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Dynamics of nonlinear Klein—-Gordon equations
in low regularity on S?

Joackim Bernier, Benoit Grébert, and Gabriel Riviere

Abstract. We describe the long-time behavior of small nonsmooth solutions to the nonlinear Klein—
Gordon equations on the sphere S2. More precisely, we prove that the low harmonic energies (also
called super-actions) are almost preserved for times of order ¢ ™", where r >> 1 is an arbitrarily large
number and & < 1 is the norm of the initial datum in the energy space H! x L2. Roughly speaking,
it means that, in order to exchange energy, modes have to oscillate at the same frequency. The proof
relies on new multilinear estimates on Hamiltonian vector fields to put the system in Birkhoff normal
form. They are derived from new probabilistic bounds on products of Laplace eigenfunctions that
we obtain using Levy’s concentration inequality.

1. Introduction

The linear Klein—Gordon equation classically appears as a natural first candidate to
describe a relativistic version of quantum mechanics [13, Chap. 1] and it can be written
on the sphere as

FO(1, x) = AD(t, x) — ud(t, x),

where 1 > 0 is an external parameter referred to as the mass (although physically speak-
ing, u is rather the square of the mass, up to taking ¢ = 1 and # = 1), x € S? (the Euclidean
unit sphere of R3),t e R, ®(¢, x) € R and A denotes the Laplace—Beltrami operator on
the sphere. As usual, we rewrite this evolution equation as a first-order system

g (ajb@) B (A ’ n <1>) (aibcb)

wi=(u— A)VAO +i(u— A) V49,0 ¢))

and the change of variable

makes the linear Klein—-Gordon equation diagonal,

idju =+ u— Au.
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Indeed, it is well known that the spherical harmonics (i.e. the restriction to S? of homoge-
neous harmonic polynomials on R?) make the Laplace—Beltrami operator diagonal:

L*(S%:R) = @D E.  where E¢ = Ker(A + £(£ + 1)Idz2) ~ R*H! )
{eN

is the space of spherical harmonics of degree £. In other words, the linear Klein—-Gordon
equation can be rewritten as

Vle N, id;Ilyu = wellyu, where wy:= VLl + 1)+ u

and [T, denotes the orthogonal projector on Ey.
On the one hand, it is relevant to note that the following quantities are constants of
motion for the linear Klein—-Gordon equation:

2
I,(u(t)) = ‘/%2 u(t, x)v(x)dvolg2(x)| , withf e N, v € Ey.

Actually, they describe accurately its dynamics (up to the exact values of the frequencies
wy¢). However, they are too sharp to survive to perturbations of the linear Klein—Gordon
equation. Indeed, due to the multiplicities of the eigenvalues of the Laplace—Beltrami
operator (Ey is of dimension 2¢ + 1), one could design spectral perturbations commuting
with its vector field but destroying completely these constants of the motion (and so a
fortiori we also expect the same phenomenon in the nonlinear case as in [36, 37]).

On the other hand, the harmonic energies (also called super-actions)

Je(u(0) = |Teu()|7> =: Ec(P(2), 3; D(1))

are much more robust constants of motion because they do not describe the energy
exchanges inside the clusters E£¢. They only encode the energy preservation of each clus-
ter. Note that they can be rewritten (in the original variables (®, d; ®)) as
E¢(P(1). 8, D(1) 1= (L(L + 1) + ) 2T (D)7
+ L+ + )28 D)7 3)
In this paper we address the question of their preservation by a nonlinear perturbation

of the linear Klein—Gordon equation. More precisely, we consider the nonlinear Klein—
Gordon equation

Z2D(t,x) = AD(t, x) — ud(t, x) + g(x)(D(, x))? 1, (KG)

where p > 3is an integer and g € L>®°(S?;R) is a given factor making the equation possi-
bly inhomogeneous. The equation is naturally equipped with initial data ®©@ e H!(S2;R)
and ®©@ e L2(S%;R), i.e.

Vx €S2, ®0,x) = ®@(x) and 9,D(0,x) = dO(x).
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Focusing only on small solutions, & := ||®© | 51 4 |®©| .2 « 1, (KG) is a perturbation
of the linear Klein—Gordon equation and the question of the preservation of the harmonic
energies (3) makes sense.

Since (KG) is locally well posed (see Section 6.1 for details), the dynamics of (KG)
remain close to the dynamics of the linearized equation for times of order e~(?=2), As a
consequence, on such a timescale the super-actions are almost preserved. However, their
conservation on longer timescales is nontrivial. Actually, there exist counterexamples for
similar systems: the cubic wave equation on T2 [33] and the cubic Klein—Gordon equation
on S3 with a unit mass [12, 20]. Nevertheless, they are closely related to the existence
of resonances (i.e. the frequencies wy have to be rationally linked) which only hold for
exceptional values of the mass p.

For generic values of the mass p, in [3] , Bambusi, Delort, Grébert and Szeftel prove
the almost preservation, for very long times, of the harmonic energies of the nonlinear
Klein—Gordon equations on Zoll manifolds (which include S9 for all d > 2). Nevertheless,
their result only holds for very smooth solutions (in particular g has to be smooth). More
precisely, they prove!' that for all 7 3> 1 chosen arbitrarily large, there exists so(r) such that
for all 5 > so(r), provided that & (the norm of the initial datum (®©, $©) in Fs+1/2 x
H*~'/2) is small enough, while || < ™", the solution to the nonlinear Klein—-Gordon
equation exists and it satisfies

tl=e™ = Y (OF18(@().0,0(1) — E(PP, V)| < &”. @)
LeN
The main flaw of this result is the smoothness assumption s > s¢(r). Indeed, in their
construction, the smoothness parameter so(r) grows at least linearly with respect to r. In
other words, the longer the time during which they prove the preservation of the super-
actions is, the smoother the solutions have to be. This smoothness assumption is crucial
in their proof and is systematically used to prove similar results — see e.g. [2,4, 5, 14,
19,22,23,38]. Nevertheless, on simpler models, numerical experiments strongly suggest
that this assumption is irrelevant (i.e. so(7) should not depend on r); see e.g. [18, 19] for
discussions about (KG) on T'.
Actually, in [3] the authors are interested in the preservation of super-actions because
they aim to prove the almost global well-posedness of the equation (i.e. well-posedness
for times of order e™" with r arbitrarily large). Roughly speaking, since

@z = Y (0> E(@@), 0, D)),
LeN

they proceed by bootstrap: assuming that [|u(¢)[|%, < 2[|u(0)[|%; =~ &2, they control the
variations of the super-action using (4) and, as a corollary, they deduce the sharper estimate

e @N7zs = lu©)lFs + Ol (O)lI7)-

! Actually, they only prove an ¢ instead of £1 estimate (4) (see [3, Rem. 3.21]). Indeed, since they
are only really interested in the variations of the H*-norm, they have not written a sharp estimate on the
variation of the super-actions. Nevertheless, estimate (4) would be a direct corollary of their proof.
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However, in low dimensions (d < 2), it is well known that smoothness is not required
to obtain solutions for very long times. Indeed, the preservation of the Hamiltonian

|V‘1>(X)|2+ (@(x)?*  (3:P(x)?  gx)(P(x))?
2 Py Tt~

H(D,0,D) = /2 dvolg2(x) (5)
S

provides an a priori global control of the energy norm (H' x L?) of small solutions (see
Lemma 6.1). Hence, one can derive the global well-posedness of the Cauchy problem
associated with (KG) (provided that the initial data are small enough; see Proposition 6.2
for details). Therefore, it is all the more natural to try to remove the smoothness assump-
tion s > s¢(r) of [3] to control the variations of the harmonic energies.

