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Global weak solutions of the Serre–Green–Naghdi
equations with surface tension

Billel Guelmame

Abstract. In this paper we consider the Serre–Green–Naghdi equations with surface tension.
Smooth solutions of this system conserve an H1-equivalent energy. We prove the existence of
global weak dissipative solutions for any relatively small-energy initial data. We also prove that
the Riemann invariants of the solutions satisfy a one-sided Oleinik inequality.

1. Introduction

The Euler equations are usually used to describe water waves in oceans and channels.
Due to the difficulties in resolving the Euler equations both numerically and analytically,
several simpler approximations have been proposed in the literature for different regimes.
In the shallow-water regime, the main assumption is on the ratio of the mean water depth
Nh to the wavelength �: the shallowness parameter � D Nh2=�2 is considered to be small.
Besides the shallowness condition, a restriction on the amplitude of the wave a can be
considered, assuming that the nonlinearity (or the amplitude) parameter � D a= Nh is small.
Consider the shallow-water regime with the small-amplitude condition [31, 39] (� � 1,
� � 1). Many equations have been derived to model the propagation of the waves, such
as the Camassa–Holm equation [10], the Korteweg–de Vries (KdV) equation [38] and
some variants of the Boussinesq equations [8,9,58]. Considering shallow water with pos-
sibly large-amplitude waves (� � 1, � � 1), by neglecting the terms of order O.�/ in
the water-wave equations, Saint-Venant obtained the nonlinear shallow water (or Saint-
Venant) equations [57]. Smooth solutions of the Saint-Venant equations have a precision
of order O.t�/, where t denotes the time [39]. In order to obtain a better precision, one
can keep the O.�/ terms in the equations and only neglect the O.�2/ terms. This leads
to the Serre–Green–Naghdi equations. Those equations were first derived by Serre [53],
rediscovered independently by Su and Gardner [56] and again by Green, Laws and Naghdi
[23, 24]. The Serre–Green–Naghdi equations are the most general and most precise, but
also the most complicated of the models of shallow-water equations presented above. One
can always keep higher-order terms in the equation (keeping terms of order O.�2/ for
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example); this will lead to equations with better precision, but with higher-order derivat-
ives. These equations are not accurate due to the high-order derivative terms, which make
their numerical resolution much slower.

The influence of the surface tension is generally neglected on water-wave problems.
However, in certain cases, the effect of the surface tension is appreciable. Indeed, Longuet-
Higgins [45] showed that the surface tension is significant in certain localised regions, and
cannot be neglected near the sharp crest of the breaking wave. Other experimental studies
showed the importance of the surface tension on thin layers [21, 48, 49]. Those exper-
imentations have been done for different fluids, including water and mercury. Various
mathematical studies of water-wave equations with surface tension exist in the literature;
we refer to [1, 3, 4, 7, 12, 13, 29, 46, 52, 54, 60].
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Figure 1. Fluid domain.

Consider a two-dimensional coordinate systemOxy (Figure 1) and an incompressible
fluid layer. Considering the still fluid level at y D 0, the fluid layer is bounded between the
flat bottom at y D � Nh and a free surface y D h.t; x/� Nh, where h is the total water depth.
Assume long waves in shallow water with possibly large amplitude. The Serre–Green–
Naghdi system (without neglecting the surface tension influence) reads

ht C Œhu�x D 0; (1.1a)

Œhu�t C Œhu
2
C
1

2
gh2 C R�x D 0; (1.1b)

R
def
D
1

3
h3.�utx � uuxx C u

2
x/ � 

�
hhxx �

1

2
h2x

�
; (1.1c)

where u denotes the depth-averaged horizontal velocity, g is the gravitational acceleration
and  > 0 is a constant (the ratio of the surface tension coefficient to the density). The
classical Serre–Green–Naghdi equations (without surface tension) are recovered taking
 D 0. The Serre–Green–Naghdi (SGN ) equations (1.1) have been derived in [17] as a
generalisation of the classical SGN equations ( D 0). As mentioned above, the Serre–
Green–Naghdi equations are obtained in the shallow-water regime by neglecting all the
O.�2/ terms. An extension of the Serre–Green–Naghdi system with surface tension (1.1)
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have been derived in [37] by neglecting only the O.�3/ terms; local well-posedness and
justification of the extended system have been studied in [35–37].

Due to the appearance of time derivatives in (1.1c), it is convenient to apply the inverse
of the Sturm–Liouville operator

Lh
def
D h �

1

3
@xh

3@x I (1.2)

system (1.1) then becomes

ht C Œhu�x D 0; (1.3a)

ut C uux C ghx D �L�1h @x

°2
3
h3u2x �

h
h �

1

3
gh3

i
hxx C

1

2
h2x

±
: (1.3b)

When h > 0, the operator L�1
h

is well defined and smooths two derivatives (see Lemma
5.2 below). This is not enough to control the term containing hxx on the right-hand side
of (1.3b). To overcome this problem, we use the definition of Lh to rewrite system (1.3)
in the equivalent form

ht C Œhu�x D 0;

ut C uux C 3h
�2hx D �L�1h @x

°2
3
h3u2x �

3

2
h2x C

1

2
gh2 � 3 ln.h/

±
:

(1.4)

Smooth solutions of the SGN equations (1.4) satisfy the energy equation (see Appen-
dix B)

Et CDx D 0; (1.5)

where

E
def
D
1

2
hu2 C

1

2
g.h � Nh/2 C

1

6
h3u2x C

1

2
h2x ; (1.6)

D
def
D uEC u

�
RC

1

2
gh2 �

1

2
g Nh2

�
C hhxux :

Linearising the SGN equations (1.4) around the constant state .h;u/D . Nh;0/ and looking
for travelling waves having the form exp¹.kx � !t/iº, we obtain the dispersion rela-
tion !2 D g Nhk2.1C k2=g/=.1C Nh2k2=3/. Defining the Bond number B D g Nh2= , the
SGN equations are linearly dispersive if and only if B ¤ 3. In the dispersionless case
(B D 3), the SGN equations admit weakly singular peakon travelling wave solutions
[19, 47]. More travelling wave solutions are obtained in [41]. The Serre–Green–Naghdi
equations, with or without surface tension, have been widely studied in the literature. We
refer to [2, 28, 30, 34, 39, 42] for the case inf h0 > 0 and to [40] for the shoreline problem
(sign.h/ D 1x>x0 ). In [2, 30, 42], a proof of the local well-posedness of the SGN equa-
tions without surface tension ( D 0) is given. Kazerani has proved in [34] the existence of
global smooth solutions of the SGN equations with viscosity for small initial data. A full
justification of model (1.4) is given in [28,39]. By “full justification” we mean local well-
posedness of the system and that the solution is close to the solution of the water-wave
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equations with the same initial data. In a recent work [25], we have obtained a precise
blow-up criterion of (1.4) (Theorem 2.3 below) and we proved that such a scenario occurs
for a class of small-energy initial data (Theorem 2.6 below). Then, in general, smooth
solutions cannot exist globally in time.

This paper investigates the existence of global weak solutions of (1.4) with  > 0.
To the best of the author’s knowledge, the existence of global weak solutions for all the
different variants of the inviscid Serre–Green–Naghdi equations has not been established
before. Here, the existence of global weak solutions is established by approximating sys-
tem (1.4) with another system that admits global smooth solutions. We recover weak
solutions of (1.4) by taking the limit. The proof involves several steps.

We consider initial data satisfying
R
E0 dx <

p
g Nh2, which is propagated due to the

energy conservation (1.5). Using the fact that the energy is equivalent to k.h � Nh; u/k2
H1

and a Sobolev-like inequality (essentially H 1 ,! L1; see Proposition 2.4 below) we
obtain a uniform lower bound of h. This is important for ensuring the invertibility of
the operator Lh defined in (1.2). Smooth solutions of (1.4) blow up in finite time due
to the presence of quadratic terms in the associated Riccati-type equations. In order to
approximate the SGN system, we use a cut-off to obtain a linear growth that leads to
global smooth solutions (due to Grönwall’s inequality). However, cutting off directly as
in [63, 64] violates the energy conservation (1.5). The choice of the approximated system
is crucial and must conserve the properties of the SGN system. In Section 4 below, we
carefully chose a suitable approximated system that is globally well posed and satisfies the
energy equation (5.8). In order to pass to the limit, some uniform estimates are needed. In
previous studies of smooth solutions of the SGN equations, some estimates of the operator
L�1
h

have been obtained; those estimates usually depend on the L1 norm of hx , which
may blow up for weak solutions. In Lemma 5.2 below, we present some new estimates of
L�1
h

depending only on the L1 norms of h and 1=h. As in [59, 63, 64], an Lploc estimate
of .hx ; ux/ with p < 3 is also needed. In our case and due to the complexity of the SGN
equations, we have to use a change of coordinates to obtain this estimate (see Lemma 5.6
below). We then use some classical compactness arguments with Young measures [32]
and a generalised compensated compactness result [22] to pass to the limit. We follow in
this step the techniques developed in [59] for the Camassa–Holm equation and in [63,64]
for the variational wave equation. The structure of the SGN system being more complex,
we have to handle the weak limit of some nonlinear terms that do not exist in [63, 64]
(see Lemma 6.4 for example). Finally, the global weak solutions of (1.4) are obtained by
taking the limit in the approximated system, and are shown to dissipate the energy and
satisfy the one-sided Oleinik inequality (3.4).

The existence of global solutions to the Boussinesq equations [9, 58]

ht C Œhu�x D 0; ut C uux C ghx D utxx (1.7)

have been studied in [5, 51]. Schonbek [51] regularised the conservation of the mass by
adding a diffusion term, i.e., ht C Œhu�x D "hxx , with " > 0. She proved the global well-
posedness of the regularised system, and she obtained global weak solutions of (1.7) by
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taking "! 0. In [5], Amick proved that if the initial data, .h0; u0/, is smooth, then the
solution, .h; u/, obtained by Schonbek [51] is also smooth and is the unique smooth solu-
tion of the Boussinesq equations (1.7).

The SGN equations (1.1) can be compared with the dispersionless regularised Saint-
Venant (rSV) system presented in [11]. The rSV system can be obtained replacing R in
(1.1c) by "RrSV, with

RrSV
def
D h3.u2x � uxt � uuxx/ � gh

2
�
hhxx C

1

2
h2x

�
and "> 0; the classical Saint-Venant system is recovered by taking "D 0. Weakly singular
shock profiles of the rSV equations are studied in [50]. In [44], Liu et al. proved the
local well-posedness of the rSV equations and identified a class of initial data such that
the corresponding solutions blow up in finite time. The rSV system has been generalised
recently to obtain a regularisation of any unidimensional barotropic Euler (rE) system
[26]. System (1.1) can also be compared with the modified Serre–Green–Naghdi (mSGN)
equations derived in [14] to improve the dispersion relation of the classical SGN system.
The mSGN system presented in [14] can be obtained replacing R in (1.1c) by

RmSGN
def
D
1

3

�
1C

3

2
ˇ
�
h3.�utx � uuxx C u

2
x/ �

1

2
ˇgh2

�
hhxx C

1

2
h2x

�
;

where ˇ is a positive parameter. The rSV, rE and mSGN systems conserve H 1-equivalent
energies and have similar properties to the SGN system (1.1). One may obtain the exist-
ence of global weak solutions of those equations following the proof given in this paper.

The study of the classical Serre–Green–Naghdi equations is more challenging. Indeed,
when  D 0, the energy (1.6) fails to control the H 1 norm of h � Nh; then a lower bound
of h cannot be obtained. This bound is crucial to obtaining the blow-up result [25] and the
global existence in this paper for  > 0. To the author’s knowledge, the questions of the
blow-up of smooth solutions and the existence of global solutions of the SGN equations
without surface tension are still open. However, Bae and Granero-Belinchón [6] proved
recently that for a class of periodic initial data satisfying inf h0 D 0, smooth solutions
cannot exist globally in time. For this class of initial data, it is not known whether smooth
solutions exist locally in time, but if they do, a singularity must appear in finite time.

This paper is organised as follows. In Section 2 we present the local well-posedness
of (1.4) and some blow-up results. Section 3 is devoted to defining weak solutions of (1.4)
and to presenting the main result, which is the existence of global dissipative weak solu-
tions. We discuss in Section 4 the properties needed for the approximated system and we
propose suitable choices. Section 5 is devoted to proving the existence of global smooth
solutions of the approximated system and to obtaining some uniform estimates. We obtain
strong precompactness results in Section 6. The existence of global weak solutions is
proved in Section 7. In Appendix A we recall some classical lemmas that are used in
this paper. Appendix B is devoted to obtaining the energy equations of the approximated
system and of (1.4).
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2. Review of previous results

We consider the Serre–Green–Naghdi equations with surface tension in the form

ht C Œhu�x D 0; (2.1a)

ut C uux C 3h
�2hx D �L�1h @x¹CC F.h/º; (2.1b)

u.0; x/ D u0.x/; h.0; x/ D h0.x/; (2.1c)

with

C
def
D
2

3
h3u2x �

3

2
h2x ;

F .h/
def
D
1

2
gh2 �

1

2
g Nh2 � 3 ln.h= Nh/:

The system (2.1) is locally well posed in the Sobolev space

H s.R/
def
D
®
f; kf k2H s.R/

def
D
R

R.1C j�j
2/sj Of .�/j2 d� <1

¯
;

where s > 2 is a real number.

