Ann. Inst. H. Poincaré © 2022 Association Publications de 1I’Institut Henri Poincaré
Anal. Non Linéaire 39 (2022), 371-417 Published by EMS Press
DOI 10.4171/AIHPC/10 This work is licensed under a CC BY 4.0 license

On threshold solutions of the equivariant
Chern-Simons-Schrodinger equation

Zexing Li and Baoping Liu

Abstract. We consider the self-dual Chern—Simons—Schrddinger model in two spatial dimensions.
This problem is L2-critical. Under the equivariant setting, global well-posedness and scattering were
proved in Liu and Smith (2016) for a solution with initial charge below a certain threshold given by
the ground state. In this work, we show that the only nonscattering solutions with threshold charge
are exactly the ground state up to scaling, phase rotation and the pseudoconformal transformation.
We also obtain a partial result for the non-self-dual system.

1. Introduction

1.1. Covariant formulation

The Chern—Simons—Schrodinger equation is a nonrelativistic quantum model describing
the dynamics of a large number of charged particles in the plane interacting both directly
and via a self-generated electromagnetic field. The model is a Lagrangian field theory on
R!*2 associated to the action

1 _
Liagl =5 [ [m@Dig)+ Dogl? - Eiglt]axas

R1+2

1
+—/ ANdA.
2 Jri+2

Here, ¢: R!*2 — C is a scalar field describing the particle system, the potential A :=
Ao dt + Ay dx1 + Ay dx, is a real-valued 1-form on R!*2, the associated covariant
differentiation operators Dy := 04 + i Ay for @ € {0, 1, 2} are defined in terms of the
potential A, and g € R is a coupling constant. For indices we use o = 0 for the time
variable and o = 1, 2 for the spatial variables x;, x,. The Lagrangian is invariant with
respect to the transformation

pre 0P, A A+ db (1.1)

for a compactly supported real-valued function 0(z, x).
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Computing the Euler-Lagrange equation, we obtain the Chern—Simons—Schrédinger

equation (CSS)

D¢ =iD;Di¢ +iglol*¢,

Fo1 = —Im(¢D»9),

For = Im(¢D19).

Fia = —3[¢[%,
where F' = dA is the curvature 2-form, namely Fopg = 0o Ag — 0g Ao. System (CSS) is
a basic model of Chern—Simons dynamics ([18, 19, 26]). For further physical motivation
to study (CSS), such as quantum Hall effects, high temperature superconductivity and the

quantization of Heisenberg ferromagnets, see [12,27,28,46,56].
We have conservation laws for charge and energy,

(CSS)

chelgl = [ 107 dx, (12
— 1 g
EW)i= [ (51De0P - Sl ax. (13

The system is L2-critical in the sense that it admits a scaling transformation leaving the
charge of ¢ and the equation invariant:

P, x) == Ap (A%, Ax),
(¢, A) > { Ao(t, x) := A2 Ag(A%t, Ax), (1.4)
Aj(t,x) == AA; (A%, Ax).

The property of this system changes when g varies. Via the Bogomol’'nyi identity
(2.2), the dividing point is the self-dual case g = 1, where the energy functional enjoys
a complete square structure (2.5). Generally speaking, self-duality refers to theories in
which interactions have particular forms and special strengths such that the second-order
equation of motion reduces to the first, which is simpler to analyze. This feature draws
crucial physical importance to models like self-dual Yang—Mills theory, self-dual Yang—
Mills—Higgs theory and self-dual Chern—Simons theory ([14]).

In this paper we impose the Coulomb gauge and restrict to the equivariant setting. We
first rewrite (CSS) in the polar coordinates of R2. Define

X1 X2

—|31 + maz, dg = —x201 + x102.

r:
|x

Correspondingly, we define
Ar = mAl + —A42, Ag=—x241 +x142,

|D2, Dy = —x2D1 + x1D>.



On threshold solutions of equivariant CSS 373
We can formulate (CSS) equivalently as
(n2 . ] 1. : 2
Di¢ =i(D}+-D, + —D})p +igl’s.

1 -
0:Ar — 0, Ap = __Im(¢D9¢)v
r

. (1.5)
0;Ag — dgAg = rIm(¢p D, ¢p),
1
drAg — 0o Ar = —§V|¢>|2,
with energy taking the form
1 1 g
Elgl= | (51DrgP + 55IDagl? - Z|g|*) dx. 1.6
#1= [ (31Pr07 + 5751D0s P = £1014) (16
Now we introduce the m-equivariant (m € Z) ansatz:'
¢t x) = e™u(t.r),  Ay(t.x) = —"2v(t.r),
r 1.7)

Ay(t,x) = xr—lv(z,r), Ao(t, x) = w(t,r).

The equivariant solutions of the Chern—Simons—Schrodinger system are called vortex
solutions and appear in various related physical contexts (for instance [11, 29, 51]). In
addition, as a reasonable and effective simplification, equivariant reduction is also applied
commonly to other geometric equations, for example Chern—Simons—Higgs ([9]), the
wave map ([10, 52]) and the Schrédinger map ([2, 8]). Also note that our formulation
(1.7) implicitly indicates that we have chosen the Coulomb gauge condition’

V-4, =0. (1.8)
Then (1.7) and (1.5) imply that
1 2 1 2
A =0, 0,40 = ;(m + Ap)lpl", 9,49 = —§V|¢| : (1.9)

We make the natural boundary condition that A decays to zero at spatial infinity (see [4]
for further discussion). Hence, we obtain explicit formulas for Ay and Ay,

Aglu](t,r) = —% /Or lu(t,s)|?s ds, (1.10)

Aolul(t,r) = —/ (m + Ag[u](t,s))|u(t,s)|2%. (1.1D)

'We will often denote the radial part of ¢ by u and will not distinguish unless necessary. We also
remark that the equivariant assumption involves the radial case as m = 0.

2Conversely, this ansatz can be derived from the Coulomb gauge condition plus the equivariant assump-
tion merely on ¢. See [35] for details.
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Now we can rewrite the Chern—Simons—Schrddinger equation under the m-equivariant
assumption as the ¢-evolution

2 1
(90 + B)p = —5 Ao + Ao + — A3 — glg 9. (eCSS)

or the u-evolution

2m 1

(i0; + Ap)u = r—zAgu + Aou + r—zAgu — glu|u, (1.12)
where )
1 m

Ap =0+ ;a, -3 (1.13)

is the Laplacian for m-equivariant functions in R2. Also, we denote the nonlinear part by

2 1
F($) = ~5 Aog + Ao + — A6 — gl 0. (1.14)

which is still an m-equivariant function. In this article we will focus on (eCSS). We will
further restrict to the physically relevant cases m > 0 (see [14]).

1.2. Known results and the threshold problem

The Chern—Simons—Schrddinger system (CSS) has drawn much attention since the 1990s.
Under the Coulomb gauge, local well-posedness was first established with initial data in
H? by Bergé—-de Bouard—Saut ([4]). For H! initial data with small charge, they also
obtained global existence (but without uniqueness). Huh ([23]) showed that (CSS) has
a unique local-in-time solution for H! data, without continuous dependence. Lim ([43])
obtained H' local well-posedness with weak Lipschitz dependence for small L? data.
Using the heat gauge, Liu—Smith-Tataru ([45]) established local well-posedness and
strong Lipschitz dependence in H?, ¢ > 0 for small H® data. In addition, Oh—Pusateri
([50]) proved global existence and scattering for solutions with small data in weighted
Sobolev spaces, by revealing a cubic null structure under the Coulomb gauge. So far,
well-posedness for (CSS) at the critical regularity in any gauge remains an interesting
open problem.

Under the equivalence setting, Liu—Smith ([44]) demonstrated that the local well-
posedness of (eCSS) with L? data can be proved via mere Strichartz estimates. Moreover,
a threshold result is obtained in [44].

To explain the result, we first note that for g > 1, (eCSS) admits soliton solutions.
Consider the elliptic equation

2 1
At —au — —TAg[u]u — Aofu]u — —2A9[u]2u + glulPu =0 (1.15)
r r
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with @ > 0. When g = 1, Byeon—-Huh-Seok ([5, 6]) showed that (1.15) admits a unique
positive® radial solution with & = 0,

(1.16)

m
M)y . r
Q"(r) = «/g(m + 1)1 4 p20m+1)

under the boundary condition A9 — 0 as |x| — +o00. We simplify the notation by writing
0 = 0 when m is fixed. This generates the static solution

™ (x) =™ Q(r) (1.17)

to self-dual (eCSS).*

In [5, 6], the authors also proved the nonexistence of a solution for (1.15) when g €
(0, 1) and the existence of a positive radial solution for (1.15) with @ > 0 as g > 1, which
we denote as Q"8 5 By writing ¢ & (x) := Q& (r)ei™? we obtain either a
static solution (¢ = 0) or a stationary wave (o > 0) to (eCSS) for g > 1, which is of the
form ¢ &M (1, x) 1= ¢p&D (x)e!®! for some o > 0. It is also conjectured in [5] that
(eCSS) only admits a stationary wave when g > 1.

In fact, these soliton solutions are the minimal-charge obstructions to global well-
posedness and scattering as explained in the following threshold theorem. Let us first
define the equivariant Sobolev space as

HS = {f eH :3u=u(r)st f(x) =e™u(r)y, L2 :=HD.

m m

The homogeneous Sobolev space H,il is also defined in this way. It is easy to see that
1AWy = 10 S 172 + 17 1172

Theorem 1.1 (Threshold result [44]). Letm e N :={n € Z : n > 0}.

(1) Let g < 1. Then for any initial data o € L2, the solution ¢ of (CSS) is globally
well posed and scatters both forward and backward in time.

(2) Let g = 1. Then for any initial data ¢o € L2, with chg(¢o) < chg(Q™) =
8m(m + 1), the solution ¢ of (eCSS) is globally well posed and scatters both
forward and backward in time.

(3) Let g > 1. Then there exists a constant ¢pm,g > 0 such that for any initial data
$o € L2, with chg(¢o) < Cm.g, the solution ¢ of (eCSS) is globally well posed
and scatters both forward and backward in time. Moreover, the minimum charge
of a nontrivial standing wave solution ™) in the class L L2 is equal to cp g

3In fact, when m > 0 we only have Q > 0 on R?\{0}. Indeed, the zero at the origin exists for any m-
equivariant function f to be continuous. So in the following text, when we say an m-equivariant (m > 0)
function is positive, we will always mean it is positive in R\ {0}.

“In the self-dual case, with the help of (2.5) one can show that zero energy solutions are gauge equiv-
alent to static solutions of (CSS), even without the equivariant assumption. A rigorous proof can be found
in [24,35].

5Since o depends on m and g, we also use the notation Q&) := Q (m-8:2(m.8)) and similarly for ¢, V.
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Remark 1.2. By scattering forward/backward in time, we mean there exists ¢4 € L?
such that

lim () — e s> = 0.
t—>+o0

In the proof of Theorem 1.1, the L‘,"x norm plays the role of a scattering norm in the
following sense. Let ¢: I x R? — C be a solution to (eCSS), where I is the maximal
lifespan; if sup I = 400 and ||¢|| L? ([0, +00)xR2) < OO, then the solution scatters forward
in time.

