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Generalized positive energy representations of groups
of jets

Milan Niestijl

Abstract. Let V' be a finite-dimensional real vector space and K a compact simple Lie group with
Lie algebra £. Consider the Fréchet-Lie group G := J§°(V'; K) of co-jets at 0 € V' of smooth maps
V — K, with Lie algebra g = J$°(V: £). Let P be a Lie group and write p := Lie(P). Leta be a
smooth P-action on G. We study smooth projective unitary representations p of G Xq P that satisfy
a so-called generalized positive energy condition. In particular, this class captures representations
that are in a suitable sense compatible with a KMS state on the von Neumann algebra generated
by p(G). We show that this condition imposes severe restrictions on the derived representation d p
of g x p, leading in particular to sufficient conditions for p|g to factor through JOZ( V; K), or even
through K.

1. Introduction

This paper is concerned with projective representations of groups and Lie algebras of
jets. Let K denote a compact simple Lie group with Lie algebra £ and let V' be a finite-
dimensional real vector space. Then we consider the Fréchet-Lie group G := J§°(V; K)
with Lie algebra g := J§°(V:¥) = R[V*] ® £. These consist of oo-jets at 0 € V of
smooth K- and f-valued functions, respectively. We are interested in smooth projective
unitary representations of G which satisfy either a so-called positive energy, or a KMS
condition.

To describe these, let P be a finite-dimensional Lie group with Lie algebra p. Assume
that there is a smooth action @ of P on G. A continuous projective unitary representation
p: G xg P — PU(H,) is of positive energy at the cone € C p if for every p € €, there
is a strongly continuous homomorphic lift ¢ > e?*H of t > p(e’?) whose generator H
satisfies Spec(H) > 0. We say that p is KMS at p € p if there is a normal state ¢ on
the von Neumann algebra M := p(G)” generated by p(G) such that ¢ satisfies the KMS
condition for the one-parameter group R — Aut(M), 1 — Ad(p(e’?)). As we shall see,
these two seemingly very different classes of representations exhibit similar behavior in
certain respects. In particular, they both give rise to so-called generalized positive energy
representations, a notion which relaxes the positive energy condition and is introduced in
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Section 4 below. We study these generalized positive energy representations and thereby
also those which satisfy either the positive energy or the KMS condition.

The motivation for looking at the positive energy and KMS representations of the
group G %, P originates in prior work by B. Janssens and K.-H. Neeb, who studied in [33]
a class of projective unitary representations of the group of compactly supported gauge
transformations § := ['.(M; Ad(K)) of a principal K-bundle JX over M, where Ad(K)
denotes the corresponding adjoint bundle. Suppose that the Lie group P acts smoothly on
K by automorphisms of the principal bundle K. This induces a smooth action of P on
the infinite-dimensional Lie group §. Their main result is:

Theorem ([33, Thm. 7.19]). Let (p, H) be a projective unitary representation of § x P
which has a dense set of smooth rays and is of positive energy at the cone € C p. If
the cone € has no fixed points in M, then there exists a 1-dimensional P -equivariantly
embedded submanifold S C M s.t. on the connected component Gy of the identity, the
projective representation p factors through the restriction map r : §y — T'.(S; Ad(KX)).

Thus, if there are no fixed points in M for €, then the problem of classifying the
projective unitary positive energy representations of ¥ x P is essentially reduced to the
one-dimensional case, which has been extensively studied, see for example [22,35,36,57,
64,65,69]. Moreover, if there are no one-dimensional P-equivariantly embedded subman-
ifolds in M, one is essentially reduced to the case where p factors through the germs at the
fixed point set ¥ € M of the cone € C p. In the present paper, we address the setting where
fixed points do exist and where p actually factors through the germs at a single fixed point.

Thus, let @ € M be a fixed point of the P-action on M and let V := T,(M). If a
smooth projective unitary representation p of § factors through the germs at a € M, then
the continuity of p implies that it must further factor through the co-jets J°(Ad(XK)) =
J°(V; K) = G at a € M, as is shown in Section A in the appendix. This brings us
to groups of jets and motivates the study of smooth projective unitary representations of
G x4 P. Clearly, any smooth projective unitary representation of G xy P defines one of
g x P via the jet homomorphism j° : § — J°(Ad(K)) = G. In this way, the present
paper contributes to the understanding of positive energy and KMS-representations of
gauge groups.

In [61], KMS-representations were very recently studied in the context of finite-dimen-
sional Lie groups, leading to complete characterization of such representations that gen-
erate a factor of type L. In relation to the unitary representation theory of gauge groups,
let us also mention the papers [2, 20, 29, 55], in which unitary representations of gauge
groups C2°(M; K) are constructed which are non-local in the sense that they do not fac-
tor through the restriction map C°(M; K) — C°(N; K) for some proper submanifold
N C M. When dim(M) > 3, these are irreducible [3, 67]. They are also considered in
[1,5]. Unitary representations of groups of jets have also been considered in [4, 19].

Structure of the paper. The paper is divided in two parts. In Part I, we introduce both
the (generalized) positive energy and the KMS condition. We start in Section 2 by briefly
recalling the relation between continuous projective unitary representations, central exten-
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sions and the second Lie algebra cohomology H2(g,R). We move on to consider positive
energy representations in Section 3 and discuss some of their properties. In Section 4
we relax the positive energy condition and introduce the so-called generalized positive
energy condition. We show that for a projective unitary representation which of is gen-
eralized positive energy, its kernel is related to a particular quadratic form canonically
associated to the corresponding class in H2(g, R). This observation will play a key role
in Part II. In Section 5, we briefly recall the modular theory of von Neumann algebras
and then proceed to define KMS representations. We consider a number of examples and
discuss some of their properties, in particular making the important observation that KMS
representations give rise to generalized positive energy ones. To some extent, this unifies
the positive energy and KMS conditions, allowing their simultaneous study. We remark
also that Part I is formulated in the general context of possibly infinite-dimensional locally
convex Lie groups, which is the appropriate context within the larger program that studies
the projective unitary representations of gauge groups.

In Part II, we return to the Fréchet-Lie group G := J°(V; K) of co-jets at 0 € V.
After fixing our notation, we discuss in Section 7 a normal-form problem for the p-action
on g = J°(V;¥). Using the general observations made in Part I together with the normal-
form results obtained in Section 7, we proceed in Section 8 with the study of (generalized)
positive energy representations of the Lie algebra g xp p, where D : p — der(g) denotes
the p-action on g corresponding to «.

Overview of main results. Let us describe the main results of Section 8. We will first
need to introduce some notation. We write X7 for the Lie algebra of formal vector fields
on V' vanishing at the origin. The p-action D splits into a horizontal and a vertical part
according to D(p) = —&y(p) + adg(p), for some Lie algebra homomorphism v : p — X;p
and a linear map o : p — g satisfying the Maurer—Cartan equation

—Lo(p)0(P2) + Lo(p0(p1) — o ([p1. p2]) + [0(p1).0(p2)] =0, Vpi.p2 €p.

For any p € p, the formal vector field v(p) splits further as

v(p) = vi(p) + vno(p),

into its linearization v;(p) and its higher order part vy,(p), which is a formal vector field
on V vanishing up to first order at the origin. Let o¢(p) be the constant part of the for-
mal power series o (p). Let ¥, C C denote the additive subsemigroup of C generated by
Spec(vi(p)). Let V.€(p) denote the span in V¢ of all generalized eigenspaces of vy(p)
corresponding to eigenvalues with zero real part. Set V.(p) := VE(p) N V. IfC Cpisa
subset, define V. (€) := ﬂpe@ V.(p), which we call the “center subspace of V' associated
to €7, in analogy with the center manifold of a fixed point of a dynamical system. Let
V.(€)1 C V* be its annihilator in V*. If 7 is a continuous projective unitary represen-
tation of g xp p, let €(7) be the set of all points p € p for which 7 is of generalized
positive energy at p. Write R := R[V*] := [[72, P"(V) for the ring of formal power
series on V', where P" (V') denotes the set of degree-n homogeneous polynomials on V.
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The first main result concerns positive energy representations. It states that unless the
spectrum of v;(p) and o¢(p) happens to intersect non-trivially, any smooth projective
unitary representation p of G X, P which is of positive energy at p € p factors through
the 2-jets JZ(V; K) xq P:

Theorem (Theorem 8.8). Let p be a smooth projective unitary representation of G X, P
which is of positive energy at p € p. Assume that

Spec(adg,(p)) N Spec (vi(p)) = 0.

Then p factors through JOZ(V; K) xq P. Moreover the image of —&Ly,(p) + adgy(p) in
P2(V) ® ¥t C J(V; K) is contained in ker p.

The second main result determines restrictions imposed by the generalized positive
energy condition. If p € €(77), then unless possibly when the “non-resonance condition”
Spec(ady,(p)) N X, = @ is violated, it suffices to consider the case where all eigenvalues
of v)(p) are purely imaginary. The precise statement is:

Theorem (Theorem 8.20). Let T be a continuous projective unitary representation of
g xp p. Let € C C(7). Assume that Spec(adg,(p)) N Xp = @ for all p € €. Then
RV.(C)t ® ¥ C ker %, and hence |4 factors through R[V.(€)*] ® £.

Since R[V.(€)*] ® ¥ = £ whenever V.(€) = {0}, Theorem 8.20 in particular gives
sufficient conditions for 7|4 to factor through ¥, that depend only on the spectrum of og
and v (p). For the third main result, we consider the special case where p is non-compact
and simple.

Theorem (Theorem 8.24). Assume that p is non-compact and simple. Suppose that v,
defines a non-trivial irreducible p-representation on V. Let T be a continuous projective
unitary representation of ¢ Xp p. Let € C C(7) be a P-invariant convex cone. Either €
is pointed or 7|4 factors through ¥.

Remark 1.1. If p is a smooth projective unitary representation of G X, P which is of
generalized positive energy at the cone € C p, then its derived representation d p on the
space of smooth vectors # ;,X’ is so, too. Moreover, as we shall see in Lemma 6.3 below, the
exponential map of G = J5°(V'; K) restricts to a diffeomorphism from the pro-nilpotent
ideal ker(evo : J§°(V; ) — F) onto ker(evo : J5°(V; K) — K). Thus, the above results
all have immediate analogous consequences on the group level.

Part1
Positive energy and KMS representations

2. Projective representations and central extensions

In the following, the category of infinite-dimensional manifolds and smooth maps between
them is defined in the Michal-Bastiani sense [7, 44, 49]. This also defines the notion of
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a locally convex Lie group. Throughout the section, let G denote a locally convex Lie
group which is regular in the sense of [49, Def. 11.5.2]. Then G in particular admits an
exponential map expg : g — G, see e.g. [49, Rem. I1.5.3].

Definition 2.1. We use the following terminology:

* A (projective) unitary representation of G is said to be continuous if it is so w.r.t. the
strong operator topology on U(H,).

* Let(p, #,) be a unitary representation of G on J,. A vector ¥ € H#,, is called smooth
if the orbit map G — H#,, g = p(g)¥ is smooth. Denote by #;° C J, the subspace
of smooth vectors. The representation p is called smooth if #7° is dense in ).

» Let (p, #,) be a projective unitary representation of G on #,. A ray [y] € P(J,)
is called smooth if the orbit map G — P(#,), g — p(g)[y¥] is smooth. Denote by
P(J,)*° the subspace of smooth rays. The projective representation p is called smooth
it P(#,)* is dense in P(H,).

Definition 2.2. If D is a complex vector space, denote by £ (D) the Lie algebra of linear
operators on D. If D is a pre-Hilbert space with Hilbert space completion J, we also write

£7(D) == {X € £(D): D S dom(X*) and X*D C D}.

For X € £7(D) set XT := X*|p. Then (XT)" = X and (—)" endows £7(D) with an
involution [60, Ch. 2]. If D is a pre-Hilbert space, define the Lie algebra

u(®):={X e £N@): X"+ x =0}.

Definition 2.3. Let O be a complex pre-Hilbert space.

* A unitary representation of the Lie algebra g on O is a Lie algebra homomorphism
7w g — u(D). A projective unitary representation is a Lie algebra homomorphism
7:g— pu(D) :=u(D)/iRI.

* A unitary representation 7 of g is called continuous if £ — 7 (£)y is continuous for
any ¥ € 9. A projective unitary representation 7 is continuous if & > w(§)[¥] is
continuous for every [y] € P(D).

Remark 2.4. Any unitary G-representation on #{, defines a unitary g-representation
dp g —> u(H°) on H° by dp(§)y := %h:op(etg)l//. We will always consider ele-
ments of dp(g) as unbounded operators defined on the invariant domain # o - Projective
unitary G-representations similarly define projective unitary g-representations on P(F ;’o)
by differentiation at the identity. If G is finite-dimensional, then J(7° is dense in J,, for
any continuous unitary representation p of G, by a result of Garding [68, Prop. 4.4.1.1].

A continuous projective unitary representation p : G — PU(H,) is equivalently given
by a continuous central T -extension G together with a unitary representation p : G —
U(H,) which satisfies p(z) = z[ for z in the central T component. Of course, G is the
pull-back of the central T-extension U(#,) — PU(H,) along p. We say that p lifts p.
Suppose p; and p, are two projective unitary representations, inducing by pull-back the
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lifts p; : Gol — U(H,,) and p; : Goz — U(H,,) of p1 and p», respectively. Then p; and p;
are unitarily equivalent if and only if there is an isomorphism & : Gol — Goz of central G-
extensions and a unitary U : #,, — ¥, such that p>(®(x)) = Up; (x)U ! forall x € él.
Analogously, any projective unitary g-representation 7 with domain & can be lifted to a
unitary representation 7 : § — u (D) of some central R-extension g of g. The continuous
central extensions of g by R are up to isomorphism classified by H2(g,R), the continuous
second Lie algebra cohomology with trivial coefficients [32, Def. 6.2, Prop. 6.3]. Thus, to
study the projective unitary representations of g up to equivalence, one may first determine
H2(g,R), choose for each class [w] € H3(g, R) a representative @ and then proceed
to determine the equivalence classes of unitary representations = of R @, g satisfying
7 (1,0) = il. We will also write ¢ := (1,0) € R &, g for the central generator.

Remark 2.5. In the literature, one encounters the notion of the level of a unitary rep-
resentation 7w of Re¢ @, g, which is the number / € R such that 7w (c) = ill (see e.g.
[57, Sec. 9.3]). Let us briefly clarify how such representations are included in the program
outlined above, even though 7 (c) = il is always assumed. Simply notice that such a
representation of level / factors through the map Re &, g — Re @;., g induced by mul-
tiplication by ! on the central factor. The corresponding representation 7 of Re &;., g
satisfies o (c) = il . Notice that Re &, g — R @, g is an isomorphism of Lie algebras
whenever [ # 0, but not of central extensions unless / = 1, because a morphism of central
extensions is required to be the identity on the central component. For 1 # [ € R, the
cocycles w and [ -  are not equivalent unless [w] = 0 in H2(g, R).

Remark 2.6. If a projective unitary representation p of G is smooth, then the correspond-
ing central T -extension G is again a locally convex Lie group [32, Thm. 4.3]. Moreover,
there is a similar correspondence between smooth projective unitary representations p of
G and their lifts p : Go — U(¥,), which are then again smooth [32, Cor. 4.5, Thm. 7.3].
We furthermore have P(H,)> = P(J(;°) by [32, Thm. 4.3].

3. Positive energy representations

Let us introduce the class of positive energy representations. After defining the notion,
some immediate consequences are considered that will be relevant in Part II. Let G be a
regular locally convex Lie group with Lie algebra g. If ¢ € R, D is a pre-Hilbert space
and X € £7(D) satisfies XT = X, we write X > ¢ if (¥, Xv) > ¢||y||? for every ¢ € D.

Definition 3.1. Let € C g be a convex cone and D be a pre-Hilbert space.

* A continuous unitary representation 7 of g on & is said to be of positive energy (p.e.)
at £ e g if —im(§) > 0. It is of p.e. at € if it is of p.e. at every & € €. We write
C(n) :={ eg:misofpe.at &}.

» Let 7 be a continuous projective unitary representation of g on D with lift 7 : § —
u(D). Then 7 is of p.e. at € if there exists &o € €() C g covering &. Write D (7) for
the set of all such &. We say that 7 is of p.e. at € if € C €(7r).
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* A smooth (projective) unitary representation of G on #, is said to be of p.e. at§ € g
if the corresponding derived (projective) unitary representation of g on J7° is so. It is
said to be of p.e. at € if it is so at every £ € €.

Remark 3.2. Let p be a smooth unitary representation of G. Then € := €(dp) is always
a closed, G-invariant convex cone. Consequently, € N —€ and € — € are ideals in g,
called the edge and span of €, respectively. If £ € € N —€ then £ € ker dp, so by passing
to the quotient g/ ker dp one may always achieve that € is pointed.

Next, we define the notion of a semibounded representation.

Definition 3.3. Let p : G — U(H) be a smooth unitary G-representation. Define its
momentum set by:

I := conv {€ = (Y, —idp(E)Y) : ¥ € KT, |y =1} € g".
The representation p is said to be semibounded if W), contains an interior point, where
W, := {§ € g : infSpec ( — idp(£)) > —o0}.

Remark 3.4. For finite-dimensional Lie groups, the class of semibounded representations
has been subject to detailed study in [47]. In particular, they are highest weight represen-
tations [47, Def. X.2.9, Thm. X.3.9]. For a consideration of semibounded representations
in the context of infinite-dimensional Lie groups, we refer to [51,52].

In the finite-dimensional context, the semiboundedness condition turns out to be ex-
tremely restrictive, which in turn has consequences for arbitrary positive energy represen-
tations. The following result, Theorem 3.5, is based on the results in the monograph [47].

Theorem 3.5. Assume that G is connected and locally exponential. Take d € g and let
a = (d) < g be the closed ideal in g generated by d. Assume that dim(a) < co and that
a is stable, in the sense that Adg(a) C a. Let A < G be a connected normal Lie subgroup
integrating a. Let (p, #,) be a smooth unitary G-representation which is of p.e. atd € g.
Write by := a/ ker dp. The following assertions hold:

(1) a =€ — €, where € C q is the closed G-invariant convex cone in g generated
byd.

(2) The closure of € + kerdp in Yy is a pointed, generating and G-invariant convex
cone. Thus € N —€ C kerdp.

(3) pla is semibounded.

