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Stability threshold of two-dimensional Couette flow
in Sobolev spaces

Nader Masmoudi and Weiren Zhao

Abstract. We study the stability threshold of the two-dimensional Couette flow in Sobolev spaces
at high Reynolds number Re. We prove that if the initial vorticity Qj, satisfies || Qi — (—1)|| go <
eRe~1/3 then the solution of the two-dimensional Navier-Stokes equation approaches some shear
flow which is also close to Couette flow for time 7 >> Re!/3 by a mixing-enhanced dissipation effect,
and then converges back to Couette flow when t — +00.

1. Introduction

In this paper, we consider the two-dimensional incompressible Navier—Stokes equations
inT xR:
0 V+V-VV 4+ VP —vAV =0,
V.-V =0, (1.1)
V|[=0 - I/in(xv y)a
where v denotes the viscosity, which is the multiplicative inverse of the Reynolds num-

ber Re. We denote by V = (V'!, V2) and P the velocity and the pressure of the fluid
respectively. Let = 9, V2 — 9, V! be the vorticity, which satisfies

Q +V-VQ—vAQ =0. (1.2)

The Couette flow (y, 0) is a steady solution of (1.1).
Now we introduce the perturbation: let Q = w — 1 and V = (y,0) + (U*,U?); then
w = 0,UY — 9, U~ satisfies

{ d;w + yoyw —vAw = -U - Vo, (13)

wli=0 = win(x, y),
and U = (U*,U”) = (=0,¥, 0x¥) with Ay = w.

The study of (1.3) for small perturbations is an old problem in hydrodynamic stability,
considered by both Rayleigh ([37]) and Kelvin ([28]), as well as by many modern authors
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with new perspectives (see e.g. the classical texts [19,45] and the references therein).
Rayleigh and Kelvin both studied the linearization of (1.3), which is simply

diw + yoyw —vAw = 0,
AY = w, (1.4)

Oli=0 = win(x,y).

Indeed, if we denote by @(z, k, ) the Fourier transform of w(z, x, y), then the solution of
(1.4) can be written as

t
o(t.k,n) = ok, n+kt) exp(—v/ k| + |n—ks + kt|? ds),
0

(1.5)
~ —Oin(k,n + kt t
Feskn) = G EED exp( v [l = ks + ke s
0
which gives
v P2Vl xPrvlle < )7 e | Pronllne.
19y Perllzz + ()19x PeyrllL2 < Ce)~le ™! (L6)

|Prollzs < ClIPrwnlzze ",
where here we denote by P f = f(x,y) — % Jr f(x,y)dx the projection to nonzero
mode of f. The first inequality in (1.6) is the inviscid damping and the second one is the
enhanced dissipation. These two results are both related to the vorticity mixing effect.

In [36], Orr observed the important phenomenon that the velocity will tend to O as
t — oo, even for a time reversible system such as the Euler equations (v = 0). This
phenomenon is so-called inviscid damping, which is the analogue in hydrodynamics of
Landau damping found by Landau ([29]), which predicted the rapid decay of the electric
field of the linearized Vlasov equation around homogeneous equilibrium. Mouhot and Vil-
lani ([35]) made a breakthrough and proved nonlinear Landau damping for perturbation in
the Gevrey class (see also [8]). In this case, the mechanism leading to the damping is the
vorticity mixing driven by shear flow or the Orr mechanism ([36]). See [2,22,38,39,44]
for similar phenomena in various systems. We point out that inviscid damping for general
shear flow is a challenge problem even at the linear level due to the presence of the nonlo-
cal operator for general shear flow. For linear inviscid damping we refer to [20,26,41,46]
for the results of general monotone flows. For nonmonotone flows such as Poiseuille flow
and Kolmogorov flow, another dynamic phenomenon should be taken into consideration,
which is the so-called vorticity depletion phenomenon, predicted by Bouchet and Morita
([12]) and later proved by Wei, Zhang and Zhao ([42, 43]). Due to possible nonlinear
transient growth, it is a challenging task extending linear damping to nonlinear damp-
ing. Even for Couette flow there are only a few results. Moreover, nonlinear damping
is sensitive to the topology of the perturbation. Indeed, Lin and Zeng ([32]) proved that

3

nonlinear inviscid damping is not true for perturbation of Couette flow in H* for s < 3.

Bedrossian and Masmoudi ([7]) proved nonlinear inviscid damping around Couette flow
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when the perturbation is in Gevrey class 2_. Recently, Deng and Masmoudi ([17]) proved
the instability for initial perturbations in Gevrey class 2. We refer to [23,25] and refer-
ences therein for other related interesting results. We also refer to the very recent papers
[24,33], which show that nonlinear inviscid damping holds for general linear stable mono-
tone shear flows. Moreover, it is also observed by Orr that, if we rewrite the linearized
system using the change of coordinates f(¢,z, y) = w(t,z + ty, y), then the Fourier
transform of the stream function ¢(¢,z,y) = ¥ (t,z + yt, y) is

AR

¢t k,n) = m

1.7
The denominator of (1.7) is minimized at ¢t = % which is known as the Orr critical time.

The second phenomenon — enhanced dissipation — is sometimes referred to by mod-
ern authors as the “shear-diffusion mechanism”. This decay rate is much faster than the
diffusive decay of e~¥’. The mechanism leading to the enhanced dissipation is also due to
vorticity mixing.

However, for the nonlinear system the Orr mechanism is known to interact poorly
with the nonlinear term, creating a weakly nonlinear effect referred to as an echo. The
basic mechanism is straightforward: a mode that is near its critical time is creating most
of the velocity field and, at this point, it can interact with a part of enstrophy which is
already mixed to transfer enstrophy to a mode which is un-mixing. When this third mode
reaches its critical time, the result of the nonlinear interaction becomes very strong (the
time delay explains the terminology “echo”). There are two necessary ways to control
(compete against) the echo cascades. One is to assume enough smallness of the initial per-
turbations such that the rapid growth of the enstrophy may not happen before the enhanced
dissipative time scale ™3 The other is to assume enough regularity (Gevrey class) of the
initial perturbations that one can pay enough regularity to control the growth caused by
the echo cascade.

In this work, we are interested in the first method to stabilize the system and studying
the long time behavior of (1.3) for small initial perturbations w;y,. We aim to find the
largest perturbation (threshold) in Sobolev spaces below which Couette flow is stable.
More precisely, we are studying the following classical question:

Given a norm || - ||x, find a p = pu(X) such that

lonllx < v* = stability,

winllx > v* = instability.

Another interesting question that is related to this problem is nonlinear enhanced dissipa-
tion and inviscid damping, which can be proposed in the following two ways:

1. Givenanorm | - ||y (X C L?), determine a i = p(X) such that for ||wi, ||x < v*
and for ¢t > 0,

1
logllz, < Cllonlxe™*" and [[Vzl2 < Cleoullx.  (1.8)
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or the weak enhanced-dissipation-type estimate

_1
||a)¢||L%L)2€‘y < Cve|lwnlx (1.9
holds for the Navier—Stokes equations (1.3).

2. Given u, is there an optimal function space X C L? so that if the initial vorticity
satisfies ||win|lx << v#, then (1.8) or (1.9) holds for the Navier—Stokes equations
(1.3)?

These two problems (find the smallest u or find the largest function space X) are related
to each other, since one can gain regularity in a short time by a standard time-weight
argument if the initial perturbation is small enough.

We summarize the results as follows:
For u = 0, Bedrossian, Masmoudi and Vicol ([9]) showed that if X is taken as Gevrey-
m with m < 2, then Couette flow is stable and (1.9) holds.

For u = %, Bedrossian, Vicol and Wang ([10]) proved that Couette flow is stable, as

well as nonlinear enhanced dissipation and inviscid damping for perturbation of initial

vorticity in H%, s > 1.

For p = %, recently in [34], we proved nonlinear enhanced dissipation and inviscid

damping for perturbation of initial vorticity in the almost critical space H. )lcogLi C
2

L3y

Let us also mention some other recent progress on the stability problem of different

types of shear flows in different domains:

Three-dimensional Couette flow in T x R x T: If X is taken as a Sobolev space,
then u = 1 gives stability ([3-5,40]). Also see the very recent paper [15] for three-
dimensional Couette flow in a finite channel.

Two-dimensional Couette flow in a finite channel: If X is taken as a Sobolev space,
then u = % gives stability ([6, 13, 14, 18]).

Other shear flows: See [16,20,21,30,31,43].

In this paper, we find a smaller u (= %) such that Couette flow is stable, and nonlinear

enhanced dissipation and inviscid damping hold, when X is taken as a Sobolev space. Our
main result is stated as follows:

Theorem 1.1. For o > 40, v > 0, there exist 0 < g9, vo < 1, such that for all 0 < v < vy
and 0 < & < gy, if wy, satisfies || oy ||go < €v3, then the solution w(t) of (1.3) with initial
data wi, satisfies the following properties:

1. Global stability in H,
lw(t, x +ty + B, ), y)|ge < Cev3, (1.10)

where O(t, y) is given explicitly by

! 1
(1, y) Z/ e"—0% (—/ U*(t,x,y) dx)dt.
0 27 Jr
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2. Inviscid damping,

1
Cevs
12U + 010z < 5™ (1)
3. Weak enhanced dissipation,
Cevs
Pro@)|2 < 1.12
IProll < 7 (1.12)

The constant C is independent of v and ¢.

Remark 1.2. By replacing D(t, n) by D(¢, n)* with ¢ > 1 in the proof and assuming
o large enough (depending on «), one can obtain stronger enhanced dissipation of the

following form:
1

Cevs

P. t < —.

IP2o®lz = 4 v

However, weak enhanced dissipation of the same decay rate as in Theorem 1.1 is enough

for the proof of Sobolev stability. Both (1.12) and (1.13) are far from the exponential
decay of the linear case.

(1.13)

It is natural to ask whether the exponent % is sharp for stability with perturbations
of finite regularity. In the proof, we show some evidence for the sharpness. There are
two basic mechanisms leading to asymptotic stability: one is enhanced dissipation, the
other is inviscid damping. Both will help us to estimate the accumulation of errors from
the nonlinear interactions. We also face the following two facts: (1) Enhanced dissipation
happens when ¢ > p73, (2) We need to pay regularity to obtain inviscid damping. In order
to prove stability with perturbation of finite regularity, we cannot use inviscid damping for
free. So, roughly speaking, if we assume the perturbation is of size ev*, then the nonlinear
2p2i and this error will accumulate in the time interval. This is the time
interval before the enhanced dissipation starts. Thus, if we want the perturbation to stay of
the same size as the initial data v, we need 2v2*~3 < gv/*, which gives us > % of
course, one can also allow the perturbation to grow to a different size. Indeed, from our
proof (see (2.23)) one finds that the size of the coordinate system grows from V3 to vs.

For two-dimensional Couette flow in the finite channel T x [—1, 1], in [14] the authors
proved that u = % gives stability in Sobolev space, when the boundary effect is taken
into consideration. It remains a very interesting problem whether the threshold can be
improved to pt = % in the finite channel case.

Let us now outline the main ideas in the proof of Theorem 1.1. First, we provide a
(well-chosen) change of variable that adapts to the solution as it evolves and yields a new
“relative” velocity which is time integrable. Second, we will construct a new multiplier
that can be regarded as a ghost weight in phase space and that will help us control the
growth caused by echo cascades.

term is of size &
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2. Proof of Theorem 1.1

In this section we will present several key propositions and complete the proof of Theorem
1.1 by admitting those propositions.

2.1. Notation and conventions

See Section A.1 for the Fourier analysis conventions we are taking. A convention we gen-
erally use is to denote the discrete x (or z) frequencies as subscripts. By convention we
always use Greek letters such as 7 and £ to denote frequencies in the y or v direction and
lowercase Latin characters commonly used as indices such as k and / to denote frequen-
cies in the x or z direction (which are discrete). Another convention we use is to denote
M, N, K as dyadic integers M, N, K € D, where

D={}12438...2/,.}.

When a sum is written with indices K, M, M’, N or N’ it will always be over a subset
of D. We will use the same A for Af = (A(r/)fA(n))v or Af = A(n)f(n), where A is a
Fourier multiplier.

We use the notation f < g when there exists a constant C > 0 independent of the
parameters of interest such that f < Cg (we define g = f analogously). Similarly, we
use the notation f ~ g when there exists C > O suchthat C~™!'g < f < Cg.

We will denote the /! vector norm |k, n| = |k| + |n|, which by convention is the norm
taken in our work. Similarly, given a scalar or vector in R” we denote

(v) = (1 + Ju?)2.

We use similar notation to denote the x or z average of a function:

(1) =57 | 1) dx = fo

We also frequently use the notation fz = Pxf = f — fo. We denote the standard L?
norms by | - ||2. The norm of the Sobolev space H? is given by

I £ Lo = 1(m)° )Vl

The norm space-time Sobolev space L. (H) is given by

sup || f(t)lae, p =00,
t'e[1,¢]

||f||L1;(Ho) = ¢ %
([rrangear) 1=p<o
1
For |m| =0,1,2,...,and mn > 0, let

2n
2m+1°

2.1)

Imy =
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We then use
def

Iy = [tm,n tm—1,1] 2.2

for m = 1,2,..., to denote any resonant interval and its left and right parts with
n > (2m + 1)m. For |n| > 3, we denote by E(4/|n|) the largest integer satisfying
QEW/InD + DE(/Tn]) < |n| and then E(y/In]) ~ /Tl. Let1(n) = gzt ~ /Inl

be the start of the resonant interval. Then we denote by

et _E(ﬁ)
L Sk 2= | Ina (2.3)
m=1

the whole resonant interval.
For a statement Q, 19 or %€ will denote the function that equals 1 if Q is true and 0
otherwise.

2.2. Coordinate transform

We will use the same change of coordinates as in [9], which allows us to simultaneously
“mod out” by the evolution of the time-dependent background shear flow and treat the
mixing of this background shear as a perturbation of Couette flow (in particular, to under-
stand the nonlinear effect of the Orr mechanism).

The change of coordinates used is (¢, x,y) — (¢,z,v), where z (¢, x, y) = x —tv(t, y)
and v(z, y) satisfies

(9: —vdyy) (¢ (v(t. y) — y)) = (UF) (. y).

with initial data lim; ¢ z(v(¢, y) — y) = 0, and where (U*)(¢,y) = % JpU*(t,x,y)dx.
We define the following quantities:

C(lsv(t’y)):v(t’y)_y’ (24)
V(2 u(t, y)) = (9y)(t. ), (2.5)
l)//(l,l)(l, y)) = (ayyv)(tv y)v (26)
[0:v](z,v(z, y)) = (3:v)(t, y), 2.7)
S,z x, ), v, ) = o, x,y), (2.8)
¢, z(t,x, ), v(t,y) = ¥(,x,y), (2.9
w(t,z(t,x,y),v(t,y) =U*@,x,y). (2.10)

Thus we get
Arp E 0220 + )20y —10:)%) + 0" (3y —19:) = . @.11)

and

I f +[0:0]0s f —vV"10: f + V'V P - Voo f = VA, f, (2.12)

where Viv =(—0v,02), V2,0 =(02,0y), Prp = — (@), tio(t,v) = % szn u(t,z,v)dz.
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We also obtain
dstig + [0,v]9yilo + (V'V3-, Prod - Vii) = vAiio.

Define the auxiliary function

1 _
g(t.v) = —(io(t.v) = C(t.v)).
which implies that

[0;v] = g +vv”,
V'0,C(t,v) =V (t,v) — 1,
9;C + [0;v]9,C = [9;],

v, = v = A,C,

and that g satisfies

/

2 v -
Bug + 2K 4 g0ug =~ (VE, g V) + 00D,

If we denote h = v’ — 1, we get

—f—h _
dh + gdyh = f°t +vAh.

Leth = 7f‘t’7h; thus we obtain
2- v ~ -
d:h + goyh = —;h + T(VZ,UP¢¢ Voo f)+vAih.
It gives

atf +u- vz,vf = VAtf’

where

0
u(t,Z,U) = ( ) + U/V;_UP7&¢
g >

and th =05, f + (U/)z(av - taz)zf-

252

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

By the change of the coordinates we reduce our problem to studying the following

system:
i f +u-Viouf =vA, f,
0
u(t,Z,U) = ( ) + v/vZJ_UP7é¢’
g )

Ap=f, v/ =000, h=0v -1,

(2.18)
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drg + zTg +govg = —UT/(ViUP¢¢ Vi) + v(V)? g,

b+ 2 g = AV et Ve /) £ 00 Pk (210)
dh 4+ gdh = h + v(V)?dyh,

i = —v'(3y —10;)¢.