For this reason, we say a solution ¢, with maximal lifespan 7, blows up forward or
backward in time if ||¢”L‘,‘,x(lix]R2) = 0o, with /4 = [0,sup /) and /_ = (inf 7, 0]. In
particular, it contains two scenarios: to blow up at infinite time or at finite time.

Note that (eCSS) admits pseudoconformal symmetry. The pseudoconformal transfor-
mation®

t X
T(T—1t)' T —t

2
PCr: (1, x) > Tl te"'%w( ) Vi <T (1.18)
keeps equation (eCSS) invariant and conserves the solution’s charge. By applying it to the
solitons -8 (g > 1) as above, we get PC7 [y #)], another m-equivariant solution for
(eCSS) with the threshold charge. It blows up at a finite time + = T, while in contrast, the
soliton 1 ™8) blows up at infinite time.

It is a natural question to study solutions above or at the threshold charge. Recently,
Kim—-Kwon ([34, 35]) studied finite—time blowup solutions for the self-dual (CSS) under
the equivariant setting (m > 1). They constructed a pseudoconformal blowup solution
with given asymptotic profile and studied its instability mechanism. Furthermore, they
constructed a codimension 1 manifold yielding pseudoconformal blowup solutions. Kim—
Kwon—Oh ([36]) considered the radial case and constructed a data set that leads to blowup
solutions whose blowup rate differs from the pseudoconformal rate by a power of loga-
rithm.

On the other hand, our work focuses on the special role PC [y #)] plays. We present
a characterization for H,}, solutions with exact threshold charge.

1.3. Main result

Our main result is that, in the self-dual case g = 1, any blowup H,. solution must be
(1.17) up to symmetries.

Theorem 1.3 (Characterization of the threshold solution in the self-dual case). Form > 1,
g = 1 and initial data ¢o € HY(R?), ||¢ollz> = | Q™ ||,2, one of the following three
scenarios happens:
(1) u equals the pseudoconformal transformation of the ground state Q™ up to
phase rotation and scaling.

5The pseudoconformal invariance actually holds for the general (CSS) ([22]).
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(2) u equals the ground state Q™ up to phase rotation and scaling.
(3) u scatters both forward and backward in time.

And form = 0, g = 1 and initial data ¢o € H!;(R?), ||pollz2 = || Q°| L2, only cases (2),
(3) with m = 0 can happen. In particular, the solution must exist globally.

Noticing that a nonscattering solution blows up either at infinite time or at finite time,
this result comes down to the following two theorems.

Theorem 1.4 (Rigidity of blowup in finite time in the self-dual case). Form e N, g =1
and initial data ¢o € H}\(R?), ||¢ollz2 = | Q|| 12, if the solution of (eCSS) ¢ blows up
atT >0, ie. ||¢||L‘,‘x([0,T)xR2) = oo, then there exists y € [0,2m), A € Ry such that

#(t,x) = e’PCr[Ap"™ (A)](tx) Vi <T.

Remark 1.5. It is easy to see from (1.16) and (1.18) that Q(m) € H,}lfor all m > 0 and
PCr[Q] e H,), only for m > 1. So for m = 0, Theorem 1.4 indicates that any threshold
solution generated by ¢ € H (R?), ||pollz> = || Q| L> cannot blow up in finite time,
as stated in Theorem 1.3.

Theorem 1.6 (Rigidity of blowup in infinite time in the self-dual case). Form e N, g =1
and initial data ¢po € H,},(R?), |[gollz> = || Q™| 2, if the solution of (¢CSS) ¢ blows up
in infinite time, say at +00, i.e. ||¢||L‘,{x([0,+oo)xR2) = 00, then there exists y € [0,27),A €
R+ such that

p(t,r) = e 2™ (Ar).

Remark 1.7. For m > 1, after restricting initial data to a smaller space ¥ := {f € H,), :
|x| f € L?}, these two results are equivalent through pseudoconformal transformation
(1.18), since pseudoconformal transformation maps X into itself.

Since the threshold behavior also appears for the non-self-dual case g > 1, we may
expect similar rigidity for the threshold solution. Here we present the result for finite-time
blowup.

Theorem 1.8 (Rigidity of blowup in finite time for g > 1). For m € N and g > 1, if
do € HL(R?), |uollz2 = cm.¢ and the solution of (eCSS) ¢ blows up at T > 0, then there
exists y € [0,2m), A € Ry and an m-equivariant standing wave solution ™8 (t, x) =
e p(m:8) (x) (a > 0) solving (eCSS), such that

¢ (1, x) = e VPCr[AYy ™ O (A2 ANt x) Vi <T.

Remark 1.9. Compared with Theorem 1.4, we do not know whether all the standing
wave solutions are the same (up to symmetry). Also, due to the lack of knowledge on the
uniqueness of the soliton and spectral analysis of its perturbation, our current approach
for Theorem 1.6 cannot apply for the g > 1 case.

Remark 1.10. In the non-self-dual case g > 1, we only know PCr [y ("8:®] ¢ H! when
o > 0 from the exponential decay in Proposition 2.2. For the @ = 0 case we may not have
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H ) finite-time blowup with solution PCr[y ("89] as in Remark 1.5. But such a static
solution is actually conjectured not to exist ([5]).

Equation (eCSS) with g > 1 can be viewed as a gauged version of the mass-critical
focusing Schrodinger equation

(9 + Ay = —|u|du. (NLS)

It shares many essential features with (NLS) such as symmetries, conservation laws and
soliton behaviors. So it is worthwhile reviewing the results of (NLS).

Equation (NLS) is also L2-critical with pseudoconformal symmetry. It has a unique
standing wave soliton ([3,37]) '’ R(x), with R(x) radial, positive and Schwartz, solving
an elliptic equation

AR—R+ R?*=0. (1.19)

Weinstein ([54]) proved that any H! initial data with mass less than ||R||;2 will gen-
erate a global solution. Killip—Tao—Visan ([32]) then showed global well-posedness and
scattering for radial data with mass below the threshold, and the higher dimension case
was solved by [33]. Finally, Dodson ([13]) extended this threshold result to general L?
nonradial data for all dimensions.

Now we come to the threshold characterization results for (NLS). Combined with a
virial argument and a rigidity result of Weinstein ([55]), Merle ([47,48]) proved the rigidity
of blowup at finite time for H! data with threshold mass. The proof was simplified by
Hmidi—Karaani ([21]) via profile decomposition. On infinite-time blowup, the first result is
due to Killip-Li—Visan—Zhang ([31]), who showed that for d > 4 (and later ford = 2,3 in
[42]), H ! radial data, a rigidity theorem like Theorem 1.6 holds. Li—Zhang then developed
a local iteration scheme to obtain additional regularity in [40], which implies the rigidity
result in L2(R?) for radial data as d > 4 ([40]), and later for splitting-spherical symmetry
as d = 6 ([39]). Our work is in a similar spirit to [31,42,48].

However, we should also point out some differences between (eCSS) and (NLS).
Firstly, (NLS) admits a standing wave e’ R(x) with R decaying exponentially, while
ground state Q for the self-dual (eCSS) is a static solution with only polynomial decay.
Secondly, ground state R for (NLS) serves as an extremizer of the Gagliardo—Nirenberg
interpolation inequality, which is important in many of the compactness arguments, but we
do not have such a characterization for Q. Besides, the nonlocal nonlinearity for (eCSS)
makes the analysis more challenging, especially when we need to analyze the linearized
operator around the ground state. On the other hand, we are lucky enough that the Bogo-
mol’nyi operator and the self-duality structure of (eCSS) are of great help in overcoming
the new difficulties and proving our results.

Finally, we would like to mention one more series of relevant results: characterization
of the threshold solution for energy-critical equations. The pioneering work is attributed
to Duyckaerts—Merle ([15, 16]). They characterized the threshold radial solution for d =
3,4, 5 of the energy-critical wave equation and Schrodinger equation by detailed spectral
analysis, the modulation method and concentration-compactness method. For subsequent
related works, we refer to [17,25,30,38,41,49].
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1.4. Outline of the proof

Our result consists of two parts: finite-time blowup (Theorems 1.4 and 1.8) and infinite-
time blowup (Theorem 1.6). The starting point is the variational characterization of the
ground state (see the elliptic theory in Section 2.3). Then the proofs bifurcate since they
rely on very different strategies.

(1) Rigidity of finite-time blowup. The proof for the finite-time case follows the framework
of [21], which serves as a simplification of Merle’s original work ([47,48]). We start with a
sequential rigidity result in Proposition 3.4. Specifically, if a sequence of threshold charge
functions blows up in H! norm with energy bounded, then they converge to the soliton up
to symmetry in H . For a solution ¢ blowing up at finite time 7, this sequential rigidity
implies that along a sequence of time there is charge concentration. We can then apply
truncated virial identity and explore the relation of virial quantity with energy (2.10) to
conclude E(e'l* 2/ “T) o) = 0, which forces ¢ to be the soliton after pseudoconformal
transformation.

We remark that the Bogomol’nyi operator (2.4) and the m-equivariance condition help
us to compensate for the lack of a sharp Gagliardo—Nirenberg inequality. In fact, our
argument is even simpler than [21]. Also, the above argument works for both the self-dual
and non-self-dual cases.

(2) Rigidity of infinite-time blowup. In this case, the proof is more complicated. The mini-
mal blowup solution is characterized as having the compactness property, which is further
illustrated as almost periodic modulo symmetry ([44]); see Theorem 4.8. This property
indicates a uniform localization of charge. If we can further control the kinetic energy to
be uniformly small near infinity (Theorem 4.11), we quickly reach a contradiction using a
virial-type argument if the energy is positive.

So the main difficulty reduces to the proof of Theorem 4.11. We proceed in the spirit
of [31] and its improvement [42]. In [31], Killip-Li—Visan—Zhang used the in-out decom-
position, weighted Strichartz estimates and nonscattering Duhamel principle to prove
the uniform localization of kinetic energy for minimal infinite-time blowup solutions
of (NLS), for d > 4. The high power of nonlinearity causes trouble in low dimensions.
To overcome the difficulty, Li—Zhang ([42]) used modulation analysis to prove a weaker
localization theorem (similar to Proposition 4.12). This technique requires a good under-
standing of the spectral information for a linearized operator around ground state. For
(eCSS), the linearized operator £¢ is nonlocal, which is usually difficult to analyze.
Luckily the self-duality provides good structure, and the spectral information is carefully
studied in [35]. Also there are more nonlocal terms to deal with, and that makes this part
of the proof particularly long and complicated.

The structure of this article is as follows. In Section 2 we recall the Bogomol’nyi
operator, elliptic theory and truncated virial estimation as preparation. Sections 3 and 4
deal with the finite-time case and the infinite-time case, respectively. Only the infinite-
time blowup rigidity demands a great deal of harmonic analysis and spectral analysis for
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(eCSS), so we will record those tools therein. We remark that throughout the rest of this
paper, we consider the non-self-dual case only in Section 3.3.