Theorem 2.1. Let  > 0, Nh > 0 and s > 2. Then, for any .h0 � Nh;u0/ 2H s.R/ satisfying
infx2R h0.x/ > 0, there exist T > 0 and .h � Nh; u/ 2 C.Œ0; T �; H s.R// \ C 1.Œ0; T �;
H s�1.R// a unique solution of (2.1) such that

inf
.t;x/2Œ0;T ��R

h.t; x/ > 0:

Moreover, the solution satisfies the conservation of the energy

d
dt

Z
R

�1
2
hu2 C

1

2
g.h � Nh/2 C

1

6
h3u2x C

1

2
h2x

�
dx D 0: (2.2)

Remark 2.2. The solution given in Theorem 2.1 depends continuously on the initial data,
i.e., if .h10 � Nh; u

1
0/; .h

2
0 �
Nh; u20/ 2 H

s , such that h10; h
2
0 > hmin > 0, then for all t 6 T

there exists a constant C.k.h2 � Nh;u2/kL1.Œ0;t�;H s/;k.h
1 � Nh;u1/kL1.Œ0;t�;H s// > 0, such

that
k.h1 � h2; u1 � u2/kL1.Œ0;t�;H s�1/ 6 Ck.h10 � h

2
0; u

1
0 � u

2
0/kH s :

The proof of Theorem 2.1 is classic and omitted in this paper; see [26–28, 30, 39, 44]
for more details. It is clear from Theorem 2.1 that if the solution at time T remains in
H s and infx h.T; x/ > 0, then one can extend the interval of existence. This leads to the
blow-up criterion

Tmax <1 H) lim inf
t!Tmax

inf
x2R

h.t; x/ D 0 or lim sup
t!Tmax

k.h � Nh; u/kH s D1;

where Tmax is the maximum time existence of the solution. This criterion has been
improved in [25] to the following:
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Theorem 2.3 ([25]). Let Tmax be the maximum time existence of the solution given by
Theorem 2.1. Then

Tmax <1 H) lim inf
t!Tmax

inf
x2R

h.t; x/ D 0 or

8̂̂̂<̂
ˆ̂:

lim inf
t!Tmax

inf
x2R

ux.t; x/ D �1

and

lim sup
t!Tmax

khx.t; x/kL1 D1;

which is equivalent to the second criterion

Tmax <1 H) lim sup
t!Tmax

kux.t; x/kL1 D1 and

8̂̂̂<̂
ˆ̂:

lim inf
t!Tmax

inf
x2R

h.t; x/ D 0

or

lim sup
t!Tmax

khx.t; x/kL1 D1:

Note that the energy conserved in (2.2) is equivalent to the H 1 norm of .h � Nh; u/.
Due to the continuous embeddingH 1 ,! L1, we can obtain a uniform (in time) estimate
of k.h� Nh;u/kL1 , and, if the initial energy is not very large compared to Nh, we can obtain
a lower bound of h. For that purpose, we present the following proposition.

Proposition 2.4. For  > 0, Nh > 0, let E be a positive number such that

0 < E <
p
g Nh2: (2.3)

Define

hmin
def
D Nh � .g/�1=4

p
E; hmax

def
D NhC .g/�1=4

p
E;

umax
def
D �umin

def
D 31=4

p
E=hmin:

Then, for any .h � Nh; u/ 2 H 1 satisfying
R
E dx 6 E, we have

0 < hmin 6 h 6 hmax < 2 Nh; umin 6 u 6 umax;

Remark 2.5. Taking an initial data satisfying
R

R E0 dx 6 E, then, due to the energy
conservation (2.2) and Proposition 2.4, the depth h cannot vanish. The blow-up criteria
given in Theorem 2.3 become then

Tmax <1 H) inf
Œ0;Tmax/�R

ux.t; x/ D �1 and lim sup
t!Tmax

khx.t; x/kL1 D1:

Proof of Proposition 2.4. The Young inequality 1
2
a2 C 1

2
b2 > ˙ab implies that

E >
Z

R
E dy >

Z
R

�1
2
g.h � Nh/2 C

1

2
h2x

�
dx

>
p
g

�Z x

�1

.h � Nh/hx dy �
Z 1
x

.h � Nh/hx dy
�

>
p
g jh � Nhj2;
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which implies that hmin 6 h 6 hmax. Making the same estimates with u one obtains

E >
Z

R
E dy >

Z
R

�1
2
hu2 C

1

6
h3u2x

�
dy

>
1
p
3
h2min

�Z x

�1

uux dy �
Z 1
x

uux dy
�

>
1
p
3
h2minjuj

2;

where the last inequality ends the proof of umin 6 u 6 umax.

As in [25], we can build some initial data with small initial data such that the corres-
ponding solutions blow up in small time.

Theorem 2.6 ([25]). For any T > 0 and E satisfying (2.3), there exist

• .h0 � Nh; u0/ 2 C
1
c .R/ satisfying

R
R E0 dx 6 E such that the corresponding solution

of (2.1) blows up at finite time Tmax 6 T and

inf
Œ0;Tmax/�R

ux.t; x/ D �1; sup
Œ0;Tmax/�R

hx.t; x/ D1; inf
Œ0;Tmax/�R

hx.t; x/ > �1:

• . Qh0 � Nh; Qu0/ 2 C
1
c .R/ satisfying

R
R
zE0 dx 6 E such that the corresponding solution

of (2.1) blows up at finite time zTmax 6 T and

inf
Œ0; zTmax/�R

Qux.t; x/ D �1; inf
Œ0; zTmax/�R

Qhx.t; x/ D �1; sup
Œ0; zTmax/�R

Qhx.t; x/ <1:

3. Main results

Since smooth solutions fail to exist globally in time, even for arbitrary small-energy initial
data, we shall define weak solutions of the SGN system (2.1). For that purpose, we define
the domain D � H 1,

D
def
D
®
.h � Nh; u/ 2 H 1;

R
R E dx <

p
g Nh2

¯
:

Definition 3.1. We say that .h � Nh; u/ 2 L1.RC; H 1/ \ Lip.RC; L2/ is a weak solu-
tion of (2.1) if it satisfies the initial condition (2.1c) with (2.1a) in L2 and for all ' 2
C1c ..0;1/ �R/ we haveZ

RC�R

®®
ut C uux C 3.h/

�2hx
¯
Lh' � 'x

®
CC F.h/

¯¯
dx dt D 0: (3.1)

Moreover, .h.t; �/ � Nh; u.t; �// belongs to D for all t > 0 and .h � Nh; u/ 2 Cr .RC; H 1/.
More precisely, for all t0 > 0 we have

lim
t!t0
t>t0

�h.t; �/ � h.t0; �/; u.t; �/ � u.t0; �/�H1 D 0:
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Now we can state the main result of this paper.

Theorem 3.2. Let Nh;g;  > 0 and .h0 � Nh;u0/ 2D. Then there exists a global weak solu-
tion .h� Nh;u/ 2 L1.Œ0;1/;H 1.R//\C.Œ0;1/�R/ of (2.1) in the sense of Definition
3.1. Moreover,

• for any bounded set � D Œt1; t2� � Œa; b� � .0;1/ � R and ˛ 2 Œ0; 1/ there exists
C˛;� > 0 such thatZ

�

�
jht j

2C˛
C jhxj

2C˛
C jut j

2C˛
C juxj

2C˛
�

dx dt 6 C˛;�I (3.2)

• the solution dissipates the energyZ
R
E dx 6

Z
R
E0 dxI (3.3)

• there exists C > 0 such that the solution satisfies the Oleinik inequality

ux ˙
p
3h�3=2hx 6 C

�
1C

1

t

�
; a:e: .t; x/ 2 .0;1/ �R: (3.4)

Remark 3.3. The constants C˛;� and C depend on Nh,  , g and
R

R E0 dx, but not on the
initial data.

In order to obtain global solutions of (2.1), we use a suitable approximation of system
(2.1) that admits global smooth solutions. Using some compactness arguments and taking
the limit, we recover a global weak solution of (2.1). In the next section we present the
choice of the suitable approximated system.

4. An approximated system

The blow-up of the solutions given in Theorem 2.6 is due to the Riccati-type equations.
In order to prevent the singularities from appearing, we slightly modify the Riccati-type
equations.

4.1. Riccati-type equations

Define the Riemann invariants1 R and S :

R
def
D uC 2

p
3h�1=2; S

def
D u � 2

p
3h�1=2;

�
def
D u �

p
3h�1=2; �

def
D uC

p
3h�1=2:

1These quantities are constants along the characteristics if the right-hand side of (2.1) is zero.
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System (2.1) can be rewritten as

Rt C �Rx D �L�1h @x¹CC F.h/º;

St C �Sx D �L�1h @x¹CC F.h/º:
(4.1)

Defining

P
def
D hRx D hux �

p
3h�1=2hx ;

Q
def
D hSx D hux C

p
3h�1=2hx ;

we have
ux D

P CQ

2h
; hx D h

1=2Q � P

2
p
3

: (4.2)

From the definition of Lh in (1.2), we obtain

@xL�1h @x‰ D �3h
�3‰ C 3@xL�1h

�
h

Z x

�1

h�3‰

�
(4.3)

for any smooth function ‰ satisfying ‰.˙1/ D 0. Then

CC
1

3
h3@xL�1h @xC D h

3@xL�1h

�
h

Z x

�1

h�3C

�
:

From (1.1c) and (2.1b) we obtain

R D �
1

3
h3Œut C uux C 3h

�2hx �x C C

D CC
1

3
h3@xL�1h @x¹CC F.h/º (4.4)

D h3@xL�1h

�
h

Z x

�1

h�3C

�
C
1

3
h3@xL�1h @xF.h/: (4.5)

Let the characteristics Xx , Yx starting from x be defined as the solutions of the ordinary
differential equations

d
dt
Xx.t/ D �.t; Xx.t//; Xx.0/ D x;

d
dt
Yx.t/ D �.t; Yx.t//; Yx.0/ D x:

Differentiating (4.1) with respect to x and using (4.5), we obtain the Riccati-type equations

d�

dt
P

def
D Pt C �Px D �

1

8h
P 2 C

1

8h
Q2
� 3h�2R; (4.6a)

d�

dt
Q

def
D Qt C �Qx D �

1

8h
Q2
C

1

8h
P 2 � 3h�2R; (4.6b)

where d�
dt , d�

dt denote the derivatives along the characteristics with the speed �, � respect-
ively. We prove below that the term R is bounded. Also, we obtain a bound of the integral
of P 2 (respectivelyQ2) on the characteristicsXx (respectively Yx). Then the singularities
given in Theorem 2.6 appear due to the term P 2 in (4.6a) and/or the term Q2 in (4.6b).
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4.2. The choice of the approximated system

In order to obtain a system that admits global smooth solutions, we linearise the negative
quadratic terms on the right-hand side of (4.6) in the neighbourhood of �1. For that
purpose, let " > 0 and we define as in [63, 64],

�".�/
def
D

�
� C

1

"

�2
1.�1;� 1" �

.�/ D

8<:
�
� C

1

"

�2
; � 6 �1=";

0; � > �1=":

(4.7)

Note that (4.6) is like a derivative of (2.1); then adding terms to (4.6) will involve some
primitive terms in (2.1) which are not uniquely defined and cannot vanish at1 and �1.
That is why system (2.1) will not be approximated simply by adding �" to (4.6) as in
[63, 64].

Our goal is to obtain a system of the form

ht C Œhu�x D h
C;

ut C uux C 3h
�2hx D �L�1h @x¹CC F.h/º C u

C;

where hC, uC are terms to be chosen suitably. As in Section 4.1, we obtain

Pt C �Px D �
1

8h
P 2 C

1

8h
�".P /C

1

8h
Q2
� 3h�2RC P ;

Qt C �Qx D �
1

8h
Q2
C

1

8h
�".Q/C

1

8h
P 2 � 3h�2RCQ;

where

P
def
D h.uC/x C uxh

C
�
p
3h�1=2.hC/x C

1

2

p
3h�3=2hxh

C
�
1

8h
�".P /;

Q
def
D h.uC/x C uxh

C
C
p
3h�1=2.hC/x �

1

2

p
3h�3=2hxh

C
�
1

8h
�".Q/:

Due to definition (4.7), when � is near �1, the term �".�/ � �
2 behaves as a linear map.

This prevents singularities from appearing in finite time. From (1.6), we have

E D
1

2
hu2 C

1

2
g.h � Nh/2 C

1

12
hP 2 C

1

12
hQ2:

Then the energy equation (1.5) becomes

Et CDx D huu
C
C
1

2
u2hC C g.h � Nh/hC C

�1
6
h2u2x C



2h
h2x

�
hC

C
1

6
hPP C

1

6
hQQC

1

48
P�".P /C

1

48
Q�".Q/

6 huuC C
1

2
u2hC C g.h � Nh/hC C

�1
6
h2u2x C



2h
h2x

�
hC

C
1

6
hPP C

1

6
hQQ: (4.8)
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The goal is to find hC and uC such that

• the right-hand side of (4.8) is a derivative of some quantity (i.e., Œ� � � �x), which will
ensure that

R
R E dx is a decreasing function of time;

• when P , Q are large, we have P D O.P / and Q D O.Q/, which ensures (with the
Grönwall inequality) that no singularity will appear in finite time.