2.3. Main energy estimate

In light of the previous section, our goal is to control the solution to (2.18) and (2.19)
uniformly in a suitable norm as ¢ — oco. The key idea we use for this is the carefully
designed time-dependent norm written as

10w )11 = Y [ 1476 fee P dn,
k n

where Ay (¢, n) is defined in (3.9).
We also introduce another time-dependent norm for 8§ < s <o — 10:

4500013 = Y [ 145 @k it d,
k#07"

which quantifies the enhanced dissipation effect with

E(t k.n) = (k.n)’D(t,n),
with | |
D(t,n) = =v[n]® + —v (> = 8[n*)+.
(t,m) 3VI77| +24V( In”)+

Here E stands for enhanced dissipation.
We define our higher Sobolev energy:

1
E7(1) = S 147 () f )13 + Eu(0), (2:20)
where
(1) = llglye + V31130 + 3 1130 + Wl os + 17150 .21)

By well-posedness theory for two-dimensional Navier—Stokes equations in Sobolev
spaces we may safely ignore the time interval (say) [0, 1] by further restricting the size of
the initial data. That is, we have the following lemma.

Lemma 2.1. Fore > 0, v > 0 and 0 > 40, there exists &’ > 0 independent of v such that
if lloinl| go < &'v3, then
1
sup €7(t) < (ev3)2.
t€[0,1]
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We define the following controls referred to in the sequel as the bootstrap hypotheses
fort > 1.

Higher regularity: main system.

t t
IA° f(1)]2 + v [1 | V=Ar4% f@)|; dt’ + /1 CKy (1) dl’ < 8ev3)?,  (2.22)

where the CK stands for “Cauchy—Kovalevskaya”,

9 .
Kt = ¥ [ P g e P

wi(t,n

Higher regularity: coordinate system.

Oglae + / g () e di’ < Sev?,

- d,w(V
z3||A0h(t)||§+/t ”‘é(v))th dr’
t ! (2.23)
1 - 1 -
+ Z/ 2| A°h|3 dt’ + ZU/ t’3||3vA"h||§dt’ < 88(8\)%)2,
1 1
t
o+ [ 1o’ < 80108037
1
Lower regularity: enhanced dissipation.
t
14501+ 30 [ IV=BLA% @) 5 dr < et @24)
1
Lower regularity: decay of the zero mode.
t
1
O 8Os+ [ 410,80 pame ' = (820172
1
- t -
OO 2rge + v | 4|0 h ()20 dt’ < (8e17)2, (2.25)
A2, k() |30 dt’ < (8
1

ty ? t'y 1
Il foll7s + ?Havfo“%{s + V/1 (||3vf0(f/)||1%1s + 7||3vf0(l/)||%-1s) dt’ < (8ev3)>.

Assistant estimates.

()17 o +/ i (t') | gro-1 d1’ < 8evs3,
(2.26)

||h(t)||§1,(,_l + v/ ”avh(l/)qua—l dt’ < 8(108\;%)2.
1
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The next proposition follows from the bootstrap hypotheses, elliptic estimates and the
properties of the multipliers A% and A%,.

Proposition 2.2. Under the bootstrap hypotheses, the following inequalities hold:

d LU(V 1
1S e +v2 IV=BLf 2oy + |y~ < evs, (2.27)
w(V) L3.(H°)
1
V3
I Nl + VZ”\/_ALf;éHLz @ S (v 3y (2.28)
and the inviscid damping results
1 1
Ev3 gv3
1P2pllo-+ S =5 lutllgo—s S - (2:29)
? @ (1)

This proposition together with Lemma A.2 implies Theorem 1.1.
Proof. By Lemma 3.3, we get A7 (¢,n) ~ (k,n)?. Thus we have ||A? f || ~ || f ||z which
implies (2.27).
By Lemma 3.4, we get D(, 1) 2 vi3, thus | A% f|l2 2 ve?|| f || #s which gives (2.28).
The inviscid damping result (2.29) follows from Lemmas 4.1 and 4.2. ]

For enhanced dissipation and inviscid damping in the Sobolev norm, we also have the
following remark.

Remark 2.3. Under the bootstrap hypotheses, it holds that

lwx(t, x +ty + @1, ), V) s <

and

(UY(t,x +ty + @(t,y), y) | go—s

A

IUL(t. x + 1ty + (1, y), )| o

A

Recall that

S z(t, x,y),v(t, ) = o, x,y)

= o, x +1y+O(1, ), y) = f(t,x, v, ),
u(t,z(t, x,y),v(t, y) = U™, x,y)

= U~(t,x +ty + @@, y),y) =1, x,v(, y)),
A:¢(t,z(t,x,y),v(t, ) = U”(t, x,y)

= UY(t,x +1y + &, 9),y) = (3:4)(t, x, v(t, y)).

The remark follows directly from (2.28), (2.29), the composition Lemma A.2 and the
bootstrap hypotheses for the regularity of the coordinate system.
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By Lemma 2.1, for the rest of the proof we may focus on times ¢ > 1. Let /* be
the connected set of times ¢t > 1 such that the bootstrap hypotheses (2.22)—(2.26) are all
satisfied. We will work on regularized solutions for which we know &7 (¢) takes values
continuously in time, and hence I* is a closed interval [1, T*] with T* > 1. The boot-
strap is complete if we show that I* is also open, which is the purpose of the following
proposition, the proof of which constitutes the majority of this work.

Proposition 2.4. Foro > 40, v > 0and 8 < s < o — 10, there exist 0 < g9, vg < 1, such
that for all 0 < v < vy and 0 < & < g, such that if on [1, T*] the bootstrap hypotheses
(2.22)—(2.26) hold, then for any t € [1, T*], we have the following properties:

1. Vorticity boundedness:

|49 £(0)||3 +v/1 I \/—ALA"f(t/)||§dt’+/l CKy (1) dt' < (6ev3)2.

2. Control of coordinates system:

t
1
Oglme + / 1g ) llme di’ < 6ev?,
1

_ t 9w -II%
t3||A"h(t)||§+[ ] Byckayn
1 w Ho

1 [ _ 1/ _
+Z/ t’2||A0h||§dt’+Zu/ 318, A2 di’ < 66(sv)>,
1 1
t
1) 30 + v f 195 o di’ < 6(10s0%)2.
1

3. Enhanced dissipation:

145 1O+ 30 [ |V=BEAL £ ar' = ey

4. Decay of the zero mode:
t
1
(O ) 1Z0e + v /1 (00 () yas dit < (66v3)2,
_ t _
(O RO 0-s + v/ P80 (1) 20— dt < (68V3)2,
1

tv d t'v , , 1
I foOllFrs + = 118w follzs + v 190 fo(O 12 + = 19w fot) |3 ) di’ < (66v3)2,
2 1 2
5. Assistant estimate:
- t -
(OB o1 —}-/; h(@E) | go-1r dt’ < 681)%,
t
1)1 301 + v/ 10u7(1") | 370-1 dt’ < 6(108v3)?,
1

from which it follows that T* = +o0.
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The remainder of the paper is devoted to the proof of Proposition 2.4, the primary step
being to show that on [1, T*], we have the following estimates:

149 F(O)]3 + v / | V=ALA® £ dr’ + / CKo (1) i’

<2 4° F(1)|2 + Ce®v3, (2.30)
) ligle + f g lme di’ < 2]g(Dllao + Ce?v, (231)

- 4 3,w - 2 1 -
z3||A<’h(z)||§+/ 3\ —h dt’+—/ 12| A°h|3 dt’

1 w Ho 4 Jq
1t _ _
+ Zv/ 130y A%h|2 di’ < 2h(1)]30 + Ce*v3, (2.32)
1

I2(0) 1|70 +VI 1802t |0 dt’ < 20lh(D)]|30 + Ce¥v3, (2.33)

2
3

A% f @13 + —V/ | V=ArA% f()|5dt" <2 4% F(D]E + Cev (2.34)

O g (O 30-s + v/ 002 (1) 30-e dt’ < 2]|lg(1)| 306 + Ce(sv3)?,  (2.35)
1
—_ t —_ -
(OHR() 1 30-6 + V/ "0y 1 (1) 3706 dt < 2[|R(1)[130-6 + Ce(ev?)?, (2.36)
1

2 v 2 ' 2 t'v "2 /

Lol + 100 ol + v [ (100 Ao+ 510 fol0 ) i
< 20 fo(ll + vIdufo(Dls + o3, 2.37)
(t)||72]] o1 +f A" go-1 dt’ < 2||h(1)||go-1 + Ce v% (2.38)

2
3

1701 201 +V/ [0uh (") 30-1 dt’ < 2[|h(1)||770-1 +8||h||L1 (Ho-1) +Cev
(2.39)

for some constant C independent of &, v and T*. If ¢ is sufficiently small then (2.30)—
(2.39) implies Proposition 2.4.
It is natural to compute the time evolution of the following quantities:

€y = A fON3.  Emg =tlgllae, Epj =1 1A%h5e, Emn = [hO)lIF0

and
€Lt =A% FOI5. ELg =1 IIg(t)IIHa o € =110
€r.0 = Il fo@)s + 7||3vfo||Hs

and

8dsh t ”h”HU 1s 8as,h = ||/’l(l‘)||12110,1,
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where H stands for the highest regularity, L stands for the lower regularity and “as” stands
for assistant.

The most difficult part in the proof is to control the energy &g, r. Here we present the
calculations of the time evolution of €g, ¢. The calculations of the time evolution of € g,
& as.i® Eush> € Hi and &g j are in Section 9.1. The calculations of the time evolution of
€L,g and & j are in Section 9.3. The calculations of the time evolution of &, » and &1
are in Section 10.

The rest of this section will give an outline of the proof of (2.30).

The proof of (2.31) can be found in Section 9.1.1.

The proofs of (2.32) and (2.33) can be found in Section 9.2.

The proof of (2.34) can be found in Section 10.1.

The proof of (2.35) can be found in Section 9.3.1.

The proof of (2.36) can be found in Section 9.3.2.

The proof of (2.37) can be found in Section 10.2.

The proofs of (2.38) and (2.39) can be found in Section 9.1.2.

From the time evolution of &g s we get

s |14 ava
T xR
= —CK, — / A® fA° VY f)dzdv + v / A° fA (A, f)dzdv,  (2.40)

where, as before, CK stands for “Cauchy—Kovalevskaya”,

8[ A
CK,y Z / et ”)IAz(t,n)fk(t,n)lzdn. (2.41)

w(t,n
To treat the second term in (2.40), we have
/A"fAU(uVZ vf)dzdv = 1 / V-ulA® f*dvdz
+/Aaf[A°(u~Vf) —u-VA° fldz dv.
Notice that the relative velocity is not divergence-free:
Veu=0yg+ 0:¢3,0 = dyg + 3, PLpdyh.

The first term is controlled by the bootstrap hypothesis (2.25). For the second term we
use the elliptic estimates, Lemma 4.1, which show that under the bootstrap hypotheses we

have )

3
12’

I P2l o~ (2.42)

—| ™
<
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Therefore, by the Sobolev embedding, o > 40 and the bootstrap hypotheses,

‘/V-MIA"flzdv dz| < 1 Vulle 14 £12

< (Iglaz + (U + Ikl g2) | Pegllas) 147 113

1
EV3

t)?

< —14° f113. (2.43)

—

To handle the commutator, [ A° f[A°(u-V f) —u-VA® f]dz dv, we use a paraproduct
decomposition. Precisely, we define the three main contributors: transport, reaction and
remainder:

/A”f[AU(u-Vf)—u-VA“f]dzdv

1 1 1

= — T — R —R, 2.44

2T Z N+ 2T Z N+ 2T ( )
N=>8 N=>8

where
Ty =27 / A% flA° (u<nys -V fn) —u<nys - VA® fn]dz dv,
Ry =2m / A° 1A% (un -V fanyg) —un - VA? fonsgldz dv,

R=2wY. [ ATV )~ uy VAT Sl dz d
NeD LN<N’'<8N

Here N € D = {%, 1,2,4,...,27,.. .}, gn denotes the N th Littlewood—Paley projection
and gy means the Littlewood—Paley projection onto frequencies less than N.
For the last term, we get

v / A% fA° (A, f)dzdv = v / A% fA° (AL f)dz dv
— / A FA7 (1= (0)2)(By — 10,2 f) dz dv
R Nere
- / A% £ A ((1 = (V')?)(y — 10,)* fz) dz dv
— [ 47 oA (1 = W) fo o

= —v|V=ALA° f |5 + E* + E°. (2.45)

The next four propositions, together with (2.43), imply (2.30). First, we deal with the
dissipation term. In Section 5 we will prove the following proposition.
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Proposition 2.5. Under the bootstrap hypotheses,

/ (/ A® fA° (A, f)dzdv) dr’ <——v/ ||\/—ALA"f(t)H2dt + Ce3vi,
1

Next we control the transport part. In Section 6 we will prove the following proposi-
tion.

Proposition 2.6. Under the bootstrap hypotheses,

/ ST () de S e sup [14° F(E))2

N>8 t'e[1,¢]

Next we control the remainder. In Section 7 we will prove the following proposition.

Proposition 2.7. Under the bootstrap hypotheses,

IR()| < %IIA"fH%-

Finally, we control the reaction part. In Section 8§ we will prove the following propo-
sition.

Proposition 2.8. Under the bootstrap hypotheses,

t
/ > IRN()Idr S5 sup [4°FEE +e [ CRu)ar + 05,
1

N>8 t'€[1,t]

Let us admit the above propositions and finish the proof of (2.30).

Proof of (2.30). We then get by (2.40) that
147 f13 +2 [ Ko
= ||Aaf(1)||§—Z/It/A"fA"(qu)dzdvdz’
+v2/1t/A"fA"(Z,f)dzdv dr’
IIA"f(l)Ilz——V/ |V=ALA7 £ |2de’ + Ce™}
‘
e f [

Thus, by (2.43) and the above propositions we have

t 7 (" 2
147 F1+2 [ CRu)dr + 3o [ V=BLa f@ e

/V-u|A”f|2dvdz

X W@+ 1RO+ X (R | ar

N>8 N>8

t
<47 F(D)I3 + Ce*vi + Ce sup 47 £(&)]3 + Ce / Ko (1) d1'.
1

t'e[1,t]

Thus, by taking ¢ small enough we have proved (2.30). ]
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3. Toy model and nonlinear growth

In this section we study nonlinear growth. For simplicity of notation, in this section we
usually take 1, k > 0 but the work applies equally well to 1, k < 0. Note that modes where
nk < 0 do not have resonance for positive times.

3.1. The toy model

According to the change of coordinates, the relative velocity now is time integrable. The
growth may come from the reaction term. In each time interval I,, ; which contains only
one Orr critical time ¢ = %, it is necessary to study the following toy model:

; f(t,m,n) + vk + (n—mt)?) f(t,m, n)

_ +E A ) )
_/IW—ESImZ 1 i) ¢LOSEELn=HdE

—l=+1
00 f (om0 +v((m £ D? + (7 — (m £ D)) f (t.m. )
£ R R
/In—Ssl m? + (§ —m1)?
Since the f (t, £1,& — n) is restricted to the lower frequency |§€ — | < 1, we can regard it
as a constant in the & variable. Moreover, f (¢, £1, & — ) also has enhanced dissipation.

Ast € Iy, (mE1D2+ (n—(m £ 1)1)* =~ ,7,7,—22’ thus we deduce the following simplified
toy model:

cv%t 2
A ~ Ke ™ m< A
3tf(t,m,n)+v(m2+(n—mt)2)f(t,m,n)=|—n|f(t,mi1,n), (3.1
1
clnle=*t

A 2 A
8,f(t,mj:l,n)+‘:nizf(t,mjzl,n)z Fe.mm), 32

m (14 (= 17)

where « stands for the smallness assumption of the initial data. Our goal is to find the

largest « such that we can control the total growth caused by the toy model. Thus we
1

assume the enhanced dissipation is e ¢V ",

The next step of the simplification is based on the following observations:

e Whent > v3 , the enhanced dissipation will offer a small coefficient which makes
the Orr mechanism weaker. So we focus on the region of time ¢ < 13 . The resonant
time region is I,(n) ~ [/|n], 2|n|]. We are interested in the case |n| < =3 so that

1
I:(n) N1, Cv_%] # (. During this region of time, e V>’ ~ 1.

» The rapid growth of f (¢, m + 1, n) happens when |t — %| ~ 1.

» The coefficient in front of f(¢,m, n) on the right-hand side of (3.2) is much bigger
than the coefficient in front of f(¢,m %+ 1, 1) on the right-hand side of (3.1). It means

that f(t, m £ 1, n) will grow faster than f(t, m, n). We may replace f(t, m, n) by
f(t,m £ 1, n) in the second equation.



N. Masmoudi and W. Zhao 262

2

* Since || S v73, when |t — -I| & 1, the dissipation coefﬁ01ent in (3.2), '”’ < ”32”, is
m
not bigger than the coefficient of the right-hand side if « ~ v 3. Thus we can remove

the dissipation term.

Thus we deduce to the following toy model:

elnlev’s

m2(1 + (I —1)?)

atf(t,m:tl,n)z f(t,md:l,n).

— D+ - —_n__ _
For t € Iy, lett =1t — [ ;then v € [-D,, ., Dy ], where D, = Grom =
—tmyand D} = Gt = tm—1, — 5 form = 1; then DE, ~ I

Finally, we use the following model to control the entropy growth in each critical time

region:
1

n
I N ) a2
0:8m = (V3tm,n> 1+ ¢2 > 8m; (3.3)
gm(_Dr;,r]) = 1.