In the following theorem, which is the main result of this paper, we control, without
regularity assumption, the variations of the low super-actions:

Theorem 1.1. For all r > p, all v > 0 and almost all > 0, there exist g9 > 0, C > 0
and o, > 0 (depending only on r) such that, provided ¢ := | ®© | g1 + | @ |2 < €o,
the global solution to (KQG) satisfies

lt|] <& = VELeN, [§(PD, @) —g,(d(1),d,D(1))] < C (L)% eP™.

Let us compare this result with that of [3] (i.e. (4)). For low super-actions (i.e. £ >~ 1),
Theorem 1.1 is much better as it provides the same control on the variations of the super-
actions (up to the e~V loss) without requiring any smoothness assumption. Conversely,
contrary to (4), due to the (€)% loss, our result does not provide any information about the
variation of the very high super-actions (i.e. £ > ¢~ (?=2)/r) Nevertheless, since the loss
with respect to £ is polynomial, Theorem 1.1 provides a nontrivial control of the variations
of some “quite high” super-actions (i.e. 1 < £ <« g~ (P=2/er),

Using this optimization and the a priori control on the energy norm of the solutions,
we derive the following corollary, which can be viewed as a kind of weak orbital stability
result.

Corollary 1.2. Forallr > p, s < 1/2 and almost all i > 0, there exist eg > 0, C > 0 and
§ > 0 (which does not depend on 1) such that, provided & := ||®© || g1 + ||®@] .2 < €0,
the global solution of (KG) satisfies

lt|<e = < Ce'td,

u(t) =y e HOTu(0)

LeN

‘HS

where Hy(t): E; ® C — E; ® C are Hermitian maps and u € C°(R; H/?) is defined
by (1).
Further bibliographical comments

The question of the stability of the linear dynamics makes sense for most nonlinear partial
differential equations on confined domains. In high regularity, Birkhoff normal forms lead
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to many important successes in proving the stability of several other interesting systems:
[4,10,11,14,28,30,31,34,46] in the nonresonant case and [1,6,7,15] in the resonant case.

For Klein—Gordon, the papers [2,4, 5, 14,19,22,23,38] provide results similar to that
of Bambusi, Delort, Grébert and Szeftel [3] (i.e. preservation of the super-actions up to
times of order e™" with r arbitrarily large) but hold on other manifolds or with quasi-linear
perturbations. The works [21,24-27,29] only reach shorter times of stability but improve
that given by the local well-posedness (i.e. they get stability for || < e77 withg > p — 2
but not arbitrarily large). On some manifolds, for high modes, due to the quasi-resonance
(i.e. when the small divisors are too small), some of these timescales seem so far to be
optimal. We also mention the recent works [9,35] about the existence of KAM tori for the
nonlinear Klein—-Gordon equations.

Very recently, in [8], the first two authors have introduced a new way of performing
Birkhoff normal forms for Hamiltonians PDEs which, contrary to the previous results,
allows nonsmooth solutions to be dealt with. As in Theorem 1.1, they prove almost-
conservation, for very long times, in low regularity, of the low (super-)actions of several
nonlinear dispersive PDEs on tori or boxes (including nonlinear Klein—-Gordon equations
on [0, r] with homogeneous Dirichlet boundary conditions). Nevertheless, as discussed
below, to be extended to more general domains (like spheres), this result requires nontriv-
ial multilinear vector field estimates. The derivation and the proof of these estimates on
the sphere S? are the main technical novelties of this paper (see Sections 2 and 4).

Comments about the results

* The arbitrarily small loss e in Theorem 1.1 is the same as that of [8, Thm. 1.21]
(about nonlinear Schrédinger equations on T 2). It is due to the fact that, in dimension
2, H! is not an algebra.

* Reasoning as in [8, Cor. 1.14], we could prove that Corollary 1.2 holds in the
critical case s = 1/2 provided that the initial data are a little smoother: ¢ =
DO 140 + || @ g for some 5 > 0 (and § would depend on 7).

*  We could consider much more general nonlinearity in (KG) (e.g. nonlocal or nonpoly-
nomial). Actually, we chose g(x)(u(x))?~! for simplicity.

*  We are quite confident that our results could be extended to Zoll surfaces. Never-
theless, it would generate a lot a technicalities. It seems to us that we could adapt
our multilinear estimates by considering clusters of quasi-modes (as in [3]) but the
cohomological equations would be much harder to solve (because they would not be
diagonal). Moreover, it would raise several interesting questions which deserve further
investigation. For example, is it possible to prove the preservation of the low actions
(i.e. not only the super-actions) for very long times on a generic Zoll manifold and
with a generic mass? Somehow, it would be one way to prove the stability of the linear
dynamics.



J. Bernier, B. Grébert, and G. Riviere 1014

» Conversely, it is not clear whether a similar result could be proven in a higher dimen-
sion (for example on S3). First, the equation would not necessarily be well posed.
Moreover, our method is strongly related to the fact that H! is an algebra (or almost
an algebra like on S?). Indeed, roughly speaking, the Birkhoff normal procedure gen-
erates vector fields of arbitrarily large order which are somehow similar to (®, d; P) —
®” with p <n <r + p. Hence, the requirement that the energy space is an algebra
looks unavoidable.

Comments about the proof

The proof of our results follows the new Birkhoff normal form strategy introduced by the
first two authors (see [8, §1.4] for an informal description of this new strategy). Roughly
speaking, compared with [2, 4], it consists in removing terms which are usually small
thanks to the smoothness assumption (and so which are unsolved in that case) using a
stronger nonresonance condition. More precisely, we need that the small divisors are con-
trolled by the smallest index instead of the third largest. Even if this new Diophantine
condition may seem too restrictive, it is typically satisfied for (KG) since the eigenvalues
of /it — A accumulate polynomially fast on Z 4 1/2, which is an affine lattice. Actually
it is a quite direct application of [8, Prop. 2.1] as explained in Section 3.

