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The equivariant Tamagawa number conjecture for
abelian extensions of imaginary quadratic fields

Dominik Bullach and Martin Hofer

Abstract. We prove the Iwasawa-theoretic version of a conjecture of Mazur—Rubin and Sano in
the case of elliptic units. This allows us to derive the p-part of the equivariant Tamagawa number
conjecture at s = 0 for abelian extensions of imaginary quadratic fields in the semi-simple case and,
provided that a standard p-vanishing hypothesis is satisfied, also in the general case.

1. Introduction

The equivariant Tamagawa number conjecture (€TNC for short) as formulated by Burns
and Flach [13] (building on earlier work of Kato [44, 45] and, independently, Fontaine
and Perrin-Riou [33]) is an equivariant refinement of the seminal Tamagawa number con-
jecture of Bloch and Kato [5]. It both unifies and refines a great variety of conjectures
related to special values of motivic L-functions such as Stark’s conjectures, the Birch and
Swinnerton-Dyer conjecture, and the central conjectures of classical Galois module theory
(see [10,11,46] for more details).

Already Bloch and Kato have deduced cases of their Tamagawa number conjecture
from the Iwasawa main conjecture of Mazur and Wiles [55] in the original article [5].
However, the necessary descent calculations are particularly involved in cases where the
associated p-adic L-function possesses so-called trivial zeroes. To handle such cases,
Burns and Greither developed in [14] a descent machinery that, together with additional
arguments for the 2-part by Flach [32], lead to a proof of the eTNC for the Tate motive
(h°(Spec K), Z[Gal(K /Q)]) if K is a totally abelian number field (see also the article of
Huber and Kings [40] for a different proof strategy). The descent formalism of Burns—
Greither uses the vanishing of certain Iwasawa p-invariants, the known validity of the
Gross—Kuz’min conjecture in this setting, and a result of Solomon [66] as crucial ingredi-
ents. Bley [3] later proved partial results for K an abelian extension of an imaginary
quadratic field using the same strategy and an analogue [2] for elliptic units of Solomon’s
result.

In [16], Burns, Kurihara, and Sano showed that an Iwasawa-theoretic version of a con-
jecture proposed by Mazur—Rubin [54] and, independently, Sano [64] constitutes an appro-
priate conjectural generalisation of the aforementioned result of Solomon’s and therefore
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allows one to extend the Burns—Greither descent formalism to a general strategy for prov-
ing eTNC(h°(Spec K), Z[Gal(K /k)]) with K/k a finite abelian extension of number fields.

To describe the Iwasawa-theoretic Mazur—Rubin—Sano conjecture in a little more de-
tail, we let p be a prime number, K /k a finite abelian extension of number fields, and v a
p-adic place of k that splits completely in K. If ko / k denotes a Z,-extension in which v
is ramified, then the existence of the place v forces (p-truncated) Dirichlet L-series asso-
ciated with characters of K/k to have a higher order of vanishing at s = 0 than L-series
of characters that arise further up in the extension Kk,/ k. As a consequence, the corres-
ponding Rubin—Stark elements can not be related to one another in an immediate fashion.
However, the Iwasawa-theoretic Mazur—Rubin—Sano conjecture, formulated by Burns,
Kurihara, and Sano in [16], predicts that, after applying a certain “twisted norm oper-
ator” and a regulator map defined in terms of local reciprocity maps, these Rubin—Stark
elements satisfy a congruence modulo a power of the augmentation ideal of Kk /K.

These congruences offer a conceptual approach to conjectures concerning trivial zer-
oes of p-adic L-functions. For example, they recover the Gross—Stark conjecture resolved
by Dasgupta, Kakde, and Ventullo in [25] and also have consequences for the leading term
of Katz’s p-adic L-function (see [19]).

In the present article, we prove the following unconditional result.

Theorem A. The Iwasawa-theoretic Mazur—Rubin—Sano conjecture (Conjecture 3.11)
holds if k is an imaginary quadratic field.

As a first consequence of this result, one may extend the validity of the leading term
formula for Katz’s p-adic L-function that is proved by Biiyiikboduk and Sakamoto in
[19, Thm. 1.6] to cases when p divides the class number of the imaginary quadratic base
field k (cf. the discussion in Remark 2.10 (ii) of loc. cit.). In a similar manner Theorem A
has also been used by Maksoud to study leading terms of p-adic L-functions in [52, §6.5].

As an important step in the proof of Theorem A we first prove the validity of the
Iwasawa-theoretic Mazur-Rubin—Sano conjecture for a wide class of Z,-extensions by
building on results of Bley and the second author in [4]. We then combine this interme-
diate result, stated in Theorem 5.1, with the formalism of Burns, Kurihara and Sano [16]
to deduce the following result on the p-part of the eTNC from the relevant equivariant
Iwasawa main conjecture. Since the eTNC is known to imply the Mazur—Rubin—Sano
conjecture, this then also completes the proof of Theorem A (cf. Corollary 5.9).

Theorem B. Let p be a prime number, k an imaginary quadratic field, and K [/ k a finite
abelian extension.
(@) If pis splitin k, then eTNC(h°(Spec K), Z,[Gal(K / k)]) holds.
(b) If p is not split in k, then eTNC(h°(Spec K), Z,[Gal(K / k)]) holds if p + [K : k]
or the classical Iwasawa [-invariant vanishes (see Theorem 5.8 for a more pre-
cise statement).

In particular, eTNC(h°(Spec(K)), Z[Gal(K / k)]) holds if [K : k| is a prime power or
every prime factor of [K : k] is split in k (see Corollary 5.10).
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The first part of Theorem B generalises work of Bley [3] which only covers prime
numbers p > 2 that do not divide the class number of k. The second part of Theorem B
grew out of the second presently named author’s thesis [38] and not only settles the descent
problem in this previously widely open case but, in combination with the first part of
Theorem B, also provides for a large supply of new examples in which the eTNC is valid
unconditionally. More precisely, the condition on the class number imposed in [3] meant
that the unconditional validity of the eTNC was previously only known in certain cases
where k is one of only nine imaginary quadratic fields of class number one. In contrast,
Theorem B is devoid of any such restrictive hypotheses on the field k.

The assumption on the vanishing of a certain Iwasawa p-invariant in Theorem B (b)
has been conjectured always to hold by Iwasawa, and we refer the reader to Proposition 5.6
for a discussion of what is currently known towards this.

The proof of Theorem B (b) also requires the validity of an appropriate analogue of
the Gross—Kuz’min conjecture which is labelled condition “(F)” in [16, §5A]. This con-
dition concerns the finiteness of the coinvariants of p-class groups and, as we shall show
by extending results known for the cyclotomic Z,-extension, is in general equivalent to
asserting that a certain regulator map has full rank (cf. Theorem 4.6). Questions regarding
the validity of condition (F) are therefore very similar in spirit to Leopoldt’s conjecture
and can typically only be answered in a small number of classical cases (see Remark 4.7
for an overview of known results in this direction).

In this article, we prove the following result which seems to not have previously
appeared in the literature (see Theorems 4.12 (b) and 4.14 for the full statements). We
remark that Theorem C (a) is a generalisation of Gross’s classical result on the minus part
of the Gross—Kuz’min conjecture in the setting of CM extensions of totally real fields (cf.
Remark 4.7).

Theorem C. Let K/k be an abelian extension of number fields, and let p be a prime
number.

(a) Let koo/k be a Zpy-extension in which all infinite places split completely.
Suppose that, for each non-trivial character y of Gal(K/k), there is at most
one non-archimedean place of k that both ramifies in koo and is such that its
decomposition group is contained in the kernel of y. If there is such a place,
assume that the completion of k at this place is Qp and that there is at least one
archimedean place that splits completely in K / k.

Then the validity of condition (F) for the Zy,-extension Kko, of K is implied by
the validity of condition (F) for the Z,-extension ko, of k.

(b) Letk be an imaginary quadratic field such that p is not split in k, and let m be the
number of p-adic places of K. Then there are at most m distinct Zp-extension Koo
of k such that condition (F) fails for the Zp-extensions Kkoo of K. In particular,
there are infinitely many such ko such that condition (F) holds for Kk / k.

While Theorem C (b) proves the validity of condition (F) for all but finitely many
7Z.,-extensions in the described setting, its method of proof does not imply condition (F)
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for any concrete extensions. To this end, we remark that, after the first version of this
article has appeared online, Maksoud has proved the Gross—Kuz’min conjecture for finite
abelian extensions of imaginary quadratic fields in [53, Cor. 1.4]. This shows that, in this
case, condition (F) is always satisfied for the cyclotomic Z,-extension.

The main contents of this article are as follows. In Section 2, we recall the defini-
tion of Rubin—Stark elements and the Rubin—Stark conjecture. In Section 3, we begin by
introducing the objects and notations in Iwasawa theory that will be used throughout most
of the article, then discuss a useful family of Iwasawa cohomology complexes, recall the
Iwasawa-theoretic Mazur—Rubin—Sano conjecture, and give a more explicit reformulation
of the conjecture. In Section 4, we study the Gross—Kuz’min conjecture and condition
(F), and prove Theorem C. In Section 5, we finally specialise to imaginary quadratic base
fields and prove Theorems A and B.

Finally we remark that an earlier version of this article formed part of an unpublished
manuscript that was previously circulated under the title “On trivial zeroes of Euler sys-
tems for G,,”.

Notation.

Arithmetic. For any number field E we write So (E) for the set of archimedean places
of E, and S, (E) for the set of places of E lying above a fixed rational prime p. Given an
extension F/E we write S (F/ E) for the places of E that ramify in F. If S is a set of
places of E, we denote by Sr the set of places of F that lie above those contained in S.
We will however omit the explicit reference to the field in case it is clear from the context.
For example, O s shall denote the ring of Sr-integers of F, and U s := Z), ®z (9;;’ s
the p-completion of its group of units. Note that we will usually use additive notation,
including for such a group of units. We also define ¥ s to be the free abelian group on

SF and set
XF,S = { Z aAyW € yF,S | Z ay = 0}.

weSF WESF

The p-completions of ¥r s and X s will be denoted as Yr s = Zp, ®z Yfr,s and
Xrs '=17Zp ®z XF,s, respectively. Furthermore, if T is a finite set of finite places dis-
joint from S, then we let A s 7 be the p-part of the Sr-ray class group mod T, i.e., the
p-Sylow subgroup of the quotient of the group of fractional ideals of O s coprime to Tr
by the subgroup of principal ideals with a generator congruent to 1 modulo all w € TF. If
S = So(E) or T = &, then we will suppress the respective set in the notation.

For any place w of F we write ordy,: F* — Z for the normalised valuation at w. In
case of a finite extension H of Q, we also write ordy for the normalised valuation on
H.1If F/E is abelian and v unramified in F/E, then we let Frob, € Gal(F/E) be the
arithmetic Frobenius at v. If v is a finite place of E, then we denote by Nv := |Og /v| the
norm of v.

Algebra. For an abelian group A we denote by Ay, its torsion-subgroup and by Ay :=
A/ Ay its torsion-free part. If there is no confusion possible, we often shorten the functor
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(=) ®z A to just (—) - A (or even (—)A) and, if A is also a Z,-module, similarly for the
functor (—) ®z, A.If A is finite, we denote by A := Homz(A, C*) its character group,
and for any y € A we let

1 _
ey = Al Z (@)ool e C[A4]
geA
be the usual primitive orthogonal idempotent associated to y. Furthermore,
Ny:= ) o €Z[A]
o€/

denotes the norm element of A.

If R is a commutative Noetherian ring, then for any R-module M we write M * :=
Hompg (M, R) for its dual and Fitt% (M) for its (initial) Fitting ideal. Let r > 0 be an
integer, then the r-th exterior bidual of M is defined as

r r *
(M = ( A\ M*) :
R R
If R = Z|[A] for a finite abelian group A, then the exterior bidual coincides with the lattice
first introduced by Rubin in [62, §2], see [18, Rk. A.9] for the precise relation between
these two definitions. The theory of exterior biduals has since seen great development and

the reader is invited to consult, for example, [18, App. A] or [9, §2] for an overview. At
this point we only remark that, if r > 1, any f € M* induces a map

r r—1
ﬂ M — ﬂ M
R R
which, by abuse of notation, will also be denoted by f', and is defined as the dual of
r—1 r
/\M*—>/\M*, g~ fArg.
R R
Iterating this construction gives, for any s < r, a homomorphism

N r r—s
/\M*—>HomR(ﬂM,ﬂM), FiA A fs> fsoeo fi. (1.1
R R R

Finally, we write @ (R) for the total ring of fractions of R.

2. Rubin-Stark elements

Let K/ k be a finite abelian extension of number fields with Galois group § := Gal(K/ k)
and fix a finite set S of places of k which contains Seo (k) U S;am (K/ k). Suppose to be
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given a proper subset V' < S of places which split completely in K/k and choose an
ordering S = {vy,...,v;} suchthat V = {vq,...,v,}. Foreveryi € {0,...,t} fix a place
v; of the algebraic closure Q of @ that extends v; and write w; = wg,; for the place of K
induced by v;.

If y e € and T is a finite set of places of k disjoint from S, we define the S-truncated
T -modified Dirichlet L-function associated with y by means of

List(x.s) = 1_[ (1 = x(Frob,)Nv'~*). l_[ (1- )((Frob,,)Nv_s)_1
veT veES

for all complex numbers s of real part strictly greater than 1. It is well-known that this
defines a meromorphic function on the complex plane that is holomorphic in s = 0 by
analytic continuation. By [67, Ch. I, Prop. 3.4], the existence of the set V' C S implies
that the order of vanishing of L/ s 7(x,s) ats = 01is at least 7. This allows us to define
the r-th order Stickelberger element as

e(r)k 5,70 = Y ey lim sLesr(x"'s) e R[]
xeg

In the sequel we shall use that the Dirichlet regulator map

Aks:0g s — RXks., ar — Z log |a]y - w 2.1)

weSk

induces an isomorphism

r r
R N 0fs =R N\ Xg.s (2.2)
Al 78]
that will also be denoted as Ak s.

