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A Borel–Weil theorem for the quantum Grassmannians

Alessandro Carotenuto, Colin Mrozinski, and Réamonn Ó Buachalla

Abstract. We establish a noncommutative generalisation of the Borel–Weil theorem for the cel-
ebrated Heckenberger–Kolb calculi of the quantum Grassmannians. The result is formulated in the
framework of quantum principal bundles and noncommutative complex structures, and generalises
previous work of a number of authors on quantum projective space. As a direct consequence we get
a novel noncommutative differential geometric presentation of the twisted Grassmannian coordinate
ring studied in noncommutative projective geometry. A number of applications to the noncommut-
ative Kähler geometry of the quantum Grassmannians are also given.
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1. Introduction

The Borel–Weil theorem [55] is an elegant geometric procedure for constructing all unit-
ary irreducible representations of a compact Lie group. The construction realises each
representation as the space of holomorphic sections of a line bundle over a flag mani-
fold. It is a highly influential result in the representation theory of Lie groups and since
the discovery of quantum groups has inspired a number of noncommutative generalisa-
tions. Important examples include the derived functor approach of Andersen, Polo, and
Wen [1], the quantum coordinate algebra approaches of Parshall and Wang [54], and
Mimachi, Noumi, and Yamada [49, 50], the approach of Biedenharn and Lohe [8] based
on q-bosons, the coherent state approach of Jurčo and Št’ovíček [32], and the compact
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quantum group approach of Gover and Zhang [24]. Moreover, in [4, 5], Kremnizer and
Backelin generalised Beilinson–Bernstein localisation (itself a far-reaching generalisation
of the Borel–Weil theorem) to the setting of quantum flag manifolds.

In the classical setting the holomorphic sections of a line bundle over a flag mani-
fold are the same as its Borel invariant sections. Very roughly speaking, the above works
generalise the Borel invariant description without introducing any formal noncommutat-
ive notion of holomorphicity. In recent years, however, the study of differential graded
algebras over the quantum flag manifolds Oq.G=LS / has yielded a much better under-
standing of their noncommutative complex geometry. Subsequent work on the Borel–Weil
theorem for quantum groups has used the notion of a complex structure on a differen-
tial �-calculus to generalise the Koszul–Malgrange presentation of holomorphic vector
bundles [38]. This direction of research was initiated by Majid in his influential paper
on the Podleś sphere [44]. It was continued by Khalkhali, Landi, van Suijlekom, and
Moatadelro in [34–36] where the definitions of a complex structure and a noncommutat-
ive holomorphic vector bundle were introduced and the family of examples extended to
include quantum projective space Oq.CPn/. The same notion of holomorphic structure
would later appear independently in the work of Beggs and Smith on noncommutative
coherent sheaves [6].

The differential calculi used in the above works are those identified by Heckenber-
ger and Kolb in their remarkable classification of calculi over the irreducible quantum
flag manifolds [27]. This is one of the most important results in the study of the non-
commutative geometry of quantum groups, and a touchstone for future theory. In the last
years remarkable progress has been made in our understanding of the Heckenberger–Kolb
calculi, in particular in our understanding of their noncommutative complex and Kähler
geometry, see for example [45, 52, 53]. Of particular relevance to this paper is the recent
proof that every homogeneous vector module over an irreducible quantum flag manifold
Oq.G=LS / admits a unique left Oq.G/-covariant holomorphic structure [19]. For the spe-
cial case of quantum projective space Oq.SUn=Un�1/ this reduces to the holomorphic
structures explicitly constructed in [34–36, 44], giving them a conceptual presentation.
Thus it is natural to ask if the q-deformed Borel–Weil theorem for quantum projective
space extends to all the irreducible quantum flag manifolds. In this paper we show that this
is indeed the case for the A-series examples, which is to say, the quantum Grassmannians.

We approach the problem using the framework of quantum principal bundles. This
means that the paper is closer in form to [34, 44] rather than [35, 36], where Da̧browski
and D’Andrea’s spectral triple presentation of the quantum projective space calculus was
used. We start by taking the direct sum of all line bundles over the quantum Grassmannian
Oq.Grn;m/. This forms a O.U1/-principal comodule algebra which we call the quantum
Grassmann sphere. For quantum projective space it reduces to the odd-dimensional quan-
tum sphere, and for the special case of the quantum projective line, we recover the cel-
ebrated quantum Hopf fibration over the Podleś sphere. In order to construct a differen-
tial structure for the Hopf–Galois extension Oq.Grn;m/ ,! Oq.S

n;m/, we generalise the
approach introduced in [51]. Explicitly, we exploit the well-known connection between
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coquasi-triangular structures and bicovariant differential first-order calculi [7, 31, 37] to
construct a quantum principal bundle structure for the Hopf–Galois extension

Oq.Grn;m/ ,! Oq.S
n;m/:

This allows us to induce the holomorphic structures of the line bundles Ek from a prin-
cipal connection for the bundle, and it is this picture that allows us to prove our quantum
generalisation of the Borel–Weil theorem.

Throughout the paper we adopt a quantum coordinate algebra approach, using the
FRT-construction of Oq.SUn/ and its coquasi-triangular structure. Indeed, with a view
to minimising the necessary preliminaries, the quantised enveloping algebra Uq.sln/ is
discussed only in an expository appendix. As such, for the comodule classification and
the Peter–Weyl decomposition of Oq.SUn/ we follow the quantum minor formulation
of Mimachi, Noumi, and Yamada. This approach fits particularly well with the quantum
Grassmannians: the algebra Oq.S

n;m/ is generated as a �-algebra by certain quantum
minors of length n � m, and endowing the minors and their conjugates with degree 1
and �1 respectively recovers the Z-grading of Oq.S

n;m/. Moreover, the holomorphic
elements of each line bundle Ek are precisely the degree-k elements of the homogen-
eous coordinate ring Sq.Grn;m/, giving a geometric realisation of the Borel coinvariant
presentation of the corresponding irreducible Oq.SUn/-comodule.

An important motivation of the paper is to further explore the connections between the
quantum coordinate algebras Oq.G=LS / and their twisted homogeneous coordinate ring
counterparts Sq.G=LS / in noncommutative projective geometry [3, 56]. For the special
case of the quantum Grassmannians, these rings are deformations of the Plücker embed-
ding homogeneous coordinate ring and are important examples in the theory of quantum
cluster algebras [35,36]. The quantum Grassmannian Borel–Weil theorem gives us a direct
q-deformation of the classical ample line bundle presentation of Sq.Grn;m/. This directly
generalises the work of [34–36] for quantum projective space, and gives us an import-
ant point of contact between noncommutative differential geometry and noncommutative
projective geometry (see [6] for a discussion of what a noncommutative generalisation of
the classical GAGA correspondence might look like). Another important application of the
quantum Grassmannian Borel–Weil theorem is to the study of the noncommutative Kähler
geometry of Oq.Grn;m/. The given cohomological information allows us to identify which
line bundles over Oq.Grn;m/ are positive and which are negative. Moreover, it allows us
to conclude that twisting the Dolbeault–Dirac operator of Oq.Grn;m/ by a negative line
bundle produces a Fredholm operator, which is to say, it allows us to conclude analytic
behaviour from purely geometric information [18].

The paper naturally leads to a number of future projects. In particular, we highlight
the task of extending the Borel–Weil theorem to all irreducible quantum flag manifolds,
as well as the more general question of calculating the cohomology of general covariant
holomorphic modules [19, Remark 4.7].

The paper is organised as follows: In Section 2, we recall a number of basic Hopf
algebraic constructions: Hopf–Galois extensions, principal comodule algebras, quantum
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homogeneous spaces, and Takeuchi’s equivalence for relative Hopf modules. We recall
how such structures interact with differential calculi, focusing on the theory of quantum
principal bundles. We also present some more recent material about complex structures,
and holomorphic structures.

In Section 3 we introduce the notion of a principal pair, a formal structure that abstracts
the algebraic properties of the quantum Grassmann sphere Oq.S

n;m/. This is a special
type of Hopf–Galois extension B D P co.K/, where P and B are assumed to be quantum
homogeneousA-spaces, for some Hopf algebraA. We then introduce a robust set of results
for constructing quantum principal bundles and principal connections from principal pairs.

In Section 4, we recall the FRT-construction of Oq.SUn/, the construction of the quan-
tum Grassmannians Oq.Grn;m/, and the quantum Grassmann spheres Oq.S

n;m/, as quan-
tum homogeneous spaces, and recall a set of generators for both spaces. Moreover, we
present the O.U1/-Hopf–Galois extension Oq.Grn;m/ ,! Oq.S

n;m/ as a principal pair,
and construct an explicit strong principal connection for the bundle.

In Sections 4 and 5, we use the coquasi-triangular quantum Killing form, and its asso-
ciated bicovariant calculus, to construct a distinguished quotient calculus �1q.SUn; m/
which restricts to the Heckenberger–Kolb calculus on Oq.Grn;m/. Moreover, using the
general results of Section 3, we show that �1q.SUn; m/ induces a quantum principal
bundle structure on the Hopf–Galois extensions Oq.Grn;m/ ,! Oq.S

n;m/. The univer-
sal principal connection introduced in Section 3 is then shown to restrict to a principal
connection for the bundle.

In Section 6, we prove the main result of the paper, which describes the holomorphic
sections of the holomorphic line bundles Ek introduced in [20].

Theorem (Borel–Weil). Defining the space of holomorphic sections of the line bundle Ek
to be the Oq.SUn/-module

H 0
x@
.Ek/ WD ker.x@Ek W Ek ! �.0;1/ ˝Oq.Grn;m/ Ek/;

it holds that
H 0
x@
.Ek/ D Vk$n�m

; H 0
x@
.E�k/ D 0;

for all k 2 Z>0, where Vk$n�m
is the Oq.SUn/-comodule corresponding to the partition

.k; k; : : : ; k/ of length n �m.

We then use this theorem to give a novel presentation of Sq.Grn;m/ generalising the
classical ample bundle presentation of the homogeneous coordinate ring of the Grassman-
nian.

Finally, in Section 7 we summarise some recent applications of the Borel–Weil the-
orem to the study of the noncommutative Kähler structures of the quantum Grassmannians
[14, 18, 20]. In particular, we show how the general theory of Kähler structures allows us
to extend the Borel–Weil theorem for positive line bundles to a quantum generalisation
of the Bott–Borel–Weil theorem, and how to produce Dolbeault–Dirac Fredholm modules
by tensoring with a negative line bundle.



A Borel–Weil theorem for the quantum Grassmannians 265

2. Preliminaries on differential calculi and quantum principal
bundles

We begin with a presentation of the necessary results on quantum group noncommutat-
ive geometry, namely the theory of covariant differential calculi and quantum principal
bundles. All this material is by now quite well known, and a more detailed presentation
can be found in the recent monograph [7].

Throughout this section (and indeed the paper) all algebras will be unital and defined
over the complex numbers. For all Hopf algebras we denote comultiplication by �, the
counit by ", the antipode by S , the unit by 1, and multiplication m, moreover we use
Sweedler notation. Hopf algebras will always be assumed to have bijective antipodes. For
a Hopf algebra A, we denote aC WD a � ".a/1, for a 2 A, we denote V C D V \ ker."/,
for V a subspace of A, and �A denotes the cotensor product over A.

2.1. Differential calculi and complex structures

We begin with a presentation of the general theory of differential calculi, complex struc-
tures, and their covariant versions over comodule algebras.

2.1.1. Differential calculi. A differential calculus .��'
L
k2Z�0

�k ;d/ is a differential
graded algebra (dg-algebra) which is generated in degree 0 as a dg-algebra, that is to say,
it is generated as an algebra by the elements a; db, for a; b 2 �0. For a given algebra B ,
a differential calculus over B is a differential calculus such that B D �0. A differential
�-calculus over a �-algebra B is a differential calculus over B such that the �-map of B
extends to a (necessarily unique) conjugate linear involutive map � W �� ! �� satisfying
d.!�/ D .d!/�, and

.! ^ �/� D .�1/kl�� ^ !�; for all ! 2 �k ; � 2 �l :

A differential calculus �� over a left A-comodule algebra P is said to be covariant
if the coaction �L W P ! A˝ P extends to a (necessarily unique) A-comodule algebra
structure�L W��!A˝��, with respect to which the differential d is a leftA-comodule
map. Covariance for a rightA-comodule algebra is defined analogously. See [7, Section 1]
for a more detailed discussion of differential calculi.

2.1.2. First-order differential calculi. A first-order differential calculus over an algebra
B is a pair .�1; d/, where �1 is a B-bimodule and d W B ! �1 is a linear map for which
the Leibniz rule holds

d.ab/ D a.db/C .da/b; a; b 2 B;

and for which �1 is generated as a left B-module by those elements of the form db,
for b 2 B . The universal first-order differential calculus over B is the pair .�1u.B/; du/,
where�1u.B/ is the kernel of the multiplication mapmB W B ˝B ! B endowed with the
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obvious bimodule structure, and du is the map defined by

du W B ! �1u.B/; b 7! 1˝ b � b ˝ 1:

Every first-order differential calculus over B is of the form .�1u.B/=N; proj ı du/, where
N is a B-sub-bimodule of �1u.B/, and

proj W �1u.B/! �1u.B/=N

is the canonical quotient map. This gives a bijective correspondence between calculi and
sub-bimodules of �1u.B/. For any subalgebra B 0 � B , the restriction of a first-order dif-
ferential calculus over B to B 0 is the first-order differential calculus �1.B 0/ � �1.B/
over B 0 generated by the elements db, for b 2 B 0.

We say that a differential calculus .��; d�/ extends a first-order calculus .�1; d�/ if
there exists a bimodule isomorphism � W�1! �1 such that d� D � ı d�. Any first-order
calculus admits an extension �� which is maximal in the sense that there exists a unique
differential map from �� onto any other extension of �1, see [7, Section 1.5] for details.
We call this extension the maximal prolongation of the first-order calculus.

2.1.3. Complex structures. We now recall the definition of a complex structure as intro-
duced in [6, 34]. This abstracts the properties of the de Rham complex of a classical
complex manifold [30].

Definition 2.1. A complex structure�.�;�/ for a differential �-calculus .��;d/ is an Z2�0-
algebra grading

L
.a;b/2Z2�0

�.a;b/ for �� such that, for all .a; b/ 2 Z2�0 it holds that

(1) �k D
L
aCbDk �

.a;b/,

(2) .�.a;b//� D �.b;a/.

(3) d�.a;b/ � �.aC1;b/ ˚�.a;bC1/, for all .a; b/ 2 Z2�0.

We call an element of �.a;b/ an .a; b/-form. For the projections

proj�.aC1;b/ W �
aCbC1

! �.aC1;b/; proj�.a;bC1/ W �
aCbC1

! �.a;bC1/;

we denote
@j�.a;b/ WD proj�.aC1;b/ ı d; x@j�.a;b/ WD proj�.a;bC1/ ı d:

These definitions imply the identities

d D @C x@; x@ ı @ D �@ ı x@; @2 D x@2 D 0;

which is to say, .
L
.a;b/2Z2�0

�.a;b/; @; x@/ is a double complex. Moreover, both @ and
x@ satisfy the graded Leibniz rule and one has @.!�/ D .x@!/�, and x@.!�/ D .@!/�, for
all ! 2 ��. The opposite complex structure of a complex structure �.�;�/ is the Z2�0-
algebra grading x�.�;�/, defined by x�.a;b/ WD �.b;a/, for .a; b/ 2 Z2�0.
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For �� a covariant differential �-calculus �� over a left A-comodule algebra P , we
say that a complex structure for �� is covariant if the Z2�0-decomposition is a decom-
position in AMod, which is to say, if �.a;b/ is a left A-sub-comodule of ��, for each
.a; b/ 2 Z�0. A direct consequence of covariance is that the maps @ and x@ are left A-
comodule maps.