Nevertheless, as usual, the implementation of a normal form procedure requires some
structures on the nonlinear part of the vector field of the equation: it has to belong to a
class of vector fields which is stable by Lie brackets, resolution of cohomological equa-
tions and whose vector fields enjoy good multilinear estimates in the energy space (here
HY2 with respect to the variable u defined by (1)). In [8], such classes have been devel-
oped to deal with Hamiltonian PDEs on tori (or boxes) in low regularity. Unfortunately, it
seems hopeless to adapt them in more general domains like spheres as they strongly rely
on the exceptionally good algebraic properties of the eigenfunctions of the Laplace oper-
ator (which are the complex exponentials). On spheres (and more generally on compact
Riemannian manifolds), Delort and Szeftel have developed powerful classes of vector
fields (see e.g. [25,26]) on which most of the Birkhoff normal form results are based.
Unfortunately, these classes are unsuitable to work in low regularity as they require a lot
of smoothness and it seemed unlikely to us that they could be adapted in low regularity.
Hence, we chose to follow a slightly different route, relying on probabilistic tools referred
to as Levy’s concentration inequalities [39] (see Theorem 2.8), in order to build the Hamil-
tonian classes adapted to our problem. See Section 2 for the probabilistic estimates and
Section 4 for the multilinear vector field estimates.

Notation

It is natural (and usual) to index eigenvectors of the Laplace—Beltrami operators on S? by
points in a discrete triangle. As a consequence, for all M € (0, oo], we define

Ty ={l,m)eNXZ|0<l<Mand —¢ <m </{}.
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We warn the reader that, as usual, we adopt the following convenient abuse of notation:
being given M > 0,k € Ty, 0 € {—1,1} and u = (up)rer;, € CM  we set

uy =ur ifo=1 and uf =ux ifo=-1

If p is a parameter or a list of parameters and x, y € R then we write x <, y if there
exists a constant ¢(p), depending continuously on p, such that x < ¢(p)y. Similarly, we
writex Zp yify Spxandx ~p yifx $py Sp x.

2. A good orthonormal basis

Recall that
E¢ = Ker(A + (€ + 1)ld 22 gy) = R2F (6)

and we will denote by By the set of orthonormal bases of the Euclidean space Ey. More
generally, we denote by B the set of orthonormal bases of L2(S?; R):

Hence, an element in By is an orthonormal basis of E, that we will denote by by =
(e¢,m)—t<m<¢ and an element of B can be represented as

b = (bp)een = (ek)keTs = (€t,m)) (t.m)eT -

When representing vector fields in a Hilbertian basis b = (ex)re7,, € B (which seems
natural to perform Birkhoff normal forms), it is classical to end up with estimating quan-
tities of the form

| et 0-+-ex, () vl ),

where (ky, ..., kp) is some fixed element in TL. In the case of the round sphere, an
orthonormal basis in B can be identified with a basis of homogeneous harmonic poly-
nomials on R3 and one can make use of this structure to get good estimates. For instance,
following [25, Ex. 4.2], we can verify that

31 < jo <r such that Z i<t = / ety,my)(X) e, m, (x)dvols2(x) = 0. (7)
j#io 5
See also [26, Prop. 1.2.1] for related results on more general manifolds. However, without
any assumption on the relative size of the {;, it seems that the best one can expect for a
general orthonormal basis is to apply Holder’s inequality:

‘/gz €(ty,m)(X) - €(t,my) (x) dvols2 (x)| < [lew,,my)llLe -+ e, my)llLr-
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Then a classical result on Laplace eigenfunctions [42] states that, for any (£, m) € T,
1 112

lemllLr < Cp ()8 with §(p) = max{z — 3573 ;}. Moreover, these bounds on
L”-norms are known to be sharp along certain sequences of the standard basis of spherical
harmonics [43]. Despite these a priori bounds and thanks to spectral degeneracies, there
is some flexibility in the choice of the orthonormal basis b € B we are working with.
Following [16, Thm. 6] (see also [41,45] or [47, Thm. 18.5]), one can in fact prove that
there exist many elements b in 8 (in fact almost all) for which the L?-norms are uniformly
bounded. Thus, for such a basis b, one can find a constant Cj > 0 such that, for every

(k1,....kp) € TH,
[ -+, ) dvolsao)| < ®)

Unfortunately, this information does not seem to be enough to handle Birkhoff normal
forms for data with low regularity, as we are aiming to do. Hence, we need to work a
little more. As we will see in the upcoming sections, the missing information to handle
our Birkhoff normal form procedure is to construct an orthonormal basis in B for which
these integrals have enough decay when there exists an index 1 < jo < p such that

(Lj.mj) = Ljo,mj) = j = Jo.

To that aim, we will prove the following theorem which is the main result of this
section:

Theorem 2.1. Let g € L>°(S%;R) and let p > 3. Then there exist a constant Cg,, > 0
and an orthonormal basis b = (eg)ker,, € C®(S?; R)7 of L2(S2;R) such that, for all
k=(ky,....kp) € TL we have

log? (2 + €|
0g(+||)} ©)

[ -+, 01500 vl N

<Cgp min{l,

where |{|oo = maxi<j<p{; and
Y(K) ;= max{1} U {(¢;) : V' # j., kjr # kj}. (10)
Moreover, b € 8B, i.e. forallk = (£,m) € T, we have
Aegm = —L( + Deg .

This theorem complements the properties given by (7) and (8) in the sense that it
shows that the integrals of interest are small even if all the £; are of the same order. The
only condition is that at least one of the eigenvectors appears with multiplicity 1 in the
integral. Note that the decay property we obtain is not that small but it will be enough for
our argument. We do not expect that the decay can be much increased except in higher
dimensions where the denominator should be (£;) 2 rather than (Z‘,-)%. We emphasize
that, contrary to (7), this is not valid for any orthonormal basis but only for a generic one
as (8) is. In order to prove this result, we will in fact refine the probabilistic approach used

to prove (8).
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Remark 2.2. As a corollary of the proof, we could also get a similar basis enjoying (9)
for a countable set of degrees p and functions g (but not uniformly).

2.1. Probabilistic setup

We start with a short review on Haar measures which will be used to define natural proba-
bility measures on the orthogonal group of E,. Then we explain how to use these measures
to define probability measures on B and how they are related to the normalized volume
measure on the unit sphere Sy of Ey.

2.1.1. Background on Haar measures. Recall that, given a compact group G, there
exists a Radon measure mg on G such that for every Borel subset U C G and for every
g€G,mg(glU)=mg(U)[32, Thm. 2.10]. This is called a (left-invariant) Haar measure
on G and for any nonempty open set U, one has mg (U) > 0 [32, Prop. 2.19]. Moreover,
if we fix mg(G) = 1, then this measure is unique [32, Thm. 2.20]. The main example
we will use in the following is the orthogonal group O(d) of R? (with d € N*) or more
generally, the orthogonal group O(E) of some Euclidean space E of dimension d.