Definition 2.1. The r-th order Rubzn—Stark element € kst €R /\Z[g] Ok s is defined
to be the preimage of the element o v / kST 0)- Ai<i<r (w, wop) under the isomorphism
(2.2) induced by the Dirichlet regulator map Ak s.

We remark that this definition does not depend on the choice of element vg € S\ V
(see [65, Prop. 3.13]).

To state the p-component of the Rubin—Stark conjecture for a prime number p we
now fix an isomorphism C = C, that allows us to regard 8}2 Jk,s,7 s an element of
Cp /\er 1g] Uk.s- Given a finite set T' of places of k that is disjoint from S, we also write
Uk, s, :=7Zp @z (91?, ST for the p-completion of the group of (Sx, Tk )-units which are
defined as

Og.s.r = ker {(9,?5 — EB ((9K/w)x}.
weTk
We will often assume that 7" is chosen in a way such that Uk s 7 is Z,-torsion free (which
is automatically satisfied if, for example, 7" contains a non- p-adic place).

In [16, Conj. 2.1], Burns, Kurihara, and Sano have proposed a *“ p-component version”

of the Rubin—Stark conjecture (from [62]) as follows.
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Conjecture 2.2 (p-component of Rubin-Stark). If Uk s,7 is Zp-torsion free, then the
Rubin-Stark element sllg/k,S,T belongs to ﬂer[g] Uk,s,T-

Examples 2.3. (a) (cyclotomic units) Take k = Q, K a finite real abelian extension of Q,
S = Soo(Q)U Seam (K / k), and V = Soo (Q) = {v1 }. If we set 87 := [ ,e7 (1 —Nv Frob, 1),
then one has

1
ekjq.s.r =0T - (5 ® N, k(1 — ém)) €Ok s>

where m = mg is the conductor of K and &, := :~1(e27/m) with 1 Q < C the embed-
ding corresponding to the choice of place vy fixed at the beginning of the section (see
[67, Ch. IV, §5] for a proof). In particular, in this situation Conjecture 2.2 holds for all
primes p.

(b) (Stickelberger elements) Let k be a totally real field, K a finite abelian CM exten-
sionof k, S = Seo(k) U S;am(K/ k), and V = @. In this setting Conjecture 2.2 holds true
for all primes p due to work of Deligne—Ribet [28], and the Rubin—Stark element is given
by

8[‘?/1{,3,7’ = Ok/k,5,7(0) € Z[9].

(c) (elliptic units) Let k be an imaginary quadratic field and f € @ a non-zero ideal
such that O — (O /)™ is injective. Take K to be a finite abelian extension of k, § =
Soo(k) U Sam(K/k)U{a | T}, and V = S (k) = {v1}. Then Conjecture 2.2 holds in this
setting, see, for example, [67, Ch. IV, Prop. 3.9]. To describe the Rubin—Stark element in
this situation, we write m = mg for the conductor of K, let k(fm) be the ray class field
of k modulo fm, and choose an auxiliary prime ideal a & Oy coprime to 6fm. Using the
elliptic function ¥ introduced by Robert in [58], we set

Yim,a = L_I(W(l;fm’a_lfm)) € Olz((fm),S

with ¢ Q < C the embedding corresponding to v7. It then follows from Kronecker’s
second limit formula, e.g. [31, Lem. 2.2 (e)], that

V —
ek ks = 0185y  Nkrmy/k (Wim,a) € OF 5.7,

and this equality does not depend on the choice of a.

3. Iwasawa-theoretic congruences for Rubin-Stark elements

3.1. The general set-up

In this subsection we describe the Iwasawa-theoretic set-up that will be fixed throughout
all of Section 3, and also collect a number of elementary facts that will prove useful in the
sequel.
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Let k be a number field, and fix a rational prime p. We suppose to be given a finite
abelian extension K/k and a Zp,-extension koo /k. We define Koo := Kkoo and write
K, for the n-th layer of the Z,-extension Koo/ K (here Ko means K). We further set
Iy = Gal(K,/K),T'" := Gal(Koo/ K»), §n = Gal(K,/ k), and £\ == Z,[Gal(Ko/ k)].
If n = 0, then we suppress reference to n in the notation and simply write I" and § for
Gal(K«/K) and Gal(K / k), respectively.

Moreover, we introduce the following notations and assumptions:

* S afinite set of places of k which contains Seo(k) U Spam(K/ k) and is such that no

finite place in S splits completely in koo / k,

o ¥:=SUSumkoo/k),

* V C X the subset of places which split completely in Ko/ k (by our assumptions this
is a subset of S (k)), and r its cardinality,

* V'’ C X aset of places which contains V' and consists of places that split completely
in K/k, and r’ its cardinality,

* T a finite set of places of k which is disjoint from X, contains only places that do
not split completely in ko /k, and is such that Uk, = 7 is Z,-torsion free for some
integer n > 0. By the general result of [56, Prop. (1.6.12)], this implies that Uk, s
is Zp-torsion free for all n > 0.

We fix a labelling ¥ = {vg,...,v;} suchthat V = {vq,...,v,}and V' = {vq,..., v }.

As at the beginning of Section 2, we also choose a place v; of the algebraic closure Q of

Q that extends v; and, for every n > 0, write w, ; = wkg,,; for the place of K, induced

by ;.

Lemma 3.1. For any topological generator y of I', the element y — 1 is a non-zero divisor

in .

Proof. Fix a splitting Gal(Koo/k) 2 T’ x A with ' = Z, and A finite. Set L := KL,
and write L,, for the n-th layer of the Z,-extension K,/ L. By definition, we have
Ko = U Ly,
n>0

hence there is # such that K € L,. That s, L, is an intermediate field of the Z,-extension
Koo/ K and therefore must agree with K, for some m. If yr € T denotes a topological
generator, then there hence is a unit a € Z; such that yzp "= y?" . The element yzp "1
is a non-zero divisor in A = Z,[I""][A] because Z,[I"'] is an integral domain. It then
follows from

vl —l=y” == =D-(U+y+-+y”""
that y — 1 must be a non-zero divisor in /A as well. -

To end this subsection, we recall useful facts concerning the augmentation ideals

I(Ty) = ker{Zp[Ts] = Zp} and Ip, = ker {Z,[8,] > Z,[]}.
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Note that I, = I(I's) - Zp[9,] and hence for any Z,[§,]-module M and i € IN we have
an isomorphism

M Qz,i5,0 It, /11 = M ®z, 1(Tn)' /1(Tn) . (3.1
Moreover, we have equalities
It = ker{h — Z,[5]} = h(_m Ir, and I(T):=ker{Z,[T] — Z,} = l(ln 1(Ty).
n n

In particular, the latter ideal is generated by y — 1 for any topological generator y € I,
and there is an isomorphism

I /I ST, (y=1) ey

3.2. Modified Iwasawa cohomology complexes

For any finite abelian extension £/ k and finite set of places M 2 Soo U Stam(E/ k) that is
disjoint from a second finite set of places Z, Burns, Kurihara, and Sano have constructed
in [15, Prop. 2.4] a canonical Z-modified, compactly supported Weil-étale cohomology
complex RI'¢,z((Og,m)w, Z) for the constant sheaf Z. In the sequel we shall need the
complex
Cl.f,M,Z = RHomy, (RFC,Z ((OE,M)'W, Z), Z) [—2]

as well as its p-completion D;j, Mz ="2Zp QL C ,} m,z- The essential properties of these
complexes are listed in [12, Prop. 3.1]. For example, there is a canonical isomorphism
H O(DJ'E’ M, 7) = Ug,u,z and a canonical exact sequence

b3
0— Agmz — H' Dy pr7) — Xem — 0. (3.2)
Furthermore, specialising to our setting, there exist natural morphisms

Dy, .51 = Dk, 5.7 ®%,16,,1 Lol = Dk, x.1
in the derived category D(Zp[§,+1]) of Z,[§,+1]-modules (cf. [12, Prop. 3.1 (iv)]), which

allow us to define the limit complex

Dy .z =RlmDg 5 7. (3.3)
n

Proposition 3.2. The following claims are valid.

(@) The complex D;(oo 5. 7 s perfect as an element of the derived category D(4\) of
I-modules and acyclic outside degrees zero and one.

b) There is a canonical isomorphism H®(D? ~ Uk >.17 and a canonical
P Koo, =, T Koo, Z,
exact sequence

0— Ag.zr — H' (Dy_ 57) = Xkw.x — 0, (3.4)

where Ak, s T ‘= 1(21 Ak, s, and Xk, v = 1(21 Xk,.x with the transition
n n
maps taken to be the norm and restriction maps, respectively.
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(¢) There exists a free I-module Tl of finite rank d > |X|, a basis {b1,...,bg} of
I, and an endomorphism ¢: oo — Iloo with the following properties:

(1)  The complex [ i) o] represents the class of D;(oo,E,T in D().
(i) If we set I, = oo @n Zp[9s] and write ¢, for the endomorphism of

I, induced by ¢, then the complex [I1,, RAN I1,,] represents the class of
D;<n,2:,T in D(Z,[8,)).

(iii) If we fix an ordering ¥ = {vog, ..., Vs}, then, for any i € {1,...,t}, the
composite map

1 . T
Moo - H (DKOO,E,T) — XK,z
sends b; to (Wk,,,i — WK,,0)n>0-

Proof. To lighten notation, we set Dy := Dy ¢ r and DS, := Dy« 7 in this proof.
Each complex D}, is then a complex of finitely ’ge,nerated Zp -modules,’h’ence of compact
Hausdorff spaces. The inverse limit functor therefore commutes with taking cohomology
and so claim (b), and the second part of claim (a), follow by taking the limit of the respect-
ive statements for the complexes D;, as given in [12, Prop. 3.1 (i)].

Let [T, be a finitely generated free module of finite rank d with basis {by,...,b;}.
If d is large enough, we may choose a surjection

Proo: Moo — H'(D2)

with the property that, for any index i € {1, ...,t}, the composite 7 o pr,, sends b; to
(wk,,i — WK,,0)n>0, as required in condition (iii) of claim (c).

Since, for any integer m > 0 the complex D ., is acyclic outside degrees 0 and 1,
we have a natural identification

HI(D;n+1) ®Zy[Gm 1] Zp[Gm] = HI(D;;1+1 ®Hip[€m+1] Zp[gm])'

This combines with the natural isomorphism D}, , ®%p (i1 Zp6n] = D;, to imply
that each map H!(D}, )~ H 1(Dy,) is surjective. In particular, the second arrow in the
composite map
Moo -5 HY(DS) = lim H'(D},) > H'(D})
m>0

is surjective for every integer n > 0. In addition, the above composite map factors through
the natural map I — I1, and hence induces a surjection pr,: [T, —» H'(D;). The
method of [15, §5.4] (see also [18, Prop. A.11(i)]) then allows us to choose a repres-
entative of D, that is of the form [Q, — II,] with O, a Z,[§,]-projective module.
By a standard argument in representation theory (cf. [67, Ch. II, §4]), the isomorphism
IR@I’;”’E =~ RXk, x defined by the Dirichlet regulator (2.1) induces a rational isomorph-
ism Q, H%(D?) =~ Q, H'(D,), therefore we may identify Q, = IT, by Swan’s theorem
[23, Thm. 32.1].
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We shall now construct, by induction on n, a family of endomorphisms ¢,: I1,, — II,
which are such that, for each n, the map induced by ¢, on I1, agrees with ¢, and, in
addition, the induced endomorphism ¢, = (¢), of T satisfies the conditions (i)—(iii)
in claim (c).

To do this, we write [I1, E"—) I1,] for the representative of D;, obtained above. Define
¢o := do and assume that, for some given n, the map ¢, has already been constructed.
Write y,, for the isomorphism D} ; ®Hip[§n+1] Zp[9,] = D, in the derived category
D(Z,[9,]) and note that, as a morphism between perfect complexes, this map can be
represented by a commutative diagram of the form

On+1 Pry

0— HY(Dy Q% Zy[84]) — T, =5 1, Hl( 1 ®Zp[6,]) —

:lHO(yn lyn lyn :lH‘ ) (3.5

0— S H' D) — T, 2 1m, — ™ HI(DS) ——0.

Here 0,4, and pr,+ denote the maps induced by 9,1 and pr,, ;, respectively. By con-
struction, pr, = H!(y,) o pr, 11 and so exactness of the bottom line in (3.5) yields that
the image of y,} —idpy,, is contained in the image of ¢,. Choose a map A: I1, — I, such
that ¢, o h = y} —idp, and set f = y9 —h 0 0,41, then & defines a chain homotopy
between (2, y,}) and ( f,id). We may therefore assume that y,) is the identity map. Given
this, we can appeal to the five lemma to deduce from (3.5) that ¥ is an isomorphism.

By Nakayama’s lemma, we can lift y? to an automorphism Yy of T1,,+1. We then set
Gn+1 = Ont1 07, . By constructlon one now has both that ¢, 4| = ¢, and that Dy,
is represented by [IT,4+1 RAAEN I, 4+1]

We may therefore pass to the limit to obtain a representative [I1 f) M) of the
complex D3, as required to prove part (i) of claim (c). In particular, the latter complex is
perfect as an element of the derived category D(/\) and this proves claim (a). Moreover,
it is clear from the construction that conditions (ii) and (iii) in (c) are satisfied. [

Remark 3.3. (a) For later purposes we note that, by Proposition 3.2, the complexes
Dy s rand Dg + 1 giverise to exact sequences

0= Ukomr = Moo 5 Mg = H' (D5 7) = 0 (3.6)
and

0= Uk, 5.7 — My 25 T, > H'(Dy 5 1) =0, (3.7)
respectively.