2.1.4. Connections and holomorphic structures. We now recall the definition of a non-
commutative holomorphic vector bundle, as defined in [6, 34]. A vector bundle over B
will mean a finitely generated projective left B-modules. A line bundle over B will be an
invertibleB-bimodule E , where invertible means that there exists anotherB-bimodule E_

such that E ˝B E_ ' E_ ˝B E ' B . Note that any such E is automatically projective
as a left B-module, and so, a line bundle is automatically a vector bundle. Building on
this idea we define noncommutative holomorphic vector bundles via the classical Koszul–
Malgrange characterisation of holomorphic bundles [38].

For�� a differential calculus over an algebra B , and F a left B-module, a connection
on F is a C-linear map r W F ! �1 ˝B F satisfying

r.bf / D db ˝ f C brf; for all b 2 B; f 2 F :

With respect to a choice �.�;�/ of complex structure on ��, a .0; 1/-connection for F

is a connection with respect to the differential calculus .�.0;�/; x@/.
Any connection can be extended to a mapr W��˝B F !��˝B F uniquely defined

by
r.! ˝ f / D d! ˝ f C .�1/j!j! ^ rf; for f 2 F ; ! 2 ��;

for a homogeneous form ! with degree j!j. The curvature of a connection is the left
B-module map r2 W F ! �2 ˝B F . A connection is said to be flat if r2 D 0. Since
r2.! ˝ f / D ! ^ r2.f /, a connection is flat if and only if the pair .�� ˝B F ;r/ is a
complex.

Definition 2.2. For an algebra B , a holomorphic vector bundle over B is a pair .F ; x@F /,
where F is a finitely generated projective leftB-module, and the map x@F WF!�.0;1/˝B
F is a flat .0; 1/-connection, which we call the holomorphic structure for .F ; x@F /.

Note that for any fixed a 2 Z�0, a holomorphic vector bundle .F ;x@F / has a naturally
associated complex

x@F W �
.a;�/
˝B F ! �.a;�/ ˝B F :

For any b 2 Z�0, we denote by H .a;b/
x@

.F / the bth-cohomology group of this complex.

2.2. Principal comodule algebras

A right H -comodule algebra .P;�R/ is said to be an H -Hopf–Galois extension of B WD
P co.H/ if for mP W P ˝B P ! P the multiplication of P , a bijection is given by

can WD .mP ˝ id/ ı .id˝�R/ W P ˝B P ! P ˝H:
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The Hopf–Galois condition is equivalent to exactness of the sequence

0! P�1u.B/P
�
�! �1u.P /

ver
�! P ˝HC ! 0; (2.1)

where �1u.B/ is the restriction of �1u.P / to B , � is the inclusion map, and

ver WD can ı projB

with projB the restriction to �1u.P / of the canonical projection P ˝ P ! P ˝B P . We
call the map ver the vertical projection.

We say that P is faithfully flat as a right B-module if the functor

P ˝B � W BMod! ModC

preserves and reflects exact sequences. Faithful flatness as a left B-module is defined
analogously.

Definition 2.3. A principal right H -comodule algebra is a right H -comodule algebra
.P;�R/ such that P is a Hopf–Galois extension of B WD P co.H/ and P is faithfully flat
as a right and left B-module.

In most cases, directly verifying the requirements of this definition proves impractical.
The following theorem gives a workable reformulation.

Definition 2.4. For a right H -comodule algebra .P; �R/, a principal `-map is a linear
map ` W H ! P ˝ P satisfying

(1) `.1H / D 1P ˝ 1P ,

(2) mP ı ` D "H1P ,

(3) .`˝ idH / ı�H D .idP ˝�R/ ı `,

(4) .idH ˝ `/ ı�H D .�L ˝ idP / ı `,

where, for flip W P ˝H ! H ˝ P the flip map, �L WD .S ˝ id/ ı flip ı�R.

As shown in [9, 11], a right H -comodule algebra .P; �R/ is principal if and only if
there exists a principal `-map ` W H ! P ˝ P .

We finish with a special type of comodule algebra which plays an important role in
this paper. Let � W A! H be a surjective Hopf algebra map between Hopf algebras A
and H . The coaction �R WD .id ˝ �/ ı � W A ! A ˝ H , gives A the structure of a
right H -comodule algebra. The associated space of coinvariant elements B WD Aco.H/ is
called a quantum homogeneous space if A is faithfully flat as a right B-module. As is well
known, ifH is cosemisimple then faithful flatness is automatic, in fact the pair .A;�R/ is
a principal comodule algebra (see [20, Section 3.3] for a more detailed discussion). Note
that for the special case of � D " WA!C, which we call the trivial quantum homogeneous
space, it holds that B D A.
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2.3. Quantum principal bundles

A non-universal first-order differential calculus on P is said to be rightH -covariant if the
following (necessarily unique) map is well defined

�R W �
1.P /! �1.P /˝H; pdq 7! p.0/dq.0/ ˝ p.1/q.1/:

(Covariance for a first-order differential calculus over a left comodule algebra is defined
similarly). The following definition, due to Brzeziński and Majid [7, 13], presents suffi-
cient criteria for the existence of a non-universal version of the sequence (2.1).

Definition 2.5. Let H be a Hopf algebra. A quantum principal H -bundle consists of a
pair .P;�1.P //, where .P;�R/ is a right H -comodule algebra and �1.P / is a right-H -
covariant calculus, such that:

(1) P is a Hopf–Galois extension of B D P co.H/.

(2) If N � �1u.P / is the sub-bimodule of the universal calculus corresponding to
�1.P /, we have ver.N / D P ˝ I , for some Ad-sub-comodule right ideal

I � HC WD ker." W H ! C/;

where Ad W H ! H ˝H is defined by Ad.h/ WD h.2/ ˝ S.h.1//h.3/.

Denoting by�1.B/ the restriction of�1.P / toB , andƒ1.H/ WDHC=I , the quantum
principal bundle definition implies that an exact sequence is given by

0! P�1.B/P
�
�! �1.P /

ver
�! P ˝ƒ1.H/! 0;

where by abuse of notation ver denotes the map induced on �1.P / by identifying �1.P /
as a quotient of �1u.P /.

Definition 2.6. A principal connection for a quantum principal H -bundle .P;�1.P // is
a left P -module, right H -comodule, projection … W �1.P /! �1.P / satisfying

ker.…/ D P�1.B/P:

A principal connection … is called strong if .id �…/.dP / � �1.B/P .

The existence of a principal connection is equivalent to the existence of a left P -
module, right H -comodule, splitting s W P ˝ƒ1.H/! �1.P / of the vertical projection
ver. Explicitly, the equivalence is determined by

….!/ D s
�

ver.!/
�
; for ! 2 �1.P /:

Specialising to the universal setting, consider a Hopf–Galois extension B D P co.H/ and
a principal `-map ` W H ! P ˝ P . Then a left P -module, right H -comodule, splitting
s W P ˝HC ! �1u.P / of the vertical projection is given by

s` WD .mP ˝ id/ ı .id˝ `/ W P ˝HC ! �1u.P /:
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The associated universal principal connection …` D s` ı ver is strong, and moreover, this
association gives a bijective correspondence between principal `-maps and strong prin-
cipal connections [9, 11]. Thus we see that the existence of a strong universal principal
connection for a comodule algebra is equivalent to the comodule algebra being principal.
(For an expository presentation of this equivalence, as well as the general theory of prin-
cipal comodule algebras, we recommend the notes [12, Section VII]).

2.4. Connections from principal connections

Denoting by PMod the category of left P -modules, we define a functor

‰ W HMod! PMod; V 7! P�HV;

which acts on morphisms  W V ! W as ‰./ D id˝  . For any F WD ‰.V /, we can
use principal connections to define a connection r W F ! �1.B/˝B F . Note first that
we have a natural embedding

j W �1.B/˝B F ,! �1.B/P�HV;

given by the multiplication map. A strong principal connection … defines a connection r
on F by

r W F ! �1.B/˝B F ;
X
i

pi ˝ vi 7! j�1
�
.id �…/.dpi /˝ vi

�
:

Indeed, since d and the projection … are both right H -comodule maps, their composition
.id�…/ ı d is a right H -comodule map. Hence the image of .id�…/ ı d is contained in
j.�1.B/˝B F / and r defines a connection.

Finally, we consider the special case where P is endowed with a left A-coaction
giving it the structure of an .A; H/-bicomodule. If the principal connection … is a left
A-comodule map, then we see that the connection r will also be left A-comodule map.
This will be the case for all the connections considered in this paper.

2.5. Some categorical equivalences

We denote by A
BMod the category of relative Hopf modules, that is, the category whose

objects�L W F ! A˝ F are left A-comodules, endowed with a left B-module structure
such that, for all f 2 F , b 2 B , we have�L.bf /D �L.b/�L.f /, and whose morphism
are left A-comodule, left B-module, maps. Moreover, we denote by HMod the category
whose objects are left H -comodules, and whose morphisms are left H -comodule maps.
Consider the functor ˆ W ABMod! HMod, defined by ˆ.F / WD F =BCF , where the left
H -comodule structure of ˆ.F / is given by

�LŒf � WD �.f.�1//˝ Œf.0/�

(with square brackets denoting the coset of an element in ˆ.F /). In the other direction,
using the cotensor product we can define the functor ‰ W HMod ! A

BMod by setting
‰.V / WD A�HV , where the left B-module and left A-comodule structures of ‰.V / are
defined on the first tensor factor, and if  is a morphism in HMod, then ‰./ WD id˝  .
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As established in [58, Theorem 1], an adjoint equivalence of categories between ABMod
and HMod, which we call Takeuchi’s equivalence, is given by the functors ˆ and ‰ with
the unit natural isomorphism

U W F ! ‰ ıˆ.F /; f 7! f.�1/ ˝ Œf.0/�; (2.2)

and the counit natural isomorphism

C W ˆ ı‰.V /! V;
hX

i

ai ˝ vi
i
7!

X
i

".ai /vi : (2.3)

In what follows, when it is not clear from the context, we will put a subscript to Takeuchi’s
functors to specify in which module category we are working, so for example ˆP will
denote Takeuchi’s functor ˆ with domain APMod.

Consider next the category A
BModB whose objects are formed by endowing objects

F 2 ABMod with a right B-module structure, giving F the structure of a B-bimodule
satisfying �L.f b/ D �L.f /�.b/, for all b 2 B , f 2 F , and whose morphisms are left
A-comodule and B-bimodule maps. Consider also the category HModB whose objects
are left H -comodules �L W V ! H ˝ V and right B-modules, satisfying

�L.vb/ D v.�1/�.b.1//˝ v.0/b.2/;

and whose morphisms are left H -comodule and right B-module maps. For any F 2
A
BModB , we endow ˆ.F / with the right B-module structure Œf �b WD Œf b�, for f 2 F ,
b 2 B . Moreover, we endow ‰.V / with a right B-module structure by setting�X

i

ai ˝ vi

�
b WD

X
i

aib.1/ ˝ .vib.2//;

for any b 2 B , and any
P
i ai ˝ vi 2 A�HV . These definitions allow us to extend Takeu-

chi’s equivalence to an equivalence between ABModB and HModB .
Denote by A

BMod0 the full sub-category of ABModB whose objects F satisfy the iden-
tity F BC D BCF . Moreover, denote by HMod0 the full subcategory of HModB con-
sisting of those objects endowed with the trivial right B-action, which is to say, those
objects V for which v G b D ".b/v, for all v 2 V , and b 2 B . (This category is clearly iso-
morphic to HMod). As explained in [53, Corollary 2.5], Takeuchi’s equivalence restricts
to an equivalence between ABMod0 and HMod.

For the special case of the trivial quantum homogeneous space we get an equivalence
between the categories A

AModA and ModA. In this case we denote ˆ by F , and ‰ by
A ˝ � (note that for this special case the cotensor product reduces to the usual tensor
product over C). When discussing bicovariant differential calculi in Section 2.7 we find it
useful to consider the category of Hopf bimodules AAModAA , whose objects are objects of
A
AModA endowed with a right A-comodule structure satisfying the obvious compatibility
relations, and whose morphisms are A-bimodule, A-bicomodule, maps. This category is
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equivalent to YDA
A the category of Yetter–Drinfeld modules over A, which is to say the

category whose objects are right A-module right A-comodules V satisfying

v.0/a.1/ ˝ v.1/a.2/ D .vh.2//.0/ ˝ h.1/.vh.2//.1/; a 2 A; v 2 V;

and whose morphisms are right A-module right A-comodule morphisms. Explicitly, for
any F 2 AAModAA we endow F.F / with the right adjoint A-comodule structure

F.F /! F.F /˝ A; Œf � 7! Œf.0/�˝ S.f.�1//f.1/;

and for V 2 YDA
A , we endow A˝ V with the tensor product right A-coaction.

2.6. Covariant first-order differential calculi

For A a Hopf algebra, and B a left A-comodule algebra, a first-order differential calculus
�1.B/ over B is said to be left A-covariant if there exists a left A-coaction

�L W �
1.B/! A˝�1.B/

(which is necessarily unique) satisfying

�L.bdb0/ D �L.b/.id˝ d/�L.b0/; for all b; b0 2 B: (2.4)

A differential calculus over B is said to be left A-covariant if it admits a left A-coaction
satisfying the obvious analogue of (2.4). The maximal prolongation of a covariant first-
order calculus is automatically covariant.

For any quantum homogeneous space B D Aco.H/, a covariant first-order differential
calculus over B is naturally an object in A

BModB . Moreover, an isomorphism in HModB
is given by

� W ˆ
�
�1u.B/

�
! BC; Œbdb0� 7! ".b/.b0/C: (2.5)

As established in [29] (see also [44]) we can use � to classify covariant first-order differ-
ential calculi in terms of subobjects I � BC in HModB . Explicitly, for a B-sub-bimodule
N � �1u.B/ the corresponding ideal is given by �.ˆ.N// D I . This gives us the com-
mutative diagram

�1.B/
.id˝�/ıU

// A�HV.B/;

B

d

OO

.id˝Œ��/ı�L

44

where V.B/DBC=I and Œ�� WBC!V.B/ denotes the canonical projection map. Moreover
by abuse of notation � denotes the projection of the map (2.5) to the non-universal calculus
�1.B/.

For the special caseB DA, the classification of covariant first-order differential calculi
discussed above reduces to Woronowicz’s celebrated classification [60] which gives a
bijection between covariant first-order differential calculi over A and right ideals of AC.
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Consider next the restriction of a left A-covariant right H -covariant first-order differ-
ential calculus �1.A/ to a (necessarily left A-covariant) first-order differential calculus
on B . This gives us the following commutative diagram in the category AMod:

�1.A/
.id˝�/ ıU�1.A/

// A˝ƒ1.A/

�1.B/

�

OO

.id˝�/ ıU�1.B/

// A�HV.B/;

id˝�0

OO

where � W�1.B/!�1.A/ and �0 W V.B/! ƒ1.A/ are the evident inclusions. Recall that
the antipode of H implements an equivalence between the categories of left and right H -
comodules. Explicitly, any V 2 HMod can be endowed with a right H -coaction �R;H
defined by

�R;H .v/ WD v.0/ ˝ S.v.�1//; for any v 2 V:

An important point to note is that endowing V.B/ with its right H -comodule structure
makes the inclusion

�0 W V.B/! ƒ1.A/

a right H -comodule map. See [44] for a detailed discussion of these results.