2. Preliminaries

2.1. Notation

Since we mainly work with m-equivariant functions ¢(x) = e"?u(r): R? — C, we
usually refer to the radial part of such a function ¢ as u. And we will not distinguish
them as acted on by functionals or operators, if there is no confusion. For example,

Ag[u] := Aal@], Elu] := E[¢. Alp]] and [ull g1 = I/ gy = I/ g1-

Wewrite X <Y orY = X toindicate X < CY for some constant C > 0. If C depends
upon some additional parameters, we will indicate this with subscripts. For example,
X <¢ Y means X < C(¢)Y. We use O(Y) to denote any quantity X such that | X| < Y.

2.2. Bogomol’nyi operator

We first introduce the Bogomol’nyi operator

Dy =D, +iDs = e""(D, + éDe). @2.1)
Then we have the Bogomol’nyi identity

D<= |D1¢|* +V x J — Fia ], 2.2)

where J := (Im(¢ D), Im(¢ D2¢)). Using Green’s formula we can rewrite the energy
functional as

| g 1 l—g
Elgp] = (—D 2——“a’:/(—D 24— Zp|*)dx. 23
#1= [ (GIPsol =10t ax = [ (Do + Eiol)ax. @)
Under the equivariant ansatz (1.7), the Bogomol’nyi operator takes the form
D.p— [<8r _om+ Ae)u]ei(m+l)9.
r

Taking the radial part, we also use D to denote its action,

A
Dou= (a, _mt 9)u. 2.4)
r
For the self-dual case g = 1, the energy turns into
1
£l = | 5IDsoP dx. @5)
R2 2

In this case, the minimizer of energy will satisfy a solvable first-order PDE D u = 0,
implying the following variational characterization easily.
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2.3. Variational characterization of the ground state

We record the variational characterization of ground states of (eCSS) from elliptic theory,
for both the self-dual case and the non-self-dual case. For completeness, we give their
proofs in Appendix A.

Proposition 2.1 (Variational characterization in the self-dual case ([5,6,35])). Let g = 1.
For ¢o € HJ(R?) — {0}, we have E[¢o] > 0. Moreover;, E[¢o] = 0 if and only if ¢ is
equal to " in (1.17) up to L2-scaling and phase rotation, which also implies that ¢ is
a static solution of (eCSS).

Proposition 2.2 (Variational characterization in the non-self-dual case ([44])). Let g > 1.
For ¢o € HYL —{0}, |poll2 < cm.g, we have E[¢o] > 0. Moreover, if E[¢o] = 0, then
ldollLz = cm,g and there exists o > 0 such that Ymgd (1 x) = ! pmeN (x) js a
standing wave solution of (¢CSS). We also know that any solution ¢ &%) decays expo-
nentially for oo > 0.

We remark that Proposition 2.2 is weaker than Proposition 2.1 by lack of uniqueness
of the ground state. This accounts for the difference between Theorems 1.4 and 1.8.

2.4. Truncated virial Identity

The general virial identity for (CSS) is computed in [44]. We establish the truncated ver-
sion through direct computation here.

Proposition 2.3 (Truncated virial identity). Let (¢, Ao, A1, A2) be a solution to (CSS),
and y € C(S’;ad(Rz). We have

G /Rz x(r)g*dx = 2/[ 3 xIm(¢D,$)r dr db, (2.6)
2 2 2 1 1 2
7 [ awlorax =2 [[ 20, 11Do + [ 50,00 =0, (0.1) 1 Daol

— S&0 B DIl

+ [0+ 58200+ 50(F0r ) [l6P dras. @)

Remark 2.4. In particular, when y = |x|? and |x|¢ € L2, a limiting argument implies
the virial identity

d / xPIgI? = 4 / Im(@r D, ), 2.38)
R2 R2

o7 /R | xIP1g1* = 16E[9). 29)

Via direct computation, the quadratic structure implies its cooperation with energy:

SEE 9] = [ 1Pl 0P 2.10)
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Proof of Proposition 2.3. We define the stress—energy tensor
1 - 1 -
Too = For = §V|¢|2, Tor = Fop = rIm(¢D,¢), Tog = Fro = ;Im(qSngS).

From dF = d?A = 0 we have
99 Tow = 0. 2.11)

Recall ([44, Lemma 5.1])
1
0:Tor = —(2+ 2rar)|Dr¢|2 + Ergar|¢|4
1 s 2 -
+ §3r|09</>| - ;30 Re(Dop Do)
Lloo o 2 1 3 1, 1 2
+ 10, =5 (593101 = IDog?) | + (5707 + 502 — 50, )I6P. 212)
Now we apply (2.11) to show (2.6):
o [ aloP ax =2 [ 13T ar as
R2

=2 // 2(r) 0y Tor + 09 Tog) dr df = 2// 3, xTor dr df.

Next we can invoke (2.12) and take the derivative of time again to get (2.7). ]

If we take y to be a smooth truncation of |x|?, the computation within {|x| < R}
remains the same as the standard virial identity (2.9). The following estimates follow
immediately.

Corollary 2.5. Let (¢, Ag, A1, A2) be a solution to (CSS), and yg = R?>y(R™"") is the
smooth cutoff of |x|?, with y € Coraa(lx| = 2}) and

NP
X) = X =
1) = x(1x) {0, NI
Then
d / xrlBl? =2 / 3, xR Im(@D, ). 2.13)
R2 R2

1
97 > =16E ol — 2
[ aaiol = 165t + 075 [ 10F)

10) Vo|? 4). 2.14
+ (/MZR| ol +/|x|ZR|¢| (2.14)

Remark 2.6. By constructing y through convolution, it is easy to verify that it satisfies

VxR < xr(x). (2.15)
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3. Finite-time blowup

In this section we prove Theorems 1.4 and 1.8. We first consider the self-dual case, and
then the non-self-dual case with a small modification.

3.1. Rigidity of a normalized sequence

We show the rigidity of a normalized H' blowup sequence.

Recall
m+ Aolf] 12
IDxf 132 = 1D, £ 12 + Do f 12 = o f 1 + | =21 .
1 1 1
E[f] = 1D+ f 132 = S1Dx f 13 = 51 /13
2 2 4
and the scaling property
IDLAfONIF2 = A2IDxfI: V2 € R G.D)

To begin with, we discuss some properties of || Dy f ||i2, showing it is to some extent
equivalent to the H,. norm. The first two lemmas are concerned with size and weak con-
vergence.

Lemma3.1. Form > 1, f € H},

1 m~+ Ag[f]
H;f‘ Lo Sl [T f‘LZ, (3.2)
A
Ulrl  <iria0 71 (33)
r L2
As a consequence, form > 0, f € H},
1 1 gay ~madfhz 1D f 1172 (34
Lemma 3.2. Form > 0, f, and f uniformly bounded in H)(R?) and f, — f in H',
we have
I fo = 0 f in L?, (3.5
1 1
;Aﬂ[fn]fn - ;Ae[f]f in L? (3.6)
and, form > 1,
1 1
—fo——f inL> (3.7)
r r

In particular,

m + Agl fn]
-

Dy fu=0fu— fo—=Dyf inL? (3.8)
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The following lemma indicates that we can recover strong convergence in H ! through
L2 convergence for v, and D v,.
Lemma 3.3. Suppose we have {vy,} and v uniformly bounded in H), and
2u, — vin H', vy —> vin L?,
Div, > D vinl? v, —>vinL*

Then we will have
vy —> v in HL.

We leave their proof to Appendix B. Now we work on the rigidity of the H! blowup
sequence. Take a time sequence of the H! blowup solution. By rescaling, we normalize
the charge and H' norm with the energy going to zero. The proposition shows that such
a sequence must converge to the ground state.

Proposition 3.4. Form > 0, let v, € H (R?), satisfying
loallzz = 16 22, oallzy = 160
Elv,] = §||D+v,,||i2 —0 asn — oo,
where ¢™ = Qe'm? ¢ H) is the static soliton. Then there exists y € [0,2n) and a
subsequence of {vy} (still denoted by {v,}) such that
vy — V¢ in H. (3.9)

The following corollary is another equivalent way of stating this rigidity, which comes
easily after a contradiction argument. It will be useful in modulation analysis to control
the H,}, norm by energy (see Lemma 4.19).

Corollary 3.5. Form > 0, let f € H) (R?), satisfying
112 = 16l 2. I/ gy = ||¢(m)||g,},-

Then the energy E[f] > 0 and, for any € > 0, there exists § > 0 such that if E[f] <6,
then there exists y € [0, 2m) such that

167 — e Fllggy, <.

Proof of Proposition 3.4. The sequence {v,} is uniformly bounded in H,, so we can
extract a weakly convergent subsequence (still denoted by {v,}) and v € H}},

v, =~ v inH. (3.10)

Since Héld(Rz) compactly embeds in Lf;d(]Rz) for any p € (2, 00), it is easy to see
H,} (R?) also compactly embeds in L2, (R?). Hence

vy — v in LY. (3.11)
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Note that the normalization condition and Lemma 3.1 imply
IDcvalZs Zm loal%y = 1012,

So

lllzs = lim vallLs = lim (=4E[va] + 2| Dxvnll72) Zm 1017, > 0. (3.12)

n—>00 n—>o00 m
Also, from Lemma 3.2, we have
1 o1
E] = SID4v|7> < liminf 2| Dy va]7> = 0. (3.13)

Note that (3.12) ensures that v is a nonzero function. Proposition 2.1 implies that v is
ground state up to symmetry. Namely, there exists y € [0,27), A € R, such that
v =Y A0 (Ar)et™?.
Hence
lvliee = Q2 = llvallL2. (3.14)

Together with the norm convergence of D v,, we now have two more strong conver-
gences,

D v, - Div inL?, (3.15)

Up — U in L2, (3.16)

From (3.10), (3.11), (3.15) and (3.16), we conclude v,, — v in H,}, through Lemma 3.3,
which also indicates the scaling parameter A = 1, thus completing the proof. [

3.2. Proof of Theorem 1.4

First we need a Cauchy—Schwarz-type estimate. This estimate was first introduced by
Banica for (NLS) in [1], and used in the proof of [21] to derive a crucial ODE control of
truncated virial identity. It still holds for general H! functions even without the equivariant
assumption.

Lemma 3.6 (Cauchy—Schwarz-type estimate). For f € H' and all R > 0, we have

< (2E[f] / |f|2|aer|2dx)2, (3.17)

where E[f] = %||D+f||z2 is the energy for (CSS) in the self-dual case.

' [oexxin(D, yax

Proof. Notice that energy has another expression in polar coordinates (1.6) with g = 1.
So, with positivity of energy, for any o € R,

. 1 : 1 ; 1 .
0= B[ ] = 5 [ D@8 )P 4+ Dol 5 ) - Sletn 1] d
r
1 . 1 1
=5 [ 1Dos +iad w5 IDaf P 511 dx

2
- a?/If|2|aer|2|2dx—afarmlm(fbrf)dx+E[f].
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The positivity of this quadratic form implies a negative discriminant, which is exactly
(3.17). |

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. We divide the proof into two steps.