(b) Since, for every n > 0, the map induced on cohomology in degree zero by the
isomorphism
D;{n+lyE,T ®Hip[gn+1] Zp[gn] = D;fn,E,T in D(Zp[gn])

is the field-theoretic norm map Nk, , ,/x,, : Uk, 1,5, — Uk, .7, the natural map IT,, 1 —
IT,, restricts to Nk, ,/k, on Uk, ., =,T.
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3.3. Darmon derivatives

. -
For any integer n > 0, write N Kos1/Kn for the map

r r
QU A Uknz—>Q A Uk.z

Zp[Gn+1] Zp[%n]

that is induced by the field-theoretic norm map Nk, ., /k,: K, ; — K, . It is then a
consequence of the observation in Remark 3.3 (b) that the map N;<n+1 /K, restricts to a
morphism

r r
(\ Ukewzr = () Ugnzr
Zp[gn-H] Zp[gn]

r

Kons1/K,» WE CAN therefore
n n

(see [9, §3.2] for details for this argument). Using these maps N
define the projective limit

r r
n20Z,[5,] n

where the identification follows from an application of the general result of Sakamoto in
[63, Lem. B.15] to the representative of the complex DI.(OO,E,T constructed in Proposi-
tion 3.2.

Suppose the p-part of the Rubin—Stark conjecture (Conjecture 2.2) holds true for all
extensions K, /k and the data (V, X, T'). Then [62, Prop. 6.1] (see also [64, Prop. 3.5])
implies that the family

. v
EKoo/k, 2, T = (SK,,/k,E,T)nEO

defines an element of Ig_n -0 ﬂer 1¢,] UK»,=,T, and may hence be regarded as an element
n

of N}, Uk.,,=,r by means of the above identification.
Let W := V' \ V and e := |W|. We also note that W can only contain finite places.

Conjecture 3.4. Assume that, for all n > 0, the p-part of the Rubin—Stark conjecture
(Conjecture 2.2) holds for the extension K, [k and the data (V,Z,T). Then eg_/k,=,T

belongs to I - () Uk o, =T

Remark 3.5. (a) Variants of Conjecture 3.4 have previously appeared in the literature
in many places, with its archetypical relative being the “guess” formulated by Gross
for Stickelberger elements [37, top of p. 195]. A version for general Rubin—Stark ele-
ments was then formulated by Burns in [11], see also [64, Conj. 4]. In the form stated
above the conjecture has, for example, been studied by Biiyiikboduk and Sakamoto in
[19, Conj. 2.7].

(b) Conjecture 3.4 is implied by a (relevant variant of a) Iwasawa main conjecture and
this is indeed already well known (see also Remark 3.8). A direct proof by analytic means
in the case of k totally real and K CM is given by Dasgupta and SpieB in [26].
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(c) A containment as in the statement of Conjecture 3.4 should be thought of as an
order of vanishing statement. In fact, it can be directly linked to the order of vanishing of
a p-adic L-function in many cases (see, for example, [19, Lem. 4.9]).

Recall that any element a € (1)), Uk, x,7 is by definition a morphism

.
a: \(ULo,5.1)* — .
/N

In particular, its image im(a) is a well-defined ideal of A\.

Proposition 3.6. Assume that, for every n > 0, the p-part of the Rubin—Stark conjecture
holds for the extension K, /k and the data (V, %, T).

(a) Conjecture 3.4 holds true if one has an inclusion of reflexive hulls

im(ek,/k,5,7)** CFitt) (k. x,7)*™* - Fitt) (Xk, z\v)** (3.8)

(b) If W contains at most one place which ramifies in koo /k, then Conjecture 3.4
holds true.

Proof. To prove (a), we consider the surjective composite map

XKOO,E\V - Yk W > Yew = @ Zp.
veWw

Here the first arrow is given by sending places above X \ W to zero (which gives a sur-
jective map because of our assumption that V' is a strict subset of X), and the second
arrow is the natural restriction map. By a standard property of Fitting ideals (see, for
example, [55, Appendix, property 1]), the above surjection then gives rise to an inclu-
sion Fitt) (X s\v) C Fitt) (D,ew Zp) = I£. Taking reflexive hulls, we deduce that
Fittg\(XKoo,g\V)** is contained in (I{)** = I{.

If, forany i € {1,...,d}, we write b": IT% — A\ for the dual basis element of b;, then
the inclusion

.
{f(sllgoo/k,z,T) | f € /\ Hio} c im(al‘gw/k,E,T)
A

combines with the assumption in claim (a) and the above discussion to imply that the value
(Nier b)) ek k,=,1) belongs to I for any index set I € {1,...,d}. Since the elements
of the form by := \;¢; b form a A-basis of ), I, this shows that ex,_ k= .7 can be
written as ) 7 Xrb; with each coefficient x; an element of /. We deduce that

,
€Kk, =, € If /\ Moo,
A
hence the validity of Conjecture 3.4 now follows from Lemma 3.7. This proves claim (a).
By the above observations, it suffices to prove that im(s}goo / k,):,T) is contained in
Fittg\(X Ko, z\V) in order to establish claim (b). Under the stated condition, this follows
from the argument of [8, Lem. 6.5 (a) and (b)]. ]
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Lemma 3.7. Letu € ﬂ;x Uk...=,T be a norm-coherent sequence. Then

r r
ue]f-ﬂUKw,z,Téuelﬁ-/\Hoo.
VN N

Proof. By the general result of Sakamoto in [63, Lem. B.12], the exact sequence (3.6)
induces an exact sequence

r—1

r r
0= (Ukwzr = \ Moo 2 Moo @4 /\ Mo, (3.9)
/N /N /N

whence the implication “=" is clear. If we now fix a topological generator y € I, then
u = (y — 1)% for some k € \!, T implies that

0=¢w) =¢((y —D%) = (y =1 (k).

hence ¢ (k) = 0 since (y — 1)¢ € A is not a zero divisor by Lemma 3.1 and Tl ®4
2\_1 I is torsion-free. The exact sequence (3.9) thus reveals thatk € (), Uk, .x.7. ®

Remark 3.8. The inclusion (3.8) is one “divisibility” in an equivariant higher-rank Iwas-
awa main conjecture that is expected to always hold (cf. [16, Conj. 3.14]). In particular,
this shows that Conjecture 3.4 would be a consequence of one divisibility in a relevant
Iwasawa main conjecture.

Definition 3.9. Assume Conjecture 3.4 holds. The (Iwasawa-theoretic) Darmon derivat-
ive of ex_ sk, =, With respect to a topological generator y of I' is the bottom component
ko of the unique norm-coherent sequence Kk = (ky), in ﬂz\ Uk..,s,r that satisfies the

equation (y — 1) -k = eg_/k,=,T-

Remark 3.10. (a) If K = @ (in which case the appearing Rubin—Stark elements are cyc-
lotomic units, see Example 2.3 (a)), the notion of Darmon derivative recovers the element
considered by Solomon in [66] (cf. the proof of Proposition 3.13).

(b) The question if the Darmon derivative «( vanishes is related to information about
class groups. To explain this in a little more detail, we assume “the higher-rank Iwasawa
main conjecture” formulated by Burns, Kurihara, and Sano in [16, Conj. 3.1] holds true.
One can then show that

erQpl8] ®z,191 (Ako,z.7)" =0 & ko # 0,

where e, == Y y € is the sum over all primitive orthogonal idempotents e, associated
with characters y € € for which one has exs}?/ kST # 0. That is, under condition (F) (as
formulated in 4.3) the containment in Conjecture 3.4 is “optimal”.

(c) Our terminology follows [17] where an element defined via a closely related con-
struction is referred to as the Iwasawa—Darmon derivative (see [17, Def. 4.6]). This points
to Darmon [24] who first interpreted this construction as a derivative process (see also the
discussion in [64, Rk. 4.8]).
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3.4. The conjecture of Mazur-Rubin and Sano

3.4.1. Statement of the conjecture. To state the Iwasawa-theoretic Mazur—Rubin—Sano
conjecture, we first need to recall several important constructions.
Since T is chosen such that Uk, = 1 is Zp-torsion free for all n > 0, the general result
of [8, Lem. 2.9] implies that, for every n € IN, there is an isomorphism
r

r N T, r
ﬂ UK,):,T;( ﬂ UK,,,)I],T) - ﬂ Uk, s.T
|

Zp[%] Zp[6n] Zp[6n

which gives rise to an injection
r
o ( N UK,E,T) 2, (1T /1))

Zp[8]
~(

Vn (N;(n/K(a) ® x) = (Nga(k,/K)@) ® X (3.10)

ﬂ UK,,,):,T) ®Zp (Zp[rn]/l(rn)e+l)
Zp[Gn]

that is characterised by

forany a € ﬂer[gn] U, s.rand x € I(T,)¢/1(T,)°T! (see also [64, Rk. 2.12]).
Let v € W and recall that we have fixed a place w := wg of K above v. Denote by
I'y the decomposition group of w inside I" and write

recy: K*— K, - T, CT

for the local reciprocity map at w, where K, denotes the completion of K at w. Consider
the map

Recy: K™ — Z,[9] @z, I(D)/I(T)?, ar Za_l ® (recy (0a) — 1),
(=27

which induces a map

Recy = [\ Recy: () Uk.zr —>( N UK,E,T) ®z, (I(T)¢/1(M)**!)  (3.11)

vew 7191 Zp[$]

(see also [64, Prop. 2.7]). Finally, we define Darmon’s twisted norm operator as

r r
No: () Uo7 —>( N UK,,,E,T) ®z, (Zp[Tal/I(Tn)™),
Zp[n] Zp[%n]

a+— E aa®a_1.

oel’y
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Conjecture 3.11 (Iwasawa-theoretic Mazur—Rubin—Sano). Assume that, for alln > 0, the
p-part of the Rubin—Stark conjecture (Conjecture 2.2) holds for the extension K, [k and
the data (V, X, T). Then, there exists an element

£ = (Bnzo e( N UK,E,T) ®z, (10 /1))

Zpl9]

= ( ﬂ UK,):,T) ®2z, (Liﬂlf(rn)e/l(rn)ﬁl)

Zp[%] n>0

such that vy, (¥,) = Ny (s}gn/k s.p) forall n, and

E= (=1 Recw (e 5 5.7)- (3.12)
where the equality takes place in Qp (ﬂer[g] Uk,z,1) ®z, (I(T)¢/I(T")eth).

Remark 3.12. (a) The above conjecture is taken from [16, Conj. 4.2] and is an Iwasawa-
theoretic version of a conjecture that was independently proposed by Mazur—Rubin [54]
and Sano [64]. The latter two conjectures, in turn, unify the central conjectures of Burns
in [11] and Darmon in [24].

(b) Conjecture 3.11 is known in the following cases:

* k = Q and K is totally real, in this case the conjecture follows from a classical result
of Solomon [66] (see [16, Thm. 4.10]),

* k istotally real and K is CM, in this case the conjecture follows from the validity of
the Gross—Stark conjecture that has been settled by Dasgupta, Kakde and Ventullo in
[25] (see [16, Thm. 4.9]).

3.4.2. Relation to Darmon derivatives. The following result uses Darmon derivatives to
give a more explicit formulation of the Iwasawa-theoretic Mazur—Rubin—Sano conjecture
(Conjecture 3.11), and also explains the relation of the latter conjecture to Conjecture 3.4.

Proposition 3.13. The following assertions are equivalent:
(1)  Conjecture 3.11 is valid for the data (koo /k, K, S, T, V'),
(ii)  Conjecture 3.4 holds for (keo/k, K, S, T, V') and we have an equality
ko ® (y — 1)° = (=1)"° - Recw (e} /. 5.7)- (3.13)

where ko denotes the Darmon derivative of ex_ ks, With respect to a fixed
topological generator y of T'.

Before turning to the proof of this result, we first record a technical lemma.

Lemma 3.14. Fix a topological generator y € T and let u,x € (), Uk, s.,1 be norm-
coherent sequences satisfying u = (y — 1)°k. Then we have

e/\'[n(un) = Vn(KO ® ()/ — l)e) fOV alln € IN.
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Proof. We calculate:

Nu(Un) = Ny ((V - l)eKn)
= Z oy — 1)k, ® o !

oel’y

= Z okp @0y —1)¢
oel’,

= oka® (y — 1)
oel’y

(Nr, &) ® (y — 1)°.

Here the third equality is obtained by reparametrising the sum and the fourth equality
follows from

oMy =D =(y=D°= ("' =Dy -1 =0 mod I(;) "
The property (3.10) moreover yields
valko ® (v — D) = va(Nig, /x(n) ® (7 = 1)) = (N, k) ® (v — 1.
and this then finishes the proof of the lemma. ]

Remark 3.15. In particular, Lemma 3.14 implies that, for fixed u, the element ko ®
(y — 1)¢ of (ﬂer[g] Uk,z,1) ®z, (I()¢/I1(I")¢*!) does not depend on the choice of
topological generator ).

We are now in a position to prove Proposition 3.13.

Proof of Proposition 3.13. Let us first assume that statement (ii) holds. In light of Lemma
3.14, the element £ = (¥,), given by taking ¥, to be the image of ko ® (y — 1)¢ in

,
( ﬂ UK,Z,T) ®z, (I(Tn)°/1(Tn)t")
Zp[¥]
satisfies the requirements of Conjecture 3.11.
Conversely, suppose that Conjecture 3.11 holds true. By assumption
v (En) = Nu(eg, e z.r) foralln,

so it follows from [15, Prop. 4.17] that gl‘gn/k,E,T belongs to Il‘in . /\er[gn] I1,,. Thus, we
can write 8121/,{ s = (v = 1)¢x, for some x, € /\er[gn] I1,.

Let fx,.1/Ky: /\er (i) Dnt1 = /\er (5,1 [1» be the map induced by the natural map
IT,+1 — II,. Since the sequence (SK,,Jrl/k,E,T)”ZO is norm-coherent, it follows from
Remark 3.3 (b) that

(y—10°¢- (xn - fKn+1/Kn (xn-‘rl)) = 81‘?,,,21 - N;(n+l/Kn (EIIQ,,H,E,T) =0,
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and hence that x, — fx,.,/k,(X»+1) belongs to (/\er[ﬁn] IT,)T». This shows that the
family (x,),>0 defines an element of

e A VA

n>0 *7,[8,] Zp[6n]

with the limit being taken with respect to the maps fx, . ,/k,-
Observe that in the commutative diagram of transition maps

r r r r Tnt1
0— /\H0—> /\ Hn+1—>( /\ Hn+1)/( /\ I—1n+1) — 0

Zp[g] Zp[gn+1] Zp[gn-H] Zp[gn+l]

rl rlfKnJrl/Kn r l r i
0— A\ o — /\ Hn—>( A\ Hn)/( A\ Hn)n—>0

Zp[%] Zp[6n] Zp[6n] Zp[6n]

the vertical map on the left is multiplication by p. Taking inverse limits (these are all
finitely generated Z,-modules, so compact and therefore taking limits is exact), we get an

isomorphism
r r r T,
lim A\ Hnglgl( A\ Hn)/( A\ nn) .