2.7. Coquasi-triangular structures and bicovariant calculi

Continuing with the special case of B D A, we say that a first-order differential calculus
�1.A/ is bicovariant if it is both left and right A-covariant and satisfies

.id˝�R;A/ ı�L;A D .�L;A ˝ id/ ı�R;A;

Using the equivalence of the category of Hopf bimodules and the category of Yetter–
Drinfeld modules it is possible to identify those ideals I �AC that give bicovariant calculi
[60, Theorem 1.8]. Explicitly, a left-covariant first-order calculus �1.A/ is bicovariant if
and only if the corresponding ideal I � AC is a subcomodule of AC with respect to the
(right) adjoint coaction

AdR W A
C
! AC ˝ A; a 7! a.2/ ˝ S.a.1//a.3/:

When considering left-covariant first-order calculi over Hopf algebras we use the notation

ƒ1.A/ WD AC=I:

Definition 2.7. We say that a Hopf algebraA is coquasi-triangular if it is equipped with a
convolution-invertible linear map r W A˝A!C obeying, for all a; b; c 2 A, the relations

r.ab ˝ c/ D r.a˝ c.1//r.b ˝ c.2//; r.a˝ bc/ D r.a.1/ ˝ c/r.a.2/ ˝ b/;

r.a.1/ ˝ b.1//a.2/b.2/ D r.a.2/ ˝ b.2//b.1/a.1/; r.a˝ 1/ D r.1˝ a/ D ".a/:
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For any a 2 A, we have a linear map

Qa W A! C; b 7! r.a.1/ ˝ b.1//r.b.2/ ˝ a.2//:

For a finite-dimensional subcoalgebra C � A, consider the subspace

IC WD
®
b 2 AC j Qa.b/ D 0; for all a 2 C

¯
:

A direct calculation confirms that IC is a right ideal of AC. Moreover, IC is an Ad-
subcomodule of AC for every subcoalgebra C [37, Section 10.1.3]. Hence there exists a
bicovariant calculus over A for every subcoalgebra C � A.

3. Principal pairs and Takeuchi’s equivalence

In this section we introduce the notion of a principal pair of Hopf algebra maps, and
show how one can construct quantum principal bundles from them. This serves as our
formal framework for investigating the quantum Grassmannian sphere and the quantum
Grassmannians in Sections 5.3 and 6.

3.1. Principal pairs

In this subsection we introduce the notion of a principal pair of surjective Hopf algeb-
ras maps. As explained below, this generalises the definition of a homogeneous principal
comodule algebra, and comes with an associated generalisation of Takeuchi’s equivalence.
It provides the general framework in terms of which the results of Section 3.3 below are
presented. We begin with a technical lemma necessary for the statement of the definition
of a principal pair.

Lemma 3.1. Let A and K be two Hopf algebras, and �K W A! K a Hopf algebra map,
with associated right K-coaction �R;K W A ! A ˝ K. For any right K-subcomodule
subalgebra P � A, it holds that

(1) T WD �K.P / is a sub-bialgebra of K,

(2) T is the smallest subspace of K for which �R;K.P / � P ˝ T ,

(3) �R;K restricts to a coaction �R;T W P ! P ˝ T .

Proof. (1) Since �K is an algebra map, it is clear that T is a subalgebra of K. Since P
is a left coideal of A, as well as a right K-subcomodule of A, we can write �.p/, for
any p 2 P , as a linear combination of elements in P ˝ P and elements in A˝ ker.�K/.
Thus for any t D �K.p/ 2 T , we see that

�.t/ D �
�
�K.p/

�
D �K.p.1//˝ �K.p.2// 2 �K.P /˝ �K.P / D T ˝ T:

(2) Since P is a left coideal of A, we see that, for any p 2 P ,

�R;K.p/ D p.1/ ˝ �K.p.2// 2 P ˝ T:
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Thus�R;K.P / � P ˝ T . Let T 0 � T be a subspace satisfying�R;K.P / � P ˝ T 0. For
any p 2 P , we see that

�K.p/ D ."˝ id/
�
p.1/ ˝ �K.p.2//

�
D ."˝ id/ ı�R;K.p/ 2 T 0:

Thus T �T 0, meaning that T 0DT is the smallest subspace satisfying�R;K.P /�P ˝T .
(3) This follows directly from (2).

Definition 3.2. For A, H , K a triple of Hopf algebras, a principal pair is a pair of sur-
jective Hopf algebra maps .� W A! H;�K W A! K/ such that

(1) P WD Aco.H/ is a quantum homogeneous A-space,

(2) P is a right K-subcomodule of A,

(3) T D �K.P / is a Hopf subalgebra of K,

(4) denoting by �R;T the restriction of �R;K to P , the pair .P;�R;T / is a principal
comodule algebra,

(5) B WD P co.K/ D Aco.K/.

Note that for the special case of H D K and � D �K , we recover a homogeneous
principal comodule algebra.

We now introduce a novel variation on Takeuchi’s equivalence for principal pairs.
Generalising the category of relative Hopf modules we have the following category.

Definition 3.3. Let A, H , K be a triple of Hopf algebras, .� W A! H;�K W A! K/ a
principal pair of Hopf algebra maps, and denote P D Aco.H/. The objects of the category
A
PModK are objects F 2 APMod endowed with a rightK-comodule structure�R;K W F !
F ˝K giving F the structure of an A-K-bicomodule and satisfying

�R;K.pf / D �R;K.p/�R;K.f /:

The morphisms of the category are those morphisms in APMod which are rightK-comodule
maps.

Generalising the category of left H -comodules we have the following category.

Definition 3.4. The objects of the category HModK;� are left H -comodules, which are
also right K-comodules (but not necessarily H -K-bicomodules) such that the cotensor
product A�HV is a right K-subcomodule of A ˝ V equipped with the tensor product
right K-coaction

�R;K ˝�R W A˝ V ! A˝ V ˝K;

where �R is the right K-coaction of V . The morphisms of the category are left H -
comodule maps, which are also right K-comodule maps.

We now introduce a functor

‰ W HModK;� ! A
PModK
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by endowing A�HV with the tensor product right H -comodule, and by operating on
morphisms as for Takeuchi’s functor ‰.

Proposition 3.5. The following assertions hold.

(1) A functorˆ W APModK ! HModK;� is defined by considering F 2 APModK as an
object in APMod and then endowing ˆ.F / with the right K-coaction defined by

ˆ.F /! ˆ.F /˝K; Œf � 7! Œf.0/�˝ �K
�
S.f.�1//

�
f.1/;

and by operating on morphisms as for Takeuchi’s functor ˆ.

(2) Takeuchi’s unit and counit maps given in (2.2) and (2.3) are here right K-comod-
ule maps, and hence a unit-counit equivalence between A

PModK and HModK;�

is given by ‰, ˆ, U, and C.

Proof. (1) We need to show that the rightK-action is well defined. Take an element of the
form pf and note that

�R;K.pf / D p.2/f.0/ ˝ �K
�
S.p.1/f.�1//

�
f.1/;

where �R;K W F ! F ˝ K is the obvious lift of �R;K to a right K-coaction on F .
Since AC is closed under the right adjoint coaction, PC is closed under the right adjoint
coaction, meaning that

Œp.2/f.0/�˝ �K
�
S.p.1/f.�1//

�
f.1/ D 0:

Hence the right K-coaction is well defined. To see that ˆ.F / is well defined as an object
in HModK;� it remains to show that A�HV is a right K-subcomodule of A ˝ ˆ.F /.
That this is true follows from the fact that, for any f 2 F , we have

�R;K
�
f.�1/ ˝ Œf.0/�

�
D f.�3/ ˝ Œf.0/�˝ �K

�
f.�2/S.f.�1//

�
f.1/

D f.�1/ ˝ Œf.0/�˝ f.1/

D U.f.0//˝ f.1/: (3.1)

Note next that, for F ; G 2 APModK , and f W F ! G a morphism, the fact that f is
a bicomodule map means that ˆ.f / is a left H -comodule map, and a right K-comodule
map, which is to say a morphism in HModK;�. Thus ˆ is a well defined functor.

(2) Equation (3.1) implies that the following diagram commutes

f_

�R;K

��

� U // f.�1/ ˝ Œf.0/�_

�R;K

��

f.0/ ˝ f.�1/
�

U˝id
// f.0/ ˝ f.�1/ ˝ f.1/:

Thus we see that U is a right K-comodule map.
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For V 2 HModK , v 2 V , and
P
i ai ˝ vi , we see that

�R;K

�hX
i

ai ˝ vi

i�
D

hX
i

.ai /.2/ ˝ .vi /.0/

i
˝ S

�
.ai /.1/

�
.ai /.3/v.1/

D

hX
i

ai ˝ .vi /.0/

i
˝ .vi /.1/:

This implies that the following diagram commutes

Œ
P
i ai ˝ vi �

� C //
_

�R;K

��

P
i ".ai /vi_

�R;K

��

Œ
P
i ai ˝ .vi /.0/�˝ .vi /.1/

�
C˝id

//
P
i ".ai /.vi /.0/ ˝ .vi /.1/:

Hence C is a right K-comodule map as claimed.

3.2. The first-order differential calculus induced on �1.B/

In this subsection, for a principal pair .�H W A ! H; �K W A ! K/, we consider the
restriction of a left A-covariant right K-covariant first-order differential calculus �1.P /
over P to a first-order differential calculus�1.B/ over B WD P co.K/. We note that�1.B/
is necessarily left A-covariant, and that the right K-coaction of �1.P / restricts to the
trivial right K-coaction on �1.B/. We begin with the following commutative diagram
generalising the special case presented in Section 2.6. (The proof is an easy generalisation
of the special case, and hence is omitted.)

Proposition 3.6. A commutative diagram in the category AMod is given by

�1.P /
.id˝�/ ıU�1.P/

// A�HV.P /

�1.B/

�

OO

.id˝�/ ıU�1.B/

// A�KV.B/;

id˝�0

OO

where � W �1.B/! �1.P / and �0 W V.B/! V.P / are the evident inclusions. Moreover,
endowing V.B/ with its right H -comodule structure (from the antipode) gives the inclu-
sion

�0 W V.B/! V.P /

the structure of a right H -comodule map.

Corollary 3.7. The subobject I � BC in the category KModB , corresponding to the
calculus �1.B/, is given by

I � BC \ �
�
ˆ.N/

�
;

where N is the sub-bimodule of �1u.P / corresponding to the calculus �1.P /.
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Proof. The identity follows from the fact that

�
�
ˆ
�
N \�1u.B/

��
D �

�
ˆ.N/

�
\ �

�
ˆ
�
�1u.B/

��
;

where in the second identity we have used the fact that ˆ is an equivalence and hence
commutes with pullbacks, and in particular intersections.

An important point to note is that if we start with a covariant calculus on A, induce
a covariant calculus on P by restriction, and then in turn restrict to a calculus on B , we
can embed �0.V .B// � V.P / the nested pair of subsequences into ƒ1.A/. This fact will
be used tacitly throughout Section 5 when we present the Heckenberger–Kolb calculus in
quantum principal bundle terms.

3.3. Principal pairs and universal quantum principal bundles

Throughout this subsection, so as to avoid tedious repetition, A;H , and K will denote
Hopf algebras, and .�H W A! H;�K W A! K/ a principal pair. The space of coinvari-
ants is denoted by P WD Aco.H/, and the equivalent pair of categories by A

PModK and
HModK;�. Moreover, we write T D �K.P / and B WD P co.T /.

We start with a technical lemma establishing some necessary results about universal
quantum principal bundles.

Lemma 3.8. The following assertions hold.

(1) The map ver is a morphism in the category APModK .

(2) Endow PC with the left H -coaction .�H ˝ id/ ı �, and with the right adjoint
K-coaction

.id˝ �K/ ı AdR W PC ! PC ˝K:

A left H -comodule, right K-comodule, isomorphism is given by

� W ˆ
�
�1u.P /

�
! PC; Œpdq� 7! ".p/qC:

Hence PC is an object in HModK;�.

(3) Endowing TC with the trivial left H -coaction and the right adjoint coaction

AdR W TC ! TC ˝ T � TC ˝K;

it holds that A�HT
C D P ˝ TC and hence TC is an object in HModK;�.

(4) The map �K jPC W PC ! TC is a morphism in the category HModK;�, and
moreover, the diagram

PC
�K // TC

ˆ
�
�1u.P /

��

OO

ˆ.ver/
// ˆ.P ˝ TC/

C

OO

commutes.
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Proof. (1) Since ver is by construction a morphism in APMod, we need only show that ver
is a right K-comodule map, which is to say, we need to show that the following diagram
is commutative:

�1u.P /
ver //

�R;K

��

P ˝ TC

�R;K˝AdR;K
��

�1u.P /˝ T ver˝id
// P ˝ TC ˝ T:

This follows from the calculation

pdq � ver //
_

�R;K

��

pq.1/ ˝ �K.q
C

.2/
/

_

�R;K˝AdR;K
��

p.1/dq.1/ ˝ �K.p.2/q.2//
�

ver˝id
// p.1/q.1/ ˝ �K.q

C

.2/
/˝ �K.p.2/q.3//;

where we have used the fact that

.�R;K ˝ AdR;K/
�
pq.1/ ˝ �K.q.2//

�
D p.1/q.1/ ˝ �K.q.4//˝ �K.p.2/q.2//�K

�
S.q.3//q.5/

�
D p.1/q.1/ ˝ �K.q.2//˝ �K.p.2/q.3//:

(2) The fact that � is an isomorphism in A
PMod is well known (see for example [52,

Theorem 2.10.3]). Thus it remains to show that � is a rightK-comodule map. This follows
from the calculation

Œdp� � � //
_

�R;K

��

pC_

AdR;K
��

Œdp.2/�˝ �K
�
S.p.1//p.3/

� �
ff˝id

// ŒpC
.2/
�˝ �K

�
S.p.1//p.3/

�
:

(3) Follows from

‰.TC/ D A�HT
C
D Aco.H/

˝ TC D P ˝ TC:

(4) The calculation

pC
� �K // �K.p/

Œdp�
_
�

OO

�
ˆ.ver/

// p.1/ ˝ �K.p.2//:
_

C

OO

now implies commutativity of the diagram as claimed. Moreover, since commutativity
implies that �K jPC is a composition of morphisms in HModK;�, we can conclude that
�K jPC is a morphism.
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Corollary 3.9. The diagram

�1u.P /

.id˝�/ıU
��

ver // P ˝ TC;

A�HP
C

id˝�K jPC

44

commutes.

Proof. From (3.8) we know the following diagram commutes

�1u.P /
ver //

U
��

P ˝ TC

U

��

A�Hˆ
�
�1u.P /

�
id˝�
��

id˝ˆ.ver/
// A�Hˆ.P ˝ T

C/

id˝C
��

A�HP
C

id˝�K
// P ˝ TC:

idP˝TC

gg

which implies that the given diagram commutes.