Step 1: Normalized rigidity and charge concentration behavior. From Sobolev embed-
ding and regularity H,}, we see that the finite-time blowup condition

”¢”L‘,‘,X([O,T)><R2) = 00
implies the LY H ; blowup. Namely, there exists a sequence of time ¢, /' T such that
¢ (@)l gy, — 0o asn — oo. (3.18)

We set

1
6 (tn, )l g1,

Then from (3.18) and charge conservation, p, — 0 as n — oo. The sequence {v,} then

satisfies

Pn and vy = PnP(tn, pnx).

vallz = 1Ql2s Nvallgy = 1167 1 -

Furthermore, by conservation of the energy,
Elvy] = p2E[po] - 0 asn — ooc.
Hence, {v, } satisfies the assumption of Proposition 3.4, and we have
e pudp(tn, px) = e Vv, - Q in H asn — oo, (3.19)

for some y € [0, 27).
This easily implies the charge concentration behavior

¢ (tn. X)> — Q1|7 ,8x=0 — 0 in D'(R?), (3.20)

where D’(IR?) is the distribution on R? and §,—¢ is the delta functional.

Step 2: Truncated virial estimate. Denote the truncated virial quantity for ¢ to be
Ve = [ 1x(lp 0P dx.

where y g is the smooth truncation of |x|? as in Corollary 2.5. Putting Lemma 3.6 together
with the bound (2.15), for t € [0, T') we get

19 VR(@)] = 2‘ [ b im0, 90) ax| < 2(2E[¢<r)] / |¢<z)|2|aer|2dx)2

< CElpo]} ( [ 1608 dx)2 <o (Va2 (3.21)
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By integration we obtain, for every ¢t € [0, T),

|(VR(1))? — (Vr(t2))?| < C(¢o)|tn —1].

Now take n — oo, and from (3.20) we get

[VR(1)| < C(do)(T —1)*,

Noting that this bound is independent of R, by taking R — oo we can see that the virial
quantity is also controlled by the same bound. Hence (2.10) provides us with

812 E[e 5 ¢(0)] = /R Plg (0P = Clo)(T — 12,
Lett /' T; we get

- 1x)?
Efe' 4T ¢] = 0.

Thus Proposition 2.1 indicates that there exists y € [0,27), A € R, such that
. . |x[2 . . ~ ~
$o = 'Y he™ T Q(Ar)e™® = !VPCr[Ag "™ (1)](0, r),
with A = AT. This concludes the proof of Theorem 1.4. L]

3.3. Non-self-dual case
In this subsection we prove Theorem 1.8 via the same strategy as the self-dual case.

Proposition 3.7. Form >0, g > 1, let v, € H}(R?), satisfying

lvallzz = cmg, Nvallgn = M,
g—1

Bl = 5 ;

1D+ vallzz = loallds =0 asn — oco.

Then there exists y € [0,27), a subsequence of {v,} (still denoted by {v,}) and v € H),
such that
vy —> v inH, (3.22)

and Y (t, x) = e'* v(x) for some a € R\{0} is a standing wave solution of (eCSS).

Proof. By uniform boundedness in the H ! norm and compact embedding, we know there
exists v € H,} such that

vy —~vin H', v, — vinL*

Again, by the lower bound of || D v, |72 from Lemma 3.1 and L* convergence, we know
v is nontrivial. And from Lemma 3.2,

1 —1 | -1
Ep] = 31D+vl2: = S lvlife < timinf D va )2 — So—oallfs = 0. 3:23)
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Note that
lvllz2 < liminf||v,||L2 = cm,g, (3.24)
n—>oo

and Proposition 2.2 forces E[v] > 0. So E[v] = 0 and hence v is a standing wave solution
to (eCSS) with critical charge ¢, g. The norm convergence of (3.23) and (3.24) implies
that

v, > vin L%, Div, — Divin L>.

Now Lemma 3.3 ensures the H! convergence and completes the proof. ]

Since the positivity of energy holds for || f||2 < ¢;n,¢, We can prove the counterpart of
the Cauchy—Schwarz-type estimate for the non-self-dual case in the same way as Lemma
3.6. We state the lemma and omit its proof.

Lemma 3.8. Fixm >0and g > 1. For f € H', | f|lz2 < ¢m.¢ and all R > 0, we have

L[aernnafDrf>dx < (zELfy[|f1ﬂaerde)2, (3.25

where E[f] = %||D+u ||i2 — gT_l Ilf ||}t4 is the energy for (CSS) in the non-self-dual case.

Then we finish the proof of Theorem 1.8 by the same argument as Theorem 1.4, using
a charge concentration argument and truncated virial estimate.

4. Infinite-time blowup

In this section we prove Theorem 1.6. First, in Section 4.1 we introduce several tools
from harmonic analysis, including the concentration compactness Proposition 4.8. Then
we reduce the whole proof to a frequency decay estimate (Proposition 4.10) in Section 4.2
and prove that estimate in Sections 4.3 and 4.4.

4.1. Preliminary on harmonic analysis

4.1.1. Basic harmonic analysis. We introduce the Littlewood—Paley multipliers in the

usual way. In particular, let ¢ € Cg7,,({|x| < 2}) and

, 1,
wm=¢mn={1'”<

0, |x[=2,
and its scaling for R > 0,

g<r = @(R™"), ¢-r:=1—¢p<r.
Then for each N € 2%, define

F(P<n f)E) = 9<n(EDS (), Py =1-Poy, Py=Pey-— Py
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and the fattened Littlewood—Paley operators

Py := Pyjp + Py + Pan.

The basic estimate in Littlewood—Paley theory is the following Bernstein estimate.

Lemma 4.1 (Bernstein estimates). For 1 < p < q < oo,

V= Py fllLo@ay ~ N=IPN f Lo @ay:
d_d
[P<n fllLr@way S N7 2| P<n flLrway

d_d
1PN fllLoway S N7 4PN fllLrra)-

While it is true that spatial cutoffs do not commute with Littlewood—Paley operators,
the commutator is not “too bad”, so that a weaker form of almost orthogonality still holds.

Lemma 4.2 (Mismatch estimates in physical space ([31])). Let R, N > 0. Then

lp>rP<n@_ & fllLr Sm N7"RT™| S |ILr,
lg=rVP<N¢_& flLr Sm N R f e
foranyl < p <ocoandm > 0.

Similar estimates hold when the roles of frequency and physical spaces are inter-
changed.

Lemma 4.3 (Mismatch estimate in frequency space ([31])). For R > 0 and N,M > 0
such that max{N, M’} > 4min{N, M },

IPN@<rPrm [z Smmax{N, M} R™™| f 2.
IPN@<rV Pr fllL2 SmM max{N, M}~ R~ f | .

for any m > 0. The same estimates hold if we replace 9<r by ¢~ g, or Pxy by P<n when
M > 4N.

4.1.2. Strichartz estimates. We present the classical linear Strichartz estimates. See for
example [7].

Lemma 4.4 (Strichartz estimates). Let I be a time interval with 0 € I and u(0) = ug € L?

4 2
and F € L} L} (I x R2). Then the strong solution u to the linear Schrédinger equation
. t . ’
u(t) = e'"Puy — i/ FCOAEW Y, tel,
0
satisfies the estimate

<
||”||L;’°L§(1xR2) + “u”L‘,"X(Ix]RZ) = ||M0||L§ + ||F||L§X(IX]R2)~
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The following weighted Strichartz estimate, which originates from the radial case
([32]), exploits the equivariance property heavily to obtain spatial decay.

Lemma 4.5 (Weighted Strichartz estimates). For m > 0, let I be an interval, ty € I, and
let F: 1 x R? — C be m-equivariant in space. Then

t
‘f ei(t—l/)AF(t/) d[/

to
Proof. As in the standard proof of Strichartz estimates, besides the T 7* method and the
Hardy-Littlewood—Sobolev inequality, we only need to show a dispersive estimate

NI _1
|11z 2 1x12 £ | oo ey < 111721 FllL1re) “.1)

SIx72F| g
L2 LPLy

for any m-equivariant function f(x) = u(r)e’™® € L1 (R?). And this follows from the
computation of the kernel of ¢’*2 applied to m-equivariant functions. Under polar coordi-
nates x := (rcos6,rsinf), y := (pcosa, psina), we see

1 ilx—y|?

")y = f(x)e 4 dx

4mit R2

1 [ e i T2 0-0)
= Tni7 u(r) oMol ai dordr
Tl 0 0

1 ) o0 242 27 ) o
= etme u(r)e' ! MmO=2 €3 ®) gy dr,
4rit 0 0

That is, for radial functions, e "% ¢itA¢im8 haq the kernel

[e—imaeitAeimG](x y) = 1 el rzz_tpz /27[ ei(mw—% cosw)d_w
’ 4mit 0 2
1242 rp
= 7 an(5)- 42
amit’ ™\ 21 “2)
where J, denotes the Bessel function of order v. So by the behavior of Bessel functions
([20]), we have |(4.2)] < |r,ot|_%. Inequality (4.1) follows immediately. |

4.1.3. In-out decomposition. Finally, we present one more useful tool in the follow-
ing analysis — the incoming/outgoing decomposition developed in [32, 33], and the m-
equivariant version in [44]. It derives from the relationship between Bessel functions and
the Fourier transform of a radial function. For f(r, 8) = ¢"%u(r) € L2,

Foa) = 2m(—iymeima /0 I(or) f(r)r dr,

where J,, denotes the Bessel function of order v. We split the Bessel function J,, into
two Hankel functions, H,(,,l) and H,E,z), corresponding to projections onto outgoing and
incoming waves. In particular,

1 1
Tl ) = S HGD (] [£) + 5 HiD (x] 1ED,
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where H,&l) is the order m Hankel function of the first kind and H,Ef) is the order m Hankel
function of the second kind. We can define the in—out decomposition’

[PTf1(x) = —lze"m" HO(x|EDTm (€YD £y ]) dE dy
4
R2

yimo f(y)
Ll

1 .
el /R HPXIEDIm (€YD (LD dE dy
1 i yimo fQ)
2/ = E/R o

x> =1yl
We denote the composition by P¥ := P* Py, and omit the equivariance class m if it
is clear. We record the following properties of P*.

1 i
PRl I

[P™f1(x) :

dy.

Proposition 4.6 (Properties of P+ ([32,33,44])). The projection P* defined above sat-
isfies the following properties:

(1) P+ 4+ P~ acts as the identity on m-equivariant functions.