120 Zp[8,] nz0 *Zp[8,] Zp[%n]

Consequently, the family (x,),>0 can be lifted to an element (X,),>¢ of

r r
lim /\ m, :/\1‘[.
>0 Z,[8y] n

By construction, we have

r

(=D Enzo = ((r =D Xn) 50 = (81‘2,,+1/k,Z,T)n20 € ﬂ Ukeo.5.T
I

and so Lemma 3.7 gives that (X,),>0 belongs to ﬂz\ Uk...=.7- This shows that Conjecture
3.4 holds, as required to verify the first part of (ii).
For the second part of (ii) we note that Lemma 3.14 implies

vn (%o ® (v = 1)°) = Malek, j5.7) = vn(En)

for all n. By the injectivity of v, for all n, we conclude that Xy ® (y — 1)¢ is equal to
¥ = (£,)n>0 and so the claimed equality (3.13) follows directly from (3.12). [ ]

3.4.3. A useful reformulation. In the following, we derive a useful reformulation of the
equality (3.13) that concerns cases where r > e and will play a key role in the proof
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of the Iwasawa-theoretic Mazur—Rubin—Sano conjecture (Conjecture 3.11) for imaginary
quadratic fields k in Section 5.1. Note that the verification of Conjecture 3.11 can be
reduced to the case W C Spun(koo/ k) (see [16, Prop. 4.4 (iv)]), and hence it is enough to
consider this case.

We will use the map

r r—e
Ordy = /\ Ord,: ﬂ Uks,T — ﬂ Uk z\w,r
vew Zp[9] Zp[¥]

with Ord, defined as Ordy: Uk, =, 7 — Zp[n],a — Zoegn ordy (ca)o™!.

Proposition 3.16. Assume that r > e, that W C Spm(koo/ k), and that Conjecture 3.4
holds for (kso/k, K, S, T, V’). The equality (3.13) holds if and only if the equality

Ordw (ko) ® (¥ — 1)* = (—1)° - Recw (e /5 s\w.1)- (3.14)

holds in Qp(ﬂrz;fg] Uk s\w.r) ®z, (I(I)°/1(T)*1).

As a key step in the proof of Proposition 3.16 we will show that each side of the
conjectural equality (3.14) can, independently of its validity, be viewed as a “universal
norm”. To explain this, we define the module of universal norms to be the submodule of
Uk,x,T given by the intersection

UNg,s,17 = ﬂ Nk, x (Uk,.s.1)-
n>0

Since the data (K, X, T) is fixed throughout this section, we will simply write UN instead
of UNg = 7. The following technical lemma describes the properties of UN that will be
essential to us.

Lemma 3.17. The following claims are valid.

(a) Letye € be a character and write Qp (x) for the finite extension of Q, generated
by the values of y (using the previously fixed isomorphism C = Cp). If we endow
Qp (x) with the natural ' -action given by o - x = x(0)x, then one has

dimg, (p (Qp (1) ®2,19) UN) = [{v € Sa(k) | (&) = 1}],

where G, denotes the decomposition group of v inside §.

(b) Ifr > e, then )\ ey Ordy induces a map

r r—e
Q N\ UN->Q, A Uxkzwr
Zp[%] Zp[%]

which we also denotes as Ordyy. The kernel of this map is then annihilated by the
idempotent es,  of Q9] that is defined as the sum ZX ey with y ranging over
all characters y of § such that dimg, () (Qp(x) ®z,[g) UN) = r.
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Proof. To prove (a), we first recall that the natural map Uk, =, v — Uk,x,7 induces an
isomorphism Uk x,7 ®s Zp[§] = UN (see, for example, [9, Thm. 3.8 (b)] for a proof
of this classical result). It follows that there is an isomorphism

Qp(x) ®z,1¢1 UN = Qp(x) ®4 Uk, 2.1 = Qp(x) ®np (Ukyo.=.7)ps (3.15)

where the subscript p denotes localisation at the height-one prime p = ker{/A LS Qp()} of
A\ (note that there is an isomorphism Q, () = Ay /pLrp of A-modules). The prime p does
not contain p and hence A\, is a discrete valuation ring (see [16, §3C1] for more details).
Consequently, (Uk,,,=,T)p is a free /A,-module and it suffices to calculate its rank in order
to prove claim (a). By the exact sequence (3.6) it is in turn enough to calculate the /\,-rank
of the (free part of) the module Hl(D;(OO’Z,T)p. It is well-known that Ax_ = 1 is a /\-
torsion module, hence, by the exact sequence (3.4), we are further reduced to computing
the rank of (Xg_,,x)p-

Write Vy for the set {v e Soo (k) | x(§,) =1} that appears in claim (a). Since we assume
that no finite place contained in X splits completely in koo / k, the module Xg_ s\s. k)
is A-torsion. It then follows from the exact sequence

0 = Xk, 5\Soo(k) = XKoo,Z = YKo, 500 (k) = 0,

that

kg, (XKoo, 2)p = 1k, (ViS00 (0))p = dim, () (Qp (1) ®2,19] Y 500)) = [V

as required to conclude the proof of claim (a).
To prove claim (b), we let y be a character of § such that eyes, » = e, (in other
words, such that |V | = r). By claim (a), the map

ex( & Ord, )2 Qp (1) ®2z,151 UN > €D Qp (1)

veWw veWw

induced by @, ¢y Ord, is a map on an r-dimensional Q, ())-vector space. As such, the
general result of [15, Lem. 4.2] implies that the injectivity of ey Ordw on Q,(x) ®z,[¢]
/\er 1] UN, and hence claim (b), will follow if we can prove that the map e, (B, e Ordy)
is surjective.

To prove this, we let v be a place in W and choose an integer n such that v is totally
ramified in Koo/ Kp. Let w, := wg, be a place of K, lying above v and, for m > n, write
Wy, for the unique prime of K, lying above w,,. If & denotes the class number of K, then
wfl’ is a principal ideal generated by x, say. We then have Nk, /k, (W) = wy, forallm > n,
hence Nk, /k(x) € Ng,,; K((gl)ém,z) for all integers m > 0. By a standard compactness
argument (see, for example, [9, Lem. 3.10]) we deduce that Ng, /g (x) € Q, UN.

By construction, Nk, /x (x) is a generator of the ideal (w, N O )", where f is the
residual degree of v in K,/ K, and hence is only supported at the prime w, N Ok above v.

In addition, the image y of Nk, /x (x) under the map e, (P, Ord, ) is non-zero because
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v is assumed to split completely in K/ k. These two facts combine to imply that y gener-
ates the copy of Q,(x) in the codomain of e, (€D, <y Ordy) that is indexed by v. Since v
was chosen to be an arbitrary place in W, this finishes the proof of claim (b). ]

We now prove Proposition 3.16.

Proof of Proposition 3.16. Let us first show that each side of the conjectural equality
(3.13) belongs to the module

r

A\ UN) ®z, (I(T)¢/1(T)*t),

Zp[¥]

eSoo s QP (

with eg, » as defined in Lemma 3.17 (b). As for the left-hand side of (3.13), it suffices
to prove that kg is contained in eg, ,Q, /\er[g] UN. To this end, we note that, for any
character y of §, the isomorphism (3.15) induces an isomorphism

Qp(X) @y, (m UKOO,E,T) = Qp(1) By, (/\ UKOQ,E,T)
n n

Py Py

.
=~ Q,y(1) ®z,151 /\ UN
Zp[$]

with p, = ker{/A EN Qp(x)}. It therefore suffices to prove that k¥ = (x,), is not supported
at py if y is such that eyeg , = 0. To do this, we let y be such a character satisfying
eyes.,r = 0. Write K, for the kernel field of x and set K o := K, koo, then one has that
X(NKy/Ke,) 7 0 and hence that Ng_/k,,, is a unitin Ay . It follows that

Doy, ekoo/k, 2T = Dpy " NEoo /Kooy " EKoo/ k,Z.T
— r 14
= by, - (NK,,/KX,,, (8K,,/k,Z,T))n

14
=Dy, - (SKX,n/k,z,T)n =0,

where K, , := Kyk, and the last equality holds because, by assumption on y, at least
r + 1 infinite places split completely in K, ,/k. By Lemma 3.1, y — 1 is a non-zero
divisor in A\, hence also in AI’X’ and so we deduce that Apr = 0, as desired. This shows
the claim for the left-hand side of (3.13).

To investigate the right-hand side of (3.13), we define an idempotent e, of Q,[§] as
the sum of all primitive orthogonal idempotents e, with the property that

dimg, (p) (Qp (1) ®z,19) Uk, m\w) = r

or, equivalently, dime(X) Qp(1) ®z,[9] Uk,x) = r’. By [67, Ch. I, Prop. 3.4], one then
has e,s}gl/ P s}gl/ .7 and so it suffices to prove that ey Recy (8}2,/ t.x.7) belongs to
the required module for all characters y of § satisfying eye, = ey. If y is such a character
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and e, Recy is the zero map, then e, Recy (s}g/ «.x.7) vanishes and, in particular, belongs
to the required module. If both e, e, = e, and e, Recy is not the zero map, on the other
hand, then [15, Lem. 4.2] shows that the map

(D Recuy ): (@) ®zy091 Uk,s.1) = €D (@) @2, (ID)/1(D)?)).

veEW veEW

ar— (Z x(0)® (recw(o_la) - 1))U

ew
(A3

must be surjective. Since the codomain of this map has dimension e = |W| as a Q,(x)-
vector space, the assumption on y implies that its kernel is of dimension r. Now,

Qp(Y) ®z,1¢1 UN

is contained in, and hence agrees with by comparing dimensions using Lemma 3.17 (a),
the kernel of @D, <y Recy, . By [15, Lem. 4.2] we then have

r/
im {Qp()() ®z,[5] ( A\ UK,E,T)
Zp[%]

e, Qp(X) ®z,[5] ( /\ UK,):,T) ®z, (I(F)e/l(r)e+l)}

Zp[8]
~ Q0 &z, ( N\ UN) @z, (1) /1)),
Zp[$]

This finishes the proof of the claim for the right-hand side of (3.13).
By scalar extension, the map Ordy induces a map

(Q,, /\ UN) ®z, (I(I)°/1(T)**) —>(Q,, /\ UN) ®z, (I(T)°/1(T)*T)  (3.16)
Zp[9] Z,9)

which we also denote by Ordy . Since Ordy is injective on egs. rQp UN by Lemma
3.17(b) and 1(T')¢/I(I")¢*! =~ T is isomorphic to Z,, the kernel of the map (3.16) is
annihilated by the idempotent es__ , as well. Thus, the equation (3.13) holds if and only if

Ordw (ko) ® (y — 1)¢ = (=1)"* - (Ordw OReCW)(SII?/k,):,T)
holds. Now, by virtue of (1.1) being a homomorphism, we have
Ordw oRecy = (—1)¢” - (Recy 0 Ordy) = (—1)¢ - (Recyy o Ordy)
and so the lemma follows by combining this with the fact that
Ordw (exiz.r) = (1 - ek mawir G.17)

which holds by [64, Prop. 3.6]. ]
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3.4.4. A functorial property. Suppose to be given a subextension K’ of K/k with the
property that all archimedean places split completely in K /K’ (which ensures that V is
equal to the set of all places of k that split completely in K. := K'koo).

In the following result, we describe the functorial behaviour of the Iwasawa-theoretic
Mazur-Rubin-Sano conjecture upon passing from K to K.

Lemma 3.18. If Conjecture 3.11 holds for the data (ks /k, K, S, T, V'), then also for
(koo/k,K', S, T, V).

Proof. By Proposition 3.13, it suffices to investigate the functorial behaviour of Conjec-
ture 3.4 and equation (3.13).

To do this, let us write I := Gal(K/,/K"), /" := Z,[Gal(K/,/ k)] etc. for the obvi-
ous variants for K’ of already introduced notation. Let us write

r r

r .

koK [ \Ukoozr = [ Ukpz.r
/N N

for the map induced by the norm maps N K, If Conjecture 3.4 holds for (koo /k, K, S,
T, V'), then it follows that

r r
EKL [k, T, T = N;(M/Kéo (8Kwo/k,=,T) € N;gw/Kéo (11g ﬂ UKOO,E,T) c I ﬂ Uk, =T
A N
as required to verify this conjecture for (koo/k, K’, S, T, V'). Assume the validity of the
conjecture for the remainder of this proof.
Fix a topological generator y of I'. Writing n for the integer satisfying K N K/ = K},
we have an isomorphism I' = (I'’)" induced by the restriction map

resg,./ k., Gal(Koo/ k) — Gal(K[,/ k).

hence we can find a topological generator y’ of I'" such that resg_/x; () = (' )"
Let ko and «;, the Darmon derivatives of 811200 Jk.x,7 and 811900 Jk,x,7 With respect to y
and y’, respectively. By definition, these are the bottom values of norm-coherent sequences
(Km)m=0 and (k,,)m Which satisfy

(=D km =6, 57 and (/' =1°-k, =eg 57
for all integers m > 0. Define an element of A’ by x := Y7~ (/)i and note that x =
(;/;/)/17__1—1' We may then calculate that
(V/ — 1)°x¢- ;{m/K;H—m (km) = (reSKoo/K[,o(V) - 1)e : ;{m/K;H—m (km)
= N;(m/Kferm ((y = Dkm)
14
= Nk,/x.., (€k,.5.1)

N 4
= EKpym, 2T
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r

. . , _
hence, by uniqueness, it follows that (k;, , ,Jm>0 = (x*N Kn/K),

(Km))m=>o- In particular,

Ko = ;(,’,/K’(K;l) = ;(,’,/K’( I ;(/K,’, (kn)) = PN,k (kn).
This implies that

Ko ® (¥ = 1)¢ = (p"*Ni g (kn)) ® (¥ = 1)°
= Ni/ g (kn) ® ()" = 1)°
= N;(/K/(Kn) ® (I‘GSKOO/K(/)O(]/) — 1)

e

For clarity, let us write Recw, k/x and Recw, g7/ for the instances of Rec associated with
K and K’, respectively. In order to finish the proof that (3.13) for K implies that this
equation also holds for K’, it then suffices to note that, by a straightforward calculation,
we have

((N% /g ®1esk,/ky,) © Recw,x/k )k k z.)