We can write the right-hand side of (4.8) as T1 C T2 such that

T1 D g.h � Nh/h
C
C hx.h

C/x C

p
3

48h1=2
hx.�".P / � �".Q//

D g.h � Nh/hC C .h � Nh/x

�
.hC/x C

p
3

48h1=2
.�".P / � �".Q//

�
:

Then a sufficient condition to obtain T1 D Œ� � � �x is

ghC D

�
.hC/x C

p
3

48h1=2
.�".P / � �".Q//

�
x

: (4.9)

On the other hand we have

T2 D
1

3
h3ux.u

C/x C
1

2
h2u2xh

C
C
1

2
u2hC C huuC �

1

48
h.�".P /C �".Q//ux

D

�1
2
uhC C huC

�
uC

h1
3
h3.uC/x C

1

2
h2uxh

C
�
1

48
h.�".P /C �".Q//

i
ux :

Then a sufficient condition to obtain T2 D Œ� � � �x is

1

2
uhC C huC D

h1
3
h3.uC/x C

1

2
h2uxh

C
�
1

48
h.�".P /C �".Q//

i
x
: (4.10)

In next section we prove the global existence of smooth solutions of the approximated
system, and we obtain some uniform estimates that do not depend on ".

5. Uniform estimates

In this section we consider  > 0, h> 0 and h0 � Nh;u0 2H 1 such that
R

RE0 dx <
p
g Nh2.

Also let j" be a Friedrichs mollifier; we define h"0
def
D ..h0 � Nh/ � j"/C Nh and u"0

def
D .u0 �

j"/, where .f � g/.x/ def
D
R

R f .x � x
0/g.x0/dx0. Using that k.h0 � h"0; u0 � u

"
0/kH1 ! 0

as "! 0, we can prove

lim
"!0

Z
R
E"0 dx D

Z
R
E0 dx <

p
g Nh2; (5.1)

which implies that there exists "0 > 0 such thatZ
R
E"0 dx 6 E

def
D
1

2

Z
R
E0 dx C

1

2
g Nh2 8" 6 "0:
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Following the arguments of the previous section (see (4.9) and (4.10)), we consider the
system

h"t C Œh
"u"�x D A"x ; (5.2a)

u"t C u
"u"x C 3.h

"/�2h"x D �L�1h" @x¹C
"
C F.h"/º CB"; (5.2b)

u".0; �/ D u"0
def
D j" � u0; h".0; �/ D h"0

def
D j" � .h0 � Nh/C Nh; (5.2c)

where

A"
def
D .g � @2x/

�1g

² p
3

48.h"/1=2
.�".P

"/ � �".Q
"//g

³
;

D G � g

² p
3

48.h"/1=2
.�".P

"/ � �".Q
"//g

³
; (5.3)

B"
def
D L�1h"

°
�
1

2
u"A"x C @x

°1
2
.h"/2u"xA

"
x �

1

48
h".�".P

"/C �".Q
"//
±±
; (5.4)

with G defined as
G

def
D

1

2
exp

°
�
g


j � j

±
:

Differentiating (5.2) with respect to x we obtain

d�

dt
P "

def
D P "t C �

"P "x

D �
1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2 �

1

2h"
A"xP

"
CM"; (5.5a)

d�

dt
Q" def
D Q"

t C �
"Q"

x

D �
1

8h"
.Q"/2 C

1

8h"
�".Q

"/C
1

8h"
.P "/2 �

1

2h"
A"xQ

"
CN"; (5.5b)

with

M" def
D �3.h"/�2R" C V"1 � V"2; N"

def
D �3.h"/�2R" C V"1 C V"2;

V"1
def
D
1

2
h"@xL�1h"

²
�u"A"x C h

"

Z x

�1

h
3.h"/�1u"xA

"
x

�
1

8.h"/2
.�".P

"/C �".Q
"//
i
dy
³
; (5.6)

V"2
def
D

g

16
.h"/�1=2G �

®
.h"/�1=2.�".P

"/ � �".Q
"//
¯
D

3g
p
3
.h"/�1=2A": (5.7)

Smooth solutions of (5.2) satisfy the energy equation (see Appendix B)

E"t C
zD"
x D

1

48
P "�".P

"/C
1

48
Q"�".Q

"/ 6 0; (5.8)
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x

t

t

x0

s

Yx2.s/Xx1.s/

�

x2x1

Figure 2. Characteristics.

where

zD" def
D u"E" C u"

�
R" C

1

2
g.h"/2 �

1

2
g Nh2

�
C h"h"xu

"
x �

1

3
.h"/2u"V"1

�

p
3

3
.h"/1=2V"2.h

"
� Nh/:

The first result in this section is the global well-posedness of (5.2).

Theorem 5.1. Let Nh > 0, .h0 � Nh; u0/ 2 D and " 2 .0; "0�. Then there exists a global
smooth solution .h" � Nh; u"/ 2 C.RC; H 3.R// \ C 1.RC; H 2.R// of (5.2) and for all
t > 0 we haveZ

R
E" dx �

Z t

0

Z
R

1

48
.P "�".P

"/CQ"�".Q
"// dx dt D

Z
R
E"0 dx: (5.9)

Moreover, there exist A;B > 0 depending only on Nh,  , g and E such that for any t > 0,
x2 2 R, and for x1 2 .�1; x2/ the solution of Xx1.t/ D Yx2.t/ (see Figure 2), we haveZ t

�

ŒP ".s; Xx1.s//�
2 ds C

Z t

�

ŒQ".s; Yx2.s//�
2 ds 6 A.t � �/C B 8� 2 Œ0; t �: (5.10)

In order to prove Theorem 5.1, we need to prove the invertibility of the operator Lh

and to obtain some estimates of its inverse.

Lemma 5.2. Let 0 < h 2 H 1.R/C Nh with h�1 2 L1. Then the operator Lh is an iso-
morphism from H 2 to L2. Moreover, if  2 Clim

def
D ¹f 2 C.R/; f .1/; f .�1/ 2 Rº,

then L�1
h
 is well defined and there exists a constant C D C. Nh; kh�1kL1 ; khkL1/ > 0

such that

kL�1h  kW 1;1 6 Ck kL1 ; (5.11)

j@2xL�1h  j.x/ 6 C.1C jhx.x/j/k kL1 8x 2 R; (5.12)
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kL�1h  kH1 6 Ck kL1 ; (5.13)

kL�1h @x kL1 6 Ck kL1 ; (5.14)

k@xL�1h @x kL1 6 C Œk kL1 C k kL1 �; (5.15)

kL�1h @x kL2 6 Ck kL1.khxkL2 C 1/; (5.16)

kL�1h @x kH1 C kL�1h  kH1 6 Ck kL2 ; (5.17)

kL�1h  kW 1;1 6 kL�1h  kH2 6 C Œ1C khxk
2
L2
�k kL2 ; (5.18)

j@2xL�1h  j.x/ 6 C Œ.1C khxkL2/.1C jhxj.x//k kL2 C j j.x/�: (5.19)

Also, if h � Nh 2 H 2.R/ we have

kL�1h @x'kH3 6 C Œ.1C khxk
2
L1/k'kH2 C kh � NhkH2kL�1h @x'kW 1;1 �;

kL�1h  kH3 6 C Œ.1C khxk
2
L1/k kH2 C kh � NhkH2kL�1h  kW 1;1 �:

(5.20)

Moreover, there exists a constant zC D zC.; g/ such that

k.g � @2x/
�1 kH3 6 zCk kH1 ; k@x.g � @

2
x/
�1 kH3 6 zCk kH2 : (5.21)

The proofs of (5.11), (5.15) and (5.20) are inspired by [44].

Proof of Lemma 5.2. Step 0. Let .�; �/ be the scalar product in L2. Define the bilinear map
aWH 1 �H 1 ! R as

a.u; v/
def
D .hu; v/C

1

3
.h3ux ; vx/:

It is easy to check that a is continuous and coercive. Then the Lax–Milgram theorem
ensures the existence of a continuous bijective linear operator J WH 1 ! H�1 satisfying

a.u; v/ D hJu; viH�1�H1 8u; v 2 H 1:

If Ju 2 L2, an integration by parts shows that .h3ux/x D hu � Ju 2 L2 and J D Lh.
This implies that u 2 H 2, which finishes the proof that Lh is an isomorphism from H 2

to L2.
Now defining C0

def
D ¹f 2 C;f .˙1/D 0º, using that L2 \C0 is dense in C0 one can

define L�1
h

on C0. If ' is in Clim, we use the change of functions (see [44, Lemma 4.4])

'0.x/
def
D '.x/ �Lh

1

Nh

�
'.�1/C .'.1/ � '.�1//

ex

1C ex

�
2 C0;

the operator L�1
h

can be defined as

L�1h '
def
D L�1h '0 C

1

Nh

�
'.�1/C .'.1/ � '.�1//

ex

1C ex

�
:
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Step 1. Let

 D Lhu D hu �
1

3
.h3ux/x : (5.22)

Using the change of variables

z D

Z
dx
h3
; (5.23)

we obtain
 D hu �

1

3h3
uzz : (5.24)

The maximum principle ensures that kukL1 6 Ck kL1 , which implies with (5.24) that

kuzzkL1 6 Ck kL1 : (5.25)

Using the Landau–Kolmogorov inequality we obtain kuzkL1 6 Ck kL1 . Using again
the change of variables (5.23) we get kuxkL1 6 Ck kL1 , which completes the proof
of (5.11). Estimate (5.12) follows directly from the change of variables (5.23), (5.25) and
(5.11).

Multiplying (5.22) by u and using integration by parts one obtains

kuk2
H1 6 Ck kL1kukL1 :

Inequality (5.13) follows directly using the embedding H 1 ,! L1. Using (5.11) and

L�1h @x D �3

Z x

�1

.h�3 /C 3L�1h

�
h

Z x

�1

h�3 

�
;

we obtain (5.14) and (5.15). Using the definition of Lh we obtain

L�1h @x D L�1h @xh
3LhL�1h h

�3 

D L�1h @x

h
h4L�1h h

�3 �
1

3
h3@xh

3@xL�1h h
�3 

i
D L�1h

h
4h3hxL�1h h

�3 C h4@xL�1h h
�3 �

1

3
@xh

3@xh
3@xL�1h h

�3 
i

D L�1h Œ4h
3hxL�1h h

�3 �C h3@xL�1h h
�3 : (5.26)

Inequality (5.16) follows from (5.13) and the Cauchy–Schwarz inequality.
Let Lhu D  C 'x . Then

kuk2
H1 D .u; u/C .ux ; ux/

6 C Œ.hu; u/C
1

3
.h3ux ; ux/�

D C.Lhu; u/ D C Œ. ; u/ � .'; ux/�

6 CkukH1.k kL2 C k'kL2/;
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which implies that
kukH1 6 C.k kL2 C k'kL2/: (5.27)

Taking  D 0 (respectively ' D 0) we obtain (5.17). Replacing h�3 by  in (5.26), we
multiply by h�3 and we differentiate with respect to x to obtain

@2xL�1h  D �3h
�2hx ŒL

�1
h @xh

3 �L�1h Œ4h
3hxL�1h  ��

C h�3@xL�1h @xh
3 � h�3@xL�1h Œ4h

3hxL�1h  �: (5.28)

Using (5.17) and the embedding H 1 ,! L1 we obtain

k@2xL�1h  kL2 6 CkhxkL2 ŒkL
�1
h @xh

3 kH1 C kL�1h Œ4h
3hxL�1h  �kH1 �

C Ck@xL�1h @xh
3 kL2 C Ck@xL�1h Œ4h

3hxL�1h  �kL2

6 CkhxkL2 Œk kL2 C khxkL2kL
�1
h  kH1 �

C Ck kL2 C CkhxkL2kL
�1
h  kH1

6 C Œ1C khxk
2
L2
�k kL2 :

This with (5.17) implies (5.18).
Now differentiating (5.26) with respect to x, using the definition of Lh and replacing

h�3 by  , we obtain

@xL�1h @xh
3 D @xL�1h Œ4h

3hxL�1h  �C 3hL�1h  � 3 :

Then (5.28) becomes

@2xL�1h  D �3h
�2hx ŒL

�1
h @xh

3 �L�1h Œ4h
3hxL�1h  ��C 3h

�2L�1h  � 3h
�3 :

Then, using (5.17), we obtain (5.19).

Step 2. Using Lhu D  C 'x and the Young inequality ab 6 1
2˛
a2 C ˛

2
b2 with ˛ > 0,

we obtain

kuxk
2
H1 D .ux ; ux/C .uxx ; uxx/

6 C Œ.hux ; ux/C
1

3
.h3uxx ; uxx/�

D C
h
�.hu; uxx/ � .hxu; ux/C

1

3
..h3ux/x � .h

3/xux ; uxx/
i

D C Œ�.Lhu; uxx/ � .hxu; ux/ � .h
2hxux ; uxx/�

6 C Œ˛kuxxk
2
L2
C
1

˛
kLhuk

2
L2
C C˛.1C khxk

2
L1/kuk

2
H1 �:

Taking ˛ > 0 small enough we obtain

kuxk
2
H1 6 C ŒkLhuk

2
L2
C .1C khxk

2
L1/kuk

2
H1 �;
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then
kuxkH1 6 C ŒkLhukL2 C .1C khxkL1/kukH1 �:

Taking  D 0 (respectively ' D 0) and using (5.27), we obtain

kL�1h @x'kH2 6C.1CkhxkL1/k'kH1 ; kL�1h  kH2 6C.1CkhxkL1/k kL2 : (5.29)

Let ƒ be defined as bƒf D .1C �2/1=2 Of . Since Lhu D  C 'x , we have

Lhƒ
2u D Œh;ƒ2�uCƒ2 C @x

°
�
1

3
Œh3; ƒ2�ux Cƒ

2'
±
:

Defining QuDƒ2u, Q D Œh;ƒ2�uCƒ2 and Q'D�1
3
Œh3;ƒ2�ux Cƒ

2' and using (5.27),
(A.3) we obtain

kƒ2ukH1 6 C ŒkŒh;ƒ2�ukL2 C kŒh
3; ƒ2�uxkL2 C k kH2 C k'kH2 �

6 C ŒkhxkL1kukH2 C kh � NhkH2kukW 1;1 C k kH2 C k'kH2 �:

Taking  D 0 (respectively ' D 0) and using (5.27) with (5.29), we obtain (5.20).