With the above technical results about universal quantum principal bundles in hand,
we now establish an existence result for non-universal principal bundles and principal
pairs.

Proposition 3.10. Let �1.P / be a left A-covariant, right K-covariant, first-order dif-
ferential calculus over P , with corresponding sub-object N � �1u.P / in the category
A
PModK . It holds that

(1) the pair .P;�1.P // is a quantum principal bundle,

(2) �.ˆ.�1.P /hor// D �
0.V .B//P D ¹Œp� j p 2 ker.�K jPC/º.

Proof. (1) Since ˆP .P ˝ TC/ and TC are isomorphic as objects in HModK;�, we see
that the right H -coaction on ˆP .P ˝ TC/ is trivial. Thus since ˆP .ver.N // is a subob-
ject of ˆP .P ˝ TC/, we have that

ver.N / ' P ˝ˆP
�

ver.N /
�
:

In particular, we see that ver.N / is a free left P -module admitting a basis of left A-
coinvariant elements. The only such subobject of P ˝ TC is of the form P ˝ C , for C
some right coideal of TC.

(2) For any p0.db/p 2 �1.P /hor, observe that

�
�
Œp0dbp�

�
D ".p/ŒbCp� D ".p/ŒbC�p:

This gives us the first claimed identity.
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Note next that the commutative diagram in Lemma 3.8 gives

�.�1.P /hor/ D �
�
ˆP

�
ker.ver/

��
D ker.�K/;

establishing the second identity.

3.4. Principal pairs and principal connections

In this subsection we investigate principal connections for quantum principal bundles
coming from principal pairs.

Lemma 3.11. Let .�H W A! H;�K W A! K/ be a principal pair.

(1) For i W TC ! PC a morphism splitting �K jPC W PC ! TC, a left A-covariant
principal connection is given by

…i WD U�1 ı‰.��1 ı i ı �K ı �/ ı U W �1u.P /! �1u.P /:

(2) This gives a bijective correspondence between left A-covariant principal connec-
tions … W �1u.P /! �1u.P / and morphisms splitting �K jPC .

(3) It holds that
�
�
ˆ
�
�1u.P /ver

��
D �

�
ˆ
�
im.…i /

��
D i.TC/:

(4) Taking the image under ˆ of the decomposition of �1u.P / into horizontal and
vertical forms, and then acting on it by � , gives the decomposition

PC D ker.�K/˚ i.TC/ (3.2)

in the category HModK;�.

Proof. (1) Consider a left A-covariant principal connection…. As recalled in Section 2.3,
principal connections are equivalent to right K-comodule splittings

s W P ˝ TC ! �1u.P /

of the vertical projection ver. Note that the connection associated to s is left A-covariant
if and only if s is a left A-comodule map. Such maps correspond under ˆ to splittings of

ˆ.ver/ W ˆ
�
�1u.P /

�
! ˆ.P ˝ TC/:

By Lemma 3.8, such maps correspond to splittings of �K jPC W PC ! TC; as claimed.
(2) We have the commutative diagram

PC
i

//

�

��

TC

C
��

�K

oo

ˆ
�
�1u.P /

���1

OO

ˆ.ver/
// ˆ.P ˝ TC/

C�1

OO

ˆ.s/
oo
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Thus we see that for i a splitting of �K jPC , the corresponding principal connection is
explicitly given by ‰.��1 ı i ı �K ı �/. Moreover, part 1 above implies that

�
�
ˆ
�
�1u.P /ver

��
D �

�
ˆ
�
im.…i /

��
D �

�
im
�
ˆ.s ı ver/

��
D im

�
� ıˆ.s/ ıˆ.ver/

�
:

(3) From the commutative diagram above, we see that

� ıˆ.s/ ıˆ.ver/ D ��1 ı � ı i ı C ı C�1 ı �K ı � D i ı �K ı �:

Since �K and � are surjective maps, we have that

im.i ı �K ı �/ D im.i/ D i.TC/;

giving the third claimed identity.
(4) This follows directly from part (3) of this proposition and from part (2) of Propos-

ition 3.10.

Let us now consider a non-universal quantum principal bundle structure

�1.P / D �1u.P /=N

for a principal pair .�H W A! H; �K W A! K/. As usual we denote P WD AcoH and
T D �K.P /.

Proposition 3.12. A universal left A-covariant principal connection…, corresponding to
a splitting i of the map �K jPC , descends to a principal connection on�1.P / if and only if

J WD �
�
ˆ.N/

�
is a homogeneous subspace with respect to the decomposition in (3.2).

Proof. We note first that …i descends to a connection on �1.P / if and only if N is
homogeneous with respect to the decomposition of �1u.P / into horizontal and vertical
forms. Since ˆ is an equivalence it commutes with pullbacks, and so, it holds that

�
�
ˆ
�
N \ P�1u.B/P

��
D �

�
ˆ.N/

�
\ �

�
ˆ
�
P�1u.B/P

��
;

and moreover that

�
�
ˆ
�
N \ im.…i /

��
D �

�
ˆ.N/

�
\ �

�
ˆ
�

im.…i /
��
:

Thus we see thatN is homogeneous with respect to the decomposition into horizontal and
vertical forms if and only if J is homogeneous with respect to the decomposition in (3.2).
Hence …i will descend to a connection on �1.P / if and only if J is a homogeneous
subspace.
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From this we get the following immediate corollary, which we present as such for sake
of clarity.

Corollary 3.13. If … descends to a principal connection on �1.P /, then

Vver.P / WD �
�
ˆ
�
�1.P /ver

��
D
®�
i.t/

�
j t 2 TC

¯
;

in the category HModK;�.

4. The quantum Grassmannians Oq.Grn;m/

In this section we introduce the main object of study in this paper, namely the quantum
Grassmannians, their covariant line bundles, and the quantum Grassmannian sphere. In
addition to defining these objects, we recall that a set of generators is given by the quantum
minor determinants of Oq.SUn/, and recall how the coquasi-triangular structure of the
Hopf algebra Oq.SUn/ acts on quantum minors. Since coquasi-triangular structures play
a central role in the paper, we adopt an FRT approach throughout [37, Section 9.1.1].

4.1. Quantum matrices and quantum minors

For q 2 R>0, let Oq.Mn/ be the FRT bialgebra, with generators uij , for i; j D 1; : : : ; n,
associated to the R-matrix

R
ij

kl
WD qıij ıikıjl C .q � q

�1/�.i � j /ıilıjk ; i; j; k; l D 1; : : : ; n; (4.1)

where � is the Heaviside step function. As is well known, the center of Oq.Mn/ is gener-
ated by the grouplike element

detn WD
X
�2Sn

.�q/`.�/u1�.1/u
2
�.2/ � � �u

n
�.n/;

which we call the quantum determinant.
The quantum determinant is a special example of a quantum minor, whose general

construction we now recall. Let I WD ¹i1; : : : ; imº and J WD ¹j1; : : : ; jpº be a pair of
subsets of ¹1; : : : ; nº. The associated quantum minor ŒI jJ � is the element of Oq.Mn/

given by

ŒI jJ � WD
X
�2Sp

.�q/`.�/u
�.i1/
j1
� � �u

�.ip/

jp
D

X
�2Sp

.�q/`.�/u
i1
�.j1/
� � �u

ip
�.jp/

:

Note that when I D J D ¹1; : : : ; nº we get back the quantum determinant detn. The
coproduct acts on any quantum minor ŒI jJ � according to

�
�
ŒI jJ �

�
D

X
K

ŒI jK�˝ ŒKjJ �;
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where summation is over all ordered subsets K � ¹1; : : : ; nº with jKj D jI j [50, Sec-
tion 1.2].

For I , J ordered subsets of ¹1; : : : ; nº we define `.I; J / WD j¹.i; j / 2 I � J j i > j ºj
and denote by I? the ordered complement to I in ¹1; : : : ; nº. Moreover for jI j D jM j
and jJ j D jM?j we denote

zI WD ŒI jM� and NzJ WD ŒJ jM
?�;

and in particular we write

z WD ŒM jM� and Nz WD ŒM?jM?�:

The following useful generalisation of Laplace expansions was established in [50, Pro-
position 1.1]. For I; J � ¹1; : : : ; nº with jI j D jJ j, and J1 a choice of non-empty subset
of J , the associated Laplace expansion is given by

.�q/`.J1;J
?
1 /ŒI jJ � D

X
I1

.�q/`.I1;I
?
1 /ŒI1jJ1�ŒI

?
1 jJ

?
1 �; (4.2)

where summation is over all subsets I1 � I such that jI1j D jJ1j. The �-map of Oq.SUn/

acts on quantum minors as�
ŒI jJ �

��
D S

�
ŒJ jI �

�
D .�q/`.J;J

?/�`.I;I?/ŒI?jJ?�:

Recall that a Young diagram is a finite collection of boxes arranged in left-justified
rows, with the row lengths in non-increasing order. Young diagrams with r rows are clearly
equivalent to partitions of length r , which is to say elements

� D .�1; : : : ; �r / 2 Zr>0; such that �1 � � � � � �r :

We denote the set of partitions of length r by Pr . For i D 1; : : : ; r , let ei be the standard
generators of the monoid Zr�0. The fundamental partitions are given by

$k WD e1 C e2 C � � � C ek ; for k D 1; : : : ; r:

Note that any partition � D .�1; : : : ; �r / can be expressed as the sum of fundamental
partitions:

� D .�1 � �2/$1 C .�2 � �3/$2 C � � � C .�r�1 � �r /$r�1 C �r$r :

A semi-standard tableau of shape � with labels in ¹1; : : : ; nº is a collection T D
¹Ta;bºa;b of elements of ¹1; : : : ; nº indexed by the boxes of the corresponding Young
diagram, and satisfying, whenever defined, the inequalities

Ta�1;b < Ta;b; Ta;b�1 � Ta;b;

We denote by SSTab.�/ the set of all semi-standard tableaux, for any dominant weight �.
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For a Young diagram with n � 1 rows, and a semi-standard tableau T, we associate
the product of quantum minors

ŒT� WD
�
T1j.T1/

�
� � �
�
T�1 j.T�1/

�
2 Oq.Mn/;

where Tb WD ¹T1;b; : : : ; Tlb ;bº, and .Tb/ WD ¹1; : : : ; bº, as ordered sets, for 1 � b � �1,
and lb is the length of the bth column. Associated to any � we have the coideal

V.�/ WD spanC

®
ŒT� j T 2 SSTab.�/

¯
:

We denote the associated subcoalgebra of matrix coefficients by C.�/. (Note that in the
definition of V.�/ taking .Tb/ D ¹1; : : : ; bº is merely a convention. One could just as
well choose .Tb/ D ¹n � b C 1; : : : ; nº, and produce an isomorphic V.�/. By abuse of
notation we use the same symbol for both comodules, the sense always being clear from
the context).

4.2. The Hopf algebras Oq.SUn/ and Oq.Un/

Centrality of detn makes it easy to adjoin a formal inverse det�1n to Oq.Mn/. The bialgebra
structure of Oq.Mn/ uniquely extends to a bialgebra structure on this extended algebra.
Indeed it is a Hopf algebra with antipode defined by

S
�

det�1n
�
WD detn; S.uij / WD .�q/

i�j
X

�2Sn�1

.�q/`.�/u
k1
�.l1/

u
k2
�.l2/
� � �u

kn�1
�.ln�1/

det�1n ;

where ¹k1; : : : ; kn�1º WD ¹1; : : : ; nºn¹j º, and ¹l1; : : : ; ln�1º WD ¹1; : : : ; nºn¹iº as ordered
sets. A Hopf �-algebra structure is determined by .det�1n /

� D detn, and .uij /
� D S.u

j
i /.

We denote this Hopf �-algebra by Oq.Un/, and call it the quantum unitary group of order
n. We denote the Hopf �-algebra Oq.Un/=hdetn�1i by Oq.SUn/, and call it the quantum
special unitary group of order n. The �-map of Oq.SUn/ acts on quantum minors as�

ŒI jJ �
��
D S

�
ŒJ jI �

�
D .�q/`.J;J

?/�`.I;I?/ŒI?jJ?�: (4.3)

An analogous formula holds for Oq.Un/.
The coalgebras C.�/ embed into Oq.Un/ and Oq.SUn/, and by abuse of notation we

denote them by the same symbol. Both Hopf algebras Oq.SUn/ and Oq.Un/ are cosemi-
simple, which is to say, they are the direct sum of their simple subcoalgebras. Explicitly,
we have

Oq.Un/ '
M

�2Pn�1

M
k2Z

C.�/ detkn; Oq.SUn/ '
M

�2Pn�1

C.�/; (4.4)

as established in [49, Theorem 2.11] and [50]. We denote the associated Haar maps
hOq.Un/ and hOq.SUn/. (Recall that hOq.Un/ and hOq.SUn/ are given by projection onto
the subcoalgebra C1Oq.Un/, and C1Oq.Un/ respectively). Both maps are positive, that is

hOq.Un/.a
�a/ > 0; for all non-zero a 2 Oq.Un/;

and similarly for hOq.SUn/. In particular, this means that each Hopf algebra can be com-
pleted to a compact quantum group in the sense of Woronowicz [21].
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4.3. Quantum Grassmannians

We begin by recalling Meyer’s definition of the quantum Grassmannians [46]. (As dis-
cussed in Appendix A this is equivalent to Stokman and Dijkhuizen’s definition given
[57]). Let ˛m W Oq.SUn/ ! Oq.Um/ be the surjective Hopf �-algebra map defined on
generators by

˛m.u
i
j / WD ıij det�ıinm ; for i; j D 1; : : : ; nI .i; j / …M �M;

˛m.u
i
j / WD u

i
j ; for .i; j / 2M �M:

Moreover, let ˇm W Oq.SUn/! Oq.SUn�m/ be the following surjective Hopf �-algebra
map

ˇm.u
i
j / WD ıij 1; for i; j D 1; : : : ; nI .i; j / …M? �M?;

ˇm.u
i
j / WD u

i�m
j�m; for .i; j / 2M? �M?:

Definition 4.1. Denoting Oq.Lm/ WD Oq.Um/˝ Oq.SUn�m/, the quantum Grassman-
nian Oq.Grn;m/ is the quantum homogeneous space associated to the surjective Hopf
�-algebra surjection

� W Oq.SUn/! Oq.Lm/; � WD .˛m ˝ ˇm/ ı�:

Since Oq.Lm/ is the product of two cosemisimple Hopf algebras, it is itself cosemi-
simple. Hence, as discussed in Section 2.2, the pair .Oq.SUn/; �R;Oq.Lm// is a principal
comodule algebra.

Classically the Grassmannians Grn;m are projective manifolds, with an explicit embed-
ding of Grn;m into complex projective space being given by the venerable Plücker embed-
ding. Just as in the case of the coordinate algebra O.Grn;m/, the homogeneous coordinate
ring S.Grn;m/ associated to the Plücker embedding admits a natural q-deformation.

Definition 4.2. The twisted Grassmannian homogeneous coordinate ring Sq.Grn;m/ is
the subalgebra of Oq.SUn/ generated by the quantum minors NzI .