= (Recw k//k ON;(/K’)(gl‘g/k,):,T) = RecW,K//k(s}g,/k,E’T),

where, by slight abuse of notation, we have written resg /k/_ for the map I(I")¢/I(I")¢ —
I(T")¢/I1(I")*! induced by resg /- n

4. The Gross—Kuz’min conjecture and condition (F)

In this section we will investigate a conjecture due to Gross [36] and, independently,
Kuz’min [51].

4.1. Coinvariants of class groups

Let koo / k denote a Z,-extension. In this section we do not need to assume that no finite
place contained in X splits completely in ko,/k. With this exception, we resume the
assumptions and notation introduced at the beginning of Section 3. In particular, we set
Ko := Kkoo and

AKOO,M,T = l(i_I_nAKn,M,T forany M O Soo(k)

n>0
If M = Seo(k) or T = @, then we will suppress the respective set in the notation.

Conjecture 4.1 (Gross—Kuz'min). If Koo /K is the cyclotomic Z.,-extension, then the
module of T'-coinvariants (Agse 5)r = Agse 5 ®z,[r] Zp is finite.

Remark 4.2. (a) It is necessary to work with X-class groups in this context because in
general it is not true that the I'-coinvariants of Ag«e are finite (see [50, Prop. 1.17] and
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[35, Prop. 2] for examples). However, it is known to be true if there is only one prime
above p in K or if K is totally real and Leopoldt’s conjecture holds for K (see [69, Prop.
13.22] and [35, Prop. 1], respectively). In particular, Conjecture 4.1 holds in these cases.

(b) We remind the reader that for any finitely generated Z, [I"[-torsion module M the
module Mt is finite if and only if the module M T' of T-invariants of M is finite (see,
for example, [21, App. A.2, Prop. 2]). Conjecture 4.1 can therefore also formulated as the
statement that (A K&yjc,z)r is finite.

We follow Burns, Kurihara and Sano [16, §5A] in considering the following condition
which, although motivated by the above conjecture of Gross—Kuz’ min, is not a conjecture
itself but instead known to not hold in general (see [47, bottom of p. 401], [42, Thm. 10] for
examples of non-cyclotomic Z,-extensions that provide counterexamples). The validity
of this condition plays a crucial role in the descent formalism of Burns—Kurihara—Sano
(see [16, Thm. 5.2]).

Condition 4.3 (F). The Z,-extension K, /K is such that the module of I"-coinvariants
(AKoo,E)F is finite.

Remark 4.4. The validity of condition (F) is known in the following important cases (see
also [39, §2] for an overview of further results):

(a) If k = @, then Conjecture 4.1 is (implicitly) proved by Greenberg [35].

(b) If there is exactly one prime of K that ramifies in Ko,/ K, then condition (F) is a
consequence of Chevalley’s ambiguous class number formula (cf. [49, Ex. 2.7]).

(©) If |S,(K)| <2 and K is the cyclotomic Z,-extension of K, then the validity of
Conjecture 4.1 follows from (b) and a result of Kleine [49, Thm. B].

Said result of Kleine hinges upon the following fact (see the proof of [49, Lem. 3.5]):
Let N/Q be a normal extension and suppose that x € Op,s,(n) is such that we have
log, Ny, /q,(x) = 0 for all p € S,(N). Then the valuation ordy(x) is the same for all
p € Sp(N).

However, the proof of this assertion given in loc. cit. contains an inaccuracy and we
therefore take the opportunity to provide a better argument. Let po € S, (V) be such that
n = ordy, (x) is minimal among {ordy(x) | p € S,(N)}. Write e, for the ramification
degree of N/Q at p, then x° p~" is a unit at po and integral at any other finite place
of N. By assumption log, Ny, /q,(x) = 0, hence also log, Ny, /q,(x*” p™) = 0 and
we can find an integer m > 0 such that Ny, /q,(x? p~™")™ = 1. Let G, < Gal(N/Q)
be the decomposition group at pg and set M = N ®ro. Then we have

NNy, /@, (X" p~™") = Ny/p (x™7 p~™") = 1,
so x"€ pT™M" is a unit in Oy and it follows that
ord, (x pT"") = 0 & ordy(x) =n

for all p € S,(N). This finishes the proof of the claim.
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(d) Suppose that condition (F) holds for a fixed Z,-extension K, of K. Kleine has
proved in [48, Cor. 3.6] that there exists an integer ng > 1 such that condition (F) also
holds for all Z,-extensions K/ of K with the following property: The n-th layers K, and
K, agree for all n < ng, and Siam(K,/K) C Sram(Koo/ K).

In Section 4.4 we will prove condition (F) in new instances. To end this subsection,
we record a few elementary functorial properties of condition (F).

Lemma 4.5. The following hold:
(@) (Ak.,»,7)r is finite if and only if (Ak.,,>)r is finite.
(b) If X' is a finite set of places of k which contains Soo(k) U Spam(Koo/ K) and is
such that ¥ C %, then (Ak,,,x,7)r is finite as soon as (Ax., =, 1)r is. If no
place in ¥\ ¥’ splits completely in Koo/ K, then the converse is true as well.

Proof. For every integer n > 0, set

Frl =17, ®z @ (Ok,/w)*,

weTk,

The exact sequence

X,p
]FTKn —> AK,,,Z,T — AK,,,E -0

then implies that it is sufficient to show the module 1<£n i ]F;;(P’ where the transition
n n
maps are induced by the relevant norm maps, has finite I"-coinvariants in order to prove (a).
To do this, we note that F;’p is a cyclic group and that each norm map
Kn
X,p X,p

IFTKn+1 - ]FTKn
is surjective, which implies that we can find a norm-coherent family (x,),>0 such that
each x,, is a generator of IF ;;(p . These choices of generators give rise to exact sequences

n

(I_N 71'F bv)v
0> P 2l9x,] ——— P Zy[9x,] > FF,? -0, .1

veT veT

where the third arrow sends 1 to x, (see [20, (4.16)]). By construction, the exact sequences
(4.1) are compatible and so we may pass to the limit over 7 to obtain an exact sequence

0—)@0\—)@0\—)&]5‘25—)0. 4.2)
veT veT n>0

By taking I'-coinvariants of (4.2) we obtain that

. , 1—Nv~!-Frob, (4.1) i
(l(lr_n F;KI;)F =~ coker { Pz, — 2 P Z,,[g]} S g
n>0

veT veT

is finite, as desired.
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The first part of (b) holds because Ak, =, 1 is a quotient of Ak sv 7. For the second
part we note that, as a consequence of the assumption, any place v € ¥ \ X’ is inert in
K,/ K, for big enough integers n, m > 0. It follows that the norm map

Ak, > 7 — AK,, > T

induces multiplication by p™~" on the class of v. Thus, we must have

Ak, s. T = AKoo,=,T

and this proves the claim. ]

4.2. A criterion for the validity of condition (F)

For any character y of ¥, we endow Z,[im y] with the natural §-action given by o - x :=
x(o)x. If M is a finite set of places of k and §, € § denotes the decomposition group of
any place v in M, then we moreover set

{veM|x@) =1} ifx#1.

rm (x) = dimg(e, CXk ) = {|M| _1 -

Theorem 4.6. For any character y of § with rs(x) = r’, the following assertions are
equivalent.

() The module (Ak,,.x)r ®z,[9) Zplim x] is finite.
(i) The map
Uz — @ (Zp[im y] ®z, T), a+ (Z x(0) ®recw(g—la))

vew
veW oeg

has finite cokernel.
The proof of this result will be given in Section 4.3.

Remark 4.7. If K/K is the cyclotomic Z,-extension, then Theorem 4.6 is already
known due to [50, Thm. 1.14]. If, in addition, K is a CM extension of a totally real field k
and the character y is totally odd, then Gross has proved in [36, Prop. 1.16] that condition
(ii) holds if there is at most one prime p of k above p such that y(p) = 1.

We end this subsection by recording the following technical observation that will prove
useful in applications of Theorem 4.6.

Lemma 4.8. Let y € € be a character, write K, for the subfield of K cut out by the
character x with Galois group §, ‘= Gal(K/K), and denote by T’y := Gal(Ky,00/ Ky)
the Galois group of the Zy-extension K « of K.

The following assertions are equivalent:

() (Akeo.z.7)T ®z,[5] Zplim x] is finite,

(1)  (AKy00.=.7)T, ®z,18,] Zplim x] is finite.
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Proof. Let m be such that K N Ky oo = Ky, and write H for Gal(K /K ), which
we can identify with Gal(K«/Ky,00) and therefore view as a subgroup of Gal(Kso/ k).
Observe that the norm maps Nk, /k, ,,,* Ak, 5,7 = AK, 1, =,7 induce a map

NKoo/Kyoo: AK oo, 5.7 = AK,y 00, 5,7

which factors as
Ak r — Ag w1

NKOO/KX,OOJ( /
i

AKy00.Z.T

with i the natural map induced by the inclusions K, , C K.

Define a height-one prime ideal of A as p = ker{/A LN Zplim x]}. We have y(Ng) =
|H|#0, hence Ny € A;‘ and so multiplication by Ny (which is the same as i oNg_/k, )
becomes an isomorphism. Moreover, the composite Ng/k, ., © i coincides with mul-
tiplication by |H| and is therefore also bijective after localisation at p. It follows that
Nk /K, o induces an isomorphism

(AK .=, 7)p = (AKy 00, 2,7 )p-
Now, we have an isomorphism of /A-modules A, /p/A, = Qp(x) and thus obtain
Qp(Y) ®z,19] (AK,2.7)T = (Dp/phy) @ Ak, =T
= (Lp/phip) On AKy oo, =,T

= (Dp/php) ®z,19,] (Zp[§x]) @1 AKy oo, 2.T)
= Qp (1) ®7,19, (AK) 00,2,7)T, >

thereby proving the lemma. ]

4.3. Computation of Bockstein homomorphisms

To prove Theorem 4.6 we will perform a computation of Bockstein homomorphisms sim-
ilar to [16, §5B] (see also [11, §10]). To explain this, let us fix a topological generator y
of I" and consider the commutative diagram

0 s Mo =18 1, y T, s 0

[ P

0 — My =Y s T, s 0

obtained from the representatives of the complexes D;(OO,E,T and D;(,E’T that are con-
structed in Proposition 3.2. Applying the snake lemma to this diagram then gives a sur-
jective boundary map

8y:Ukz,r — H'(Dx_ s 7)"
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Note that there is an isomorphism H I(D;(Oo = 7)r = H'(D¥ y, ) obtained by taking
I"-coinvariants of (3.6) and comparing with (3.7). Recall that in Section 3.1 we have also

fixed a labelling on the places in X such that W = {v,41,..., v/} as well as a place
w; = wg,; of K above v; foreveryi € {r + 1,...,r’}. We therefore obtain a composite
map

8
Boo,y: Uk, =7 = Hl(D;(oo,z,T)F e HI(DI.(OO,E,T)F
ow/
~ H'(Dg 5 1) ™ Xkx — Z,[9]%¢,

where the second arrow is the restriction of the canonical quotient map H ! (D;(w’E’T) —
H! (D;(OO,E,T)F’ the third arrow is the map g from (3.2), and the last arrow is the sum,
overalli € {r + 1,...,7'}, of the Z,[$]-linear dual maps w; of the places w; when
considered as an element of Yk x.

In addition, we define the map

rec%: Uk,z — (Zp[9] ®z, F)®e, ar— (Z 0 ® TeCy; (ofla))

’
r<i<r’
f=2

which coincides with the map in Theorem 4.6 (ii) after tensoring with Z,[im x].
The following result allows one to compare the maps B, and rec?j,.

Lemma 4.9. Every choice of topological generator y induces a commutative diagram

rec% De
Uks —— (Zp[9] ®z, T)

b 1
UK,E,T L} Zp [g]e}e'

Here the vertical map on the right-hand side sends, in each component, any element x €
Zpl8ltox @ y.

Proof. Letus write §: Ux,x. 7 — H 1(D;<oo 5. 7) ® It for the connecting homomorph-
ism that arises from the exact triangle

Dy =1 ®y Ir — Dy st~ Dy sr QY Zpl8] — (4.3)

and write & for the map H'(Dyg_ 5 1) ®4 It — H'(Dy 5 1) ®2z,19] (Ir/I{) obtained
by passing to T'-coinvariants and identifying H'(D_ 5 7)r with H'(Dy g 7). Using
the isomorphism It /I = Z,[§] ®z, (I(I')/1(T')?) = Z,[¢] ®z, T induced by (3.1)
and the isomorphism I(I")/I(I")> = T that sends the class of ¥ — 1 to y, we may then
define the composite map

8 [ ] [ ]
Boo: Uk,s,7 — H'(Dy_ 5.7) ®a It = H' (D 5 1) ®z,191 (Ir/IZ)

™ Xks ®z,1¢1 (Ir/17) 27 (9] ®z, F)@e'
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By passing to the limit in the result of [15, Lem. 5.21], we find that 8 coincides with
recﬁ,.

The long exact sequence in cohomology of the triangle (4.3) shows that the image
of § is given by H I(D;(OO’Z,T)F ®z, Ir. Using the representatives of the complexes
Dy srand Dy =Dy 1 ®Y 7Z,[¢] constructed in Proposition 3.2 to explicitly
calculate 6, we find a commutative diagram

Ukzr — H'(Dg 5 7)' ®nlr —— (Zp[9] ®2, r)®

L, i

Uksr ——— H'(Dy_ 5 7)" ———— Z,[9]®

in which the composite of the arrows in the first line is S0, the composite of the arrows
in the second line is B, , the first vertical isomorphism sends x to x ® (y — 1), and the
second vertical isomorphism sends x to x ® y, as required to prove the lemma. ]

We now give the proof of Theorem 4.6.