(4) Let b, denote the maximal nilpotent ideal of Y. Then [b,, H,] C 3(§). Moreover,
there exists a reductive Lie algebra | such that ) = b, x L.

(5) Let a,, denote the maximal nilpotent ideal of a. Then |[a, [a,, a,]] C ker dp.

Proof. For the first point, let a’ be the closure of € — € in g. As a’ is a closed ideal in g
containing d, we have a C a’. On the other hand, we know that Adg (d) < a because a is
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stable. Thus € C a and hence a’ C a. So a’ = a. In particular dim(a’) < co and so € — € =
a’ = a. Next we prove the second statement. Take & € (€ + kerdp) N —(€ + ker dp).
Then dp(§) > 0 and dp(£) < 0, in view of Remark 3.2, and hence Spec(dp(£)) = {0}. As
dp(£) is essentially skew-adjoint, it follows that £ € ker dp. Thus € + ker dp is pointed
in b. As € is closed, G-invariant and convex, it is clear that the same holds for the cone
€ + kerdp in §. The latter is also generating in §) because a = € — €. Next we show
that p|4 is semibounded. As a is spanned by € and dima < oo, it follows that € C a
has interior points. As € C W,, this implies that W, has interior points. Hence p|4 is
semibounded. For the remaining points, we use the results in [47]. We first show that [
is admissible, in the sense of [47, Def. VII.3.2]. Using the second point, the convex cone
(€ + kerdp) ® R>¢ in h @ R is closed, pointed, generating and Inn(h)-invariant. By [47,
Lem. VIL3.1, Def. VII.3.2] this implies that §) is admissible. By [47, Thm. VIL.3.10], it
follows that [b,, h,] € 3(h) and that b contains a compactly embedded Cartan subalgebra
t (where as in [47, Def. VII.1.1], a subalgebra t C ) is called compactly embedded if
(e2d®) is compact in Aut(h)). Using [47, Lem. VII.2.26(iv)], we obtain that there exists
some reductive Lie algebra [ with ) = b, x L. Since [§, [§,, h,]] = 0and h = a/kerdp,
it follows in particular that [a, [a,, a,]] € ker dp. |

For projective p.e. representations, this leads to:

Corollary 3.6. Let G, d, a and a, be as Theorem 3.5. Let (p, #,) be a smooth projective
unitary representation of G. Suppose that p is of p.e. atd € g. Then [a, [a,, a,]] C kerd p.

Proof. Letp : G — U(J,) be the lift of p to a central T -extension G of G. Let
§ := Lie(G).

There exists some d € § st dpisof p.e. at d € §. Let & denote the ideal in § generated
by d and let a,, denote the maximal nilpotent ideal in a. Then dp([a, [a,, a,]]) = {0} by
Theorem 3.5. Thus d p([a, [a,, a,]]) = {0}, where we used that the quotient map § — g
projects a and a, onto a and aj,, respectively. n

The following simple lemma will also be useful.

Lemma 3.7. Assume that dim(G) < oo. Let p : G — PU(H),) be a continuous projective
unitary representation of G which is of p.e. at every element of g. Then p is continuous
w.r.t. the norm-topology on U(H,).

Proof. Letdp: q — u(H 5°) be the lift of d p. Identify a = R &, g for some 2-cocycle
w : g x ¢ — R. The assumptions imply that for every £ € g there exists E¢ € R s.t.
—idp(§) > Eg. As this holds in particular for both £ and —§, dp(£) is a bounded operator
for any £ € g. As dim(g) < oo, one finds by choosing a basis (e;,) of g that there exists
C > 0s.t [[dp@)ll = C||&]| where [[§]| := sup,[&.] if &€ = 3, §uep. Thus & — dp(€) is
norm-continuous. This implies norm-continuity of p because B(H#,) — B(H,), T el
is norm-continuous and p(exp(§)) = [¢%?®)] e PU(H,) for & € g. |
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4. Generalized positive energy representations

Let G denote a regular locally convex Lie group with Lie algebra g. The class of p.e. rep-
resentations can be generalized by relaxing the condition —idp(§) > 0 in Definition 3.1.
We define a suitable relaxed notion, the generalized positive energy condition, and show
that it can still be very restrictive. In Section 5, we will encounter a class of representations
which are not of p.e. but are of generalized positive energy.

Definition 4.1. Let D be a pre-Hilbert space with Hilbert space closure J¢. Let §) be a
locally convex topological Lie algebra.

* A continuous unitary representation 7 : f) — u(D) is of generalized positive energy
(g.p-e.) at & € | if there exists a 1-connected Lie group H with Lie algebra f) and a
dense subspace Dy € D such that

VY€ Dot Ey(m.§) = inf (Y. ~im(Ady()Y) > —oo. @.1)

nf

€H
We write €(rr) :={§ e g: misof g.p.e. at&}. If € C g, we say that 7 is of g.p.e. at
Cif € € C(m).

e Letw: b — pu(D) be a continuous projective unitary representation of ) on O with
lift 7 : §h - u(D). Let €(r) C ) denote the image of C(;r) C §) under the quotient
map §h — §. Then 7 is said to be of generalized positive energy at £ € b if £ € €(7).
Similarly, we say it is of g.p.e. at € C hif € € €(7).

* Letp:G — U(H),) be a smooth unitary representation of G. Then p is said to be of
g.p.e. at £ € g if its derived representation dp on K 5 18 s0.

* Let p: G — PU(#,) be a smooth projective unitary representation of G with lift
p: G — U(H,). Let g be the Lie algebra of G. Then p is of g.p.e. at £ € q if p is of

g.p.e. at some %’0 € g covering £.

Remark 4.2. If & is a (projective) continuous unitary representation of g, then the set
C(m) C g is always an Adg-invariant cone.

An important observation for the class of g.p.e. representations is the following one:

Lemma 4.3. Let w : ¢ — u(D) be a continuous unitary representation of g on the pre-
Hilbert space D. Let £ € C(m). Suppose that n € g satisfies [[€, n], n] € 3(g). Then for
every V in some dense subspace Dy C D we have

(W, —in (&, M) < 2(¢, —in([[&, ], DY) (V. —iw(E)Y) — Ey (7, £)).

In particular, if [[E, 1], n] = 0 then 7([€,n]) = 0.

4.2)

Proof. Let Dy € D be a dense subspace for which (4.1) is valid. Let ¢ € Dy. Then
(U, —im(e"™ME)yY) > Ey(m, £) for all 1 € R. As [[£, 7], 7] € 3(g), the third derivative
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y® R — g of the smooth path y : R — g, ¢ > e!*¥§ vanishes. From Taylor’s formula
(which holds for smooth maps between locally convex vector spaces by [49, Prop. 1.2.3]),
it follows that e?%§ = £ + t[n, £] + %[[S n], n] for all ¢ € R. Thus

2

(Y. =iz @)y) + (Y. —im([n.§DY) + %(IIA —ix([[§, nl. DY) = Ey(w,§), VieR

The inequalities in (4.2) follow from the fact that at?> 4+ bt + ¢ > 0 for all ¢ € R if and
only if a, ¢ > 0 and b? < 4ac. In particular, if [[£, 7], n] = O then (Y, —iw ([, n])¥) = 0
for all ¢ € Dy. As Dy is a complex vector space, this implies by the polarization identity
that ([, n]) = 0. |

In the projective context, this sets up a relation between ker 7 and the class [w] €
H2(g;R) defined by the corresponding central R-extension g of g. This is exploited in
Section 8.

Proposition 4.4. Let & be a continuous projective unitary g-representation on the pre-
Hilbert space D with lift w : ¢ — 1(D) for some continuous central R-extension g of g.
Let w represent the corresponding class in H2(g, R). Let § € C(7). Suppose that n € g
satisfies ([, 1], n] = 0. Then w([§,n],n) > 0 and

o([E.nl.n) =0 < 7([.1]) =0.

Proof. 1dentify g with R @, g. Letg € €(mr) and 1 € g be lifts of £ and 7, respectively. We
have that [[£, 7], ] = o([£, 7], 7) € 3(&), because [[£, 7], 7] = 0. Using Lemma 4.3 it fol-
lows that w([£, 7], ) > 0. If w([£, 7], n) = 0, then [[£, 7], #] = 0 and so Lemma 4.3 implies
that n([§ 1)) = 0. Hence 7 ([£, n]) = 0. Conversely, if 7 ([£, 7]) = 0, then iw([£, 7], n) =
[z ([§, nD), w(m] — 7 ([[€. n]. n]) = 0, because [[§, 7], n] = 0. u

Remark 4.5. Notice in the setting of Proposition 4.4 that whenever [[£, 5], n] = 0, the
value of w([§, ], n) does not depend on the choice of representative w of the class [w] €
H3(a.R).

In Part II, a particular special case of Proposition 4.4 is used extensively:

Corollary 4.6. Let p and g be locally convex Lie algebras. Let D : p — der(g) be a
homomorphism for which the corresponding action p X q¢ — g is continuous. Let D be
a complex pre-Hilbert space and let & : g Xp p — pu(D) be a continuous projective
unitary representation of g Xp p on D. Let [0] € H2(g xp p; R) be the corresponding
classin H2(g xp p;R). Let n € g, p € €(7r) N p and assume that [D(p)n, n] = 0. Then

o(D(p)n,n) = 0and w(D(p)n,n) =0 < m(D(p)n) = 0.

5. KMS representations

In the following, we introduce the class of KMS representations. We will see in particular
that these give rise to generalized positive energy representations. Consequently, they can
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be studied using the results of Section 4. Its definition makes use of the modular theory of
von Neumann algebras, which we recall first.

5.1. Modular theory of von Neumann algebras

Let us recall the modular condition and the notion of a KMS state on a von Neumann alge-
bra M, whilst fixing our conventions and notation. We refer to [62, Ch. VIII], [12, Ch. 2.5]
and [13, Ch. 5.3] for a detailed consideration of the modular theory of von Neumann alge-
bras and of KMS states.

If M is a von Neumann algebra, we write M, for its pre-dual, equipped with the
0 (M, M)-topology. Write S (M) C M for the set of normal states on M. Further, if
¢ € S(M), write my : M — B(Hy) for the GNS-representation of M relative to ¢. Write
My 1= wp(M)". Let Q4 € Hy denote the canonical cyclic vector satisfying ¢ (x) =
(g, my(x)Qy) for all x € M. Whenever Qg is separating for Mgy, let Sy denote the
unique closed conjugate-linear operator satisfying SpxQy = x*Qg for all x € My. Let

1
Sp = JsAl

be its polar decomposition, where the operators Ay and Jy are positive and anti-unitary,
respectively.

Definition 5.1. A map o : R — Aut(M) is said to be o (M, M)-continuous if for every
x € M,the map R — M, t — o0,(x) is continuous w.r.t. the o (M, M)-topology on M.

Definition 5.2. Let ¢ € §(-M) be a normal state. Let 0 : R — Aut(.M) be a one-parameter
group of automorphisms of M. Define St := {z:z € C, 0 < Im(z) < 1}.

* ¢ is said to satisfy the modular condition for o if the following two conditions are
satisfied:

(1) ¢=¢oo,forallt eR.

(2) Forevery x,y € M, there exists a bounded continuous function Fy , : St —
C which is holomorphic on St and s.t. for every ¢ € R:

Fry(t) = ¢(0r(x)y),  Fry(t +1i) = ¢p(yoi(x)).

* ¢ issaid to be KMS w.r.t. o at inverse temperature 8 > 0 if it satisfies the modular con-
dition for ¢ = o_g;. In that case, we also say that ¢ is 6-KMS at inverse-temperature
B.1f B = 1 we simply say that ¢ is a 0-KMS state.

Remark 5.3. We note the following facts:

(1) Suppose that ¢ € § (M) is faithful. Then there exists a unique automorphism group
0% R —> Aut(M) for which ¢ satisfies the modular condition [62, Thm. VIII.1.2], [12,
Thm. 2.5.14]. The automorphism group o is o' (M, M)-continuous. As ¢ is faithful, 7 :
M — My is injective and hence a *-isomorphism between M and Mg [12, Thm. 2.4.24].
Thus one may identity M with My via 7y : M — My C B(Hy). Finally, there is a unique
conditional expectation & : M — MR s.t. p = ¢ 0 &, where MR :={xe M : o;’) (x)=x
Vt € R} and ¢ := @[ yr [62, Thm. IX.4.2].
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(2) If ¢ is not necessarily faithful, then ¢ satisfies the modular condition for some
o (M, M)-continuous 1-parameter group o : R — Aut(M) of x-automorphisms of M if
and only if Qg4 € Hy is separating for My = 7y (M)” S B(Hp). In that case, there is a
central projection p € Z(M) such that ¢(1 — p) = 0 and ¢ is faithful on M p. Moreover,
0:(p) = pforallt € R and o], is uniquely determined by the modular condition for ¢
[13, Thm. 5.3.10].

(3) In particular, if M is a factor and ¢ is KMS w.r.t. o : R — Aut(-M), then necessarily
p = I and whence ¢ must be faithful. Consequently o = ofb is necessary.

(4) In the converse direction, given a o (M, M)-continuous automorphism group o :
R — Aut(M), there may be no, precisely one, or multiple states in S (M) that are KMS
w.r.t. 0. The set of 0-KMS states in S (M) is considered in [13, Ch. 5.3.2]. In particular,
if ¢ € S(M) is a faithful 0-KMS state and € §(M), then ¢ is 0-KMS if and only if
there is a (necessarily unique) positive operator T affiliated to Z (M) such that ¥ (x) =
¢>(T%xT%) for all x € M [13, Prop. 5.3.29]. In [10, 11], the set Kg of normal o-KMS
states at inverse temperature f§ is studied in the setting of C*-dynamical systems.

(5) As a consequence of the previous points, if M is a factor and ¢, Y € § (M) are both
o-KMS, then ¢ = v, so that two distinct normal states can not share the same modular
automorphism group.

Remark 5.4. Suppose ¢ € S(M) is KMS w.r.t. 0 : R — Aut(M). Let
o? R — Aut(Myp)

denote the modular automorphism group defined by the faithful state (24, Q4) on My =
7y (M)”. It then holds true that a?(nq;(x)) = 7y (0_;(x)) for any x € M and t € R.
Indeed, by [13, Cor. 5.3.4], the state (Q¢,+ 24) on My is KMS w.r.t. the unique automor-
phism group 7 : R — Aut(My) satisfying 7; (7w (x))Qp = mg(0:(x))Q2y for all £ € R.
Then 0? = 7_; by uniqueness of the modular automorphism group (and the minus sign in
the definition of KMS states). As Q4 is separating for M, it follows that

0;’) (n¢(x)) = 7y (0_, (x)).

Example 5.5 (Gibbs states). Let M = B(H) and o,(x) = e/ xe "*H for some self-
adjoint operator H satisfying

Zg = Tr(e_ﬂH) < oo forsome 8 > 0.

Consider the normal state ¢(x) = ZL Tr(e PH x) on M. The modular automorphism
group corresponding to ¢ is given by G,¢(x) = ¢TIBtH yoiBtH — 0_pg:(x) [12, Exam-
ple 2.5.16]. Thus ¢ satisfies the modular condition for o_g, and is therefore KMS at
inverse-temperature 8 w.r.t. o;.

Gibbs states ¢ (x) = % Tr(e #H x) constitute the simplest class of examples of KMS
states. We will encounter a variety of different KMS states in Section 5.2.2 below.
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5.2. KMS representations

In the following, let G be a regular locally convex Lie group with Lie algebra g. Let
N C G be an embedded Lie subgroup.

Definition 5.6. Let (p, #,) be a continuous unitary G-representation. Let & := p(N)"” C
B(H,) be the von Neumann-algebra generated by p(N). For ¢ € N, define the function
¢ : N —> Cbypn):=¢(p(n)). Write

NZ:={p € Ny:hp e C®(N;C)}

and set S (N)® := S(N) N N.

« Letfegand peS(N). We say that ¢ is KMS-compatible with (p, £, N) if e’ Ne ™" C
N for all t € R and ¢ is KMS w.r.t. the automorphism group R — Aut(N') defined
by t — Ad(p(e'?)).

*  Define KMS(p,&,N) :={¢p € S(N): ¢ is KMS-compatible with (p,&, N)}. Similarly,
let KMS(p, &, N)*®° := KMS(p, &, N) N S (N)°.

e pissaid to be KMS at £ € g relative to N if KMS(p, &, N) # 0.

It is called smoothly-KMS at & relative to N if KMS(p, £, N)* # 0.

If the subgroup N is clear from the context, we drop N from the notation and simply write
KMS(p, &) and KMS(p, £)°°. We then also say that p is KMS at £ if it is so relative to N.

Remark 5.7. For any fixed £ € g satisfying Ad(e’¥)N € N for all t € R, one may as
well consider the semidirect product N xq R, where o : R — Aut(N) is defined by o :=
Ad(e’®)| y. Definition 5.6 additionally allows for the situation where p is KMS at multiple
&1 € g, relative to possibly distinct subgroups N; € G, where [ € I for some indexing
set I. We will see an example of this in Example 5.21 below.

In the following, let (p, #,) be a continuous unitary G-representation and let N :=
p(N)" € B(H,) be the von Neumann-algebra generated by p(N). If ¢ € S(N), write
g @ N — B(Hy) for the GNS-representation of N relative to ¢. Let Qy € Hy denote
the canonical N -cyclic vector satisfying ¢ (x) = (4, 74 (x)Q24) for all x € N. Write

pp i =mgop: N — U(Hy)
for the unitary N -representation on #(3. Define
N := pp(N)" C B(Hy).

Lemma 5.8. Let ¢ € S(N). Then $ is smooth on N if and only if Qg € Jfg(;’. In this case
Hpy is dense, so pg is smooth.

Proof. Assume that ¢ is smooth on N. Then n > (24, pp(n)2y) is smooth. By [50,
Thm. 7.2], it follows n = pg (1) is smooth N — H4. The converse direction is trivial.
Assume that Q¢ € JH72. As J77 is N-invariant and €24 is cyclic for N, it follows that
Hpy is dense in Hy. m
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Consider the left action of G on §(N) defined by (g - ¢)(x) := ¢(p(g) 'xp(g)) for
x € N. Notice that this action leaves § (M) invariant.