Step 3. It remains only to prove the inequalities (5.21). Since the operator .g � @2x/
�1 is

nothing but a convolution with the function G , the result follows directly using the Young
inequality.

Lemma 5.3. Let .h� Nh;u/ 2H 1.R/ such that
R

R Edx 6 E <
p
g Nh2. Then there exists

a constant C D C.; Nh;E/ > 0 independent of " and h such that

kL�1h @xCkL1.R/ C kRkL1.R/ 6 C; (5.30)Z
R
.�".P /C �".Q// dx 6 C; (5.31)

kL�1h @x¹h.�".P /C �".Q//ºkL1.R/ 6 C; (5.32)

k.L�1h @x¹h
2uxA

"
xº;L

�1
h ¹uA

"
xº/kL1.R/ 6 C; (5.33)

kA"xkL2 C k.A
";A"x ;B

";V"1;V
"
2/kL1.R/ 6 C; (5.34)

where A", B", V"1 and V"2 are defined as in (5.3), (5.4), (5.6) and (5.7) by replacing .h";u"/
with .h; u/.

Proof. From
R

REdx 6E we have k.C;P 2;Q2/kL1 6C . Then the proof of (5.30) follows
from (4.5), (5.11), (5.14) and (5.18). Since �".�/ 6 �2 we obtain (5.31). Then (5.31) with
(5.14) implies (5.32). In remains to prove (5.34). For that purpose, we use the Young
inequality, (5.3) and (5.7) to obtain

kAkL1 C kAxkL2 C kAxkL1 C kV2kL1 6 C: (5.35)

The estimates (5.11), (5.14), (5.31), (5.6), (5.35), (5.4) and the Cauchy–Schwarz inequal-
ity imply (5.34).
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Proof of Theorem 5.1. Following [26, 27, 30, 39, 44], we can easily prove the local exist-
ence of solutions of (5.2). Integrating the energy equation (5.8) on Œ0; t � � R, we obtain
(5.9).

Step 1. Defining

U "
def
D .h" � Nh; u"/>; A.U "/

def
D

�
3.h"/�3 0

0 h"

�
;

B.U "/
def
D

�
u" h"

3.h"/�3 u"

�
; F".U "/

def
D

�
A"x

�L�1
h"
@x¹C

" C F.h"/º CB"

�
;

system (5.2) becomes
U "t C B.U

"/U "x D F".U "/: (5.36)

Let .�; �/ be the scalar product in L2 and E.U "/ def
D .ƒ3U "; A"ƒ3U "/. Since A"B" is a

symmetric matrix, straightforward calculations with (5.36) imply that

E.U "/t D �2
�
Œƒ3; B"�U "x ; A

"ƒ3U "
�
� 2

�
B"ƒ3U "x ; A

"ƒ3U "
�

C 2
�
ƒ3F"; A"ƒ3U "

�
C
�
ƒ3U "; A"tƒ

3U "
�

D �2
�
Œƒ3; B"�U "x ; A

"ƒ3U "
�
C
�
ƒ3U "; .A"B"/xƒ

3U "
�

C 2
�
ƒ3F"; A"ƒ3U "

�
C
�
ƒ3U "; A"tƒ

3U "
�
:

From the definition of �" we have

j�".�/j 6 �2; j�0".�/j 6 2j�j; j�00" .�/j 6 2:

Using the Gagliardo–Nirenberg interpolation inequality kfxk2L4 6Ckf kL1kfxxkL2 with
(A.2), we then obtain

k�".P
"/kH2 6 C Œk�".P

"/kL2 C k�
0
".P

"/P "xkL2

C k�0".P
"/P "xxkL2 C k�

00
" .P

"/.P "x /
2
kL2 �

6 CkP "kL1kP
"
kH2 6 CkU "xkL1kU

"
kH3 : (5.37)

The same inequality can be obtained for Q":

k�".Q
"/kH2 6 CkU "xkL1kU

"
kH3 : (5.38)

Using (5.21) and (A.2), we obtain

k.A";A"x/kH3 6 C ŒkP "k2L1kh
"
� NhkH2 C k.�".P

"/; �".Q
"//kH2 �

6 C.1C kU "xk
2
L1/kU

"
kH3 : (5.39)

Using (5.9), (5.14), (5.15), (5.17) and Lemma 5.3 we obtain

k�L�1h" @x¹C
"
C F.h"/º CB"kW 1;1 6 C.1C kU "xk

2
L1/: (5.40)
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Now using (5.20), (A.2), (A.4), (5.37), (5.38), (5.39) and (5.40) we obtain

kB" �L�1h" @x¹C
"
C F.h"/ºkH3 6 P .kU "xkL1/kU

"
kH3 ;

where P is a polynomial function. The last inequality with (5.39) implies that

kF"kH3 6 P .kU "xkL1/kU
"
kH3 : (5.41)

Defining xB def
D B. Nh; 0/, and using (A.3) one obtains

j.Œƒ3; B"�U "x ; A
"ƒ3U "/j 6 CkA"kL1kU

"
kH3

� .kB"xkL1kU
"
xkH2 C kB" � xBkH3kU "xkL1/

6 CkU "xkL1kU
"
k
2
H3 : (5.42)

Using (5.2a) and (5.34) one obtains

j.ƒ3U "; .A"B"/xƒ
3U "/j C j.ƒ3U "; A"tƒ

3U "/j 6 C.kU "xkL1 C 1/kU
"
k
2
H3 : (5.43)

Summing (5.41), (5.42) and (5.43) we obtain

E.U "/t 6 P .kU "xkL1/kU
"
kH3 6 P .kU "xkL1/E.U

"/;

which implies, with the Grönwall inequality, that

kU "kH3 6 CE.U "/ 6 CE.U "0 /e
R t
0 P .kU "xkL1 / ds 6 CkU "0 kH3e

R t
0 P .kU "xkL1 / ds :

This implies that if T "max is the maximal existence time, then

T "max <1 H) lim sup
t!T "max

kU "x .t; �/kL1 D1: (5.44)

Step 2. Define

H"
1

def
D
1

2

p
3
�
.h"/1=2.u"/2 C g.h"/�1=2.h" � Nh/2

�
� u"

�
R" C

1

2
g..h"/2 � Nh2/

�
C u"

1

3
.h"/2V"1 C

p
3

3
.h"/1=2.h � Nh/V"2;

H"
2

def
D
1

2

p
3
�
.h"/1=2.u"/2 C g.h"/�1=2.h" � Nh/2

�
C u"

�
R" C

1

2
g..h"/2 � Nh2/

�
� u"

1

3
.h"/2V"1 �

p
3

3
.h"/1=2.h � Nh/V"2:

We note that

�"E" � zD"
D

p
3

6
.h"/1=2.P "/2 CH"

1;

zD"
� �"E" D

p
3

6
.h"/1=2.Q"/2 CH"

2:
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From Lemma 5.3 we deduce that H"
1 and H"

2 are bounded. Then, integrating (5.8) on the
set (see Figure 2) ®

.s; x/; s 2 Œ�; t �; Xx1.s/ 6 x 6 Yx2.s/
¯
;

and using the divergence theorem with (5.9) one obtains (5.10) for all t 2 Œ0; T "max/.
Define t1

def
D inf¹t > 0; P ".t;Yx2.t//> 1º and let t2 6 T "max be the largest time such that

P ".t; Yx2.t// > 1 on Œt1; t2�. Dividing (5.5a) by P " and integrating on the characteristics
between t1 and t 2 Œt1; t2�, we obtain with (5.10) and Lemma 5.3 that

P ".t; Yx2.t// 6 P ".t1; Yx2.t1//e
C.1Ct/t

8t 2 Œt1; t2�:

Using that P ".t1; Yx2.t1// D max¹1; P "0 .x2/º and doing the same for Q", we obtain

P ".t; Yx2.t// 6 max¹1; P "0 .x2/ºe
C.1Ct/t

8.t; x2/ 2 Œ0; T
"

max/ �R; (5.45)

Q".t; Xx1.t// 6 max¹1;Q"
0.x1/ºe

C.1Ct/t
8.t; x1/ 2 Œ0; T

"
max/ �R: (5.46)

On the other hand, we define Qt1
def
D inf¹t > 0; P ".t; Yx2.t// 6 �1="º and let Qt2 6 T "max be

the largest time such that P ".t; Yx2.t// 6 �1=" on ŒQt1; Qt2�. Using (5.5a) and Lemma 5.3
one obtains

d�

dt
P "

def
D P "t C �

"P "x > C
�1
"
C 1

�
P " � C 8t 2 ŒQt1; Qt2�:

Using that P ".Qt1;Yx2.Qt1//Dmin¹P "0 .x2/;�1="º, we obtain for all .t; x2/ 2 Œ0;T "max/�R,

P ".t; Yx2.t// > min
°
�1=";min¹P "0 .x2/ � 1="ºe

C.1C1="/t

C
"

"C 1
.1 � eC.1C1="/t /

±
: (5.47)

Doing the same for Q", we obtain for all .t; x1/ 2 Œ0; T "max/ �R,

Q".t; Xx1.t// > min
°
�1=";min¹Q"

0.x1/ � 1="ºe
C.1C1="/t

C
"

"C 1
.1 � eC.1C1="/t /

±
: (5.48)

Finally, using (5.44), (5.45), (5.46), (5.47) and (5.48) we deduce that T "max D1.

The remainder of this section is devoted to obtaining some uniform (on ") estimates
of the solution of (5.2) given by Theorem 5.1. These estimates are crucial to obtain the
precompactness results in next section.

Lemma 5.4. Let .h0 � Nh; u0/ 2 D and let .h" � Nh; u"/ be the solution given by The-
orem 5.1. Then there exists a constant C D C.; Nh; E/ > 0 independent of " 6 "0 and
.h0 � Nh; u0/ such that

kL�1h" @xC
"
kL1.RC�R/Ck.B

";V"1;V
"
2;R

"/kL1.RC�R/CkA
"
kL1.RC;H1.R// 6 C; (5.49)
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RC

Z
R
.�".P

"/C �".Q
"// dx dt 6 "C; (5.50)Z

RC
kL�1h" @x¹h

".�".P
"/C �".Q

"//ºkL1.R/ dt 6 "C; (5.51)Z
RC
k.L�1h" @x¹.h

"/2u"xA
"
xº;L

�1
h" ¹u

"A"xº/kL1.R/ dt 6 "C (5.52)Z
RC
k.A";A"x ;B

";V"1;V
"
2/kL1.R/ dt 6 "C: (5.53)

Proof. Inequality (5.49) follows from (5.9), (5.30) and (5.34). Note thatZ
RC

Z
R
.�".P

"/C �".Q
"// dx dt 6 �"

Z
¹P "6�1="º

P "�".P
"/ dx dt

� "

Z
¹Q"6�1="º

Q"�".Q
"/ dx dt:

The last inequality with (5.9) implies (5.50). Finally, we use (5.50) and Lemma 5.2 as in
the proofs of (5.32), (5.33) and (5.34). We integrate on RC with respect to t to obtain
(5.51), (5.52) and (5.53).

Lemma 5.5 (Oleinik inequality). There exists C > 0 that depends only on  , Nh, g and E
such that for all .t; x/ 2 .0;1/ �R and " 6 "0 we have

P ".t; x/ 6 C.1C t�1/; Q".t; x/ 6 C.1C t�1/:

Proof. Let D > 0 be a constant such that 2D�1 6 16h" 6 D, and let A; B > 0 be the
constants given in Theorem 5.1. Using Lemma 5.4, we obtain a constantM >0 depending
only on  , Nh and E such that

M > sup
t;x

° 1
h"
.A"x/

2
CM"

±
CDA:

Define
F .s/

def
D
D

s
C
p
2MD; G .s/

def
D F .s/C BD:

The goal is to prove that for all t and x we have P ".t; Xx.t// 6 G .t/ and Q".t; Yx.t// 6
G .t/. Since the proof is the same, we only prove the inequality for P ".

Using the inequality �A"xP
" 6 2.A"/2x C .P

"/2=8 and using (5.5a), we obtain

d�

dt
P " 6 �

1

16h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2 C

1

h"
.A"x/

2
CM"

6 �
1

D
.P "/2 CD.Q"/2 C

1

8h"
�".P

"/CM � AD: (5.54)

Let x 2 R be fixed. We suppose that there exist t1 > 0 such that P ".t1; Xx.t1// D F .t1/

and P ".t;Xx.t//> F .t/ for all t 2 Œt1; t2�. Since P " > 0we have �".P "/D 0. Integrating
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(5.54) on the characteristics between t1 and t 2 Œt1; t2� we obtain

P ".t; Xx.t// 6 P ".t1; Xx.t1//

�

Z t

t1

F .s/2

D
ds C AD.t � t1/C BD C .M � AD/.t � t1/

D F .t1/C
D

t
�
D

t1
�M.t � t1/ � 2

p
2MD ln.t=t1/C BD

6 G .t/: (5.55)

Since the solution .h" � Nh; u"/ 2 L1.RC; H 3/, initially we have P ".0C; Xx.0C// <
F .0C/ D 1. Inequality (5.55) shows that if P " crosses F at some t1 > 0, P " remains
always smaller than G for t > t1. This completes the proof of P ".t;Xx.t// 6 G .t/ for all
t > 0. The proof for Q" can be done similarly.

Lemma 5.6 (L2C˛ estimates). For any bounded set � D Œt1; t2� � Œa; b� � .0;1/ � R
and ˛ 2 .0; 1/ there exists C˛;� > 0 such that for all " 6 "0 we haveZ

�

Œjh"t j
2C˛
C jh"xj

2C˛
C ju"t j

2C˛
C ju"xj

2C˛� dx dt 6 C˛;�; (5.56)

g

L�1h"

�
h"
Z x

�1

.h"/�3C" dy C
1

3
F.h"/x

�
g


L1.Œt1;t2�;W 2;2C˛.Œa;b�//

6 C˛;�: (5.57)

Remark 5.7. The constant C˛;� depends also on Nh,  and E but not on " and the initial
data.

Proof of Lemma 5.6. Step 1. In order to prove (5.56) we use the change of variables

�
def
D t; z

def
D
1

2

�Z x

�1

�

Z 1
x

�
.h".t; y/ � Nh/ dy C Nhx;

we obtain with (5.2a) that

@x D h
"@z ; @t D @� C .A

"
� h"u"/@z ; @t C u

"@x D @� CA"@z :

The map
ˆWRC �R! RC �R; .t; x/ 7! ˆ.t; x/ D .�; z/

is bijective. Then (5.5) becomes

P "� C .A
"
�
p
3.h"/1=2/P "z D �

1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2

�
1

2h"
A"xP

"
CM"; (5.58a)

Q"
� C .A

"
C
p
3.h"/1=2/Q"

z D �
1

8h"
.Q"/2 C

1

8h"
�".Q

"/C
1

8h"
.P "/2

�
1

2h"
A"xQ

"
CN": (5.58b)



B. Guelmame 24

Without loss of generality, we suppose that ˛ D 2k=.2k C 1/ with k 2 N. Multiplying
(5.58a) by .P "/˛ , using 2

˛C1
D 1C 1�˛

˛C1
, .P "/˛�".P "/ > 0 and (5.49) one obtains

1

8h"

° 1 � ˛
˛ C 1

.P "/˛C1.P " �Q"/ � .P "/˛Q".P " �Q"/
±

6
� .P "/˛C1
˛ C 1

�
�
C

�A" �p3.h"/1=2
˛ C 1

.P "/˛C1
�
z

C C.jP "j˛C1 C .P "/˛/:

Doing the same with (5.5b), we obtain

1

8h"

° 1 � ˛
˛ C 1

.Q"/˛C1.Q"
� P "/ � .Q"/˛P ".Q"

� P "/
±

6
� .Q"/˛C1

˛ C 1

�
�
C

�A" Cp3.h"/1=2
˛ C 1

.Q"/˛C1
�
z

C C.jQ"
j
˛C1
C .Q"/˛/:

Adding both equations yields

1

8.h"/

° 1 � ˛
˛ C 1

..P "/˛C1 � .Q"/˛C1/.P " �Q"/

C .P "/˛.Q"/˛..P "/1�˛ � .Q"/1�˛/.P " �Q"/
±

6
� .P "/˛C1 C .Q"/˛C1

˛ C 1

�
�

C

�p3.h"/1=2..Q"/˛C1 � .P "/˛C1/CA"..Q"/˛C1 C .P "/˛C1/

˛ C 1

�
z

C C.jQ"
j
˛C1
C .Q"/˛ C jP "j˛C1 C .P "/˛/: (5.59)

Let ' 2C1c ..t1=2; t2C 1/� .a� 1;bC 1// be a non-negative function such that '.t;x/D
1 on �. Multiplying (5.59) by '.ˆ�1.�; z// and using integration by parts with (5.9) we
obtain

1 � ˛

˛ C 1

Z
RC�R

'.P " �Q"/2..P "/˛ C .Q"/˛/ dx dt

6
Z

RC�R

° 1 � ˛
˛ C 1

..P "/˛C1 � .Q"/˛C1/.P " �Q"/
±
'.t; x/ dx dt

C

Z
RC�R

®
.P "/˛.Q"/˛..P "/1�˛ � .Q"/1�˛/.P " �Q"/

¯
'.t; x/ dx dt

D

Z
RC�R

° 1 � ˛
˛ C 1

..P "/˛C1 � .Q"/˛C1/.P " �Q"/
±
'.ˆ�1.�; z//

dz d�
h

C

Z
RC�R

®
.P "/˛.Q"/˛..P "/1�˛ � .Q"/1�˛/.P " �Q"/

¯
'.ˆ�1.�; z//

dz d�
h
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6 8

Z
RC�R

h
C.jQ"

j
˛C1
C .Q"/˛ C jP "j˛C1 C .P "/˛/' dz

�

� .P "/˛C1 C .Q"/˛C1

˛ C 1

�
'�

i
dz d�

� 8

Z
RC�R

�p3.h"/1=2..Q"/˛C1�.P "/˛C1/CA"..Q"/˛C1C.P "/˛C1/

˛ C 1

�
'z dz d�

D 8

Z
RC�R

C.jQ"
j
˛C1
C .Q"/˛ C jP "j˛C1 C .P "/˛/'h" dx dt

� 8

Z
RC�R

� .P "/˛C1 C .Q"/˛C1

˛ C 1

�
h".'t C u

"'x � .h
"/�1A"'x/ dx dt

� 8

Z
RC�R

�p3.h"/1=2..Q"/˛C1�.P "/˛C1/CA"..Q"/˛C1C.P "/˛C1/

˛ C 1

�
'x dx dt

6 C˛;�:

The last inequality follows from (5.9) and from the fact that ' is compactly supported.
Then we have Z

�

.P " �Q"/2..P "/˛ C .Q"/˛/ dx dt 6 C˛;�: (5.60)

Step 2. Multiplying (5.59) by .h"/�1=2 we obtain

1

8.h"/3=2

° 1 � ˛
˛ C 1

..P "/˛C1 � .Q"/˛C1/.P " �Q"/

C .P "/˛.Q"/˛..P "/1�˛ � .Q"/1�˛/.P " �Q"/
±

6
� .P "/˛C1 C .Q"/˛C1

.˛ C 1/.h"/1=2

�
�
C

�p3..Q"/˛C1 � .P "/˛C1/

˛ C 1

�
z

C

�A"..Q"/˛C1 C .P "/˛C1/

.˛ C 1/.h"/1=2

�
z

C .h"/�1=2C.jQ"
j
˛C1
C .Q"/˛ C jP "j˛C1 C .P "/˛/

C
1

2
A"x

.P "/˛C1 C .Q"/˛C1

.˛ C 1/.h"/3=2
�

1

8.h"/3=2
4

˛ C 1

®
.P "/˛C1Q"

C .Q"/˛C1P "
¯
:

Using (5.49) one obtains

1

8.h"/3=2

° 1 � ˛
˛ C 1

..P "/˛C1 C .Q"/˛C1/.P " CQ"/

C .P "/˛.Q"/˛..P "/1�˛ C .Q"/1�˛/.P " CQ"/
±

6
� .P "/˛C1 C .Q"/˛C1

.˛ C 1/.h"/1=2

�
�
C

�p3..Q"/˛C1 � .P "/˛C1/

˛ C 1

�
z

C

�A"..Q"/˛C1 C .P "/˛C1/

.˛ C 1/.h"/1=2

�
z
CC.jQ"

j
˛C1
C .Q"/˛ C jP "j˛C1 C .P "/˛/:
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As in the first step we obtainZ
�

.P " CQ"/2..P "/˛ C .Q"/˛/ dx dt 6 C˛;�: (5.61)

Summing (5.60) and (5.61) one obtainsZ
�

..P "/˛C2 C .Q"/˛C2/ dx dt 6 C˛;� H)

Z
�

Œju"xj
2C˛
C jh"xj

2C˛� dx dt 6 C˛;�:

Step 3. Inequality (5.56) follows directly from (5.2) and Lemma 5.4. Finally, using (5.11),
(5.12), (5.18), (5.19) and (5.56) we obtain (5.57).

6. Precompactness

The goal of this section is to obtain a compactness of the solution. Due to the nonlinear
terms in the equations, strong precompactness is needed to pass to the limit "! 0. Strong
precompactness of .h"/" and .u"/" is easy to obtain. However, strong precompactness of
.P "/" and .Q"/" is more challenging. Several lemmas in this section are inspired by [15,
59, 61–64]. Throughout the section, Lemma A.2 is used many times without mentioning
it.

We start with strong precompactness of .h"/" and .u"/".

Lemma 6.1. There exist .h� Nh;u/ 2L1.Œ0;1/;H 1.R// and a subsequence of .h"; u"/"
such that we have the following convergences:

.h" � Nh; u"/ ! .h � Nh; u/ in L1loc.Œ0;1/ �R/;

.h" � Nh; u"/ * .h � Nh; u/ in H 1.Œ0; T � �R/, 8T > 0:

Proof. From the energy equation (5.9) we have that .h" � Nh; u"/ is uniformly bounded in
L1.Œ0;1/;H 1.R//. Then, using (5.2), and (5.49), we obtain

k.h"t ; u
"
t /kL2.Œ0;T ��R/ 6 CT : (6.1)

The weak convergence in H 1.Œ0; T � �R/ follows directly. Using the inequality

k�.t; �/ � �.s; �/k2
L2.R/ D

Z
R

�Z t

s

�t .�; x/ d�
�2

dx 6 jt � sj k�tk2L2.Œ0;T ��R/;

with (6.1) we obtain

lim
t!s
ku".t; �/ � u".s; �/kL2.R/ C lim

t!s
kh".t; �/ � h".s; �/kL2.R/ D 0

uniformly on ". Then, using [55, Theorem 5], we can deduce that up to a subsequence,
.h"; u"/ converges uniformly to .h; u/ on any compact set of Œ0;1/ �R when "! 0.
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Now we establish the weak precompactness of .P "/" and .Q"/".

Lemma 6.2. There exist a subsequence of ¹P ";Q"º", also denoted ¹P ";Q"º", and fam-
ilies of probability Young measures �1t;x , �2t;x on R and �t;x on R2, such that for all
functions f; � 2 C1c .R/, g 2 C.R

2/ with g.�; �/ D O.j�j2 C j�j2/ at infinity, and for all
' 2 C1c ..0;1/ �R/ we have

lim
"!0

Z
R
�.x/f .P ".t; x// dx D

Z
R
�.x/

Z
R
f .�/ d�1t;x.�/ dx; (6.2)

lim
"!0

Z
R
�.x/f .Q".t; x// dx D

Z
R
�.x/

Z
R
f .�/ d�2t;x.�/ dx; (6.3)

uniformly on any compact set Œ0; T � � Œ0;1/, and

lim
"!0

Z
RC�R

'.t; x/g.P ";Q"/ dx dt

D

Z
RC�R

'.t; x/

Z
R2

g.�; �/ d�t;x.�; �/ dx dt: (6.4)

Moreover, the map

.t; x/ 7!

Z
R
�2 d�1t;x.�/C

Z
R
�2 d�2t;x.�/ (6.5)

belongs to L1.RC; L1.R//, and

�t;x.�; �/ D �
1
t;x.�/˝ �

2
t;x.�/: (6.6)

We define
g.P;Q/

def
D

Z
R2

g.�; �/ d�t;x.�; �/ (6.7)

which is, from (6.4), the weak limit of g.P ";Q"/.

Proof of Lemma 6.2. Step 1. The pointwise convergence of (6.2) is a direct corollary of
Lemma A.1 with ODR and pD 2 and the energy equation (5.9). The key point in proving
the uniform convergence is to show that the map

t 2 Œ0; T � 7!

Z
R
�.x/f .P ".t; x// dx dt (6.8)

is equicontinuous. Multiplying (5.5a) by f 0.P "/ one obtains

f .P "/t C Œ�
"f .P "/�x D

1

4h"
.P " C 3Q"/f .P "/

C

h
�
1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2

�
1

2h"
A"xP

"
CM"

i
f 0.P "/: (6.9)
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Multiplying by �.x/ and integrating over Œt1; t2� �R we haveZ
R
�.x/Œf .P ".t2; x// � f .P

".t1; x//� dx

D

Z t2

t1

Z
R

h
�0.x/�"f .P "/C

1

4h"
�.x/.P " C 3Q"/f .P "/

i
dx dt

C

Z t2

t1

Z
R
�.x/

h
�

1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2

�
1

2h"
A"xP

"
CM"

i
f 0.P "/ dx dt:

Using that f 2 C1c , the energy equation (5.9), Proposition 2.4 and Lemma 5.4, we find
that the map (6.8) is equicontinuous. This finishes the proof of the uniform convergence
of (6.2). The same proof can be used for (6.3). Using (A.1) we deduce that the map (6.5)
belongs to L1.RC; L1.R//.

Step 2. Now we suppose that g satisfies g.�; �/ D O.j�j2 C j�j2/ at infinity. Then, using
Lemma A.1 again, with OD .0;1/�R and pD 2, we obtain (6.4). If g.�; �/DO.j�j2C

j�j2/, let  be a smooth cut-off function with  .�/ D 1 for j�j 6 1 and  .�/ D 0 for
j�j > 2. Then

lim
"!0

Z
RC�R

'.t; x/gk.P
";Q"/ dx dt

D

Z
RC�R

'.t; x/

Z
R2

g�.�; �/ d�t;x.�; �/ dx dt; (6.10)

where g�.�; �/
def
D g.�; �/ . �

�
/ . �

�
/ with � > 0. Using the Hölder inequality, Lemma 5.6

with � D supp.'/ we obtainˇ̌̌̌Z
RC�R

'.t; x/.g.P ";Q"/ � g�.P
";Q"// dx dt

ˇ̌̌̌
6
Z

supp.'/\¹jP "j>� or jQ"j>�º
j'.t; x/j jg.P ";Q"/j dx dt

6 C

�Z
supp.'/

jg.P ";Q"/jp=2 dx dt
�2=p�Z

supp.'/\¹jP "j>� or jQ"j>�º
dx dt

�.p�2/=p
6 C

�ˇ̌®
.t; x/ 2 supp.'/; jP "j > �

¯ˇ̌
C
ˇ̌®
.t; x/ 2 supp.'/; jQ"

j > �
¯ˇ̌�.p�2/=p

6 C�2�p;

where 2 < p < 3. The last inequality with (6.10) implies that we can interchange the
limits � !1 and "! 0. Using that jg� j 6 jgj and the dominated convergence theorem
we obtain (6.4).
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Step 3. It only remains to prove (6.6), for which we let f 2 C1c .R/ and we rewrite (6.9)
in the form

f .P "/t C Œ�f .P
"/�x D Œ.� � �

"/f .P "/�x C
1

4h"
.P " C 3Q"/f .P "/

C

h
�
1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2

�
1

2h"
A"xP

"
CM"

i
f 0.P "/: (6.11)

Lemma 6.1 implies that .���"/f .P "/! 0 inL2loc..0;1/�R/when "! 0. This implies
that Œ.� � �"/f .P "/�x is relatively compact in H�1loc ..0;1/ � R/. Since f 2 C1c .R/,
using (5.49) and the energy equation (5.9) we obtain that the remaining terms of the right-
hand side of (6.11) are uniformly bounded in L1loc..0;1/�R/. Then, due to Lemma A.3,
they are relatively compact in H�1loc ..0;1/ � R/. Doing the same we can prove that for
all f; g 2 C1c .R/ the sequences

¹Œf .P "/�t C Œ�f .P
"/�xº"; ¹Œg.Q

"/�t C Œ�g.Q
"/�xº"

are relatively compact inH�1loc ..0;1/ �R/. Then, using Lemma A.6 (a generalised com-
pensated compactness result), we obtain

f .P "/g.Q"/ * f .P /g.Q/ when "! 0;

where .f .P /; g.Q// is the weak limit of .f .P "/; g.Q"// defined in (6.7). Then, for any
' 2 C1c ..0;1/ �R/ , we haveZ

RC�R

Z
R2

'.t; x/f .�/g.�/ d�t;x.�; �/ dx dt

D lim
"!0

Z
RC�R

'.t; x/f .P "/g.Q"/ dx dt D
Z

RC�R
'.t; x/f .P /g.Q/ dx dt

D

Z
RC�R

Z
R2

'.t; x/f .�/g.�/ d�1t;x.�/˝ �
2
t;x.�/ dx dt;

which implies (6.6). The proof of Lemma 6.2 is completed.

Using (4.2), Lemma 6.2, (5.2a), (5.53) and Lemma 6.1 we can obtain the identities

ux D
xP C xQ

2h
; hx D h

1
2

xQ � xP

2
p
3

; (6.12)

ht C .hu/x D 0: (6.13)

Now we present some technical lemmas that are needed to obtain the strong precompact-
ness of .P "/" and .Q"/".
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Lemma 6.3. As t ! 0 we have

k.h � h0; u � u0/kH1.R/ ! 0; (6.14)Z
R
.P 2 � xP 2/ dx C

Z
R
.Q2 � xQ2/ dx ! 0: (6.15)

Proof. Define

W ".t; x/
def
D

�r
g

2
.h" � Nh/;

r
h"

2
u";

1
p
12h"

P ";
1

p
12h"

Q"

�
; t > 0;

W.t; x/
def
D

�r
g

2
.h � Nh/;

r
h

2
u;

1
p
12h
xP ;

1
p
12h
xQ

�
; t > 0;

�W .t; x/ def
D

�r
g

2
.h � Nh/;

r
h

2
u;

1
p
12h

p
P 2;

1
p
12h

q
Q2

�
; t > 0;

W0.x/
def
D

�r
g

2
.h0 � Nh/;

r
h0

2
u0;

1
p
12h0

P0;
1

p
12h0

Q0

�
:

From Lemmas 6.1 and 6.2 we have, for all t > 0,

W ".t; �/ * W.t; �/ when "! 0, in L2.R/;

.P ".t; �/2;Q".t; �/2/ * .P 2.t; �/;Q2.t; �// when "! 0, in D 0.R/:

This, with Jensen’s inequality, (5.9) and (5.1) implies that

kW.t/k2
L2.R/ 6 k�W .t/k2

L2.R/ 6 lim inf
"!0

kW ".t/k2
L2.R/ D lim inf

"!0

Z
R
E".t; x/ dx

6 lim
"!0

Z
R
E"0 dx D

Z
R
E0 dx D kW0k2L2 : (6.16)

The energy inequality (5.9) with (5.1) implies that .u"; P "; Q"/ is bounded in the space
L1.Œ0;1/; L2.R//. Multiplying (5.2a) by 1, (5.2b) by .h"/1=2 and (5.5a), (5.5b) by
.h"/�1=2 we obtain

h"t C Œh
"u"�x D A"x ;�p
h"u"

�
t
D �

Œh"u"�x �A"x

2.h"/1=2
u" � .h"/1=2u"u"x � 3.h

"/�3=2h"x

� .h"/1=2L�1h" @xC
"
C .h"/1=2B";h P "

p
h"

i
t
C

h�"P "
p
h"

i
x
D

1

8.h"/3=2

�
.P "/2 C �".P

"/C .Q"/2 C 10P "Q"
� 8A"xP

"
�

C
M"

p
h"
;h Q"

p
h"

i
t
C

h�"Q"

p
h"

i
x
D

1

8.h"/3=2

�
.Q"/2 C �".Q

"/C .P "/2 C 10P "Q"
� 8A"xQ

"
�

C
N"
p
h"
:
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Then, for all T > 0 and for all ' 2 H 1.R/, the map

t 7!

Z
R
'.x/W " dx

is uniformly (on t 2 Œ0; T � and " 6 "0) continuous. Then Lemma A.5 implies that

W.t; �/ * W0 when t ! 0, in L2.R/; (6.17)

which implies that Z
R
E0 dx D kW0k2L2 6 lim inf

t!0
kW k2

L2
:

On the other hand, (6.16) implies

lim sup
t!0

kW k2
L2
D lim sup

t!0

Z
R
E dx 6

Z
R
E0 dx D kW0k2L2 :

Then
lim
t!0
kW k2

L2
D kW0k

2
L2
D

Z
R
E0 dx; (6.18)

which implies with (6.17) that

W.t; �/! W0 when t ! 0, in L2.R/: (6.19)

Inequality (6.16) with (6.18) implies

lim
t!0
k�W k2

L2
D lim

t!0
kW k2

L2
D kW0k

2
L2
: (6.20)

Then (6.15) follows directly from (6.20). Using (6.19) and (6.12) we obtain the strong
convergence�h � h0;phu �ph0u0; hx=h � h00=h0;phux �ph0u00�L2 ! 0

as t ! 0. In order to obtain (6.14), we write

u � u0 D
1
p
h

�p
hu �

p
h0u0

�
C

p
h0u0

� 1
p
h
�

1
p
h0

�
;

hx � h
0
0 D h

� hx
p
h
�

h00
p
h0

�
C

h00
p
h0
.h � h0/;

ux � u
0
0 D

1
p
h

�p
hux �

p
h0u
0
0

�
C

p
h0u
0
0

� 1
p
h
�

1
p
h0

�
:

On the right-hand side of the previous equations, the first term converges to 0 in L2 as
t ! 0. Since h; 1=h 2 L1, u0; h00; u

0
0 2 L

2 and h 2 C.Œ0;1/ �R/, the dominated con-
vergence theorem implies that the second term goes to 0 as t ! 0. This ends the proof of
(6.14).
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For any � > 0, we define

S�.�/
def
D
1

2
�2�

1

2
.�C�/21�6�� �

1

2
.���/21�>� D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
��
�
�C

1

2
�
�
; � 6 ��;

1

2
�2; j�j 6 �;

�
�
��

1

2
�
�
; � > �:

(6.21)

T�.�/
def
D S 0�.�/ D � � .�C�/1�6�� � .���/1�>� D

8̂<̂
:
��; � 6 ��;
�; j�j 6 �;

�; � > �:

(6.22)

Lemma 6.4. For any � > 0, there exist a subsequence ¹M";N"; P "; Q"º" and �M 2
L1loc..0;1/ � R/ such that, when "! 0, we have the limits in the sense of distributions
on .0;1/ �R

M" * �M and M"T�.P
"/ * T�.P /�M; (6.23)

N" * �M and N"T�.Q
"/ * T�.Q/�M: (6.24)

Proof. Step 1. We define

P"
def
D L�1h"

�
h"
Z x

�1

.h"/�3C" dy C
1

3
F.h"/x

�
:

From (5.49), we have that P" is bounded in L1.Œt1; t2�; W 1;1.Œa; b�// for any b > a,
t2 > t1 > 0. Thus, there exists zP 2 L1.Œt1; t2�; W 1;1.Œa; b�// such that, up to a sub-
sequence, we have

P" * zP; @xP
" * @x zP; as "! 0;

in Lploc..0;1/ �R/ for any p <1.

Step 2. For a fixed ' 2 C1c ..0;1/ � R/, the inequality (5.12), Lemma 5.4 and (5.57)
imply that .1 � @2x/¹'P

"º is uniformly bounded in L2C˛loc ..0;1/ � R/ for all ˛ 2 Œ0; 1/:
Then, up to a subsequence, we have

.1 � @2x/¹'P
"
º* .1 � @2x/¹'

zPº

in L2C˛loc ..0;1/ �R/.

Step 3. Since jT�.P "/j 6 �, the convergence T�.P "/ * T�.P / is in Lploc..0;1/�R/ for
any p 2 .1;1/. Then, for any  2 C1c ..0;1/ �R/, we have, up to a subsequence,

lim
"!0

Z
.0;1/�R

 .1 � @2x/
�1
¹@xT�.P

"/º dx dt D
Z
.0;1/�R

 .1 � @2x/
�1
¹@xT�.P /º dx dt:



Global weak solutions of the Serre–Green–Naghdi equations with surface tension 33

This limit is stronger. Indeed, replacing f in (6.9) by T� we obtain

ŒT�.P
"/�t C Œ�

"T�.P
"/�x D

1

4h"
.P " C 3Q"/T�.P

"/

C

h
�
1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2

�
1

2h"
A"xP

"
CM"

i
T 0�.P

"/:

Then the sequence ¹.1 � @2x/
�1¹@xT�.P

"/ºº" is uniformly bounded in W 1;1..0;1/ �

R/. The Arzelà–Ascoli theorem implies that, up to a subsequence, we have that the con-
vergence

.1 � @2x/
�1
¹@xT�.P

"/º �! .1 � @2x/
�1
¹@xT�.P /º

is uniform on any compact set of .0;1/ � R. Following the same proof we obtain the
uniform convergence

.1 � @2x/
�1
¹T�.P

"/º �! .1 � @2x/
�1
¹T�.P /º

on any compact set of .0;1/ �R.