Proof of Theorem 4.6. To ease exposition in this proof, we define the “y-part” of a Z,[§]-
module M tobe M* := M ®z,1g) Zp[im x, 1/[§]]. Note that M +> M * defines an exact
functor in the category of Z,[§]-modules.

Taking I'-invariants and coinvariants of the exact sequence (3.4) we obtain the exact
sequence

0 T,x 1ye Ly 7™ T,x

— > Al s —— H Dy s 7)) —— Xl 5

j 4.4

ﬂX
[» (Akoz.7)f — H'(Dy_ 5 ) —— Xxox)f — 0.

To investigate the map labelled nff in this sequence, we write B for its kernel and consider
the commutative diagram

x
K 00,T

0 s B » H'(Dg_ 5 7)f — Xk 3)f —— 0

! ool

0 —— Al yp — H' Dy ) — 25 Xy —— 0

with bottom line given by (the y-part of) the exact sequence (3.2). By Lemma 4.10 (a),
the vertical arrow on the right is surjective and has finite kernel, hence the snake lemma
implies that B injects with finite index into A;((,E,T- In particular, B is finite and so the
exact sequence (4.4) shows that the map 7% has finite cokernel if and only if (Ax,. x,7)}
is finite. By Lemma 4.5 (a), the latter holds if and only if (A Kw,g)% or, equivalently,
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(AKo,=)T ®7,[9) Zplim x] is finite, so it is enough to prove that statement (ii) in Theorem
4.6 is equivalent to the finiteness of C := coker 71°X.

To do this, we first note that, since Uk = 7 is a finite-index subgroup of Uk 5, Lemma
4.9 shows that statement (ii) in Theorem 4.6 is equivalent to the assertion that B, has
finite cokernel after passing to y-parts. As for this latter cokernel, we recall that the map
8, is surjective, and hence that it coincides with the cokernel of the map

S H Dy 5 )% = H' (D 5 1)* — Z,[9]%

that appears in the definition of (the y-part of) oo ;-
We have a commutative diagram

T,
H'(Dy_ 5 )™ Z5% (Xgppx)™F —— € —— 0

| 2 l @.5)

00— Z,[8]%X ——— 7,[g]%* — 0,

where the arrow labelled g, is the composite map (X Koo)X — X I)é 5 ov, Z,[8]%%x.

Observe that (Xx s\ (wus.(k)))* vanishes because rx(x) = r’. By taking y-parts of the
exact sequence

0 — X, s\(WUSw (k) = XK, S\Seok) = Yk, w — 0

we then obtain an isomorphism (Xg s\s.,x))* = Y, I)((,W. By Lemma 4.10 (b) below, the
map g, is therefore injective with finite cokernel. An application of the snake lemma to
(4.5) now shows that coker f, identifies with a finite-index submodule of C. This proves
the claim, thereby concluding the proof of Theorem 4.6. ]

Lemma 4.10. The following claims are valid.
(a) The natural projection map (Xk_,,x)r — Xk, is surjective and has finite kernel.

(b) Let V" C X be the subset of places that split completely in koo. The image of the
composite map (XKOO,;;)F — (Xko,2)r = Xk 3 is contained in Xg z\yr. The
resulting map (XKOO,E)F — Xk, s\v» is injective and has finite cokernel.

Proof. From the tautological exact sequence 0 — Xk = — Yk = — Z, — 0, we obtain
the exact sequence

0— (Xxo,5) = Yk x)' = Zp — Xk, 2)r — (Ykoo,2)r — Zp — 0.

Note that / := im{(Yx,,,x)' — Z,} is nontrivial, and hence of finite index in Z,. The
snake lemma, applied to the commutative diagram

Zp|l — (Xkoo,2)r — (Ykox)v — Zp —— 0

| !

0O—— XK,Z > YK,E > Zp > 0,
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therefore implies that it is enough to prove that the natural map (Yx.,,s)r — Yk,s is an
isomorphism in order to prove claim (a).

To do this, we write 8y o C o = Gal(Kso/ k) and g, C § for the decomposition
groups of a place v € X, and, for any n € INy, denote by wg ,, our fixed choice of extension
of v to K;,. One then has that

Vi) = (D ZolGoo/G.oll - Wi, )n) @ Zpl8) = D Zpl8 /0] - wx = Y.z

veX veX

because the natural map A — Z,[¥] sends each §, o, onto §,. This finishes the proof
of (a).

To prove claim (b), first observe that Yx_ v~ is a projective Z,[I']-module because,
by definition, every place contained in V" splits completely in ko, / k. It follows that the
I'-invariants of Yk, v~ vanish and this combines with the exact sequence

O — YKOO,E\VN — YKoo,E — YKoo,V” — O

to imply that (Y, Koo,z:)r = (YKOO,E\V”)F- In particular, this shows the first claim in (b).
The argument used in (a) shows that (Xg_ =\y~)r surjects onto X =\y~ with finite
kernel. Setting C := ker{Xg_, =\v» = Xk, z\v~}, we obtain a commutative diagram

0 — It Xk s\vy — Xx o m\wvr — Xk m\w)r —— 0

| | l

0 > C > XKOQ,Z\V” _— XK,Z\V” — 0.

Now, because no place in X \ V" splits completely in Ko,/K, we can find an integer
m with the property that all such places have full decomposition group in Koo/ Ky,. In
particular, I'™ acts trivially on Xk s\y~ and so the action of I' on Xg_ »\y~ factors
through 'y, = '/ '™. Taking ['j,-invariants of the second row of (4.6) then gives that,
firstly, the cokernel of the natural map (Xk,, )" — Xk s\~ identifies with a submodule
of H'(T',,, C), hence is finite.

Secondly, the kernel of this map is given by C T and, by an application of the snake
lemma to the diagram (4.6), contains (I, - X KOO,E\VH)F’" as a submodule of finite index.
Since Nr,,, acts as multiplication by p™ = |I'},| on this Z,-torsion free submodule, and
also annihilates it, it must vanish. This shows that C ! is finite, which already forces it to
be trivial because X s\y~ is Zp-torsion free. This completes the proof of claim (b). m

4.4. Proof of condition (F) in special cases

In this section we shall explain how one can prove the equivalent conditions of Theorem
4.6 in special cases, thereby proving a precise version of Theorem C from the intro-
duction. Crucial ingredient in these arguments is the following lemma, which is a direct
consequence of Brumer’s p-adic analogue of Baker’s Theorem from transcendence the-

ory.
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Lemma 4.11. Suppose there exists an infinite place of k that splits completely in K. Let
w be a p-adic place of K and write v,,: K — K,, for the corresponding embedding of K
into its completion Ky, at w. Then there is a € O such that

Y x(0) - (log, ou,y) (0 "a) # 0

f=7
for all non-trivial characters y € §.

Proof. Let v be an infinite place of k that splits completely in K. The R[§]-module iso-
morphism RO =~ RXk s, (k) induced by the Dirichlet regulator map (2.1) implies that
there is an injective map Xk (v} < Of of Z[§]-modules. We can therefore find a unit
a € O with the property that the module Z[§]a generated by a is isomorphic to the
augmentation ideal ker{Z[§] — Z}.

Fix a non-trivial character y € € and suppose that } | ¢ x(0) - (log, oty ) (0 la)
vanishes. Since deg oa = 0, this is to say that

Y (x(@) = 1) (log, ot,) (6™ "a) = 0.

oeg\{1}

The elements y (o) are algebraic over Q and not all zero because y is not the trivial charac-
ter, hence Brumer’s p-adic analogue of Baker’s theorem [7] (see also [56, Thm. 10.3.14])
asserts the existence of integers n, € Z, not all of them zero, such that

(log, otw)( Z ngaa) =0.
oeg\{1}

After multiplying by a suitable integer if necessary we may therefore assume that the sum
Zaeg\{l} ngoa is a power of p, and hence, because a is a unit, is trivial. However, this
contradicts the fact that the set {oa | 0 € § \ {1}} is Z-linearly independent. |

Theorem 4.12. The following claims are valid.

(@) Suppose Siam(koo/k) contains at most two primes. If it contains exactly two
primes, assume that k is not Q or an imaginary quadratic field, and that there
is a place v € Sym(koo/ k) such that the completion of k at v is equal to Qp.
Then (Akw,);)Gaka/k) is finite.

(b) Suppose that, for each non-trivial character y € € there is at most one finite place
v € Siam(koo/ k) which is such that y(8,) = 1. If there is such a place, assume
that it satisfies k, = Qp and that there is at least one infinite place of k that splits
in K. Then (Ag,,,s)r is finite as soon as (Ax,,,2)Gal(ke/ k) IS finite.

Remark 4.13. We give two examples of concrete situations in which Theorem 4.12 can
be applied.

(a) Suppose that k is an imaginary quadratic field in which p splits completely. If we
fix a prime ideal p of k above p, then there is a unique Z,-extension ko, of k that is



D. Bullach and M. Hofer 402

unramified outside p. Given this, Theorem 4.12 implies that condition (F) holds for all
abelian extensions K/ k with respect to the Z,-extension Koo = K - koo of K.

We remark, however, that this fact is already known, see the proof of [59, Thm. 1.4]
where it is deduced from the known validity of Leopoldt’s conjecture in this setting (the
latter is of course also derived from the theorem of Brumer-Baker, so our proof could
maybe be considered more direct).

(b) Suppose that k is a CM field but not imaginary quadratic. Assume that p splits
completely in k/Q and fix a prime p of k lying above p. We denote by p the complex
conjugate of p. By class field theory, there exists a Z,-extension ko, of k that is unramified
outside {p, p}. Theorem 4.12 (a) now implies that (Ax,, 5 )Gal(ke/k) 1S finite.

Proof. To prove (a) we first note that we may assume |Sym(koo/k)| = 2 because the
case |Sram(koo/ k)| = 1 is covered by Remark 4.4 (b). Write v for the unique place in
Sram(koo/ k) \ {v} and set V' = X \ {vo}. Taking K = k, we have W = {v} and ry (1) =
|[V'| in this situation. By Theorem 4.6 (with y taken to be the trivial character) we are
therefore reduced to proving that the map rec%, has finite cokernel in this situation. The
codomain of rec%, is a free Z,-module of rank one, hence it suffices to show that rec% is
not the zero map in order to prove the finiteness of its cokernel.

To do this, we first give a more explicit description of rec%,. LetI'y C Gal(koo/ k) =T
be the decomposition group at v, which we identify with the Galois group over @, of the
completion of k. at our fixed choice of place above v. Consider the composite map

exp
[y = 1 + pZp gQ;’A_»Fv,

where Q;’A denotes the profinite completion of Q, and the last arrow is the local reci-
procity map. By local class field theory, the image of f is the inertia subgroup I, of T,
and hence has finite index d := (I" : I) in I". In particular, f has to be injective because
it is a non-trivial map between free Z,-modules of rank one. Composing the inverse of f

. . . -d . . .
with the isomorphism I' — I'? = I,,, we therefore obtain an isomorphism I" 2 Z p that
we can use to identify rec%, with the map

Us > Zp ®2, T =Zp, a— f7'(d-recy(a)).

If a belongs to O, then f~!(d -rec,(a)) = d(log, ot,)(a) by construction of f'. Since k
is not Q or an imaginary quadratic field, we can find an element a of &;° of infinite order.
For this element a one then has that (log, oty)(a) does not vanish because the kernel of
Iwasawa’s p-adic logarithm is generated by p and the roots of unity contained in Q. This
concludes the proof of claim (a).

To prove claim (b), we will show that (Ak,,s)r ®z,[g] Zp[im x] is finite for every
character y of §. By Lemma 4.8, we may assume that K is the field cut out by the character
x for this purpose. Further it suffices to consider non-trivial characters y because for y =1
the claim is the same as the assumption that (Ax %)cai(ks/k) 1S finite. Due to Lemma
4.5 (b) we may moreover assume that S = S0 (k), i.€., X = Soo(k) U Stam (Koo / k). Take
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V' ={v e X| y(§,) = 1}, then we have rx(y) = r’ and so may apply Theorem 4.6.
We shall now show that statement (ii) in 4.6, namely that rec% has finite cokernel after
passing to y-parts, holds true in this situation.

As W contains only finite places, W must be contained in S;un(Koo/K). If W is

empty, then rec%, is the zero map and there is nothing to prove. We may therefore assume

that W = {v} for a single place v € S, (k). Write receu;,’x for the map defined in statement
(ii) of 4.6 and note that its codomain is a free Z,[im y]-module of rank one. In particular,

the cokernel of rece;;x is finite if and only if recev?,’x is not the zero map.

By the discussion in the proof of (a), we can identify the map rec%x with

Uks = Zplim y] ®z, T = Zp[imy], a+> Z x(0)- f7(d - recy, (07 a)).

oeg

Now, Lemma 4.11 implies the existence of a unit a € O such that

> x0) - f7H(d -recu(0'a)) = d Y x(0) - (log, ouy)(a) # 0

132 (A2

is nonzero. In particular, the map recﬁ,’x is nonzero, as required. ]

If p does not split completely in k, the situation is more complicated. We are however
able to prove the following result concerning the case of k being an imaginary quadratic
field.

Theorem 4.14. Let k be an imaginary quadratic field such that p is not split in k.

(a) Let m be the number of p-adic primes of K. Then there are at most m distinct
Zp-extension koo of k such that (Ak,,x)r is infinite.

(b) There are infinitely many Zp-extensions ko, of k such that the following condi-
tions are satisfied:

(i)  (Ak,,=)r is finite,

(ii)  at most two finite places of k split completely in ko, neither of them con-
tained in X.