We need to point out that in the toy model, e=ev3t g replaced by (V3 )8 with
0 < B < 3, owing to some technical reasons when we deal with the zero mode (see (8.6)).
The COIldlthl’l B > 0 ensures the total growth is bounded (see Lemma 3.3).

For mn > 0 and |m| € [1, E(\/W)] with |n| > 3, we define for 0 < 8 < —,

gm(t, ) = exp((v%tm, )~ (1+ﬂ) (arctan(r) + arctan(D,, n))) (3.4)

then g, solves (3.3).
Then we have

gm(Dpy o) = G (1) &m(=Dyp 1),
D ——
=1
with

Gm (n) = exp((vé[m, ) (1+ﬂ) (aI‘CtaIl(D ) + arctan(D,;’n))).
Otherwise, we let g, (z, 1) = 1.

3.2. Key multiplier

In this subsection we will define the key multiplier that governs the growth.
We define w(t, n) in the following way:

« forr <t(m), w(.n) =1

» for t € Ij, with |j| € [, E(\/W)] and jn > 0, we have w(t, n) = w(tjy, n)X
gt —1.m);

o fort > 2|n|, we have w(t,n) = w(2|nl, n).
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According to the definition of g,,, we get

vt WPyt
w(t,n) 1+ (@—1)2 €l T (= )2 t€lmy-

(3.5)

Next, for mn > 0 and |m| € [1, E(y/|n])], with |n| > 3, we will construct a continuous
function o(m, n) & max{|m| |n|}. First, let p(x) be a bounded smooth function such

that |m|
1, > 15,
p(x) = { smooth connected, x € [% %] (3.6)
0, < 5.
We also let p satisfy 1
10 1
/2]0 p(x)dx = 2
Let o (x) = p(li—l) and for kn > 0,
wi (1) = w(z, e(k.n)), (3.7
where |k|
olk,n) =1 20 +/ pi(x) dx. ke #0. (3.8)
Il k =0.

L]
20°

Inl = KL we have o(k, 1) = || and wi (z, n) = w(z, ).

||

Then we get that for |n| < we have o(k,n) = 55 and w(Z, ) = w(t, 2k_0)’ and for

Lemma 3.1. It holds that
o(k,n) =~ (k.n).
Forlk —1,6 —n| < I%WU,EL it holds that

lo(k.m) —o(.§)| S [k —1.§ —nl.

Proof. 1t is easy to obtain that o(k, n) < (k, n). The lower bound follows from the fact
that for % <In| < Ikl " we have oltk,n) = k| > In|

10° ~ 20 — 2°
If |£] > ||, then
49 51

k—1,6—n < — > d k| <lk—1]+|l] <= <2n|.

| = 50Ii;‘l In| > 50IEI and |k| <| |+ 1] < 50IEI_ nl
Thus,

lo(k,n) —o(l,8)] = [§ —nl.
If |£] < {25, then
101 9899 k|

k—1, I — d — )
| £— '”—10000" |k |—10000|| and |n| <&+ € - ’7|—10000| |_20
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Thus,
1
lok,n) —o(l.§)| = Elk —1].

Then we only need to focus on |§| = |I| = |n| & |k|. Thus,

LA

lo(k,n) —o(l,§)| = 0

/ 1 $
My |k|/ p(x) dx — |z|/ p(x) dx
0 0

n
5|k—l|+|k—l|/0kp(x)dx+’l/lp(x)dx

n
k

Inl — &k| . kllk —1,n—§|
Sh—1]+ == S k-1 +
k| |k
S lk—1.§—nl
Thus we have proved the lemma. ]

With wg (¢, ), we can now define our key multiplier A7 (¢, n),

{k, m)*

. 3.9
w0 7) G

A7 (t.n) =

3.3. Basic estimate for the multiplier
The following lemma expresses that the critical times are well separated.

Lemma 3.2 ([7]). Let &, n be such that there exists some o > 1 with @' |€| < |n| < «a|é|
and let k,n be such thatt € I, N I, ¢; then k ~ n and, moreover, at least one of the
following holds:

(@) k =n;

O) [t =} > e and|t — £ > -5

© In—&lza 1

Now we will present a lemma about the upper and lower bound estimates for w(z, ).

S <

Lemma 3.3. It holds that
w(t,n) ~ 1.

As a consequence, A7 (t,n) ~ (k,n)°.

Proof. We have for any ¢, 1,

1
L<wem< [] Gum
m=E (/Inl)

1 1
V3
< exp ( E 2"(1 + vétm,,])_(“rﬂ))
m
m=E(V/In)
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1 1
vinp
ew(c Y 2F)
m=E (+/In))
E(«/W) 1 1 —14+8
v3in m
< Jexp| C 1 )
( Z Zl (3P
m= V37] m=v3n
1 —1+8
m
exp(C Z T B)’
m=Ec/m V2
vig <1, Il < v73,
_1 _2
S 1’ v o3 S |7]| S v 35
1 . 1, v3<|n
1 ~ v =~
(CERVADIL

Thus we have proved the lemma.

The above lemma gives that for all 7,

A7) ~ (ko).

v%nf 1,

vin < EG/,

1< E/nD) < v,

(3.10)

Next we introduce several lemmas related to the properties of D. The first lemma can
be found in [9], which will be useful in the proof of the commutator estimate in Section 10.

Lemma 3.4 ([9]). Uniformly inv, n,& andt > 1 we have
D(t,n) 2 vmax{|n|*, 1%}

and
D(z,§)

D(t,n)

S(m—=§°> ID@& D@l <

D(z.§)
(§) + (n)

(n—¢€)°.

In the next lemma we will introduce the product lemma related to D which is a

Sobolev-type estimate comparable to [9, Lemma 3.7].

Lemma 3.5. The following holds for all q* and q% and y > 1:

IDG ) < g I av+311Dg? || v

and

ID(V*q' Vg lar < llg av+s |1 DGy + 1Dqillay g2l gvs.

Proof. We use the dual method. By Lemma 3.4, we get

ID(q"q*) ey = IIKV)” D(q'q?)l|L2

= sup
lell2=1

k,l

3 f G (k. ) DGNaL_ (1 — 32 (€) dE dn
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S sup Z/SI@k(n)l(kw)y(é—77)3I51k_1(77—é)lID(S)%Z(S)Idédﬂ

||¢7||L2=1 k,l n

< sup 3 [ ety a0l — %l 1D 7Rl dg d
lola=1 %7 In&  <liél

+osup 30 [ gyl BNk~ L= 86— 0lak_, (19
”(0”L2=1 k.l n,€ >|LE|

x [D(§)q; (E)|d§ dn

2 1
S lelle2llDa”arlig L+

In the last inequality we use the fact that ||G||z1 < (k. )Y G2k, )7V L2 S gl ey
fory > 1.
We also have

ID(V*q" - Vg |uv

= sup | f G ke, )Y DGa_;(n— E)GFE)(—n + &k —1)- (1, ) dEdy
loll2=11"%; Jn.§

S sup Y / V—t,9—e1 @k (1D (0 — £)at_; (n — E)| )3 (1, &)Y 247 (8)| d & dn
lell2=1%7 Jng  <ILEl

+ sup Z/ Vie—t el @k Mk —1.n = &)Y —n)|g5_,(n — ©)|
lol =1 %7 Jne ~ >Iigl

5

x | D()d7 (€)| dE dn
< el DG g laves + llllL2 1D lay g | mvs.-

Thus we have proved the lemma. ]

4. Elliptic estimate

The purpose of this section is to provide a thorough analysis of A;.

Lemma 4.1. Under the bootstrap hypotheses, for v sufficiently small and s' € [0, 2], it
holds that for2 <y <o — 1,

IP2oll - < —I102) fiellmar,

1
()
and fory <o —1,

IALAT Py fllay = |ALPzdlly < |1 Pxfllmv.
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Proof. Fors’ € [0,2] and s > 0 we get

1PaplZe =3 / ko) 1Bk 2 d
k#0

<Z/ L ' I v AP
7 @+ o — ke LR

k#0

( 2s+2s 5
< Z/ k23 (1 + tz)sf |AL¢(k’ '7)| dT]

k;éO

m 13:)7" AL P2y 78}

We write A; as a perturbation of Ay via
ALP;EQS = P;éf +(1- (v/)z)(av - laz)zP;ﬁd’ - v”(av - taz)P#d’-
Thus we get

IALP2llay < |Pefllay + CII(A = (v')?) (0 — 102)> P2l v
+ C||v//(3v —107) P2 mv;

then by using the fact that v/ = (h + 1)dyh, (A.3) and the bootstrap hypotheses, we get

IALPrpllay < P2 fllay + Cllhlge—1 (1 + [1hlo-)I AL P2y
+ C( + Nhllo-Drllme | AL P2l ay

1
S|IPxfllay + Ceve||AL Prdp|lav,

which implies |Ar Px¢|lar S || P+ fllgy. The lemma follows from (4.1) with s =
o—2-—y'. (]

As (1 — (v')?) and v" are the zero mode, by the same argument as the proof we can
easily get that fory <o — 1,

102)° 77 (30) ALAT fitll2 S | ftllre S A7 S la- (4.2)
Lemma 4.2. Under the bootstrap hypotheses, it holds that
. 1
IVLPrpllro—2 + [l go—2 < mllf;ellm—l,

andy <o —1,
IVeuxllay < | fxllay

Proof. By the definition of u we get

g =—(1+h)(0y, —10;) P2g.



N. Masmoudi and W. Zhao

Here we use the same argument as (4.1) and we get

1@y —192) P2 l3s = Z/ (k.Y 10— ki PIg k. ) di

k#0
(e, m)* ()2 In — k2 ,
<1§(:)/ (%) (k2+(n kt)2)2|AL¢(k»77)| dn

e (2
=3 ), G o

(k n)2s+2
< Z[mMUﬁ(k m|? dn

192) " AL Pplles1-

1+t2

Then by Lemma 4.1 and the bootstrap hypotheses, we have

ligllgo—a < (A + 12l go-2)ll(dy —192) Pzl o2

(1 ”h”HU’Z) 1
< - C A P ¢ o— < — o—1.
~ ([) ” LI# ”H L (Z) ”f;é”H 1

The first inequality follows from (4.3) with s = 0 — 2.
We also have

azﬁ# =—(1+h)(0, — taz)azpaéd’,
(By —132)i = —(1 + h)(dy — 13;)> Prp — 9ph(dy — 13;) Pgp.

Therefore, by Lemma 4.1 and the bootstrap hypotheses, we get
IVLiz oy < (1 + Rl go-)I AL Prdllay S || fllmr
Thus we have proved the lemma.

Lemma 4.3. Under the bootstrap hypotheses, it holds that

1
~ _ V3
IVLizllge S IALAT fellue S fellae + ———=<10uhllmo

(t)(ve3)
atw 1 1
— XRALA; f;é f;é
w H"
Proof. We have

and

M\

268

4.3)

ALAT! f = APy = Prf + (1= (V)?) @y —19:)* Prgp — 0" 9y — 19:) P2p.
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Thus we get

IALAT felme < N fllme + 11— @) a3l @y — 132) Prllaro
+ (1= @) el — 102)> P2l g3
+ 1L+ Rkl 51V Pedllre + (1 + h)duhllze | Vi Pl s
< fllae + ev3 I ALAT fullmo + evs | fills + eve [ Ve Pedllars
+ 18ohll e | VL Pbll o
< Sl + eve | ALAT felle + {6) " 18uhllae | AL Prdllge

1

V3
Wllf?vhllm.

1 —
S W fgllae +eve|ALAT fellae +

We also have
0zl = —(1 4 h)(3y — 10;)d; P,
0y —10;)iie = —(1 + h)(3y —13;)* Prp — 0ph(dy — 10;) Pgp.
Therefore by Lemma 4.1 and the bootstrap hypotheses, we get
IVLtisllae < (14 ||hllgo) | AL P2l Eo

By taking & small enough, we get the first inequality.
In what follows we use the shorthand

—

G(E) =1-)*®),

and then
8[U)k([, T])
m lier, ko (k> + (n—k0)*) (2. n)
drw (2, 1)
=ty et

V %hezk,»k#o fmzw G(E) (1~ & — kY d(t.n—§) d§
y Zﬁ—ffﬂg’)ll Lo /| oy OO ENE kD) d
o 311)”;’;—,([,7;’)11 Lo /|5|z|n—s| V€0 =& — kDt 0~ §) d
Ny aj;’z—ft,,;')lz Lo /|5|z|n—5| V(1= §)(§ — k) (r.§) d§

[ 0w (. 1)
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We have t ~ t; , ~ { and then

1 — 1
dwi(t.n) _ (V3tey) UL g

< —(v3 ) (1+8) % <
wi (£, 1) 14+ (F—1)? ~k ~

| =

Thus we get

1EqLllre < IGIae 1By —102)* Pr e
< il (1l es + DI Sl

1
g2z

S
(ve3

~

For EiH we get

D) w6 1HIE-(P
wi(t.n) dewi(t.§)  L+|}F—12 7~ '

Then we get
|E} g llze
0; wy(t, ~ ~
< H (G Rl AGL N P P / G(n—S)(S—kt)2¢k(t,E)dE“
wie (. 1) I£1>[n—¢| 12

lier, 1 — 86— E)E — k(. g)e | 2E) g dH

haligo, 101G 0—0E ~ k0 817\ [T 0 s
/%_wXRALAtlf?éH <ev /%_wXRALAtﬁ‘
w Ho w

and similarly we have

S Gllas

Ho

15
atUJk(t,TI) ~ ~
S\ k) | ————ser,, 1 "(n— —k ) d
o O e R ST
=, drwg (1, €) ~

lier 1 — )0 (n— £)|E — ki (k, £)°

i [ =070l — ke 67|25, .6
S e B e

Finally, we deal with Té 1. we have a;)'i’zt(tg) < %’ and then we get

2
IEgLlHe <

kt —~
ko) L ien, Lo / ;
n [&]=In—£|

Lier,, ko [ &)
[&|=|n—E|
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S v o1 IVLdzl e
2.1
E7V2

(ve3)’

Thus we have proved the lemma. ]

S hllae | f£llas <

By the fact that u = (0, g)” + (1 4+ h) V3, Px¢, Lemma 4.1 and under the bootstrap
hypotheses, it holds that

1

3
—. 4.4
78 (4.4)
Lemma 4.4. Under the bootstrap hypotheses for ¢ sufficiently small, for s <o — 7 it holds
that

1Y
lulles < Ngllems + 1Prpllaser <

4% (P22 S 5 () AR fllz2 + L/ |ae).

Proof. By Lemma 3.4, we have
| A% (VP23 ~ [lv max{r®, n* x| s

<y / ko)1t dn
k#0 2|n|=t

+2 Z/ 1% (k. n)* i (. )| dn
k0 2|n|<t

= I1; + I1,.
By Lemma 4.1 we get
T | < 1Pelifess < e ) I ftlpess < e ) — 1 f o

and

k )7)25 o
L LT AT D B e B L AL
k#0 =

k,n)zs Py
<02 / o \Azde(t. I dn
,; i<t B2+ 1P 4 2022

< 1
UM

By Lemma 4.1, we then obtain

TV ALDL 3.

1
Mol £ —7llve® fell s <

T () ()

Thus we have proved the lemma. ]

1A% f£13.
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5. Dissipation error term
In this section we will deal with the dissipation error term in (2.45).

5.1. Treatment of the zero mode

By the fact that
AS() ~ () ~ 1+ nl° and [n| <[] + |1 — &] < max{|¢]. |n— &]}.
we get
i s/E M2 o) (1= 021 — )[R fo(®)] dt dy
i
s/s Hi<al foD1 (1= ()20 — EDIEIn] + [& — nl) fo(®)| dn d&
i
+/E Vit Leenis el 1127 L Ao ()] [ (1= ()2 (0 — EDE2 fo(®)| dE dn
>N

[ i P00 = ) o0

5

s
< [ vzl o [0 =GP 0= el o) nat

+/ Uit | o [@o(1 = (0)2) (1 — £)IE| fo(®)| dn &

[ Az o [0 = G0 = )o@ d d

+ [S Vit Ueenis et 1 o | (1= ()2 (1 — €))[n — £ &2 fo(€)| d& dn
N
< vl folZ2 1 = 2112 + 11190 foll 221801 = @)Dzl foll2
018y folZre 1 = @)2 a2 + V113 follze 136 (1 — () Lszo—2 foll .

The purpose of the above estimate is to obtain the homogeneous derivative. By the fact
that (v')2 =1 =(1—())>+2(0" —1) = h? + 2h and

1R s S WAl W hlms, 180k [ms < IRLa |8uhllas, s = 1,
we obtain by the bootstrap hypotheses that
1E°] S v(llhllaz + D105 A° fol3 112 + 19kl o= 110 follzre | foll )
< ev3v)|9,4% foll} + ev3v9uh |20 5.1)
5.2. Treatment of the nonzero mode
We use a paraproduct decomposition in v. Then we have

E* = EZéH + EI;-IEL + E;—IéH’
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where
EfH == Z v / AgfaéAc((l - (v/)2)<M/8(av - taz)z(f;é)M) dz dv,
M>8

Ej ==Y v / A% f2 A% (1= (0))pr By — 19202 (fi2) <pays) dz dv,
M=>8

EI?;H =V Z Z /Aof;éAU((l — ()M @y — faz)z(f;e)M/) dz dv.