Remark 2.3. For the sake of concreteness, let us give an explicit expression of 1 g(g)

in terms of measures on spheres. Given an orthonormal family (X, ..., X;) in (R?)¥,
we denote by vj,(lk_i(" the normalized volume measure on S?~1 N Span{X,, ..., X3 }*

induced by the Euclidean structure on R¢~!. Equivalently,

VOlSd*I NSpan{X1,..., Xy }+
V01Sd—k—1 (Sd_k_l)

Vd—k—1 =

With these conventions at hand and writing R = (X1, ..., X4) € O(d), one can verify
using the invariance of v; by rotation that

[ r®smon @
o)

= [( iy T X0) dvg X (X ) - dv ) (Xo) dvg—1 (X)),
In particular, if f(R) = f(X1,...,Xq) = g(X1), then

SR o (R) = [ g0 dvg1 ().
o) Sd-1
If we now fix some compact subgroup H of G, it also has a unique left-invariant
probability measure mig . This measure is naturally related to mg as follows. We define
G/H :={[g] = gH : g € G} as the set of (left) cosets and according to [32, Thm. 2.51,
Cor. 2.53], there exists some G-invariant measure jtg,g such that, for every continuous
function on G, one has

[ () dma(g) = / ( f f(gh)de(h)) ducyn (gD,
G G/H H
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or more compactly

g = / g () dutyzr (g). (11)
G/H

Remark 2.4. Again, we will use this disintegration of the measure in the case of the
orthogonal group G = O(E) and of a subgroup H = O(V), where V is a linear subspace
(with the same Euclidean structure) of E. Here, an element R € O(V) is identified with
an element of O(E) by letting R|yL = Idy 1.

2.1.2. Probability measures on an orthonormal basis. The measure mo(g,) induces a
probability measure [P, on the set B, of orthonormal bases of E, through the map

R € O(Eg) = (RPg,m))—e<m=t

where (® ¢ m))—r<m<¢ is a fixed orthonormal basis of Ey, e.g. the one given by the stan-
dard (real-valued) spherical harmonics. More generally, using the Kolmogorov extension
theorem [44, Thm. 2.4.3], we define on the set B of orthonormal bases of Laplace eigen-
functions, the product measure

P = )P

£=0
If we fix some (nonempty) subset L of N, we can define the map

7Lt h = (b)een € B> (br)er € Br:= [ | Be.
tel

The pushforward P;, := (771 )P is defined as

fdP, :=/ fom dP,
B, B

and it can be written as

P = (g)m.

LeL

Remark 2.5. When L = {{}, we just write Py = P, as we did before. We will in fact
mostly work with P, for some finite set L.

We can also use the decomposition (11) in that context. For instance, one can fix a
subset M of {—£, ..., ¢ — 1, £} and define

Vim = Span{®y ,,, : m € M}.

Then, given an integrable function f on By, one can write

[ﬂ F(be) AP (be) (12)

_ / ( f f((RRm,m)m)dmom,M)(Rl)) N )
O(E)/ OV ) \Y OV 1)
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Remark 2.6. As R ®y ,, = &y, form ¢ M and for Ry € O(Vy ), the integral

/ FURR @ m)m) Aoy, 10 (R1)
OV, m)

can be identified with an integral on the set of orthonormal bases By 4 of V; 4 as we did
above.

2.1.3. Induced measures on spheres. On the one hand, as we aim to find an orthonormal
basis E; with good properties via probabilistic means, it is natural to work with the Haar
measure on the corresponding orthogonal group O(E/). On the other hand, our main
probabilistic ingredient will be a result on the concentration of the volume measure on
spheres of large dimensions as the unit sphere S; of E; is when £ — +o00. As already
witnessed from Remark 2.3, the Haar measure is naturally related to such measures and,
in view of our applications, we now make this connection slightly more precise in our
context.
Fix k = (£, m) in T5 and define the map

Te,m) - be = (e, m))—t<m<t € Be = ew,my € Se,

where S is the unit sphere (for the L2-norm) in E;. The measure Py induces a measure
on the Euclidean sphere Sy as follows:

Vfe '€O(Se), / fdvyg = / f o mw(g,my dPy. (13)
S B

By invariance of the Haar measure through orthogonal transformations, this measure does
not depend on the choice of m. Still by definition of the Haar measure, one can also check
that it is invariant under orthogonal transformations. Thus, by uniqueness of uniformly
distributed measures on the sphere [40, Thm. 3.4], it can be identified with the normalized
volume measure vy, on the 2£-dimensional sphere Sy ~ S2¢ of £, ~ R2¢+1,

Remark 2.7. In order to lighten the notation, rather than writing 7 ) o mg, we will
also denote by 7 (¢ ,,) the map from B to Sy that associates to b = (e m)) ¢/, m")eT, the
eigenvector ey ;). The induced measure on S remains the same by construction.

2.2. The key probabilistic ingredient

The key ingredient in the proof of (8) and of our proof of Theorem 2.1 is the following
property [39, Eq. 2.6]:

Theorem 2.8 (Levy’s inequality). Letd > 1 and let vg be the normalized volume measure
on S? induced by the Euclidean structure on R4+, Let F:S% — R be a continuous
function. Then, for every § > 0,

2d-1
-8 >

va({|F —mp| > or(§)}) < 2e .
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where m is a median of F, i.e. a real number such that

k]

R —

valF =mp) = 3 and va((F <mp)) =
and where wF (8) is the modulus of continuity of F:
wr(§) := sup{|F(u) — F(v)| : dga(u,v) < 8},
with dga the geodesic distance.

In other words, this theorem states that functions with small oscillations on spheres of
large dimensions are almost constant. Following [16,41,47], let us illustrate how to use
this theorem when Fy (1) := |[ul|p¢(s2) with 2 < g < oo. Here u belongs to S, that we
identify with s2¢ by fixing some orthonormal basis (P m))—¢<m<¢ of E¢. One has

2 1—2
|Fg(u) = Fg)] = llu = vllzas2) < lu = vl 7262y llu = vl o)

2
)l_q

L
2
< flu —vl| 22(82)( sup ‘ D (= v, Pm)) 12 Pty (¥)
xX€S

m=—{

x€S?