Proof. By Lemma 4.8, property (a) is satisfied if, for every character y € §, the mod-
ule (Ak, .21, ®z,[9,] Zplim x] is finite (with notation as in Lemma 4.8). By Remark
4.4 (b) this holds for y = 1 because k contains only one prime above p, so it suffices to
consider non-trivial characters. By Lemma 4.5 it is enough to check if Ag, . 5, ®z,[r,]
Zp[im y] is finite, where ¥, = Syam(Ky,00/ k) U Soo(k). In this situation, we may apply
Theorem 4.6 (with K and W taken to be K, and Wy :={v € X, \ Sxo(k) | x(v) =1},
respectively) which reduces us to verifying that the map rec%’; KW, defined in (ii) of The-
orem 4.6 as

Uk,.s, = (Zp[im y] ®z, FX)GB‘W)(', a ( Z x(0) ®recw(071a))

vEW,
0EYy
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has finite cokernel. Observe that we must have W, € Spm(koo/ k) = {v} for the unique
place v of k above p. If W), = @, there is nothing to show. We may therefore assume that
W, = {v}, and we let §W be the subset of § comprising all non-trivial characters y such
that W, # @.

To explain this, let F, be the compositum of all Z,-extensions of k, which is a ZIZ)-
extension as a consequence of the known validity of Leopoldt’s conjecture for this setting.
In fact, we know that

Gal(Foo/ k) = ZpYeye ® ZipYansi»

where Yeye, Vani € Gal(Foo/ k) are such that the fixed fields Fég“d and Féé"“"“) are the
cyclotomic and anti-cyclotomic Z,-extensions of k, respectively. Write Gal(Fo/ k), =
gw for a choice of decomposition group at v inside Gal(Fo/k) and w inside g :=
Gal(Foo K/ K), respectively.

Denote the completion of k at v by k,, and write art,: kit — gw for the local reci-
procity map, where k, " is the profinite completion of k. We then consider the map

®, . . —
AR oy Uk .z, = Zplim gl @z, 6. a> ) x(0) ® (arty 0 1) (0 a).

=

We shall now first show that Art%);c’ ) is not the zero map. For this purpose, we let p,
be the maximal ideal of the valuation ring @, of k,, and also choose an integer s large
enough such that the p-adic exponential map exp,, converges on py,. Given this, we have
a composite map

exp v

P 1 +pS kN gy @.7)
By local class field theory, the kernel of art, contains a uniformiser @ of k, and, because
the quotient k" /(Z,w) is of Zp-rank two (as is @), said kernel must contain the
subgroup Z,w with finite index. It follows that the intersection of 1 + p; with the kernel

of art,, is trivial. This shows that the map (4.7) is injective and hence, comparing Z,-ranks
again, must have finite cokernel of cardinality d, say. This way we obtain an injection

wig = g? e ps

as the composite of multiplication by d and the inverse of the map (4.7) restricted to its
image. To prove that Art}‘?’/’fc v is non-zero it now suffices to verify that the composite

(id ®@w) o Artg .\

is nonzero. To this end, we let a € Og be the unit provided by Lemma 4.11 and choose
an integer ¢ that is big enough such that ta € 1 + p;. We then have that

((ild ®w) o Art%’; ko)) (@) = 1d Y~ x(0) ® (log, oty) (0 'a) # 0,

(A7

as required to prove that the map Art;'?”; k.{v} is nonzero.
X s
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To proceed, write res: g — I, for the canonical restriction map and consider the com-
mutative diagram

®.x
ArtKX/k,(u}

Uk, x, — Zplimy] ®z, g
lid@res (48)
Z,lim 1] ®z, .

Uk,.z, rec;?;(x/k,{v;
Suppose that rec® X / k(v } is the zero map. The above commutative diagram then implies
that, firstly, the map Art? X, / k.{v) Cannot be surjective, and hence, being nonzero, its image
must be a free Zp[im x]- module of rank one. Set G := Gal(Q,(im y)/Q,) and endow
Zp[im x] ®7, g with a G-action by means of g - (x ® y) '= g(x) ® y By [6,Ch.V, §10.4,
Prop. 7 (b)], the Q, (im y)-vector space spanned by the image of Art® X / k.{v) then admits a
G-invariant Q, (im y)-basis. In particular, by clearing the denomlnator if necessary, we can
find a nonzero element § of g that belongs to the image of Art® X / k.{v} This element § cuts
out an extension Lg 1= (Fso K)@% of k, the Galois group of which over k is isomorphic
to the quotient of g by Z.,8. It follows that Ls contains a unique Z,-extension /&, of k that
does not depend on the choice of §. Indeed, if §’ is another element of g that is contained in
the image of Art / k(o) then § and &’ are linearly dependent over Q,(im y), and hence
also over Q. Without loss of generality we may therefore assume that § = (§')?"* for
some integer n > 0 and unit x € Z;. This shows that Lg is a finite extension of Lg . In
particular, they contain the same unique Z,-extension. We have therefore proved that /&,
only depends on y (and the triviality of rec%(); k. {v}).

Secondly, the diagram (4.8) gives that the image of Art%); k (v} Must be contained in
the kernel of id ® res, hence be contained in

Zp[im y] ®z, Gal(Foo Ky / Ky,00)-

In particular, § belongs to Gal(Fo K, /Ky, 00), Which implies that K, o, is contained
in Lg. In particular, ko, needs to be equal to 1%,.

We have therefore proved that rec® . / k.{v} is nonzero if ko, does not belong to the set
(1L | x e ﬁW} This proves claim (a) of Theorem 4.14 since ﬁW is exactly the character
group of Gal(K™®) / k) with K™ the decomposition field of v in K/ k.

To prove claim (b), we claim that we can choose an integer N > 1 such that all Z,-
extensions in the infinite set

QN) = {FcSoZpS) | 8 =y - Veye for some n > N}

satisty the conditions (i) and (ii) listed in (b). Indeed, every Z,-extension in 2(N) verifies
condition (i) as soon as N is chosen big enough such that none of the extensions /& for
X € Ew belongs to Q(N). Note that kg N kY =k, if § = )/;;Z * Yeye- Since no finite
place splits completely in k<Y¢/k, we may therefore choose N such that the second part
of (ii) is satisfied for each element of 2(N). The first part of (ii), in turn, follows from a
result of Emsalem [29] which, as a particular case, asserts that in any Z,-extension of k
that is not the anticyclotomic extension at most two finite primes can split completely. m
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5. Abelian extensions of imaginary quadratic fields

In this section, we specialise to the case where the base field k is imaginary quadratic.

5.1. The conjecture of Mazur-Rubin and Sano for imaginary quadratic base fields

Fix an imaginary quadratic field k and a prime number p. We will often distinguish
between the following two cases:

o (split case) The rational prime p splits in k. In this case we fix a choice of prime ideal
P C O above p, i.e., we then have pOQ; = pp with p # p.

* (non-split case) The prime p is either inert in k, i.e., pOQ; = p is prime, or ramified,
ie., pOr = p>.
We are now able to state the main result of this subsection.

Theorem 5.1. The Iwasawa-theoretic Mazur—Rubin—Sano conjecture (Conjecture 3.11)
holds if one takes ko to be

* the unique Z,-extension of k unramified outside p, in the split case,

* any Zp-extension of k, in the non-split case.

Extending the methods employed in the proof of Theorem 5.1 to directly prove Con-
jecture 3.11 for more general Z,-extensions in the split case seems to be difficult. This
is because for such Z,-extensions one must also consider “rank-two” cases in which W
contains two p-adic places. However, the “rank-one” cases of Conjecture 3.11 covered by
Theorem 5.1 are sufficient to deduce, in Section 5.3, the relevant instance of the eTNC as
stated in Theorem B. Since the eTNC is known to imply Conjecture 3.11 (cf. [16, Thm.
5.16]), we will in Corollary 5.9 obtain the validity of Conjecture 3.11 also for the afore-
mentioned “rank-two” cases of Conjecture 3.11. This will thereby complete the proof of
Theorem A in the split case.

The proof of Theorem 5.1 occupies the remainder of this subsection. Our argument
crucially relies on the use of relative Lubin—Tate theory, the essential features of which we
now first recall. For more details on this theory the reader is referred to [27, Ch. I].

Let H be a finite extension of Q, and denote the cardinality of its residue field Og /pg
by ¢. We fix an integer d > 0 and let H’ be the unramified extension of H of degree d.
We write ¢ € Gal(H'/H) for the arithmetic Frobenius automorphism.

Fix an element § € H* such that ordg (§) = d. For each power series f satisfy-
ing “Frobenius-like” properties with respect to & (see [27, Ch. I, §1.2] for the precise
definition) there exists a unique one-dimensional commutative formal group law Fr €
O [X, Y] satisfying F;’ o f = f o Fy called a “relative Lubin-Tate group” (relative to
the extension H’/H). Given ginteger n >0, we let Wf" be the group of “division points
of level n” of Fr and set W}’“ = an+1 \ W Then H, = H’(W;H) is a totally
ramified extension of H' of degree ¢" (¢ — 1) that does not depend on the choice of f and
is abelian over H . It follows that also H/ := |, <y H,, is a totally ramified extension of
H' that is abelian over H.
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For each integer n > 0, fix w, € I/T/(;’,n(f) such that (¢ f)(w,) = wy—1. The family

(wn)n>o is then called a “generator for the Tate module of Fr”. Let u € hén (H,)* bea
- n

norm-coherent sequence and note that there is a unique integer v(u) such that u, Og; =

p;l(g) for all » > 0. By [27, Ch. I, Thm. 2.2] there is a unique power series

Col, € 1"@ O[]

such that
(= VCol,) (Wit1) = us

for all i > 0. This power series Coly, is called the Coleman power series associated to u.
Let p: Gal(HJ,/H) — Q/Z be a character of finite order. Write H, = (HJ,)*"” for
the field cut out by p and choose m minimal with the property that H, € H,,.
Ifue LiLnn (9;1,'4 is a norm-coherent sequence, then N H)/H (ug) = 1 because
Neggym (H,™) = 8% (1+ ™)

for all n > 0 (cf. [27, p. 11]). Hilbert’s Theorem 90 therefore ensures the existence of an
element fs,, € H satisfying (0 — 1) - Bo,p = Np;, /51, (um), where o denotes a generator
of Gal(H,/H).

The following is proved in [4, Cor. 3.17].

Proposition 5.2. Using the notation introduced above, assume that p(o) = [Hp+H] + 7Z.
If Coly, (0) belongs to OF;,, then we have that

Orde (ﬂo,p) _

—p(recy (Ngrym (Coli(0)))) in Q/Z,
€H,/H

where we write ey, /g for the ramification degree of the extension H,/H and recy
denotes the local reciprocity map H* — Gal(H,/H).

We now give the proof of Theorem 5.1.

Proof of Theorem 5.1. At the outset we recall that Conjecture 3.11 is formulated for a
finite abelian extension K of k& with the property that no finite place of k that ramifies in
K splits completely in k. Note that, in the split case, this latter condition is automatically
satisfied because no finite place splits completely in koo / k, see [27, Ch. II, Prop. 1.9].

Fix such K. As in Section 3.1, we then set Koo = K - koo, Write K, for the n-th layer
of the Z,-extension Ko,/ K, and use the notations §,§,, I';, I'" and A etc.

In the notation of Section 3.1, we take V' = S (k) and S any finite set of places which
contains Seo (k) U Sam (K / k) but does not contain any finite place that splits completely
in koo / k. Recall that in Section 3.1 we have also fixed a proper subset V' € X consisting
of places that split completely in K/k, and have set e to be the size of W = V' \ V.
Finally, we fix a finite set 7" of places of k that is disjoint from ¥ := S U Sy, (koo / k) and
has the property that Uk x 7 is Z,-torsion free. One then has that Ug s 1 is Z,-torsion
free for every subfield E of Koo/ k.
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We now first observe that Conjecture 3.11 is independent of the choice of the auxiliary
set T'. Indeed, if 7’ D T is another such set, then one has

v _ v 1% _ v
K,k 2, T = Srnr ek ks Aand Egp s\ = Srnr “EK /K, S\W,T>

where 8717 = [yepn7 (1 — Frob, ! Nv). Since $7\7 is a non-zero divisor in Z[¢], we
therefore conclude that the claim holds for T if and only if it does for 7".

Given this, we may assume that 7" = {a} for a prime ideal a C O that is coprime to
6pm, where mt = mg denotes the conductor of K.

Observe that by [16, Prop. 4.4 (iv)] we may reduce to the case W C S;am (Koo /K) = {p}.
Since (5.1) is trivially satisfied if W = @&, we may assume that W = {p}. In particular,
p + m and hence, because V'’ is a proper subset of X, there must be a finite place g € X
that is different from p. Observe that O, — (Oy/ q!)* is injective if we choose [ big
enough (this is because the group of units of @ that are congruent to 1 mod q! will be
torsion-free for / big enough). We may therefore take the ideal f appearing in Example
2.3 (c) to be an appropriate power of g. Given this, we have that, for any n € Ny,

|4
SKn/k,E,T == Nk(fmp"‘“)/Kn (mepn-f—l’a)

is the elliptic unit defined in Example 2.3 (c).

Note that, by Proposition 3.6 (b), Conjecture 3.4 holds in this situation. In particular,
for any choice of topological generator y of I' the Darmon derivative of kg of e /x5, T
exists. By Proposition 3.16, it then suffices to prove that

Ordy (ko) ® (y — 1) = —Recw (e /i syw.1)- (5.1)

in order to establish Conjecture 3.11.

To verify (5.1), we may assume that our fixed place w := wg of K above p has full
decomposition group both in k(fm)/K and Ko/ K because, by Lemma 3.18, we may
replace K by the decomposition field of p in k(fm)koo/ k if necessary.

Recall that we have previously fixed an embedding t,,: Q < Q_p that restricts to w
on K. In the following, we will denote the completion of a finite abelian extension field
F of k at the place induced by ¢, by F. Put H = K and H' = k@tﬁ).

Choose an elliptic curve E as in [4, §4], then its formal group E is a relative Lubin—
Tate group with respect to the unramified extension H'/H. Moreover, with these defin-
itions, one has that H, = k(fmp”*!), hence we can define a norm-coherent sequence
u= (Uy), € l(iLnn(H,’l)>< by setting

Up =ty (Yimpnt+1,4) foralln > 0.

Note that, because fmp”+! has at least two distinct prime factors, Yimpn+1 o 18 a (global)

unit (cf. [2, Thm 2.4]) and hence u,, € (9;1, foralln > 0.