As suggested by the notation, the algebra Sq.Grn;m/ does indeed reduce to the homo-
geneous coordinate ring S.Grn;m/when qD 1. The ring theoretic properties of the twisted
Grassmannian homogeneous coordinate rings have been extensively studied in the lit-
erature [22, 33, 41, 42]. They form a very important family of examples in the theory
of quantum cluster algebras [25, 26]. Moreover, as Noetherian connected Z�0-graded
algebras, with well-behaved homological regularity, they are important examples of non-
commutative projective varieties. In fact, the special case of quantum projective space
Sq.CPn/, where the homogeneous coordinate ring reduces to the well-known quantum
plane, is a prototypical example in noncommutative projective geometry [2, 3].

Remark 4.3. In the literature on twisted Grassmannian coordinate algebras, Sq.Grn;m/
is usually defined to be the subalgebra of the quantum matrices Oq.Mn/ generated by the
quantum minors, where quantum minors in Oq.Mn/ are defined in obvious analogy with
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the Oq.SUn/ case. However, the canonical projection from Oq.Mn/ to Oq.SUn/ restricts
to an algebra embedding of Sq.Grn;m/ allowing us to identify the two presentations.

Remark 4.4. Classically the Grassmannians are very special examples of generalised
flag manifolds G=LS , where G is a compact semisimple Lie group, and LS is a Levi
subgroup of G. This picture generalises to the quantum setting. Indeed for every gen-
eralised flag manifold G=LS we have a q-deformed coordinate algebra Oq.G=LS / [57]
and a q-deformed homogeneous coordinate ring [40,56]. Indeed the present paper should
be considered as part of a general program to understand the noncommutative complex,
Kähler, and projective geometry of the quantum flag manifolds.

4.4. Line bundles and the quantum Grassmann sphere

We now introduce a variation on the map ˛m. Let ˛0m W Oq.SUn/ ! Oq.SUm/ be the
surjective Hopf �-algebra map defined on generators by

˛0m.u
i
j / WD ıij 1; for i; j D 1; : : : ; nI .i; j / …M �M;

˛0m.u
i
j / WD u

i
j ; for .i; j / 2M �M:

Associated to ˛0m we have a quantum homogeneous space, which as we see below, gives us
a very useful description of the covariant line bundles over the quantum Grassmannians.

Definition 4.5. Denoting Oq.L
s
m/ WDOq.SUm/˝Oq.SUn�m/, the quantum Grassmann

sphere Oq.S
n;m/ is the quantum homogeneous space associated to the surjective Hopf

�-algebra surjection

� 0 W Oq.SUn/! Oq.L
s
m/; � 0 WD .˛0m ˝ ˇm/ ı�:

Just as for the quantum Grassmannians, the pair .Oq.SUn/;�R;Oq.Ls
m// is a principal

comodule algebra.

Lemma 4.6. It holds that

(1) Oq.S
n;m/ is a right Oq.Lm/-subcomodule of Oq.SUn/,

(2) �.Oq.Sn;m// D hdet˙1m ˝1i ' O.U1/.

Proof. Take the decomposition of Oq.SUn/ into irreducible right Oq.Lm/-subcomodules:

Oq.SUn/ '
M
�2Y

V�; (4.5)

where Y is some subset of index set of isomorphism classes of Oq.Lm/-comodules. For
any � 2 Y , we denote by C.V�/ the coefficient coalgebra of V�, which is necessarily
simple. Now the Peter–Weyl decompositions given in (4.4) imply that the canonical pro-
jection proj W Oq.Um/! Oq.SUm/ is injective when restricted to a simple subcoalgebra,
and moreover that the image under proj of a simple subcoalgebra is again simple. Since

�R;Oq.Ls
m/.V�/ � V� ˝ proj

�
C.V�/

�
;
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we now see that V� must be irreducible as a right Oq.L
s
m/-comodule. In particular, V� can

contain a right Oq.L
s
m/-coinvariant element only if dim.C.V�// D 1, and hence only if

C.V�/ D detkm˝1; for some k 2 Z:

Thus since Oq.S
n;m/ is clearly homogeneous with respect to the decomposition in (4.5),

we must have that

�R;Oq.Ls
m/

�
Oq.S

n;m/
�
� Oq.S

n;m/˝
˝
det˙1m ˝1

˛
:

It now follows from Lemma 3.1 that

� 0.Sn;m/ �
˝
det˙1m ˝1

˛
:

Finally, the definition of � implies that

�.z/ D detm˝1; �.Nz/ D det�1m ˝1;

giving us the opposite inclusion and hence equality.

As explained in [47, Example 1.6.7], the fact that O.U1/ is the group Hopf algebra of
Z, means that we have an associated Z-graded algebra structure

Oq.S
n;m/ '

M
k2Z

Ek :

The following proposition presents some properties of this grading which will be used
throughout the paper.

Proposition 4.7. Denoting by �R;O.U1/ the right O.U1/-coaction corresponding to the
Z-algebra grading of Oq.S

n;m/, the pair .Oq.Sn;m/; �R;O.U1// is a O.U1/-principal
comodule algebra. Moreover, each Ek is a covariant line bundle over E0 D Oq.Grn;m/.

Proof. By definition

E0 D Oq.S
n;m/co.Oq.Lm// D Oq.SUn/

co.Oq.Lm// D Oq.Grn;m/;

where the second identity follows from the fact that all right Oq.Lm/-coinvariant elements
of Oq.SUn/ are automatically contained in Oq.S

n;m/. By construction each Ek is a left
Oq.SUn/-comodule, and so it is a relative Hopf module over Oq.Grn;m/.

The fact that we have an algebra grading means that E1E�1 � E0 DOq.Grn;m/, which
is to say, E1E�1 is a subobject of an irreducible object. Since there are no zero divisors in
Oq.SUn/, it cannot be that E1E�1 D 0, hence we must have E1E�1 D E0 implying that
the grading is strong, and hence that we have a Hopf–Galois extension (see for example
[47, Theorem 8.1.7]).

The fact that the grading is strong in turn implies that

Ek ˝Oq.Grn;m/ El D Ek ˝E0 El ' EkEl ; for all k; l 2 Z;
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see [48, Corollary 3.1.2]. In particular, for all k 2 Z, we have

Ek ˝Oq.Grn;m/ E�k ' E�k ˝Oq.Grn;m/ Ek ' Oq.Grn;m/;

which is to say, each Ek is a line bundle.
Note next that since Ek is invertible, it is projective as a left and as a right module over

Oq.Grn;m/. This means that Oq.S
n;m/ is a direct sum of projective modules and hence

also projective as a left and as a right module, and hence flat as a left and as a right module.
Finally, we note that since Oq.S

n;m/ contains Oq.Grn;m/ as a direct summand, it must be
faithfully flat as a right and left module. Thus we have a principal comodule algebra as
claimed.

Finally, collecting all the results and observations of this subsection allows to conclude
the following corollary.

Corollary 4.8. The pair of Hopf algebra maps�
� W Oq.SUn/! Oq.Lm/; �

0
W Oq.SUn/! Oq.L

s
m/
�

is a principal pair.

4.5. Sets of generators

As discussed in Appendix A, the algebra Oq.Grn;m/ is generated by the quantum minor
products

zIJ WD zI NzJ for jI j D m; jJ j D n �m:

Using these generators it is possible to produce a set of generators for Oq.S
n;m/, as well

as a very useful presentation of the line bundles introduced in the previous subsection. We
begin with an abstract lemma used in the proof of the main proposition.

Lemma 4.9. Let A, and H be two Hopf algebras, � W A! H a Hopf algebra map, and
B D Aco.H/ the associated quantum homogeneous space. Any irreducible F 2 ABMod is
generated as a left B-module by any left A-subcomodule of F .

Proof. For V a non-zero left A-subcomodule of F , consider the left B-submodule BV
that it generates. Since BV is clearly also a left A-subcomodule of F , it is a sub-object
of F . However, since F is by assumption irreducible, and BV ¤ 0, we must have that
BV D F .

Proposition 4.10. It holds that:

(1) the quantum Grassmann sphere Oq.S
n;m/ is generated as an algebra by the ele-

ments ®
zI ; NzJ j for jI j D n; jJ j D n �m

¯
; (4.6)

(2) Vk$m
is a subcomodule of Ek , and so, it generates Ek as a left Oq.Grn;m/-module,

(3) the Z-algebra grading on Oq.S
n;m/ is determined by

deg.zI / D �1; deg. NzJ / D 1:
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Proof. It follows from the definition of � that

�R.zI / D
X
A;B

ŒI jA�˝ ˛
�
ŒAjB�

�
˝ ˇ.zB/ D zI ˝ ˛.z/˝ ˇ.z/ D zI ˝ detm˝1;

where the last equality follows from the fact ˛.z/ D detm 2 Oq.Um/. A similar computa-
tion shows that

�R. NzJ / D NzI ˝ det�1m ˝1:

Thus the algebra generated by the elements given in (4.6) is contained in Oq.S
n;m/, and

that deg.zI / D �1 and deg. NzJ / D C1.
As a direct implication we see that the irreducible comodule Vk$m

is contained in Ek .
Hence Lemma 4.9 implies that Vk$m

generates Ek a left Oq.Grn;m/-module. Moreover,
since Oq.S

n;m/ is equal to the direct sum of all line bundles Ek , we see that Oq.S
n;m/

is generated as a Oq.Grn;m/-module by elements given in 2. But since Oq.Grn;m/ is gen-
erated by the elements zIJ D zI NzJ , we see that Oq.S

n;m/ is in fact generated by the
elements given in (4.6). Moreover, we see that knowing the degrees of zI and NzJ com-
pletely determines the Z-grading of Oq.S

n;m/.

We now give an explicit construction of an `-map for the principal comodule algebra
.Oq.S

n;m/; �R;O.U1//. This is a direct direction of the construction of the `-map for the
quantum Hopf fibration [43, Example 24.4].

Proposition 4.11. A principal `-map ` W O.U1/! Oq.S
n;m/˝Oq.S

n;m/ is defined by

tk 7! S
�
zk.1/

�
˝ zk.2/; t�k 7! S

�
Nzk.1/

�
˝ Nzk.2/; k 2 Z�0:

Hence, Oq.Grn;m/ ,! Oq.S
n;m/ is a principal O.U1/-comodule algebra, which we call

the standard circle bundle of Oq.Grn;m/.

Proof. We begin by showing that ` is well defined, which is to say that its image is con-
tained in Oq.S

n;m/˝Oq.S
n;m/. Note first that

S.z.1//˝ z.2/ D
X

K1;:::;Kk

S
�
ŒM jKk �

�
� � �S

�
ŒM jK1�

�
˝ zK1 � � � zKk :

It follows from (4.3) that `.tk/ is contained in Oq.S
n;m/ ˝ Oq.S

n;m/, for k � 0, as
required. The case for k < 0 follows similarly.

We now show that the requirements of Definition 2.4 are satisfied. It is obvious that
conditions 1 and 2 hold. For k � 0, condition 3 follows from

.`˝ idO.U1// ı�O.U1/.t
k/ D `.tk/˝ tk

D S.z.1//
k
˝ zk.2/ ˝ t

k

D .idOq.SUn/ ˝�R/S.z.1/ ˝ z.2//

D .idOq.SUn/ ˝�R/
�
`.tk/

�
:
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The fourth condition is demonstrated analogously, as are both conditions for the case of
k < 0.

The proof of the following corollary is a routine calculation and so we omit it.

Corollary 4.12. The strong principal connection …` associated to ` is left Oq.SUn/-
covariant. The associated splitting map i W O.U1/C! Oq.S

n;m/C is given by the restric-
tion to Oq.U1/

C of the linear map i 0 W O.U1/! Oq.S
n;m/ determined by

i 0.tk/ D zk ; i 0.t�k/ D Nzk ; for k 2 Z�0:

4.6. A coquasi-triangular structure and the Goodearl formulae

We begin by recalling the FRT-construction of a coquasi-triangular structure for Oq.SUn/.
(For details on general FRT-algebras see [37, Section 10.1.2], and for the special case
of Oq.SUn/ see [37, Section 9.2]). The R-matrix presented in (4.1) is a solution of the
quantum Yang–Baxter equation, thus by the general theory of FRT-algebras a coquasi-
triangular structure for Oq.SUn/ is defined by

r.uij ˝ u
k
l / WD �R

ik
jl ;

where � 2 R>0 is positive nth-root of q�1.
We next recall a number of formulae, due to Goodearl [23], which describe the action

of the coquasi-triangular structure of Oq.SUn/ on the quantum minors. We find it con-
venient to use the following notation: For I � ¹1; : : : ; nº, and i; j 2 ¹1; : : : ; nº,

Iij WD

´ �
In¹iº

�
[ ¹j º if i ¤ j and i 2 I

I if i D j:

For i ¤ j , when i … I or j 2 I we do not assign a direct meaning to the symbol Iij ,
however we do denote ŒIij jJ � D ŒJ jIij � WD 0, for all index sets J . The following result
follows directly from the formulae established for the quantum matrices Oq.Mn/ in [23,
Section 2].

Proposition 4.13 (Goodearl formulae). It holds that, for i; j D 1; : : : ; n,

(1) r.uij ˝ ŒI jJ �/ ¤ 0 if and only if i � j and J D Ij i ,

(2) r.ŒI jJ �˝ uij / ¤ 0 if and only if i � j and J D Ij i .

We inform the interested reader that a comprehensive presentation of the action of the
coquasi-triangular structure of the quantum matrices Oq.Mn/ on their quantum minors
can be found in [23].

4.7. The Heckenberger–Kolb calculi and holomorphic structures

In this subsection we give a brief presentation of the Heckenberger–Kolb calculi of the
quantum Grassmannians. One should note that each of the results presented below extends
directly to the more general setting of the irreducible quantum flag manifolds. All refer-
ences refer to this more general form.
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We start with the classification of first-order differential calculi over Oq.Grn;m/. Recall
that a first-order calculus over an algebraB is called irreducible if it contains no non-trivial
B-sub-bimodules.

Theorem 4.14 ([27, Section 2]). There exist exactly two, non-isomorphic, finite-dimen-
sional irreducible left-covariant first-order differential calculi over Oq.Grn;m/.

We denote the direct sum of these two first-order calculi by�1q.Grn;m/. Moreover, we
denote the maximal prolongation of �1q.Grn;m/ by

��q.Grn;m/ D
M
k2Z�0

�kq.Grn;m/;

and call it the Heckenberger–Kolb calculus of the quantum Grassmannians.

Theorem 4.15 ([28, Proposition 3.11]). Each �kq.Grn;m/ has classical dimension, which
is to say,

dim
�
ˆ
�
�kq.Grn;m/

��
D

�
2m.n �m/

k

�
; for k D 0; : : : ; 2m.n �m/;

and �kq.Grn;m/ D 0, for k > 2m.n �m/.

The calculus��q.Grn;m/ has many remarkable properties, some of which we will now
recall. Firstly, the results of [27, 28, 45] give the following result about covariant complex
structures.

Proposition 4.16. It holds that:

(1) ��q.Grn;m/ is a �-calculus,

(2) ��q.Grn;m/ admits precisely two left Oq.SUn/-covariant complex structures, and
these are opposite to each other.

In the classical setting Liouville’s theorem for a compact complex manifold X says
that the only holomorphic functions fromX to C are constant. The following result shows
that this fact extends to the quantum setting. (A proof for the special case of quantum pro-
jective space can be found in [34–36], while the general irreducible quantum flag manifold
case is treated in [16]).