¢ -1
< flu- v||L2(SZ)( sup { > CI>(e,rn)(>€)2}) :
m=—{

Now observing that the sum is the Schwartz kernel of the spectral projector 14(;41)(—A)
evaluated on the diagonal and that this is a spherical-invariant quantity, we deduce that
these sums are independent of x € S? and thus equal to 2¢ + 1. Hence, there exists some
constant ¢o > 0 such that, for every £ > 1 and for every 2 < ¢ < oo,

_1
q
3

D=
BNy
D=

|Fg(u) — Fg()] = flu = vll2s2) (26 + 1)279 < codgae(u. v)(2€ + 1)

from which we infer the existence of ¢; > 0 (independent of £ and ¢) such that

2
V6 >0, vye({u €St |ulle —mp,| = 8}) < 20715

Finally, the constant mF, can be estimated precisely through explicit calculations [16,
Thm. 6]. For our purpose, we will only use the existence of a constant ¢, > +/2 such that,
forevery2 < g <oo,1 <m F, < ¢24/q [16, Thm. 4]. In particular, there exists a constant
¢1 > 0 such that, for every A > 2¢».,/q, for every £ > 1 and for every 2 < g < o0, one
has

2
var({u € Sp: [lullpe = A)) < 2e 1A= V/@*T (14)

This quantitative estimate will be useful in our construction of a good orthonormal
basis. Yet, besides these already known results, we will also need to apply Levy’s inequal-
ity one more time directly to the integrals we are interested in. In order to clarify the
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upcoming argument, let us give another simple application of Levy’s inequality that will
be in the spirit of our proof. We fix some 2 € L2(S?) and we consider the map

FiueS;— / u(x)h(x) dvolgz (x).
S2

By symmetry, the median of this function is equal to 0 and one has, thanks to the Cauchy—
Schwarz inequality,

|[F) = F()| < [lu—vl2lhl2 < collhll2dgae (u, v).

Hence, we deduce from Levy’s inequality applied with § = lf/g(%) that

log(£ e, log2(0)
Vze({u e Se: |F(u)| > i”}) < 2e c1 a2

VIO

From that, we infer that

Z P({b €B: ‘/ ex (x)h(x) dvolgz (x)
SZ

k={,m)eT

10210
> log(t) }) <2y @+ e Tl 2
{0) {eN

< 0.

In particular, thanks to the Borel-Cantelli lemma, we can derive that, given i € L? and
for P-a.e. b € B, there exists a constant Cp > 0 such that

log(1 + (€))
0

This is exactly the kind of decay we are looking for in Theorem 2.1, except that 4 is
a product of eigenfunctions inside b (rather than a fixed element 4 in L?). In order to
handle this problem, we will make use of the fact that most eigenfunctions have their L9-
norm uniformly bounded and that this control on the L?-norm can be made quantitative
thanks to (14). Due to the multiple and nested applications of Levy’s inequality, this turns
out to be a fairly tedious task. Yet the decay phenomenon we obtain is the same as the one
we have just described in this elementary calculation.

Vk € Too, ‘/ ex(x)h(x)dvolg2(x)| < Cp
s2?

2.3. Proof of Theorem 2.1

For the sake of simplicity, it is convenient to endow T, with the lexicographic order,
namely

ki1 = (El,ml) <k, = (62,7112) & Uy <{por (El =/{,and m; < mz). (15)

We will now estimate the probability that an orthonormal basis in B does not satisfy
the conclusion of Theorem 2.1 for a fixed k = (k1, ..., k,) € To5 with

ki =WU,mp) <X kp = (Zp,mp). (16)
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Indeed, since the estimate of Theorem 2.1 is invariant by the action of the permutation
group on k, we can assume without loss of generality that k1, ..., k, are ordered.
In order to lighten the notation, we also define

AK) := {k € Too : 31 < j < psuchthatk = k;},

which is a set of cardinality < p so that
Fu®) = [ sy (), (90 dvolse ()

_ /S T e g o) dvol (x),

keA(k)

where 1 < oy < p for every k € A(k). We always suppose in the following that g is not
identically 0.

2.3.1. Applying Levy’s inequality. We suppose that there exists 1 < jyo < p such that
(Lj.mj) = Ly, mj,) = j = jo.

In that case, we say that k satisfies property (S). We denote by j; the largest index in

{1,..., p} with this property. In particular, o, joomy,) = 1. We begin by treating the case

of multi-indices verifying (S) and we also suppose for the moment that £;, > p.
Following the above calculation, we aim to apply Levy’s inequality to the map

Priets s € St = [ e (), (1)g(6) dvola )

with (ex;)1<j#, <p fixed. By symmetry, the median m g, of Fy is equal to 0. Moreover,
by the Holder inequality, this is a Lipschitz map:

P20 = P = el =vlia ([ T let, 0P avolsa) )

JF#j+
%
< collgllLoods2(u, v) (/2 H lex; ) dvolSz(x))
8% ks
<collglieds2.v) [T lexlyse-
keA®\{k;, }

Remark 2.9. Note that these two properties also hold true for F+ o R where R € O(E; n ).

In order to apply Levy’s inequality, we would at least need that the L2?~2-norms
appearing in the Lipschitz constant are uniformly bounded. To that aim, we set, for A > 0,

Ba(k) :={b € B:Vk € AK) \ {k;, ). [l (B L20-1 = A}
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In particular, for b € B (K), the Lipschitz constant of F is bounded by cg||g||L AP~
Moreover, using (14), one finds that the complementary set of B (k) is small. More pre-
cisely, for A > 4c,,/p, one has

P(BAK)) < Y. P({beB:|m®)lorzsz = A})
keAM\{kj, }

P 1
p—1
<2 ) a2y

J=Lj#j+
Now fix some A > 4c¢,,/p and some § > 0. For L C N, we set
BA,L(k) = {b € Br:Vk e LxZnN(AKk) \ {kj+}), ||T[k(b)||L2(p—1) < A}
so that we can write

P({b € B :|F(b)| > 8})
p
<P({b € Ban®K): |F(D)=68})+2 > e—c1(A=2¢2/P)*t
J=1,j#j+

< / Py, ({be;, € Ba;, (K) @ |[Fi(' by, )| = 8}) dPge, 3 (B)
B, 1)

1
p—1
J

p 1
42 ) eradaypi
J=Lj#j+
Hence, b’ being fixed in B\ j, ) We are left with estimating, uniformly for b’ €
Bane, 3 (K),
Py, ({be;, € Ba;, (&) @ |Fe(d', by, )| = 8}), (17)
which can be analyzed using (12). Expressed in terms of the orthogonal group of Engr ,
(17) can in fact be rewritten as
mO(Egj+)({R : (Rq>€j+,m)m € BA,(”_ (k) and |Fk(b/’ (Rq)é,-+,m)m)| > 5}) (18)
We are now exactly in position to apply the disintegration formula (12) with £ = ¢;_,
my = mj, and
M = {k =WU,m)¢ AKk): L = €j+} U{,,.,mj )},
where we note that [ M| > 2(¢;, + 1) — p. From this and as the condition on B A, (k)

only concerns indices m not belonging to M, we infer that (18) (and thus (17)) can be
rewritten as