(2) For |x| = N~ ' andt = N2, the integral kernel obeys

| (Ix] [y D722, [y I=lxl~ N,
(PFe™ 1. ] % #(Nzt + N|x| = N|y|)™ otherwise,
(NlxD2(N|yl)2
foralln > 0.
(3) For |x| = N~ 'andt < N72, the integral kernel obeys
N2

[PEeT 8 (x,y)| S —F——
tPve™ e =

(Nlx[=Ny)™

foralln > 0.
4) Fix N > 0. Then
||<Pzﬁ szNf”Lz(]RZ) S I f 2wy
with an N -independent constant.
Remark 4.7. These results are established in [32,33] for the radial in—out decomposition
first, and then [44] proposes the m-equivariant case above, which is similar to the radial

case due to the similar asymptotic behavior of Hankel functions and Bessel functions of
all orders.

4.1.4. Almost periodic solution. A concentration compactness argument ensures that
the threshold solution enjoys a certain strong concentration property in terms of charge.

"The computational detail can be found in [20, §6.521.2].
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This is characterized by the so-called almost periodicity modulo symmetries property; see
[44,53]. The following theorem and lemma will be crucial to our proof.

Theorem 4.8 (Almost periodicity modulo symmetries). Let ¢: [0, 00) x R? — C be a
solution to (eCSS) that satisfies po € L2, form > 0, ||pollz2 = || Q|| and

D12 10,00 xR2) = 0©-

Then ¢ is almost periodic modulo symmetries in the following sense: there exist functions
N:[0,00) — R* and C:R* — R™, such that

pexPdr=n [ PeBPdE<n @3
[EI=C (N @)

for any t € [0, 00) and n > 0. Equivalently, the orbit {N(t) ' ¢(t, ﬁt)) 1t €]0,00)}

is precompact in L2(R?). We will refer to the functions N and C respectively as the

frequency scale function and the compactness modulus function.
Moreover, N(t) satisfies the local constancy property

N(t) ~¢ N(to) (4.4)

/XIZC(VI)/N(I)

whenever 1,1y € [0,00) and |t —to| < N(to)™2, and
_1
N(t) Z¢ N(to)(r —1o)"2 (4.5)
forallt, ty € [0, 00).

The first part of this theorem is not exactly the same as [44, Lemma 1.7], but, using
the Palais—Smale condition modulo symmetries, is proved similarly to [53, Proposition
2.1]. The constancy property (4.4) is just the same as [32, Corollary 3.6]. The proof there
works for general equations with a suitable standard Cauchy theory, which is provided in
[44] for our case. Inequality (4.5) directly follows (4.4).

One important feature of an almost periodic solution is the following Duhamel for-
mula, where the free evolution term disappears.

Lemma 4.9 (Nonscattering Duhamel). Let ¢ be an almost periodic solution to (eCSS) on
[0, 00) in the sense of Theorem 4.8. Then, for all t € [0, c0),

T
o(t) =— lim i / AR (B (1)) di’ (4.6)
T—>+o00 ¢
as a weak limit in L2, where F(¢) is the nonlinearity of (eCSS).

The proof in [53, §6] for (NLS) merely depends on the linear evolution operator of the
Schrodinger equation, and hence is still applicable in our (eCSS) setting.

4.2. Reduction of the proof for Theorem 1.6

In this subsection we will see how Theorem 1.6 reduces to the following frequency decay
estimate. Therefore, the remaining task in the following subsections is just to prove this
estimate.
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Proposition 4.10 (Frequency decay estimate). Let m > 0, ¢o € HL(R?), |¢ollz2 =
¢ |2 and E[¢] > 0. Let ¢ = ue’™® be a solution to (eCSS) with initial data
¢ (0) = ¢, and let ¢ blow up as t — +o0o. Then there exists € > O such that for any
dyadic number N > 1 we have

lo>1 PN (D)l L3012 10,000 xR2) S IPnoll Lz + N7'°. 4.7

This decay estimate will imply the localization of kinetic energy in Theorem 4.11
below. Then a contradiction argument using a truncated virial identity estimate will estab-
lish Theorem 1.6. To begin with, we state and prove Theorem 4.11.

Theorem 4.11 (Localization of kinetic energy). Let m > 0, and ¢ be as in Theorem 4.10.
From Theorem 4.8, ¢ is almost periodic modulo symmetries. Let N(t) be the correspond-
ing scaling function; then there exists C: R+ — R* such that for all n > 0,

Ve Ol L2 qx=Emiver-1y = -

Proof. Forany n > O and ¢ > 0, we will estimate

lo=rVo @)Lz <n

with R = 2C(n1)(N(¢)~!), where C is the compactness modulus function in Theorem 4.8
and 7 is small enough to be determined.
First we add two frequency cutoffs, with Ny to be determined:

lo=rV@Ol2 = [P<no@>rRV (D)2 + | P>Ny@=r VP () ]2

For the low-frequency part, we need to make the frequency truncation next to V and apply
the charge concentration, through a mismatch estimate. Finally, we control the main term
with localization of charge (4.3):

| P<nop>rV ()]l
S 1P<Ne®>RV P<ano@ 2P (D)2 + [ P<No9>RY P<angp. (1) 2

+ D 1P<ne@=rVPNG D)2
N>4Ny

<o Ng 'R+ Nolleog¢pl2+ ) NT'R™?
N>4Ny
Se No ' + Nom.
For the high-frequency part, we use frequency decaying estimate Proposition 4.10 and
almost orthogonality:

IP~noe=r VD5 = D I1Pne=rV(®)]3
N>N()

= D (IPxe=rP_y VO3 + || Py ¢ P-an V()3
N>N0

+ ||PN(P>RP%5._4NV¢(I)”§)
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Se Y. NPPR™+ > le=rVPrno)|3

N=>No N>%N{)
So No PR+ ) (lo=rV Pro_x PN D5 + llo=rV Py, & Pné (0)]5)
N>%
Se No 2R+ Y [NT2R™ 4+ N2(N 7272 + || Pyu(0)[3)]
N>%

<o Ng 2+ Ny 2 + ||VP>@M(O)||§.

Choosing Ny large enough, and then 7; small enough, the conclusion is proved. ]
Next, we are in place to prove our main theorem.

Proof of Theorem 1.6. Assume E[¢g] > 0. Recall the truncated virial identity Vg(¢) :=
Jr2 ¥ Rr|P|? where yr is a cutoff for |x|? for |x| < R, defined in Corollary 2.5. Then we
have (2.14) and a trivial bound

V()] S RZ. 4.8)

Besides, since ||¢||z2 = || Q|2 and ¢ blows up as t — +00, ¢ is an almost periodic
solution according to Theorem 4.8, and we can apply Lemma 4.9 and Theorem 4.11. In
the following argument, N(¢) and C(n) are defined as in Theorem 4.8.

We distinguish two cases: either N(¢) is bounded from below (i.e. the charge, fre-
quency and kinetic energy concentrate in a bounded area all the time) or converges to zero
along a subsequence.

Case 1: inf;>¢ N(t) > 0. Let > 0 be a small constant chosen later. From localization
of charge (Theorem 4.8) and kinetic energy (Theorem 4.11), there exists R = R(n) =
2C(n)/(inf; N(t)) such that

16O 22> 2) + IVOD L2212 2) < 21 4.9)

for all # > 0. Then by the Gagliardo—Nirenberg inequality,

oo 2d@llLs <g 1 (4.10)

provided R is chosen sufficiently large depending on 7.
Hence, taking 7 small enough depending on E[¢g] and R correspondingly large, the
residual in (2.14) will be small enough. We obtain

V() = 8E[go] > 0

for all ¢ € [0, 00), thus contradicting (4.8) for ¢ large enough.

Case 2: liminf;_,o N(¢) = 0. In this case we are not able to choose a fixed R to guarantee
uniform concentration. So the idea here is to consider the contradiction of the speed of
divergence, due to the a priori bound (4.5).
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Choose the time sequence , /' oo such that N(#,) \, 0 and

N(ta) = min N(1). @.11)

Again, let > 0 be a small constant and R, = 2C(n)/N(t,); then
1612012 8y + VSO 2 01o 2y + 19Ol arasn s ) Son @12)

forall ¢ € [0, t,]. Thus, similarly, an 7 small enough depending on E [¢] (but independent
of n) implies
Vg, (1) > 8E[go] > 0 (4.13)

forallt € [0,1,).
On the other hand, from the differential inequality for the truncated virial (3.21) and
(4.8), we have
Vi, O] SEg0) VR, () Sp Ry (4.14)

forall ¢ € [0, t,]. Thus, using the fundamental theorem of calculus and (4.13), we obtain
Egolin < Vi, (0)] + Vi, ()| S Rn Sp Ntn) ™" Sg 1,72

Letting n — oo, we reach a contradiction since ,, — 00.

This finishes the proof of Theorem 1.6. ]

4.3. Weak localization of Kinetic energy

Now the only goal for the rest of this paper is to prove Proposition 4.10. To achieve that,
we need quantities controlling the solution uniformly for all time, and just the charge
conservation is not enough in dimension 2. So we will prove the following uniform H '
boundedness property in this subsection, as preparation for proving Proposition 4.10.

Proposition 4.12 (Weak localization of kinetic energy). Form >0, any ¢ € H}, ||plz> =
o™ |2 (¢ is the m-equivariant soliton) and E[¢] > 0, then for all ¢ > 0,

lo>cVelirz Seerpm 1- (4.15)

Remark 4.13. Due to conservation of energy, this theorem indicates that V¢ (¢) cannot be
large in the region away from the origin. So it can also be regarded as a weaker localization
of kinetic energy, compared with the strong one in Theorem 4.11.

To begin with, we need some spectral analysis of the linearized equation around the
soliton.

4.3.1. Linearization of (cCSS) at the soliton. In this subsubsection we consider the lin-
earization of (eCSS) at the m-equivariant soliton ¢ = ¢?% Q. to see that the linearized
operator can be written as a self-dual form

Lo =LyLo. (4.16)
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Namely, if we consider the u-evolution formulation (1.12) for (eCSS), and denote u =
QO + &, then (1.12) is equivalent to

i0;e — L*QLQS = (h.o.t.).

And then we record its spectral properties, the analysis of which largely depends on this
self-dual structure. Most of these results appear in [35], so we omit their proof.
We begin with linearization of the Bogomol’nyi operator

1
D 1= d, — —(m + Aglu)).
()L 1
DY = =, = (14 m + Aglu)).
Equation (1.12) can be written as a Hamiltonian equation,

_S8E 8 (1 W 12
B,u——zE——lgu(2/|D+u| .

Corresponding to the quadrature structure of basic nonlinearity Ag[u], we define the mul-
tiplication operator and its adjoint:®

1
Brg = —/ Re(fg)r' dr,
rJo

Big f/ (Reg)dr’.