Lemma 5.9. Let g € G and & € g. Then
¢ € KMS(p.£,N) <= g-¢ € KMS (p. Adg(§).gNg™").
Proof. Write N := p(g)N p(g)~". Let ¢ € KMS(p,£, N). As e’* Ne™*¢ C N it follows

that ef 24« ® normalizes gNg~! for every ¢ € R. Define the following automorphism
groups:

of 'R > Aut(N), of :=Ad (p(e’f)),

Nt iR — Aut(Ng), n* = Ad (p(e’ % ¥)).
In order to show g - ¢ € KMS(p, Adg(§), gNg™"'), we must verify that g - ¢ satisfies the

modular condition for the automorphism group 775_, of Ng. Notice that as isomorphisms
Ng — N we have

of o Ad (p(9)™") = Ad (p(g) ") o5, Vi eR. (5.1)

As ¢ € KMS(p, &, N), we know that ¢ o 0, = ¢ for all t € R. It then follows immediately
from (5.1) that
(g-¢)om; =poAd(p(e)™") on; =¢oof oAd(p(e)”")
=¢oAd(pe)™) =g ¢

for everyt € R. Next, take x, y € Ng. Then x = p(g)x'p(g)~ ! and y = p(g)y’p(g)~! for
some x’, y' € N. Let the function Fy/ y - St — C be continuous and bounded, holomor-
phic on St and satisfy Fy (1) = ¢>(a_,(x/)y’) and Fr,p (1 +1) = ¢(y’0 (x)) for all
t € R. Define Fy o :St— C by Fy y(2) := Fy y/(z). Then Fy y satisfies the condltlons of

Definition 5.2 for ng ;- Indeed, notice using equation (5.1) that o; (x’ )=p(g)! (x) p(g).
Thus

Fey(t) = Foy(t) = ¢(05,(x)") = (p(9) 151 (x) y0(9)) = (g - ) ("1 (x)y).
Fey(t +i) = Foy(t +1) = ¢(y'0%,(x) = p(p(&) " yn’, (x)p(g))
= (g-9) (1L, ().
Thus g - ¢ € KMS(p, Adg (£),gNg™1). [

Let ¢ € KMS(p, &, N). Let o denote the smooth R-action on N defined by «;(n) :=
e¥ne™. We extend pg to N x4 R by setting pg(n,1) = pg (n)A,'. Define

NP = {x € N : (n,1) > pg(n,t)my(x)Q is smooth N x4 R — Hg},
Dy 1= my(N )Ry C Hoy.

Notice that & °*¢ and D, are invariant under the left N - and N x, R-actions, respectively.
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Lemma 5.10. If ¢ € KMS(p, £, N)*®, then N°¢ is SOT-dense in N and Dy is dense
in Hg. In particular, pg is smooth when considered as representation of N X R.

Proof. Since ¢ € §(N)®, the vector Q4 is smooth for the N-action pg by Lemma 5.8.
Letm € N.Foranyn € N and ¢t € R we have

Po(n.)pp(M)Qg = ps(M) A" s (M) AL Ry = g (m)02; (ps (M) Q2
= p¢(ne’$me_t5)§2¢,

where the last equality follows by Remark 5.4. Thus (n,¢) = pg (1, 1) pg (m) 24 is smooth
N xg R — H, and so p(m) € N Thus p(N) € N and py(N)Qyp S Dyp. Since
p(N)" = N and pg(N)S2 is total for Hy, it follows that &' ¢ is SOT-dense in N and
that Dy is dense in Hy. As Dy is contained in the set of N X R-smooth vectors by
definition, the final observation follows. [

5.2.1. Restrictions imposed by the KMS condition. Let us next determine some conse-
quences of the KMS condition. Most notably, we will show that representations p which
are smoothly-KMS give rise to generalized positive energy representations pg on the
GNS-Hilbert space #y of the corresponding state ¢.

We continue in the notation of Section 5.2. Fixing a Lie subgroup N € G and some
element £ € g satisfying Ad(e’¥) N C N for all € R, we may as well suppose that
G = N X4 R for some smooth R-action &« on N by automorphisms. Let g := Lie(G),
n := Lie(N) and write D € der(n) for the derivation on n corresponding to . Thus g =
n xp Rd, where d := 1 € R denotes the standard basis element. Assume that p is KMS at
d relative to N, and let ¢ € KMS(p,d, N). We extend the N -representation py = g 0 p
on the GNS-Hilbert space #y to G = N X4 R by setting pg (1, 1) = pg (n)A(;”. Define
further Hy := —log Ay = —idpg(d).

A first observation is the following:

Proposition 5.11. Let A be an Abelian Lie subgroup of N such that a,;(A) C A for all
t € R. Then py(as(a)) = pg(a) for everyt € R and a € A. In particular, if N is a factor
then p(a;(a)) = p(a) foreveryt € R and a € A.

Proof. Let Ay := py(A)”. Write again ¢ for the vector state (€24, 24) on Ny. Let 1=
m " denote its restriction to #g. As A is R-invariant, so is #A¢ € Ng. Thus, the modular
automorphism group o® of Ny leaves Ay invariant. As ¢ satisfies the modular condition
for 0, so does v for the automorphism group ¢ > crt¢ |44 Recall from Remark 5.3 (2)
that Qg4 is separating for Ng. Hence it is so for #¢. In view of Remark 5.3 (1) this
implies that the modular automorphism group o¥ on Ay is uniquely determined by the
modular condition. Thus O'tw = 0? |4, for all 7 € R. As Ay is Abelian, we know by
[13, Prop. 5.3.28] that 6} = id,. Thus 0f |4, = id4,. We know from Remark 5.4 that
Pp OOy = 0;’5 o pg. Thus pg(a;(a)) = py(a) foralla € A and r € R. If N is a factor,
then ¢ is faithful and 7y is injective by Remark 5.3 (1), (3). Thus p(«; (a)) = p(a) follows
from py (ar(a)) = pg(a). "
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Let us illustrate Proposition 5.11 with the following noteworthy consequence for loop
groups:

Corollary 5.12. Let K be a compact 1-connected simple Lie group with Lie algebra ¥.
Define LK := C®(S'; K) and L¥ := C®(S';¥). Let a denote the T -action on LK by
rotations, with corresponding derivation D := % on Lt. Consider the Lie group G :=
LK x4 T with Lie algebra ¢ := L¥ xp Rd, where d :=1 € R. Suppose that the smooth
unitary G-representation p is KMS at d € g relative to LK. Assume that p(LK)" is a
factor. Then LK C ker p.

Proof. Suppose T C K is a maximal torus with Lie algebra t. Then LT € LK is an
Abelian ¢-invariant subgroup. By Proposition 5.11 it follows that dp(DLt) = {0}. As
any X € ¥ is contained in a maximal torus, it follows that dp(% ® X) =0forany f €
C(S1) and X € ¥. Consequently dp(Dg) = {0} and hence Dgc C ker dp, where we
have extended dp : g — :6*(5‘(’5") C-linearly to the complexification gc. As ker dp is an
ideal in gc and L¥c = DL¥c + [DL¥c, DLEc], it follows that Lfc < ker dp. Notice
that LK is connected because K is 1-connected. It is also locally exponential by [48, Thm.
II.1]. It follows that LK < ker p. [

Thus, one necessarily has to pass to a non-trivial central T -extension LK of LK Xg T
to allow for interesting KMS-representations of LK that are smoothly-KMS at some
delt covering d € L¥ xp Rd, as one may have expected from the positive energy
analogue (which follows from [57, Thm. 9.3.5]).

We now proceed with the observation that KMS representations give rise to general-
ized positive energy representations on the GNS-Hilbert space corresponding to the KMS
state:

Theorem 5.13. Let ¢ € KMS(p,d, N)®. Let x € N> and assume \ := 74(x)Qp €

Dy has unit norm. Then

(n¢(x)Q¢, —idp¢(Adn(d))7r¢(x)Q¢) > —log (Hn¢(x) HZ) Vn € N.

In particular the representation pg of N X R on Hy is of generalized positive energy at
den Xp Rd.
Lemma 5.14. Let x € N be such that 0 # ¥ := w4(x)Qy € dom(Hg). Then
, H, Sev|?
(¥ ¢21/f) > _log (II WZII ) 52)
Il vl

Proof. In view of the correlation lower bounds satisfied by KMS states, see e.g. [13, Thm.
5.3.15(1)=2)] or [17, Thm. I1.4, (i)=(iii)], we have

||7T¢(x)*9¢||2)

(70 (x)Qp, [Hp, 74 (x)|Q0) = —[ 74 (x)2 ||210g( 3
|76 (x) Q24 |
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Since HyQy = 0, it follows that

(7T¢(X)Q¢, [H¢, 7'[¢(X)]Qq>> = (JT¢()C)Q¢, H¢7T¢(X)Q¢>.
The assertion follows. [

Proof of Theorem 5.13. Recall that Dy < J(’;;’ and that Py < dom(Sy), because the
stronger condition N34 € dom(Sy) is satisfied. Let n € N. Notice that || Sy o4 (n) V| =
75 (x*)pp () 12|l < ||74(x)]|. Recalling that Dy is N-invariant, we can apply equa-
tion (5.2) to the vector pg(n)yr. Using —idp(d) = —log Ay = Hy it follows that

(V. —idpg(Ady—1(d)) V) = (pp(n), —idpy(d)pg(n)y)
> —log (1 Sppe () ¥|%)
> —log (|| (x)]|?). ]

As a consequence of Theorem 5.13, we find that the observations of Section 4 impose
restrictions on KMS representations. Let us illustrate this with the following immediate
consequence:

Corollary 5.15. Let p be a smooth projective unitary representation of G on H,,. Assume
that N := p(N)" is a factor. Let p : G — U(HK,) be the lift of p, for some central T -
extension G of G with Lie algebra §. Let N - G cover N. Let represent the class in
HZ2(g,R) corresponding to g. Let & € g and suppose Eo € g covers &. Let

¢ € KMS(p, £, N).
Assume that 1) € u satisfies [[€, 1], n] = 0. Then w([€, 1], n) > 0 and
o([§.nl.n) =0 <= dp([§.n) = 0.

Proof. Consider the representation pg of N x R on the GNS Hilbert space Hg, where R
acts on N by Ad(e’5)|1§>, and where pg(1,1) = A;” forz € R. Let pg be the corresponding
projective unitary representation of N x R on #,, where R acts on N by Ad(e’ €)|§. By
Theorem 5.13, pg is of g.p.e. at d € 1 x Rd and so py is of g.p.e. at d. It follows from
Proposition 4.4 that w([£, 1], n) = 0 and w([&,n],n) = 0 & dpg([€. n]) = 0. As N is
a factor, the KMS state ¢p € S(N) is faithful and the corresponding GNS-representation
g i N — B(Hy) is injective, by Remark 5.3 (1) (3). This implies that ker dpg = ker dp.
Thus w([§. n].n) = 0 < dp([§. ) = 0. =

Remark 5.16. A related notation is that of a passive state, which is usually considered
in the context of a C*-dynamical system (s, o), where +4 is a C*-algebraand o : R —
Aut() is a strongly continuous homomorphism. If § is the generator of o with domain
D(8) C A, astate ¢ on 4 is said to be passive if

—igp(u*s)) = 0, Vu € Up(A) N D(S). (5.3)
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where Ug(+) denotes the identity component of the group U(+4) of unitary elements
in #A. In this case, ¢ is necessarily o-invariant [58, Thm. 1.1], so that ¢ is canonically
implemented by a strongly-continuous unitary 1-parameter group ¢ > e'’H¢ on the GNS-
Hilbert space #y. Let g : A — B(Hy) be the GNS-representation of 4 associated to ¢
and let Q4 € Hy be the corresponding cyclic vector. Then (5.3) becomes

—i(Qg. 7o ()"  Hymrg(u)R) = 0, Vu € Ug(A) N D(S),

which is similar to equation (4.1). It was moreover shown in [58] that any ground- or
o-KMS state is necessarily passive (cf. [13, Thm. 5.3.22]), which is analogous to the
observation that both positive energy and KMS representations provide examples of gen-
eralized positive energy ones, in view of Theorem 5.13. We refer to [13, 58] for more
information on (completely) passive states.

5.2.2. Some examples of KMS representations. Let us consider a variety of examples
of KMS representations, thereby showing in various situations that a well-known o-KMS
state ¢ on a von Neumann algebra N admits some underlying smooth structure. More
precisely, we construct a continuous unitary representation p of a (typically infinite-dimen-
sional) Lie group G such that &/ = p(N)”, ¢ € KMS(p, £, N)*® and o, = Ad(p(e’¥)) for
some & € g and Lie subgroup N of G. In particular, in this case the 1-parameter group o
on N implements the R-action ¢ — Ad(e’¢)|x on the Lie subgroup N of G.

Let us begin with the simplest class of examples, which correspond to Gibbs states, as
in Example 5.5:

Example 5.17. Take for N simply N = G. Let (p, #) be a continuous irreducible unitary
G-representation. Then & = B(H). Let £ € g and define the self-adjoint operator H :=
—i %h:op(et‘?). Let 8 > 0 and assume that Zg := Tr(e ") < co. Define the Gibbs state
o(x) = Zlﬂ Tr(e #H x) for x € N. As in Example 5.5, we have

itBH ;. ,—~itpH 4/55)

o?(x)=e = p(e&)xp(e

for any x € N. Consequently, ¢ € KMS(p, 8¢) and so p is a KMS representation at 8§ € g.
If in addition ¢ : G — C is smooth, then p is smoothly-KMS at B¢ € g. By Lemma 5.9,
p is also KMS at any element in the adjoint orbit of 8&. In view of Example 5.5, the

representation pg of G x R on #y := i)’(](’p)(_’_)q’ is given by
Po(8.D)xQp = p(g)p(eP*)xp(e™P$)Qy = p(g)0%, ()24,

where Qg 1= 1 € 8(H,) € Hy denotes the cyclic vector.

In fact, Proposition 5.18 below entails that any KMS representation p for which N is
a factor of type I is of the form described in Example 5.17. Moreover a complete charac-
terization of such representations was very recently obtained in the context where N is a
finite-dimensional Lie group [61].
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Proposition 5.18. Let £ € g and § > 0. Suppose that p|y is irreducible and that ¢ €
KMS(p, BE, N). Let H := —i %L |,—op(e’®). Then Zg := Tr(e PH) < 0o and ¢(x) =
Ziﬂ Tr(e #H x).

Proof. As p|y is irreducible, it follows that N = B(H,). Thus ¢ (x) = Tr(5x) for some
§ € LY(H,)+ satisfying Tr(§) = 1, where L!(J#,) denotes Banach space of trace-class
operators on #,. Moreover, in view of Remark 5.3 (3), we know that ¢ is faithful on .
By assumption, ¢ satisfies the modular condition for the automorphism group

t+ Ad (p(eP%)) =1 0_g,.

On the other hand, as ¢ is faithful, there exists by Remark 5.3 (1) a unique automorphism
group af’ of N for which ¢ satisfies the modular condition. It follows that 6_/3, = o;ﬁ .
When N = £(]€p) and ¢(x) = Tr(6x), the modular automorphism group 0, corre-
sponding to ¢ is o} ?(x) = §'x§7. In view of 0,¢ = 0_yp, it follows that §x§~'" =
p(e &) xp(e'PE) for every x € N. As Z(N) = CI and both ¢ — 8 and t — p(ePE) are
strongly continuous unitary 1-parameter groups, it follows that there is some continuous
homomorphism ¢ : R — T such that § = ¢(r)p(e~"P¢) = ¢(t)e"*BH for all r € R. Thus
there exists & € R such that §7 = e~ BH+1D) for 9]l t € R. So log§ = —(BH + wl).
Since Tr(§) = 1, we have

Zg = Tr(e_ﬁH) _ Tr(e_(ﬁH+“)e“1) = Tr(8e™1) = elp(1) = el < oo.
It follows that
Z%g Tr(e_ﬂHx) — e M Tr(e_ﬂHx) _ Tr(e—(ﬁH-i-,u)x)
= Tr(8x) = p(x), Vx € B(JH). .

For more interesting examples, one has to consider a Lie subgroup N of G which is
not of type I, so that the von Neumann algebra .V need not be type L.

Example 5.19 (Powers’ factors). Define G, := ]—[Zzl SU(2) and let n, : G, < Gy 41 be

defined by
idx1

Gn —> Gn X SU(Z) Gn+1.

Write g, := Lie(G,) and L(nn) := Lie(n,,). The direct limit G := 1iI_>n,, (Gn, nn) consists
of sequences (ux) in SU(2) with ug = 1 for all but finitely many values of k. It can be
equipped with the structure of a regular Lie group that is modeled on the locally convex
inductive limit g := lim (gn, L(n,)) [21, Thm. 4.3] and has the exponential map expg; =
lim expg, [21, Prop. 4 6] Let H :=({ % )and§ :=iH € su(2). Consider the following
R action & on G defined by (s (u))g 1= e’S ure '€ for u € G. The corresponding action
R x G — G is smooth. Indeed, the restriction of « to R x G, yields a smooth action
a®™ R x G, — G, for every n € N. It follows from [21, Thm. 3.1] that

limo™ hm(R X Gy) > G
—

n n
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is smooth. By [21, Prop. 3.7] we further have 1_ir_)nn (R x G,,) = R x G as smooth mani-
folds. This shows that & : R x G — G is smooth. Consider the Lie group G* := G x4 R
with Lie algebra g* := g xp Rd, where d := (0, 1). Using the so-called Powers’ fac-
tors, we define unitary representations p of G¥ which are smoothly-KMS at d relative to
G < G* and for which p(G)” is a factor of type III, for arbitrary A € (0, 1). Define the
finite-dimensional C *-algebra

n
My = ®£(C2) for every n € N.
k=1

Let 8 > 0. Define the state ¢(x) := % Tr(e PH x) on B(C?), where Z := Tr(e #H) =
2cosh(B). Let ¢, be the state on M, defined by ¢, (x1 ® -+ ® x») = [[=; ¢(xx). The
GNS-representation of B(C?) defined by ¢ is Hy := B(C?) equipped with left B(C?)-
action and the inner product (a, b) := % Tr(e PH g*b). Similarly the GNS-representation
of M, corresponding to ¢y, is Ky, := @} _; Hg. The isometric inclusions Hy, < Hy,
X = x ® 1 define a directed system of Hilbert spaces, and the algebraic direct limit
li_n)ln Hg, becomes naturally a pre-Hilbert space. Let # denote its Hilbert space com-
pletion. Let ¢, : #Hy, — J¢ denote the canonical inclusion. For every n € N, there is a
x-representation 7, of M, on # defined forx = x; ® --- ® x,, € M, by

Tn (Y1 @+ @ Yim) := timy(X1Y¥1 ® XV @ Y1 ® -+ @ Y), m >n.