/ LR:Rey, momeBa;, 103 ([R]) (19)
O(Ez”)/O(szJr,M) + +

x mO(VZH,M)({Rl L F(®', (RR1®y;, m)m)| = 5})dMO(Engr)/0(V4j+,M)([R])~
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In order to estimate (17) and thus P({b € B : | Fx(b)| > 8}), we are left with determining
an upper bound on

mO(ngJr_M)({Rl LF (RR1 g, m)m)| = 8}),

uniformly for b" € BA,N\{(j+}(k) and for [R] such that (RCIDZJ.+ m)m € BA’[H_ (k). Equiv-
alently, as in (13), one gets in terms of measures on spheres,
mO(V[j+’_M)({R1 : |Fk(b/7 (RR1q>£j+,m)m)| 2 8})
= a1 (fu € ST FL(Ru)| = 6}),
where R is a fixed element in Egj+ and where the function F is defined using a fixed
orthonormal family {ex; : 1 < j # j4 < p} verifying ||eg; || 2-1) < A forevery j # j4.

Hence, using Levy’s inequality and recalling from Remark 2.9 that F; o R is Lipschitz
and that its median is 0, we obtain

2 |M|—2

=0
wow,, w0 ({R11F(®'.(RR1®y, )m)| = 8}) < 2e  SIelEe 72,

Gathering these bounds, we get

—52L p 1
P({beB: R0 =8)) <2 F=tT? 4o 3 ad2aypi]
J=Lj#j+

Note that, for £;, > p,onehas |[M|—2>2{; —p >{;, .
In summary, we end up with the existence of two positive constants ¢, ¢, > 0 (depend-
ing only on g, on p and on the geometry of S?) such that, for every § > 0 and for every

AZ4C2\/_,

§2¢; 14 .
P({b e B :|F(b)| >8}) < 2e~1 AT 42 > e~1A=2c2PL (90)
J=Li#is

whenever k verifies (S) and £;, > p. Taking A = log({,) (and thus ¢, large enough), we
can deduce the existence of a constant ¢, ¢ > 1 such that, for every § > 0 and for every
k € 7.5 withky < -+ < kp = ({p, m,) verifying (S),

2.
RGN

P({b € B: |Fu(b)| = 8)) < cpge " 2P0 4, gohi ),

Thus, we obtain

log? (¢ _
P({pes:1R®)|= Og—(”)}) < 2cp g Pt 0E ), @1)

Vv (ej+)
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2.3.2. The conclusion. Givenk € 7.5 withk; < --- < kp = (£,, m,) verifying property
(S) and £; 1 > p, we define the following probabilistic events:

log? (£
Q(k) = {b € B :|F(b)| > OgTip))}

Applying (21), one has

+o00
Z P(Q(K)) < Cp.q Zezpe—Cp_é log2(£) < 0.
k1=<--=<k,;:(S) holds and £; > p t=1

In particular, thanks to the Borel-Cantelli lemma, we can conclude that, for P-a.e. b € 8B,
one has b € Q(k)¢ except for finitely many k verifying (S) and £;+ > p. This yields
the conclusion of the theorem for indices verifying these two properties. Recall now
from” [16, Thm. 6] that, for P-a.e. b € B, there exists a constant Cp > 0 such that, for
every k = (k1,...,kp) € T8,

‘/82 €k, (x) - ex, (x)g(x) dvolgz (x)| < Cp.

This last inequality yields the conclusion of the theorem whenever k does not satisfy (S)
or {;1 > p. Hence, taking an element in the intersection of these two subsets of full
measure concludes the proof of Theorem 2.1.

Remark 2.10. We note that we proved something slightly stronger than what was stated
in Theorem 2.1 as the conclusion holds true for P-a.e. orthonormal basis in B (with a
constant that depends on the choice of b).

3. A good mass

In this section we prove that, for almost all mass p > 0, the frequencies of (KG) are
nonresonant and thus well suited to proceed to a Birkhoff normal form reduction. The
frequencies of (KG) are defined by

Vk = (6,m) € Too, @i := VI + 1) + L. (22)

They are the eigenvalues of the operator /it — A (see (2)).
The Birkhoff normal form process involves small divisors of the form

Q(0,k) = o1wg, + -+ + orag,, (23)

2This is in fact a rather direct consequence of (14) combined with Hélder’s inequality and the Borel—
Cantelli lemma.
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with r > 3, 0 € {—1, 1} and k € 7. Of course there may be cancellations in these
small divisors (the same term could appear both with a plus sign and with a minus sign).
Therefore it is useful to define the smallest effective index by

k(o,k) = min{(¢;) | 1 < j <rand Z&:ej 0; # 0} U {400}, 24

where, for all i € [[1, 7], we have set ({;, m;) := k;. The following proposition provides a
quite uniform lower bound for the small divisors of (KG).

Proposition 3.1. For almost all 1 > 0 and all r > 2, there exist y,,ar > 0 such that for
allk € 72, all 0 € {—1,1}", we have either

$2(0.K)| = yrc(o, k)™ (25)
or k(0,k) = 400, i.e. r is even and there exists p in the symmetric group &, such that
Vjell,r/2], 0py = —0p,; anda)kpzji1 = Wk, -
Moreover, o, does not depend on L.

As already explained in the introduction, the key observation here is that the small
divisors that will appear in our normal formal procedure (see the proof of Theorem 5.1)
are controlled by the smallest effective index rather than the third largest index as for
instance in [3, Prop. 3.16]. This will allow us to remove many more terms when solving
cohomological equations.

Proof of Proposition 3.1 . First we note that the frequencies accumulate polynomially fast
on lattice Z + %:

1 1 1
om = VIEFD+p =1+ 5+ z% LSttt (9(2).

Moreover, it is well known (see e.g. [25, Prop. 4.8] and [2, Thm. 6.5]) that Proposition 3.1
holds if (25) is replaced by the weaker estimate

y r o
vy ez |+ Q00| 2y (k)

Therefore, Proposition 3.1 is a consequence of [8, Prop. 2.1, p. 11] which only requires
the two above ingredients. ]

4. Hamiltonian formalism
We now introduce new families of norms on real-valued and homogeneous polynomials

on C7 that are well behaved with respect to the canonical symplectic structure on C ™
and thus well adapted to our initial PDE problem after diagonalization of A.
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4.1. Functional setting

We use the standard functional setting to deal with Hamiltonian systems. Nevertheless, to
avoid any possible confusion we recall it precisely (and we refer to [8, Sect. 3.1] for more
comments and details).