With that, we can represent those nonlinearities appearing in (eCSS):
1
Aglulu = —Er(Buu)u,
m 1
Aolulu = =B = ul? = Sul B,
Then assuming the decomposition at arbitrary profile  is
u=w-+e¢,
we can further decompose the operator as
1
D—(:l) = D—(Fw) + (Boe) + E(Beg)»

1
DY* = D' 4 (B,e) + 5 (Bee).

8We remark that the operator, as well as Ag, is only R-linear, rather than C-linear. So all the adjoints
afterwards are viewed as being in the R-Hilbert space L2(R?; C) equipped with the inner product (,v), =
J Re(uv).
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And hence
Du =D u + Lye + Ny[el, (4.17)
where the linear part L, and nonlinear part N, [¢] are given by
Ly := D\ + wB,,

1 1
Nyle] := eBye + Ea)Bss + EEBEE’

and the real adjoint of L, is

Lyf =D f + Bi@S).
In particular, when @ = @, using the self-dual relation DSFQ) 0 =0, we have the following
lemma:

Lemma 4.14 (Equation (eCSS) in self-dual form ([35])). Using the previous notation, the
self-dual (eCSS) under the equivariant assumption is equivalent to

idou = LEDPu. (4.18)
Moreover, suppose u = Q + &, it is equivalent to the linearized equation
id,6—Loe = LyNolel + [(Boe) + Byla] + B[Q]][Los + Nolsl]
+ [%(Bgs) + B;‘[é-]][LQe + Nolel]. 4.19)
where the linearized operator is
Lo =LyLo. (4.20)

Differentiating symmetries of (eCSS) at the static soliton Q, we obtain explicit alge-
braic identities satisfied by &£ ¢. From phase and scaling symmetries we have

£0[iQ] =0, ZLo[AQ] =0,
where A is the generator for L2-scaling,

d
Af = ﬁ /\=llf(k.) = [1 + rar]f- (4.21)

One can indeed see that i Q and AQ span the kernel of L. And the coercivity of £
follows from the factorization £9 = L5 L.

Lemma 4.15 (Kernel of L g ([35])). If f(r)e'™ is a smooth m-equivariant function such
that Lo f =0, then f € spang{iQ, AQ}.
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Lemma 4.16 (Coercivity of £o ([35])). Letm > 1; we have®
ILoullzz S llullg  Yue™® € H, (4.22)
ILoul2 2 llullgy Vue™ € H,, u,iQ), = (u, AQ), = 0. (4.23)
And in the case m = 0, (4.22) and (4.23) are still true if we replace H,il by
%, = N0rulZz + 11+ 1)~ ullZ.. (4.24)

Remark 4.17. When m > 1 we have iQ, AQ € (H,},)*, so the inner products in (4.23)
are defined naturally, while form = 0,iQ,AQ ¢ (J?O)* makes these inner products risky.
Despite this, we use this lemma later only for v € H' (see Lemma 4.19). Then it is not a
problem since Q € L? for all m > 0.

With all the information on £ g, we are able to compute the leading term in E[Q + -].

Lemma 4.18. Form > 1, ee’™? € H) and Qe'™ the static soliton, we have
4
2E[(Q + &)™) — | Loel?2| Sm ”8”2,;(2 ”8"’21,;) (4.25)
k=1

And for m = 0, (4.25) still holds if we replace H(} by Ho defined in (4.24).

Proof of Lemma 4.18. Recall the decomposition (4.17) and note that DSFQ)Q = 0; we
have

2E[(Q + &)™) — | Loels = / DL (0 + )P — |LoeP
— (Q) 2 _ 2
—/ID+ 0 + Loe+ Nolel]|” — |Lo¢|
=/|LQ8+NQ[8]|2—|LQ8|2
— [ 2RelLoe- NoFD + INol.

Thus, (4.25) follows from the L? estimates for L g and Ng [¢] (for m = 0 again substitute
Hy by Ho),

ILoellL < llell gy, - (4.26)

INolelllze < llell g llell gy, + lleliZy)- (4.27)

Inequality (4.26) comes from Lemma 4.16. Next we prove (4.27). Recall that

1 1
Nole] = eBoe + EQBee + Engs,

Recall the notation H“”H,}, = ||ueim? | 1 from Section 2.1.
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where L
Brg = —/ Re(fg)r' dr'.
rJo
We distinguish two cases.

Case 1: m > 1. Now that %8 is bounded in L2, we have the estimate

1
| 1B fallee 5 | - fo

L Bllezl Ayl for{e. By} ={1.2,3},

by putting % on fi or inside the integral of By, f3 as % and then applying the Cauchy—
Schwarz inequality. Using this estimate and taking % onto ¢, (4.27) follows.

Case 2: m = 0. In this case we need to be more careful. Recalling that Q = /8L

T We
see
|B<n<1ft—L—H%n "dr' < min{rz, r || 2e|
e(r - r2gl|zeo v dr’ < min{r2,r r2g|poo.
e L T2 T g L
By the Strauss estimate in R?,
1 1 1
< 2 2 -3

[f(r)] < ”f”Hl({\x\zr})”f”LZ({lezr))r z, (4.28)

we have
1 _1
leBoell 2 < |Ir2e|Le|lr™2 Boellr>
1 ) _3
S Ir2elfe | min{1, r =2} 12 < llell g llellze.
For B.e,
1 [ 1 1
B < [ drrtel < Irdele.
0
then
1
|OBsellr2 + leBeellLz < (1012 + llellz2) 172 ell7 o
< llell g lellzz + lell?2).

Thus (4.27) holds for m > 0. ]

4.3.2. Modulation analysis.

Lemma 4.19 (Rigidity of the ground state, quantitative version). Let m > 0 and ¢ =
Qe'™? be the corresponding soliton. There exist constants 1 > 0, C > 1, K > 0 such that
the following is true.

Let ¢ = ue'™® € H) be such that

Il = 16"z, 1Vl = V™Il

and
E[¢] <n. (4.29)
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Then there exist yo = yo(¢) € R, Ao = Ao(¢p) > O with

1

— <Ml <C 4.30
c Sho= (4.30)

such that
e =e"Aou(ro) — Q
satisfies the following:
(1) the orthogonality condition

(Re(e), AQ), = (Im(¢), Q) = 0; (4.31)
(2) the bound of Hnl1 norm (substituted by JZ’O in (4.24) for m = 0 case)
lell g < K VE@]. (4.32)

Remark 4.20. Compared with the rigidity in Corollary 3.5, here we have a stronger quan-
titative estimate of the residual. But it is only an H, 1 control, which essentially comes from
the H,}l coercivity of £ ¢ (Lemma 4.16).

Proof of Lemma 4.19.
Step 1: Modulation method. We show that (4.31) holds. Define the H! neighborhood of
™ as
Uy = {¢p € Hy(R?) 1 | — ¢y, < ).
Foranyy e R, A >0, ¢ = uelm? ¢ H,},, define
exy =eVu(l) — Q. (4.33)

We claim that there exists &g > 0 and a unique map (X, y): Uy, — R x R satisfying
(Re(en,y). AQ)r = (Im(gsy), Q)r = 0. (4.34)
Furthermore, there exists a constant K; > 0 such that for 0 < « < «g, ¢ € Uy, we have
leayllay + 14 =1+ |y| = Kie. (4.35)

Consider the functional

L1 (¢s A’ )’) = (Re(g)t,y)’ AQ)V? p2(¢9k» V) = (Im(gl,y)v Q)r’
and note that p;(Q, 1,0) = p2(Q, 1,0) = 0; we only need to show that

d(p1, p2)
A, y)

is nondegenerate and then apply the implicit function theorem for a Banach space. Note
that

(4.36)

(Q.1,0)

0ey
oA

dey
dy

=iu. (4.37)
(1,0)

)

(1,0)
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Thus 5
A
(4.36) = (” QlIZ. 0 ) )
0 121z-
is nondegenerate. So the claim holds, which implies that (4.31) holds if ¢ € Ug,.
Finally, using Corollary 3.5, for sufficiently small 1, (4.29) implies ¢ € U,,. We have

finished the proof of (4.31). Also (4.30) comes immediately after (4.35).

Step 2: Quantitative control of the H,}1 norm. By Step 1, we already know ¢ satisfies the
orthogonality condition of Lemma 4.16, so we can use || L gé&l|;2 to control the H,} norm
by (4.23). Recalling Lemma 4.18, this quantity is essentially / E(¢) with higher-order
errors. Combined with the scaling property AZE[¢] = E[(Q + g)el™9], form > 1, we
have

4
el < CmllLoel7 <2cmxﬁE(¢)+cmc;||s||§,,%(2||s||z,h). (4.38)
k=1

From (4.35), if we take 7 sufficiently small so that ||¢] 41 is small enough and satisfies

¢ 1
(Z ||e||§,,},)cmc,;1 <5
k=1

then the left-hand side of (4.38) can absorb the last term on the right, which completes the
proof for m > 1. As for the m = 0 case, just replace the H ! norm by Ho and the above
estimates still hold. ]

4.3.3. Proof of Proposition 4.12. We can apply the modulation analysis to get the fol-
lowing nonsharp decomposition Proposition 4.21, which provides a useful bound for the
distance to the soliton family.

Proposition 4.21 (Nonsharp decomposition of H,. function with threshold charge). For
m > 0, there exist C1, C5 > 0 such that for any ¢ = ue'™® e H) with ||p]lz2 = 712
(¢ is the m-equivariant soliton), there exist Oy = Oo(¢) € R, A = A(¢), ee'™? =
e(p)eim? e H), for which we have

u=2xr%001) +e,

where v
1 _IVelea <A<GC,-
Cy [V 2

Vel

Vo™ |2 ifIVol7. = C1E[¢].

and
A=1 if|Vel;. < CLE[¢].

The term ¢ satisfies the bound

lell 1 < VEIS]+ 1. (4.39)
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Proof of Proposition 421. Let¢ = ue’™® € H) and ||¢]|;> = ||¢"™| 1. Rescale by j1 =
1 g1 /1l g1 -  := pp(pa-). Then

e " ™I,
Iz = 1¢"™ 2. Nollgy =16 gy Elgl = ——=—"E[¢].
191%,
Take Cy := ||¢p™ ||i'11 /n with n as in Lemma 4.19. We distinguish two cases.

Case 1: ||g15||i.11 > C E[¢]. Note that the condition is exactly the smallness condition

(4.29) for rigidity of 43 We can apply Lemma 4.19 for ¢. Thus there exists 7o € R and
Ao € [%, C]and
g := e Nti(Lor) — Q.

I8l g1 < K+ E[@)- (4.40)
Then after rescaling, we see that

u=e%100) + 6,
where

i L el el
bo=—fo. A= Clow) " €| 5ot C

Cle™ 1 16"
Since A ~ u~!, by rescaling of (4.40) we immediately obtain (4.39).
Case 2: ||¢||2’}l < C,E[¢p]. We justsetfp =0, = 1 and ¢ = u — Q. Then (4.39) comes
from a rough bound

lelgy = 1Q1 gy + lullgy = 1Q1 gy + Iollgy Sm 1+ VE[S] u

Finally, we conclude the proof of Proposition 4.12:

], £ = AE(L).