MeD Ly <M'<8M

5.2.1. Treatment of E zé e ‘We have

Easvy Y[

A% FeMIAS | (L= () (1 — &) <pysl& — k12 fic©)aa | d& dn.
M>8 k071

By the fact that § ~ n ~ M, |k, n| ~ |k, §| and

|E—kt| S|E—nl+In—kt] S(E—nVk?+|n—kt]?,

we have

Efn <0 Y 2 [ VR RPA LA @0 = 20~ )<y
M=8 k20" ¢
X |& — kt|AZ(§) (&) | dE dn

SV Y IWV=ALA fe) g LI (V=B A% f2) L1 (1= @)l s,

M=>8

which gives

Ely S v|(V=2L4° £2) 2110 = )1 as.

5.2.2. Treatment of E ; L We have

B 50 X 3 [ Wiictowt + 1wl 4° 147

M>8k=#07 M

X (1= (0)2) (1 — £ € — kt 2 Fe(€) pays| dE dn
= Ejf + EL}.

For E;LZ, we have |k, 5| ~ |k| ~ |k, £| and

1§ —kt| S1&—nl+n—kt] S {E—mVEk>+In—kt]?,
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which then implies

E;;LZ Sv Z Z/ Ligi<16/k1A° VK> + [n — kf|2|fk(fl)|

M=>8 k#0
< |(n—£)(1— 0)) (1 — Ema & — K| 1kI° Fi(€)<pays| dE dn
<v 3 M2 = 0 Pulas | (V=ALA £2) |2

M>8

Thus we have 5
ER7 s vl = ))las| (V=-AL4° f4) 5.

E?é,U

We turn to E7,7 . In this case, |k, n| ~ |n| ~ |[n — &| ~ M, and then we get

EF <v Y Z/ L1660 A% L) [0 — €11 — €)1 (1= )2 (0 — E)ud|

M=>8k#0
X |& = kt?| f(&)<mys| dE dn
SV YN~ e 1900 = )2l o1 ()21 fi2 s

M=>8
S vl fellae 1801 = @)) o1 ()21 f2ll s

5.2.3. Treatment of E ;; g+ In this case, it holds that [n — &| ~ [§| ~ M ’. We divide the
problem into two parts:

vy, ) Z/ (k> 16/8) + 1iki<16)2l]

MeD 1M <M'<8M k#0 n:§
X A"Ifk(n)lAZ(n)Kl — (W) —&mrl€ — ktlsz(E)M| dédn
— ELE+ ELD.
To treat E;é, we have
k| < |k, nl < |kl + |n— &+ €] < |k|
and
|E—kt| S|E—nl+n—kt| S (E—n)vVk2+|n—kt].
Therefore we get
ELf sv > Z[ Liki> 1681 A° VK2 + [n — kt| 2 A ()l
MeD Ly <M'<8M k#0
(& —n)|(1 = W) — &€ — ket k| fiE)ae| dE dn
v ) VAL £ IV=BLA7 1)y (= @))nt s

MeD

<v|V=ALAT £ A1 = )l
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Next we turn to E;I_’;, in which case we have
lk.nl S 1kl + Inl < 1kl + In—&| + €] =~ [k| + [§] < |E] ~ [§ —nl
and
& —kt| S1E—nl+|n—kt| S (E—nVk>+[n—kt|%
Therefore we get

Ejg Sv > > Z/ Lk<166| A% VK2 + [n — k1 2] fie ()]

MeD Ly <M'<8M k#0

X (& — ) |(T— ()2) (1 — E)nar & — Kkt |E1° Fe©)ne| dE dn
Sv VAL L (V=B A% 1)y |10 = 0 a3

MeD
SV[V=ALA7 £ 10 = ) as
By the fact that (v')? — 1 = h? + 2h, the bootstrap hypotheses and (2.28), we obtain
|EZ| S vl fellae 190 (1 = @) | go-1 ()| Szl s
+ v V=ALA7 £ 510 = @) s
S v+ Il g2) (1 f e 18uhl a1 (O3] s + | V=ALA £ |31 5rs)
r)?

< vevs I \/—ALA"f”i + (ev3)20]|dph | o e (5.2)

We end the section by proving Proposition 2.5.

Proof of Proposition 2.5. We get by (2.45) that

/ t(v / A° f(1)AC (A, f(1)) dz dv) dr’
1
< —/1 v”,/—ALAUf(t’)||§dz’Jr/1 |E7 (t")| + |E°(t")| dt’.

Then by (5.1) and (5.2) we obtain
t
/ (v [ A° f(1YA° (A, f(1)) dz dv) dr’
1
t
<= [ olV=Aear ) far + o’ / V| V=ALAT ()2 di

t !
T+ Ceviv||dy M2z, (aro- 1)+C/ (v )20 |3 (¢') || gro- 1((2 )dt.
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Thus, by taking & small enough and using Proposition 2.2 we get
t
/ (v / A% f(NA° (A f(1)) dz dv) dr’
1

7 VYN ’ ! 1 ’ :
< [ vIVEBLAT ) +,;2v||a,,h(z)||L2TH(,1(/1 R dt)

8
7 (! O £eNI12 747 3.2
§—§ v||\/—ALA f(t)||2dt + Ce’v3s.
1
Thus we have proved Proposition 2.5. ]

6. Transport

To treat the transport term, we need to consider the commutator. The following lemma
gives the key commutator estimate.

Lemma 6.1. Assume that |§ — n| < %|n|; then it holds that

1 1
E—nl _Jv7s, t<v7s,
w(t,n) —wl(t, < X

Let us admit the lemma and finish the estimate of transport term first. Then the proof
of the lemma will be presented at the end of this section.
We write

Az ()
A7 ()

To =i Y [ A it 9-ws- (LOAT© fitoow (G 1) dean
k.l ’

=i Y [ A A (1= 8- LA GO
k.l n,&
(k,n)° wy (1, §)
(a0

+1i kX: /n : AL i1 (1= H)<nys - 1.EAT€) i)
4o

(- e

=Ty + Ty

For the first term we get
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which gives
T ] < 1A% fon 21 A% fiv 2l s
Next we will deal with TJ%,. By the support of the integrand we get

N 3N

N
S lk—lg—n = <|1.8l = 5

16 — 16’
We then set more restrictions on the support of the integrand to make k, n and /, £ closer.
We get

TR=i), S(XD + (1= 1PN AR foe it (1= E)<ys - (1O ALE) fiE)w
k,l n,

wit.5)
(s ~ 1) dsdn

_ 2 2
=Typ+ Ty

where x? is a characteristic function (the indicator function) of the set

= {(kLE ) [k —1.& =1l < 156510, &1}

Then, by |;‘jg%| <1, we get

TRl S 1A% fon 214 v ll2lluell g+

We rewrite T[%,, p as
T2,=iY / 1P A0 fe it (1 — €) <nys - (L EVALE) fi )

k#l
wy (. £)
x (m . 1) dE dn
+iy. / 2P A frio(n— &) <nys - (1.OAIE) E)N

1 n,&
wy (2, §)
) (wl(l,ﬂ) - 1> e dn

=Tys+Th—

6.1. Treatment of T 1%, _

By the fact that ug = (0, g) and since for |/| > 20 max{|£|, ||}, we have w;(z, §) =
wy(t, n) = w(t, %), we get

=i Y / 1P A fr (& — €)<nys - EAE) f (E)w

041 <20 max{||,|nl}
wy (t,§)
-1 .
X(wz(h??) )dgdn
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Due to the fact that 0 7 [ < 20max{|&|, ||} ~ |&|, we get o(/, 1) = |n|. Thus, by Lemmas
6.1 and 3.1 we obtain

w8 1( < lw(t o(l,§) —w(t, o, )|
wl(t’ 77)

lo(1,§) —o(l, )|
et O T
In— SI

SO, _ 1) +vTI Py

STt O+ )T
Therefore we get
TR < 14 fonl214° fwllallglasv ™3 x,_ -y ©)
+14° fon 214° Sl llg v P (o).

2
6.2. Treatment of T N
By the definition of o(k, ), we have for (/, k, &, n) € D that

lok, m| ~ lo(1.§)| ~ |1.§].
We get by Lemmas 6.1 and 3.1 that

w (., §)
— 1| < lw(. o(.§) —w(, e(k.n)|
wi (1. 1)
lo(1.§) —olk.m)|  _1 ~1p.1-8
< BE0s &
] (et O Ty
=k, &—mnl, _1 -18.1-8
ST ey O H VT T 0)
which implies that
1 _lg. 1
T3l S 1A% fon 2l A7 fivllales s (V72 2, s O + 0720 P g ).
By the fact that
ug = hVy, Pz + Vi, P1o,
we then get by Lemma 4.1 (by taking s’ = 2 in the lemma) that
1
hegllzrs S A+ A1V, Prdllas < W(l + 1ala)N fella
Therefore we get
TN S 1A% fn 20147 f 2 (g s + N llgs)
_1 _1g .1
x (v P REIOR S BBy . 1 ()
() vy ()
< el|A° fon |21 A° L2 ). (6
S ell4° fonlalla® fula(ZE = 4 ——T2 6.1)

Now we are able to prove Proposition 2.6.
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Proof of Proposition 2.6. We get by (6.1) and Proposition 2.2, (A.1) and (A.2) that

/ S ITw ()] de’ < s/ S 14% fenllal 4° fiv

I N>g L N>g

’ —1lg4l ’

> XI/SV_%(I) + vl 3Xt’2v_%([) dl/
()2 (1)1

Se sup [|4% f(1)5-

t'€[1,t]

Thus we have proved Proposition 2.6. ]

6.3. Proof of Lemma 6.1

We end this section by proving Lemma 6.1.

Proof of Lemma 6.1. Without loss of the generality, we assume 0 < 1 < £. Then according
to the relation between ¢ and &, 1, we need to consider following five cases:

Case 1. Fort < t(n), we have w(t,n) = w(t, &) = 1.
Case 2. For 1(n) <t < 1(£), there exists | € [I, E(y/|n])] such that ¢ € I; ,; then

Il — E(/InD)| < VE— /fand

(w(z,m) —w, )| = lwz,n) —1]

I+1 1

5 ' l_[ Gm(n) exp((v;[l’n>_(1+ﬁ)%(arctan([ — ?) + arctan(Dzn))) — 1'

m=E (/1)

! Cv%n
1 _1

exp( Z mz)_lf"3|\/§_x/ﬁ|’ SN =vTE,
- m=E (~/In])
- l —1+8 _ B

exp( Cll ﬁ)_1§|\/§ \/m(@), \/ﬁ>v_%,

m=E (VT (v3n) €] vsn

< In—¢lg)~"

Here we use the fact that |e* — 1| < |x| for [x| < 1.

Case 3. For ¢(§) <t < 2n, there exist k, [ such thatt € Iy, N I; ¢. By Lemma 3.2, we
need to consider the following three cases.

(3a) k =1/.Let

1,1 _ n

Fi(m,n) = V3<V3tm,n) (H_ﬂ)ﬁv
1 n

(03 ) OB ¢ Warctan(wa :

W=

Ff(m,n) =v
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then Gy () = ef "M +F~(m.m) apd we get

Fi(m,n) + Fi(m.n)
opFi(m,n)| < ——=, |0, F S =,
n 3 (& —nl (6.2)
‘arctan(l — 7) - arctan(l — 7)‘ < mm{ T 1},

Y—1<(e*+ x| Z x|, for|x| S 1.

Therefore, we obtain

wle ) = w6 = w5 2D~

m=E (/[nD+1 1 I+1 Gm()

[ Gm(§) [ Gm(§)

m=E (J/I€]) m=E (/InD)
exp(\/% (v%tz,n)_(Hﬂ)l%(arCtan(t — D+ arctan(DZn)))
) _

exp(v% (v%tl,é)_(wﬂ)l%(arcmn(l - %) + arctan(Dl_g)))

A

<

m=E(J/[n)+1 | ‘ ' I+1 Gm()

[ - I &6
e Cn® i Gn®)

exp(v% (v%tl,n)_(lﬂs)%(arctan(t — 1) +arctan(D;, ) |
exp(v% (v%tl’g)*(lﬂg) £ (arctan(t — —) + arctan(D; S)))
m=EW/D+1

< — 1|+

I+1
] Cx_ 1‘

[
i G i G ®)

exp(u%(v%tl, y~a+A L arctan(D; ) 1‘

exp(v3 (Vi) (1+B)E arctan(D; S)) e

+ exp(vé(v;ll,,,)_(“rﬂ)l%(arctan(t — ?) — arctan(l — %))) —1).

Here and in the rest of the proof we will always use the fact that for x, y < 1, we have
xy =1 < Ixl[ly =1+ |x -1 < |x—1[+[y—1].

Then the lemma follows from the inequalities below, which follow from (6.2) and the
fact that | f(x) — f()] < /" (@)L= lx — yl:

1 —

V31, (1+ﬁ)112)

. -
Vi e)~+A )

m=E(J/In))+1 1 ! .
ﬂm Gn® | S IVE VIl p S = (6.3)
T Gn) g O & |
H =15 X( Z (F2++F2_)(m,n))—1§ ,

‘m:E(M) Gm (8) ) m=E (/T (m)

(6.4)
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and
exp(v% Vi )"0 7z arctan(D; ))
a+p8) £ 7> arctan(Dy E))

)~
&)

t19)” ”’*’") & — | & — 1)
) 2 —1 §exp(CW)—l<—

exp( v3 (v%ll,n)_(lﬂg)%(arctan(t - ?) - arctan(t - %))) - 1'

< v%(v%ll,,,)_“*'ﬂ)l%(arctan(t — ?) — arctan(l — %))

& —nl

-1 <exp(C—>—l<

~

A
<
|
W=

_zmin{lé‘—nl’l}< U
—3B41-B 1§ —nl
77 9

Gb) k#1112 iand|r—§|ziwithk<l.Wehave

A
<
W=

=

2V
<
|
W=

Q

~ ~I

(w(t.n) —w.§)] = w.§)|

m=E(v/InD)+1 min{k,l}+1

l_[ Gm(n) -1

m=max{l,k}

max{l,k}+1

1 Gm(n)
[1 ~1 I1
B WD Gm(§) BT Gm(§)

exp(v 3 (v31k,) P arctan(c — ) + arctan(D ) '

exP(v% (v%tl,;;)_(Hﬂ)%(arCtan(t - é) + arctan(Dl_g)))

—1|+

<
~

(6.5)

Let F5(t,k,n) = v%(v%tk, y~(+8) 1 7z (arctan(? — E) + arctan(D )) we get
1 1
(k) (n)’
where we used the fact that 2 k2. Then the lemma follows from (6.3), (6.4) and the
following two inequalities:

|F3l S k7 [0k F3] < |0y F3| <

exp(v% (v%tk’n)_(“”ﬂ)k%(arctan(t -+ arctan(D,:n)))

exp(v% (v%tl,é)_(Hﬂ)l%(aICtan(t - é) + arctan(Dl_E)))
< eF3km—F3(t.1E) _ | < |F3(t kon) — F3(2,1, )]

1 1§ —nl
< ol —l|+—lé— | <
(k) (m) U
and ,
min{k,l}+1 v3np
k—1 -
[T Gn—1|si—k—L— "2l 'E( )n'
m=max{k,l} (";_'7)1+/3 n

where we used the fact that |k — /| < ( 1), 1~ 1.
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Be) [E—n| =2 % A {. In this case, similarly we have

w6~ w5 50
)
Case 4. For2n <t <2§,thent € I; ¢ and
w(2n, n)
lw(t,n) —w(t, &) = w(,§) -1
s v ‘w(fl,g,é)gz(t—%é) ‘
<) w(2n, n) B 1‘
Tw e Ha - 5.9
m=E (/In)+1 2
1 Gm(n)
st 1 -1+ J] —~ 1‘
meECED Gm (%) meECSTD Gm (%)

exp(v 3(v3 t1,7)~ 4P p(arctan(n) + arctan(3n)))

Thus, the lemma follows from (6.3), (6.4) and the following inequalities:

|exp(v% (v%tl,g)_(Hﬂ)E(arctan(t — £) + arctan(D7))) — 1|
< ‘v% (v316) T Pg (arctan(r — £) + arctan(3£))
— (v% (v%tl,n)_(wﬂ)n(arctan(n) + arctan(%n)))|
< |arctan(r — £) — arctan(y)| + |§ — (&)™
< max{arctan(é) — arctan(n), arctan(n) — arctan(2n — E)} + & —n|(g) !
< & —nlE)"

Case 5. For ¢ > 2&. We get by (6.3) and (6.4) that

lw2n,n) — w2, §)| = w(2§,§)‘ w(2n,n) B 1‘

w(2¢,§)
m=E (J/n))+1 1
1 Gm(n)
ST Gl 11 g
meEED Gm(§) me BT Gm(§)
S1E—nlE) "

Thus we have proved Lemma 6.1.