Let Moo := (U, en Tn(My))”. The vector Q :=1® 1 ® - -+ € K is cyclic and separating
for Moo [63, Prop. XIV.1.11], so # may be identified with the GNS-representation of M
w.r.t. the state oo 1= (€2, ) on Moo. Observe that ¢ satisfies Poo (1 (X)) = ¢ (x) for
alln € N and x € M,,. The von Neumann algebra

(Mom ¢oo) = ® (0(8(((:2)9(15)
k=1

. s . -8 L.
is the so-called Powers’ factor with parameter a := m € (0, %), which is a fac-

tor of type III; with A = ¢™2f = 1= € (0, 1) [63, Theorem XVIIL1.1]. The modular
automorphism group o7 on Mo, defined by ¢ is given by 67 = Rre, Ad(e~P1E)
[63, Prop. XIV.1.11], where @72 ; Ad(ef?¥) € Aut(My) satisfies

o0 n
®Ad(eﬁt§) Oly =1y 0 ®Ad(eﬂt5)

k=1 k=1

forall # € R and n € N and is defined from this condition by continuity, where we used
[63, Thm. XIV.1.13] and that ¢ o Ad(e#*¢) = ¢ for all t € R. Consider the unitary repre-
sentation p : G Xy R — U(H) defined by

o0

p(u, Bt) := (®uk) oAq_,o’:, ueG,telR

k=1
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which is well defined because u = (ug) € G is a sequence in SU(2) with u = 1 for all
k sufficiently large. Since p(Bt) = A;Z and p(G)"” = My, it follows that p is KMS at
Bd < g* relative to G < G*. To see that 5; : G — C is smooth, it suffices to show that
its restriction to G, is smooth for every n € N, using the universal property of the smooth
manifold structure on G = lim G, [21, Thm. 3.1]. This is the case, as (2, p(u)R2) =
[Teeq ¢ (ux) for any u € Gfr\lvhich is smooth G, — C. Thus Q € #7° and so p is
smoothly-KMS at Bd < g* relative to G < G¥.

Example 5.20 (Standard real subspaces and Heisenberg representations). Let J be a
complex Hilbert space. Consider the real Heisenberg group

G = H(H, ),

where w(v, w) = Im(v, w). An R-linear closed subspace K C # is called cyclic if K +
i K is dense in J. It is called separating it K NiK = {0}. A standard subspace is
a closed R-linear subspace X C J which is both cyclic and separating. We show that
any standard real subspace gives rise to a smooth KMS representation. Let X C J be a
standard real subspace. Write §x for the corresponding modular operator on ¢, which
is generally unbounded, positive and self-adjoint, see e.g. [53, Sec. 3]. Then ¢ 832 isa
strongly-continuous unitary 1-parameter group on J satisfying in particular 8.i7tc‘7< C X.
We first pass to the R-smooth vectors K *° to obtain a regular Lie group H(K*°, w) x R.
We then construct a KMS representation thereof using second-quantization. The details
are given below.

Let K °° denote the set R-smooth vectors in K. Then K is dense in K and R-
invariant. It moreover carries a Fréchet topology which is finer than the one inherited as
a subspace of KX and for which the action R x K> — K is smooth [50, Thm. 4.4,
Lem. 5.2]. As w : K°° x K — R is bilinear and continuous w.r.t. this topology, it is
smooth. Thus the generalized Heisenberg group N := H(K*°, w) is a Lie group. (Notice
that w|x- may be degenerate.) It is as a subgroup of G generated by K°°. As K is
a Frechet space, it is Mackey complete by [39, Thm. 1.4.11], which implies using [49,
Thm. V.1.8] that N is regular. Write nu := Lie(N). By construction R acts smoothly on
N by 8?{, so that N¥ := N xR is a regular Lie group. Let n* := n x Rd denote its Lie
algebra. We construct a representation of N'* which is smoothly KMS at d € u* relative to
N < N¥. Let us recall the standard representation of H(J, ) on the Bosonic Fock space
F (#). Equip the symmetric algebra S*®(J) with the inner product

n
(1 vy, Wy Wy) = Z l—[(vj,ng).
geS, j=1
Let ¥ (J) denote the Hilbert space completion of S*(#) and let 2 := 1 € J¢ denote the
vacuum vector. Then J contains (and is generated by) the vectors e? := 220:0 % vt e H
for v € H. There is a continuous irreducible unitary representation W of H(#, w) on
F(H) satistying W(z,v)e®” = ze 2 IV IP=(vw) vtw g0 v,wedH and z€T [57, Sec. 9.5].
Moreover, any unitary u € U(J#) extends canonically to a unitary ¥ (u) € U(F (J)). We
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further have:
Wuv) = F@)WW)Fwm)™, YueUH),veH (5.4)

In view of (5.4), W and ¥ together define a representation p of the Lie group N# by
p(n.t) := W(n)F (8%). Let N := W(N)". As X is a standard real subspace and K is
dense in KX, it follows that 2 is cyclic and separating for N [53, Lem. 6.2]. Let ¢ denote
the faithful vector state on N defined by ¢ (x) = (2, x2). Using [53, Prop. 6.10] we have
Al = F (8%) forall € R. Consequently p is KMS at —d € n¥ relative to N <N # (notice
the minus sign in Definition 5.2). To see it is smoothly KMS, observe that ¢ : N — C is
smooth because it is given by

$(z,v) = (Q, W(z,1)Q) = ze~ 2P, (5.5)

The following provides an example where p is smoothly-KMS at various &; € g, rel-
ative to distinct subgroups Ny € G, where I € I for some indexing set I:

Example 5.21 (Bisognano—Wichmann and SU(1, 1)-covariant nets). Recall that SU(1, 1)
acts on S'!. Explicitly, for g = (% g )€eSU(1, 1) with a, B € C satisfying |a|?>—|B|*> =1,
define g(z) := %+ for z € C with |z| = 1. With g as above, define the unitary action

ﬁz+a .
of SU(1, 1) on the complex Hilbert space L2(S'; C) by

((©)f)(@) = (@~ B)"" f(g7'(2)

for f € L2(S';C). Let H_%_ (S C) be the closed subspace of L2(S!; C) spanned by the
non-negative Fourier modes. Let H2(S!; C) be its orthogonal complement in L2(S'; C).
Notice that SU(1, 1) leaves these subspaces invariant. Consider the complex Hilbert space
V= HZ(S":C) ® H2(S';C), where H2(S';C) denotes the Hilbert space complex-
conjugate to H2(S'; C). Let Vg = L?(S!; C) denote the real vector space underlying V.
Define the real Fréchet space Vig° := C*(S!; C) and consider the symplectic vector space
(VR°, w), where w(v, w) := Im{v, w)y forv,w € Vg°. Let H(VE®°, ®) be the correspond-
ing real Heisenberg group. Consider the regular Fréchet-Lie group G := H(VR°, w) %
SU(L, 1). Let r := £(3 %) and d := 1(9}) denote the generators in su(l, 1) of the
rotation and the dilation subgroups in SU(1, 1), respectively. By an interval of S!, we
mean a connected, open, non-empty and non-dense subset of S!. Write .I' for the set of
intervals of S, on which SU(1, 1) acts naturally, and let Iy denote the upper-semicircle.
For I € I, define §; € su(1,1) by & := Adg(d), where g € SU(1, 1) is any element
satisfying g.lo = I. Notice that &; is well defined. Define further the closed real subspace
Vi := L?(I;C) of Vg and set Ve =V nVEe. Let Ny := H(V®, w) € G be the cor-
responding closed subgroup of G. We construct a unitary representation p of G which is
of p.e. at r € su(l, 1) and which is KMS at &; € su(1, 1) relative to Ny, forevery I € I.
The details are given below.

As the SU(1, 1)-action u on L?(S'; C) leaves both H2(S';C) and H2(S';C) invari-
ant, we obtain a unitary representation # of SU(1,1) on V = H3(S';C) & H2(S'; C)
which is by construction of p.e. at r € su(1, 1). As in Example 5.20, let W denote the
standard representation of the real Heisenberg group H(V, Im(—, —)) on the Fock space
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F (V). Letting SU(1, 1) act on ¥ (V) by second quantization, we obtain a smooth uni-
tary representation p of G on ¥ (V') which is of p.e. at r € su(l, 1). Explicitly, p is
given by p(v, g) = W(v)F (ii(g)) for v € H(VR®, w) and g € SU(1, 1). It follows from
[69, Sec. I1.14] that V; C V is a standard real subspace for any interval I € I. Let 8}’
denote the corresponding modular 1-parameter group, as in Example 5.20. The assign-
ment [ — V7, called a net of standard subspaces, satisfies I} € I, = Vi, C Vr, (isotony),
Ve.r = u(g)Vy for g € SU(1, 1) (SU(1, 1)-covariance) and I} N I, =@ = Vi, € VIJl“"
(locality). It moreover follows from [69, Sec. I1.14] that 8}" = qi(e 2" for all t € R
and I € I (cf. [40, Thm. 3.3.1] and [9, Thm. I1.9]). Passing to the second quantization, let
Nr = p(N;)” = W(V;>®)"” denote the von Neumann algebra generated by W(V°) for
I € I.By Example 5.20, we obtain that

p(e—ertE[) — 3_7(11(6—27[151)) = “}77(81/) = Ayv

where A denotes the modular operator on ¥ (V') defined from N using the cyclic and
separating vector Q2 :=1 € F (V). Let ¢ = (Q2,+ Q) be the corresponding state on Nj.
Then (5.5) shows that $ : N — C is smooth. Thus p is smoothly-KMS at 27 &y € su(1,1)
relative to Ny € G, for any I € I. For more details on the Bisognano—Wichmann property
and nets of standard subspaces, see e.g. [45,46].

Part I1
Generalized positive energy representations of jet Lie groups and
algebras

We now depart from the general context of Part I. Using the observations made in Part I,
we study projective unitary representations of jet Lie groups and algebras that are of gen-
eralized positive energy. Let us first fix our notation, which is kept throughout Part II.

6. Notation

Let V be a finite-dimensional real vector space and K a 1-connected compact simple Lie
group with Lie algebra £. For any n € N, we denote by P" (V) C R the space of homo-
geneous polynomials on V of degree n. Let R := R[V*] :=[],—, P" (V) denote the ring
of formal power series on V' with coefficients in R, equipped with the product topology.
Let I = (V*) be the maximal ideal of R, containing those elements with vanishing con-
stant term. We write evg : R — R =~ R/ for the corresponding quotient map. Let g be
the R-module g := R ® ¥ of formal power series on V' with coefficients in ¥. Then g is a
topological Lie algebra with the Lie bracket defined by

[f®X.g®Y]:=fg®[X, Y], figeR, X, Y et.

We also write fX instead of f ® X for f € R and X € £. Define Ry := R/I**1,
Iy = 1/1%**" and g := g/(I**! . q) for k € Nxo. Then

R:l(gle and g:l(lngk
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as topological vector spaces and Lie algebras, respectively. For k € N5, let
Gy = JE(V:K)

be the unique 1-connected Lie group integrating the finite-dimensional Lie algebra g.
Let G := J§°(V; K) := 1(21 Gy be the corresponding projective limit, which is a pro-Lie
group with topological Lie algebra g = 1(i£1k ak- (See e.g. [26] for a detailed consideration
of pro-Lie groups). Write X7 for the Lie algebra of formal vector fields on V' vanishing
at the origin. Identify X; = der(/) using the Lie derivative v + &£,. Notice further that
der(I) = I ® V. Define similarly X7, := X;/(I¥*1X) = der(Iy).

Let p be a finite-dimensional Lie algebra acting on g by the homomorphism D : p —
der(g). Using the fact that all derivations of ¥ are inner, by Whitehead’s first Lemma [30,
Lem. I11.7.3], it follows from [35, Ex. 7.4] that D(p) splits into a horizontal and vertical
part according to D(p) = —£Ly(p) + adg(p), Where v : p — X;’p is a homomorphism of
Lie algebras and where o : p — g is a linear map that necessarily satisfies the following
Maurer—Cartan equation:

—Lo(o)0 (P2)+ L0 (p1) — o ([p1. p2l) +[0(p1).0(p2)]=0. Vpi.paep. (6.1)

Remark 6.1. As we shall see in Section 7.3 below, equation (6.1) can be written as §o +
1[0, 0] = 0 in the differential graded Lie algebra (\* p*) ® g, whose differential is that
of the Chevalley—Eilenberg complex, where g is considered as p-module according to

P = —Ly(p)-

We will refer to D as a lift of the p-action on R to g and we call o the vertical twist
of the lift D. We remark also that D(p) satisfies the following Leibniz rule:

D(p)(f&) = —Lopy(E+ fD(p)§, [feR, Eeg, Vpenp.

We will denote by j* various k-jet projections R — Ry, g — gx and X; — Xy, - It
should be clear from the context which map is being used. Also, we will freely identify the
quotient go = £ with the Lie subalgebra ¥ C g of formal power series having only a non-
trivial constant term. Similarly, we identify j!X; = X, = gl(V) with the subalgebra
gl(V) € Xy of linear vector fields on V.

A first observation is the fact that G = J$°(V; K) is not just a pro-Lie group, but
actually a regular Lie group modeled on the Fréchet space g = J§°(V; f).

Proposition 6.2. Both G and G %, P are regular Fréchet—Lie groups.

Proof. 1t is clear that the Lie algebras g and g xp p are Fréchet. For every n € N, the Lie
group G, = J§(V; K) is 1-connected, because K is so. Then also G is 1-connected, since
1. (G) = m (l(iLnn G,) = l(iLnn 7, (Gy) for every k € N, see e.g. [24, Prop. 4.67]. Thus G
is the unique 1-connected pro-Lie group with Lie(G) = g, which is locally contractible
by [27, Thm. 1.2]. Then [27, Thm. 1.3, Prop. 5.7] entails that G is a regular Lie group.
As the action o : P x G — G is smooth, also G X, P is a Lie group and it is regular by
[49, Thm. V.I.8], because both G and P are so. [
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Moreover, we have the following useful fact:

Lemma 6.3. The exponential map expg : @ — G restricts to a diffeomorphism from I ®
£ = ker(evg : g — F) onto ker(evg : G — K).

Proof. Fork € Nxg, let H := ker(evyp : Gy — K) <t G¢ be the maximal nilpotent normal
subgroup of G¢. Then by := Lie(Hy) = ker(evp : gx — £) = (I ® ¥) < gg. Write H :=
lim Hj for the corresponding normal subgroup of G and f) = 1(21 hy for its Lie algebra.
Let k € N. Notice that Hy is nilpotent and 1-connected. Consequently, its exponential
map is a diffeomorphism expy, : by — Hy [14, Thm. 1.2.1]. Write logy : Hy — by for
its inverse. If m > k, then

expp, 0% = j* o expy, : bm — Hi

and consequently logg, o j*=jkolog H, - Hm — by Passing to the projective limit, we
obtain the inverse logg := li(_mk logy, of expy. Itis smooth because H = lim Hy carries
the projective limit topology and logg, is smooth for every k € N. Thus expy : h — H
is a global diffeomorphism. ]

7. Normal form results

By choosing suitable local coordinates, one may attempt to simplify the vector fields v(p)
and the vertical twist o (p) of the lift D(p) = —&y(p) + ady(p) simultaneously. One might
for example try to show that there are local coordinates in which the formal vector fields
v(p) are linear for every p € p simultaneously, thereby linearizing the formal p-action.
Similarly, one might aim to show that in suitable coordinates, o(p) € £ € R ® ¥ is con-
stant for all p € p, so that o is a Lie algebra homomorphism p — f. In the following,
this “normal form problem” is considered. The results of Section 8 will depend on the
availability of suitable normal forms, whose existence we study in the present section.

In Section 7.1, we briefly recall the transformation behavior of v and o under suitable
automorphisms of g. We proceed in Section 7.2 to recollect some known results regarding
normal forms for Lie algebras of vector fields with a common fixed point. Finally, we
consider in Section 7.3 the vertical twist 0.

7.1. Transformation behavior

Definition 7.1. We use the following terminology:

* A formal diffeomorphism of V is an automorphism / of R. An automorphism of g is
said to be horizontal if it is of the form /& ® idy for some & € Aut(R). We write & - §
or h(€) instead of (& ® idg)(§) for & € g.

* A gauge transformation is an automorphism of g of the form ¥ for some £ € g.

Remark 7.2. Any formal diffeomorphism /2 € Aut(R) preserves the maximal proper
ideal / and is determined by its restriction /|y =, which can be regarded as an element &
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of I ® V for which j heVv*QV ~ gl(V) is invertible. It is then a consequence of
Borel’s Lemma [28, Thm. 1.2.6] and the Inverse Function Theorem that for any automor-
phism % of R, there exist 0-neighborhoods U, U’ C V and a diffeomorphism &g : U — U’
satisfying ho(0) = 0 such that h(j{(f)) = j$(f o hy!). Similarly, for & € g there
exists n € CX°(V; ) s.t. j§°(nn) = &, where we have identified g = J5°(V'; f). We then

have e¥ o j&° = j&® o ™,

To determine the transformation behavior of D : p — der(g), we have to consider the
adjoint action of Aut(g) on der(g). Instead of considering arbitrary automorphisms of ¢,
we will specialize to horizontal ones and to gauge transformations. For 4 € Aut(R) and
v € X}, we write & - v for the action of Aut(R) on X;* obtained from the adjoint action
of Aut(R) on der(R) = Xy =~ X;p. The following two proofs are due to K.-H. Neeb and
B. Janssens. They appear in the presently unpublished article [34].