Proof of Proposition 4.12. Apply Proposition 4.21. Then, when ||V¢>||z2 < C1E[¢], the
bound is obvious.
If [Vo|7, > C1E[¢],

1
o=cV$llz < lomcdrdliz + | p=crd)

S 9=c09rAQ A2 + l@>cdrelz + 1Pl L2

The third term is bound by the threshold charge ||¢||;2 = || Q|| .2, and the second by (4.39).
For the first term, recalling that O = C, has a good decay property away from
the origin,

N
1+r2(m+1)

& 1
IAQCNy ooy S [ X2 (210, 0GNP + 5 0G2)rdr

c

0 1 \2m+6 o0
< af L _ 32 —2m—5
Nm/c A(Ar) rdr = A /Ms dr

—2m-2 ,—2m—4
Sm A c Sm,E[d)],c 1.

The last inequality follows from A ~, ”‘PHH,}, = E[¢] > 01in this case. |
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4.4. Proof of Proposition 4.10

To establish this proposition, we first summarize the estimate we will use for the nonlin-
earity.

Lemma 4.22 (Estimate for nonlinearity). Let ¢p be as in Proposition 4.10 and F(¢$) be
the nonlinearity (1.14) of (eCSS); we have the following estimates:

9= 1 F@)ll L0 12[0.00)xR2) So 1, (4.41)
919, (F(@DlLee L2 0.00)xR2) S 1, (4.42)
lo>7 F(P)ll 201 (10,00)xR2) So T3, (4.43)
lo=70r (F@)) | 120 L1 0,000 xm2) So T2 (4.44)

Next we prove Proposition 4.10 with these estimates, and defer their proof till the end
of this subsection.

Proof of Proposition 4.10. We begin by projecting ¢ onto incoming and outgoing waves,
and then decompose them with Lemma 4.9 (since ¢ is almost periodic from Theorem 4.8)
and the standard Duhamel formula respectively:

p>1Pyo(t) = §0>1P1-\;_¢(l) + -1 Pyo(t)

= g=1Pye o (4.45)

+i/ p=1 Py e AF(¢(t 4 1)) d (4.46)
0
t

—i/ @=1Pye ™A F(p(t — 1)) dx. (4.47)
0

The last two integrals should be understood in the weak Li sense, for which our estimate
is still valid thanks to Fatou’s property. Since ¢=1 Py is a bounded operator from L? to
L? by Proposition 4.6 (4), the first term is controlled by the Strichartz estimate

I(4.45)]l.2 < | Pngpollzz.

Here, we only give the details of the estimate of (4.46); (4.47) is done in a similar way and
thus is omitted. We start by decomposing: '’

oo
i<p>1/ Pie AR (¢(t + 1)) dt
0

N71
=ip>1 / P;e‘”%S%F(qs(t +1))drt (4.48)
0

19We remark that the partitioning point 2% in (4.50) and (4.51) may be modified to &F with C < 1,in
order that the stationary phase in Proposition 4.6 (2) will not be touched. Here we take C = 2 for simplicity.
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N71
+i¢>1/ Pye ™o 1 F(¢(t + 1) dt (4.49)
0
S .
+ ig0>1/ Pye ™ o_y F(p(t + 1)) dt (4.50)
. =
0 .
+igs1 / P;,re_”A(p>% F(p(t +1))dr. 4.51)
-1

The remaining part of this proof is devoted to estimating these four parts.

Estimate of (4.48). This is the tail term considering the decaying estimate of PI'\',' el
as in Proposition 4.6. To make use of the H! control away from the origin, we use the
equation (i d; + A)¢ = F(¢) to replace F(¢) by (id; + A)¢. Note that

1

N .
(4.48) = i(p>1P;/ e gy (0 + APt + 1)) d

0
i1 1
= —p1 Py %2 (py0(1 + 1)) (4.52)
+¢-1Py (2 10(0)) (4.53)
1
— P+ N _itA
p>1Py e ot + T)AQDS% dt (4.54)
0
N
—2z¢>1P;f eVt + 1) - Vo dr, (4.55)
0 <
where the second equality used the commutator [9;, e 7**4] = —i A and integration by

parts on 7. These four terms are going to be estimated in the same manner, so we only
estimate (4.55) as an example. By Proposition 4.6, the kernel obeys the estimate

|[<P>1P1¢€7irAK5%](x,J’)| < N2(N|x| - NIy D™ K14y <1
SN2 — )2 e [0. 7=].

|[<P>1P;/r€_im’<§%](x7)’)| S NNt + Nlx| = N|y[) 7 Kxj>1K]y <
S N2 (N2 + Nlx| 4+ N|y|) x> 1K) <

SN =y re[goy)

1
2

1
2

for any n > 0, where x _

1 is a characteristic function. So Young’s inequality tells us

1
N .
[4.55)].2 = 2”/ <,0>1P1'\‘,'e_”AK5%V¢(t +1)- Vo1 dt
0

L3

A

1 .
NH/[<p>1P,¢e‘”AK5;](x,y)(V¢(t+r) Vo 1)) dy

LPL([0,]1xR?)

A

—10
N=TNVO(E + ) - Voo illLer2 o, b1xr?)

S N7l 10r9llLe012 q0,000xR2) So 1-
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The other terms have similar estimates, so overall,
l4.48)]2 S N2
Estimate of (4.49). We use nonlinearity estimates (4.41) and (4.42) here:
(4492 < ||PN€0>1 FO ezt 1xr2)
) —||PN§0>L F(P) L2012 (10,00)xR2)

Sy ||PN|V|(§0>1F(¢))”L°°L2( 0,00)xR2)

< m[”‘/& F(@)ll 112 (10,00)xR2) T “/’>1 - L2012 ([0,00)RY)

+ le-10-F(¢) ||L$°L§([o,oo)xR2)]
- 1
R
Estimate of (4.50). This is still a tail term, so we estimate it similarly to (4.48). Since

T
iq0>1/ P;e_im PN F(p(t+1))dr

[(4.50)]|2 < limsup

T —+o00

X

= lim sup ||(4. 50)T||Lz
T—+o0

we aim to derive a uniform estimate of (4.50). Using the equation, we have

T
(4.50)p = ip>1 Py /1 e (g 9 e (10 + A)g(t + 1)) dt

N
= —p=1Pye T o nr ¢t + 1))
_id 1
+(P>1P]—\i/_e lNA(‘p5%¢<t + N))

T
—igs1 Py /1 et + t)A(pﬁ% dt

N
T
—2ig1 Py e_”AV¢(t+t)-V<p<%dr
1 <
N
pi [ i ( Ty d d 4.56
ety [ (Fatea (R )oe Fo)ar @0

Again we have a decay estimate of the kernel for 7 > %:

llp=1Py e ™ e _nel(x. )] £ NN+ Nix| = NIyl) ™" Kjxj1K)y < e
S N2(N?T + Nix| + NIy ™"Kxi> 1)y < e
SNV x — y)
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Then we can estimate (4.56) as an example of those terms from (4.50)7:

[1(4.56)] .2

T
+,—itA |1 Iyl

o [ ver | (Boay (Bhje+ )

L3

L2([0,00)xR2)

T
SNTY /1 (N T Bl Lo 120,00 xR2) 9T
N
<N°.
To conclude, we have

[(4.50)]|;2 < limsup [|(4.50)7|l;2 < N°.
* T—+o00 *

Estimate of (4.51). We first further decompose (4.51) by using ¢_ Ne = @ Ne@ Ne and
then introducing a frequency projection:

]

(4.51)=i<p>1/ Pye ™o n P_ng_ n F($( + 1)) dT (4.57)
1

o
+ i(p>1/ Pye ™o n P_ng. n F($(t + 1)) dT. (4.58)
N-1 =

Expression (4.57) can be estimated by a weighted Strichartz estimate (Lemma 4.5), and
estimates of nonlinearity (4.43) and (4.44):

14.57) 122 <

o0
[Py PG+ o) de

N

X

1
A
S 17200 ne Py oo we F((2 + f))HLrgL;([%m)sz)

1
- 1
S N2 Py oo we F(9( + )l HLrg([%m))

3 1
SN 2|t 2|P_n|V|g_n F(p(t + T 4
[P g 1Vl e FOC+ DDl 5

3 1 1
SN oy VO P @+ Dy + [0nne s F@G+ )|

Ly

102 520, (F(@( + )|t

4
L3 ([3,00))

SNTEH IV
L2 ([47,00))

_7
< N7E,
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And (4.58) easily follows from mismatch estimate Lemma 4.3 and (4.41):

[(4.58)]2 < ||ﬁN§0>%P§%(P>% Fo + Dlriraqh .coxr2
SN ”(NT)_IOHL%([ﬁ,oo)) ||§0>% F(@) L2012 ((0,00)xR?)
< N-11
Thus we have proved

145Dl < N7,

Collecting estimates for (4.48)—(4.51), we have shown ||(4.46)|| 2 SN —1-3 A similar
estimate holds for (4.47), and thus we have completed the proof of Proposition 4.10. m

Finally, let us complete the proof of the nonlinear estimates, based on charge conser-
vation and the weak localization of kinetic energy in Proposition 4.12.

Proof of Lemma 4.22. Note that F(¢) = F(u)e!™ . For simplicity, we replace F(¢) by
F(u) as the target estimates will remain the same. Define

A * m
AWy = —y —9|u|2s ds, APu:=—u —|ul?s ds
0 r S2 0 r S2

so that A9 = Af,l) + A(z), and then define

2m A3
Ni(u) = —|u|2u, No(u) = r—ZAGIL N3(u) = r—zeu,

Na(u) := A(l) Ns(u) := Agz)u.

Thus F(u) = Zle N;(u). We will deal with each N;(u) separately.
Under the assumption of Proposition 4.10, we know ¢ (¢) satisfies Proposition 4.12
and hence
6= L VPllLeor2q0.00xR2) S 1- (4.59)

And hence by the Strauss estimate (4.28), for r > L

16°

M\»—

||u(t r)||Lo<>([0 OO)) = ||a u(t)”LooLZ [0 oo)x{|x|> })”ullLooLZ([o oo)x{|x|> })

(Sl

N (4.60)

In particular,
o 12l Lg0 L50 ([0,00)xR2) S 1. 4.61)
In the following estimate, our tools will be (4.60) (4.61) and conservation of charge
[|u ||L,°°L§([0,oo)xR2) Su L. (4.62)

We begin with estimates of Ag, Ag:

146llLge e S Nullfoo 2 Su 1. (4.63)
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2
o 1 AP L < lpsyullfe s S, (4.64)
los 3 A2 Iere S IAollmrellon AT e Sul. (469

Now (4.41) and (4.42) easily follow from these bounds. We show estimates of N; and
N, as examples. The following estimates are valid uniformly in time:

2
lp- 1 N1z = llg-rullpzlles rullze Su 1,

o1 (N1 Q)12 5 g1 Bl 2 lgm e S 1.

1
ooy Na00)lzz = oo yu= | L Molee S llgw yulzz iz a1,

L%

H Ag0ru
1
PR (e

< llgoy N1l + Aol los s dyull 2 S 1.