Step 4. Let ' 2 C1c ..0;1/ �R/. ThenZ
.0;1/�R

T�.P
"/'P"x dx dt D

Z
.0;1/�R

T�.P
"/.1 � @2x/

�1.1 � @2x/Œ.'P
"/x � 'xP

"� dx dt

D �

Z
.0;1/�R

.1 � @2x/
�1
¹@xT�.P

"/º � .1 � @2x/¹'P
"
º dx dt

�

Z
.0;1/�R

.1 � @2x/
�1
¹T�.P

"/º � .1 � @2x/¹'xP
"
º dx dt:

Taking the limit "! 0 and using Steps 2 and 3 and Lemma A.2 we obtain

lim
"!0

Z
.0;1/�R

T�.P
"/'P"x dx dt D �

Z
.0;1/�R

.1 � @2x/
�1
¹@xT�.P /º � .1 � @

2
x/¹'
zPº dx dt

�

Z
.0;1/�R

.1 � @2x/
�1
¹T�.P /º � .1 � @

2
x/¹'x

zPº dx dt

D

Z
.0;1/�R

T�.P /'@x zP dx dt: (6.25)

Step 5. Since jT�.P "/j 6 �, from (5.53) we have V1T�.P
"/ * 0 and V2T�.P

"/ * 0.
Then using (6.25) we obtain (6.23) with

�M def
D �3h@x zP:

Following the same proof we obtain (6.24).
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Lemma 6.5. For all T > 0, we have

lim
�!1
kT�.P / � T�. xP /kL1.Œ0;T ��R/ D lim

�!1
kT�.Q/ � T�. xQ/kL1.Œ0;T ��R/ D 0; (6.26)

lim
�!1
kT�.P / � xP kL1.Œ0;T ��R/ D lim

�!1
kT�.Q/ � xQkL1.Œ0;T ��R/ D 0: (6.27)

Moreover, for all � > 0 we have

1

2
.T�.P / � T�. xP //

2 6 S�.P / � S�. xP /; (6.28)

1

2
.T�.Q/ � T�. xQ//

2 6 S�.Q/ � S�. xQ/:

Proof. Since the proofs for P and Q are the same, we only show the proof for P . From
(6.22) we have

jT�.�/ � �j 6 j� C �j1�6�� C j� � �j1�>� 6 2j�j1�6j�j 6
2

�
�2:

Then we have

jT�.P / � T�. xP /j 6 jT�.P / � xP j C jT�. xP / � xP j 6
2

�
.P 2 C xP 2/:

Jensen’s inequality implies that xP 2 6P 2. Lemma 6.2 implies thatP 2 2L1.RC;L1.R//.
Then (6.26) and (6.27) follow directly.

The Cauchy–Schwarz inequality implies that T�.P /2 6 T�.P /2. Then, using defini-
tion (6.22), we obtain

.T�.P / � T�. xP //
2 6 T�.P /2 C T�. xP /

2
� 2T�. xP /T�.P /

D T�.P /2 C T�. xP /
2
� 2T�. xP / xP C 2T�. xP /.P C �/1P6��

C 2T�. xP /.P � �/1P>�

D T�.P /2 C 2T�. xP /Œ.P C �/1P6�� � . xP C �/1 xP6�� �

� T�. xP /
2
C 2T�. xP /Œ.P � �/1P>� � . xP � �/1 xP>� �

6 T�.P /2 � 2�Œ.P C �/1P6�� � . xP C �/1 xP6�� �

� T�. xP /
2
C 2�Œ.P � �/1P>� � . xP � �/1 xP>� �; (6.29)

where the last inequality follows from Jensen’s inequality with the concavity of � 7!
.� C �/1�6�� , the convexity of � 7! .� � �/1�>� and �� 6 T�.�/ 6 �. Since

S�.�/ D
1

2
T�.�/

2
C �.� � �/1�>� � �.� C �/1�6�� ;

we have

S�.P / D
1

2
T�.P /2 C �.P � �/1P>� � �.P C �/1P6�� ;

S�. xP / D
1

2
T�. xP /

2
C �. xP � �/1 xP>� � �.

xP C �/1 xP6�� :

The last two identities with (6.29) imply (6.28).
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Now we state the main result of this section.

Lemma 6.6. The measures �1, �2 given in Lemma 6.2 are Dirac measures, and

�1t;x.�/ D ı xP.t;x/.�/; �2t;x.�/ D ı xQ.t;x/.�/:

Proof. Since the proof is the same, we present here only the proof of �1t;x.�/D ı xP.t;x/.�/.

Note that ifP 2D xP 2 then
R

R.
xP � �/2 d�1t;x.�/D 0, which implies that supp.�1t;x/D¹ xP º.

Since �1t;x is a probability measure, necessarily �1t;x D ı xP . It remains then only to prove
that P 2 D xP 2. The goal is to obtain an evolutionary inequality of P 2 � xP 2. Then, since
it is equal to zero initially, we prove that it remains zero for all time. The proof is given in
several steps.

Step 1. Replacing f in (6.9) by S� one obtains

S�.P
"/t C Œ�

"S�.P
"/�x D

1

4h"
.P " C 3Q"/S�.P

"/

C

h
�

1

8h"
.P "/2 C

1

8h"
�".P

"/C
1

8h"
.Q"/2

�
1

2h"
A"xP

"
CM"

i
T�.P

"/:

Taking "! 0, using (5.53) and Lemmas 6.2 and 6.4 we obtain

S�.P /t C .�S�.P //x

D
1

8h

®
2PS�.P / � P 2T�.P /C 6 xQS�.P /CQ2T�.P /

¯
C T�.P /�M: (6.30)

Step 2. Replacing f in (6.9) by the identity function and taking "! 0, we obtain

xPt C .� xP /x D
1

8h
.P 2 C 6 xP xQCQ2/C �M:

Let j" be a Friedrichs mollifier and note that xP " def
D xP � j". Then we have

xP "t C .�
xP "/x D �" C

° 1
8h
.P 2 C 6 xP xQCQ2/

±
� j" C �M � j";

where �"
def
D .� xP "/x � .� xP /x � j". Multiplying by T�. xP "/ and using (6.12), we obtain

S�. xP
"/t C .�S�. xP

"//x D
1

4h
.3 xQC xP /S�. xP

"/ �
1

4h
.3 xQC xP / xP "T�. xP

"/

C T�. xP
"/
° 1
8h
.P 2 C 6 xP xQCQ2/

±
� j"

C T�. xP
"/.�M � j"/C T�. xP "/�":

Taking "! 0 and using Lemma A.4, one obtains

S�. xP /t C .�S�. xP //x

D
1

8h

®
2 xPS�. xP /C 6 xQS�. xP /C T�. xP /.P 2 � 2 xP

2
CQ2/

¯
C T�. xP /�M: (6.31)
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Step 3. From (6.30) and (6.31) we obtain

ŒS�.P / � S�. xP /�t C Œ�.S�.P / � S�. xP //�x

D �M.T�.P / � T�. xP //
C

1

8h

®
2PS�.P / � P 2T�.P /C xP

2T�. xP / � 2 xPS�. xP /C T�. xP /. xP
2
� P 2/

¯
C

1

8h

®
6 xQ.S�.P / � S�. xP //CQ2.T�.P / � T�. xP //

¯
: (6.32)

From (6.21) and (6.22) we have

�2T�.�/ � 2�S�.�/ D �
2T�.�/ � 2�S�.�/C �

3
� �3

D �2ŒT�.�/ � ��C �.� C �/
21�6�� C �.� � �/

21�>�

D �2ŒT�.�/ � �� � .�
2
� �2/Œ.� C �/1�6�� C .� � �/1�>� �

C �.� C �/21�6�� C �.� � �/
21�>�

D �2ŒT�.�/ � ��C �.� C �/
21�6�� � �.� � �/

21�>� :

Then from (6.21) we have

2PS�.P / � P 2T�.P /C xP
2T�. xP / � 2 xPS�. xP /C T�. xP /. xP

2
� P 2/

D .T�. xP /C �/. xP C �/
21 xP6�� C .T�.

xP / � �/. xP � �/21 xP>�

� .T�. xP /C �/.P C �/21P6�� � .T�. xP / � �/.P � �/21P>�

� �2.T�.P / � T�. xP // � 2T�. xP /.S�.P / � S�. xP // (6.33)

From definition (6.22) we have

.T�. xP /C �/. xP C �/
21 xP6�� D .T�.

xP / � �/. xP � �/21 xP>� D 0: (6.34)

Since T�. xP / > ��, we have

� .T�. xP /C �/.P C �/21P6�� 6 0: (6.35)

Let t0 > 0 and � > C.1C t�10 /. Then, from Lemma 5.5, we have for all t > t0 that P " 6 �

and xP 6 �. Then, using the convexity of T� on .�1; �/ and Jensen’s inequality, we obtain

� �2.T�.P / � T�. xP // 6 0 8t > t0; � > C.1C t�10 /: (6.36)

We take t0 > 0 and � > C.1C t�10 / again. Then, for all ' 2 C1c ..t0;1/ �R/, we haveZ
.P � �/21P>�' dx dt D lim

"!0

Z
.P " � �/21P ">�' dx dt D 0: (6.37)

Then, using (6.32), (6.33), (6.34), (6.35), (6.36) and (6.37), we obtain

ŒS�.P / � S�. xP /�t C Œ�.S�.P / � S�. xP //�x

6 �M.T�.P / � T�. xP //
C

1

8h

®
.6 xQ � 2T�. xP //.S�.P / � S�. xP //CQ2.T�.P / � T�. xP //

¯
; (6.38)

for any t0 > 0, � > C.1C t�10 / and t > t0.
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Step 4. Let f�.t; x/
def
D S�.P / � S�. xP / and f "�

def
D f� � j", where j" is a Friedrichs mol-

lifier. Then, from (6.38) and Lemma A.4, we obtain

.f "� /t C .�f
"
� /x 6

1

4h

®
3 xQ � T�. xP /

¯
f "� C

��MC Q2

8h

�
.T�.P / � T�. xP //C �";

where �" ! 0 in L1loc..0;1/ � R/. Let ˇ > 0; multiplying by h3=2.h3=2f "� C ˇ/
�1=2=2

and using (6.13) one obtainshq
h3=2f "� C ˇ

i
t
C

h
�

q
h3=2f "� C ˇ

i
x

6
��MC Q2

8h

�T�.P / � T�. xP /
2
p
h3=2f "� C ˇ

h3=2 C Q�" C
. xP � T�. xP //h

1=2f "�

8
p
h3=2f "� C ˇ

C
ˇ�xp

h3=2f "� C ˇ
;

where Q�"
def
D �"h

3=2.h3=2f "� Cˇ/
�1=2=2! 0 inL1loc..0;1/�R/. Taking "! 0we obtainhq

h3=2f� C ˇ
i
t
C

h
�

q
h3=2f� C ˇ

i
x

6
��MC Q2

8h

�T�.P / � T�. xP /
2
p
h3=2f� C ˇ

h3=2 C
. xP � T�. xP //h

1=2f�

8
p
h3=2f� C ˇ

C
ˇ�xp

h3=2f� C ˇ
: (6.39)

From (6.28) we haveˇ̌̌��MC Q2

8h

�T�.P / � T�. xP /
2
p
h3=2f� C ˇ

h3=2
ˇ̌̌

6
p
2

2

ˇ̌̌�MC Q2

8h

ˇ̌̌
h3=4:

Using that jT�.�/j 6 j�j and S�.�/ 6 �2=2 we obtain

g
ˇ̌̌ . xP � T�. xP //h1=2f�

8
p
h3=2f� C ˇ

g
ˇ̌̌

6
j xP j

p
f�

4h1=4
6

1

8h1=4
. xP 2 C f�/ 6

1

8h1=4

�3
2
xP 2 C

1

2
P 2
�
:

Since L1 convergence implies pointwise convergence (up to a subsequence), using the
dominated convergence theorem with (6.26) and (6.27) we obtain

lim
�!1

g
��MC Q2

8h

�T�.P / � T�. xP /
2
p
h3=2f� C ˇ

h3=2g

L1.�/

C lim
�!1

g
 . xP � T�. xP //h1=2f�

8
p
h3=2f� C ˇ

g

L1.�/

D 0
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for any compact set�� .0;1/�R. Since jS�.�/j6 �2=2, we have jf� j6 xP 2=2CP 2=2.
Taking � !1 in (6.39) and using the dominated convergence theorem again we obtainhq

h3=2f C ˇ
i
t
C

h
�

q
h3=2f C ˇ

i
x

6
ˇ�xp

h3=2f C ˇ
; f

def
D
1

2
.P 2 � xP 2/:

Now taking ˇ ! 0 we obtainhq
h3=2f

i
t
C

h
�

q
h3=2f

i
x

6 0 in .t0;1/ �R: (6.40)

Step 5. Following [64], let g def
D
p
h3=2f 2 L1..0;1/; L2.R//. Also let ' 2 C1c .R/

satisfy '.x/ D 1 for jxj 6 1 and '.x/ D 0 for jxj > 2. Then, for all n > 1, we
have g'.x=n/ 2 L1..0;1/; L1.R//. Then almost all t > 0 are Lebesgue points of
t 7!

R
R g.t; x/'.x=n/ dx for all n > 1. Let Nt > 0 be a Lebesgue point of t 7!R

R g.t; x/'.x=n/ dx and ı 2 .0; Nt=2/. Also let  2 C1c ..0;1// satisfy

 .t/ D 0 on .0; ı=2/ [ .Nt C ı;1/;  .t/ D 1 on .ı; Nt � ı/;

0 6  0.t/ 6 C=ı on .ı=2; ı/; � 0.t/ > C=ı on .Nt � ı; Nt C ı/:

Multiplying (6.40) by '.x=n/ .t/, integrating on .0;1/ � R and using integration by
parts one obtains

C

ı

Z NtCı
Nt�ı

Z
R
g.t; x/'.x=n/ dx dt 6 �

Z NtCı
Nt�ı

Z
R
g.t; x/'.x=n/ 0.t/ dx dt

6
C

ı

Z ı

ı=2

Z
R
g.t; x/'.x=n/ dx dt C

1

n
k�kL1

Z NtCı
ı=2

Z
R
g.t; x/j'0.x=n/j dx dt:

From (6.15), we have

lim
t!0

Z
R
g.t; x/'.x=n/ dx D 0 H) lim

ı!0

1

ı

Z ı

ı=2

Z
R
g.t; x/'.x=n/ dx dt D 0:

Since Nt > 0 is a Lebesgue point of t 7!
R

R g.t; x/'.x=n/ dx, taking first ı ! 0 and then
n!1 we obtain

g.Nt ; x/ D 0 a.e. .Nt ; x/ 2 .0;1/ �R:

Hence P 2 D xP 2 almost everywhere, which implies that �1t;x.�/ D ı xP.t;x/.�/. The proof
of �2t;x.�/ D ı xQ.t;x/.�/ can be done similarly.