Theorem 4.17 (Liouville). The Heckenberger–Kolb calculus �1q.Grn;m/ is connected,
which is to say

H 0
x@;q
.Grn;m/ D H 0

@;q.Grn;m/ D C1:

Next we recall an existence and uniqueness result for covariant connections and holo-
morphic structures for relative Hopf modules over the quantum Grassmannians.

Theorem 4.18 ([19, Theorem 4.5]). For each F 2
Oq.SUn/

Oq.Grn;m/
Mod0, it holds that

(1) F admits a left Oq.SUn/-covariant connection

r W F ! �1q.Grn;m/˝Oq.Grn;m/ F ;

and this is the unique such connection if F is simple,



A Borel–Weil theorem for the quantum Grassmannians 293

(2) a left Oq.SUn/-covariant holomorphic structure for F is given by

x@F WD proj.0;1/ ı r

and this is the unique such holomorphic structure if F is simple.

We finish with the novel observation that the �-calculus structure of �1q.Grn;m/ can
be deduced from the classification of Heckenberger and Kolb without any need for direct
calculation. As is easily seen, the argument is directly extendable to the general irreducible
quantum flag manifolds case, even if we do not state it in this form.

Proposition 4.19. The Heckenberger–Kolb calculus ��q.Grn;m/ is a differential �-calcu-
lus.

Proof. Denote byN .1;0/ the left Oq.SUn/-covariant sub-bimodule of the universal calcu-
lus corresponding to �.1;0/. Since the universal calculus of any �-algebra is a first-order
differential �-calculus, we can consider

W WD .N .1;0//�:

As is easily checked,W is a left Oq.SUn/-covariant sub-bimodule of the universal calcu-
lus. Moreover, since �.1;0/ is irreducible, the associated first-order calculus

�1 WD �1u;q.Grn;m/

must also be irreducible. It now follows from Heckenberger and Kolb’s classification of
the irreducible finite-dimensional left-covariant calculi over the quantum Grassmannians
that �1 is equal to �.1;0/ or �.0;1/. In the first case �.1;0/ is necessarily a �-calculus, for
the second case the Heckenberger–Kolb calculus �1q.Grn;m/ is a �-calculus. Repeating
the argument for �.1;0/ now implies that �1q.Grn;m/ is a �-calculus as claimed.

Remark 4.20. Each of the relative Hopf modules F comes endowed with a covariant q-
deformed Hermitian metric g W F �F ! Oq.Grn;m/, which is unique when F is simple.
Using g one can mimic the classical construction of the Chern connection [7, Section 8.6],
which by uniqueness must coincide with r. Chern connections will appear in Section 7
when we discuss positivity for line bundles.

5. A restriction calculus presentation of the Heckenberger–Kolb
calculus

In this section we generalise the work of [51] for the case of quantum projective space
and realise the Heckenberger–Kolb calculus of Oq.Grn;m/ as the restriction of a quotient
of the standard bicovariant calculus of Oq.SUn/.
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5.1. Quotients of the standard bicovariant calculus on Oq.SUn/

In this subsection we construct a left Oq.SUn/-covariant, right Oq.Lm/-covariant first-
order differential calculus over Oq.SUn/. This calculus will be an essential tool used
throughout the paper. We begin by using the framework presented in Section 2.7 to con-
struct a bicovariant first-order differential calculus for Oq.SUn/.

Definition 5.1. Let�1q;bic.SUn/ be the bicovariant first-order calculus on Oq.SUn/ asso-
ciated to its coquasi-triangular structure r and the subcoalgebra spanned by the matrix
generators uij , for i; j D 1; : : : ; n. We denote by ƒ1q;bic the space of invariant forms, and
by ¹bij j i; j D 1; : : : ; nº the basis of ƒ1q;bic dual to the functionals Qij WD Quij .

The restriction of the standard bicovariant calculus�1q;bic.SUn/ to the quantum Grass-
mannians can be shown to have non-classical dimension even in the simplest cases of
Oq.CPn/ and Oq.Gr4;2/. Hence it cannot be isomorphic to the Heckenberger–Kolb calcu-
lus. We circumvent this problem by constructing a family of quotients of�1q;bic.SUn/. The
proof of the following proposition is a simple and direct generalisation of [51, Lemma 4.3]
and so we omit it.

Proposition 5.2. It holds that:

(1) a right submodule of ƒ1q;bic.SUn/ is given by

Vm WD spanC¹bij j i; j D mC 1; : : : ; nº;

(2) with respect to the right coaction

�R WD .id˝ �/ ı AdR W ƒ
1
q;bic.SUn/! ƒ1q;bic.SUn/˝Oq.Lm/;

the subspace Vm is a right coideal of ƒ1q;bic.SUn/.

The following corollary now follows from a direct application of Takeuchi’s equival-
ence, generalising [51, Corollary 4.4].

Corollary 5.3. A right Oq.Lm/-covariant, left Oq.SUn/-covariant, first-order differen-
tial calculus over Oq.SUn/ is given by

�1q.SUn; m/ WD �
1
q;bic.SUn/=Bm ' Oq.SUn/˝ƒ

1
q.SUn/;

where we have denoted

Bm WD U�1.A˝ Vm/ � �1q;bic.SUn/; ƒ1q.SUn/ WD ƒ
1
q;bic.SUn/=Vm:

5.2. The action of Q on the generators of Oq.S n;m/ and Oq.Grn;m/

In this subsection we establish necessary conditions for non-vanishing of the functionals
Qij on the generators of Oq.S

n;m/ and Oq.Grn;m/. These results are used in the next
subsection to describe the restriction of the calculus �1q.SUn; m/ to the quantum Grass-
mannians.
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Lemma 5.4. The following assertions hold.

(1) For I; J � ¹1; : : : ; nº, we have Qij .ŒI jJ �/ ¤ 0 only if I D Jij , or equivalently
only if J D Ij i .

(2) It holds that Qi i .z/ D Qi i . Nz/
�1 ¤ 0. Moreover Qi i D Qi 0i 0 for every i; i 0 2

¹1; : : : ; mº.

Proof. (1) By Goodearl’s formulae

Qij
�
ŒI jJ �

�
D

nX
aD1

X
A

r
�
uia ˝ ŒI jA�

�
r
�
ŒAjJ �˝ uaj

�
D

nX
aD1

r
�
uia ˝ ŒI jJaj �

�
r
�
ŒJaj jJ �˝ u

a
j

�
:

Now r.uia ˝ ŒI jJaj �/ gives a non-zero answer only if a 2 I \ J and Iai D Jaj . This
can happen only if I D Jij , or equivalently only if J D Ij i . Hence Qij .ŒI jJ �/ gives a
non-zero answer only in the stated cases.

(2) It follows from Goodearl’s formulae that, for i D 1; : : : ; n,

Qi i .z/ D

nX
aD1

r
�
uia ˝ ŒM jK�

�
r.zK ˝ u

a
i / D r.u

i
i ˝ z/r.z ˝ u

i
i / ¤ 0;

as claimed. Moreover it follows from [23, Lemma 2.1] that Qi i .z/ D Qi 0i 0.z/ for every
i; i 0 2 ¹1; : : : ; mº.

Building on this lemma, we next produce a set of necessary requirements for non-
vanishing of the maps Qij on the generators of Oq.Grn;m/.

Lemma 5.5. For i; j D 1; : : : ; n, and .i; j / … M? �M?, it holds that Qij .zIJ / ¤ 0

only in the three following cases:

(1) I DMij and J DM?; with .i; j / 2M �M?,

(2) I DM and J DM?ij ; with .i; j / 2M? �M ,

(3) I DM and J DM?, with i D j .

Proof. Note first that

Qij .zIJ / D
X
jKjDm

X
jLjDn�m

nX
aD1

r
�
uia ˝ ŒI jK�ŒJ jL�

�
r.zKL ˝ uaj /

D

X
jKjDm

X
jLjDn�m

nX
a;b;cD1

r
�
uia ˝ ŒJ jL�

�
r
�
uab ˝ ŒI jK�

�
r.zK ˝ u

b
c /r. NzL ˝ u

c
j /

D

X
jLjDn�m

nX
a;cD1

r
�
uia ˝ ŒJ jL�

�
Qac.zI /r. NzL ˝ u

c
j /:
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Now r. NzL ˝ u
c
j / ¤ 0 only if c � j . Thus c 2M? implies that j 2M?. Now if c ¤ j ,

thenM?cj would contain j as repeated element, and so, could not be equal toL as required
by Goodearl’s formula. Hence

Qij .zIJ / D

iX
aD1

r.uia ˝ zJ /Qaj .zI /r. NzL ˝ u
j
j /:

If we assume that I ¤ M , then by Lemma 5.4, Qaj .zI / ¤ 0 only if .a; j / 2M �M?

and I DMaj . Since we have assumed that .i; j / …M? �M?, we must have that i 2M ,
and so, r.uia ˝ NzJ /¤ 0 only if i D a. Thus, if I ¤M , thenQij .zIJ /¤ 0 only if I DMij

and J D M?, which gives us the first case. If we instead assume that I D M , then an
analogous argument will shows that Qij .zIJ / ¤ 0 only when J D M?ij , giving us the
second and third cases.

Lemma 5.6. It holds that Qij .zMM
?

/ D Qij .1/.

Proof. We can derive this identity from Laplacian expansion as follows. In (4.2), setting
I D J D ¹1; : : : ; nº and J1 DM gives

1 D detn D
X
jI1jDm

.�q/`.I1;I
?
1 /z

I1
M NzI?1

D

X
jI1jDm

.�q/`.I1;I
?
1 / NzI1 NzI?1

D

X
jI1jDr

.�q/`.I1;I
?
1 /zI1I

?
1 :

Since Qij .zIJ / is non-zero only in one of the three cases given above, Qij .zI1I
?
1 / D 0

unless I1 DM . Hence,

Qij .1/ D
X
jI1jDm

.�q/`.I1;I
?
1 /Qij .z

I1I
?
1 / D Qij .z

MM?/

as required.

5.3. A restriction presentation of the Heckenberger–Kolb calculus

Using the results of the previous subsection, we present the Heckenberger–Kolb calculus
as the restriction of the calculus �1q.SUn; m/, reproduce its decomposition into �.1;0/

and �.0;1/, and introduce a basis of ˆ.�1q.Gr//.

Lemma 5.7. Denoting

V .1;0/ WD
®
bij j .i; j / 2M

?
�M

¯
; V .0;1/ WD

®
bij j .i; j / 2M �M

?
¯
;

it holds that

(1) V .1;0/ and V .0;1/ are non-isomorphic right Oq.Lm/-subcomodules of ƒ1q.SUn/,

(2) V .1;0/ and V .0;1/ are right Oq.SUn/-submodules of ƒ1q.SUn/.
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Proof. The fact that V .1;0/ and V .0;1/ are subcomodules ofƒ1q.SUn/ can be demonstrated
using the explicit coset representatives of bij presented in [51, Lemma 4.2]: For example,
for .i; j / 2M �M?,

.id˝ �/ ı AdRŒuij �

D

nX
a;bD1

Œuab �˝ �n;m
�
uiaS.u

b
j /
�

D

nX
a;bD1

mX
xD1

nX
yDmC1

Œuab �˝ ˛m
�
uixS.u

y
j /
�
˝ ˇm

�
uxaS.u

b
y/
�

D

mX
a;xD1

nX
b;yDmC1

Œuab �˝ ˛m
�
uixS.u

y
j /
�
˝ ˇm

�
uxaS.u

b
y/
�
:

Thus we see that V .0;1/ is coinvariant under the right Oq.Lm/-coaction .id˝ �/ ı AdR.
The fact that V .1;0/ is also coinvariant is established similarly.

Consider now the Hopf algebra map � W Oq.Lm/! O.U1/ uniquely determined by

�.uij ˝ 1/ WD ıij t; �.1˝ uij / WD ıij :

Composing the left Oq.Lm/-coactions on V .1;0/ and V .0;1/ with id˝ � we get a right
O.U1/-coaction on both spaces which we denote by �R;O.U1/. From the calculation of
the Oq.Lm/-coactions above, it follows that �R;O.U1/ acts according to

�R;O.U1/Œu
i
j � D Œu

i
j �˝ t for Œuij � 2 V

.0;1/

and
�R;O.U1/Œu

i
j � D Œu

i
j �˝ t

�1 for Œuij � 2 V
.1;0/:

Thus we see that, since the two comodules are not isomorphic as O.U1/-modules, they
cannot be isomorphic as Oq.Lm/-modules.

The fact that V .1;0/ is an Oq.SUn/-submodule follows from the calculation

Qab.u
i
ju
k
l / D 0; for all .i; j / 2M? �M I .a; b/ …M �M?; k; l D 1; : : : ; n:

A similar argument shows that V .0;1/ is a submodule.

Proposition 5.8. The restriction of �1q.SUn;m/ to Oq.Grn;m/ is the Heckenberger–Kolb
calculus, with the decomposition into subcalculi given by

�.1;0/ WD Oq.SUn/�Oq.Lm/V
.1;0/; �.0;1/ WD Oq.SUn/�Oq.Lm/V

.0;1/:

Proof. Denote by�1q.Grn;m/ the restriction of�1q.SUn;m/ to Oq.Grn;m/. It follows from
Proposition 3.10 and Lemma 5.7 that the image ofˆ.�1.Grn;m// inƒ1q.SUn/ is given by
the linear span of the elements of the form ŒbC�, for b 2Oq.Grn;m/. Consider next the right
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Oq.Grn;m/-ideal generated by the elements .zIJ /C, for jI j D m, jJ j D n � m. Noting
that the quotient of Oq.Grn;m/ by this ideal is one-dimensional, we see that Oq.Grn;m/C

is generated as a right Oq.Grn;m/-module by the elements .zIJ /C. Lemma 5.5 implies
that

spanC

®�
.zIJ /

C
�
j jI j D m; jJ j D n �m

¯
� V .1;0/ ˚ V .0;1/:

Thus, since Lemma 5.7 tells us that V .1;0/ ˚ V .0;1/ is a right submodule ofƒ1q.SUn/, we
must have that ®

ŒbC� j b 2 Oq.Grn;m/
¯
� V .1;0/ ˚ V .0;1/:

Moreover, Lemma 5.5 tells us that each non-zero Œ.zIJ /C� is contained in either V .1;0/ or
V .0;1/. Thus, since V .1;0/ and V .0;1/ are each submodules of V .1;0/ ˚ V .0;1/, we must
have a decomposition

ˆ
�
�1.Grn;m/

�
D W .1;0/

˚W .0;1/
WD
�
ˆ
�
�1.Grn;m/

�
\ V .1;0/

�
˚
�
ˆ
�
�1.Grn;m/

�
\ V .0;1/

�
as well as a corresponding decomposition of calculi. Since Lemma 5.7 tells us that V .1;0/

and V .0;1/ are non-isomorphic as left Oq.Lm/-comodules, ‰.V .1;0// and ‰.V .0;1// are
non-isomorphic as objects in Oq.SUn/

Oq.Grn;m/
Mod, and so, the two calculi cannot be isomorphic.