We consider M € (0, co) as a fixed parameter and we note that C’™ is a real finite-
dimensional vector space. We always consider this space as a Euclidean space for the £2
scalar product

Yu,v € (CTM, (U, v)p2 :=N Z Uy Uk

kETM
As a consequence, if H: CTM — R, we have the relation

(VH)g
2

1
Vk € Tur, = O H = 5 (O, H + 1050, H).

As usual, we implicitly equip C7 with the symplectic form (i -, ) ;2. Therefore, a smooth
map 7: D — C7M | where D is an open set of CT™  is symplectic if

YueD, Vo,we CT™, (v, w)p = ((dr(u)(v), dr(u)(w)),e2.

Moreover, if H, K:CT — R are two smooth functions, the Poisson bracket of H and K
is defined by
{H,K}(u) = (iVHu),VKu))e.

Note that, as usual, it can be checked that we have

{H.K} =Y Oty HOsu, K — O30 HO K =20 Y Oy Hoy K — 0y HOp K.
keTy keTy

For all s € R, we define the #°-norm on C7™ by

VueC™,  ulZ = Y (0% |l
k=(,m)eTy
4.2. Multilinear estimates

In this paragraph we establish multilinear estimates for Hamiltonians which are homoge-
neous polynomials on C7¥

Definition 4.1 (Space Hj,). Given M > 0 and r > 2, Hj, denotes the space of real-
valued homogeneous polynomials of degree r on the real vector space C 7M.

Remark 4.2. By definition, every homogeneous polynomial H € 3, admits a unique
decomposition of the form

Hu)= Y Y HJul---uf,

oe{—1,1y keT},
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where (H )(k,c)eg']‘rl x{—1,1) 18 a sequence of complex numbers satisfying the reality con-
dition

H° = H (26)
and the symmetry condition
Olyenns o __ Tppoeees Opr
Vo €S, HYT = Hk¢1‘ ,,,,, Ky, - 27
We endow this space of polynomials with two unusual norms | - |l9¢ and || - ||e.

Roughly speaking, in our Birkhoff normal form process, the terms of the Taylor expansion
of the Hamiltonian are controlled with the J{-norm, whereas the solutions to cohomolog-
ical equations are controlled with a C-norm (because they enjoy better properties).

Definition 4.3 (Norms | - |5¢ and || - ||¢). Let M > 0,7 > 2 and H, y € H},; we set

IHllsc:=  max max |[H|v/(€1) - (€,) v/ T (K) (28)
oe{~1,1} keTy,

and

Ixlle == max max |xgl{orly + -+ 0r) V(L) - (&) VT (), (29)

oe{—1,1y keT,

where k; =: ({;,m;) forall j € [1,r] and T is defined by (10).

As we will see in this section, these nonstandard norms are well behaved with the sym-
plectic operations (Poisson bracket, gradient) that are used when performing a Birkhoff
normal form procedure in Theorem 5.1. One reason for these nice properties is the fact
that they involve an extra regularity factor Y (k) which only depends on the largest simple
index k; = (¢;, m;) of k. Despite their unusual definition, these norms can be imple-
mented in our normal form argument as this exponent appears naturally in the multilinear
estimate of Theorem 2.1. See for instance (68) below.

Let us now turn to the nice properties enjoyed by these norms. They provide the fol-
lowing continuity estimate for the Poisson bracket:

Proposition4.4. Letr,r’ >2and M > 2. Forall H € J{I'V,[ and all y € H,, their Poisson
bracket {y, H} is a homogeneous polynomial of degree r +r' —2 (i.e. {y, H} € J{Ir;r[—z)
enjoying the bound

I{x. H}lgc Srr log MIH [|5cll Xl e-

Proof. By definition of the Poisson bracket, we have
OCHY) =200 Oag x()dug H(w) — g x(w)dag Hw). (30)
QETM
Since the coefficients of H and K are symmetric (i.e. satisfy (27)), we have
~1 R N /v
aﬁg XauS{H =rr Z Z X;ﬁ uZl ...Mzr_; ng’ﬁuz,: ...uk;/il_ (31)

1
oe{-1,1}""1 keTy !
o'el-1,1)" gy -1
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Obviously, {y, H} defines a homogeneous polynomial of degree r + r’ — 2. Hence, we

need to verify the reality condition (26) and the upper bound on the H{-norm. For the latter,

we begln by estimating ) "¢ XU’_I H, By (28) and (29), denotingk € 73,71, k' € 73, 1
=®&K)andr" =r + 1 Z2, Wehave

||H||9c||)(||e
Ix re| < (32)
@;:M Sl = Vi ey )

1
x Z .
gemen, (Dol + -+ or1ley = 1) TR R)TK, )

We claim that for all K € T34 we have
Tk K) < Tk K)YK,K). (33)

Indeed, if Y (k, k) = 1 the inequality is trivial so we can assume that
* cither there exists 1 <i <r — 1suchthat Y(k,k') = ({;),k; #kijforl <j <r—1
with j # i andk}, # ki for 1 < j' <r' -1,
e orthereexists 1 <i’ <r’—1suchthat Y(k,k') = (E;,),kj’., Zkpforl <j <r'—1
with j' #i"and k; # k], for1 < j <r—1.
By symmetry of the problem, let us assume the former and let & = ([, m) € Tps.
If Y(k, &) > (¢;) = T(k,K') then (33) holds true trivially. So let us assume that
T (k,K) < (€;). This implies that & = k; (if not Y (k, &) is the maximum of a list of num-
bers including (£;)). But then, if T (k/, &) > (1), we deduce Y(kK', &) > (¢;) = T(k, k'),
which in turn implies (33). Thus it remains to consider the case Y (k’, &) < (l), which
leads to the existence of 1 < j’ <r’—1suchthatk;; = K (if not Y (K, &) is the maximum
of a list of numbers including (I)). Therefore k; = k;» which contradicts the definition of 7.
Implementing (33) in (32) and denoting @ = 0141 + -+ + 0,-1£,—1, one is left with
estimating

1 ul 1
> )
R=(l.oeTy (Oforly + -+ + 0or—14r—1 — 1) 1+ (a—1)2

M
< szf <logM, (34

independently of the value of a.
Inserting (33) and (34) in (32), we get uniformly with respect to o, ¢’, k, k’,

||H||:}c||)(||e
lxvg He gl < log . (35
o s | o M e e T
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Then, denoting "’ = r + r' — 2, K’ = (k,K’) and 6" = (0, 0’), we define
g

1

. a’,1 0,1 A | o’ _ o op
k,, = 2irr’ Z ng Hk, —XogHeg and Pg = P My, -

KeTy pE@r//
By definition, P(u) = {x, H }(u) and the estimate (35) proves that
[Pllsc < rr'log M| H ||sclixlle.