Lemma 5.3. There is a generator (wy)n>0 of the Tate module of E such that

Col,, (0) = lw (wfm,a)-
In particular, Col, (0) belongs to Q.



eTNC for imaginary quadratic fields 409

Proof. In the split case the first claim is proved in [27, Ch. II, Sec. 4.9, Prop.] combined
with the evaluation of the power series at zero and an application of the monogeneity
relation of Robert’s y-function. A more detailed proof of the split case is given in [57,
Prop. 4.5] following the same strategy as [27].

We claim that essentially the same proof works in the non-split case. First observe that
in the proof of part (i) of the cited Proposition in [27] the fact that the prime is split in k is
not used. In part (ii) the condition that p is split is used to obtain a certain generator of the
Tate module (wy)n>0 of the underlying formal group E (because in this case the formal
group E is isomorphic to Gy and hence of height one). It is then shown that there exist
torsion points denoted u, in loc. cit. which can be used to give an explicit description of
the elements w,, at each level [27, Ch. II, Sec. 4.4, (12)]. In the non-split case one can now
invert the strategy: Indeed, it is easy to see that there exist torsion points u, such that the
explicit description given in (12) is a generator of the Tate module of E. Using this as the
definition of (w,)n>0, the remaining steps in the proof are exactly as in the split case.

To justify the final claim of the lemma, it suffices to note that p does not divide fm,
which implies that Yy, = ez(fm)’E\W,T is integral at p (cf. also [2, Thm. 2.4]). ]

Having fixed a topological generator y of I', we may define the isomorphisms

sy: T = Zp, Syn:Tn = Z/p"7

y¥ > a y? > a mod p"Z
and the character
resHéo/g; —~ Sy,n 1
pyn:Gal(H,,/JH) ———— Gal(K,/H) — Z/p"Z = (—nZ)/Z, (5.2)
p

where res HL/K, is the natural restriction map. By definition, p,,, is a character of finite

order with kernel Gal(HJ,/ 1?,;), hence Proposition 5.2 combines with Lemma 5.3 to
reveal that

ordg (By.pyn) syn(resy, g (reca (Ngr/mg (Vima))))

R, /H p"

mod Z (5.3)

for all n > 0. By definition the Darmon derivative ko of ex_ /k,=,7 With respect to y is the
bottom value of a norm-coherent sequence k = (k) € Lln Uk, .=, that satisfies
n

(y = Dw(xn) = Lw(s}gn/k,zj) = NH,’,,/H,,M (Um),

thus we may take B, , , = tw (k) mod K*. We now obtain from (5.3) that

Py,n

n

ordy (Lw (Ko)) = ordy (NE,/H (Lw (K,,))) = -ord;;n (Lw (K,,))

€K./H
= —sy,n(resHéo/I;; (recr (Ng//ir (Vsum,a)))) mod p"Z.
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Note that
NH’/H(V/fm,a) = ly (Nk(fm)/K(‘/ffm,a)) = Lw(SZ/k,z\W,T)

because, by assumption, p has full decomposition group in k(fm)/K. Taking the limit
over n of the last displayed congruence therefore gives

ordy (ko) = —sy (recw (6% /i s\w.7)) (5.4

as an equality in Z,. By repeating the argument we also obtain equation (5.4) for the
places ow, where o € §. Collating these equations, we find that

Ordy (159) ® (y — 1) = ) orde (o) ® (y — 1)
(A3

== Z SV(reCUw{gIIg/k,z\W,T))U ®((y—1)

oeg

1
= — ReCW(SK/k,E\W,T)'

This proves (5.1), as required to conclude the proof of Theorem 5.1. ]

5.2. The equivariant Iwasawa main conjecture

In this section we prove a suitable variant of the equivariant Iwasawa main conjecture
for abelian extensions of imaginary quadratic fields. In this setting, numerous results on
the Iwasawa main conjecture have already appeared in the literature, both in classical and
equivariant formulations (cf. [3,31,43,59-61, 68]). However, we require a result that is
slightly more general and, to some extent, also of a different shape than is available in the
literature thus far.

Suppose to be given an abelian extension L /k such that Gal(Loo/k) = T" x A,
where A is a finite abelian group and " =~ Zg for an integer d > 0. Note that d € {1,2} as
a consequence of the known validity of Leopoldt’s conjecture for the imaginary quadratic
field k.

We also fix a finite set X of places of k that contains S, (k) U S, (k) and a finite set
T of places of k that is disjoint from X. Assume that no finite place contained in ¥ U T
splits completely in the Z;i -extension L2 /k.

As before we write /A = Z,[A][I'] for the relevant equivariant Iwasawa algebra and
denote its total field of fractions by @ (£\). One can then define a perfect complex Dzoo ST
as in (3.3), and construct a map o

Detn (D, z.7) = QL) ®4 Detn (D] 5 1)
= Detg(s) (Q(L) ®) D} 5.1)
= (Q(1) ®4 Upyz.1) ®aw) (@A) @4 Vi s0m)
>~ Q) ®p UL, 1, 63
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where the first isomorphism follows from a well-known property of the determinant func-
tor, the second isomorphism is the natural “passage-to-cohomology” map, and the last
isomorphism is due to the isomorphism Yz s ) = £\ obtained from our fixed choice
of extension of the unique infinite place of k to Loo. The map (5.5) then restricts to a map

1 . . *% ~
O ksrDetaDr s 1) > U sr=U,srT,

see [9, Lem. 3.12] for more details.
We now recall the (higher-rank) equivariant [wasawa main conjecture in this setting
as proposed in [16, Conj. 3.1 and Rk. 3.3].

Conjecture 5.4. There exists a I\-basis £k, 3,1 of Detl\(DZw 5. 1) such that

1
O ks 7 (LLoo/k,3.T) = ELo/k,2.T-

Fix a prime ideal p of k above p as in Section 5.1. The main result of this is subsection
is as follows.

Theorem 5.5. Let K/k be an abelian extension and put Lo, = Kloo, where | is the
maximal Z,-power extension of k unramified outside p. Assume the following condition:

(%) Gal(Loo/k) is p-torsion free or the Iwasawa [i-invariant of Ar . (as a Zp[I']-
module) vanishes.

Then Conjecture 5.4 holds for (Leo/k, 2, T). In particular, Conjecture 5.4 holds for
(Koo/k, Z,T) with Koo = Kk if one takes koo/k to be any of the Zpy-extensions
described at the beginning of Section 5.1.

Proof. Let us first prove that it is indeed enough to prove Conjecture 5.4 for Lo/ k. If p
is splitin k /@, then [, and ko, agree and so the claim is clear in this case. In the non-split
case, o is the maximal Z,-power extension of k and hence K is contained in Lo,. We
then have a commutative diagram

@1
Loo/k,Z,T
Dety (D} s7) ——— UL, 51
wLoo/Kool lNLOO/KOO (5.6)
1
Okeo/k,x,T

Detp(Dg_ s7) —— Ukym1,

where the left-hand vertical map @y k,, is induced by the isomorphism (cf. Proposi-
tion 3.2 (c) (ii))

D} . 5.1 ®F, faLosion Lo [Gal(Keo/ k)] = Dk 5 1-

The claim now follows directly from the above commutative diagram (5.6).

To prove Conjecture 5.4 for L,/ k, we first note that the explicit condition (x) ensures
that Ay, » has projective dimension at most one after localising at any height-one prime
p of /. By [8, Prop. 6.4 (b) (ii)] it is therefore enough to show that one has an inclusion

im(er/k..7)™* C Fitt) (AL,=. 7)™  Fitt) (X1 s\s.000) ™"
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and this is a well-known consequence of the theory of Euler systems (see the proof of [8,
Thm. 6.12 (b)], where the above inclusion, which agrees with (46) of loc. cit., is verified).
|

To end this subsection we clarify the nature of condition ().

Proposition 5.6. Let K/k be an abelian extension and put Koo = K - loo, Where I is
the maximal Z.,-power extension of k unramified outside p. The -invariant of A s (as
a Z,|T']-module) vanishes in each of the following cases:

(a) The prime number p splits in k/Q,
(b) the degree [K : k] is a power of p,
(c) thereis aZy-extension Fy of K contained in Lo in which no prime above p splits

completely and which is such that the u-invariant of Ar,, (as a Z,[Gal(Fso / K)]-
module) vanishes,

(d) Ak,s, vanishes and |S,(K)| = 1.

Remark 5.7. Iwasawa has conjectured that statement (c) in Proposition 5.6 is always
satisfied if one takes F, to be the cyclotomic Z,-extension of K.

Proof. It is well known that the Iwasawa p-invariants of Ay s and Ay, agree because,
by [27, Ch. II, §1.9, Prop.], no finite prime splits completely in L. It therefore suffices
to discuss the vanishing of the latter.

In the situation of (a) the required vanishing follows from the main results of Gillard
in [34] (for p > 3) and Oukhaba—Viguié in [57] (for p € {2, 3}).

Let ko and K&y be the cyclotomic Zp-extensions of k and K, respectively. From
[41, Thm. 2] we know that the vanishing of the p-invariant of Agee is implied by the
vanishing of the p-invariant of Ag p joe, where K P denotes the fixed field of the p-Sylow
subgroup P of § = Gal(K/k). This combines with the theorem of Ferrero-Washington
[30] to imply the claim for (b) once we have verified that it is valid if (c) holds.

To do this, we may assume that p is not split in k /@ because we have already dealt
with split primes in (a). In this case, Koo /K is a Z127 -extension in which all primes above
p are finitely decomposed. Given this, statement (c) implies the claim by [22, Prop. 4.1
and Cor. 4.8].

Finally, as is well known, (d) follows from Nakayama’s lemma using that

(AKoo,s,)T = Ak,s, if [Sp(K)| =1
(cf. [69, Prop. 13.22]). ]

5.3. Proofs of Theorems A and B

We are finally in a position to prove Theorem B from the introduction.

Theorem 5.8. Let p be a prime number, k an imaginary quadratic field, and K / k a finite
abelian Galois extension with Galois group '§.

(@) If p splits in k, then eTNC(h°(Spec(K)), Z,[$]) holds.



eTNC for imaginary quadratic fields 413

(b) If p does not split in k, then eTNC(h°(Spec(K)), Z,[8]) holds if the following

condition is satisfied:

(x) Let I be the maximal Zp-power extension of k and put Loo = K - loo. The
Iwasawa ju-invariant of Ar 5 (as a Zp[Gal(Lso/ K)]-module) vanishes or
Gal(Loo/ k) is p-torsion free.

Proof. This will follow from the equivariant Iwasawa main conjecture proved in Theorem
5.5 and the descent argument of Burns, Kurihara and Sano in [16, Thm. 5.2].

To do this, we first need to introduce some notation. In the split case, we take koo to be
the unique Z,-extension of k that is unramified outside p. In the non-split case, we take
koo to be one of the Z,-extensions of k provided by Theorem 4.14 (b).

For any character y € £ we moreover introduce the following notation:

e K, = KX the field cut out by the character y, and §, = Gal(K,/k) its Galois
group,

* Ky oo = Ky - koo the composite of K, with koo, and I'y = Gal(Ky 00/ Ky).

Fix a finite set S of places of k containing Seo(k) U Sum(Keo/ k) and a finite set T

of places of k with the property that Uk s, is Zp-torsion free. In addition, we write
Sepiit (K / k) for the set of places of k that split completely in K, and define

. {Sspm(Kx/k) NS if g # 1.
s\ i if y = 1.

Furthermore, we set V = S (k) and Wy =V, \ V. By enlarging S if necessary we may
assume that S, (k) € S and that V} is a proper subset of S forall y € §.

Let us now address each condition required to apply the general result [16, Thm. 5.2]
separately:

* Under assumption (*) in the non-split case, the equivariant Iwasawa main conjecture
holds for (Ks/k, S, T') by Theorem 5.5.

* The Iwasawa-theoretic Mazur—Rubin—Sano conjecture (in the formulation [16, Conj.
4.2]) holds for the data (Ky,00/ k., Ky, S, T, V)é): If y is non-trivial, then this is proved
in Theorem 5.1. For the trivial character the set V)é = § \ {p} consists only of places
unramified in ko / k, hence in this case the conjecture holds as a consequence of [16,
Prop. 4.4 (iv)].

* Condition (F) (as stated in 4.3) for Ko/ K is valid: In the split case this is Remark
4.13 (b), in the non-split case this is Theorem 4.14.

This concludes the proof of Theorem 5.8. ]

As a first consequence of Theorem 5.8 we are now able to complete the proof of
Theorem A.

Corollary 5.9. If k is an imaginary quadratic field, then the Iwasawa-theoretic Mazur—
Rubin—-Sano conjecture (Conjecture 3.11) holds.
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Proof. In the non-split case we already proved Conjecture 3.11 in Theorem 5.1. In the
split case, Conjecture 3.11 holds as a consequence of the fact that, by Theorem 5.8, the
eTNC is valid in this case. Details for the deduction of Conjecture 3.11 from the eTNC
can be found in [16, Lem. 5.17] (cf. also [15, Thm. 5.16]). [

From Theorem 5.8 and Proposition 5.6 (b) we also immediately obtain the following
unconditional result towards the integral eTNC.

Corollary 5.10. If all prime factors of [K : k] are split in k or [K : k] is a prime power,
then eTNC(h°(Spec(K)), Z[€)]) holds.

Remark 5.11. (a) If p } hi[K : k], where hj denotes the class number of k, then the
validity of eTNC(h°(Spec(K)), Z,[€]) also follows from unpublished work of Bley [1,
Part I, Thm. 1.1] on the strong Stark conjecture. It should be straightforward to strengthen
said result to cover all primes p } [K : k] by taking into account the improvements of
[60, §3] provided in [61]. We remark that even this expected strengthening is covered by
Theorem 5.8.

(b) As illustrated by Corollary 5.10, the validity of the p-part of the eTNC for split
primes p | 2hy allows for a significant improvement on results towards the integral eTNC
in this setting. Previously, one had to restrict to cases where k is one of only nine imaginary
quadratic fields of class number one and all prime factors of [K : k] are split in k to obtain
unconditional results towards the validity of the eTNC for the pair (h°(Spec(K)), Z[9]).
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