The classification of calculi over the quantum Grassmannians in Theorem 4.14 tells us
that there can exist no non-trivial calculus of dimension strictly less than dim.�1q.Grn;m//.
Thus it follows from the inequality

dim
�
W .1;0/

�
� dim

�
V .1;0/

�
D m.n �m/ D

1

2
dim

�
�1q.Grn;m/

�
that W .1;0/ D V .1;0/, or W .1;0/ D 0. That the former is true follows from the fact that the
coset ŒzMM

?
mC1;1 � is non-zero. This can be seen explicitly from the fact that

QmC1;1.z
MM?mC1;1/

is equal to

nX
aD1

nX
bD1

X
jAjDm

X
jBjDn�m

r
�
umC1a ˝ ŒM?mC1;1jB�

�
r
�
uab ˝ ŒM jA�

�
r.zA ˝ u

b
c /r. NzB ˝ u

c
1/;

which, since the last factor is non-zero only for c D 1, is equal to

r.umC11 ˝ NzM?mC1;1
/r.u11 ˝ Nz/r.z ˝ u

1
1/r. Nz ˝ u

1
1/ ¤ 0:

A similar argument establishes thatW .0;1/ D V .0;1/. Since the associated calculi are non-
isomorphic, their direct sum must be isomorphic to the Heckenberger–Kolb calculus.
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6. A Borel–Weil theorem for the quantum Grassmannians

In this section we prove the main result of the paper, namely the Borel–Weil theorem for
the quantum Grassmannians. To do so we realise the unique Oq.SUn/-covariant connec-
tion on the Heckenberger–Kolb calculus as a principal connection acting on a quantum
principal bundle over the Grassmannian.

6.1. A quantum principal bundle

In this subsection we prove that the sphere bundle Oq.S
n;m/ together with the restriction

of the first-order differential calculus �1q.SUn/, denoted as �1q.S
n;m/, gives a quantum

principal bundle. Then we prove that the universal principal connection …` descends to a
principal connection on �1q.SUn/.

Definition 6.1. We denote by �1q.S
n;m/ the restriction of �1q.SUn/ to a first-order dif-

ferential calculus on Oq.S
n;m/.

We observe that because �1q.SUn; m/ restricts to the first-order Heckenberger–Kolb
calculus �1q.Grn;m/ on Oq.Grn;m/, then �1q.S

n;m/ must also restrict to �1q.Grn;m/ on
Oq.Grn;m/.

Proposition 6.2. The first-order differential calculus�1q.S
n;m/ is left Oq.SUn/-covariant

and right Oq.Lm/-covariant. Hence a quantum principal bundle is given by the pair�
Oq.S

n;m/;�1q.S
n;m/

�
:

Proof. The left and right covariance of �1q.S
n;m/ is inherited directly from the left and

right covariance of �1q.SUn; m/. Hence by Proposition 3.10 the given pair is a quantum
principal bundle.

We will now prove that the universal principal connection …` descends to a principal
connection on �1q.S

n;m/. We begin with a general technical lemma for principal pairs.

Lemma 6.3. Denote Jver WD J \ i.TC/. If J is not homogeneous with respect to the
decomposition given in (3.2) then

dim
�
ƒ1.H/

�
< dim

�
TC=�.Jver/

�
:

Proof. We can decompose any element j 2 J as j D j0 C j1, with j0 2 ker.�/ and
j1 2 i.T

C/. Now we have
�.j / D �.j1/; (6.1)

for every j 2 J . If J is not homogeneous, there exist j 2 J such that j1 … Jver and, since
i W TC ! PC is injective, equation (6.1) implies

dim
�
TC=�.J /

�
< dim

�
TC=�.Jver/

�
;

as claimed.
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The following proposition deals with the left Oq.SUn/-covariant strong principal con-
nection …` W �

1
q.S

n;m/! �1q.S
n;m/, and the associated splitting map in Corollary 4.12,

i W O.U1/
C ! �1q.S

n;m/C,

Proposition 6.4. The following assertions hold.

(1) The universal principal connection…` descends to a left Oq.SUn/-principal con-
nection for the bundle .Oq.Sn;m/;�1q.S

n;m//.

(2) The associated space of vertical forms Vq.Sn;m/ver is 1-dimensional, spanned by
the coset Œz � 1�, or equivalently by the coset Œ Nz � 1�, and it is trivial as right
Oq.Lm/-comodule.

(3) The connection…` is the unique left Oq.SUn/-covariant principal connection for
the bundle.

Proof. Denoting � WD Qi i . Nz/, it follows from [23, Lemma 2.1] that � ¤ 1. Thus we see
that Œ Nz � 1� ¤ 0. Moreover, since we have that�

�. Nz � 1/
�
D Œt � 1� ¤ 0;

implying that ƒ1.H/ is a non-trivial space spanned by the coset Œt � 1�.
To prove that J is homogeneous with respect to the decomposition given by (3.2), let

Jver D J \ i.T
C/. For any k 2 Z>0, the elements

. Nz � �/. Nz � 1/ Nzk ; .z � ��1/.z � 1/zk

and

. Nz � 1/ �
� � 1

��1 � 1
.z � 1/

are contained in Jver. Thus we can conclude that

dim
�
TC=�.Jver/

�
� 1:

If J were not homogeneous with respect to the decomposition Lemma 6.3 would then
imply that TC=�.J / was trivial, but since we know that �. Nz � 1/ ¤ 0, we must conclude
that J is homogeneous.

Recall that V .0;1/ and V .1;0/ are irreducible and non-isomorphic, and for all but the
very special case of the Podleś sphere, have dimension strictly greater than 1. Hence
neither V .1;0/ nor V .0;1/ can be trivial as Oq.Lm/-comodules. For the special case of the
Podleś sphere, both V .1;0/ and V .0;1/ are 1-dimensional, but are well known to be non-
trivial (see for example [44, Section 3]). All this means that Vq.Sn;m/ decomposes into
three distinct irreducible sub-comodules, and hence that there can exist precisely one left
Oq.Lm/-comodule map with kernel V 1q .Grn;m/, and hence precisely one left Oq.SUn/-
covariant principal connection for the bundle.

Following the general discussion presented in Section 2.4, the principal connection

…` W �
1
q.S

n;m/ 7! �1q.S
n;m/
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gives a left Oq.SUn/-covariant connection

r W Ek 7! �1q.Grn;m/˝Oq.Grn;m/ Ek ; (6.2)

for each k 2 Z. The following corollary is now implied by the uniqueness results of con-
nections identified in Theorem 4.18.

Corollary 6.5. For every line bundle Ek , the connection r coincides with the connection
identified in Theorem 4.18. Moreover, the associated .0; 1/-connection is the holomorphic
structure identified in Theorem 4.18.

6.2. The Borel–Weil theorem

In this subsection we prove the Borel–Weil theorem for the quantum Grassmannians. We
begin with a short technical lemma used at a number of points in the proof of the main
theorem. In the lemma the projection

proj.0;1/ W �1q.S
n;m/ 7! Oq.S

n;m/�.0;1/Oq.S
n;m/

associated to the decomposition

�1q.S
n;m/ D Oq.S

n;m/�.1;0/Oq.S
n;m/˚Oq.S

n;m/�.0;1/Oq.S
n;m/˚�1q.S

n;m/ver

is considered.

Lemma 6.6. It holds that

(1) �.ˆP .Oq.Sn;m/�.0;1/Oq.Sn;m/// D �.ˆP .Oq.Sn;m/�.0;1/// D V .1;0/,

(2) �.ˆP .Oq.Sn;m/�.1;0/Oq.Sn;m/// D �.ˆP .Oq.Sn;m/�.1;0/// D V .0;1/.

(3) The projection proj.0;1/ is a right Sq.Grn;m/-module map.

Proof. It follows from the presentation of �.1;0/ and �.0;1/ given in Proposition 5.8 that

�
�
Œ!�
�
2 V .1;0/; �

�
Œ!�
�
2 V .0;1/; ! 2 �.1;0/; � 2 �.0;1/:

Thus we see that the equalities in (1) and (2) follow from the fact that V .1;0/ and V .0;1/

are right Oq.SUn/-submodules of Vq.Sn;m/, as established in Lemma 5.7. Lemma 5.7
also tells us that proj.0;1/ is a right Sq.Grn;m/-module map if

V 0Sq.Grn;m/ � V .1;0/ ˚ V 0:

That this is true follows from the fact that

Qij
�
. Nz � 1/ NzI

�
D 0;

for all .i; j / 2M �M?.

Theorem 6.7 (Quantum Grassmannian Borel–Weil). For all k 2 Z>0, it holds that

(1) H 0
x@
.Ek/ D Vk$n�m

,

(2) H 0
x@
.E�k/ D 0.
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Proof. (1) Recalling that z D ŒM?jM?� we see that

.id˝ �/U.dz/ D
X

jAjDn�m

X
.i;j /2M�M?

ŒM?jA�˝Qij
�
ŒAjM?�

�
bij :

It follows from Lemma 5.4 that Qij .ŒAjM?�/ D 0, for all .i; j / …M? �M . The results
of Section 5.3 now imply that

d Nz 2 �.1;0/q .Sn;m/hor ˚�
1
q.S

n;m/ver D ker.proj.0;1//:

Note next that, for any k 2 Z>0, Lemma 6.6 implies

x@Ek . Nz
k/ D proj.0;1/ ı d. Nzk/ D

X
aCbDk�1

Nza proj.0;1/.d Nz/ Nzb D 0:

Thus all powers of Nz are holomorphic. Recalling that x@Ek is a left Oq.SUn/-comodule
map, we see that the inclusion of Vk$n�m

in H 0
x@
.Ek/ now follows from Schur’s lemma.

To show the opposite inclusion, we need to consider the decomposition of Ek into
irreducible left Oq.SUn/-subcomodules. As discussed in Appendix A, each irreducible
subcomodule contains an element of the form b Nzk , for some b 2Oq.Grn;m/. Let us assume
that one of these elements b Nzk , for b … C1, is holomorphic. This would imply that

0 D x@Ek .b Nz
k/ D x@b ˝ Nzk C b ˝ x@Ek . Nz

k/ D x@b ˝ Nzk :

Noting that �1q.S
n;m/ is a torsion-free right Oq.Grn;m/-module, that Ek is projective as

left Oq.Grn;m/-module and that Oq.Grn;m/ has no zero-divisors, we see that Liouville’s
theorem implies that

x@b ˝ Nzk ¤ 0:

Thus we see that no such holomorphic element exists, and that by Schur’s lemma the first
claimed identity holds.

(2) We now come to the line bundles E�k , for k 2Z>0. Assume there exists a non-zero
holomorphic element e 2 E�k . Then for any jI j D n �m, we would have

x@.e NzkI / D proj.0;1/
�
d.e NzkI /

�
D proj.0;1/.de/ NzkI C ed. NzkI / D 0;

which is to say
e NzkI 2 H

0
x@;q
.Grn;m/:

Theorem 4.17 implies that e NzkI must be a non-zero scalar multiple of 1. Denoting

e NzkI DW �I1;

we see that ��1I Nz
k
I is a right inverse of e, for any I . However, since Oq.SUn/ has

no zero divisors, right inverses are unique. Thus to avoid contradiction we are forced to
conclude that E�k contains no holomorphic elements.



A Borel–Weil theorem for the quantum Grassmannians 303

6.3. Opposite complex structure

In this subsection we consider the opposite complex structure x�.�;�/ of the complex struc-
ture �.�;�/. Composing the connection given in (6.2) with projection onto

�.1;0/ ˝Oq.Grn;m/ Ek ;

gives a left Oq.SUn/-covariant flat .1; 0/-connection

@Ek W Ek ! �.1;0/ ˝Oq.Grn;m/ Ek ;

which is to say a covariant holomorphic structure with respect to �.�;�/ (see [19, Remark
4.8] for more details). As a careful reading of Section 6.2 will confirm, the proof of the
Borel–Weil theorem for the complex structure �.�;�/ carries over directly to the opposite
setting.

Theorem 6.8. For the holomorphic line bundle .Ek ; x@Ek /, it holds that

(1) H 0
@
.Ek/ D 0,

(2) H 0
@
.E�k/ ' Vk$m

,

for all k 2 Z>0.

This result will be used in Section 7 when we discuss the implications of the Borel–
Weil theorem for the noncommutative Kähler geometry of the quantum Grassmannians.

6.4. The twisted homogeneous coordinate ring

In classical complex geometry any positive line bundle E over a compact Kähler manifold
M gives an embedding of M into complex projective space. Moreover, the homogeneous
coordinate ring S.M/ associated to this embedding is isomorphic as a graded algebra toM

k2Z�0

H 0
x@
.E˝k/:

For the Grassmannians the line bundle E1 is well known to be positive and the associ-
ated projective embedding is the Plücker embedding. Thus for the quantum Grassmanni-
ans it is natural to ask if the ring M

k2Z�0

H 0
x@
.Ek/

can be identified with the twisted homogeneous coordinate ring Sq.Grn;m/. The following
proposition shows that this is indeed the case and that the result is a direct implication of
the quantum Borel–Weil theorem. This generalises earlier work in [34–36] realising the
quantum n-plane in terms of the noncommutative complex geometry of quantum project-
ive space Oq.CPn�1/.

Proposition 6.9. Considering each line bundle Ek as a subspace of Oq.SUn/, it holds
that M

k2Z�0

H 0
x@
.Ek/ D Sq.Grn;m/:
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Proof. It follows from the Borel–Weil theorem thatM
k2Z�0

H 0
x@
.Ek/ � Sq.Grn;m/:

Let us now show the opposite inclusion. Take e 2H 0
x@
.Ek/, e0 2H 0

x@
.El /, and observe that

x@EkCl .ee
0/ D .id �…/.0;1/

�
d.ee0/

�
D .id �…/.0;1/

�
.de/e0 C ed.e0/

�
D .id �…/.0;1/.de/e0 C e….de0/

D 0;

where we have used the fact that… is a right Sq.Grn;m/-map, as established in Lemma 6.6.
Thus we see that the direct sum

L
k2Z�0

H 0
x@
.Ek/ is a subalgebra of Oq.SUn/. Now by

the Borel–Weil theorem the generators NzI of Sq.Grn;m/ are contained in H 0
x@
.E1/. Thus

we get the opposite inclusion

Sq.Grn;m/ �
M
k2Z�0

H 0
x@
.Ek/;

and hence equality of the two algebras.

Remark 6.10. Proposition 6.9 hints at the possible existence of a noncommutative gen-
eralisation of the classical GAGA correspondence. (See [6, Section 7] for a detailed
speculation about how such a general picture might look). The task of finding a unified
understanding of the noncommutative complex and projective geometry of the quantum
Grassmannians in terms of such a formal framework is a major undertaking. A tractable
first step is the formulation of a noncommutative version of positivity for noncommutative
holomorphic line bundles [14,20]. This is the subject of ongoing research and is discussed
in some detail in the next section.

We finish by considering the domain of the closure of the essentially self-adjoint oper-
ator defined in (7.1). This is a direct q-deformation of the vector space of C 1-sections,
and it is natural to ask if the kernel of x@E�k contains additional elements, which is to
say, whether there exist additional holomorphic elements in the C 1-completion of Ek .
However, this cannot be the case since the Hilbert space completion of Ek admits an
orthonormal basis consisting of eigenvectors of the twisted Dolbeault–Dirac operator,
which is to say, the operator is diagonalisable [18, Proposition 4.19]. This generalises
the result for the special case of quantum projective space established in [34–36].