Lemma 7.3 ([34]). Let D € der(g) and & € g. Then
e oDoe™ ™ =D + ad(F(adg)DS),

where F(w) = —fol edr =-3 2, (n-‘,l-l)!wn'

Proof. Let k € N be arbitrary. Consider the continuous path y : I — der(g) defined by
y(t) = e’ De~'%%  Notice that j¥ oy : I — der(gx) is smooth for all k and conse-
quently so is y. Moreover

)//(t) — etadE [adg, D]e—tadg — _etadgadDSe—tadg — —ad(etadEDE),

where the last step uses that « o ad, = ady(y) o « for any o € Aut(g). Thus
1 1
e oDoe ™ D = / Y (Hdt = —/ ad(e’adEDS)dt
0 0

= —ad(/ol e’adédt)(DS) = ad(F(adg)Dé). L]

Proposition 7.4 ([34]). Let h € Aut(R) C Aut(g), 0,§ € gand v € Xj.
Consider the derivation D := —£,, + ad, € der(g). Then

hoDoh™ = —%5, +ad(h-0),
e oDoe ™ = —%, +ad(e"o + F(adg)(—Ly§)).
Proof. Tt is trivial that h o £, o h™! = £4.,,. Moreover, s o ady 0o h~! = adj,., is valid

because o o ad, = ady(s) © @ for any o € Aut(g). Notice next that F(adg)([o, §]) =
> e Ladg"o = ™o — 0. It follows from Lemma 7.3 that

e o Doe ™ = —%, +ad, + ad(F(adg)(—£y§)) + ad(F (adg)[o, £])
= —&, + ad(e™*0 + F(adg)(—££)). n
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Definition 7.5. We define the following notions of equivalence:

*  Two homomorphisms v, w : p — X" are said to be formally-equivalent if there is a
formal diffeomorphism 4 € Aut(R) such that i - v(p) = w(p) forall p € p.

* Two linear maps 0,7 : p — R ® ¥t satisfying the Maurer—Cartan equation (6.1) are
called gauge-equivalent if there is some £ € g such that

n(p) = %o (p) + F(adg)(—Ly(n)). Yp € p. (7.1)

In this case, we write 0 ~ 1 and say that o and 7 are related by the gauge transforma-

tion e,

7.2. Lie algebras of formal vector fields with a common fixed point

The normal form problem for vector fields near a fixed point has been subject to extensive
study. Let us first gather some relevant known results.

The case of a single vector field. Naturally, the special case which has been considered

most is the case where p is simply R, in which case one is looking for normal forms of

dynamical systems near a fixed point, in the formal context. This case is already quite

interesting. Let us recollect some relevant results. For more information, we refer to [6].
Let v be a vector field on V. Write v = v; + vy, Where

v = jo (v) € gl(V) € X;
is the linearization of v at 0 € V and vy, € X2 is a vector field vanishing up to first order
at 0 € V. Let v; = vy + v, be the Jordan decomposition of v; over C, where v, is
semisimple and v, is nilpotent. Write V¢ := V ®r C. Let (e j);-i:l be a basis of eigen-
vectors of vy s in V¢ with dual basis (x; )}1:1 of V*. Let (u; )}1=1 denote the corresponding
eigenvalues.

Definition 7.6. Letn € Ngo be a multi-index. A monomial vector field x" d; with [n| > 2
is called resonant if (n, u) = pu;, where (n, p) = Zle n; ;. Identifying v; s with the
linear vector field 2}1:1 MjXjdx; on C?, this is equivalent to [v}, x"dy;] = 0.

Theorem 7.7 (Poincaré-Dulac Theorem [16] [6, Ch. 5]). There exists wyn, € X2 which
is a C-linear combination of resonant monomials s.t. v is formally equivalent to w =
v + wyo € Xy. In particular [v1 5, wpo] = 0 in X7.

Corollary 7.8 (Poincaré [56]). If there are no resonances, that is to say, if (n, L) # [i;
foralln € Ngo with |n| > 2 and j € {1,...,d}, then the vector field v can be formally
linearized, so that v is formally equivalent to the linear vector field v,.

The case of actions by a compact Lie group. For actions of compact Lie groups there
is the following well-known result, see also [15, Ch. 2.2].

Theorem 7.9 (Bochner’s Linearization Theorem [8]). Let G X M — M be a smooth
action of compact Lie group on a smooth manifold which has a fixed point a € M. Then,
in suitably chosen smooth local coordinates around the fixed point, the action is linear.
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The case of actions by semisimple Lie algebras. Next, we move to Lie algebra repre-
sentations by formal vector fields of semisimple Lie algebras. As nicely explained in [18]
and first observed by Hermann in [25], in the formal setting the obstructions to being able
to linearize a Lie algebra of vector fields simultaneously lie in various first Lie algebra
cohomology groups H!(p, W) for suitable finite-dimensional p-modules W . In view of
Whitehead’s First Lemma [30, Lem. II1.7.3], this results in:

Theorem 7.10 ([25]). Let p be a semisimple Lie algebra and v : p — X;p be a Lie algebra
homomorphism. Then v is formally equivalent to its linearization j'v : p — gl(V) C X;p
around the origin.

Remark 7.11. Corresponding statements of Theorem 7.10 in the setting of germs of
smooth/analytic vector fields and diffeomorphisms have been proven in [18, 23] under
additional assumptions. They are false in general without suitable extra conditions, as was
shown in [23].

7.3. Normal form results for the vertical twist

Let us next consider the vertical twist o : p — g of the lift D(p) = —&L4(p) +ads(p) to g
of the p-action —&,(,) on R, which has to satisfy the Maurer—Cartan equation (6.1). We
fix the horizontal part v : p — X;p and act by gauge transformations. The main results of
this section are the following two theorems, whose proof comprises the remainder of the
section. The reader who is eager to consider the projective unitary g.p.e. representations
of g can proceed to Section 8 after reading Theorems 7.20 and 7.22 below.

Let us also remark that the methods used in this section to prove Theorems 7.20 and
7.22 were communicated to the author by B. Janssens and K.-H. Neeb and appear in
similar form in their presently unpublished work [34], albeit in a more specific context.
The author has placed their approach in a more general context and extracted the two
theorems below.

Theorem (Theorem 7.20). Assume that p is semisimple. Let the linear map o : p — g
satisfy the Maurer—Cartan equation (6.1). Then o is gauge-equivalent to o := evg o0 :
p — L. If p has no non-trivial compact ideals, then o is gauge-equivalent to 0.

The next result concerns the case p = R, in which case we identify v with v(1) € Xy
and o with (1) € g. In this case, the Maurer—Cartan equation (6.1) is trivially satisfied
foranyo € gand v € X7.

Theorem (Theorem 7.22). Assume thatp = R. Leto € g and v € X. Let v; := jlv €
gl(V) be the linearization of v at 0 € V. Assume w.Lo.g. that oy := evy(0) € t for some
maximal torus t C ¥. The following assertions hold:

(1) Assume that (n, u) # a(og) for any root a € it* of £ and n € Ngo with |n| > 1.
Then o is gauge-equivalent to some 6’ € R ® t.

(2) If vy is semisimple, then o is gauge-equivalent to some v € R ® £ satisfying
—&LyV + [00,v] = 0.



Generalized positive energy representations of groups of jets 737

(3) Suppose that v = vy is linear. Assume that D = —&, + ad, integrates to a contin-
uous T = R /2w Z-action on g. Then o is gauge-equivalent to g € t. Moreover
Spec(v;) U Spec(ady) C 27i Z.

Remark 7.12. Suppose that X — M is a principal fiber bundle with compact simple
structure group K. Let o : T — Aut(K) be a smooth action on K by bundle auto-
morphisms. Suppose that a € M is a fixed point of the induced T -action on M and set
V := T,(M). By Theorem 7.9, the T-action on M is linear in suitable local coordinates
around a € M. Passing to J>°(M) = R and JI°(Ad(K)) = g, one obtains a T-action
on both R and g. The corresponding derivations are given by —&£, and D = —£, + ad,
respectively, for some linear semisimple vector field v on V and some o € g. This is the
setting of the third item in Theorem 7.22, according to which we may further assume that
o € t, where t C ¥ is a maximal torus, by acting with gauge transformations.

The remainder of this section is devoted to the proof of Theorems 7.20 and 7.22.

Reformulation using differential graded Lie algebras. In order to classify the equiva-
lence classes of vertical twists o : p — g, we interpret equation (6.1) as the Maurer—Cartan
equation in the differential graded Lie algebra (DGLA) L := Lg := (A\*p*) ® g. As a
cochain complex, L is the Chevalley—Eilenberg complex associated to the p-module g,
where p acts on g by p - = —&£,(,) V. Explicitly, the differential § is given by

8@)(p1,-- s pra1) = D (=D pialpr,o Pis prt)
i

+Z(_l)i—i_ja([Pi,Pj]»Pl»---»ﬁiv--~713}a~~-spk+1),

i<j

where as usual, the arguments with a caret are to be omitted. The graded Lie bracket on L
is the unique bilinear map [—, —] : L x L — L satisfying

[a®0.fRY]:=(aAp) Q0. ¥]

fora,f € A\ p* and o,y € g. Write L* := (/\k p*) ® g for the degree k-elements in L.
Interpreting o as a degree-1 element of L, equation (6.1) can now equivalently be written
as the usual Maurer—Cartan equation §o + %[O’, o] =0in L.

Let us next reformulate the gauge-action (7.1) of g on the set of vertical twists, using
the DGLA L. Consider the extended DGLA L x RD, where D is a degree-1 element
satisfying [D, o] = §(o) for any o € L. Notice for § € g = LO that §(¢§)(p) = —Ly(p)é-
We define the gauge-action of L? = g on L by

§:0=e"O(D +0)-D =)+ Fadg)(8). §eg. (72
considered as an expression in L x R D, where F(w) =—Y 72, mw” =— fol edt.

Let us check that the above is indeed well defined, even though L is not a nilpotent DGLA.
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Since G = 1<i_r_nk Gy, is aregular Lie group, it has an exponential map and so the automor-

phism €% := Ad(ef) on g is defined. Consequently, so is

1
Fade) (— L o) = [O ¢ (L E)dt

for any p € p. Thus the expression in equation (7.2) makes sense. Notice further that for
o € L', the above reduces precisely to the transformation behavior (7.1) of the vertical
twist. In accordance with Definition 7.5, we say that the Maurer—Cartan elements o, 0’ €
L' are gauge-equivalent if they satisfy o’ = & - o for some £ € LY, in which case we write
o ~ o'. Our goal is to study the Maurer—Cartan elements in L' up to gauge-equivalence.

Letn € N>¢. Define analogously the following DGLAs, where we consider P" (1) as
p-module by identifying P" (V) with 1" /1"t forn € Nxg, so that p - f = —Ly(p) f
forpepand f € P*(V):

Li=(A\p)oUeb. Lg:=(/p)®R: D),

Ly, = (A »)®U.®¥). Lpr:=(/\p")®(P"(V)®F).

Shifted DGLAs. It will be beneficial to split off the constants terms of the ¥-valued for-
mal power series, because contrary to Lg, Ly is a projective limit of nilpotent DGLAs.
We discuss next how this can be done.

For any Maurer—Cartan element y € LJIRO = p* ® ¥ C L of degree 1, define the
“shifted” DGLA L%, which agrees with Lg as a graded Lie algebra but has a shifted
differential given by 8, (0) := (o) + [x, o). The differential §, agrees with the Chevalley—
Eilenberg differential of (A\°® p*) ® g if g is considered as p-module with the twisted
action p -0 :=—&£4(p) + [x,—]. In particular, 8)2( = 0. Let us write R ®, f for this module
structure to distinguish it form the usual one on ¢ = R ® ¥, which was given by p - & =
—&y(p)é. Define also the extended DGLA L% x RD,, where [Dy, 0] = §4(0). Define
in analogous fashion LXn, L% and L%,, where we have used that the p-action on R ®, ¥
leaves I, ® ¥ invariant for every n, so that P"(V) @ ¥ = (I,, ® £)/(I,+1 ® ¥) is naturally
a p-module. The following is a standard result:

Lemma 7.13. The following assertions are valid:

(1) Leto € L}e~ Then y + o is a Maurer—Cartan element in Ly if and only if o is a
Maurer—Cartan element in L)Ig.

(2) Let 0,0" € L% be degree-1 Maurer-Cartan elements. Then y + o ~ x + o’ in
LR ifand only ifo ~ o’ in L%.

(3) Let ¢ € L}e be a Maurer—Cartan element. Then ¥ = y + o for some degree-1
Maurer—Cartan elements o € LY and y € Lg,.

Proof. (1) As y is a Maurer—Cartan element and [o, y] = [x, 0] we have

501 +0) + 3[x + 0,7+ 0] = 8(6) + 3[0.0] + [1.0] = 8,(0) + 3lo0]



Generalized positive energy representations of groups of jets 739

(2) Observe that —F (adg) ([€, x]) = €% () — x. Consequently
F(adg) (8,(8)) = F(adg)(8(8)) + F(ade)([x. €]) = F(adg)(8(5)) + €™ (x) — x-

Thus, for any ¢ € g we have

™ (x +0) + F(adg) (8(5)) = x + (¢™(0) + F(adg) (8,(5)))-

(3) Since R = Ry @ I as a vector space, we can write ¥ = y + o, where y = j%(¥) €
Lg,ando € L}(. As j9is a morphism of DGLA, it is clear that y = j°(v) is a Maurer—
Cartan element in Lg, € Lg. By the first point it follows that o is a Maurer—Cartan
element in L}( - L)I(e. [

Study of Maurer-Cartan elements. In view of Lemma 7.13, let us first study the clas-
sification problem of gauge-orbits of Maurer—Cartan elements in L}%o and then, for each
Maurer—Cartan element y € L}io consider the orbits in L} under the gauge-action.

Lemma 7.14. The following assertions are valid:

(1) Let y : p — ¥ be linear. Then x is a Maurer—Cartan element in L}Qo if and only
if it is a Lie algebra homomorphism. Thus if there are no homomorphisms p — ¥,
then any Maurer—Cartan element y € L}%o = p* ® f is trivial.

(2) The gauge-action of X € ¥ = L%O on Lg, is givenby X - y = eXy.

Proof. Notice that §(X) = 0 for any X € £ C g, because —&,(,)X = 0 for any p € p.
So p acts trivially on ¥ = qo = j%. Thus the Maurer—Cartan condition reads simply
x([p1, p2]) —[x(p1), x(p2)] = 0forall p, ps € p, proving the first statement. The second
statement follows at once from the definition (7.2), using once more that the p-action on
f is trivial. L]

Next, we fix a homomorphism y : p — ¥ and turn to the Maurer—Cartan elements of
the twisted DGLAs L }( . Consider the following diagram of DGLAs:

- —— L} » L7, > > LY = {0}

Any Maurer—Cartan element in L }( projects to one in L fk for any k € N, and all maps

in the above diagram are equivariant w.r.t. the gauge-actions. Notice further that each L}(k

is nilpotent. To study the Maurer—Cartan elements in Lf , we consider lifts of Maurer—

Cartan elements from L}(k to L}Hl, so as to solve the problem step-by-step. This can

be done using the following central extension of nilpotent DGLAs, where L}(O = {0} is
trivial:

0— L;k — L}(k — L}(kil -0, keN (7.3)

in combination with the following known result from deformation theory (cf. [43, Sec.
V.6)]):
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Lemma 7.15. Let 0 - K — L — M — 0 be a central extension of nilpotent DGLAs.
Let oy € M be a Maurer—Cartan element.

(1) Suppose that oy, € L projects to opr. Then h := o, + %[UL, o] € K? is closed
and [h] € H*(K) is independent of the lift 61, of oay. Moreover; there is some
n € K such that oy + n is a Maurer—Cartan element in L' if and only if [h] = 0
in H*(K).

(2) If or and o} are two lifts of oy that are both Maurer—Cartan elements in L',
then A := 0] —or € K is closed. Conversely, if A € K is closed and op is a
lift of oy and a Maurer—Cartan element, then o] = or, + A is also a lift of om
and a Maurer—Cartan element. Moreover; the class [A] € H'(K) vanishes if and
only if o1, and o' are related by a gauge transformation of some element & € K°.

(3) If or is a lift of oy and a Maurer—Cartan element, then the map A — op, + A
induces a bijection between H'(K) and K°-orbits of Maurer—Cartan elements in
L' lifting op.

Proof. (1) It is clear that h € K? as it projects to zero in M 2. Since §h = [§or,01] (by
the graded Leibniz rule), we find using op = h — %[O’L, o] that

1
Sh = [h,OL] — 5[[0L,UL],O'L] =0,

where the second term vanishes by the graded Jacobi identity and the first term vanishes
because & € K is central. Thus / is closed. Suppose that o; is some other lift of 037 and
define 4’ := 8o} + %[oi, o7l € K?. Then A := o7 —or € K lies in the center, so that
h' = h + 8A. It follows that [h] € H?(K) does not depend on the lift. If there is some
n € K! such that o7 + 71 is a Maurer—Cartan element in L', then

1
028(0L+77)+5[0L+7],0L+7]]2577+h.

Hence [i] = 0. Conversely, if [h] = 0 € H?(K), then there exists € K! such that & +
6n = 0. Then o7, + n is a Maurer—Cartan element, by the same computation.

(2) Let 0; and o7 be Maurer—Cartan elements in L' lifting o37. We have already
noticed that 2’ = h + §A, where A :=0; — oL € K. Since h = i’ = 0 by assumption,
it follows that §A = 0. Conversely, suppose A € K! is closed and that o7, is a Maurer—
Cartan element projecting to ops. Then 0] := or + A projects to ops as well. Also, o}
is a Maurer—Cartan element, because §o; + %[Oi, o] =801 + %[OL, or] +8A =0.To
see that [A] = 0 in H!(K) if and only if o7 and 07 = or + A are related by a gauge
transformation by some element £ € K°, observe that if £ € K°, then as £ is central we
have

£-0p = e (0 + D)— D =0y — [D,£] = op —8E.

(3) This is immediate from the previous point. ]

Next, we apply Lemma 7.15 to the exact sequences (7.3).
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Lemma 7.16. For every sequence (& )ren of degree-0 elements in L}( with
& e PE(V) @yt

for every k € N, there exists n € I @, ¥ such that j*(n-0) =&, -§p—1-... &1 -0 for
everyo € L; andn € N,

Proof. Consider the Lie subgroup H := ker(evy : G — K) < G with Lie algebra
h:=ker(evp:g— ) =1 ®¢.