Finally, the coefficients of P are obviously symmetric and, by a direct calculation, we
verify that they satisfy the reality condition (26). ]

We now study the vector field on C7 associated with a Hamiltonian in Hyy

Lemma4.5. Let M > 2 andr > 2. Forall H € 9{1"4, H is a real-valued smooth map on
C™™ which enjoys the bounds

Vu e C™, [VH)|j12 <r (log(M))?(|H |scllull? 5.

Proof. As a polynomial (of finitely many variables), any Hamiltonian H € }j, is a

smooth map on C7# . We aim to bound the norm by duality. To that aim, we fix v € C"™

and we need to estimate |(V H(u), v),2]|. Since the coefficients of H are symmetric, we
then write

gyl ol

(VH@). el <rlHlsc Y D 5ty

cei—t1y xery, (G1 )2 ()

e 1 E 1
<2 Hlpe Y Ml )

& @) @)
1 r/2
sr2’||H||}c||u||hl/2||v||h1/z( ) W)
k=,m)eTy

< (og(M)) | Hlsc [l vl sz
Then by duality we obtain
IVH@) 12 S (og(M)) [ H|sc|lull55- u

The C-norm provides a better estimate of the gradient:

Lemma4.6. Let M > 2,r > 2 Forall y € H}, and allu € C™ , ywe have the bounds

IV x@)llpi2 Sr Qog(MNTD2 | xllellullrys (36)

and
1AV x| ¢ 12y Sr Qog(MN D2 e llull} A (37)
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Proof. Without loss of generality, we assume that || x||e = 1. We aim to prove (36) by
duality i.e. for every v € C7, we want to estimate |(V (1), v)s2|. We denote il =
(K)%|uk| and Uy = (E)_%|vk| forall k = (£,m) € Ty in such a way that ||i ||z = |Jul|,1/2
and ||9||g2 = ||v||;-1/2. Since the coefficients of y are symmetric, we have

(Vxw),v)p=r Z Z Axups up v (38)

oe{—1,1) keTy,
Then, by applying the triangular inequality, we get

[(Vx (). v)e2|

<2r

1 ﬁkl ...—akr_l D
B Z Z (0161 +For—1ba _er>\/ T (k) (El) <£r—l>vkr'

oe{—1,1}7 "1 keTy

At this stage, we notice that, for all k € 73, we have Y(k) > Y'(k), where Y’'(k) = 1
except when k;j # k, forall j = 1,...,r — 1 and in that case Y'(k) = ({,). Thus

[(Vx (), v)e|

1 Uk U, -
< 2 _1...—rlka
06{%}"1 kg}:\f, (o1ly + -+ or—1lr—1 — £r)/{Lr) (1) (€r—1)

1 Uk Uk, -
+2r L ke
ge{_lzly-l kezm (010 + ol —£) (6) ()

A1<i<r—1:k,=k;

= 27‘(21 + 22).

First we estimate X:

- Y X

oe{—1,1)1 keT

Uk, , Uk,

kl .o
(51) (er—l) (Olfl + ot o1l — zr)(er}

(Sl

‘We notice that

1 Mot+1 1 4
L T X wrar Sl gpE st

k={,m)eTy £=0 JEZ
uniformly with respect to a € R and

1
Z 02 < log(M).
k=(£,m)eTu
Thus by Cauchy—Schwarz we get

S1 e Nully Qog(M) D2 v
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It remains to estimate X,. We can assume without lost of generality, but paying an extra
factor r, that k.1 = k,. Then, by Cauchy—Schwarz, we get

_ L. Uk Uk,_
1
¥, <r2" E Uk, Vk,_, Z K_l R

kr—1€T k=(t,m)eTy>

Sr lullyoh Qog(M) =272 v/
Putting together the estimates of X; and X, we conclude that, for all v € CTm s
(V). v)| S (og(M))" D" [[v]l-s2 u ]k

which in turn implies (36).

To prove (37) we just notice that since V y(u) is a homogeneous polynomial, it can be
viewed as the trace of an (r — 1)-linear map on C™: V y(u) = F(u, ..., u) with F that
can be expressed using (38). Thus, following the above proof, F satisfies

IF@® D) e <5 (og(M) ™2 Dz 1D 2.
Then, since dVy(u)(v) = F(v,u,...,u) +---+ F(u,...,u,v), we deduce (37). |

Thanks to a standard duality argument, we rewrite estimate (37) in a negative Sobolev
space.

Corollary 4.7. Let M > 2,r > 2. Forall y € Hj, andu € C™  we have

1AV x Q)| ¢ o172y Sr Qog(M)) D2 gl ellull} 2. (39)

Proof. By duality we have

sup  [[dVy()(V)|[p-12 =  sup sup  (w,dV y(u)(v))e2.
™ M eCTm
llvll,—1/2=<1 lvll,—1/2 =<1 llwll,1/2<1

Then by applying the Schwarz theorem we have

(. dVx () ()2 = dl(w, Vx())e](v) = dldy ) (w)](v) = dx(u)(w)(v)
= &) ()W) = d[(v, Vy()e](w) = (v.dV W) (w))e.

Therefore
sup  [dVx@)()|p-12 =  sup sup (v, dVy(u)(w))e
weCTM eC7
loll,—1/2=1 lwll,i2=1 lvll,—1/2=1

= sup  [[dVy () (w)llpi2
weCTM
lwll,i/2<1

= [|[dV x| ¢ (n1/2)-

As a consequence, (39) is just a corollary of estimate (37). ]
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Finally, we define the flow associated with a Hamiltonian in 3},

Proposition 4.8. Let M > 2, r > 3 and y € H,. There exist

g0 2 ((log(M)) V2| y]e) ™72 (40)
and a smooth map
o [—1.1] X Bjyijac7a1 (0. £0) — C7¥,
* (t.u) > (),

solving the equation
—i0; Py = (Vy) oy, 41

and such that for all t € [—1,1], CD; is symplectic, close to the identity

, lullos \ 72
Vi€ By ©.s0). @5l < (FE2) ulle, @)
0

invertible
9%, )12 <0 = @, 0 @, (u) =u. 43)

Moreover, its differential enjoys the estimate
Yu € Byi2c7iy(0. €0), Vo € {=1,1}, ||d<I>§((u)||L(ha/z) <2. (44)

Proof. We note that (41) is an ODE associated with the smooth vector field X, =iV y and
therefore we deduce from the Cauchy-Lipschitz theorem that the flow CIDE( (u) is locally
well defined for every u € C7 on some maximal interval (7_(u), Ty (1)) containing 0.
Let us first show that, if ||u]|,1/2 = € is small enough, then the solution is defined up to
time 1, equivalently T4 (u) > 1. To see this, we set

to :=sup{r € [0, T4 (u)) : VO <s <1, @5 @)1 < 2} > 0.

In the case where T (4) < 0o, we note that ