15 holds under the validity of Conjecture 1.5.

Next, we show that Conjecture 4.15 implies Conjecture 1.5. Assume that Conjec-
ture 4.15 holds. We fix an odd prime number p and aim at showing the eTNC,. We
take a basis {e; g }1<i<r of , Ker(0y)y as a Z,[G] -module satisfying the condition in
Conjecture 4.15. Then it is enough to show that we have det(qﬁg: ) = 9%’ as elements
of Q,[G]™, where the determinant is defined with respect to the bases {e; r}1<i<, and
{bi,H bi<i<r-

For any odd character ¥ of G, we writt HY = H*V and Sy = Som(HY /F).
Also for any x € Q,[G]™ or x € Q,[Gal(HY / F)], we write x¥ € Q,(Im ) for the -
component of x. Then, for any odd character ¥ of G, Conjecture 4.15, Lemma 4.17 (1),
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(2), and (3) respectively imply the fourth, third, second, and first equality of

det(q,’)%:H)w = I] hﬁ (]_[ (n? ) - det (¢p2 Hw)‘”)

VEX, VEXy
¥ - ¥
- H hv,H'( H (h V) ' det(¢2¢ av) )
UGE/ vEwa
¥
= 1 mw-det(vg, po)
UEEf
=[] r0y-0%,HY/F)Y
VEX,
=[], LE w0
1_[ v,H Ew(w ’ )
UGE/
- 9;5”‘”,

where det(q&g:H) (resp. det(gbg:Hw), det(¢§;”Hw) and det(l/fg;”Hw)) is defined with re-
spect to the bases {e; g }1<i<r and {b; g }1<i<r (resp. {e; gv}1<i<r and {b; gv f1<i<r)-
Therefore, we have det(¢>§: ) = 9;::/ as desired. This completes the proof of Theorem
4.14. [

5. Modifications of the Eisenstein series

The rest of this paper is devoted to the proof of Theorem 1.10. In this section, we introduce
group ring valued Eisenstein series that are suitable for our purpose.

In Section 5.1, we briefly introduce notation on Hilbert modular forms. In Section 5.2,
we introduce the most basic Eisenstein series, and then in Section 5.3 and Section 5.4,
we modify them appropriately for our purpose, partly following an idea of Dasgupta and
Kakde [13]. Finally in Section 5.5, we compute the Hecke actions on the modified Eisen-
stein series.

In this section, let F be a fixed totally real field. We put d = [F : Q]. In general,
for a property P (e.g. the property k = 1 for a given integer k), we define §p = 1 if P
is true and §p = 0 otherwise. This notation is introduced to avoid lengthy case-by-case
argument.

5.1. Notation on Hilbert modular forms

We briefly introduce Hilbert modular forms. In this section we completely follow the
notation of [13, Section 7.2], so the readers are advised to refer to it for more details.

For each element A € CIT(F) of the narrow class group of F, we implicitly fix a
fractional ideal t that represents A. Let ut be an ideal of F (by this we implicitly mean
that nt is a nonzero integral ideal) and k > 1 an integer.
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We write M} (1) for the space of C-valued Hilbert modular forms of (parallel) weight
k and of level n. For each f € Mj(un), we have the normalized Fourier coefficients
c(a, f) € C for ideals a of F, and c3(0, f) € C for A € CIT(F). These coefficients
characterize the form f, so we have an injective C-linear homomorphism

M) —J]Ccx]]c
A a

that sends f to ((c5 (0, )4, (c(a, f))a)- This map is called the Fourier expansion.
We have the set of cusps of level n, denoted by cusps(1t). An element of cusps(n) is
written as the class [#] of a pair

A= (4, 1),

where A € CIT(F) and 4 € GL;r (F) (the subgroup of GL,(F) whose elements have
totally positive determinants). For such a pair + and for f € My (n), we write c4(0, )
for the constant term of the normalized Fourier coefficients.

A cuspform (of the same weight and level) is defined as a form f € My (1) such that
¢c4(0, f) = 0 for any pair 4. The subspace of cuspforms is denoted by S (1) C My (n).

Given a pair A = (4, A), following [13, Section 7.2.5], we define a fractional ideal
b,A, of Of by

ba = (a) + (c)(t2dF) ™"
Here, A = (g I) and D denotes the different of F. Then we define an integral ideal c 4
of Of by
A = (O)(tabrba)™".

This ideal ¢4 depends only on the cusp [+]. For an ideal b | n, we define
Coo(b,n) = {[A] € cusps(n) : b | C,A,}

and
Co(b,n) = {[A] € cusps(n) : ged(b, c4) = 1}.

We also write Coo(11) = Coo (11, 11).

We have the diamond operator S(a) on My (1) and Si(n) for each element a €
CIIT (F) of the narrow ray class group of F of conductor nn. We refer to [12, Section 2.5]
for the definition of diamond operators. For each C-valued character ¥ of Clj{ (F) which
is totally odd (resp. totally even) if k is odd (resp. k is even), we put

Mi(n, ) = {f € Me() | S(a) f = ¥ (a) f. Ya € Cl7 (F)}

and Sg (11, ¥) = My (un, ) N Sk (n). Then we have the direct sum decompositions

M) = D Mi(.v),  Sp(w) = @ Sk, ¥).
14 ¥

We write My (1, Z) C My (n) for the Z-submodule of forms f such that c(a, f) € Z
and ¢ (0, /) € Z holds for all a and A. Then, for a ring R, we define the R-module of
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Hilbert modular forms with coefficients in R by My (n, R) = My (n,Z) ®z R. When a
character ¥ : Cl;‘ (F) — R*is given, we define

Mp(n, R, y) = {f € Mk(w. R) | S(a) f = y(a) /. Va € CI7 (F)}.

We define S (11, R) and Sk (u, R, ¥) in a similar way.

In practice, we are interested in a finite abelian CM-extension H/F (with G =
Gal(H/F)) and an odd prime number p. Let us suppose that k is odd and the conductor
fu/F of H/F divides n. Let

¥ CIL(F) = G < Z,[G]* — (Z,[G]7)"
be the tautological character. Then the above construction gives rise to spaces

Sk (0, Z,[G]7, %) C My (0, Z,[G]™, ¥).

In this case, we have an interpretation of the elements of My (1, Z,[G]™, ¥) as families
of forms, as follows (see [13, Lemma 7.2], which comes from a result of Silliman [30,
Corollary 7.28]). The Fourier expansion induces an injective Z,[G]™-homomorphism

My (n.Z,[G]™.¥) < [ [ 2,[G]” x [ z,[G)™.
A a

Then an element ((c3(0)),, (c(a))q) of the target module is in the image of this map if and
only if there exists a family (fy )y € ]_[w My (1, Oy, ) (¥ runs over the odd characters
of G) such that ¥ (c(0)) = cA(0, fy) and ¥ (c(a)) = c(a, fy) hold for any A, a, and .

5.2. The Eisenstein series

In this subsection, we introduce the classical Eisenstein series. See [13, Section 7.3], [12],
or [10, Section 2.2] for more details.

For each character  of F', we write fy, for its conductor. When  is an ideal divisible
by fy., let ¥y denote the character ¥ whose modulus is enlarged to n. This means that
Yn(l) = 0 as long as [ | n. We define the associated L-function by

Y\
L(wn,s>=1'[(1— )
A
. (1—1;//((5)1)“‘/’»&)-

v|n,vify

Recall that we put d = [F : Q].

Definition 5.1. Let k > 1 be an odd integer. Let ¥ be a totally odd character of G . Let
n be an ideal of F which is divisible by fy,. Let i be an ideal of F such that (n, &) = 1.
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Let 1y denote the trivial character whose modulus is enlarged to Ji. Note that in prac-
tice <N is a product of p-adic primes (for a fixed p), and moreover we take & = 1 in most
cases.

Then there exists a modular form Ey (g, 1g) € My (uR, Q(), ¥), called the Eisen-
stein series, whose Fourier coefficients are given by

(@ Eca ) = Y. va(T)NOIT
rla,(r,f)=1

where r runs over the divisors of a with (v, t) = 1, for each a, and
(0. Ex (Y. 1)) = 8a=1 279y " WL W' 1 = k) + Si=1851=12"¢ L(Yx. 0)

for each A. (Recall that §,—1 is 1 if n = 1 and is 0 otherwise, and the other §p’s are defined
similarly. Therefore, we have to consider the first term of the right-hand side only when
n = 1 and in particular f, = 1, s0 ¥ ~!(1) and Y are well-defined. This kind of remark
will be implicit in the remaining manuscript.)

We next incorporate the Eisenstein series to a family. Let H/F be a finite abelian
CM-extension. For an odd integer ¥ > 1 and an ideal n of F divisible by the conductor
fa/F of H/F, we define

Ou(l —k) =) L' 1 —k)ey € Q[Gal(H/F)]",
¥

where ¥ runs over the odd characters of Gal(H/ F).
Let
v =v'F  Gal(H/F) — (2[Gal(H/F)]")"
denote the tautological character which sends o to I%CG (as usual ¢ denotes the complex

conjugation). For a prime [ which is unramified in H/F, we put ¥ (I) = ¥ (¢r). For an
ideal nt of F divisible by fy,F, we also define ¥, in a similar manner.

Definition 5.2. Let H/F be a finite abelian CM-extension. Let kK > 1 be an odd integer.
Let nt be an ideal of F divisible by fg,F. Let R be an ideal of F such that (1, R) = 1.
Then we define the group ring valued Eisenstein series

EFF (o 10) € My (v, Q[Gal(H/F)] ™, ¥)

by requiring that the specialization of E ,fl /F (¥, 1:) at each odd character ¥ of the
Galois group Gal(H/ F) equals to E (¥, ls). Explicitly, the form is constructed as

a _
c(a, E]?/F(wn’ ISR)) — Z ‘/’n(—)N(T)k 1
rla,(r,R)=1 r
for each a and

2 (0. E{1"F (0 13)) = 80=1 27997 () OR (1 — k) + Sp=18p=12" On(0)*

for each A. Here, {f denotes the involution on group rings that inverts every group element.
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5.3. A modification

In this subsection, we make the first modification of the above group ring valued Eisenstein
series. We essentially follow [13], but we change the exposition to some extent so that we
will be able to make the second modification in the next subsection.

From now on let us fix an odd prime number p. We shall consider a pair (H/F, n) as
follows.

Setting 5.3. Let (H/F, n) be a pair satisfying:

e H/F is afinite abelian CM-extension such that Gal(H/ F)’, the maximal subgroup of
Gal(H/ F) whose order is prime to p, is cyclic.

* uisanideal of F divisible by fg,F.

We suppose:

(*) When we write n = {7 28 with Q = gcd(fl;}Fn, p*°), wehave (8,fg/r) =1
and & is square-free.

Given such a pair (H/F, n) and a faithful odd character y of Gal(H/F)', we will
work over the local ring Z,[Gal(H/ F)]*.

Definition 5.4. Let (H/F,u) be as in Setting 5.3. For an ideal m | ni, we write H™ for the
maximal intermediate field of H/F such that every prime v | mt is unramified in H™/F.
In other words, we have
Gal(H/H™) =Y I, u
v|m
as subgroups of Gal(H/F), where I,, g denotes the inertia group of v in H/F. We also
put
v = [ [ vi,n € Z[Gal(H/F)].

v|m

Then vy, is a multiple of the norm element of Gal(H/H™), so the multiplication by
v induces a well-defined homomorphism

Vi : Zp[Gal(H™/F)] — Z,[Gal(H/F)].

(By abuse of notation, this homomorphism is also denoted by vy, but there is no worry
of confusion.) We will modify the Eisenstein series by using lifts of Eisenstein series for
H™/F for various m | n. If there exists a prime v | m such that I, g is not a p-group,
then we have v, = 0 for each odd faithful character y of Gal(H/F)'.

In general, for an ideal a of F, a Hall divisor of a is defined as a divisor b of a
satisfying gcd(b, a/b) = 1. In this case, we write b|a.

Definition 5.5. Let (H/F,n) be as in Setting 5.3. We write 1, for the Hall divisor of 1t
such that v | 1, if and only if [, g is a p-group.
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Let y be an odd faithful character of Gal(H/F)'. Then we have v} = 0 unless

m | np. If m | 1, holds, the natural restriction map induces an isomorphism Gal(H/ F)’ ~

Gal(H™/F)', so the character y can be regarded as a character of Gal(H™/F)’, and we
have

v ¢ Zp[Gal(H™/ F))* — Z,[Gal(H/F)]". (5.1

The following lemmas are essentially observed in [13, Lemma 8.13].

Lemma5.6. Let (H/F,n) be as in Setting 5.3. Then the ideal 1, / gcd(ny, p™°) is square-
free.

Proof. Let us assume that there exists a prime [ 4 p such that [* | u,. If [ is unramified
in H/F, then (x) implies [? } 1, so we get a contradiction. If [ is ramified in H/F, then
(%) implies

2 < ordg(n) = ord((fa/F),
where ordy denotes the normalized additive [-order. On the other hand, [ | 1, says that
Iy, g is a p-group, so we have ordy(fz,F) < 1. This is a contradiction. |

Lemma 5.7. Let (H/F,n) be as in Setting 5.3. The following are true.
(1) Let H' be an intermediate field of H/F such that H/H' is a p-extension. Then
(H'/F,n) also satisfies the condition of Setting 5.3.
(2) Foreachm | np, the pair (H™/F,n/m) also satisfies the condition of Setting 5.3.
(3) Let  be an odd character of Gal(H/ F) that is faithful on Gal(H/F)'. We write

n=fyQyLy

with ty the conductor of ¥ and Qy = gcd(f;ln, p%°). Then we have (T, Ly) =1
and &y, is square-free.

Proof. (1) We have only to check () for (H'/F, n). Let us write
n= fH//F;D,/S/ (5.2)

with Q' = gcd(f;l}/Fn, p>°). We have to show that £’ is square-free and (£', fz//r) = 1.
Let us assume that there exists a prime [ | £’ such that either [? | £’ or [ is ramified in
H'/F. In the both cases, we have [? | n. Then the condition () for (H/F,n) implies
2| fa/F and ordy (g, F) = ordg(n). Since H/H’ is a p-extension, 2] fu/F implies

ord((fg/r) = ordt(fa//F).

These formulas combined with [ | £ contradict the [-order of the equation (5.2).

(2) By claim (1), (H™/ F, n) satisfies the condition of Setting 5.3, so (H™/F,n/m)
also satisfies it.

(3) Let us consider the intermediate field HY = HXW) of H/F. Note that H/HY
is a p-extension since V is faithful on Gal(H/F)’. Since fy = fgv,F, the claim follows
from claim (1). ]
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We briefly introduce the level raising operator. Let 1t and mt be ideals. Then, for a form
f of level u, there exists a form f|, of level mm whose Fourier coefficients are

{c(a, flw) = Swjac(a/m, £)
20, flm) = cam(0, £).

Now we are ready to modify the Eisenstein series, following [13]. We use a formula
in [13, Proposition 8.14] as the definition, and will observe the equivalence with [13,
Definition 8.2] later.

Definition 5.8. Let (H/F,n) be as in Setting 5.3. Let y be an odd faithful character of
Gal(H/F)'. Let k > 1 be an odd integer. Let St be an ideal of F such that (1, ) = 1.
For each m | n, with (m, p) = 1, we have a modular form

E]fm/F('/’n/m, 1§R)X € Mk(m_lnfﬁ, Qp[Gal(Hm/F)]X’ 1l,)

by Lemma 5.7 (2) and Definition 5.2. Using these forms, the level raising operators,
and (5.1), we define W,/ (¥, 1%)* € My (nR, Q,[Gal(H/F))X, ¥) by

H/F
W (g 190)*
m I—N(U)k m
= X (v e (T ) B a1l )
m|u,,(m,p)=1 v|m v,H

For each odd character ¢ of Gal(H/F) such that y|g = y, we write Wy ({q, lyz) €
My (u3R, Q,(Y), ¥) for the -component of WkH/ F (¥ 4. 1s)X. This is actually independ-
ent from the extension H/F.

Note that the non-constant terms of WkH/ F (¥4, 1;: )X lie in the integral part
Zp|Gal(H/ F)]*.

This is because the non-constant terms of the non-modified Eisenstein series are integral
by the formula in Definition 5.2 and, for v { p, we have

N@)=1 (mod#I, yZp,)

by local class field theory.
The following proposition shows that our definition (when & = 1) coincides with
[13, Definition 8.2].

Proposition 5.9. Let (H/ F,n) be as in Setting 5.3. Let k > 1 be an odd integer. Let  be
an odd character of Gal(H / F) that is faithful on Gal(H/ F)'. We write n = {5, Q4 Ly as
in Lemma 5.7 (3). Then we have

W 1) = Y p)N@)*y () Ex (Y5, 9, Dlm.

m|Ly
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Proof. This is essentially a rephrasing of [13, Proposition 8.14]. For the sake of complete-
ness, we review the core computation.

First we observe that £y, | 11,. For, let [ | n be a prime with [ } n,. Then the inertia
group Iy g/F is not a p-group, so [ | fy since ¥ is faithful on Gal(H/F)'. By Lemma
5.7(3), we then have [ { £,,.

For each mt | 11, with (1, p) = 1, we have ¥/ (vn) = O unless m | £y, and in that case
we have V¥ (vy) = ]_[vlm #1,, . Therefore, we have

Wi ) = Y- (v ([T (1= N0¥)) Ee W Dl )

m|Ly v|lm

We expand this to

Wi, ) = Y- (W) 3 s )N Ee (Voo Dl

m|Ly w'|m
= > (neON@YF Y)Y Y B D).
w'|Ly m” |8y /m

where we write m = m’m”. Then it is enough to show

> v @) Er(Yajmwr Dl = Ex(Yiy0,. 1)

m//|£1ﬁ/m/

for each m' | £y. When m’ = £, this is clear. In general, we can prove it by induction
(we omit the detail). [

By [13, Propositions 8.6 and 8.7], we have the following formula for the constant
terms of Wy (Yy, 1).

Proposition 5.10. Under the same notation as in Proposition 5.9, for a pair A = (A, 1)
with A = (2 %), we have

cA (0, Wi (Y, 1))
= [S[A]eco(f,,,gw,n)% sgn (N(—C))W(CA)2_dL(1//—1, 1—-k)

T35, T oo T v

Py G|y ,[A]€Co(q,1) G|y ,[A]l€Coo(g,m)

+ [ Sk=18ia1eca iy 2y m sen (N@) ¥ @b3)27 L% (v,0)

x 1 -y [ (-vw)

pIQy,[A]€Co(p,n) PRy, [A]€Coo (p,11)

Here, in the products, p and g always denote finite primes of F. We simply write N for the
norm from F to Q, and sgn for the sign of a rational number (see [13, Remark 8.5] for
the convention for sgn(N(x)) in the case x = 0).
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Proof. Note that cg, ¢, B, [, and T in [13] correspond respectively to Ty, fy Ry, Ry, Ly,
and the set of prime divisors of £ in our notation. Then the case where k > 1 directly
follows from [13, Proposition 8.6]. Let us assume k = 1 and use [13, Proposition 8.7].
When fy # 1, we have

Co(fyQy. 1) N Co(fy Ly, 1) =0,

and the proposition directly follows. When fy = 1, the right-hand side of the proposition
is

[m]eco(gw,n)r(vf) sen (N(=0) ¥ (c)24 Ly, 0)

XH(I—%) M -ve) TI (1—N(a))]

»IQy g8y .[A]€Co(g,m) g8y ,[AleCeo(q,m)

+ [arecn ey m sEnN@)Y " @b3)271 L (,0)

x 1 -y [ (-vw)]

P2y ,[A]€Co(p,n) PRy ,[A]€Coo (p,11)

By [13, Remark 8.5], we have

sgn (N(—0))¥(ca) = ¥ (Drtaba)

and
sgn (N(@) ¥y~ (ab!) = ¥ (ba)
(note that the existence of a totally odd character ¥ whose conductor is trivial forces

the degree of F/Q to be even, so we have N(—c) = N(c)). Therefore, the proposition
coincides with the formulas in [13, Proposition 8.7]. [

5.4. A further modification

In this subsection, we make a further modification of WIH/ F(wﬁn, 1)X (we have only to
deal with the case where it = 1 and the weight is 1).
Let (H/F,n) be as in Setting 5.3 and y an odd faithful character of Gal(H/F)’.

Definition 5.11. We put 8 = ged(nt, p*°). We define Hall divisors PByaq and L, of T as
follows. Similarly as in Definition 5.5, we define 3, as the Hall divisor of 8 such that
p | B, if and only if 7, g is a p-group. In other words, we have L, = ged(P, n,). We
define Py,q as the Hall divisor of P such that p | Ppag if and only if Gy, is a p-group. Then
we have

Boaa 1By (1B

Definition 5.12. For each Hall divisor Q||3,,, we have a modular form

W1H&/F Yo D¥ e M; (II/Q, Qp [Gal(HQ/F)]X’ '/’)
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by Lemma 5.7 (2) and Definition 5.8. Using these forms and (5.1), we define
W (0, DX € My (0, Qp[Gal(H/ F)X, )

by
_ 2
W e )= 3" v W (0. DY
2| Bbad

Here, we do not use the level raising operators. This definition is motivated by the relation
between 0)?/ and ®§ obtained in the proof of Proposition 4.1.
For each character ¥ of G with ¥|gr = y, we write

W (Y, 1) € My (0, Qp(), ¥)

for the specialization of WIH/ F (¥4, ). This does depend on the extension H/ F, so we
should not omit the superscript H/ F.

We note that the non-constant terms of WIH/ F (¥4, DX again lie in the integral part
Zp|Gal(H/F)]*.

Using Proposition 5.10, we show the following formulas for the constant terms of
WIH/ F (¥, 1) that involves our Stickelberger element 922/ introduced in (1.4). For any
integral ideal a of F, we write prime(a) for the set of finite primes of F dividing a.

Proposition 5.13. Let  be character of Gal(H/ F) with |g = x. We write
n=fyQyly

as in Lemma 5.7 (3). For a pair A = (A, L) with A = (‘c’ I) such that [A] € Coo (B, 1),
we have

e (0, W (yrg, 1))

= [5<w,p)=15snbad=sn ( [1 #In,H)fSM]eco(m,n) % sgn (N(=0)) ¥ ()2~ Ly, 0)

pIB
% [ (1-v(@) I1 (1- N(q)):|
a|8y ,[A]€Co(q,1) 6|8y ,[A]€Coo(g.1)
1— VIp.H %
- —1yy— ! #oq
¢ [ccamsen @y @ avEh [T v(—222)]
h
PIB/PBoad P

Here, we put ¥ = Soo(F) U prime() and ¥’ = prime(n/P).
Proof. We write I, = I, g. For each Q| PBpaq, we first note that

Moo #lp  (2ed(fy. Q) =1)

Vi) = {0 (ged(fy. ) # 1).
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This implies

T = Y ([1#)WiGa .

B[Boaa,ged(fy,R)=1  p|QA

We shall consider 2| PBpag With ged(fy, 2) = 1. Then we have Q | 2y and n/Q =
) %8./, is the corresponding decomposition. Then by Proposition 5.10, we have a for-
mula for ¢4 (0, Wi (Y5, 1)); it simply replaces all n and 2y in the right-hand side of
Proposition 5.10 by n/Q and 2/, respectively (and we take k = 1). By the assump-
tion [A] € Coo (B, 1), we have

[A] & Co(fy Ry /R, 1/R)

unless gcd(B, Ty Ry /) = 1, which is equivalent to (fy, p) = 1 and Q = Qy = L.
Moreover, for any p | B, we have [A] € Coo(p, 1/Q). Therefore, we obtain

Co (O, 241 (1//11/&’ 1))

= |:8(fw,p)=18Q=$5[A]€Co(f¢,n)% sgn (N(=¢)) ¥ ()27 Ly, 0)

x [T (-vw) I1 (1—N(q))]

6|8y, [A]€Co(q,m) 6|8y ,[A]l€Coo(q,m)

+ [Berecativeym sen (N@)y @2 L .0 x [T (1-vw)].
pIRy/0

Note that 2 = 3 is possible if and only if Ly, = P. Note also that we have

S[AIECo (Fy 2y ) = O[AleCoo(n)

by the assumption [4] € Coo (B, 11). Taking the sum with respect to 2, we then obtain

e (0, W (yrg, 1))

= [5<m,p>=15q3m=33 (TT#15)Starecotivm % sgn (N(=0)) ¥ (c4)27L(y".0)
»IP

« [ (-v@) I (1—N(q>)]

G|Ly.[A]€Co(q.n) G|Ly,[Al€Coo(a,n)

+ [Bparecautm sen (N@)y ™ @b3H27 L% (9,0)

x 3 (]_[#lp) [T « —w(p))].

B[Boaa,(Fy . 2)=1 »p|Q PIRy /2
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By the definition of Q.,, we have Hnlﬂw/&(l =¥ () = [1pp/a(l — ¥ (). Therefore,
the final sum can be computed as

> (IT#») TT 0-vw)

B PBrad,(Fy . R)=1 p|Q PIQy /2
= I1 a-ve- > (IT#n) I (-vw)
PIB/PBoad 2 PBaa,(Fy.R)=1 p|Q2 PBoaa/ 2,04y
=[] -vw)- J] -y +#L)
P|B/PBoad P|Boad, P4y
- _ Ve . f
= 1 v(t-37e)- IT vap.
PIB/PBoad P|PBoad

By the definitions of 922, and X, we have

v %) = L¥ (1.0)- [T w b
pIB

By the choice of X/, we have L' (y,0) = L¥ (, 0). Thus we obtain the proposition. m

5.5. Hecke actions

In this subsection, we gather formulas of the Hecke actions on various Eisenstein series
that we constructed.

We briefly review the general formulas of the Hecke operators Uy and Ty. Let f €
My (un, R, v¥) be a modular form with coefficients in R, of level n, weight k > 1, and
nebentypus v as in Section 5.1. Then for a prime [ } n, the form Ty f € My (un, R, V) is
characterized by

{ c(a, Tef) = e(la, f) + Suay (ONOF et a, f)
a0, Tef) = 1,0, f) + Y (ONOF e (0, £).
For any prime [, the form Uy f € My (Ilcm(u, [), R, V) is characterized by
{c(a, Urf) = cla, f)
(0, Urf) = cr-1,(0, f).

Note that we have the following compatibility between the level raising operators and
Hecke operators: Ur(f|m) = (Urf)|m for [  m and Ty(f|w) = (T1 f)|m for [ } mu.
These can be checked directly by the formulas on Fourier coefficients.

Proposition 5.14. We keep the notation in Definition 5.2.
(1) Foraprimel t uR, we have

TEM (¥ 1m) = (4O + NOF ) ELE (9, 1),
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(2) For any prime |, we have
UERTE (90 15)
= Suya N EXF (o 19) + ¥ OE T (9, 1)
= ¥ OELT W0 10) + Sum NO L ES T (9. 1),

Proof. These formulas are standard. We only compute the non-constant Fourier coeffi-
cients.
(1) We have

(o REF'F (¥4, 190))

c(ta, EFTF (9 190) + 810 ¥ ONQO* e (17 a, EFF (¥4, 1))

-1
DR C UL R AP RGIUESID DR Gy IYCA

r|la,(r,R)=1 r[[~la,(r,R)=1

We decompose the first sum regarding v | a or r  a. In the latter case, we put v = [/ with
v | a. Then

(o REF'F (¥4, 190))

=y Y (DN N0 Y (SN

rla,(r,R)=1 |a,lr fa,((r/,R)=1

FNOFT Y () NeR

r[[~1la,(r,R)=1

The first term is nothing but ¥ (I)c(a, E f /F (¥4, 1)). Moreover, the sum of the second
and the third terms is N([)¥"'¢(a, Ef/F (Vs 1g2)).
(2) We have

(U ET 1) = c(la, EFF (. 1))

- ¥ %(%‘I)N(r)"*l. (53)

rlla,(r,R)=1

We decompose (5.3) regarding [ | r or [ 4 r. In the former case, we write v = 1. Then
H/F
c(a, U[Ek / (Wn, lm))

= Y w(S)VOINEO Y ,,,(‘7“) (0!

|a,((v/,R)=1 rla,(r,R)=1l}r

= Sy N e(a, EFF (9o 190) + ¥ (a, EF'F (W i)
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We next decompose (5.3) regarding v | a or r } a. In the latter case, we write r = [1’.
Then

c(a UES (W 1))
= Y nonCNo Y (5)VOR N

rla,(r,R)=1 v|a,(Iv,R)=1,0r"}a

VaOc(a BT 1) + Sum VO Y (5)Na)R

v|a, (v, R)=1,lta/r
= YoaOc(a, EF W 19)) + Sus NOF e (a, EZF (Wi, 1)

Therefore, we obtain the proposition. ]

Let p be a fixed odd prime number. When R is a finite Z,-algebra, for each p-adic
prime p | n, we define Hida’s ordinary operator eg’d on My (u, R, ) by

. !
e;’dz lim U},

Proposition 5.15. We keep the notation in Definition 5.8.
(1) For a prime I } uR, we have

TWE Y1) = (¥ + NOF YW F (. 1900
(2) For a prime p | p, we have
U WETE (Y 10)% = 8ppe N W (Y 1) + 9o )W EF (W, o)
= VW W0 1) + S NS W (Y 1) %

(3) For a prime p | p with p + R, we have

W (g 1) k=1
W (g 1) = 0 (k>1p|w
WW;(H/F('/%, Lig)* (k> 1,p¢n).

Proof. The claims (1) and (2) follow from Proposition 5.14 (1) and (2), together with the
observation that the Hecke operators commute with the level raising operators. For (2),
note also that the level raising operators are used for m with (m, p) = 1, so we actually
have p } m.

(3) We use the first formula of claim (2). When p | 1, then claim (3) immediately
follows. In the following, we suppose p { 1. By applying the first formula of (2) induct-
ively, with the help of Up W,/ F (¥, 1os)* = w )W T (W, 1p)¥ (again by the first
formula of (2)), we have

U W (g 1)*

nl—1

= N w7 g ap)* + ( > N(n)‘k—“"~/f<p)"’—f)WkH/ T (W L)%,
i=0
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When k = 1, it is easy to see that Z:l:ol ¥ (p)™~ goes to 0 as n — oo, so the claim
follows. When k > 1,

- A - L= (N )"
N (k—1)i n!'—i — n! i
; @Dy (p) AL ey v v
so the claim follows. [

Proposition 5.16. We keep the notation in Definition 5.12.

(1) Foraprime } n, we have
LW e DY = (p 0 + DT (. 2.
(2) Foraprimep | p withp t Bpag, we have
Up W 0 0F = 9 W (s 07+ W (g0, 1)
(3) For any prime p | p, we have
ey Wi G ) = W 1),

Proof. By Definition 5.12, the claims (1), (2) and (3) follow from Proposition 5.15 (1),
(2), and (3), respectively. [

Note that the action of U, on WIH/ F (Y. DX when p | Poaa is complicated. We will
encounter this problem in Section 7.5 (especially in Lemma 7.23).

6. Construction of the cuspform

In this section, using the modified Eisenstein series constructed in the previous section,
we construct a cuspform that plays a crucial role in the proof of Theorem 1.10.

By the propositions in Section 3.1, in order to prove Theorem 1.10, we may assume
that y is faithful on G’ and moreover choose an arbitrary pair (X, ¥’). For clarity, we
describe the situation here.

Setting 6.1. Let H/F be a finite abelian CM-extension. Let p be an odd prime number.
Let G’ denote the maximal subgroup of G = Gal(H/ F) of order prime to p. Let y be an
odd faithful character of G'.

Let T be a finite set of finite primes of F satisfying
s TN(SH(F)U Sum(H/F)) =9.
. (9:1’T is p-torsion-free.
We put

n="fm/F l_[ g

qeT
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Then (H/ F, n) satisfies the condition of Setting 5.3. As in Definition 5.11, we put

B = ged(n, p*°) = ged(fa/r, ™)

and introduce the Hall divisors Pyaa[|B, of B. Then we put
Y = Seo(F) Uprime(P), X' = prime(n/P),

which match the choices in Proposition 5.13. Note that the conditions (H1), (H2), (H3’ )Z,‘,
and (H4)} hold. We simply write

1

0 =051 ez,[G) ",
which is integral by Proposition 4.1, so we have 6% € Z p[G]*. Finally we put
23/ = 1_[ plv S‘B{;ad = 1_[ p/»
vp.p P P |p,p t Boaa

so n¥’ is the minimal ideal divisible by both 1 and all p-adic primes.

Since (H/F, n) satisfies the condition of Setting 5.3, we can use the notation in the
previous section.

Definition 6.2. When Py,q # B, we simply put Xz = 1 € Z,[G]¥ for any odd integer
k > 1. Suppose g = P and recall the field H ® defined in Definition 5.4. For each odd
integer k > 1, we define

_ OHP/F1-k)*
= T OHT/F, o)

€ Q,p[Gal(H*/ F)]".

Here, for each odd integer k > 1, we define

OHY/F.1-k) =Y Ly~ ".1-k)ey € Q[Gal(H*/F)].
¥

where ¥ runs over the odd characters of Gal(H™®/F). By [13, Lemma 8.16], by taking
k =1 (mod (p — 1)p") with N large enough, we have x; € Zp[Gal(Hg‘B/F)]X and
moreover X is a non-zero-divisor. Let us fix a lift X € Z,[G]* of x; which is a non-
zero-divisor.

We introduce the space of ordinary cuspforms. Using Hida’s ordinary operators, we
put
ord __ ord
p = Hev :

»lp
Then we define

Sk (uB. Z,[G1X,9) "™ = e Sk (wB', Z,[GI. ¥).

The following is the goal of this section.
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Theorem 6.3. For large enough N, for each odd integer k > 1 with
k=1 (mod (p—1)p"),

there exists a p-ordinary cuspform F(¥) € Sg(u’, Zp[G1X, ¥)P°" such that

Fe@) = S (o, )% = s mavg W T (o 1)1 (mod (F26%)). (6.1)

Here, the congruence between modular forms means the congruences between all the
Fourier coefficients c(a, —) and ¢, (0, —). The proof of this theorem occupies the rest of
this section.

We make essential use of the following theorems proved by Silliman [30].

Theorem 6.4 (Silliman [30, Theorem 3 = Theorem 10.7], cf. [13, Theorem 8.8]). Let
H/F be a finite abelian CM-extension. Let m > 0 be a positive integer. Then, for large
enough N, for each odd integer k > 1 withk = 1 (mod (p — 1) p™), there exists a mod-
ular form Vi_y € My_1((1),Zp, 1) (the last 1 denotes the trivial character) such that

Vi-1 =1 (mod p™),
which means that
ca(0,Vk—1) =1 (mod p™), c(a,Vk—1) =0 (mod p™)

hold for any A and a.

Theorem 6.5 (Silliman [30, Theorem 10.9], cf. [13, Theorem 8.9]). Let H/F be a finite
abelian CM-extension. Let 1 be an ideal of F that is divisible by T r, and put T =
ged(w, p®). Then, for large enough odd integer k > 1, there exists a modular form

Gr(¥) € Mi(n,Z,[ Gal(H/F)] . ¥)

such that
ca(0.Gr(¥)) = SLaleco @ sgn (N(@)) ¥ " (abl!)
forall A = (A, L) with A = (2 %) such that [A] € Coo (P, 10).

Now we return to Setting 6.1.
Firstly, we show the following lemma on the fraction that appears in the formula of
Proposition 5.13.

Lemma 6.6. For p | B/Bypag, we put

VI, x VI, 0l X
yp=(1- E% 1— #—Ip% +vr, € Frac (Z,[G]¥).

Then yy is a unit of Z,[G]*.
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Proof. Firstly, if I, is not a p-group, then v}(p = 0 and so y, = 1 since y is faithful
on G'. Therefore, we may assume that I, is a p-group. By the assumption p | BB/PBoad.
this implies that p | #/, and that G, /1, is not a p-group.
We can easily compute

x
v,

( - ;;_Z(Pp + UIP)X

yp—1=—

. Vip . . .
Moreover, since the element ﬁ is an idempotent, we obtain

UX
P (1- ¥p + VID)X

By the observations that p | #1,, and that G,/ I, is not a p-group, we know that the denom-
inator (1 — ¢, + vy, )* is a unit of Z,[G]* and that v}p is in the maximal ideal of Z,[G]*.
Therefore, y, — 1 is in the maximal ideal of Z,[G]*, so yy is a unit of Z,[G]X. |

The following proposition corresponds to [13, Proposition 8.11]. We take an integer
mg > 0 such that all the constant terms of WIH/ F (¥, 1)* become integral after multiply-

ing p™o.
Proposition 6.7. Let m > 0 be a positive integer. For large enough N, for each odd integer
k> 1withk =1 (mod (p — 1)pN), we take Vi_; and Gy (¥) as in Theorems 6.4 and
6.5, respectively, but for Vi_1, the integer m in the condition is replaced by m + mg. Let
us define fi(¥) € Mi(n, Qp[G]¥, ¥) by
T H/F —1y,H*/F
S = W @ DWViey = S (i W Wy DY)

=27 I yo-0*Gr(¥)*.
Dl‘B/‘l}bad

Then, for a character ¥ of G with W|gr = y, the specialization fi (V) of fi(¥) satisfies
(0, fi(¥)) =0 (mod p™)

for any A such that [A] € Coo (B, ).

Proof. Firstly, the properties of V;_; and G (¥) show

a0, fe¥)) = (0, W (, 1))

Ly~ 10
- Sﬁbud=ﬂ38(f¢up)=1 ( l_[ #1D> %QA (0, Wi (Y. 1))
pIP ’

=27 ] vO0) ¥(09)8La1ccam sen (N@)y " (abyh)
PIB/Braa
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modulo (p™). Then we can apply Propositions 5.10 and 5.13. An important point is that
the two terms involving ¥ (6*) (the final term of the formula of Proposition 5.13 and the
final term of the above displayed formula) cancel each other. Then the remained terms give

ca(0, fr())

= 8(5y,p)=10PBrua =P ( [1 #Iv)SMleco(w,n) % sgn (N(—¢)) ¥ (ca)2™?L(y~",0)
pIB

x ]I (=v@) [1 (1-N())

G|y ,[4]€Co(q,1) G|y ,[4]€Co0(q,1)
1 1 — N(q)*
* (1 T | N(?q)> )
G|y ,[A]l€Coo(q,1)

By k =1 (mod (p — 1)p"), the last term in the parentheses is p-adically close to 0. Then
the proposition follows. u

Using this proposition, and applying another key theorem of Silliman [30], let us con-

struct a cuspform. Define e%d = Hp\SB egrd and
PB-ord or
Sk (0 Zp[G1X ¥) "7 = e S (n. Z,[G]X. ).

Theorem 6.8. For large enough N, for each odd integer k >1 with k=1 (mod (p—1) p™),
there exists a cuspform Fi,(¥) € S (n, Z,[G]X, ¥)*" such that

= ~ 7 H/F H¥®/F ~

Fe) = T (0 F = Spmpra W7 g 1n)* (mod (5769)).

Proof. Let us take an integer m > 0 such that p” € (#G - Gﬂ)Zp [G]X. Such an m exists
since 0% is a non-zero-divisor of Z p[G]*. We then construct f; (¥) as in Proposition 6.7
associated to this m. By applying Silliman’s work [30, Theorem 10.10] (cf. [13, Theorem
8.15]) to the family f% (), we find a modular form hy (¥) € My (n, Z,[G]*, ¥) such that
the modular form egd( fe(¥) — ﬁ—Gh(w)) is cuspidal:

e () = Fhon ) € S @, 61 )
We have
fe) = E=h)
= T 0 D Vios = Sppmavmiy W (. D

_ "
=270 [T we0*Ge) = L =h(¥)
PIB/Boaa
— _ B
= W (0 DX = Spmprpxg W (g DX

—64 (2 ] ve- G + L—h)
PIB/Boad
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modulo (p™) (we again used the extra congruence of Vj_; obtained from mg). By the
choice of m and Lemma 6.6, the last term multiplied by 6* is integral. Therefore, we have

f,;egd(fk(w - ﬁ—Gh(w>)

~ = H/F —1y H¥/F
= xke‘%rd(Wl / (2 H* — 8§Bbad:§BU§Bxk 1VVk / ('IIH/SB’ 1))()

modulo (X% 0%). Using Propositions 5.15 (3) and 5.16 (3), we then obtain

f;;e;ﬁd(fk(w - j—Gh(w))

_ ~wH/F 1 H¥®/F
=W (W, DX _Sspbad=q3vq3(1_[ = —1)Wk (¢ﬂ/§B’133)X
ol | Nm*1¢ ()

modulo (% 6%). When PBpaq # B (recall X = 1), we simply put
Fy) = f;;e;gd(fk(w - ﬁ—thf)).

When Byrag = P, let us take a lift m) € G of ¥(p) € Gal(H™®/F) for each p | B, and
put

Few) = (TT0- N(p)“r/%)l))ﬁegd(fkm - ;%h(w)).
»IB ?
Since N(p)*~! € (A%) as N is large enough, this form satisfies the condition. |

Proof of Theorem 6.3. We have only to put

Fe@) = ([T (1= N@ v m)™)) e Fe(w)
pIP’

and apply Propositions 5.15 (3) and 5.16 (3). We again use N(p)*~! € (6%) as N is large
enough. This completes the proof of Theorem 6.3. ]

7. The Galois representation and the proof of the main theorem

In this section, using the Galois representation associated to the cuspform that we con-
structed in Section 6, we prove Theorem 1.10. In Section 7.1, we introduce Hecke algeb-
ras, homomorphisms associated to the cuspform, and an Eisenstein ideal. In Section 7.2,
we introduce the associated Galois representation and observe technical properties. In
Section 7.3, we explain the strategy to prove Theorem 1.10. The idea is realized in Sec-
tions 7.4-7.5.

We keep Setting 6.1. We fix k > 1 and F (¢) as in Theorem 6.3. We write X = Xk.
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7.1. Hecke algebras and a homomorphism
We introduce suitable Hecke algebras in a similar manner as in [13, Section 8.5].
Definition 7.1. We define Hecke algebras

T’ ¢ T C Endz, 61 (S (u', Z,[G1%, 9)”),

which are Z,[G]*-algebras, as follows. The smaller algebra T is generated by the Hecke
operators Ty for the finite primes [ + nP3’. The larger algebra T is generated by those
operators and in addition by the Hecke operator U, for all p | p. (We avoid using the
notation T, which in [13] denotes the intermediate ring generated by T’ and by U, for
p | B. In this paper we do not need to make use of this intermediate algebra.)

Let us construct a Z,[G]X/ (¥6%)-algebra W and a homomorphism ¢ : T > W as
follows.

Definition 7.2. Let us consider the Fourier expansion

Sk(nB . Z,[G1X, )" [] Z,1G)*

that sends f to (c(a, f))a. We denote by ¢ the composite of this map and the projection
to [, Zp[G]*/ (¥6%). Then we have a natural homomorphism

T — Endz 1611/ (zet) (C((Fk('/’))qf))’

where (F(y¥))g denotes the T -submodule that is generated by Fy (). We define the
Z,|G]*/(%6*)-algebra W as the image of this homomorphism, and define

Q: T—>w
as the induced (surjective) homomorphism.

Note that we do not claim that the structure morphism Z,[G]*/ (%6%) — W is inject-
ive. This is different from [13, Theorem 8.23]. The corresponding property will be impli-
citly observed in the proof of Theorem 7.14.

Lemma 7.3. For each [ } n’, we have ¢(Ty) = ¥ (1) + N(O*~" as elements of W.

Proof. For each prime [ } ufd’, we have
TiFe(¥) = (¥ (D) + NO ) Fe(¥)

modulo ()?9”). This follows from (6.1) and Propositions 5.15 (1) and 5.16 (1). Since T is
commutative, Tt acts as ¥ ([) + N(0)*~! on c((Fx (¥))7). Then the lemma follows. m
Definition 7.4. We define the Eisenstein ideal /' C T’ as the kernel of the composite map

~ ¢

T — T = W.
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Note that Lemma 7.3 says Ty — (¥ ([) + N()¥=') € I’ for [ } nR’. Therefore, the
structure morphism Z,[G]X — T’/I’ is surjective, which implies that T’/I’ is a local
ring unless we have I’ = T’.

7.2. The Galois representation

We define K as the total ring of fractions of T. As explained in the proof of the following
theorem, K is a finite product of p-adic fields.

Let ecye : GF — Z; be the cyclotomic character. Thanks to the celebrated work of
Hida and Wiles [32, Theorems 1 and 2], we have a Galois representation as follows.

Theorem 7.5. There exists a finite extension E of Qp, and a continuous two-dimensional
Galois representation p of Gr over Kg := E ®q, K satisfying the following.

(a) For each prime | } v, p is unramified at | and we have
char (p(¢r))(X) = X — Ty X + Y (eONOF,

where char(p(0))(X) denotes the characteristic polynomial of p(o) for o € GF.

(b) For each prime p | p, we have an equivalence of representations

plor, ~ (vfnale’éy? ")
Fp O Y’D ’

where 1y, denotes the unramified character G, — T* that sends any lift of the
arithmetic Frobenius to U,,.

Proof. We explain how to deduce this theorem from the work of Hida and Wiles, follow-
ing [13, Sections 8.5 and 9.1]. For a character ¥ of G such that ¥ |g = y, let My, be
the (finite) set of p-ordinary cuspidal new eigenforms of weight k, level dividing n¥3’,
and nebentypus . We also put M = Uw My, For each f € My, let f, be its ordinary
stabilization with respect to all p-adic primes. Then f), is an eigenform with respect to
both Tt for [ 4 nP’ and Uy, for p | p. The eigenvalue for T7 is (I, f,) = c(l, f), and that
for Uy, is the unit root ¢(p, fp) of X2 —c(p, /)X + U (p)N(p)1.

Let us take a finite extension E of Q, that contains all the Fourier coefficients c(a, f,)
forall f € M. Let O be the integer ring of E. Then we have a well-defined Z,-algebra

homomorphism
T — 1_[ 0]

feM

that sends 7t to (c(l, fp))rem for [ } nB’ and U, to (c(p, fp))rem for p | p. Then,
as in [13, Section 8.5], the induced @-algebra homomorphism O ®z, T — erM O is
injective with finite cokernel. Therefore, we have an isomorphism

Ke~ [] E (7.1)

as E-algebras.
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For each f € My, by [32, Theorems 1 and 2], there exists a continuous two-dimen-
sional Galois representation ps of G over E satisfying the following.

(a)r py is unramified outside n¥B” and, for each [  n’, we have

char (p(¢))(X) = X2 —c(l, /)X + Yy (ONOF .

(b)r For each prime p | p, we have an equivalence of representations

gLkt x
/O|GF,D ~ pse ’
0 o, f
where 7, s denotes the unramified character Gg, — E™ that sends any lift of

the arithmetic Frobenius to c(p, fp).

Then, by the isomorphism (7.1), the tuple (pr)sem can be regarded as a continuous
two-dimensional representation p of Gr over Kg satisfying the desired properties (a)
and (b). ]

Note that it is indeed possible to show that the representation p can be defined over K
instead of K g. However, we omit the proof and will work over Kg.
We investigate this Galois representation p.

Lemma 7.6. For any 6 € G, we have char(p(0))(X) € T'[X] and

char (p(0))(X) = (X — ¥ (0))(X — 8{;;1(0)) (mod 1').

Proof. The claims holds for 0 = ¢y for any [ } u¥3’ by the condition (a) and Lemma 7.3.
Then the general case follows from Chebotarev’s density theorem. ]

From now on, let us fix an element t € G which is a lift of the complex conjugation
¢ € Gal(H/F) such that, for any f € M and any p | p, the one-dimensional subspace of
pr which is stable under G F,, is not stable by 7. We can check the existence of such 7 in
the same way as [13, Proposition 9.3]. Then, following [13, Sections 9.1-9.2], we take a
basis of the representation p as follows.

Lemma 7.7. There exists a basis of p over Kg such that the presentation matrix of T is

of the form
(A1 O
p(‘[) - (0 /'\'2)
for some A1, Ay € T’ such that

M =@, A =¥(r) (mod I).

Proof. Since ¥ (1) € Z,[G]X is the image of the complex conjugation ¢, we actually have
¥ (tr) = —1. This implies that ¥ () and 8’5};1 (7) are not congruent to each other modulo
the Jacobson radical of T’. By Lemma 7.6, applying Hensel’s lemma, we then have two
roots A1, Ao € T’ of char(p(r))(X) with the described congruences. The existence of an
appropriate basis follows from basic linear algebra. ]
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Let us fix a basis of p over Kg as in Lemma 7.7. For any 0 € GF, we write

__[alo) b(o)
p(o) = (C(o) d(0)> € GL2(Kg).

By the property (b) in Theorem 7.5, for each p | p, there exists a matrix

AP BP
M, = € GL,(Kg)
CP DD

such that, for any o € GF,, we have
—1gk—1
p(o)My = M, [P o . (72)
0 Mp

There is a conflict between this element A, and the module defined in (1.1), however there
is no fear of confusion. By the choice of 7, we have 4,, C, € K. We put

Qp = Ap/Cp € KE.
For later use, let us observe some properties of a(c), b(0), and d (o).

Lemma 7.8. The following hold.

(1) Forany o € Gf, we have

a(o) = Y 0), d(o)=¢(0) (mod I').

oy
(2) Foreachyp | p and o € GF,, we have
b(o) = (¥, k' (0) —a(0)) Qy.
(3) Foreachyp | p and o € GF,, we have
¥(0) el K (0)b(0) = (np(0) ' = ¥(0) ) Qp  (mod Op1").
Proof. (1) By Lemma 7.6, we have
a(0) +d(0) = ¥(0) + s (0) (mod I').
By replacing o by o7, we obtain
a(0)A1 + d(0)Ay = ¥ (0)Aa + e (0)A1  (mod I').

Since A1 — A, is a unit of T, by solving these equations, we obtain the claim.
(2) This follows immediately from (7.2).
(3) This follows immediately from the claims (1) and (2). ]
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7.3. The strategy

In this subsection, we deduce Theorem 1.10 from two theorems that will be proved in the
subsequent subsections.

We first define submodules By, B, B’, and B” of K. The definitions of the first three
are directly inspired by the corresponding objects in [13, Sections 9.3-9.4]. On the other
hand, introducing the module B” is a novel part of this paper.

Recall that Ppag, PBi,4. and P’ are introduced in Setting 6.1.

Definition 7.9. We define T’-submodules B’ C By C B of Kg by
By = (b(0) :0 € GF),.
B =By + (Qp: 9| Praa)1,

B = (b(a) 10 € U Ipp)T/.
pIP

Before introducing B”, we need a lemma in advance.
Lemma 7.10. For each p | Luag, we have
U, '0p € B.
Proof. Leto € GF, be alift of the Frobenius. Then Lemma 7.8 (3) implies
¥(0) el K (0)b(0) = (U —¥(0)7")Qp  (mod Qp1").

Then the lemma follows since the left-hand side is in By C B, we have Q1" C 0, T’ C B,
and ¥ (0)~1Q, € B. |

Definition 7.11. We define a T'-submodule B” of K g by

B" = ((1=vr,¥(ep)™' = Uy ") Qp : p | Braa) -

By Lemma 7.10, we have B” C B. The necessity of this module B” will become clear in
Lemma 7.18.

Definition 7.12. We define T’-modules B, and B; by
B, =B/(I'B+6*B+ B+ B"),
B, = B/(I'B+6*B + By + B").
We also define a T’-module By C B, as the image of Bo.

By the definitions, we have a natural exact sequence of T’-modules

0— By — B, — B; — 0. (7.3)
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Note that, since B_IJ is annihilated by I’, this is a sequence of T’/I’-modules. Moreover,
T’/1'is a Z,[G]*-algebra whose structure morphism Z,[G]¥ — T'/I’ is surjective (see
the text after Definition 7.4). For these reasons, we regard (7.3) as a sequence over Z,[G]*.
Recall that ¥ and ¥’ are chosen as in Setting 6.1. Now our goal, Theorem 1.10, follows
from the following two theorems whose proof is given in the subsequent subsections.

Theorem 7.13. There exist surjective homomorphisms o, B, and y which fit in a commut-
ative diagram

E/’X—l E',X71 X71
0——Clg* —— Q5" —— @ey, 4F —0

£ T

0 B—O# —# B—I# 0

over Zp[G]X_l, where the upper sequence is the y ™!

the twist of (7.3).

-component of (1.2) and the lower is

Theorem 7.14. Recall that I, = }_ 5, () Ip C G. Then we have

Fittz, (612 (Bp) C (6%, 8py =1 v7,)
as ideals of Z,|G1*.

Let us deduce Theorem 1.10 (for y~! instead of y) from these two theorems. By

Theorems 7.13 and 7.14, we have the first and the last inclusions of

E/,X—l 1

. >,y ! . -4 . — -
Fitty (g1 (Qs*)c Fitty (g1 (B, = FlttZP[G]x(Bp)ﬁ c (b5 ’3213{,3(1=1";; )

inZ p[G]Xfl. Recall that, by the definition, ; , = 1 if and only if all the p-adic primes

are ramified in H/F and moreover the decomposition groups are p-groups. Thus the

¥~ !-component of Theorem 1.10 follows.

7.4. The existence of the homomorphisms
In this subsection, we prove Theorem 7.13.

7.4.1. Construction of a. Recall that Gr (resp. Gg) denotes the absolute Galois group
of F (resp. H). We define amapk : G — B_o’i by

k(0) = ¥ ()" 'b(0).
Lemma 7.15. The map k is a cocycle, so we have [k] € H (GF, B_on).
Proof. Leto,o’ € Gg.By p(oo’) = p(0)p(o’), we have
b(oo’) = a(o)b(c’) + b(o)d(c").
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By Lemma 7.8 (1) and £%-1(0) = 1 (mod 6*), we obtain

cyc

b(oo’) = b(0’) + ¥ (0")b(0)
as elements of By. This shows k(00”) = k(o) + ¥~ L(0)k(c”). m
Then we obtain the restriction
KllGy € H'(Gr. Bo')® =Homs (G, Bo').
This cocycle induces the desired homomorphism « as follows.

Proposition 7.16. The restriction [«]|g, € H'(Gn, B_O#) is unramified at any places of
H not lying above a place in X' = prime(n/PB). Therefore, by class field theory, the

7 =1 JR—
cocycle [k]|gy induces a homomorphism o Clg’x — By

Proof. First we show that [k]|g,, is unramified at places not lying above a place in the set
prime(1t/Prag) = X' U prime(B/Loag). For any prime [ + n¥P’, since p is unramified at |,
we have (o) = O foro € If,so k(o) = 0.Forany p | " and o € IF,, since b(0) € B’
by the very definition of B’, we have k(o) = 0. For any p | Lpag, a place py of H lying
above p, and 0 € IHvH C IF,, we have by Lemma 7.8 (3)

¥ () 'b(0) = (np(0) ™ =¥ (0))Qp (mod Qp1").

Since 1y (o) = 1 (by the unramifiedness of ) and ¥ (o) = 1, the right-hand side vanishes.
This shows k(¢) = 0. For any p | 3/PBrvaa and a place py of H lying above p, we write
U I;p for the principal local unit group of Hy, . Then we have

H

(T1 vk )X ~ (U, ®Z,[G/Gy))* =0

since the decomposition group G, C G is not a p-group and y is a faithful character.
This implies that H (1 Hyp o B_On)G = Homg (/m,,,, ,B_O#) = 0 by local class field theory.
Therefore, [k]|g,, is unramified at each p | /PBraa. Thus we obtain the proposition. =

Lemma 7.17. The homomorphism « is surjective.
Proof. This can be shown in a similar way as [13, Corollary 9.6]. ]

7.4.2. Construction of y. We first note that A:,(I = 0forany p € Xy \ prime(Ppaq) =
prime(B/PBraa) (see the proof of Lemma 2.17). Therefore, we have

D - D
pEXy P|PBoad

We show a lemma which makes essential use of the definition of B” in Definition 7.11.
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Lemma 7.18. Let p | Pyaa-

(a) Foro € IF,, we have
(1=9()") 0y =«(0)
in B_p.
(b) For a lift gy of the Frobenius, we have
(1 - le'/’((/)p)_l - W(@)_l)Qp = K(‘%)
in B,.
Proof. For any o € GF,, we have by Lemma 7.8 (3)
(19(@) ™" = ¥(@)7") Qp = ¥(0)'b(0) = k(0)
in B_,,. Then claim (a) immediately follows since 1,(0) = 1. Claim (b) also follows, since
Np(@p) = Up and (1 — v, ¥ ()" — U;")Qp = 0in B, by the definition of B”. n

For each p | P, recall that the ideal J,, of Z[G] defined in Section 2.7 is generated by
V(o) —1foro € Ir, and ¥ (¢p) — 1 4 v, ¥ (¢p) for any lift ¢, € GF, of the Frobenius.

For p | Poaa, by Lemma 7.18, the element —Q}, is annihilated by J;, in B_lﬁ. Therefore,
we can define a homomorphism

r @Ay B
P|PBbad

by sending 1 at p | Ppag to —Oy. Then y is clearly surjective.

7.4.3. Construction of B. Recall that in Section 7.2, we fixed a lift t € G of the
complex conjugation ¢ € Gal(H/F) that satisfies a certain condition. We take ¢ = 7 in
Lemma 2.20 and define a cocycle ¢ accordingly. We first observe a lemma.

Lemma 7.19. We have
aop =k

as maps from G to B_on.

Proof. Recall the class [¢p] € H'(GF, Clg’_) in Definition 2.19. Then we have
-
ax[p] =[] € H'(GF, By),

since both elements are sent by the restriction to the same class in H!(Gg, B_O#)G. This
means that there exists by € By such that

a(¢(0)) —k(0) = ¥ () by —bo

for any 0 € Gp. Let us put 0 = 7 in this formula. Since ¢(t) = 0, k(r) = 0, and
¥(tr) = —1, we then obtain 0 = —2by, so by = 0. This completes the proof of the
lemma. ]
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As in Definition 2.18, let
-1 1 —1 E/,X—l
7 e Bxy o (P 4. caz™)
plgpbad

denote the extension class represented by the upper sequence in the diagram in The-
orem 7.13. Let us write ng = n¥ . Similarly, let
np € Ext! (B." . Bo")
B ZP[G]Xfl 1 ,D0

denote the extension class represented by the lower sequence.
Then, for the construction of B, it is enough to show the following (cf. [13, The-
orem 9.8]).

Proposition 7.20. We have

1 —f
asng = y*np € EthZ,,[G]X_l ( @ Ag , By )
PIBbaa

Proof. We fix p | Buaa and study the p-components 1q p and (y*ng), of ng and y*na.
We will always work over Z,[G]* ' Itis convenient to write a commutative diagram over

_ ; - $ _ ;-
Hom(JZ . CLL ) 2y Ext! (4X,CIZ X )

.| |-

Hom(JX ', By Ext! (AL By
om(Jy O)T» xt' (Ag ,Bo),

where the horizontal arrows are induced by (2.21), so 8¢ is nothing but the ¥ ~!-component
of §, in (2.22). By Proposition 2.21, we have an element

na.p € Hom (J]jr1 , Cllz}/’)(_1

)

such that SCl(n’g?fp) = nq,p and that the properties below labeled (b) and (c) hold. Let

axfa.p € Hom(J,gc_1 ,B_oﬂ) be the push of /g . Then, by the above commutative diagram,
the following hold.

(a) We have §p(axiq,p) = XxNQ p-
(b) Forany o € If,, we have (ax71Q,p)(¥(0) — 1) = a(¢(0)).
(c) For any lift ¢, € G, of ¢,, we have

(@) (¥ (Pp) — 1 + v, ¥ (@) = a(d(@p))-

On the other hand, the element (y*ng), € Ext! (A{,f_1 ,B_oﬁ) is described as follows. Let

1

us consider the homomorphism Z,[G]* = — B_p'i which sends 1 to —Qy, which induces

a homomorphism (y*xmg)p : J]fl — B_on. Then the following hold.
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(a’) We have 83(()/?173),3) = (y*nB)yp by tracing the maps involved in the snake
lemma.

(b’) Foro € IF,, we have (y*\r)jg)p(lﬁ(o) — 1) = k(o) by Lemma 7.18 (a).

(¢’) Forany lift g, € G, of ¢y, we have (y*ng)p (¥ (@p) — 1 + v, ¥ (@p)) = k(@p)
by Lemma 7.18 (b).

By Lemma 7.19 and comparing the properties (b)(c) with (b’)(c’), we have

Of*ﬁa,’p = (V*'?B)p-

Therefore, by the properties (a) and (a’), we obtain

axna.p = (Y 1B)p.

as desired. [

7.5. Computation of the Fitting ideal

In this subsection, we prove Theorem 7.14.
We put r = #prime(p’) > 0 and label the elements as prime(P’) = {p},....p,}. For
eachl < j <r,letusfixo; € G Fy which is a lift of the arithmetic Frobenius. Put
J

cj = ¥(0))el k(07 )b(o7") € By C B.

cyc

By Lemma 7.8 (3), there exists an element x; € I’ such that
cj = (Up} —l/l(aj)—i-x]')Qp}. (7.4)

We also put s = # prime($y,q) and label prime(Lyaa) = {p1,...,Ps}-

Letby,...,b, € B be aset of generator of B as a Z,[G]*-module such that by, ..., b,
are non-zero-divisor in Kg (we may assume this as in [13, Lemma 9.9]). We use the
classes of

C1,...,Cr,b1,...,bn,Qpl,...,st

as a generator of B_p over Z,[G]*. Compared to the work [13, Section 9.5], the additional
elements Oy, for 1 </ < s are a novel ingredient. We introduce them in order to man-
age the contribution of the additional module B” in the definition of B,. They make the
computation even harder.

Let M € My 1n4+5(Z,[G]¥) be any square matrix which is a relation of the generators
in B,, that is, if we write

M=W|Z|U)=((wijirzjzr | Cir)ig<kzn | @iD)i1<1<s):

we have

r n Ky
> wije; + Y zikbk + Y it Qp € I'B+ 6B + B’ + B” (15)
j=1 k=1 =1
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foreach 1 <i <r +n + s. Since the Fitting ideal Fittz, (]« (B_p) is generated by det(M ) €
Zp[G]* for M with this property, in order to prove Theorem 7.14, it is enough to show

det(M) € (6%, Sayy=1V7,)- (7.6)

Lemma 7.21. There exists a family of elements y;x, ;1 € Zp[G]* such that, if we define
an elementt € T by

r

t= [Ty, -v@))

j=1
~det (wi)i,; | @ik — 0% yi)ik | (uir — s (1= VIW'P(PZY1 - U{,l))u),

then we have
tF(¥) =0 (mod (¥6%)).

Proof. We have B’ C ) 7_, QP}I/ since, for any p | B’ and o € If,, Lemma 7.8 (3)
implies b(0) € Qp1'. Therefore, by (7.5), for each i, we have

r n S
D wijei + Y zikbi + Y i Oy,
ji=1 k=1 I=1
r n S
=D Ou iy + 2 O + 0y + Yt (1= v, ¥ ()™ = Uy, Oy
j=1 k=1 I=1

for some xl’} €l',x{, €', yir € Zp[G]*, and t;; € T'. Using (7.4), we rewrite this

formula as

Z (wij (Up_; - () +x;) - x,{})Qp_',. + Z(Zik — X} — 0% yir )bk
k=1

Jj=1

+ ) (i —tu (L= v, ¥ (o)~ = Uy')) O = 0. (7.7)
=1

We define a matrix M’ € My p45(T) by
M =W'|ZzU
with
W' = (wij (Up, =¥ (0) + X)) = X3); 1< <
Z' = (zik — Xl — 0" yir)i 1<k <n
U = (uiz — t,-l(l - lel'/’(pl)_1 - U;T))mglss'
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Then by the formula (7.7), since by, ..., b, are non-zero-divisors, we have det(M’) = 0.
In particular, we have det(p(M')) = ¢(det(M’)) = 0in W. Since x;, x/, , xl’; are sent to
zero by ¢, we see that ¢(M') is equal to

((wij (W) =¥ ®)));; | Cik = 0 yir)ik |
(wir — @(tin) (1 = vr,, v(p) ' - ¢(Um)_1)),-,l)~
Since the structure morphism Z,[G]* — T’/I’ is surjective, we can choose an ele-
ment o;; € Zp[G]¥ such that #;; — o;; € I’. We then define an element ¢ € T by the

formula in the statement. Then we have ¢(t) = det(p(M’)) = 0. By the definition of ¢,
we have () = 0in W if and only if 1 Fi (¢) = 0 (mod (X6%)), so the lemma holds. m

We keep the notation in Lemma 7.21. For simplicity, we write

Z = ((wipi.j | Cik — 0 yin)i). (7.8)

SO

r

=1 (s, =¥ ®)) - det(Z | (wir — s (1 = v1, ¥ 0D = Up")),.,)-

j=1
In order to utilize Lemma 7.21, we have to investigate ¢ Fy (). By (6.1), we are led to
study IWIH/F(Iﬁu, 1) and tvgp Wka/F(wn/gB, 1,)% in case Ppaa = B. The former will
be studied in Proposition 7.24, using Lemma 7.23. Actually, we need only the Fourier
coefficients at square-free ideals a with a | Bpaa. On the other hand, as written in Sec-
tion 1.3, we cannot manage the contribution of the latter completely, so we will deal with
only when the latter vanishes in some sense. The precise statement is the following.

Lemma 7.22. Let us take t € T as in Lemma 7.21. Then we have
c(a,thH/F(lﬁu, D¥) =0 (mod (9“,8%3‘1:11)};))
for any ideal a.
Proof. By tF;(¥) = 0 (mod (¥6%)) and (6.1), we have
W (g ) = Syt W T Wy 1)1 =0 (mod (£6%)).
By Proposition 5.15(2), W YIF (¥ 1,)7 is annihilated by Uy — ¥ (p)) for 1 <

Jj = r (recall that these operators appear in the definition of 7). Therefore, the contribution

of WkH$/ F (¥ /- 1,)% vanishes unless Ppag = P and r = 0. The last two conditions
simultaneously hold if and only if ], = 1. Even if P, = 1, vy is divisible by vz, and

B .
also recall that the non-constant terms of thH /F (¥ /- 1p)* are all integral. Therefore,
in any case, we have

c(a,ithH/F (Y. D¥) =0 (mod (i@n,&pémzlv};)).

The lemma follows from this. [
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Lemma 7.23. For a square-free ideal a | Praq, the following are true.
(a) We have
T H/F
(@ W Grage 09) = T (101, (14 851a¥ 00).

» ‘ 21Sbad

(b) For a divisor Bo||Prag, we have

(o [T 0= v ¥ =0 )T (g %)
pIBo
= C(C[, WIH/F("/,n§B’7 1))() X 1_[ Ca,
pIBo

where, for p | Bpag, we put

I+ 8p|a¢(p)
14+ #1,(1 4 8pja¥ (p))

Co=vr,(1=#L,ym~ —y®™)
Proof. Recall that

—H/F HR/F
wi Yug, D* = Z vaw, "/ (Va2 DX
B PBoaa

(a) We decompose Bpag = L1 P> so that
prime(P;) C prime(a), prime(P,) N prime(a) = .

For each 22 || Ppad, we decompose 2 = 21, correspondingly. We first compute the term
2

c(a, WIH /¥ (¥ ugp/5- D*) by the formula in Definition 5.8. Since a | p, by the formula

of the level raising operators, only 1n = 1 contributes to the sum, so

(@ W gy DY) = el 7 e 09) = Y Yapya ()

rla

=Y vo=]] 1+vm).

r|(a,2) Pl

By taking the sum with respect to 2 ||Bpad, We obtain

_ 2
(@ W Wy D) = > vac(a W @ ag0. DY)

2| Boaa
= Z Z Ve, Ve, l_[ (1 +¢(p))
21(IB1 22(B2 Pl

[T+vn(t+vm)) [T +vr).
pIB1 pIB>
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(b) By Proposition 5.15 (2), for each p | Lo and Q || Bpag, we have

HYR/F HYR/F HY®/F
Up W, /('ﬁnm//@l))‘:'ﬁnsn//a(p)wl /('ﬁnsn//g71)x+W1 /('/fpnsw/a»l)x

and

HR/F HR/F
Us W gy DF = WTT gy DX
Note that ¥ /5 (P) = dpja ¥ (p). Then these formulas imply

1y H®/F
U, 'w, /('ﬁnm//a,l)x

W gy 12 (0t Q)
v (W (g0 D= W (0, DY) (0] D).

Then, for each p | Lo, we have

_ _ 2
(1=v, vy U1 Z va W /F(ane//a»l)x
B [Bbad

= Z va((l=vn v @)~ - '#(D)_I)WlHQ/F(VI'naw/Q, H*

Q[ Bbad, PR
_ 2
"W W a. DY)

1y H®/F
+ E va(— v, ¥ ~'W; / (Y up/a- DY)
2| PBad, PR

Several terms in this expression cancel each other, and we obtain

= Y vt ® T =@ YW Wga D

[ PBoaa-p| 2

dp o

_ — H? F

= le(l _#Ip'p(p) t— '/’(p) 1) E UQW] / ('pni}’/pd!ﬂ&’ I)X'
B [|Boad, PR

Here, we write d;, = ord, (), so p% Q||B for QR with p + Q.
By similar computation, we can inductively show

(TT =y @™ = U)W e DY
pI%o

=([Tw(-ty@ ' -vo™) X

WH%&/F
»IBo

va W, (Vugp/pon> D

B[[Bbad,(R,Bo)=1
Let us decompose Bpag = PoL1 P2 so that

prime(Py) C prime(a), prime(P,) N prime(a) = @.
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For each Q|| PBu.a with (Q, Po) = 1, we decompose B = Q1 2, correspondingly. Then
as in (a) we have

(W Yogmen V) = [ (1+9®)

pla,p|PBo

=[] +vw) [] 0+vm).

pIPBo.pla Pl

Therefore,

H¥®oR/F
C(C(, ( l_[ \)]p) Z VQWI o=/ (%ngpl/q}og, I)X)
pIBo B [|PBoad, (2, Po)=1

[Tvee D> va [] C+v®@) ][] 0+v®)

pIBo B[[Bbad, (2, Bo)=1 pBo,pla pIR

[T veo [] ve(i49®) D D vave, [[ (1+¥®)

p|Bo,pta p|PBo.pla 21[1P1 22(B2 Pl

[T vio TT v +v®) [T +v,(t+v®)) [T+

pIBo,pta pIPBo,pla pIP: pIPB2

— H/F 1+ ¢(p) 1
= c(a, W (¥ n» l)x) X l_[ v, X l_[ v, ————.
1+ #1
pIBo,pla I+ #Ip(l + '/,(p)) plBo.pta Ak

The last equality follows from (a). Thus we have claim (b). [
Proposition 7.24. For a square-free ideal a | Byag, we have
c(a tWT (9, 1)Y) = det (Z ] (0f))i),
where we put
vip = (14 vr,, (1 + 8y, 1a¥ (1))t
— - vp, (1= #L ¥ 0)™ = ¥ o)) - (14 Spy1a¥ (1))

Proof. By Proposition 5.16 (2), we have

(T @ =) @ 0* =T gy D,
VI

SO
H/F _ _ —H/F
W D =det(Z | (i =it (1= vr, ¥ )™ = Us ")) W (g D
By Lemma 7.23 (b) and considering the expansion of the determinant, we have

c(a W W 1)F) = c(a. W (g D) x det (Z ] (uig — 011 CE i)
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By Lemma 7.23 (a), this is equal to
det (Z | ((1 + VI, (1 + 8p;|a¢(p1)))(uil - OlilCS,)),»J)-

Now it is easy to see
(14 vr,, (1 4+ 8p1a¥ (00))) iz — i1 Cy)) = vy
Thus we get the proposition. ]
Now we are ready to finish the proof of Theorem 7.14.

Proof of Theorem 7.14. Recall that our goal is to show (7.6), which is by (7.8) equivalent

to
det(Z | (ui)iy) =0 (mod (eﬁ,s%zlv;‘p ). (7.9)

For each square-free ideal a | Baq, let us consider v, € Z,[G]* defined in Proposition
7.24.Forany 0 <[’ <[ and any a | p;ry1 --- p;, we shall show

det (Z | (it .. w8y ... v8)i) =0 (mod (eﬂ,s%dzlui)) (7.10)
by induction on /’. When [’ = 0, claim (7.10) follows immediately from Lemma 7.22 and
Proposition 7.24. When I’ = [, claim (7.10) is nothing but the goal (7.9).

Letl </'<landleta|py4q---p;. We choose alift ¢ (p;/) € Gal(H/F) of ¥ (py/) €

Gal(HP" / F). Then by the induction hypothesis, we have

(1 + W(plr)) det (Z | (u,-,l, ces Ui -1, v;l,lly U?,l’+1’ ey Ugl)i)

—det(Z | (uir, - ouip—g, v]5 0 S 0P =0 (mod (6%, sgpéad:lv;;)).
By direct computation, we have

(L+ ¥ ) vy — v =¥ oruip.
Therefore, the left-hand side is
V(i) - det (Z | it Ui i 0 ).

This proves (7.10) by induction.
Thus we have proved (7.10), so in particular (7.9). This completes the proof of The-
orem 7.14. ]

This completes the proof of Theorem 1.10. By the discussion in Section 4.3, this also
completes the proof of Theorems 1.1 and 1.8.

Acknowledgements. We are sincerely grateful to Masato Kurihara for his encourage-
ments during this project. We also thank Andreas Nickel for informative correspondences.
Finally we express our gratitude to the anonymous referees for their careful reading and
providing detailed reports.

Funding. The second author is supported by JSPS KAKENHI Grant Number 19J00763.



M. Atsuta and T. Kataoka 510

References

(1]
(2]
(3]

(4]

(5]
(6]
(7]

(8]

(9]
(10]
(11]
(12]
(13]
(14]
[15]
(16]
(17]

(18]

(19]

(20]

M. Atsuta and T. Kataoka, Fitting ideals of class groups for CM abelian extensions. 2021,
Algebra Number Theory (to appear); arXiv:2104.14765

W. Bley, Equivariant Tamagawa number conjecture for abelian extensions of a quadratic ima-
ginary field. Doc. Math. 11 (2006), 73-118 Zbl 1178.11070 MR 2226270

D. Bullach, D. Burns, A. Daoud, and S. Seo, Dirichlet L-series at s = 0 and the scarcity of
Euler systems. 2021, arXiv:2111.14689

D. Burns, Congruences between derivatives of geometric L-functions. With an appendix by
Burns, King Fai Lai and Ki-Seng Tan. Invent. Math. 184 (2011), no. 2, 221-256

Zbl 1234.11080 MR 2793857

D. Burns and M. Flach, Tamagawa numbers for motives with (non-commutative) coefficients.
Doc. Math. 6 (2001), 501-570 Zbl 1052.11077 MR 1884523

D. Burns and C. Greither, On the equivariant Tamagawa number conjecture for Tate motives.
Invent. Math. 153 (2003), no. 2, 303-359 Zbl 1142.11076 MR 1992015

D. Burns, M. Kurihara, and T. Sano, On zeta elements for G,. Doc. Math. 21 (2016), 555-626
Zbl 1407.11133 MR 3522250

D. Burns, M. Kurihara, and T. Sano, On Iwasawa theory, zeta elements for G,;,, and the
equivariant Tamagawa number conjecture. Algebra Number Theory 11 (2017), no. 7, 1527-
1571 Zbl 1455.11158 MR 3697147

P. Cassou-Nogues, Valeurs aux entiers négatifs des fonctions zéta et fonctions z&éta p-adiques.
Invent. Math. 51 (1979), no. 1, 29-59 Zbl 0408.12015 MR 524276

S. Dasgupta, H. Darmon, and R. Pollack, Hilbert modular forms and the Gross—Stark conjec-
ture. Ann. of Math. (2) 174 (2011), no. 1, 439-484 Zbl 1250.11099 MR 2811604

S. Dasgupta and M. Kakde, Brumer—Stark units and Hilbert’s 12th problem. 2021,
arXiv:2103.02516

S. Dasgupta and M. Kakde, On constant terms of Eisenstein series. Acta Arith. 200 (2021),
no. 2, 119-147 Zbl 1483.11088 MR 4324811

S. Dasgupta and M. Kakde, On the Brumer—Stark conjecture. Ann. of Math. (2) 197 (2023),
no. 1, 289-388 Zbl 07623025 MR 4513146

S. Dasgupta, M. Kakde, and K. Ventullo, On the Gross—Stark conjecture. Ann. of Math. (2)
188 (2018), no. 3, 833-870 Zbl 1416.11160 MR 3866887

P. Deligne and K. A. Ribet, Values of abelian L-functions at negative integers over totally real
fields. Invent. Math. 59 (1980), no. 3, 227-286 Zbl 0434.12009 MR 579702

M. Flach, On the cyclotomic main conjecture for the prime 2. J. Reine Angew. Math. 661
(2011), 1-36 Zbl 1242.11083 MR 2863902

C. Greither, Some cases of Brumer’s conjecture for abelian CM extensions of totally real fields.
Math. Z. 233 (2000), no. 3, 515-534 Zbl 0965.11047 MR 1750935

C. Greither, Determining Fitting ideals of minus class groups via the equivariant Tamagawa
number conjecture. Compos. Math. 143 (2007), no. 6, 1399-1426 Zbl 1135.11059

MR 2371374

C. Greither, T. Kataoka, and M. Kurihara, Fitting ideals of p-ramified Iwasawa modules over
totally real fields. Selecta Math. (N.S.) 28 (2022), no. 1, article no. 14 Zbl 1486.11132

MR 4350205

C. Greither and C. D. Popescu, An equivariant main conjecture in Iwasawa theory and applic-
ations. J. Algebraic Geom. 24 (2015), no. 4, 629-692 Zbl 1330.11070 MR 3383600


https://arxiv.org/abs/2104.14765
https://doi.org/10.4171/dm/205
https://doi.org/10.4171/dm/205
https://zbmath.org/?q=an:1178.11070
https://mathscinet.ams.org/mathscinet-getitem?mr=2226270
https://arxiv.org/abs/2111.14689
https://doi.org/10.1007/s00222-010-0286-3
https://doi.org/10.1007/s00222-010-0286-3
https://zbmath.org/?q=an:1234.11080
https://mathscinet.ams.org/mathscinet-getitem?mr=2793857
https://doi.org/10.4171/dm/113
https://zbmath.org/?q=an:1052.11077
https://mathscinet.ams.org/mathscinet-getitem?mr=1884523
https://doi.org/10.1007/s00222-003-0291-x
https://zbmath.org/?q=an:1142.11076
https://mathscinet.ams.org/mathscinet-getitem?mr=1992015
https://doi.org/10.4171/dm/540
https://zbmath.org/?q=an:1407.11133
https://mathscinet.ams.org/mathscinet-getitem?mr=3522250
https://doi.org/10.2140/ant.2017.11.1527
https://doi.org/10.2140/ant.2017.11.1527
https://zbmath.org/?q=an:1455.11158
https://mathscinet.ams.org/mathscinet-getitem?mr=3697147
https://doi.org/10.1007/BF01389911
https://zbmath.org/?q=an:0408.12015
https://mathscinet.ams.org/mathscinet-getitem?mr=524276
https://doi.org/10.4007/annals.2011.174.1.12
https://doi.org/10.4007/annals.2011.174.1.12
https://zbmath.org/?q=an:1250.11099
https://mathscinet.ams.org/mathscinet-getitem?mr=2811604
https://arxiv.org/abs/2103.02516
https://doi.org/10.4064/aa200621-24-2
https://zbmath.org/?q=an:1483.11088
https://mathscinet.ams.org/mathscinet-getitem?mr=4324811
https://doi.org/10.4007/annals.2023.197.1.5
https://zbmath.org/?q=an:07623025
https://mathscinet.ams.org/mathscinet-getitem?mr=4513146
https://doi.org/10.4007/annals.2018.188.3.3
https://zbmath.org/?q=an:1416.11160
https://mathscinet.ams.org/mathscinet-getitem?mr=3866887
https://doi.org/10.1007/BF01453237
https://doi.org/10.1007/BF01453237
https://zbmath.org/?q=an:0434.12009
https://mathscinet.ams.org/mathscinet-getitem?mr=579702
https://doi.org/10.1515/CRELLE.2011.082
https://zbmath.org/?q=an:1242.11083
https://mathscinet.ams.org/mathscinet-getitem?mr=2863902
https://doi.org/10.1007/s002090050485
https://zbmath.org/?q=an:0965.11047
https://mathscinet.ams.org/mathscinet-getitem?mr=1750935
https://doi.org/10.1112/S0010437X07002965
https://doi.org/10.1112/S0010437X07002965
https://zbmath.org/?q=an:1135.11059
https://mathscinet.ams.org/mathscinet-getitem?mr=2371374
https://doi.org/10.1007/s00029-021-00731-5
https://doi.org/10.1007/s00029-021-00731-5
https://zbmath.org/?q=an:1486.11132
https://mathscinet.ams.org/mathscinet-getitem?mr=4350205
https://doi.org/10.1090/jag/635
https://doi.org/10.1090/jag/635
https://zbmath.org/?q=an:1330.11070
https://mathscinet.ams.org/mathscinet-getitem?mr=3383600

(21]
(22]

(23]

[24]
[25]
(26]

[27]
(28]

[29]

(30]
(31]

(32]

(33]

The minus component of the eTNC 511

K. W. Gruenberg, Relation modules of finite groups. CBMS Reg. Conf. Ser. Math. 25, Amer-
ican Mathematical Society, Providence, RI, 1976 Zbl 0327.20019 MR 0457538

H. Johnston and A. Nickel, An unconditional proof of the abelian equivariant Iwasawa main
conjecture and applications. 2020, arXiv:2010.03186

T. Kataoka, Fitting invariants in equivariant Iwasawa theory. In Development of Iwasawa
theory—the centennial of K. Iwasawa’s birth, pp. 413-465, Adv. Stud. Pure Math. 86, The
Mathematical Society of Japan, Tokyo, 2020 Zbl 1469.11421 MR 4385089

M. Kurihara, Notes on the dual of the ideal class groups of CM-fields. J. Théor. Nombres
Bordeaux 33 (2021), no. 3, part 2, 971-996 Zbl 1492.11149 MR 4402386

A. Nickel, On the equivariant Tamagawa number conjecture in tame CM-extensions. Math. Z.
268 (2011), no. 1-2, 1-35 Zbl 1222.11133 MR 2805422

A. Nickel, Equivariant Iwasawa theory and non-abelian Stark-type conjectures. Proc. Lond.
Math. Soc. (3) 106 (2013), no. 6, 1223-1247 Zbl 1273.11155 MR 3072281

A. Nickel, The strong Stark conjecture for totally odd characters. 2021, arXiv:2106.05619

K. A. Ribet, A modular construction of unramified p-extensions of Q(up). Invent. Math. 34
(1976), no. 3, 151-162 Zbl 0338.12003 MR 419403

J. Ritter and A. Weiss, A Tate sequence for global units. Compositio Math. 102 (1996), no. 2,
147-178 Zbl 0948.11041 MR 1394524

J. Silliman, Group ring valued Hilbert modular forms. 2020, arXiv:2009.14353

K. Ventullo, On the rank one abelian Gross—Stark conjecture. Comment. Math. Helv. 90 (2015),
no. 4, 939-963 Zbl 1377.11113 MR 3433283

A. Wiles, On ordinary A-adic representations associated to modular forms. Invent. Math. 94
(1988), no. 3, 529-573 Zbl 0664.10013 MR 969243

A. Wiles, The Iwasawa conjecture for totally real fields. Ann. of Math. (2) 131 (1990), no. 3,
493-540 Zbl 0719.11071 MR 1053488

Communicated by Otmar Venjakob

Received 14 June 2022; revised 9 March 2023.

Mabhiro Atsuta
Institute for Mathematics and Computer Science, Tsuda University, 2-1-1 Tsudamachi,
Kodaira City, Tokyo 187-8577, Japan; mahiro.atsuta@ gm.tsuda.ac.jp

Takenori Kataoka
Department of Mathematics, Faculty of Science Division II, Tokyo University of Science,
1-3 Kagurazaka, Shinjuku-ku, Tokyo 162-8601, Japan; tkataoka@rs.tus.ac.jp


https://doi.org/10.1090/cbms/025
https://zbmath.org/?q=an:0327.20019
https://mathscinet.ams.org/mathscinet-getitem?mr=0457538
https://arxiv.org/abs/2010.03186
https://doi.org/10.2969/aspm/08610413
https://zbmath.org/?q=an:1469.11421
https://mathscinet.ams.org/mathscinet-getitem?mr=4385089
https://doi.org/10.5802/jtnb.1184
https://zbmath.org/?q=an:1492.11149
https://mathscinet.ams.org/mathscinet-getitem?mr=4402386
https://doi.org/10.1007/s00209-009-0658-9
https://zbmath.org/?q=an:1222.11133
https://mathscinet.ams.org/mathscinet-getitem?mr=2805422
https://doi.org/10.1112/plms/pds086
https://zbmath.org/?q=an:1273.11155
https://mathscinet.ams.org/mathscinet-getitem?mr=3072281
https://arxiv.org/abs/2106.05619
https://doi.org/10.1007/BF01403065
https://zbmath.org/?q=an:0338.12003
https://mathscinet.ams.org/mathscinet-getitem?mr=419403
https://zbmath.org/?q=an:0948.11041
https://mathscinet.ams.org/mathscinet-getitem?mr=1394524
https://arxiv.org/abs/2009.14353
https://doi.org/10.4171/CMH/374
https://zbmath.org/?q=an:1377.11113
https://mathscinet.ams.org/mathscinet-getitem?mr=3433283
https://doi.org/10.1007/BF01394275
https://zbmath.org/?q=an:0664.10013
https://mathscinet.ams.org/mathscinet-getitem?mr=969243
https://doi.org/10.2307/1971468
https://zbmath.org/?q=an:0719.11071
https://mathscinet.ams.org/mathscinet-getitem?mr=1053488
mailto:mahiro.atsuta@gm.tsuda.ac.jp
mailto:tkataoka@rs.tus.ac.jp

	Contents
	1. Introduction
	1.1. The formulation of the eTNC
	1.1.1 Notation
	1.1.2 A Ritter–Weiss type module
	1.1.3 A Stickelberger type element
	1.1.4 The formulation of the eTNC

	1.2. A finer theorem for character-components
	1.3. An outline of the proof and the organization of this paper

	2. Construction of the Ritter–Weiss type module
	2.1. Gruenberg's translation functor
	2.2. Local consideration
	2.3. Global consideration
	2.4. Compatibility between the local and global diagrams
	2.5. Construction of the Ritter–Weiss type module
	2.6. Cohomological triviality
	2.7. The extension class

	3. Compatibility of the eTNC
	3.1. Statements
	3.1.1 Varying (Σ, Σ')
	3.1.2 Varying H

	3.2. Preliminaries on Fitting ideals
	3.3. A minor variant of the Ritter–Weiss type module
	3.4. The proof of Propositions 3.1 and 3.2

	4. Reduction of the main theorems
	4.1. The integrality of the Stickelberger element
	4.2. An application of the analytic class number formula
	4.3. Deducing Theorems 1.1 and 1.8 from Theorem 1.10
	4.3.1 The proof of Theorem 1.8
	4.3.2 The proof of Theorem 1.1 (i)(ii)
	4.3.3 The proof of Theorem 1.1 (iii)

	4.4. Other formulations of the eTNC

	5. Modifications of the Eisenstein series
	5.1. Notation on Hilbert modular forms
	5.2. The Eisenstein series
	5.3. A modification
	5.4. A further modification
	5.5. Hecke actions

	6. Construction of the cuspform
	7. The Galois representation and the proof of the main theorem
	7.1. Hecke algebras and a homomorphism
	7.2. The Galois representation
	7.3. The strategy
	7.4. The existence of the homomorphisms
	7.4.1 Construction of α
	7.4.2 Construction of γ
	7.4.3 Construction of β

	7.5. Computation of the Fitting ideal

	References