7. Remainder

exp(v% (v%tl,g)*(Hﬂ)S(arctan(t — §) + arctan(3§))) -

1 |

282

In this section we deal with the remainder and prove Proposition 2.7. Now, the commutator
cannot gain us anything so we may as well treat each term separately. We rewrite both
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terms on the Fourier side:

R= > Z/ Aoﬁc(n)AZ(U)ﬁl(é)Nﬁk—l(ﬂ_S)N'dndé

NeD N'=~N k,l

£ X S AN AL~ OFF s 0= O

NeD N'=N k,l
On the support of the integrand, |/, §| &~ |k — [, n — &|; thus
AT () ~ (ko) SALE)T + (k= Ln—§) ~ (LENk —1,n—8)"" ~ A7_;(n— &),

which implies that

|RIS D 1A% fllallew a3 I fon oo

NeD
Therefore we get by (4.4),

1
Evs
R SIS o llullgs < @ 1A% £113. (7.1)

which gives Proposition 2.7.

8. Reaction

In this section we deal with the reaction term and prove Proposition 2.8. We focus first on
an individual frequency shell and divide each into several natural pieces:

Ry = Ry + Ry + R, + R},
where

Ry = Z/ A fim ATl — EVG €N it (1 — §)<nys dn dE,

k170
Ry ==Y f A7 fe AT [T = )Y@ | - T ks (11— §) <nys dn d,
k,1#0

Ry = ; / . A7 fie () AT (EE) Ny f (1 — §)<wjs dn d,

o | AT Fe DAL= €N T T 510 €) vy d .
k,l 1,

8.1. Main contribution

The main contribution comes from R11v~ We subdivide this integral depending on whether
(1, &) and/or (k, n) are resonant, as each combination requires slightly different treatment.
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Define the partition

1= 1t¢1k,ﬂ,t¢ll,§- + 1t¢lk,,7,t611’5 + ltelk,n,t¢11,$ + llelk!n,tell_g

— (NRNR O NRR 4O RNR O RR

where the NR and R denote “nonresonant” and “resonant” respectively, referring to (k, n)
and (/, £). Correspondingly, denote

Ry = Z[ DAUfl(’I)AU(ﬂ)(Ul ENG1(E)N fo(n— &) <nys dndE

140
Rn,p
+ Z NR NR XNR,R + XR,NR + XR’R](I _ XD)
1#£0

XA”ﬁ(n)A?(n)(nl —EDGIEN fo(n— &) <nys dnd

NRNR NR,R R,NR
RYERH RS+ RS+ R

+ Y /(1— 1PDA f ATl — G EN it (1 — §)<nys dn d§

k,1#0,k#l

Ry %

+ Z [{NRNR | NRR 4 RNR +XR,R]XD1
K0,k 1 I M

A% f (N AS (D (] — EVPLEN fees (7 — E)<njs dn dE

R%R NR+R%RR+R§,NR+R
NR,NR NR,R R,NR
+ RN+ RV 4 RY

NRNR+R%RR+R§NR+RN i

= Ry,p + Ry
+ Ry,£+ + R
where )( is a characteristic function (the indicator function) of the set
D ={(.§:|l| = 5I¢l}.
and )(D ! is a characteristic function (the indicator function) of the set
Dy ={(.k.&En) Il <&l Il —k.& —nl < 1055 11. €I}
8.1.1. Treatment of Ry, p. For the case |/| > §|§|, we get for r > 1,

A7 (I < A7) < 1o !
124+ |1t —€2 ~ 1241212 ™ 1+ 12

which implies that

1 _ _
|Ry.p| < WHA"fwann(aZ)“ "ALAT Py el folls

1
V3

1?)

147 £113- (8.1

=
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In the next four subsections we will use the fact that for |/| < %|§| and |§ —n| <

%|l,§| < %|§|,We have |n| > %|S| > é(3)|l|,which gives that

wi(t,n) = w(t.n), w§) =wf). (8.2)

8.1.2. Treatment of the zero mode RJI\i,R;NR. We have

NRNR < Z/ NR, NR(l )
1#0
A7 ()]
12 4 |It — &2
According to the relation between ¢ and &, we have the following three cases.
Case 1: + < max{t(£),1(n)} ~ /|€] ~ +/N. Then in this case,
AT _ A7 ®)
2 ~
Al _fra+fs T VE

x |4° fi(n) ALATT 1)y Foln— €)<nys| dnde

if 1] < E(/%),

< (8.3)
124 |lt — €)? A9 .
i/(g) if 1| > E(\&) + 1,
which implies
1
IRV2R| 5 U”A(Tf»vN”Lz”AUALA YPs [l 118w foll s
‘9‘}% a o -1
S 11— IAT fonlle2 1A ALAT Pe fv 2.
(var2)(r)
Case 2: ¢ > 2|&| ort > 2|n|. Then in this case,
|7 <1 84)
24t —¢2 " 1412 '
and
1] - 1] B I N I
1241t —E2 7124+ |lt —&12 12+ )lt—n2 124 |lt—1)?
< i —§l@2[E—lt] + 1§ = + |7
Tt =)+l =§P) 2+l -0
1{E —n)? —n)2
o =2 _ (e—n) ©s)

24 lt—=n2 "~ 1412
which implies that

|Ry2| < IIA"f~N||L2||A"ALA YP vl follms

(%)
&V

1
V3

( 14° fonllz2 | AT AL AT P fiv | 2

v
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Case 3: t € I;(£) N I;(n). In this case there exists k, [’ so that t € Iy, N Ipg. By
Lemma 3.2, we getk ~ [’

Ifl < %min{|l’|, ||}, then

|11 - 1] I & — )
PA+e -5 TNV PA+E =TV 2+ |- &)

< (5 —n) §<§_n)5(é_n>,
IA+5) T 1+ 8 7 1+

where here we use the fact that 1 & %
Ifl > %min{|l’|, |k |}, then
1 1 1
- < — =<
12~ min{|l'|, |k|}? |l'k|

and by the fact that for r € I g N Iy and ¢ ¢ I; ¢ U I} 5, it holds that |t — 7| > |t — 7]
and |t — %| > |t — %| Thus, by (8.2) we get

1]{v3 (§)2)! 1] 1] e
POt N EAH P\ Ea " YR

1 ! Cvk(E) by
s k(1+ |t =112 l/(1+|t—%|2)(g m{vz(¢)?)

1 ; — ) (3 (E))"a+A
s \/k2(1 + 1t =11 \/1/2(1 +le—£P?) (& =m{vs @)

sf’w(””) w8 ot
wien) | w(t.§)

In the third inequality we use the fact that for 0 < < —,

DEIESEIIPS

Thus, by the fact that ¢t ~ % we get

e

(v3(£))~a+P), (8.6)

[R5 ﬁnA"fNNannA“ALA ezl foll e

0 d
N ' Voao fon| | xrAarar f| o) follus
L2 w L2
1
V3
( >||A6f~N||L2||AUALA e
d d
+e| :UwAUf~N V thRAUALA Py fn
2

L2
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Putting together all the above estimates, we conclude that

1
| R%R;NRl < V3

~

147 fonlle2 147 AL AT f |2

m\»—‘

V2t

\._ M\w
—~

+ E 1A% fn 2 1A ALAT a2

d 0
V twA0f~ \/t—wXRAUALAt_lPaéfN
w w L

8.1.3. Treatment of the zero mode R\™®. Since 7 € I 1 if 1 <t(n)

Now * , <t(n) ~ V|&| ~ VN,
then / ~ ,/|&|; thus by the fact that

AZODI _AFE) _ A7)
Pr—g2 S i Y YN

+¢&

8.7)
L2

we obtain
IRV < UHA“fNNanuA"ALA 219y foll s
v’
S 5 NA fonlir2 AT ALAT fu
(vir3)

If t > 2|n|, then we use the same argument as (8.4) and (8.5) and get

11147 (n) E-—n? o
PrE_12 "~ () AT ).

Therefore we get

NR,R
IRy, 2| <

1
V3

( 5 1A% fn 2| AT ALAT f e

@ IIA"f~N 21147 AL AT SN2 |l foll s
(Y

If t € I;(n), then there is k # [ such that ¢ € Iy , N I; ¢. By the fact that for ¢ € Iy,
andt ¢ I; 5, [t — 7| > |t — £|. then we get by (8.6) that

HH™ ! T e b
Pati—Em N Ear TP\ Ea " MY

1

— 3(Ey3)1
K= gy Y
1 ; — ) (3(E))"a+h)
: \/k2<1+|r—£|2) \/12(1+|t—§|2)<$ )

S\/atwa,n)\/atw(t,s)@_ -y
wen) | w(ed)
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Therefore, we get

aton.fNN
e,

Putting together all the above estimates, we conclude that

o;w
0 AOXRALA 'fn

NR,R
IRy 21 <

1l 11
V=3 (v2229y) follms
L2

o;w _
ITAUXRALAt '

L2

1
EV3

IRNZ1 S 13- 147 fon 2214 AL AT fv e
uz[z)
1
3
+ e 1A% fon 2| AT ALAT fivl
0 drw
e A || T xRAT AL (8.8)
w L2 L2
8 1.4. Treatment of the zero mode RRNR Since t € Ij,, if t < t(§) ~ /||, then
~ +/|€|. By using (8.3), we get
IRNZ1 S 5y 1A% fon 21 A% AL AT fv D2 foll s

_()
&V

w\'—'

S 147 fon 2 1A AL AT fn 2.

=
v

Similarly if ¢ > 2|&|, then by (8.5), we get

R,NR
IRy=|=

No= ||Agf~N||L2||AUALA Vv izl follars

(%) )

< m||A0f~N||L2||AGALAt_lfN”L2~

Ift € I,(£), then there is k # [ such thatt € Iy ¢ N I; . By the fact that for ¢ € I ¢ and
t ¢ Lg, |t — §| > |1 — £|, then we get by (8.6) that
1 1, _
UG R 1] ]
P+l =5 TV A= §) VA= 7P

E—nz(§)z)!

— (w3 (E)zy!
k(1+|t—%|2) l(1+|1_?|2)(é mvz(3)2)

E L — w35+
< \/k2(1+|[_%|2) \/[2(1_’_“_%2)(5 m{v3(z))

5\/atwa,n)\/a,w(tf)@_ -y
wen) | wed)
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[0;w [0, w
! Aaf,\, v XRAGALA fN
0 0
<8H /’_wA0f~N /t_wXRAGALAt_lfN
w 2 w

Putting together all the above estimates, we conclude that

289
Therefore, we get

R,NR
IRy =1 <

_1 11
, 2||V 3(v2120y) follgs
L

L2

|RYY| < <—||A“f~N||Lz||A”ALA nlee

A,

8.1.5. Treatment of the zero mode R

d;w

——XRATALAL ' fn (8.9)

L2

. We get by (8.6) that
1l (52! 0 PP
R ey (e AR

d ! — V(w3 (E))~+B)
: \/12(1+It—§|2)\/12(1+|t—?|2)<5 m{v(3))

5\/atwa,n)\/a,w(t,@(é_ -
wien) | w§)

which gives

0, w 0;w 1,1 1
RNZIS | =A== S RATALAT fy E S(02120y) foll s
L
0 J;w
%}A"fw 0 S aRATALAT f (8.10)

L2
8.1.6. Treatment of Ry

«- In this case we get (I, k, &, 1) ¢ D1 which means that at
least one of the two inequalities |/| > |&|, || — k,& —n| > ﬁﬂ, &| holds. Thus we get

Az (1. §|
———— < AJ(E)(l —k,E —n),
o S ATOU kg )
which implies

RN 25] SNAT o 20147 AL AT fvl2ll fe N e
1

gv3 _
S LTSN 1A% ALAT fiv . (8.11)
In the next four subsections, we restrict (/, k, £, ) € D1, which gives |n| > % |k| and
€] > %|l|;thus

wr(t,n) =w(t.n), wit.§) =w(.§). (8.12)
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NR,NR

8.1.7. Treatment of R . Since we restrict the integrand to D1, it holds that

}ll,sl—lk,nl}s|k—l,n—5|sm| £. (8.13)

It follows from the fact that
(l —&k)=m—-8Il+(—k)§
and Lemma 3.3 that

RN < Y /ltﬂk,,m,gm A

k.10, k#l

71, — _
X )%ALAt YFIENY fr—i(n—E)<nys| dndé

o F o ATE)LE]
Y Ligrpagn e A% | fie () ——=—-
121
k40, k1 I 1E I+ 3)
< |ALATY f1(EWWY Frmi(n — E)<nys| dn dE.

Therefore we have
Ry 5 ||A0f~N||2||A°ALA;1fN||2||f¢||Hs

w\m

4% fn 2047 ALAT [ 2 (8.14)

( %)
8.1.8. Treatment of R%R’R. By (8.13) we have (k, n)? ~ ([, £)° and A;(§) ~ Ax(n),

which gives

x AT ()L, E]
LD S I e e s
k170, k1 ¢ 11=¢|<106

100

x |m1(5)1\/§7k—1(ﬂ —&)<nys|dndk

= ATEILE
+ / R4 fo()| =
k,l;éXO,:kyél In—£1> 155 12+ (E—11)?
< |ALAT F1ENY F 17— E)<nys| dndE
= RRR 4 RYRR,
NR,R

Let us first deal with Ry|", so that [ — §| < 1‘81)

Ift <t(n) = /|n|, then wi(n) = 1 and by the fact that ¢ > #(£) ~ /||, we get that

t ~ +/|&|, |l| = /|€| and then
RRR s 3 [ Lign, sene 4% fe(n)] A°

k140, k#l
< |ALAT fF1ENY fr1(n — E)<nys| dndE
SNA® fon 2047 ALAT fu 2]l fell s
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If £ > 2|n], and for | — £| < 1551l we have ||z — |§] = 2|n| — €] = [n] — [In] - €]| 2
|€], this implies

IRV S 1A% fonllr2| A7 ALAT fn llao | £l s

If t € 1;(n), there exists k" € [1, E(v/|n])] such that r € I}s , N I; ¢. Then by Lemma
3.2, we need to consider the following three cases:

(a) k' = [. In this case, by using the fact that

€] €] 7]
T FE—IE ~ Jzu(s—zz)z\/12+(n—zz)2(5_”)

1 1 al‘ s at ’
< <v3r>1+ﬂv—s<s—n>\/ w“()t“g)\/ D,

and [I] < VI§] < [, we get

A7 (. §)I§]

RV < / lrer, A° L
| S otieh 1 W] fln )|12+(g—lt)2

k,1#0, k#l
X |ALAT f1ENY frmi (1 — §)<nys| dndE

8tw(7l) g
S Len,ni;
k,l;;k;él /77_§|§1(1)0|77| I’ 01,5 w( ) f( )‘
|2 g0 N AT 6 (1 + vhey A
w(n)
x (V) [ ket (7 — &) <nys| dn d
dw®m) o dew®) s -1 1148, -1
< w0 A% fon ] @) XRATALAL fN 2||(V 1) TPVTS fallge-

(b) |t — &z £k and |t — §| > l% In this case, by using the fact that

1.8 €1/12 |s|/z2
PrE—I02 T+ @/1-02 "~ Iy 51 ®.15)

we obtain
IRV S 1A% fon |2l AT AL AT Py fiv 2] el s

© In—§= % lﬁll In this case we get

€] €]
12+(§——lt)251_2“<’|"_§|

)
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which gives
RYT S 1A% fon N2l A7 AL AT Py fulla | foel s

Next we deal with RI;I\,RZR, for which we will use the fact that

LAy K
— <1+
25 E—11)2 ™ > S (E—n).
Thus we get
; A7 ()11, §
Ry3 s 2. [ LRRIA el
k140, k#l ln— 5|>100 +(§:_ )

X |ALATY f1ENY frmi(1— &) <nys| dndE
S 1A Lon AT ALAT Py fivll 2l il s

Therefore we conclude that

[RN N1 S 1A% fon N2 1 A° AL AT lfN”LZ”f;é”H“

)
H\/ e | N N A
81)3
S 5 1A% fon 2 1 A7 AL AT fn 2
(vt3)
) d,w
v 20 A% £y ,/ O RATALAT lfN (8.16)
w 2
8.1.9. Treatment of R};’NR. In this case we have
M i < BB
g jra+ )
B iz~ ) 1
+E-1 Egl it|7] > E(VE) + 1,
which implies
A7), €]
RRNR< / RNR| o
) 47 el 73 e
k,1#0,k#1
X |ALAT F1(EWY Fri(n — E)<nys| dndE
SNAT fn 2047 AL AT Py fiv 22 || fit | a3
8])% o o —1
< 1A fn l2I|A° ALAT Prfn 2. (8.17)

t3)