Ju|?u

Agu
it e 5

ooy r (V222 < 0oy

L%

Next, for (4.43) and (4.44), we need to be more careful so as to gain enough spatial decay.
So here we use (4.60) instead of (4.61). Firstly, for Ny (u),

IA

1 —1 —1
losr N @)y < lleszullzzlesrr2ulielosrr e Su T72,

1 _1
lo=rd, (N1 @)llgs < lomr el 2 len rull 2 llen rréullis oo rr 2 e
SuT72.
For other nonlocal nonlinearities, we make use of their r~2 spatial decay (see (4.64),
(4.65) for decay of Ap). We merely show estimates for N, (u) and the others come in a

similar way:

2 -2 -1
lp=r N2y S [ A6lzgellosrullzllosrr™lz Su T,

Ni(u) Agdru = Na(u)
R e R e )

< T 24T 4T72<T) .

~U

Ly

This completes the proof of Proposition 4.10, and thus Theorem 1.6 with the argu-
ments in Section 4.2.

A. Elliptic theory for CSS

A.1. Self-dual case

Proof of Proposition 2.1. The positivity of energy follows easily from

1
Elgo] = 5 / |D ol = 0. (A.1)
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For the rigidity of the null energy solution, note that E[¢g] = 0 implies D¢ = 0, i.e.

m+ 1;19[¢o]¢

8r¢0 — 0o=0 Vr>0. (A2)

Since Ag[u] is real, this implies its radial part u satisfies

O fuf? —

2m + 24
2m 2450 o (A3)
.

We claim that u is not being a nonzero function implies |u| > O for all r > 0. Otherwise,
there exists rg € (0, 00) such that u(rg) = 0, and then Gronwall’s inequality shows

lul>(r) < exp(/r M dr’)|u|2(r0) =0 Vr>0,

l
0 r

and hence |u| = 0, which is a contradiction.

Then, by representing the value of u in polar coordinates, we see that the phase part is
always constant, i.e. u(r) = p(r)e'?° for p some real-valued function, and without loss of
generality, we can assume p > 0.

Next, by a change of coordinates, v := r‘z’”pz, w := logv. From (A.3), we see w
satisfies the following second-order ODE on [0, +00) with one boundary condition:

1

w// + _w/ + r2mew — O,
r

w’(0) = 0.

Each initial value w(0) € R uniquely determines a solution, the corresponding p of which
is the scaling of the soliton Q. Combined with local well-posedness theory, we complete
the proof. ]

A.2. Non-self-dual case

Recall that when g > 1, the energy here is

1 1 —1
Elgo] = 51 Dx¢poll7> — §||¢0||24 = SID+¢oll7 — g—||¢>o||}f4. (A4)
2 4 2 4

The threshold charge is defined as the minimization of the L2 norm of an m-equivariant
function with nonpositive energy.

Lemma A.1 ([44, Lemmas 7.2, 7.5]). Define
cmg = inf{||¢ll.2 : ¢ € H)\{O}. E[¢] < 0}. (A.5)

Then cp,g > 0, and

cmg = inf{[|pllL2 : ¢ € H,\{O}, E[$] = 0}. (A.6)

The minimizer of (A.6) is a standing wave solution to (eCSS).
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Lemma A.2 ([44, Lemma 7.7]). Let ¢ € HL\{0} with E[¢p] = 0, ||¢|L> = Cm,g- Then
there exists a € R such that Y (t, x) := e'*'¢(x) is a solution of (eCSS).

Remark A.3. This result comes from the minimization problem of charge with restraint
E[p] = 0. If E'[¢p] = 0, we get the case « = 0, and otherwise the minimizer satisfies
the Euler-Lagrange equation with @ # 0. We can further exclude the case « < 0 by [5,
Proposition 4.2] and [6, Proposition 3.3].

Next we exclude the charge minimizer with negative energy.

Lemma Ad. If¢ € H). with E[¢p] <0, then ||$|l2 > Cm.q-

Proof. From (A.5) we know ||¢||L2 > cm,¢. So, by contradiction, suppose there exists
¢ € H} such that E[¢p] < 0 and ||¢||z2 = ¢m.¢- Note that for f € R,

2

_ PP ziz_zlrz 22_254
pipol = 5 [ [0+ 55 (2 =25 [ tosas) 1o - 2811 ax

continuously depends on 8, so we can choose B < 1 very close to 1, such that E[S¢] < 0.
Then

1Boll2 = Bemg < Cm.g,

which contradicts (A.5). ]

Combining these two lemmas, we get the variational characterization of the null-
energy critical-charge solution in the non-self-dual case.

Proof of Proposition 2.2. The positivity of energy comes directly from Lemma A.4. For
the rigidity, only note that if E[¢g] = 0 and ¢¢ is nonzero, by Lemma A.1 we also have
ldollz = cm,g, while the condition says ||¢ol|z2 < cm,q- So the equivalence holds, and
Lemma A.2 ensures that ¢¢ will generate a stationary wave or static solution.

Finally, we prove the exponential decay of any stationary wave satisfying (1.15) with
o > 0. Take

m?  2m 1
cu(x) ==a+ ey + r—er[u] + Aofu] + r—er[u]Z — glul?.
From the Strauss estimate |u(r)| < r~! and Ao[u](r) — 0 as r — oo, we have Lu =
(A —cy(x))u = 0and ¢, (x) € (5, 37"‘) on By with R large enough. So we can construct
v := ¢~ ¥ with ¢ small enough such that £v < (A — $)v < 0. Now we take C large
enough such that u — v < 0 on dBg, and the comparison theorem implies thatu < Cv =

Cealxl, [

B. Covariant H! norm and equivariant Sobolev space

We denote B, := {x € R? : |x| < r} and B¢ = R?\B, throughout this section.
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Proof of Lemma 3.1. Note that Ag[f](r) = —ﬁ||f||i2(3 ) is decreasing. If ||f||i2 <

27 m, then Ag[ f] > —7% and obviously we have (3.2). Otherwise, take

R:=sup{44(f1(r) = —F | € (0.00).

r>0

Then we have
”f”iZ(BR) =2mm.

And
1 m2)1 2
Lo 0 2 5 1
|on+ ol s | oo ® 517 L
2 3
2 m am
|on+ 40|, = 2ol o = 3
e I
_ <
7/ oy, = 7212
Inequalities (B.2) and (B.3) imply that
12 2I|f||i2
- Ag
H J L2(B) Tm3 ( + [f])f L2(Bg)

Estimate (3.2) for || f ||1242 > 27m is established by combining (B.1) and (B.4).

For (3.3), we use the Strauss estimate (4.28) to estimate Ag: for f € Hnﬂ,

A0 < 5 [ 174 ds S 10, F el S or
0

b Aglf] Aglf]
0 0
el S e N T PR A FA g
Combining (3.2) and (3.3), we get (3.4). For m > 0,
m
Iy = IS+ | T s
m+ Aglf] |2
Sl £z 19 172 + Hff L = 1D flLe

m+ Aglf] |2
A A e i P

‘ m

- < 2
5,

1
<10 f 12+ (14 I/ 12:)

For m = 0, the “less than” direction is immediate, while the other comes from (3.3).

Proof of Lemma 3.2. Firstly, since
Xz
|

X
3 = —d
le |

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)
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and % Il xl , | xl are L™ functions, we immediately have (3.5) from the weak convergence of

d1 fn and 05 f;,.

Next we show (3.7) for m > 1.

Let || fullgts | fllgr < M. Note that f, — f in L2, and that % is bounded away from
the origin. We have, for all R > 0,

1 1
—fo = =f inL*(Bg). (B.6)
r r
Now we can show that for any g € L2,
(Cg) L = (18) (B.7)
— fu, — (- as n — oo. .
r" g L? r g L2

Notice that % > } f are uniformly bounded in L2 by M (for m > 1). We then have, for
all R > 0, from (B.6),

1 1
=|Ch=18) |+ |GG = 1)g)

<on(1) +2M||gllL2(BR)-

(F—10e),

L2(BS) L2(BR))

From the arbitrariness of R > 0, (B.7) is confirmed. That is the weak convergence in (3.7).
Finally, we prove (3.6) for m > 0. Equation (3.8) directly follows from (3.5)—(3.7).
Noting that %, AQT[f] are uniformly L°° bounded away from the origin, using the

same strategy as above, we only need to prove the following two things:

(1) Aelfnl [f ] fns A9 f are uniformly bounded in L2.

2 For all R > O,
Ag[/n]

r

fo — AGEf"]f in BS.

Item (1) follows (3.3) in Lemma 3.1, noticing that f,,,  are uniformly bounded in H'.

For (2), we again take a g € L? and try to derive the convergence of the inner product.
From the m-equivariance assumption, without loss of generosity, we may take g € erad
Moreover, we can take g € C.7; as a test function by the density argument:

(FAslful ) [z [ ihresdsrar

/ Ifnlz(s)s( / fn(r)g(r)dr) s
0 max{R,s}

- /0 ()5 G2 (5) ds.

128y

Then from the weak convergence (B.6) for general m > 0, we have a pointwise conver-
gence

1 1
G :(— ) (—) =G Vs > 0.
nR() = ("fn.8 LB ) pALS R(s) Vs =

max{R,S))
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So G,,r and Gg(s) are uniformly bounded in L*°. And compact support of g implies
that G, g, Gr are also compactly supported. So they are uniformly bounded in L? for
any p € [1, co]. By dominated convergence,

Gnr — Ggr inL?.
Also, from the compact embedding H ! (R?) < L*(R?), we have
fo— f inL*

Now

L2(B%)

(G A1 ) e = (F4011)

< (Gn.r: | fal®)r2 = (Gr. | f )12
<1(Gn,r = G| ful)2| + 1(GR fus fo = P2l + (GRS, fu — )12
< 1Gn,r = Grllz2 I fullZs + NGRIL2 (I fullzs + 1S N fu = fllLe

— 0 asn — oo.
That finishes the proof of (2) and concludes the proof of Lemma 3.2. ]

Proof of Lemma 3.3. Consider D v, — D,v — 0in L2. Note that

(AG[Un]v _ AH[U]U) 2
r

m
| Dyv, —-v) — 7(Un —v) — n p 12
A A —A 2
| _yy— Aol —HMn
r L2
=1, — II,.

Using integration by parts,

I, = [)m[|ar(vn - v)|2 + )w(vn - v)‘z

— 2Re(m(vn - v)w)]r dr

m + Aglv 2 1 [
= 10:n =0+ |2y ), = 5 [ ol ar
1
_11+I2—§Q

From convergence in L2 and L*, and the uniform bound in H! for v, and v, we know

Uy 112
M, < [[Aglon] = AglvllZ 22|

vy (|2

< v — U”iz“”n + U”iz — — 0,

3 2 2
L S llvn = vlizallvliza — 0.
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Thus
II +12 >0, (B.8)

which implies that
9,vy, — 9,v in L2 (B.9)

And for m > 1, taking r¢ > 0 to be

ro = sup{Ag[v](r) > —%} > 0,

r>0

we have

1 r .,

—vy, = —v in L*({|x]| < ro}).
r r

Combined with v, — v in L?, we know for m > 1,

1 .,
—v, > —v inlL~“. (B.10)
r r

Convergences (B.9) and (B.10) imply the H! convergence of v, to v. ]
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