Similarly, for n € N let H, := ker(evy : G, — K) and §),, := Lie(H,). Recall that the
exponential map exp : ) — H is a global diffeomorphism, by Lemma 6.3. Write log: H —
§ for its inverse. From j” o exp = expoj” : ) — H, we obtain that logoj” = j" olog :
H — b, forany n € N. As [&, ] ® ¥] € I*T! ® ¥ and the & are of increasing order,
we claim that the limit 7 := limy oo log(]_[llcv=1 efk) exists in I ® £ w.r.t. the projective
limit-topology, where k increases from right to left in the expression. Indeed, to see this it
suffices to show that for each n € N the sequence (" ny)% =, stabilizes for large enough
values of N, where ny := log(]_[,iV:1 efk). This is the case because for N > n we have

N N n
]nr’N ZJnIOg(l_[eSk) :]()g(l_[e]n(sk)) :10g<1_[e]n(5k)) =]nr’n
k=1 k=1

k=1
where it was used that j”(§) = 0 for all k > n, because & € I*. Thus n = limy ny is
well defined and satisfies j"n = j"n, foralln € N.Leto € Lf . Using the fact that
Ent1 T -0 = Y1 (-0 4+ D) — Dy = e¥r1e8m(Dy +0) — Dy
= ¢"m+1(Dy +0) = Dy = Nut1 -0,

it follows by induction that for any n € N, the equality n, -0 = &, - £,—1 --- &1 - 0 is valid.
We thus get:

j*m-0)=j"n-0) = j"(En-En-1---61-0), VYneN. u
Proposition 7.17. Assume that H'(p, P*(V) ®y £) = 0 for every k € N. Then every

degree-1 Maurer—Cartan element in L; is gauge-equivalent to 0 in L; .

Proof. Fix a Maurer-Cartan element o € L¥. Recall that j"({ - o) is again a Maurer—
Cartan element in L}(n foranyn € N and ¢ € L}( of degree 0. Notice also that j% =0.
As H'(p, Pk(V) ®, £) = 0 for every k € N, it follows using Lemma 7.15 and the exact
sequences (7.3), by induction on n € N, that we can find a sequence of degree-0 elements
(€x)ken in LY with & € PK(V)® £ suchthat j™ (£, - &,y ---&1-0) =0 foreveryn € N.
It follows from Lemma 7.16 that there is some n € I ®, f such that

jn(r]-a):En-Snfl-...-51-0=0inL}( foralln € N.

Thus o ~ 0. [
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Lemma 7.18. Let p be a semisimple Lie algebra with no nontrivial compact ideals. If £ is
a compact semisimple Lie algebra, then there are no non-trivial homomorphisms p — ¥.

Proof. Let y : p — ¥ be a homomorphism. Then p/ ker y is isomorphic to a subalgebra
of ¥ and is therefore compact. As p is semisimple and has no nontrivial compact ideals, it
also has no non-trivial compact quotients. Thus p/ ker y = {0} or equivalently p = ker y,
so x is trivial. ]

Proposition 7.19. Assume that p is semisimple. Let y : p — ¥ be a homomorphism and
leto’ € L}(. Suppose that o := x + o’ is a degree-1 Maurer—Cartan element in L g. Then
o is gauge-equivalent to y in LR.

Proof. Since H'(p, P*(V) ®y £) = 0 for all k € Nx¢ by Whitehead’s Lemma [30,
Lem. II1.7.3], Proposition 7.17 implies that o is equivalent to 0 in L}( . Equivalently y 4+ o
is equivalent to y in Lg. |

Theorem 7.20. Assume that p is semisimple. Let the linear map o : p — g satisfy the
Maurer—Cartan equation (6.1). Then o is gauge-equivalent to og := evgoo : p — £. If p
has no non-trivial compact ideals, then o is gauge-equivalent to 0.

Proof. Since 0 € p* ® g is a Maurer—Cartan element in Lg, there is some degree-1
Maurer—Cartan element ¢’ € L(I’0 such that 0 = 0 + ¢/, by Lemma 7.13. Then Proposi-
tion 7.19 implies that o is gauge-equivalent to 0. By Lemma 7.14 we further know that
09 : p — ¥ is a homomorphism of Lie algebras. Thus, if p has no non-compact ideals then
09 is trivial by Lemma 7.18. ]

Remark 7.21. Alternatively, Theorem 7.20 also follows from the structure theory of pro-
Lie algebras, developed in [26]. To see this, assume that p is semisimple. Consider the
pro-Lie algebra ) xp, p, were h := I @ ¥ C g and where Dy : p — der(}) is given by

Do(p) = —Ly(p) +adgyp) for p €p.

Since p is semisimple, the radical and Levi-factor of ) xp, p are f) and p, respectively. A
Levi subalgebra of (g xp, p) is equivalently given by a splitting of the exact sequence

0—=>bHh—=>bhxp,p—>p—0, (7.4)

which in turn is equivalently given by a linear map o’ : p — § satisfying the Maurer—
Cartan equation

o'([p1. p2]) = [0'(p1).0"(p2)] + Do(p1)o’(p2) — Do(p2)a’(p1). Vpi.p2 € p.

That is, by a degree-1 Maurer—Cartan element ¢’ in the DGLA L7°. The splitting ¢’
and Levi subalgebra [, corresponding to ¢’ are given by s/ : p — §) xp, p, So7(p) :=
(0’(p), p), and Ly := {(0'(p), p) : p € p} C b xp, p, respectively. Any two Levi sub-
algebras in ) xp, p are conjugate by an automorphism of the form e%% for some £ € b,
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by [26, Thm. 7.77 (i)]. So if 0’ € L?O is a degree-1 Maurer—Cartan element, there exists
& € b such that

e (o’ (p). p) = (0. p) forall p € p.
Notice for p € p that *% (o/(p), p) = ((§ - 0’)(p). p), where

(€-0")(p) = €0’ (p) + F(adg)(Do(p)€) = e**¥0’(p) + F(adg) (80, (§) ()

is precisely the gauge action of the degree-zero elements (L;’O)0 =hon L7°. We thus find
that £ -0’ = 0,0 0" ~ 0in L°. By Lemma 7.14, this is equivalent with ¢ ~ 0¢ in Lg.

For the case where p = R, we have:

Theorem 7.22. Assume that p = R. Let 0 € g and v € Xj. Let v) := j'v € gl(V) be
the linearization of v at 0 € V. Assume w.l.o.g. that o := evy(0) € t for some maximal
torus t C £. The following assertions hold:

(1) Assume that (n, i) # a(og) for any root a € it* of £ and n € Ngo with |n| > 1.
Then o is gauge-equivalent to some ' € R ® t.

2) If vy is semisimple, then o is gauge-equivalent to some v € R ® ¥ satisfying
—&LyV + [00,v] = 0.

(3) Suppose that v = v, is linear. Assume that D = —£,, + ad, integrates to a contin-
uous T = R /2w Z-action on g. Then o is gauge-equivalent to g € t. Moreover
Spec(v;) U Spec(ady) C 2miZ.

Proof. (1) Using Lemma 7.13, write 0 = 0¢ + o', where ¢’ € L‘I70 is a degree-1 Maurer—
Cartan element in the shifted DGLA L‘ITO. Passing to the complexification, observe for
n € N that

P" (V&) ®q (/e = @D P"(Ve) @4, (EC)a

as p-modules. The eigenvalues of —&£,, + adg, acting on P"(V) ®q, (fc)e are given by
a(og) — (n, 1), as n ranges over the multi-indices n € NZO with |n| = n, and « over the

roots of £. Thus —&,, + ady, is invertible on P* (V) ®¢, (fc)o. Consequently
H®(p. P"(Vc) Qg (tC)a) = H' (p. P"(VC) ®0y (EC)a) =0
for any n € N and root ¢, which in turn implies that
H(p. P"(V) ®q, £/t) = H' (p. P"(V) ®q, £/1) = 0.
By the long exact sequence of cohomology groups associated to the short exact sequence
0= (A v)e P net—(A"p)® P(V) @t

= (A\"9") @ P"(V) o, b/t — 0,
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it follows that for every n € N, the inclusion p* ® P*(V) ® t — p* ® P"(V) ®q, £
induces an isomorphism H!(p, P"(V) ® t) = H!(p, P" (V) ®q, ¥). It then follows using
Lemma 7.15 by induction on n € N that we can find elements & € P*(V) Ry T s.t.
J"EnEn1---&1-0") € I, @ tforevery n € N, the gauge action taking place in L7°. By
Lemma 7.16 there exists n € I ®q, £ s.t. j*(n-0') = j" &y -bp—1-... - E1-0) e, @1
for every n € N. Hence ¢ :=17-0’ € I ® t and o’ is gauge-equivalent to ¢ in L7°. By
Lemma 7.13 it follows that 0 = 0¢ + o’ is gauge-equivalentto 6g + { € R ® t.

(2) As before, decompose 0 =09 +0” using Lemma 7.13, where o’ € L7° is a degree-1
Maurer—Cartan element in the shifted DGLA L7°. Let n € N. Identify p* ® P"(V) ®q, £
with P"(V) ®g, f by evaluating elements of p* at 1 € p = R. This induces an isomor-
phism

H'(p. P"(V) Qg £) = (P"(V) ®c, £)/ Im(—Ly, + ads,)

Since v; is semisimple, so is —&£,, + adg, as operator on P” (V') ®¢, ¥. Consequently, the
inclusion (P (V) ®q, £)¥ — P*(V) ®, ¥ induces an isomorphism

(P"(V) ®q £)" = (P"(V) @0, ¥)/ Im(—Ly, + adey).

So every element of H!(p, P"(V)®4, ) admits a representative in p* ® (P" (V) ®q, ¥)?,
for any n € N. By a similar argument as in the previous item, it follows that ¢’ is gauge-
equivalent to some { € ] ®q, ¥ in L7° that satisfies —&£4,(¢) +[00.¢]=0. By Lemma 7.13 it
follows that og + ¢’ ~ g9 + ¢ in L g. Notice that v:=0¢ + { satisfies —£,,v + [09, v] = 0.

(3) Observe first that any derivation D’ € der(g) satisfying D’(I ® £) € (I ® ¥) inte-
grates to a unique 1-parameter group ¢ > P " of automorphisms on g that leave the ideal
I ® ¥ C g invariant. Indeed, this follows from fact that the corresponding statement is true
for the finite-dimensional Lie algebra der(g, ) for every n € N, where we use that g is the
projective limit g = Linn qn. In particular this applies to the T-action e’? on g, which
therefore leaves / ® ¥ invariant. It thus induces a continuous T -action on

V't (I ®H)/(I*QF),

which integrates the linear operator —£,, ® 1 + 1 ® ady, on V* ® £. This implies that
v € gl(V) and adg, € der(f) integrate to continuous T = R/2xZ-actions on V and ¥,
respectively. As T is compact it follows in particular that v, is semisimple and that

Spec(v)) U Spec(ady,) € 2niZ.

By Lemma 7.13 we know that there is some degree-1 Maurer—Cartan element ¢’ € L(II"
such that o = 0 + ¢’. By the previous item, it follows that we may assume that o’ satisfies
—&£4,0" + [09,0'] = 0, by acting with gauge transformations in L7° if necessary. Let
n € N. The T-action on g, = R, ® ¥ must be unitarizable because T is compact, so
that its generator D, := —&,, + [j"0, —| € der(g,) must be semisimple. Notice further
that —&£,, + [00, —] is semisimple on g, whereas [j"o’, —] is nilpotent. Since —&£4,0” +
[0, 0'] = 0, the operators —&£,, + [09, —] and [j"06’, —] on g, commute. Thus D, =
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(=&, + 00, —]) + [j"0’, —] is the Jordan decomposition of D,. As D,, is semisimple,
this implies that [j"0’, —] = 0. Thus j"”0’ € 3(g,), where 3(g,) denotes the center of
gn- As ¥t is simple, we know that

3@n) =P"(V)® ¥t C gu.

Thus 0’ € I""! ® ¥ for every n € N, where 1% := R. As (,,ex(I""! ® £) = {0}, it
follows that 0’ = 0. Hence 0 = oy € t. n

8. Projective unitary G.P.E. representations of (R ® ¥) xp p

Having obtained the normal form results Theorem 7.20 and Theorem 7.22, we now pro-
ceed with the study of continuous projective unitary representation of jet Lie groups and
algebras that are of generalized positive energy.

Let us begin by briefly recalling the setting and our notation. We have that V' is a finite-
dimensional real vector space, R = R[V*] := [[3%, P (V) is the ring of formal power
series on V' with coefficients in R and equipped with the product topology. Moreover, g
denotes the topological Lie algebra ¢ = R ® ¥, where f is a compact simple Lie algebra
and p is a finite-dimensional real Lie algebra acting on g by the homomorphism D : p —
der(g), which splits into a horizontal and a vertical part according to D(p) = —Ly(p) +
ady(p), where v : p — X;p is a homomorphism and where the linear map o : p — g
satisfies the Maurer—Cartan equation (6.1). Let P and K be the 1-connected Lie groups
integrating p and K, respectively. Forn € N write G,, := J{'(V; K), Gg =JJ(V;K)xP
and g,#, := @ Xp p. Define further G := J§°(V; K) := l(iLn,, G, G* :== G x4 P and
a* :=gxp p = lim gf.

In the following, we are interested in understanding the extent to which the lineariza-
tion v; of v and the values of o (p) at the origin already determine properties of the class
of representations which are of g.p.e. at a given cone € C p. To describe the main results,
we first have to introduce some more notation.

Define 0 := evgoo : p — £ and let v; = j'v : p — gl(V) be the linearization of v
at the origin. For p € p, the vector fields v(p) splits as v(p) = vi(p) + vho(p) for some
formal vector field vho(p) € X2 vanishing up to first order at the origin. Let v)(p) =
v1(p)s + v1(p), be the Jordan decomposition of v,(p) over C. Let VC(C (p) denote the span
in V¢ of all generalized eigenspaces of v;(p) corresponding to eigenvalues with zero real
part. Set V. (p) := VC(C (p) N V.If € C pis asubset, define V,(C) := ﬂpeg Ve(p). We call
V. (€) the “center subspace associated to €”, in analogy with the center manifold of a fixed
point of a dynamical system. Let V. (€)+ C V* denote the annihilator of V,(€) in V*. For
any p € p, let £, € C denote the additive subsemigroup of C generated by Spec(vi(p)).
Recall from Definition 4.1 that for any continuous projective unitary representation 7 of
g Xp p, the set €(77) consists of all points p € p for which 7 is of generalized positive
energy at p.

Let us describe the main results of this section. In the context of positive energy rep-
resentations, we have:
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Theorem (Theorem 8.8). Let p be a smooth projective unitary representation of G X P
which is of positive energy at p € p. Assume that Spec(adg,(p)) N Spec(vi(p)) = 0. Then
p factors through JZ(V; K) X P. Moreover the image of —£Ly,(p) + adgy(p) in P2(V) ®
¥ C JZ(V; K) is contained in ker p.

Remark 8.1. Notice that Spec(adg,(p)) = {a(00(p)) : @ € A} U {0} is a finite subset
of iR. In particular, the condition Spec(vi(p)) N Spec(adg,(p)) = @ is satisfied if v; has
no purely imaginary eigenvalues.

This is complemented by the following results, which in particular give sufficient con-
ditions for 7 to factor through ¥, because R[V.(€)*] ® ¥ = ¥ whenever V;(€) = {0}.

Theorem (Theorem 8.20). Let w be a continuous projective unitary representation of
g Xp p. Let € C C(). Assume that Spec(adgy(p)) N Xp = O forall p € €. Then

RV.(C)' ® ¥ C ker7,

and hence 7 |q factors through R[V.(€)*] ® £.

Theorem (Theorem 8.21). Lett C ¥ be a maximal Abelian subalgebra. Let & be a con-
tinuous projective unitary representation of gﬁ. Let € C C(r). Assume for every p € €
that 5(p) € R ® t and [v1(p)s, Vho(p)] = 0. Then RV.(C)* ® ¥ C ker & and hence T|g
factors through R[V.(€)*] ® F.

To prove these results, we consider in Section 8.1 the second continuous Lie algebra
cohomology H2(g xp p; R) so as to obtain particular representatives @ of cohomology
classes therein. We proceed in Section 8.2 to show that any irreducible smooth projective
unitary representation G Xy P factors through the finite-dimensional G, x P for some
n € N. This gives us access to techniques that are available for finite-dimensional Lie
groups, and in particular to Corollary 3.6, which leads to Theorem 8.8. In Section 8.3 and
Section 8.4 we study the kernel of the quadratic form & — w(D(p)E&, £). Recalling from
Corollary 4.6 that

[D(p)n.n] =0 = (0(D(p)n.n) =0 < 7(D(p)n) =0). Vneaq.

this leads to an ideal in g contained in ker 77, and to the proof of Theorem 8.20 and Theo-
rem 8.21. These results are supplemented in Section 8.5 by a consideration of the special
case where p is a simple non-compact Lie algebra, in which case Theorem 7.20 is avail-
able. This leads to the following:

Theorem (Theorem 8.22). Assume that p is non-compact and simple. Let T be a contin-
uous projective unitary representation of @ Xp p. Write € := €(x) C p. Then 7|q factors
through R[V.(€)*] ® £.

Theorem (Theorem 8.24). Assume that p is non-compact and simple. Suppose that v,
defines a non-trivial irreducible p-representation on V. Let T be a continuous projective
unitary representation of g Xp p. Let € C €(r) be a P -invariant convex cone. Either €
is pointed or Tt |q factors through ¥.
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8.1. The second Lie algebra cohomology Hcf (g xp p,R)

We next determine suitable representatives of classes in the second Lie algebra cohomol-
ogy H2(g xp p,R), which classifies the continuous R-central extensions of g x p =: gt
up to equivalence. As an intermediate step we first consider H2(g, R), which is com-
pletely understood.

Define Q’]‘e =R® /\k V*, equipped with projective limit topology obtained from

k _1; k
Qp = l(ln QR,,’

n
where Qlfe,, =R, ® /\k V*. This makes Qlfe into a Fréchet space. In particular Q9 = R.
Since J(‘,’O(Qk(V)) ~ SZII‘Q, we can define a continuous differential d : 52’1‘2 — QIXH by
dj{la = jda € J&(QMTI(V)) =~ Q’F‘l, which is indeed well defined. Choosing a
basis (eu)Z=1 of V' with dual basis (a’xu)fi=1 of V*, the above differential d is on R
givenby df =3 (3, f) ® dx, for f € R.

Lemma 8.2. Let E be a topological R-module and let D : R — E be a continuous
derivation. Then there exists a unique continuous R-linear map D : Q}e — E such that
D=Dod.