Stability threshold of two-dimensional Couette flow in Sobolev spaces 293

8.1.10. Treatment of Rllt,’R. In this case t € Iy, N I; ¢ with k # [. By Lemma 3.2, we
only need to deal with the following two cases:

(b) |t =1 % & and |t — §| > l% In this case, by the fact that A7 (§) ~ AJ(n) and

|1, & <1 §] _ <
12+ (& —11)? 2(1+5)

we get

A7 l

k A#0,k#l
X |ALAT f1EWY fr—i(n — €)<nys| dn dE
S NA° fonll2lAT ALATY fivll |l fel -

© In—€& = ||l| A % In this case, by using the fact that A7 (§) ~ A7 (n) and

1.8 €
Pyt~ T s hE

we get
RR 40| A ()| AL ENLEL
A D e e

kJ1#0,k#1 7"
X |ALAt_1fl($)N§7k—l(77 —&)<nys|dndt
S NA% fon 1A ALAT a2l fit Nl s

Therefore we conclude that

IRV"| < ||A"f~N||2||A“ALA71P;aanznf;enm
1

V3

1A% fn 2| AT ALAT Pt fiv 2. (8.18)

( 3)
Combining (8.1), (8.7), (8.8), (8.9), (8.10), (8.11), (8.14), (8.16), (8.17) and (8.18), we
deduce that

1 1 1

gy 3 Vs Evs3
Ryl S (S + 2+
ol ((véﬁ) (12) " (vr3)

d d
‘ V “EA foy V T A RAALA Py fy
w w 2

)||A"f~N||Lz||A"ALA:1P¢fN||Lz

+ ¢ (8.19)

2
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8.2. Treatment of R 12\,

‘We recall that

Ry =3 [ A4 oA @nifun—6<wys dnds

kA0 Y M€
[ AT oA RN o0 — )< dnd
= R} 4 + Rio-
By the fact that |k, n — §| < %N < %|"§| ~ |k, n|, we have

IRY, 2| S 14 (f)~n 12103:)° gw 2]l fi2 s

and
IRY ol < 1A% (fo)~nl21(0,) gnll2]l foll s

Thus we obtain
IRV S 1A fon l2llgn Lo | f |l a3

8.3. Treatment of R13v

294

(8.20)

The term R13v is easy to deal with, because the derivatives land on the low frequency. We

then get

3
Ryl =

3 / S A fo () AS_ (1 — EYiin ()N Tt (n— €) <nys d dE
k,l n,

< Z/EA"If:k(n)l 161186 W AT (0 — )| fot (1 — £)<nys| dn .
k,l n,

which gives
RN S 1A% fon 2 lun a3l f e

8.4. Corrections

(8.21)

In this section we treat Ri}l, which is higher order in V3 than RJI\,. We expand (1 — v')¢;

with a paraproduct only in v:

1 =
Ry =5 % | L AT @ATONE == D) a6

M=>8k,l#0

x [T = 0)E — )]y 51 €t frmt (1= )y dnd§ dE’

P3P /EE,AUJ;k(ﬂ)Az(ﬁ)((S—U)l—E'(k—l))XN(l,E)

M=>8k,l#0

< [(U=0)E =)y 1€ <mays fimt (0 — ) <nyg dn dE dE’
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D INDIDY / A fe AT (€ =l — € G —D)
T MeD A M<M'<M k.I#0
< v EO[A—0)E — )]y $1Eat feot (1 — €)nyjs dnds d€

1
_R§VLH+RNHL+RNHH

We recall that yx denotes the Littlewood—Paley cutoff to the Nth dyadic shell in Z x R;
see Section A.1.
We begin with Rf\;’lL - On the support of the integrand,

konl = 1.8l < [k — L. — &] < §|z,5|,
3
1181~ 10.8l| < 6~ &) = 1€

Thus A9 () ~ A9 (¢') and

IRy Lal S ) Z/ 14° eI =)l — €k —Dlxn (.5

M>8k,I#0
< |[=0)E = )] g5 AT EVG1(E D frm1 (7~ §)<njs| dnd dE'

From here we may proceed analogously to the treatment of Rzlv with (I, £’) playing the
role of (/, £). We omit the details and simply conclude the result is

1 1 1

EV3 EV3 EV

RS, | < ||h||Hs[(?+—2+ - )n % ol | AT AL AT P fy e
([21)2) (t ) (t )

9 9
J twA"fN J twA"XRALA P fy

Turn now to R;’,l 1. On the support of the integrand, it holds that

(k.m) ~(1.§) ~ (1§ - §)°.

+¢

] (8.22)

2

Thus we get
ISEDS Z[ el v L O|[T—0)E ~ 6],
M=>8 k,I1#0
< (11L& 1G1(E ) <pysV T ket (0 — E)<nys| dnd§ dE’
+ Z/ e 147 O xw (. 6)E = 8 |[(T=0)E - 9],

M>8k,l#0
X |1 ENB1(E) <mysV [ r1(n — E)<nys| dndE dE’

_ p&l,z e,1,v
- RN,HL + RN,HL'
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First, consider Rf\’,l J11» Where on the support of the integrand, 16]/| > |&|:

- —1E—y < =L,
18l < 1.8 n|516| £l

ISI

< |

—ILEl <=8 = —

Thus we divide Rf\’,ll’f 1, into two parts,

Ry s Zf YisaelA° fe ) (1L O[T E — )],

M=>8k,i#0
< [T $1(E ) <mays] oy V S ko1 (n = &) <nys| dnd§ dE’
LD Y I SRS AU OO (e ) P
M>8 k140
< (L€ g1 (€ ) <maysV (1 — E)<nys| dndE dE'
1, 1,
= Rfv,le,l + R?v ;L 2
To make it summable in M we need more “derivatives” at higher (in M) frequency; luck-
ily, all of the “derivatives” land on the lower (in M) frequency.
If |/| > 16|&|, then in fact 38"5' <3 1 , and therefore ||k, n| — |/, < ] < w,which
| n 2 2

gives

k.nl ~ |1.§'| ~ |I| ~ N
For [I] = 16[¢| = 16[¢'|, we get

1] i g
PA+ G -0 T Ehra G -0y T 02

We then get

R¥iias 2 2 / uiz16 47 ey (9| [T=)E = )],
M=>8 k,l#0

(l>0+1 T e o7 /

X [M:—/_”)ZALAt S )<M/8]~Nvfk—l(77 - E)<N/8‘ dnd§dg

2 Z 147 fon oM 720 = D s (AL AT Pr f)nllme |l f | as.
M>8

which gives

Ry GiLa S (0)° 2||A°f~N||2||h||Hs||A“(ALA P )~nll2llf e
2

( 2

I|A°f~N||z||A°(ALA YPs )z
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>1, 1
Nextwe turn to Ry 7, 5. If 1¢|&] < |/| < 16[¢], then /| ~ |I,§| ~ |§ —=&'| ~ M ~ N,

R, S Z 1A% fon oM (1 = V) p~n o1 | Pedllgall £ | s
M>8

S NA® fon ll2lhn o1 | Pedllae |l f 1l s
e2v3
< W||A0f~N”2“h~N”H"*1~
Next we turn to R‘;’,II’_}) 1» in which case we can consider all of the “derivatives” to be
landing on 1 — v’. On the support of the integrand,

3
§]

!/ / !/ 67 /
g =1 = 1061 < 11.8'] < T+ 18] < 1058~ 81

Since |/, §] ~ |€ — &'|, the sum only includes boundedly many terms. Therefore,
)1, _
RY i1 S 114° fonll2|0vhn [ go-t |ALAT fell el £ 13
203
vi3)

<

~

147 fon ll2l|0vh~n [ zro-1-

—

We turn to the remainder term Rf\}l - In this case we have
§—E1~E~M~M.
Thus we divide into two cases according to the relationship between [ and &'

RVuulS D 2. 2 />E,E’ 1|’|Z3\$’|AUJ§<(7))XN(1»5)[(1/_7)(5/_S)]M’

MeD éMSM/SMkJ?éO n
ULHG
P+ E -2
UDNED SEND B IR UIRRY A POe) ((r G
MeD Ly <M'<M k170 .8
SLLHG
Py =i

_ pé&l,z e,1,v
- RN,HH + RN,HH'

|ALAT S 1E | |V ket O — §)<nys| dndE dE’

|ALATTf 1wV [ ret (7 — ) <nys| dn dE dE

First, we consider RfVI;H In this case we have (£ — £) ~ (£'),
AT () ~ AT (§) ~ (1E)” ~ (1)° + ()7 < ()7 + (&) + (8 —£)° < (I)°,
and N =~ |k, n| ~ (l); then

147©)
PrE -2 02
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Therefore, we get

Ry SO A fan oM [ hepa || AL AT fonllao | f 122
MeD
< ()" 2IIA"f~N||2||h||mIIALA Prfonlaell fllas
2
< IIA"f~N||2IIALA "Pufonllae.

(1)
For || < 3|¢'|, we have (§' — &) ~ (£},

A(n) ~ A7 (€) = (1.§)7 ~ ()7 + ()7 ()7 + ()7 + (£ —§)7 < (§)°,
and N = ([, &) ~ (§' — ). Thus,

RVHu <Y, Y Z/ Lij<3ie1A° e (1. €)

MeD Ly <M'<M k170
x [(£'=€)7~ 1)~ 5)]M/(S/>2|$l($/)M€7k—l(77_§)<N/8|dnd§d$/
S N4 fonloM P e e IALAT f)na gz S N

MeD

SNA® fon l2llhn o1 | Pzl e ll f |
821)%

< 14° fon ll2llhn | o1

)2

Therefore, we conclude by the bootstrap hypotheses and Lemma 4.1 that

1 1 1
1 gv3 Ev3 &V
|RN°| < ev3 on Tyt ey 147N AT ALAT P fi e
(tz2v 2) (t2) (t3v)

8
MY ) IIA”f~N||2[||3 hen o=t + 147 (AL AT Py f)~n |2

8tw

A0f~ — A% yrALAT P;éfN

+ lhn | ro-1]. (8.23)

We end this section by proving Proposition 2.8.

Proof of Proposition 2.8. By (8.19), (8.20), (8.21), (8.23), Lemma 4.1, Proposition 2.3,
(A.2) and the bootstrap hypotheses, we get

1 1 1
egv3 Evs Evs
Ry| S| ———+— + — o||AT(ALATLP
S IRw < (51 G+ oy ) e 147 828 P

d
\ twAUXRALA "Pufy
2.2

3
NRTE 147 fll2[I8uhllro-1 + AT (ALAT P2 f)ll2 + IRl o1 ]

N=>8

0;w 1
tely—A°f +8v3||A0f||2||g||H‘T

2

w
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By Lemma 4.3 we have

1 1 1

Y Ryl < (< et Tt o )1 e (1l + ol

N=>8 212 )
d;w 23
[Z1Z g0
+8H w 4 2( ‘ 0+(V13))
2,3
147 f 2l 9uh]l o1 + 12l o1,

1 E7V
+ev3 (A7 fl2lgllae + nE

and then by the bootstrap hypotheses and the Young’s inequality, it holds that

0w
t Wy

t
/ Y IRv@)ldr' S e sup IIA"f(t/)II%JrS/ CKy (1) di’
€[1,¢] 1

1 N>8
+evd sup 47 () k] (/( )zdr’)é
EV Su 2 o _—
el AL EO [\ )y (we)

IO 205\2 2
ee( esora) ([(5m) )

+evd sup 1A% £@)12llg Ly oy + €%v sup 4% (1)l
tE[ ] t'e[1,t]

+e23 sup A £()]2]10, M2 (o1

t'e[1,t]

t
<o swp 147 +e [ CRu@dr
t'€[1,t] 1

t
+&3v3 sup ||A"f(t’)||2+s3v§(/ CKw(t’)dt’)
1

t'€[1,¢]

t
<e sup ||A"f(t’)||§+s/ CKy(t)dt + ¢ 5)3.

t’'e[1,¢]

Thus we have proved Proposition 2.8. |

9. Coordinate system

9.1. Higher regular controls

In this subsection we will study the energy estimate for g in H and h, i in H™!
and HC.

9.1.1. Energy estimate of g. In this section we will prove (2.31). We need to mention
that the result (2.31) is not optimal; however it is enough. It is natural to compute the time
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evolution of || g||%,,. We get

d
(@) g3 =2 / (35)° g(0,)° 1 dv
4
— 210 213~ 2 [ (0,)°5(0,)° (gdug) v
2 -
=2 [0 £(0,)° (T, Pagp - Vet o
+20 [ @)°5(0,)° (/%) v
4
=~ 00)° g5 + Vi + v+ T
To treat VlH’g , we get by using integration by parts,

viE| < + lgllze I(30)° . €10ug 2.

/ 19ug] 1(32)° g2 dv

By Lemma A.1 and the Sobolev embedding theory, we get
A< gl 1 (00) g 13-
Next we treat V2H’g . We now use the fact that
(Vi P - Vo uil) = (Vi Pygp - Viiiz).
Then by the bootstrap hypotheses, we get

b= % / (30)7(30)° [(v" = DV Prgp - Vi) dv

2

2 [ @ 50,071V Pag - Ve do

+

<

~

~ | —
—

30)° gll211{0u)° (v = D2 (VL Psp - Viie)|| o

+ = 1{00)7 g l211(90)° (Vi Pgp - Viiiz) 12

~ | —

< —I(0u) 7 gll2lhllze IVE Pl eI Vet zll g2

~ | —

1 -
+ 2 1@0)7 gl bl IV Pl iz IV iz o
1 -
+ 2 1600) g 212 Pe e [ Veiisl oo
1
t

1(80) g ll211 VL Pl a2 I VLiizl o

<

~

+
1
t

300

_ 1 _
1(80) 8 21V P2l zze Vet z | a2 +20100)%8 2 IVE P2l 2 IVLiiz | o
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Finally, we treat the dissipation term V3H’g . We have
VvihE = 2V/(3u)"g(3u)”(3%g)dv + 2v/(<9v)"é.’(8v)"(((1/)2 —1)d3g) dv
— 2000, (0,)° gl + 20 [ (0,17 10,)° (') = D) v
= —20]19u(3,)° g3 + Vi~
The term V;i’g is similar to £°. We then obtain by Young’s inequality that
ViLE ] S v+ [ 2) 1908 3o IRl 2 + 100kl gro-2110ug 1o g 1 24) ©.1)

S v+ 112 (8ug e IRl + IRl o1 18817 + 190k o2 llgII774)-

By the bootstrap assumption, we get

d 4
gl =~ lglire = vidug e +C (IgnzlglFe
1 3 N
+ ?”g”H”(”vi_P#d’”H””vLu;ﬁ”Hz + | VE Pyl 2 | Viii ]| o)
ool o218l
< g2 C 2 Auh || go-
< lllgllm + Clligla2llgllze + vIdvhllgo—2lgllaellgll s
1 3 N
+ ;||g||H0(||ALP¢¢||HU||VLM¢||H2 + ||V1J,_P76¢||H2”VL“;£”HU):|7

which gives that for t > 1,

t
swp (@ slle) + / lg() e di’

t'e[1,t
1 1
= lglae +C (gl a2 sup. (8o + 02 19uhlzg aro-2yv2 gz e
t'e[1,T

1
- EV3
el Vel e + |y

auh ’
Syl

L VL2l Lo (rr2)

—_

3

(t)(ve3) LIT)

1 1
= lgWlae + C (gl a2 sup_ g e+ vE10uhlg o2y 18 g e
t'e[1,T

10v7] 7o

+IVE P2l oy | fe g e + IVE Prdll

1 - 1 2
+ egv3 ||VL”#||L1TH2 + gp3 ||VIJ:P#¢”L1T(H2) + 23 ||3vh||L2T(HG))'
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Thus, by the bootstrap hypotheses we get

t
sup (') |me) + /1 gt lao dt’

t’'€[1,t]

< llgMllas + C(sv% sup '|lg(t")||ge + ezv%).
t'e[1,T]

By taking e small enough, we have proved (2.31).