7. Applications to the Kähler structure of the quantum
Grassmannians

The Heckenberger–Kolb calculi of the quantum Grassmannians possess a rich noncom-
mutative generalisation of the Kähler geometry of the classical Grassmannians. Motivated
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by a desire to understand this noncommutative Kähler geometry, a general theory of non-
commutative Kähler structures was introduced in [53] and further developed in [14,19,20].
By feeding the numerical invariants given by Theorem 6.8 into this general theory one
can establish a number of new results for the noncommutative Kähler geometry of the
quantum Grassmannians. This section presents a brief summary of these applications,
referring the interested reader to relevant papers as we go. In particular we recall the gen-
eralisation of positivity to the noncommutative setting and verify that E1 is a positive (see
Remark 6.10 above).

7.1. Kähler structures

We begin with the definition of a noncommutative Kähler structure. It abstracts the prop-
erties of the fundamental .1; 1/-form of a Kähler metric [30, Section 3.1].

Definition 7.1. An Hermitian structure .�.�;�/; �/ for a differential �-calculus �� of
even total degree 2n is a pair consisting of a complex structure �.�;�/ and a central real
.1; 1/-form � , such that, with respect to the Lefschetz operator

L W �� ! ��; ! 7! � ^ !;

isomorphisms are given by

Ln�k W �k ! �2n�k ; for all k D 0; : : : ; n � 1:

A Kähler structure for a differential �-calculus is a Hermitian structure .�.�;�/; �/
such that � is closed, which is to say, d� D 0.

Associated to every Kähler structure we have a rich noncommutative generalisation of
the classical structures of Kähler geometry. For example, one gets a direct noncommut-
ative generalisation of Lefschetz decomposition allowing for the definition of a noncom-
mutative Hodge map �� through a generalisation of the classical Weil formula. One can
then use the Hodge map to define a noncommutative Kähler metric

g W �� ��� ! B WD �0; .!; �/ 7! ��
�
! ^ ��.�

�/
�
:

An Hermitian module over B is a pair .F ; h/, where F is a finitely generated projective
left B-module together with an appropriately defined sesquilinear map

h W F � F ! B:

When such an F is additionally endowed with a holomorphic structure x@F , Beggs and
Majid showed that one can mimic the classical Chern connection construction and produce
a connection

r W F ! �1.B/˝B F ;

extending the .0; 1/-connection x@F (see [7, Section 8.6] for details). This gives a natural
extension of the classical notions of positive and negative line bundles. Explicitly, we say
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that a Hermitian holomorphic vector bundle F overB is positive, or respectively negative,
if the Chern curvature satisfies

r
2.f / D �i�� ˝ f;

where � is an element of R>0, or respectively an element of R<0. Under additional posit-
ivity assumptions on g, and the existence of a state � W B ! C, one can then build upon
this definition to prove a direct noncommutative generalisation of the classical Kodaira
vanishing theorem [14, Section 8].

7.2. Positive line bundles and higher cohomologies

It has been established in [45], for all but a finite (possibly empty) set of values of q,
the Heckenberger–Kolb calculi over Oq.Grn;m/ posses a covariant Kähler structure that
is unique up to real scalar multiple. Moreover, it was shown in [18, Proposition 7.13]
that there exists an open interval I around 1 such that, for all q 2 I , the associated
Kähler metric g is positive definite. Combining this with the fact that the two first-order
Heckenberger–Kolb calculi are irreducible, one can conclude from [19, Theorem 3.3] that
each holomorphic line bundle over Oq.Grn;m/ is either positive, negative or flat. Indeed it
follows from [18, Corollary 3.4] that, for all l 2 Z, we have

(1) if H 0
x@
.Ek/ ¤ 0 and H 0

@
.Ek/ D 0, then Ek is positive,

(2) if H 0
x@
.Ek/ D 0 and H 0

@
.Ek/ ¤ 0, then Ek is negative.

Thus we see that the Borel–Weil theorem for Oq.Grn;m/ implies that, for all k 2 Z>0, the
bundle Ek is positive, while the bundle E�k is negative.

Finally, in [19, Theorem 4.18] the noncommutative Kodaira vanishing theorem for
positive line bundles was applied to Ek . In particular, vanishing of higher cohomologies
was concluded:

H
.0;i/
x@

.Ek/ D 0; for all i 2 Z>0:

Thus we see that for positive line bundles, the classical Bott–Borel–Weil theorem [10]
extends to the quantum setting.

7.3. Square integrable forms, Fredholm operators, and C 1-line modules

Composing the Haar state of Oq.SUn/ with the Kähler metric g gives an inner product

h�; �i W �� ��� ! Oq.Grn;m/; .!; �/ 7! h
�
g.!; ��/

�
:

The anti-holomorphic derivative x@ is adjointable with respect to the inner product. Denot-
ing the adjoint by x@�, a q-deformation of the Dolbeault–Dirac operator of Grn;m is given
by

Dx@ WD
x@C x@�:

We denote byL2.��/ the Hilbert space completion of�� with respect to the inner product.
The Dolbeault–Dirac operator Dx@ is an essentially self-adjoint operator on L2.��/, and
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the commutators ŒDx@; b� are bounded, for all b 2 Oq.Grn;m/. Moreover, L2.��/ carries
an evident representation � of Oq.Grn;m/ by bounded operators. This means that the triple
.Dx@; L

2.��/; �/ is a natural candidate for a spectral triple, Connes’ C �-algebraic notion
of a noncommutative Riemannian manifold [15, 17]. The difficulty here lies in verifying
the compact resolvent condition forDx@. This has been verified by direct calculation of the
spectrum for the special case of quantum projective space, but the extension of this result
to the quantum Grassmannians is technically prohibitive.

Approaching the problem from a different point of view, we can consider Dolbeault–
Dirac operators twisted by holomorphic line bundles:

Dx@Ek

W �.0;�/ ˝Oq.Grn;m/ Ek ! �.0;�/ ˝Oq.Grn;m/ Ek ; for k 2 Z: (7.1)

Since we now know that E�k is a negative line bundle, it follows from the results of [18,
Section 6] that the eigenvalues of the E�k-twisted Dolbeault–Dirac operator are bounded
below by a non-zero positive number. Hence it follows that the twisted Dolbeault–Dirac
operator is Fredholm. While the Fredholm property is significantly weaker than having
compact resolvent, the conceptual geometric proof of this analytic property is a significant
step in the right direction.

We finish by considering the domain of the closure of the essentially self-adjoint oper-
ator defined in (7.1). This is a direct q-deformation of the vector space of C 1-sections,
and it is natural to ask if the kernel of x@E�k contains additional elements, which is to
say, whether there exist additional holomorphic elements in the C 1-completion of Ek .
However, this cannot be the case since the Hilbert space completion of Ek admits an
orthonormal basis consisting of eigenvectors of the twisted Dolbeault–Dirac operator,
which is to say, the operator is diagonalisable [18, Proposition 4.19]. This generalises
the result for the special case of quantum projective space established in [34–36].

A. A generating set for the quantum Grassmannians

In this appendix we recall the alternative quantised enveloping algebra presentation of the
quantum Grassmannians introduced in [57], and equate it with Meyer’s quantum coordin-
ate algebra definition used in Section 4. This allows us to use the algebra generating set
for Oq.Grn;m/ given in [27, 57].

The Hopf algebra Oq.SUn/ can alternatively be presented as a Hopf �-subalgebra of
Uq.sln/

ı, the Hopf dual of the Drinfeld–Jimbo quantum universal enveloping algebra of
sln. Explicitly, it can be defined as the Hopf subalgebra generated by the matrix coeffi-
cients of the type 1 representations of Uq.sln/ [59, Section 2.9]. By construction we get a
quantum generalisation of the classical Peter–Weyl decomposition

Oq.SUn/ D
M
�2PC

C.V�/;

where PC denotes the set of dominant integral weights of sln, and C.V�/ denotes the
coordinate algebra of V�, the irreducible representation associated to � 2 PC.
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An explicit Hopf �-algebra isomorphism between the two constructions can be given
in the form of a non-degenerate dual pairing

h�; �i W Oq.SUn/ � Uq.sln/! C;

which we consider as a Hopf algebra embedding of Oq.SUn/ into Uq.sln/
ı. The pairing

is uniquely determined by

hKi ; u
j
j i D q

ıi;j�1�ıij ; hEi ; u
iC1
i i D 1; hFi ; u

i
iC1i D 1;

with all other pairings of generators being zero, see [37, Section 9.4] for details. The
isomorphism necessarily establishes a bijection between the cosemisimple subcoalgebras
of both presentations. Explicitly it associates C.�/ with C.V�/, where we have identified
PC with Pn�1 in the obvious way.

Following [57, Section 4] we consider the Hopf subalgebra

Uq.lm/ WD ChEi ; Fi ; Kj j i ¤ m; j D 1; : : : ; n � 1i � Uq.sln/;

where Ei , Fi , and Ki , denote the standard generators and relations of Uq.sln/ [37, Sec-
tion 6]. Now the Hopf algebra Oq.Lm/ admits a dual pairing with Uq.lS / uniquely
determined by ˝

g; �.X/
˛
D
˝
�.g/;X

˛
; for X 2 Uq.lS /; g 2 Oq.SUn/:

Thus we see that the space of coinvariants of Oq.Lm/ coincides with the space of invari-
ants of Uq.lm/, which is to say

Oq.Grn;m/ D Uq.lS /Oq.SUn/:

Hence Meyer’s definition and that given in [57, Section 4] coincide.
The general result of [57, Theorem 3.2], or [27, Proposition 3.2], restricted to the spe-

cial case of the quantum Grassmannians, tells us that a set of generators of Oq.Grn;m/
is given by all products of the form y Ny, where y is a left highest weight element of
C.V$s / and Ny is a left lowest weight element of C.V�w0.$s//, with w0 denoting the
longest element of the Weyl group of sln. As is easily verified, zI is a highest weight
vector of C.V$m/, for all jI j D m, and NzJ is a lowest weight vector of C.V�w0.$m//, for
all jJ j D n�m. Thus we see that Oq.Grn;m/ is generated by the set of all elements of the
form zIJ . It is now instructive to consider the Hopf subalgebra

Uq.l
s
m/ WD ChEi ; Ki ; Fi j i ¤ mi � Uq.sln/:

Using an analogous argument, we can identity Oq.S
n;m/ with the space of invariants

Uq.l
s
m/Oq.SUn/.
Finally, let us consider the decomposition of the line bundles over Oq.Grn;m/ into

irreducible left Oq.SUn/-subcomodules, or equivalently, into irreducible right Uq.sln/-
submodules:

E˙k '
M
�2Y

V˙�.k/; for k 2 Z�0;
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where Y is some subset of PC. As shown in [16], a basic weight argument confirms that
each V�.k/ has a highest weight element of the form b Nzk , for some b 2 Oq.Grn;m/, and
each V�.�k/ has a highest weight element of the form b0zk , for some b0 2 Oq.Grn;m/.
This fact is used in the proof of our noncommutative Borel–Weil theorem in Section 6.

B. Some additional results

In this appendix we use the presentation of the Heckenberger–Kolb calculi given in Sec-
tion 5.3 to prove some technical, yet potentially useful, results, which demonstrate the
powerful tools the coquasi-triangular approach gives us. We begin by producing a quantum
Grassmannian representative for the coset of each basis element of V .0;1/ and V .1;0/. For
an alternative proof, at the level of the irreducible quantum flag manifolds, see [28, Pro-
position 3.6].

Proposition B.1. For all .i; j / 2M? �M , it holds that

ŒzMj iM
?

� D �ij bij ; ŒzMM
?
ij � D �j ibj i ; (B.1)

for some non-zero constants �ij 2 C.

Proof. By definition ¹Qj i j i; j D 1; : : : ; nº is a dual basis to ¹bij j i; j D 1; : : : ; nº.
Thus by Lemma 5.5 there must exist (possibly zero) constants satisfying (B.1). Thus the
lemma would follow if we could show that these constants were non-zero. Drawing again
on Lemma 5.5, we see that Œ.zIJ /C� D 0, for any generator zIJ not of the form zMijM

?

,
zMM

?
j i , for i; j 2M �M?. Hence, sinceˆ.�1q.Grn;m// 2 HMod0, the elements in (B.1)

span V .1;0/ ˚ V .0;1/, and so, by comparison of dimension they must all be non-zero.

Next, for the ideal corresponding to the Heckenberger–Kolb calculus, we give a con-
crete set of generators. The argument is easily generalised to the setting of the irreducible
quantum flag manifolds using [28, Section 3.3.1].

Proposition B.2. The ideal corresponding to Heckenberger–Kolb calculus is generated
as a right Oq.Grn;m/-module by the elements

(1) .zIJ /C with .I; J / 2 T

(2) zIJ .zKL/C with .I; J / … T and zKL 2 T ,

where we have denoted

T WD
®
.Mij ;M

?/; .M;M?i 0j 0/; .M;M
?/ j .i; j / 2M �M?; .i 0; j 0/ 2M? �M

¯
:

Proof. As consequence of Lemma 5.5, the quotient of Oq.Grn;m/C by the ideal gener-
ated by the elements listed above contains the ideal corresponding to Heckenberger–Kolb
calculus. At the same time Oq.Grn;m/C is generated as a right Oq.Grn;m/-module, by
the .zIJ /C. Hence it follows that the dimension of the quotient of Oq.Grn;m/C by the
ideal generated by the listed elements is less than or equal to the dimension of the ideal
corresponding to the Heckenberger–Kolb calculus, which proves the corollary.
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Recall next that in Lemma 5.7 we showed that V .0;1/ is an Oq.SUn/-submodule of
ƒ1q.SUn/. In the following proposition we produce explicit formulae for the actions of the
generators Oq.SUn/, as well as formulae for the actions of the antipodes of the generators.
This technical result serves as a crucial ingredient in the proof that the anti-holomorphic
algebra V .0;�/ is a Nichols algebra [39]. Indeed, to match the conventions used [39], the
result is presented in terms of an alternative basis of V .0;1/: ¹Œuij � j .i; j / 2M

? �M º. It
is easily checked that this is indeed a basis of V .0;1/ and that Œuij � is linearly proportional
to bj i . We omit the proof which is a direct technical calculation.

Proposition B.3. The Oq.SUn/-action on V .0;1/ is as follows. For i ¤ j and for .r; s/ 2
.M �M/ [ .M? �M?/ we have

Œuij � G u
r
r D q

�2=nqır;iCır;j Œuij �;

Œuij � G u
r
s D q

�2=n
�
�.r � s/ıs;i .q � q

�1/Œurj �C �.s � r/ır;j .q � q
�1/Œuis�

�
;

Œuij � G S.u
r
r / D q

2=nq�ır;i�ır;j Œuij �;

Œuij � G S.u
r
s / D q

2=n
�
ıs;i�.r � s/.q

�1
� q/Œurj �C ır;j �.s � r/q

2.r�s/.q�1 � q/Œuis�
�
:

We finish by noting that this action is a purely noncommutative phenomenon, indeed
since classical forms and functions commute, the classical action of O.SUn/ on V .0;1/ is
trivial.
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[9] G. Böhm and T. Brzeziński, Strong connections and the relative Chern–Galois character for
corings. Int. Math. Res. Not. IMRN 2005 (2005), no. 42, 2579–2625 Zbl 1111.16038
MR 2182707

[10] R. Bott, Homogeneous vector bundles. Ann. of Math. (2) 66 (1957), 203–248
Zbl 0094.35701 MR 89473
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