Proof. Let R[V*] denote the ring of polynomial functions on V. As R[V*] C R, E is also
a R[V*]-module and D |g[y+] : R[V*] — E is a derivation. Using the universal property
of the Kéhler differential forms QI{%[V*] ~ R[V*] ® V*, there is a unique R[V *]-linear
map D : Q]}{[V*] — E such that D o d|rv+] = D|rpy+)- As Qﬁ&[v*] is dense in Q}R, it
remains to extend D continuously to the Fréchet space Q}e- Leta € Q}z and let (@ )neN
be a sequence in Q]}R[Vﬂ s.t. oy — o in QL. We show that Do := lim,—,c Doty exists
and is independent of the approximating sequence (o). Choose a basis (abcu)fi=1 of V*.
Write o, = ZZ=1 flfn)dxu and @ = ZZ,=1 Jfudx,, for some unique fM(n) € R[V*] and

fu € R. Then flf”) — fy in R for every p and hence

d d
lim Doy = ) lim [PDx, =Y fuDxy.

n—o00
n=1 n=1

which is independent of the approximating sequence (). It follows that D extends to a
continuous R-linear map D : Q}e — E, which satisfies D o d = D by construction. It is
unique with these properties because its restriction to the dense subspace R[V*] C R is
SO. |

Remark 8.3. Lemma 8.2 entails thatd : R — Q}e is the universal differential module R
in the category of complete locally convex R-modules, in the sense of [41, Thm. 6]

Proposition 8.4. Any class [0] € H2(g, R) has a unique representative of the form

o€ n) = A(x(E dn).
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where A € Q}e* is closed and continuous functional on Q}e and k is the Killing form on ¥.
(Closed meaning that A(dR) = 0.) Conversely, any such A defines a 2-cocycle represent-
ing some non-zero class in H2(g, R). Consequently, the center of the universal central

extension of g is (Q /dR).

Proof. This is a special case of [41, Thm. 16], seeing as ¢ = R ® ¥, where R is a unital,
associative and commutative Fréchet algebra and ¥ is a simple Lie algebra. |

Lemma 8.5. Let w be an extension of the 2-cocycle A(k (€, dn)) on g to a 2-cocycle on
q* = g % p. Then A is p-invariant in the sense that MLo(p)Qk) = 0 for every p € p.

Proof. Takeé = f ® X andn =g ® X for f,g € Rand 0 # X € £. Notice that [£,7] =0
in R ® ¥. Using the cocycle identity, this implies

o(D(p)€.n) + (& D(p)n) = o(D(p),[§,1]) =0
o([o(p).€].n) + @(& [0(p), n]) = w(a(p), [£,n]) = 0.
Using D(p)§ = —Ly(p)§ + [0(p). §] it follows that

0= o(Lyp)§. 1) + o L)) = A(Lo(p) fdgK(X, X).
As k(X,X) # 0and RdR = QL this shows the claim. [

Lemma 8.6. Let w : g* x g* — R be a continuous 2-cocycle on g* = g xp p. Then there
exists n € N and a 2-cocycle wy, on g&, such that w(€,1) = w,(j"E, j™n) for all £, € g*.

Proof. Letw : g* x g¥ > Rbea continuous 2-cocycle on g*. Choose norms ||—||, on the
finite-dimensional Lie algebras gn s.t. the quotient maps j" : g, — @y, are contractive for
any n,m € N with n < m. The topology on g* = hm gf, is specified by the seminorms
E+> ||j"E|l, for n € N and £ € g*. As o is contlnuous and the maps g,#,, — gf, are

contractive for n < m, there exist n € N such that

& [ < 17"Ellullj"nlln
f

for all £, 77 € g* (e.g. using [66, Props. 43.1 and 43.4]). As j” : g* — g} is surjective, it
follows that w(€, n) = w, (j"&, j™n) for a unique 2-cocycle w, on gf‘,. L]

8.2. Factorization through finite jets

In the context of smooth projective unitary representations p of the Lie group G*, it is no
loss of generality to consider the case where p factors through the finite-dimensional Lie
group Gg for some n € N:

Theorem 8.7. Let p be a smooth pm]ectlve unitary representation of G* with lift p

G — U(Hy) for some central T -extension G of G¥. Then p decomposes as a |, posszbly
uncountable) direct sum p = ;.1 pi s.t. for every i € I there exists n € N s.t. the
projective unitary representations p; associated to p; factors through G,E. In particular, if
p is irreducible then it factors through G,g for some n € N.
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Proof. Write Nf = ker(j": G% — Gf,,) and nf,, = ker(j’" : gn — gB,,) for any m € N>,
so that Gf,, ~ Gﬂ/Ni’t for any m € N5 . Notice that N C N whenevern < m. Since pis
a smooth projective representation, it follows from [32, Thm. 4.3] that G isaLie group. It
is moreover regular by [49, Thm. V.I.8], because both G¥ and T are so. Let § := L1e(G)
Then § is a central R-extension of g* in the category of locally convex Lie algebras. Let
the continuous 2-cocycle w : g* x g* — R represent the corresponding class in cht(g#, R).
By Lemma 8.6, there is some n € N such that for all £ € g* we have

J"E=0= w(,n =0 forallye gt

Let ]\ofn be the closed normal subgroup of G covermg Ny ¥ and let 1, be its Lie algebra.
Then Nn is a central T -extension of N, i integrating 11,,. Since | whxnl = = 0, the central
R-extension 1, is trivial. Hence 11, =~ R & nﬁ as central R- extensmns of n,#, As N, iy is
regular and 1-connected, it follows from [49, Thm. III.1.5] that there is a commutative
diagram

R—— Rx N,?  — N,'f
lezm- l&; lid

T > Ny, >N,§t

of locally convex regular Lie groups. Observe that ‘; is surjective and that ker$ =Z.
Thus ZCI,, ~ T x N,f as central T -extension of N,t,t Let g : T x N,f‘ —» N realize the
isomorphism. For any integer m > n, let N, := ¢({1} x N,i) C ]C’n - Go which is a
closed normal subgroup of G isomorphic to and covering N,E,. Then N := {Nm}m>n
is a filter basis of (decreasing) closed normal subgroups of G satisfying h_n)w\/ = {1},
in the sense that for any 1- nelghborhood U of G there exists m > n such that Nm CU.
Indeed, since G¥# = hm G carries the projective limit topology and Gisa locally tr1v1al
principal T—bundle over T G [32, Thm. 4.3], it follows that any 1-neighborhood U C G
contains ¢ (I x Nm) for large enough m and some open 1-neighborhood I € T. It now
follows from [50, Thm. 12.2] that p decomposes as a possibly uncountable direct sum
p = @,z pi such that for every i € I there exists some m > n with p; (Ny) = {1},
which implies that p; (N) = {1}. -

Theorem 8.7 gives us access to techniques that are available for finite-dimensional Lie
groups, and in particular to Corollary 3.6. This can be used to prove the following:

Theorem 8.8. Let p be a smooth projective unitary representation of G X, P which is of
positive energy at p € p. Assume that Spec(adg,(p)) N Spec(vi(p)) = @. Then p factors
through JZ(V; K) Xq P. Moreover the image of —Ly,(p) + adgy(py in P?(V) ® £ C
JE(V; K) is contained in ker p.

To prove Theorem 8.8, it suffices by Theorem 8.7 to consider the case where p factors
through the finite- d1mens1onal Lie group Gti for some k € N, which we thus assume.
Write a for the ideal in g % generated by p € p. Let ay € a denote the maximal nilpotent
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ideal in a. According to Corollary 3.6 we have [a, [a,, a,]] € ker d p. Recall that
I = 1)1,
Lemma 8.9. Suppose that V* Q £ C jla,,. Then I, @ ¥ C ay,.
Proof. By assumption V* @ ¥ Ca, + 1 ,f ® f. As ¥t is perfect it follows that
INet=V*"@LIlefCa+ [ 1@ =a, + 17> ®F, VieN
Thus it follows by induction that
V*®FCa, —i—l,ﬁ‘“ ®¥f foralll/ e N.
As () (an + IH’1 ® ¥) = a,, it follows that V* ® ¥ C a, and hence I} ® £ C a,. n

Proof of Theorem 8.8. We may assume that p factors through Gti for some k € N. It
suffices to show that d p factors through g2 and that the image of —Ly(p) + adgy(p) In
P2(V) ® ¥ C g, is contained in ker d p. By Corollary 3.6 we know that [a, [a,, a,]]
kerd p. Moreover 113 Rt =[I; ®F,[Ix ®F, I} ® F]], because f is perfect. To see that d p

factors through gg it thus suffices to show that Iz ® ¥ € a,. By Lemma 8.9 it is further
sufficient to show that V* ® £ C j!(ay). Write D1(p) := —ZLy,(p) + [00(p), —]. Notice
that j1(D(p)£) = D1(p)& for £ € V* ® ¥. The assumption that

Spec (vi(p)) N Spec(adgy(p)) = @

implies that D (p) is invertible on V* ® £. Thus if n € V* ® £ is arbitrary, there exists
€ € V* ® ¢ such that n = Dy (p)&. Then

n=Di(p)§ = j (D(p)§) = j'([p.€]) € j " (an).

Thus V* ® £ € j!(a,). We obtain that I; ® ¥ C a, and Ik3 ® ¥ C kerdp, so d p factors

through gg. We may thus assume that k = 2. We then obtain

Di(p)(P*(V)®¥) = D(p)I} ®F)
= [p? [Ik ®P» Ik ® ?]]
- [a, [an, an]] C kerdp. u

8.3. The case where p = R

We proceed with the study of projective unitary representations 7 of g* = g xp p which
are of generalized positive energy. We first specialize to the case where p = R, aiming to
consider its consequences for the general case afterwards.

As p = R, we may as well identify v with v(1) € X7, D with D(1) and o with
o(1) € g. Recall that the derivation D is given by D = —£, + [0, —]. Write v = v; +
Vo, Where vy := jlv € ql(V) is the linearization of v at 0 € V and where vy, € X}2.
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Let v; = v15 + vy, denote the Jordan decomposition of v; over C. Write VC(C for the span
of the eigenspaces of v; whose corresponding eigenvalue has zero real part. Set V, :=
VC(C NV.Writed := (0,1) € gﬁ = g xp R. Let VCJ- C V* denote the annihilator of V,
in V* so V= (V/Vo)*

Theorem 8.10. Lert C ¥ be a maximal Abelian subalgebra. Assume thato € RQ@t C g
and [\ 5, Vyo] = 0 in Xy. Let & be a continuous projective unitary representation of gii on
the pre-Hilbert space D. Assume that @ is of g.p.e. atd € g xp Rd. Then RVCJ- C ker .
Consequently, T |q factors through R[V*] & £. In particular, if V., = {0} then |4 factors
through .

Remark 8.11. By acting with formal diffeomorphisms if necessary, one may by Theo-
rem 7.7 always bring v into a normal form, in the sense that [v; s, vho] = 0 in X'7. Moreover,
Theorem 7.22 provides sufficient conditions guaranteeing that o is gauge equivalent to
some element in R ® t.

We proceed with the proof of Theorem 8.10. Let @ be a continuous 2-cocycle on
gt that represents the class in H2(g, R) corresponding to the central R-extension of gt
obtained from 7 by pulling back u(D) — pu(D) along 7. In view of Proposition 8.4
and Lemma 8.5, we may and do assume that w satisfies w (&, n) = A(k (&, dn)) for any
&, n € g, where A : Qg — R is continuous, p-invariant and closed. We write fX instead
of f ® X for f € Rc and X € £c.Let A Cit* denote the set of roots of £. Finally, write
§ := tc C f¢. Recall from Corollary 4.6 that

[Dn,n] =0 = (a)(Dn, n) =0 < m(Dn) = 0), Vn €g. 8.1
Moreover, w(Dn, n) > 0 whenever [Dn, ] = 0. In the present setting, this yields:
Proposition 8.12. Fix f € R. ThenT(RL, f ® ) = {0} & A(fdL,f) =0.
Proof. For any H € t, observe that DfH = —£, fH because 0 € R ® t, so

[DfH, fH] = —[£y fH, fH] = 0.
Using (8.1) we obtain that
k(H, H)MEy(f)df) =0 < 7(LyfH) =0, VHEet. (8.2)
Assume that 7 (RL, f ® £) = {0}. Then
T(LyfH)=0

forany H € t,s0 A(£,(f)df) = 0by (8.2). Conversely, suppose that A(£,(f)df) = 0.
Then (£, fH) = 0 forall H € t, by (8.2). Taking the commutator with 7 (gX), where
g€ R, aeAisarootand X, € (fc), is a corresponding root vector, it follows that

7(gLvfXe) =0 VXq € (Fc) g€R. (8.3)
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Take Xy € (Bc)gq and Y_y € (B)—o. Write Hy = [Xg, Y_o]. By taking commutators with
7(1 ® Y_y) in equation (8.3) we find that T (g£y fHy) = 0. Ash =D [(c)a, (Fc)—-al,
this shows by linearity together with equation (8.3) and the root space decomposition that
T(RE,f ® F) = {0}.

Define the quadratic form g(f) := AM(Ly(f)df) = —A(fd Ly f) on R. Let N =
ker g denote its kernel. By Proposition 8.12, N generates an ideal J ® ¥ on which 7
vanishes, where J := RL,N.

Corollary 8.13. Set J := REyN. Then J @ £ C ker(7).

Together with the fact that A vanishes on exact forms and is &£,-invariant, this puts
severe restrictions on the representation 7 and leads to Theorem 8.10. Let us also remark
the following:

Lemma 8.14. The bilinear form B4(f,g):=A(£Ly(f)dg) on R associated to q is symmet-
ric, the quadratic form q is positive semi-definite and N ={f € R : B,(f.g) =0VgeR}.

Proof. As A is closed and &£,-invariant, it follows that B is symmetric. To see that ¢
is positive semi-definite, let f € R and 0 # H € t. Write n := fH and notice that
[Dn, n] = 0. By Corollary 4.6 we know that —«x (H, H)A(L£,(f)df) = w(Dn,n) > 0.
As k is negative definite on £ we obtain that ¢ is positive semi-definite. It follows that
1B4(f, ©)I* < q(f)q(g), which implies N = {f € R: B,(f.g) =0Vg € R}. n

The following observation is also noteworthy, although it will not be used:
Lemma 8.15. N C R is a subalgebra.
Proof. Let f, g € N. Then using the Leibniz rule and Proposition 8.12 we obtain
T(RLy(f2) ®F) C T(fREyg ® F) + T(SRE f ®F) C {0},
Applying Proposition 8.12 once more, we conclude that fg € N. |
Lemma 8.16. A is &£y, -invariant, in the sense that A o £y, = 0.

Proof. As A : Q}e — R is continuous, it factors through the finite-dimensional space
Qg, = R ®V* forsomek € N.

Notice that both £, , and £,,, are nilpotent on 2 }?k ®r C, whereas £y, is semisim-
ple on it. Also [£y,,. £y, + Lv,] = 0 because [vi, Vho] = [V15, V1] = 0. Thus £, =
Lo, + (£y, + Luy,) is the Jordan decomposition of &£, acting on Q}Qk ®r C. Thus
Im(£y,,) € Im(&£,) when £, and £, are considered as operators on Q}ek Qr C.As A
is £Ly-invariant, we know A o £, = 0. Thus A o £y, = 0. [ ]

In particular, A vanishes on the eigenspaces in Q}%c of £, corresponding to non-zero
eigenvalues. We introduce some more notation. Let E¢ denote the span of all eigenspaces
in Rc of £y, corresponding to eigenvalues with non-zero real part. Define £ := Ec N R
and E" := ENI".
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Lemma 8.17. We have E C N.

Proof. Let € Spec(&£y,,) with Re(u) # 0. Set E,, := ker(£,,, — ul) S Rc. Sup-
pose first that 4 € R. If ¥ € E,; N R then because &£, leaves the eigenspaces of &£y,
invariant, the 1-form yd &£, is an eigenvector of &£, , with non-zero eigenvalue 2. By
Lemma 8.16 it follows that ¢() = 0 and hence { € N. Thus E,, € N. Next, suppose
that w is not real. Then also i is an eigenvalue of £,,,. Write W¢ := E;, @& Eg and
W := W¢ N R. Take € W arbitrary. Then ¥ = n + 7 for some n € E, (and hence
n€ Egp). As u + it = 2Re(u) # 0 and £, leaves the eigenspaces of &£y, invariant, each
of the 1-forms nd £yn, nd £y7, nd Lyn and nd £, 7 are eigenvectors of £, with non-
zero eigenvalue. Using Lemma 8.16 it follows that ¢(y¥) = 0 and hence ¥ € N. Thus
W C N.As N is alinear subspace, we have shown E C M. n

Lemma 8.18. The inclusion RE C RLE is valid.

Proof. Write J := R£,E. As J is anideal in R it suffices to show E C J. We claim that
E"™ C J + E™*! for every n € Nxo. Indeed, take ¢ € E". As &£y, is invertible on E”"
(which is true because &£, is invertible on every finite-dimensional and &£,,-invariant sub-
space E N P¥(V) C E), there exists some 1) € E" s.t. £, = . Observe that £,, E C E
because [Ly,,, Lv,,] = 0. Also £y, 1" € I"F!, since vyo € Xj2. Thus &£y, E" C E"TL.
In particular £,,,n € E"t!. Then ¢y = Ly = Ly — Ly, n € J + E"TL, as required.
By induction it follows that E = E® C J + E" foreveryn € N. As (),en(J + E") = J,
this implies £ C J. ]

Proof of Theorem 8.10. Using Lemma 8.17 we obtain £ C N . By Corollary 8.13, this
implies J ® ¥ C ker 7, where / = RL, E. By Lemma 8.18, we know RE C J. Notice
that ENV* = VCJ-, so in particular RVCJ- C J. Thus RVCJ- ® £ C ker 7. Notice that

R/(RV2}) = R[V.*], because V,* = V*/V.L. We conclude that 7 factors through the
quotient (R ® )/ (RV: @ F) = (R[V] @ ¥). (]

8.4. The case of general p

Let us return to the case where P is a 1-connected finite-dimensional Lie group with Lie
algebra p. Let us recall some of the notation introduced earlier in Section 8.

Define 0 :=evgoo : p — F and let v; = j v : p — gl(V) be the linearization of v at
0 € V. For p € p, the vector fields v(p) splits as v(p) = vi(p) + vuo(p) for some formal
vector field vpo(p) € X2 vanishing up to first order at the origin. Let v;(p) = vi(p)s +
v1(p)a be the Jordan decomposition of v;(p) over C. Let VC(C (p) denote the span in V¢ of
all generalized eigenspaces of vj(p) corresponding to eigenvalues with zero real part. Set
Ve(p) := VE(p) N V. If € C pis a subset, define V,(€) := Npee Ve(p). Let V. (6)t c
V* denote the annihilator of V. (€) in V*. Let ¥, C C denote the additive subsemigroup
of C generated by Spec(v;(p)). For any continuous projective unitary representation 7 of
g Xp p, the set €(77) consists of all points p € p for which 7 is of generalized positive
energy at p.
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We use Theorem 8.10 combined with suitable normal form results to prove Theo-
rems 8.20 and 8.21.

Lemma 8.19. Let W be a finite-dimensional real vector space and let W; € W be a
collection of linear subspaces, where i € I for some indexing set I. Then

(m I’Vz)J— = Span;cy VViJ_'
iel

Proof. Notice first that ()< 7 Wil = [Span; . ; W;]*. Applying this observation to the sub-
spaces W= € W*, we obtain that (e ; Wi = (;e (W) = [Span; ¢ ; W]+, where we
also used that (WiJ')J- >~ W; for any i € I. Taking annihilators, the assertion follows. m

Theorem 8.20. Let & be a continuous projective unitary representation of g Xp p. Let
€ C (7). Assume that Spec(adsy(p)) N S, = @ for all p € €. Then RV (€)L ®@ ¥ C
ker 7, and hence 7 |q factors through R[V.(€)*] ® ¥.

Proof. Let p € €. By Theorem 7.7, there is a formal vector field wy,(p) € X2 satis-
fying [v1(p)s, Who(p)] = 0 s.t. v(p) is formally equivalent to w(p) := vi(p) + wpo(p).
If h € Aut(R) C Aut(g) is a formal diffeomorphism s.t. w(p) = h - v(p), then h leaves
the constant part oo (p) of o (p) fixed, so evo(h - o(p)) = evo o (p) = 0¢(p). Thus, we
may assume that [v1(p)s, ¥no(p)] = 0 and Spec(ady,(p)) N X, = @. By acting with gauge
transformations, we may by Theorem 7.22 further assume that 0 € R ® t, where t is
a maximal torus containing oo(p). By Theorem 8.10, it follows that RV,(p)* C ker 7.
The above holds for all p € €, so Span,c¢ RV.(p)* C ker 7. By Lemma 8.19 we know
Span,, s (Ve(p)™) = Ve(€)", so that R/(Span,eg RVe(p)h) 2= R[Ve(€)*]. u

Theorem 8.21. Let t C £ be a maximal Abelian subalgebra. Let T be a continuous projec-
tive unitary representation of g*. Let € C € (7). Assume for every p € C thato(p) € R t
and [v1(p)s, Vho(p)] = 0. Then RV.(C€)+ ® ¥ C ker & and hence 7|q factors through
R[Vo(©)*] ® *.

Proof. By Theorem 8.10 it follows that Span,¢g RV.(p)* = RV.(C) C ker 7. |

8.5. The case where p is simple

Let us consider the special case where p is simple. Let P be a 1-connected Lie group with
Lie(P) = p. In this case, suitable normal form theorems for v and o are available (see
Theorem 7.10 and Theorem 7.20). In particular, v : p — X})p is always formally equivalent
to its linearization vy at O € V. Similarly, by Theorem 7.20, the vertical twist o : p — g is
gauge-equivalent to some Lie algebra homomorphism o : p — ¥. In particular, if p is not
compact then we may and do assume that 0 = 0 by acting with gauge transformations if
necessary, for in that case there are no homomorphisms p — ¥ (because ¥ is compact, see
Lemma 7.18). Combined with Theorem 8.21 we immediately obtain Theorem 8.22 below,

where V.(€) := (,ec Ve(p)-
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Theorem 8.22. Assume that p is non-compact and simple. Let T be a continuous projec-
tive unitary representation of ¢ Xp p. Write € := €(7) C p. Then 7|q factors through
RVe(©)*] ® £

Let p = ¢ & po be a Cartan decomposition of p, so that ¥y and po are the +1 and —1
eigenspaces of a Cartan-involution 8, respectively [37, Cor. 6.18]. Let ag < po be a maxi-
mal Abelian subalgebra of pg. According to the Iwasawa decomposition [37, Prop. 6.43],
p decomposes as p = £y @ ag @ ng, where 1y C p is nilpotent. For p € p we write
P = Pe + pn + pn for the corresponding decomposition of p, where p, € ¥, pj € ap and
DPn € ng. Then Spec(ad,,) € iR, Spec(ad,,) € R and ad,, is nilpotent [37, Lem. 6.45].
Moreover, ay is contained in a Cartan subalgebra of pg [37, Cor. 6.47].

Proposition 8.23. Suppose that p is simple and that the p-representation vy on V is non-
trivial and irreducible. Let € C p be an Adp-invariant convex cone and let V,(C) :=
(peg Ve(p). Assume that € contains some non-zero py, € ao. Then Vc(€) = {0}.

Proof. Notice first that as P is 1-connected, the p-action v; : p — gl(V) integrates to a
continuous representation of P on V. As € is Adp-invariant, the subspace V.(€) is P-
invariant. Thus either V,(€) = {0} or V.(€) = V, so it suffices to show V.(€) # V. By
assumption py, # 0. In view of Cartan’s unitary trick, see e.g. [38, Prop. V.5.3], the image
of elements in ag in any finite-dimensional representation are semisimple and have real
spectrum. Thus Spec(v;(py)) € R. As p is simple and v is a non-trivial p-representation
by assumption, it follows that v, is injective. As v;(py,) € gl(V') is semisimple, there exists
0#veVs.tv(pp)v=puvforsome0# u €R. Thus 0 # v ¢ V.(C). Hence V.(C) # V
and so V.(€) = {0}. L]

Theorem 8.24. Assume that p is non-compact and simple. Suppose that v, defines a
non-trivial irreducible p-representation on V. Let & be a continuous projective unitary
representation of ¢ Xp p. Let € C €(w) be a P -invariant convex cone. Either € is pointed
or TT|g factors through ¥.

Remark 8.25. Notice that if p is simple and € is a closed Adp-invariant convex cone
which is not pointed, then € N —€ = p and hence € = p.

Proof of Theorem 8.24. The edge e := € N —C of the closure € of € is an ideal in p.
Assume that € is not pointed. Then neither is C. As p is simple, it follows that e = p
and hence € = p. Thus € is a dense convex cone in the finite-dimensional real vector
space p, which implies that € = p. As p is non-compact, it contains some hyperbolic
element. Thus, so does €. By Proposition 8.23 it follows that V.(€) = {0} and hence
Theorem 8.22 implies that 7 factors through f. ]

Thus if € is an Adp-invariant convex cone which is not pointed, then g admits no
continuous projective unitary representations which are of g.p.e. at € C p other than those
which factor through £. On the other hand, we know by [54, Cor. 2.3] that if p is simple,
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then a non-trivial pointed closed and P-invariant convex cone exists in p if and only
if p is of hermitian type, meaning that dim(3(£9)) = 1, where p = ¥y @ po is a Cartan
decomposition of p and where ¥ is the Lie algebra of a compact Lie group.

Let us shift our attention to positive energy representations, in which case a different
argument is available.

Lemma 8.26. Suppose that P is a non-compact simple connected Lie group. If (o, #s)
is a unitary P-representation that is norm-continuous, then o is trivial.

Proof. As p is simple, do is either injective or trivial. Assume that do is not trivial.
Let p = £9 D ag @ 1o be the Iwasawa decomposition of p. Take x € ag. Then ad, is
semisimple and Spec(adx) € R. As o is unitary and do is injective, z — ||do(2) | a(e)
defines a P-invariant norm on p. With respect to this norm, e’ is an isometry on p
for every t € R. As ad, is semisimple, it follows that Spec(ad,) € iR. So Spec(ady) <
R NiR = {0} and hence ad, = 0. Since p has trivial center it follows that x = 0. So
ag = {0} and hence p is compact. But P is non-compact by assumption. So do must be
trivial. As P is connected, it follows that ¢ is trivial. [

Proposition 8.27. Suppose that P is a non-compact 1-connected simple Lie group. As-
sume that the P-action on V is irreducible and non-trivial. Let p be a continuous projec-
tive unitary representation of G which is of positive energy at € := p. Then p|g factors
through K.

Proof. By Theorem 8.7 it suffices to consider the case where p factors through Gy for
some k € N. From Whitehead’s Second Lemma, [30, Lem. I11.9.6], we know that

H?(p.R) = {0}.

Using in addition that P is simply connected, it follows that p|p lifts to a continuous
unitary representation o : P — U(J,) of P, so that p(p) = [0(p)] in PU(H,,) for all
p € P. By Lemma 3.7, the fact that p|p is of p.e. at € = p implies that o is norm-
continuous. It follows from Lemma 8.26 that o is trivial. Thus p(c,(g)) = p(g) for all
g € G and p € P. It follows that d p vanishes on D(p)g. As p acts irreducibly and non-
trivially on V/, it follows that the ideal in g generated by D(p)g is I/ ® £. Thus I/ ® £ C
ker d p. This implies that p|g, factors through K. |

The following provides a simple example of a projective p.e. representation p of G| %
P s.t. p|g, does not factor through K.

Example 8.28. Let P = Mp(2,R) be the double-cover of SL(2,R). Let P acton V := R?
via the defining action of SL(2, R). We consider a trivial vertical twist, so that the p-action
on g = R® ¥f is given by D(p) = —&y(p). In this case the generator po of rotations
generates the unique (up to a sign) pointed, closed and P-invariant convex cone € in p.
Explicitly, v(po) = ydx — x9,. Let us construct a non-trivial continuous projective unitary
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representation of G; x P =~ (V* ® £) x (K x P) thatis of p.e. at the cone € C p. Write
W:=V*t.

We begin by specifying a suitable 2-cocycle on V'* @ £ C g;. Notice that ( /\2 V)P =R
is one-dimensional. Let 0 # A € ( /\2 V)P and consider it as a p-invariant bilinear map
V* x V* — R. To be consistent with Proposition 8.4, let us write A(fdg) instead of
A(f, g) for f,g € V*. Let x,y € V* be the usual basis of V*. Then A is fully specified
by the number A(ydx). If A(ydx) > 0, then the quadratic form g (v) := A(Ly(py)vdV)
is positive-definite, because g(ax + by) = (a? + b?>)A(ydx) for a,b € R. Let w be the
unique symplectic form on W satisfying w(vX, wY) := A(vdw)x(X,Y) for X,Y € ¢
and v, w € V*. Then w(D(po)&, ) > 0 for every £ € W (recalling that « is negative defi-
nite). Let H(W, w) be the corresponding Heisenberg group. Let L+ be the +i-eigenspaces
in We of the complex structure § := D(po) on W¢, so that We = L_ & L. The p-
invariance of A ensures that $*w = w. Indeed, extend w C-bilinearly to W¢. As A is
p-invariant, it follows that w(¢&, n) + w(§, §n) = 0 for all £, n € W, which implies
that L1 C W are ¢-invariant Lagrangian subspaces for . Then $*w = w follows
from $*w(w4+, w-) = w(iw4, —iw-) = w(w4+, w-) for we € L4. Notice further that
w(FE, &) = 0 holds for all £ € W, by construction. Equip L with the positive definite
hermitian form defined by (v, w), 1= —2iw(v,w) forv,w € L. Foreachn € N, equip
the symmetric algebra S” (L 4+ ) with the inner product satisfying

n
(Ul“'vnvwl"'wn) = Z 1_[<v0k’wk>L+’ Vi, W € L.
0ESy k=1

Let 7 := S*(L) be the Hilbert space completion, where S®(L ) = @pey S"(L+). The
metaplectic representation p of H(W, w) x Mp(W, w), with p(z) = zI on the central T
component, can be realized on the Fock space ¥, where Mp(W, w) denotes the metaplec-
tic group [47, Thm. X.3.3]. Notice that SL(2, R) < Sp(W, w) because A is p-invariant. By
pulling back the metaplectic representation we obtain a continuous unitary representation
of H(W, w) x P which is of p.e. at € and does not factor through K.

A. From germs to jets

Let X — M be locally trivial bundle of Lie groups with typical fiber a finite-dimensional
Lie group G with Lie algebra g. Write & — M for the corresponding Lie algebra bundle.
The following justifies the claim made in Section 1 that any continuous projective unitary
representation of I'. (K') which factors through the germs at a point @ € M actually factors
through the co-jets J°(K) ata € M. The group I'.(KX) is a locally exponential Lie group
modeled on the LF-Lie algebra I'.(K) [31, Prop. 2.3].

Let U € R? be an open neighborhood of the origin. Let Co(U) denote the kernel of
the co-jet projection

J&CRWU) - J&C(CXWU)) = Ry, ..., x4]
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at 0 € U. In the following we show the known fact that the closure CX°(U \ {0}) in
C*®U)is C2(U). As a consequence, we deduce that if a continuous projective unitary
representation of the Lie algebra I'¢(K) factors through the germs at a pointa € M, then it
factors through the co-jets J°(K) ata € M. In turn, this implies a group level-analogue.

If K C U is a compact set, we write Cg°(U) for the subspace of C*°(U) consisting
of functions on U with support in K. Then Cg°(U) is the projective limit CZ(U) =
l<i£1n Cg(U) of the Banach spaces C¢ (U), which we equip with the norm

I fllczw) == sup D fllcew).
lk|<n

where the supremum runs over all multi-indices k € N fo with |k| < n. Then CX(U) :=
li_r)n C(U) is the corresponding locally convex inductive limit. See e.g. [59, Thm. 6.5]
for a description of this topology. For r > 0, write B, 1= {x € R? : ||x|| < r} for the closed
ball centered at 0 € R? with radius r.

Lemma A.1. The closure of C°(U \ {0}) in CX°(U) is CS2(U).

Proof. As C§(U) € C(U) is closed and C°(U \ {0}) € Cgo(U), we have

flat
CC°°(U \ {0}) C Cao(U).

It remains to show the reverse inclusion. Let f € Co(U) € C°(U). We show f €
C2°(U \ {0}). Let Ko € M be a relatively compact open subset such that supp /' C Kj.
Set K := Ko. We may assume that 0 € K, for otherwise f € C®(U \ {0}) and we are
done. By [42, Lem. 1.4.2], we can find constants Cx > 0 for k € Nfo, depending only
on k, such that for any 0 < r < 1 with B, C K, there exists a smooth function Yy €
C®R?) s.t. Y, = 0,Yr|B, =0, Vr|(®a\5,,) = | and sup, cga | D¥yr (x)| < Crr ¥ for
every k € Nd In particular fy, € C2°(U \ {0}) and supp f ¥, € K. Moreover, observe
that supp(1 — 1//,) C Byyand ||(1 — 1//r)||cn (Rd) r~" for some constant depending on
n € N>g, where we used that 0 < r < 1. On the other hand, suppose that a € N>0 isa
multi-index. Since j;° (D% f) = 0, it follows from Taylor’s Theorem that | D* f'| c(s,,) <

rt for arbitrary l € Nx, with a constant depending on f, o and / but not on r. Thus
I fllcn(Byy < r! for arbitrary 1,1 € Nxo. In particular || f||cn(g,,) < r"+'. Combining
the previous observations, we obtain that

If = f¥rlleny = || f( =)
= | f( =)

S fllen(Bar)

C*(K)

cn (BZr)

(I_Wr)|

<
Ccr(By) ~ 1

the constants depending only on f and n but not on r. This shows that fv, — f in
CEU)asr — 0.Thus f¢, — f in CX(U). Since ¥, f € C°(U \ {0}) for every r,
we conclude that f € C2°(U \ {0}). |
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If a € M, define the spaces of smooth section of K and & which are flatata € M:
(e (K) = ker (jg° : Te(K) — JZ°(K)),
Dat(a) (R) := ker (];O T(R) — J;’°(R)).

Proposition A.2 below clarifies the apparent ambiguity in the topology on J°(K), for
which two candidates are available.

Proposition A.2. Let a € M. The projective limit topology on J°(K) = Liﬂlk JE(R)
coincides with the quotient topology obtained from J;°(K) = I'c(K)/ Fia(a) (K).

Proof. The continuous k-jet projections jtf TR — J, tf (R) at @ € M all descend to
continuous maps I'.(K)/ Fae(a) (K) = J, ‘f (K). By the universal property of the projective
limit, they induce a continuous map

@ : Te(R)/ Tha(a) (R) = J72(K).

Using Borel’s Lemma [28, Thm. 1.2.6], it is not hard to check that this map is bijective.
It remains to show it is an open map, which follows immediately from the Open Mapping
Theorem [59, Cor. 2.12] because I'c(K)/ [aq) (K) and J°(K) are both Fréchet spaces
and & is bijective and continuous. ]

Proposition A.3. Leta € M.
*  The closure of T.(M \ {a}; &) in I'c(M; &) is Iiaya) (K).
»  The closure of Tc(M \ {a}; K) in 'e(M; K) is Ta(a) (K).

Proof. By a partition of unity argument, we may assume that the bundle & — M is triv-
ial, that M C R¢ is open neighborhood of 0 € R and that @ = 0. Then I'.(M; &) =
C2°(M;*). The claim now follows from Lemma A.1. Notice for the second assertion that
Iata) (M ; K) is a locally exponential, being an embedded closed Lie subgroup of the
locally exponential Lie group I'.(M; K). The result is then immediate from the previ-
ous point. |

Proposition A4. Leta € M.

(1) Let T : Te(M; &) — £T(D) be a continuous projective unitary representation
on the pre-Hilbert space D. Assume that T vanishes on I'e(M \ {a}; K). Then &
factors continuously through J2°(K).

(2) Letp:T'.(M; K) — PU(H) be a continuous projective unitary representation of
I'.(M; K). Assume that p vanishes on T'e(M \ {a}; K). Then p factors through
Fﬂat(a) (M; J{)

Proof. For the first point, notice by continuity that 7 must also vanish on the closure
of I'e(M \ {a}; K) in I'.(M; K), which by Proposition A.3 equals [fyq)(M; K). Thus
I'.(M; &) factors continuously through the quotient space

I (R) = Te(M: K)/ Tha) (M : K),



M. Niestijl 760

where Proposition A.2 was used. The second point is proven similarly using Proposi-
tion A.3. ]
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