9.1.2. Energy estimate of 4 and h. We get

3 Wiy = = [ 07 h(0,)° 0y do — 2

1

b [0 R0 0 (T Pa - Ve S do

+v/<a 1 i (3,)7 L (V)% = Do) dv — v ]3| o

2 _ _ - - -
— _;||h||;,(,_1 — |0k o1 + VI 4 VIR 4y A

and

2dt IIhIIHa i =—/<a Y h(0,)  (gdyh — h — v(v')*02h) dv
=—f<a o (3, (g, h) du
+/<av)a—1h<av)0—lﬁdv

+ V/(a Y h(30) T ()2 = Dsh) dv —v]|8uh |70
= ]| k|30 + VI £ VI VR

We use the same argument as in the treatment of VlH’g and get

H.h T2
Vi < lgllao-1 1Al Fro—s

and
VIR < gl ot 1713
‘We also have
V< Ikl o 1 ot

To treat V We have

VA = [0 07 (Y Pag - Ve o)) d
b @R (T, Pat - Ve f)

302
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Thus, by the fact that
(=0, F03;G + 0, F0,G) = 0,(G9, F),
we get
VA S Vo1 0+ W) (T2, P - Ve f) o
+ %Ilﬁllm—1 11l o1 11V 5y P Vo f) |

1 -
S Il e (U + 12l 2) (92 Prfe) o

—

+ —lhll o1 1Al o1 110z P fe) a2

~

1 -
S Ilgo-r (U + Mol g2) | Pl me 192 f2 e

p—

+ Nl go-1 (1 + 1kl g2) 18z Ppllerr | 2l e

—_—

+ |1l o1 Ihll o1 1192 Ppl || fot N o2

~

Next we turn to V" and V"
VR L ,”<n>2“-2|13<n>||<1—/(v’\)2(n — ) [EPh(E)| dE dn
5/5, Lot R G)I|(1 = )20 = E)IENn] + 1§ — nDh(©)] dn d&
+ /E . Lt Lempiz el 1P 21| (1= ()2 (n — ))[EP(E)| d& dn
+ / izt Ug—ni<ie 122 RGN (L= ()2 — )EIZA(©)| d€ dn
fn Lyt Inl 1 GDI (L= ()2 (n — EDIE] fo®)] dn d
e [ sl = 60— el @) dn
/ izt Leni<ial |l R [(1— (020 — E)EIh(E)| d dn

+ /s Uizt Lg—ni= (el 1717 1R (1 = )2 (0 = ©))In = §1°7H E1PR(§)] d§ dn
>7
SN = @) a2 19hllgo-1 + 1Al go-1 (1 = @) o1 [1All s
< (U Al z2) (12l g2 100kl go-1 + IR o=t [8uhl| o2l £r4)

and
h
VLM < v @+ (Rl g2) 100kl 30— 12 .
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Putting these together and using the bootstrap assumption, we get

L T +c(||g||Hz||h||HU |
D llgo-t (4 Vrllr) | P lne 132 fe L
 Whllgoms (1 4+ Wl 19: Pl | Fe e
4 Wllgomt Ul 192 P el i
+ V1ol o2 o ] 2+ )

We also get

d - - -
77 WWllge=) = =lhllgo-r + C(tllzg'llmllhllbr«H + | PxpllEe 10z f ] mn
+ 19z Prop gl S llme + vtllavhllHHIIEIIm),

which then implies

sup (¢ (0) ]| o) + / Vo) gomr dt”

te[1,T]
< 1) lror + € (1llzy o) sup_ (HH(Ollzo-s) + 1Pyl 10 Fully
tell,
+ 102 P2l s g2l f# | Looaro)
+ V1ol gro2 | (1 Alrs | 3 )

< 1RV || gro-1 + C(sv% sup

te[1,T]

(tlh (@) o) + 203 + azv%)
Then by taking e small enough, we get (2.32).
We also get by Young’s inequality and the bootstrap hypotheses that
sup (I18(0)[1F0-1) + v1Idy hlle Ho-1
te[1,T]

< WP ot + Il azo—ry sup (1AW o)
te[1,T]
+Clighya sup (A1)

te[1,T]
_ 1
2 2 1 2

= VO s+ 4y oy + (5 + Cllligam) s (HOIG0-)

- 3
< WA Bgos + 4RI, oy + = 590 (A1),

8 t€l1,T]

which implies (2.33).
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9.2. Energy estimates of hand hin H®

‘We have
L soh
2 dt 2
Z_/atw(t,n) () h(t.
w(t,n) | wit,n)

_ _ _ 1 _
—/A“h[A“(gavh)—gavA“h] dv+§/g’|A"h|2dv

2 2 B
dn— 2| A%h3

vh

1,0

mh(t.n) ()0l =
2 [ S 0= 6@ e dn

vi

o

h(t,n) () (n— &)1 -
T #ZO/ w(t,n) w(l,ﬂ) h(E)—1(n—6) f1(E — £ dE d§ dn

h.e
V2,¢7

—v[|0,4% k)% + U/AU;EA"(((U’)2 — 1)dyph) dv

Vi,
- 2 _ _ - - - -
= —CKj, — TN ATRIE = v AR5 + Vi + Vil + V55 + Vil
We then get

vi=—% / AT RLA (g1 9w <p18) — 2190 A <pgy5]
M=>8

-y / A R[A® (g<p1/80viar) — g<pr/sdv A% hpg] dv
M=>8

- Z Z /Aoﬁ[Ao(gMavﬁM/)_gMavAol’_lM’] dv
MeD IpM<M'<8M

h,LH hHH

VhHL—i—VM +yRE

We have

VEHL < 3 / AT RD[A® @ E)a k() — €)<a1/5)

M=>8

— G AT DI (0 — £) <pays] dE d
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>3 / ATh((EV & () Buh(n — §)<pays dE d

M=>8

S D A hnll2llgar e 1002 ] g1
M=8

S INA%hll2llglzre 180l -

h,LH

Next we treat V; ;7 + V1,0 and we get

VL < 3 / ATR[A® @01 — ) <pays0h(E)nr)

M>s I~ nl<igInl
— 8 — &) <pys A 0uh(E)pr ] dE dn

FX [ AR @0 = 6 <usd )
Mg [E—nl=T51nl

— G0 — §)<pays A% Dol (E)r ] d .

For the first term, by Lemma 6.1 we have |£| ~ ||, and then

/ ATh[A® (1 — ) <aaysPoh (E)ar)
M=g Y lE—nl=1gnl

—&(n- s)<M/8A“aT,Z'<s)M] de dn‘

- (£)E
. Z [s—msl‘omA it )|‘ w(t, n) w(t,

M>8

<> ATRG)| )7 — ()7 §11801— §)<paysh ©)aa | dE d
lE—nl<{5Inl

M=>8

31— £) <paysh(E)m | dE dn

A° 1 o+l|50, Z déd
3 e ) [ = =55 (7 1= O o O

M=>8

<> A% () (0 — E)E) 1201 — ) <raysh ()| dE
lE—nl<{5Inl

M=>8
A° 1 o+1a =
— &) mysh déd
+3 [ e A7) = s (€7 20— )@ dE
s> / A% )| (n = E)(E)° 181 — ) <mysh(E)pe| dE d
M>8 lE—nl< 1 1nl

(=8, _1 ’ 18.1— /3
T(V 3)(t’$1f%(l)—|—v3 ! t’>v77(z ))

1D S I 0]
[E=nl<1gnl

M=>8
x (£)7F 2 — &) <mysh(E)m| d§ dn
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- - _1 1 _
< D0 A henlalgn s Mhllme (v 3 1, 3 @) + 03P Py (@)

t'zZv 3
M=>8

- - —1 1 —
S 1A%l N8l ma il (V3,1 () + vshit ’3)(,,>v_%(t'))-

For the second term, we have |§ — 5| > 50| & [€], and thus we get

2

M>8

/ APh(D[A® @07 — ) <paysdh(E)nr)
[E—n|>5nl

— G0~ §)<pays A% Dol (E)a | dE

< 3 [ AR 2@ bt~ ©)<ays d d

M=>8

< Z 1A hnt 2Nl gt Lo 10w hll 1 S AT RII2lIg ez 10wl o
M>8

Now we turn to Vlh(’yHH. We have

Inl < |n— &1+ &l ~ 1§ ~ [n— &

and then

h,HH - -
VERH < 3 1A% g e i s
MeD

S 1AR N2l gllae Al s

As suggested by Section 8.4, Vzh;f is not significantly harder than Vzh - In fact the primary
complications that arise in the treatment of R;’,l do not arise in the treatment of V2h .
Hence we focus only on V. ; the control of Vzh;f results in, at worst, similar contribu-

tions with an additional power of &. Now we turn to V. We use the Littlewood—Paley
decomposition in v and get

i _ 1 (h(t.n) (m)onl =—————
Ha =72 [ tizronn D G =6 o) d

! () h(t. n) (n)nl = _
1 ) — »
—i—MZZ:St ;/Xln_loolll W) w(t,n)¢ 1(n—8)<mys f1(E)m dE dn

1 (mhe,m) (n)°nl = s
+E8;§ [ oo e e O 1= £y d d
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' (n)%h(t.n) (m)nl
N Z Z ;Z/X|n\3100|1| w(t,n) w(t,n)

MeD Iy <M'<sM  [F#0

X $_1(n— Emr f1(E)m dE dn

=Vl + Y T+ > Rl + R
M=>38 M=>38

It is easy to obtain

A 1 - J
h,
Voo | < Tl ozl felme < S lhllae | f2lme L e

There is a loss of derivative in Tzér By using the fact that

Nl =1m—=&+1D)|+E =10 < (n—§+ 11){§ 1),

we get

] (it ] (10 X
|TM|5;§/1MZ]0W DL = + 108101~ )<l

x (& —11) for(E)m| dE dn
1 -
< n 1A% hptll2]|(V=ALA f£) 4y | 1102 Vb2 | 112

1 _
S ﬁ||th~M”2”(\/—ALAJf;é)M||2||f7é”H3'

For Rﬁ,, we have

- 1 o g %_/12
Ry | < ?Zfllnlzloouﬂf‘ hit. ml4 Uf)(% 1)?

1#0

ALAT f1(E)m

X 0z f—1(1— §)<mys dE dn
£/1?

1 2
< ;Z/lmzloomxmz% |g||A0h|AU(l,§) £ 5
(-1
1#0 ]

ALAT f1(E)m

X 3z f—1(n — &) <pys dE dn

1 2
7 Z/ Lniz100ti 1y < & yiarlleene + Legr, 1A%
10

£/1

x A (I’E)(%—t)z

h, h h
= Ry + Ry r + Ry nr-

ALAT f1(EM o f—1(n =€) <pays dE dn

308



Stability threshold of two-dimensional Couette flow in Sobolev spaces 309

We have ) {
i, - _
IRy < ;||Aah~M||2||AU(ALAz Yol f Nl s

Next we treat Rf’;l’ ~R- We have
- l _ .
|Riy nrl S ;||A°h~Mt||z||A"(ALAt Yom 2l Nl s

Ift € I; ¢ with |I| < % |&], then according to the integrand we get |§ — 5| < %El,
and thus 1 € Iy ,. By Lemma 3.2, we have the following three cases:

(a) k = 1. We get
d;w _
Vo XRATALAT! f)m

7 1 d -
|R1}ll/1,R| < ;H vV tTwAUfuM

(b) |£ -1l % 7% and |% -t = ,f—z Then the estimate is similar to RJ}",I,NR and we get

_1 1
=3 (w3) P £ .
2 2

T )
IRy gl < 7147 h 204 (ALAT" fohaa ol fe -
© In—§l=2 l%.Then we get

- 1 _ _
|Riggl < T1ATh~p ]2 A7 (AL A, Lomll2l fell s

The remainder term is easy to deal with. We use the fact that |n| < |n — &| + |€| and
|§] ~ [n — & and get

_ 1 ~ .
RS> Y n Z/X|n|2100|1||A0h(l‘»7))|(TI)0_2|¢—1(TI—E)M’| 1%

MeD IpM<M'<sM  1#0
X | f1(€)ar| dE dn

1 -
<) ;||A0h||2||P#¢~M||H0*2||(f#)M||H7
MeD

1 - 1 -
S ARl Pepllmo—2l f a7 S I AT RI2N S o2l £ 1 7
t t

To treat the dissipation error term V;—fg, we have
Vi < / () IR 1G(n — £)] |E121h(E)| dE dny
< / Lt 1) 1G (7 — ) 1ER1R(E)| d& dn
[n—&|<|&|

+/ Lyi=1 (M2 1A () |G (n — &)] E1*|h(€)| d dn
[n—&|<|&|

+ / L= (M IR ()G (0 — £)] [E21A(E)| dE dn
In—E€[>|€|

k<1 h,LH h,HL
_VM +V3’U + V. .

3,0
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Now we treat V3~
h,<1 P P P r
Vae | S vlille2 il a2 Gl gz < vilkllzz ]l g2 5] a2

Next we turn to Vh’LH

5, in which case it holds that

Inl < In— &1+ 18] < I§].
Then we have
Vi s /M_Ml 917 I €Y 16 — §)] E21(E) | dE d
S VIRl 118y A%hI3 S ev3v]|d, A%h|3.

hHL

Next we treat V3 ™ and we get
Va1 < v/ _ [l Rl (n = §)71 G = §)I 1§ 1h(E)| d€ dny
n—£z

S vlIuhlae Al o1 100k 2.
Thus we conclude that
1d - 7 2 - 1 -
5 77 1ATHI3 + CKG, + Z 7RIS + Sv ][0, A”hII3
- - _1 1 —
S 143 lglme + 1A RIZIE aa (v 3, -y () + 3PPy @)
I, - 1 -
Nl | e | fellar + S 1ATRIL | (V=ALAT f2) |1 £
1 - -
+ —147R 2 A% ALAT f2) ) Sl

TNE e
+ -H VEZ A% | g R AT (ALAT £
t w > w

+ Al 1] g2 17l 2,

-1 1
=5 3™ falps
2

which gives by the bootstrap hypotheses that
3 - d P 1 [ -
(t2]|A%h(t)]2)* + / tCKE dt’ + 3 / 1?||Ah(t")||3 di’
1 1

1ot _
+ Ev/ 130y A () |2 dt’
1
< [[A°h(1)|13

Levi, 4 15 1
+ C|:||g||L1T(Ha) + /1 e (v 3 Loyt (" + p3Bs1 ﬂxﬂzf% (t’)) dt’}

P
[t 2| AR (®) 21750
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T 3 ar
+ [T a0l

_ Tet's p—s 12 3
—{-C”[gHAUh(t)”z”L%O(/I [8 2”_3} dt’) v%”‘/—ALf#“L%(Ha)

¢t (Ut/3

—1
EV 6

3 =~ T 2 2 1
5 AO' o 15 / 5 / -
weldiaionly ([ [ s | @) Hnso .

1 1
s [ow | - 0w g2tz (v3r)1th
O RO IV R e )
L2.(L?) L2.(HO) Lo
3 8[11) - 831)%[%
|32 avi g
w Lzl (ved) iz

- 1,3 - 1 ! P 1
= 147G + 15 1 147ROl [ + 55 | 17O di’ + Cetv.

The energy for h in H is similar to the estimate of H?~!. We have

p )
5 i e == [ 10,0710, (g0, — = v()02h) v
- ‘/ (00) 71 (0,)° (gD h) dv
+ /(8v)°h(8v)"h_ dv

+v /(3v)"h(3v>"(((v/)2 — 1)a3h) dv — |3kl
= —v[uhllze + Vig" + Valg" + Vi,
We get
h H,h r H,h 1
VIR < NglmolhlFre. VS S Wkl Whllae. VA5 < ev3v|duhlFe.
Thus we conclude that
1A @170 + VIlavhlli%(Hg) < Mh e + CligllLy go A1z e0 gro
+ CllrMWllae 1ALy o)
1 1
= 1A + Jo5 1 IZgp o + Ce™3.
9.3. Lower energy estimate

9.3.1. Energy estimate of g in H° %, We have

d _ o d o
E(I“Il(av)” °gl3) = @ 1{3:)"¢l13 +I4EII(3v) °sl3

= @)(3,)7 g3 + 2 / (05)° 5 ¢(0,)° 50, g dv
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=21 [(0,1°50,)7(g0u) v

=268 [ )0 g0 WV, P Vet d

+ 2% [10,)°70g10,)°7S ()= D) dv = 260 -
= 20" 00l oms + ViTE + V38 + VE

As before we deal with VlL’g by commutator estimate and integration by parts:

+ t“/(av)"‘ﬁg[(au)°‘6,g18ug dv

VEE) < |t / 30g1{3s)7Cg|? dv

4 2
Slglasllglgo—s-

For VZL’g, by the fact that (Viv P4 -V, i) = 0,(0; Proil), we get

V2 %1 < lglmro-o (100 = (VP - Varii) 3706
+ VPt Vi) [ 370-6)
< 2lgllgo-s (1 + 11l go-6)I1(9z Prpit) |l ro-s
< Pllglao-s(1+ Il go-6) || Pedpll go-a il ro-s.
Then by the bootstrap assumption and Lemma 4.1, we get

L,
V3 81 < lgllmo-sll fel o=l fell pro=s.
For the dissipation error term we have
o [[(0,)7 00,072 - DEe) do
S I = Dll o6 1180817706
+ 14119, (V)2 = Dl2l1dugl2llglla + v () = DI2018ugl3

< v+ [l ) A o-6 118081106
+ e+ [kl g2) 8okl 2 100 g a2 | g N e -

L,
V381 <

Thus, by the bootstrap assumption we get

T
sup 1*(|g()||370—s + v / " |00 g (t") 1305 d1’
tel1,T] 1

< lgMlo-s + C(IIgIILIT(Ho—s) sup 4]l g() 70—

t€[1,T]

+ sup 1”2 g(t)llpro-s

t'e[1,t]

/‘T Il f ”ioTO(Ha—z) it

12

f/2||g(t/)||H06)

+V”avh”L%(Hz)”tzavg”L%(Hz) sup
t'e[1,t]
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1 2
< lg(M)Fo-s + Cev3 s[upT]t“llg(t)Iléa_b + &3 s?p]t’zllg(t’)llya—a.
tell, t'e[l,t

Thus, by taking ¢ small enough we have proved (2.35).