7. The global weak solutions

In this section we use the precompactness results given in the previous section to prove
that the limit .h; u/ given in Lemma 6.1 is a weak solution of (2.1). All the limits in this
section are up to a subsequence.
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Let .h" � Nh; u"/ be the solution given in Theorem 5.1. Then, from Lemmas 6.2, 6.6,
5.6, (4.2) and (6.12) we have

.P ";Q"; u"x ; h
"
x/ * . xP ; xQ;ux ; hx/ in Lploc..0;1/ �R/; (7.1)

k.P "/2; .Q"/2; .u"x/
2; .h"x/

2
kL1.�/ ! k xP 2; xQ2; u2x ; h

2
xkL1.�/;

for any p 2 Œ2; 3/ and compact set � � .0;1/ �R. This implies that

.P ";Q"; u"x ; h
"
x/! . xP ; xQ;ux ; hx/ in L2loc..0;1/ �R/: (7.2)

Using Lemmas 5.6 and 6.1 we obtain that, for all p 2 Œ2; 3/,

.u"t ; h
"
t / * .ut ; ht / in Lploc..0;1/ �R/: (7.3)

Now, using (5.53) and taking the weak limit "! 0 in (5.2a), we obtain (2.1a). Applying
Lh" on (5.2b) and multiplying by ' 2 C1c ..0;1/ �R/ we obtainZ

RC�R

°®
u"t C u

"u"x C 3.h
"/�2h"x

¯°
h"' � .h"/2h"x'x �

1

3
.h"/3'xx

±
C
1

2
'u"A"x

±
dx dt

D

Z
RC�R

'x

°
C" C F.h"/ �

1

2
.h"/2u"xA

"
x C

1

48
h".�".P

"/C �".Q
"//
±

dx dt:

From (7.2) and Lemma 6.1 we obtain the following convergence as "! 0:°
h"' � .h"/2h"x'x �

1

3
.h"/3'xx

±
! Lh' in L2loc..0;1/ �R/:

Using (7.2) and Lemma 6.1 again, and also (7.3), we obtain the convergence

¹u"t C u
"u"x C 3.h

"/�2h"xº* ¹ut C uux C 3h
�2hxº in L2loc..0;1/ �R/:

We suppose that supp.'/ � Œt1; t2� � Œa; b�. Then, using the energy equation (5.9) and
Lemma 5.4, we obtainˇ̌̌̌Z

RC�R
'x.h

"/2u"xA
"
x dx dt

ˇ̌̌̌
6 Ck'x.h

"/2u"xkL1.Œt1;t2�;L2.Œa;b�//kA
"
xkL1.Œt1;t2�;L1.Œa;b�//

6 "C:

Following the same argument we obtainˇ̌̌̌Z
RC�R

'u"A"x dx dt
ˇ̌̌̌

6 "C:

Then, taking " ! 0, using Lemma A.2, (5.50) and (7.2), we obtain (3.1). Performing
the proof of (6.14) for any t0, we obtain that .h � Nh; u/ 2 Cr .RC; H 1.R//. Lemma 5.5
implies (3.4). Inequality (3.2) follows from Lemma 5.6, (7.1) and (7.3). Finally, the energy
inequality (3.3) follows from (6.16).
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A. Some classical lemmas

Here we recall simple versions of some classical lemmas that are needed in this paper. We
start this section by the following lemma on Young measures.

Lemma A.1 ([32]). Let O be a subset of Rn with a zero-measure boundary. For any
bounded family ¹v"º" � Lp.O;RN / with p > 1 there exist a subsequence also denoted
¹v"º" and a family of probability measures on RN , ¹�y ; y 2 Oº, such that for all f 2
C 0.RN / with f .�/ D O.j�jp/ at infinity and for all � 2 C1c .O/ we have

lim
"!0

Z
O

�.y/f .v".y// dy D
Z
O

�.y/

Z
R
f .�/ d�y.�/ dy

with Z
O

Z
R
j�jp d�y.�/ dy 6 lim inf

"!0
ku"k

p

Lp.O/
: (A.1)

Other results on strong and weak precompactness are also needed, which we recall.

Lemma A.2 ([20]). Let � be an open set of Rn. Assume that fn ! f in Lp.�/ with
p 2 .1;1/, gn is bounded in Lq with q 2 .1;1/ and gn * g in Lq.�/. Then, for any
' 2 Lr .�/ such that 1=p C 1=q C 1=r D 1, we have

lim
n!1

Z
�

fngn' dx D
Z
�

fg' dx:

Lemma A.3 ([20]). For any p > 2 we haveL1loc.R
2/\W

�1;p
loc .R2/bH�1loc .R

2/. In other
words, for any open, bounded, smooth set U � R2, if the sequence .fn/n is bounded in
L1.U / \W �1;p.U /, then .fn/n is relatively compact in H�1.U /.

Lemma A.4 ([18, Lemma II.1]). Let c 2 L1loc.R
C;H 1

loc.R// and f 2 L1loc.R
C; L2loc.R//.

Also let j" be a Friedrichs mollifier. Then

.c@xf / � j" � c.@xf � j"/
"!0
���! 0 in L1loc.R

C
�R/:

Lemma A.5 ([43, Lemma C.1]). Let .fn/n be a bounded sequence inL1.Œ0;T �;L2.R//.
If fn belongs to C.Œ0; T �;H�1.R// and, for any ' 2 H 1.R/, the map

t 7!

Z
R
'.x/fn.t; x/ dx

is uniformly continuous for t 2 Œ0; T � and n > 1, then .fn/n is relatively compact in the
space C.Œ0; T �; L2w.R//, where L2w is the L2 space equipped with its weak topology.

Lemma A.6 (Compensated compactness [22]). Let� be an open set of R2 and let a; b 2
C.�;R/ such that for all .x1; x2/ 2� we have a.x1; x2/¤ b.x1; x2/. Also let .fn/, .gn/
be bounded sequences in L2loc.�;R/ such that fn * f and gn * g. If the sequences

¹@x1fn C @x2.afn/ºn and ¹@x1gn C @x2.bgn/ºn

are relatively compact in H�1loc .�/, then fngn * fg in the sense of distributions.
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Let ƒ be defined such that bƒf D .1C �2/1=2 Of and let ŒA; B� def
D AB � BA be the

commutator of the operators A and B . We recall now some estimates of the H s norm of
the product, the commutator and the composition of functions.

Lemma A.7 ([33]). If r > 0, then there exists C > 0 such that

kfgkH r 6 C.kf kL1kgkH r C kf kH r kgkL1/; (A.2)

kŒƒr ; f �gkL2 6 C.kfxkL1kgkH r�1 C kf kH r kgkL1/: (A.3)

Lemma A.8 ([16]). Let F 2 C1.R/ with F.0/ D 0. Then, for any m 2 N, there exists a
continuous function zF such that, for all f 2 Hm, we have

kF.f /kHm 6 zF .kf kL1/kf kHm : (A.4)

B. The energy equation

The goal of this section is to prove that smooth solutions of (2.1) (respectively (5.2))
satisfy the energy equation (1.5) (respectively (5.8)). Taking " D 0, we notice that (1.5) is
a particular case of (5.8). We consider " > 0 and .h"; u"/ smooth solutions of (5.2). Then
we have

1

2
gŒ.h" � Nh/2�t D �g.h

"
� Nh/.h"u"/x C g.h

"
� Nh/A"x ;

1

2
Œ.h"x/

2�t D �h
"
x.h

"u"/xx C gh
"
xA

"
�

p
3

48.h"/1=2
h"x.�".P

"/ � �".Q
"//:

Summing, we obtain

1

2
gŒ.h" � Nh/2�t C

1

2
Œ.h"x/

2�t D gŒ.h
"
� Nh/A"�x � g.h

"
� Nh/.h"u"/x � h

"
x.h

"u"/xx

�
1

96
.Q"
� P "/.�".P

"/ � �".Q
"//: (B.1)

Defining X"
def
D C" C F.h"/, from (5.2) we have

1

6
Œ.h"/3.u"x/

2�t D
1

2
.h"/2.u"x/

2A"x �
1

2
.h"/2.u"x/

2.h"u"/x

�
1

3
.h"/3u"x.u

"u"x/x � .h
"/3u"x..h

"/�2h"x/x

�
1

3
u"x.h

"/3@xL�1h" @xX
"
C
1

3
u"x.h

"/3@xB
": (B.2)

Using (5.2) again and the definition of Lh" , we obtain

1

2
Œh".u"/2�t D

1

2
.u"/2A"x �

1

2
.u"/2.h"u"/x � h

".u"/2u"x � 3.h
"/�1u"h"x

� h"u"L�1h" X
"
x C h

"u"B"
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D �
1

2
.u"/2.h"u"/x � h

".u"/2u"x � 3.h
"/�1u"h"x � u

"X"x

�
1

3
u"@x.h

"/3@xL�1h" @xX
"
C
1

3
u"@x.h

"/3@xB
"
C
1

2
u"..h"/2u"xA

"
x/x

�
1

48
u"Œh".�".P

"/C �".Q
"//�x

D �
1

2
Œ.u"/3h"�x � 3.h

"/�1u"h"x � Œu
"X"�x �

1

3
Œu".h"/3@xL�1h" @xX

"�x

C
1

3
Œu".h"/3@xB

"�x C
1

2
Œu".h"/2u"xA

"
x �x

�
1

48
Œu"h".�".P

"/C �".Q
"//�x

C u"xX
"
C
1

3
u"x.h

"/3@xL�1h" @xX
"

�
1

3
u"x.h

"/3@xB
"
�
1

2
.h"/2.u"x/

2A"x

C
1

96
.P " CQ"/.�".P

"/C �".Q
"//: (B.3)

Summing (B.2) and (B.3) one obtains

1

2
Œh".u"/2�t C

1

6
Œ.h"/3.u"x/

2�t D �3.h
"/�1u"h"x C u

"
xX

"
�
1

2
.h"/2.u"x/

2.h"u"/x

�
1

3
.h"/3u"x.u

"u"x/x �
1

2
Œ.u"/3h"�x � Œu

"X"�x

�
1

3
Œu".h"/3@xL�1h" @xX

"�x C
1

3
Œu".h"/3@xB

"�x

C
1

2
Œu".h"/2u"xA

"
x �x �

1

48
Œu"h".�".P

"/C �".Q
"//�x

� .h"/3u"x..h
"/�2h"x/x

C
1

96
.P " CQ"/.�".P

"/C �".Q
"//: (B.4)

Using (4.3) and (5.4) we obtain

1

3
.h"/3@xB

"
D
1

3
.h"/3@xL�1h"

°
�
1

2
u"A"x

±
�
1

2
.h"/2u"xA

"
x

C
1

48
h".�".P

"/C �".Q
"//

C .h"/3@xL�1h"

²
h"
Z x

�1

�1
2
.h"/�1u"xA

"
x

�
1

48.h"/2
.�".P

"/C �".Q
"//
�

dy
³

D
1

3
.h"/2V"1 �

1

2
.h"/2u"xA

"
x C

1

48
h".�".P

"/C �".Q
"//:
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Now using (4.4) and (B.4) we obtain

1

2
Œh".u"/2�t C

1

6
Œ.h"/3.u"x/

2�t D �3.h
"/�1u"h"x C u

"
xX

"
�
1

2
.h"/2.u"x/

2.h"u"/x

�
1

3
.h"/3u"x.u

"u"x/x �
1

2
Œ.u"/3h"�x � Œu

"R"�x

�

h
u"
�1
2
g..h"/2 � Nh2/ � 3 ln.h"= Nh/

�i
x

C
1

3
Œu".h"/2V"1�x � .h

"/3u"x..h
"/�2h"x/x

C
1

96
.P " CQ"/.�".P

"/C �".Q
"//: (B.5)

Forward calculations lead to

g.h" � Nh/.h"u"/x C h
"
x.h

"u"/xx C 3.h
"/�1u"h"x � u

"
xX

"

C
1

2
.h"/2.u"x/

2.h"u"/x C
1

3
.h"/3u"x.u

"u"x/x C .h
"/3u"x..h

"/�2h"x/x

D
1

2
gŒu".h" � Nh/2�x C

1

6
Œ.h"/3u".u"x/

2�x

C 3Œu" ln.h"= Nh/�x C
1

2
Œu".h"x/

2�x C Œh
"h"xu

"
x �x : (B.6)

Summing (B.1), (B.5) and (B.6) we obtainh1
2
h".u"/2 C

1

2
g.h" � Nh/2 C

1

6
.h"/3.u"x/

2
C
1

2
.h"x/

2
i
t

C

h1
2
.u"/3h" � g.h" � Nh/A" C u"R" C

1

2
gu"..h"/2 � Nh2/ �

1

3
u".h"/2V"1

C
1

2
gu".h" � Nh/2 C

1

6
.h"/3u".u"x/

2
C
1

2
u".h"x/

2
C h"h"xu

"
x

i
x

D
1

48
P "�".P

"/C
1

48
Q"�".Q

"/:

This is (5.8).
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