9.3.2. Energy estimate of 4 in H°~%. The estimate is the same as the estimates of g in
lower Sobolev spaces. We have

L1007 R = 400 00)7 13 + 103
= @) CRIB+ 2% [ (0,70} 0T dv
_ —214/(3 )I=671(3,)° 5 (gD 1) dv
= 26% [0, R0 (T, P - Ve f) o

#2040 [(0,)°7R0,)° (') = D) do = 2040010,

= 20|10k }ems + V" + VP VR

Then we have

L, 2712
Vil S lgllao-sllthl go—s-

For V2 , we get by Lemma 4.1 that

V) < 0102R ) gro-e (1 + [l gro-o) 19z P ) | pro—s
S Pkl go-s (1 + 11l o-) | Pl ool fell
+ Ul hll go-s (1 + 2]l zro-6) | Pl s | St L aro-s
S NP R go-s (1 + Wl o) P f o3l 2l 2
+ 7Rl o-s (1 + IRl go-6) | P f s | 2l mro-s.

Finally, for the dissipation error term we have

L,h 7
V3" < e+ [kl ) 1 2ll go-6 1301706
+ (1 + Bl g2) 8okl 211902 g2 12 ] g1
Thus, by the bootstrap hypotheses we obtain

—_ T —_
sup 14| h(1)||770-6 + V/ 1" 0uh (') 130 di’
te[1,T] 1
- | ~
< ||h(1)||§1(,_6 + C(sv?» sup ¢ ||h(t)||Ho o + &2 v3 sup [2||h(t)||Ha—6)
te[1,T] te[1,T]
2
3,

< h(W)|30-s + —= sup t*[|h(t)|[}0-s + Ce*v

1
100 s¢1,17

Therefore, by taking ¢ small enough we have proved (2.36).
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10. Decay estimate of vorticity

10.1. Decay estimate of nonzero mode: enhanced dissipation

Up to an adjustment of the constants in the bootstrap argument, it suffices to consider only
¢ such that v£3 > 1 (say), as otherwise the decay estimate follows trivially from the higher

regularity energy estimate.
Recall that

45 F2 =3 / k.Y 1Dt ) fult. )2 d.
k#0° "

Computing the time evolution of || A% 1|2,

3, .
sl 1= Y [ 2R fe P dn

k#0

/ S FAS (u - Vf)dvdz—i—v/ S FAS (A, f) dvdz

—_—

< 01?1y A% flt, mli3

/ S FAS (u - Vf)dvdz—i—v/ S FAS (R, f)dvdz.

o]

We write the dissipation term as
/A%fA (A f)dvdz = —v| ,/—ALA;fHZ
— v/ B AL (((v’)2 —1)(0y — taz)zf) dvdz
= —v|V=ALAg £ + E.
First, we need to cancel the growing term cause by D(¢, n). Indeed, we have
1
gVt 21 ymapn A% fe .13 —VH\/—ALASEfHZ
- Z/ Lz K2 — () — k1)) | A% fen) P dy

k#0
< —tolVAAy /I
which gives that

1d
—— |4 Ef||§5—/ S A% (u - Vf)dvdz——vH\/—AL f||§+E”. (10.1)
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10.1.1. Euler nonlinearity. We first divide into zero and nonzero frequency contribu-
tions, as they will be treated differently:

—/A%fASE(u-Vf)dvdzz—/As JA%(gdy f)dvdz

—/A%fAi-(v’Vl&éqﬁ-Vf)dv dz
= E1 + Ez.

For E; we use the commutator trick and the paraproduct (in both z and v),

Ey

/avg|A f|2dvdz+/AsEf[g8A f—A%(gdy f)ldvd:z
_ /8,,g|A fPdvdz+ 3T+ Y RS + R,

N=>8 N>8

where
Ty = /A%f[gw/sav/l%fzv — AE(8<ny/sdv fN)]dv dz,
R =/ %f[gNavAfEJQN/S_A%(gNavf<N/8)] dvdz,

Z Z [ flgn 00 AL [N — AL (gn'0y fN)]dvdz.

NeD N/8<N'<8N
Treatment of T 13. We get
== / A D)k, )* — (k. E))8 (0 — &) <nys i E)w dn d
k#0

—iy / 5 FeOn U, 15 (D() — D(ENE(n — §) <yt fe(E) dnd

k#0
— 701 4 702
=Ty +Ty".

For the term T]?,’l, by Lemma 3.4 and the fact that |k, n| & |k, &| and

R | ;
(o) = (ko 8)°] < s R 6)°,
we have
0,1 A |$| s 7
Ty |<Z/ A% Sl (n — £)* 801=§)<ysl oy AT S ) dnd

k#0
S 1A% fon 21l A% fn D28l as.-
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We turn to T°’2. By Lemma 3.4 we get

IT132|<Z/ 145 Al = £°160  §) sl A5 Au@w dnd
k#0

S NAE fon 21l A% fall2lglas-
Thus we get by (A.1) and (A.2) that

YN < lglasl A% £13. (10.2)

N=>8
Treatment of Rg,. The “reaction” term R?\, is dealt with easily by “moving” the deriva-

tive to g. We have

‘/A%nga Ag fenysdvdz| S AR fonl2lign w21 A fl2.

and by Lemma 3.4 and the fact that A% (gn 3y (f)<n/s) = A% (gn0u([f£)<ny8), We get

‘/ AL (gn0u(f£)<nyg)dvdz

SASE|f;(n>|<n—s>3<k,n>S|gN<s — I E fe (&) <nysl dnd|.

On the support of the integrand we have |k, n| &~ |£ —n| = |k, &|, and thus

/AS JAE (N (f2)<n/s) dvdz| S | AR fon 2| AE fll2llgn | ars+s-

The treatment of the remainder terms is similar to the reaction term. We have

RO < 37 1A% fll2ll A% Sl ll g~ rs+a
NeD

< lglas+ll A% £15-

Therefore, by the bootstrap hypotheses we conclude that

|E1l < llglms+llAE 15 < ||A fl3- (10.3)

( )

Treatment of E,. Next we turn to E,. Now we need to use the inviscid damping to obtain
decay in time. Roughly speaking, if f is of zero mode, we will land the operator A% on
P ¢ and use the lossy elliptic estimate for 4%.
Thus we get by Lemma 3.5 that
|Ea| S 1A% [ 245 (0 = DV Py -V )z + 145 [ 21 A5 (VEPrdp -V )2
S 1A% £+ Bl )| A (V2P -V £l
S 1A% fl2(L+ [l seo) | A Pegllall f llsvs
+ NAE I3+ 1Bl as+3) | Pl psts.
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Thus, by the bootstrap hypotheses and Lemma 4.4 we have

|Ea| < () (IIA FI5+ 147 fll204% £ 112)- (10.4)

10.1.2. Dissipation error term. By Lemma 3.4 and the fact that

1§ —kt| <|&—nl+n—kt] < {E—nVk>+In—kt]?,

we have

vy | IA%ﬁ(n)A%(k,n)m(n—S)Ié—ktlsz(é)ldndé

k#0
<vZ/ A VT T~ KIP fe A k) (6 — (1 — @) — )
k#0

x| — k| fu(®)| dudt
<vZ/ |45 VR = ke fi ()i = m)* (1= 7)1 = ©)lg — kil

k#0
A5, (k&) fr(§)| dndt
Sv|[V=ALAL 1A = 0 as < v+ Ihllg2) ks |V =AL A% f |-

Thus we get

za” f||§§E1+Ez——vH\/ ALALf |5+ E®

81)3 3
WHAsEf”% + W”A(Ifﬂg

~ v IV=ALAL £} + Cven' | V=Brag 1]

which gives that

4% £ ()12 + / lv||v—AL B f@)|5dr
< 4% f(l)||2+C£V3||A FOl3 + Cev.

Thus, by taking ¢ small enough we have proved (2.34).

10.2. Decay of the zero mode

Here we start the proof of (2.37). The zero mode fy satisfies

i fo+ g3 fo + V' (VE, Prop - Voo f) —v(v)?32 fo = 0. (10.5)
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We want to prove that the zero mode slightly decays. It is natural to study the time

evolution of w
EL0(t) = [(3)° fol3 + Ell(av)saufolli

We get
d 1d

1 d
S EL0(0) = 2vI00)° 80 fol + 13 (14001780 fol) + - (140)° fl1D)
3
= 2ol follE — 01 fol s

ot / (80) 3o fo(30) 3o (g fo) dv — 2 / (80)" fo30) (g9 fo) dv

— vt /(av)savfo(3U)S8v(v/(Vj:vP¢¢ -V f))dv

2 / (00)° fol0) ' (VE, Pap - Vo f)) v

TR f (80) 80 fo(80)* 0 ()% — D fo) dv

+ 2 / (80)° foldu)* (V)7 — D32 fo) dv

3
= —§V||(3v)x3vf0||§ — 210192 foll s
+Vig+Vipg+ Vo1 + Voo + Va4 Van.

To treat V; 1 and V2, we use the commutator estimate and integration by parts:

Vil + Vial S 10vgllee(ll follzs + villdw follFs)
+ | follas 11(0v)°. g10v follL2 + vel0y foll s 1[(0)° 0v. g10v foll L2

1
< gl (11 foles + 52000 fol ).
Next we turn to V5 1, V2 ,2: by using the fact that
(Vi Prop - Voo ) = 0u(0: Propf).

we get
Va1l S velloy foll s (1h0y (32 P fa) ls+r + 1190 (02 Prfoe) [ rs+1)
S i+ (|2l s+ 10w follms || Pl s+ | fo£ Nl s+

and similarly

Va2l S [ follms (1790 (02 P fe)llms + 1100 (32 P f) | s+1)
S (LRI E) N Soll s | Pl sl S Nl arser-
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Finally, we turn to V3,1, V3,5: as before we have
Vail S V20107 follzs |(0')? = Hlgser 4+ v22]|8u (') = D215 foll2 18w foll
and

Vaol S vI03 follZis 1(0) = Llas + v[18, (") = D2l18y foll2ll foll -

Thus, by the bootstrap assumption we get
T
sup €0t +v [ 10, fol0) iy dt
t'e[1,¢] 1

Y
= (40" 613 + 310000, fo(DI3)
+C|:||g||L1T(H-‘) sup Er0(t")
t’'€[1,t]

1 T
1 Vvt +1
+[ sup 8L,0(f,)] ||f#”%,%°(H”’5)/l t—zdt

t'€[1,t]

+ V”avh”L%Hl ” v Wa%fo ”L%(Lz) ” Vv UtanO ”L%O(Hl)
+vl10uhllL2 22y 19 follz2.(12) ||f0||L°T°(H1)]

(0)° 0 fo(DIF) + CevE sup E10(t)

t'e[1,t]

= (0" o3 + 31

1
+ Cszv%[ sup 8L’0(l/)]2 +Cev
t'e[1,t]

= (102" foDIB + 3 10.)°0 fo(DI3) + Ce sup ELo(t)) +Ce™.

t'€[1,t]

Thus, by taking ¢ small enough we have proved (2.37).

A. Functional analysis tools

A.l. Littlewood—Paley decomposition and paraproducts

In this section we fix conventions and notation regarding Fourier analysis, Littlewood—
Paley and paraproduct decompositions. See e.g. [, 11] for more details.

For f(z,v) in the Schwartz space, we define the Fourier transform fAk(n), where
(k,n) € Z xR, as

R 1 o
Se(n) = —/ f(z,v)e k710 g7 gy
2w JTxr

and the Fourier inversion formula is

1 N . .
fewn=5- 3 /R Felme =+ ay

keZ



N. Masmoudi and W. Zhao 320

With these definitions we have

[ revgevdzar=3 [ fimgimn
k
fe=f=s.

This work makes heavy use of the Littlewood—Paley dyadic decomposition. Here we
fix conventions and review the basic properties of this classical theory; see e.g. [1] for
more details. First, we define the Littlewood—Paley decomposition only in the v variable.
Let ¥ € C§°(R; R) be such that y(§) = 1 for |§] < % and ¥ (§) = 0 for |&| > %, and
define y(§) = 1//(%) — (&) supported in the range £ € (1, 2). Then we have the partition

2°2
of unity
L=y@®+ Y xm@),
Me2N
where we mean that the sum runs over the dyadic numbers M = 1,2,4,8, ... 27, ..., and

xm () = x(M~1E), which has the compact support % < |£| < 3 For f € L2(R), we
define

fu = (e ® )",
fi=WE©).
fam=fi+ D> fx

2
Ke2N K<M

D=

which defines the decomposition
f=r+) J
Ke2N
There holds the almost orthogonality and the approximate projection property
1F13~ D 113,
KeD (A.1)

I far 113 ~ 1) 13-

The following is also clear for M > 1:

1191 far 13 ~ M| farll3.

‘We make use of the notation

Jom = > Ik

KeD:t M<K<CM

for some constant C that is independent of M. Generally, the exact value of C being used
is not important; what is important is that it is finite and independent of M. With this
notation we also have

A3 ~c Y I f~kl3- (A2)

KeD
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During much of the proof we are also working with Littlewood—Paley decompositions
defined in the (z, v) variables, with the notation conventions being analogous. Our con-
vention is to use N to denote Littlewood-Paley projections in (z, v) and M to denote
projections only in the v direction.

Another key Fourier analysis tool employed in this work is the paraproduct decompo-
sition, introduced by Bony ([11]) (see also [1]). Given suitable functions f, g, we may
define the paraproduct decomposition (in either (z, v) or just v),

fe=Trg+Te f + R(f 8)

= Z f<N/8gN + Z ng<N/8 + Z Z gN’fN»

N>8 N>8 NeD N/8<N’'<8N

where all the sums are understood to run over . In our work we do not employ the
notation in the first line since at most steps in the proof we are forced to explicitly write
the sums and treat them term by term anyway. This is due to the fact that we are working
in nonstandard regularity spaces and, more crucially, are usually applying multipliers that
do not satisfy any version of ATrg ~ Tr Ag. Hence, we have to prove almost everything
“from scratch” and can only rely on standard para-differential calculus as a guide.
We also show some product estimates (or Young’s inequality) based on Sobolev
embedding. It holds for s > 1 that
I /8llas(rxry S I1f Ilas(rxry €l Es (T xR)
ILf * &ll2 < I fll2llgllzs rxr)- (A3)
IS & hll2 < L ll2llgl2 Al s (T xr)-

We end this subsection by introducing the commutator estimate which can be found
in [27].

Lemma A.1 ([27]). Let J = (1 — A)%;for 1 < p <ooands > 0 it holds that

17°(f8) = F(IEDlp Spus IV Flloall T gllp + 17° fllplIg lloo-

A.2. Composition lemma
According to the coordinate transform, we need the following composition lemma.

Lemma A.2. Suppose that y > 1; let F € H": T xR —- R, G:T xR —- T xR be
such that |VG — Irxa||pe < % and VG — Irxs € HY: T x R — Maoxo. Then there exists
C = C(||IVG — Ixxz|lHY, v) such that

|FoGlgry <CJ|Flar.

Proof. First, we have || F o G||5 ~ || F||3. Then by the fact that V(F o G) = [(VF) o G]
(VG — Irx2) + (VF) o G, we have

[FoGllary N(VF)oGllay-1I(VG — Inx2) |y + [[(VF) 0 Gl gy
S I(VE) o Gllgy-1.
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Let y = [y] + {y} with {y} € [0, 1); then by the equivalent definition of the fractional-
order Sobolev spaces we get
IFNay ~ IF |l g

(/' 103! 95> F (x1, y1) — 9% 95 F (x2, y2) |?
a@xr2  ((x1 —x2)2 + (y1 — y2)) 1+

1
2

+

dxi dyy dx; dh)
r1ty2=I[y]

Therefore, we only need to prove
[FoGllgw < ClF| g

Indeed, we have

F(G(x1,y1)) — F(G(x2,y2))?
FoG|? ae/ / | dxydy; dx» d
” o “H{V} Txr JTxR ((xl_x2)2+(y1_y2)2)1+{y} X1dyprdxzays

</ [ |F(G(x1,y1)) — F(G(x2, y2))|?
ke Jrxr 1G(x1, y1) — G(xq, y1) 2T

|G (x1, 1) — G(xy, yp) |22

((x1 = x2)2 + (y1 — y2))H

F(G(x1, — F(G(x,, 2

< [VG e [ |F(G(x1,¥1)) ( (x22y§))|

Txr JTxR |G (x1,y1) — G(x1, y1) 22

By the assumption |[VG — Irx2||pe < %, we have that (x, y) — (z,v) = G(x, y) is

invertible and thus

dx1 dyl dX2 dy2

dxl dyl de dy2

le dv1 d22 dl)2

|F(z1,01) = FCz1, o)
IF Gl < IVGlLo [ : L
Txr JTxr ((21 — 22)* + (v1 —v2)?)1 T

S (IVG = Ixallgz + DIF 3,

Thus we have proved the lemma. ]
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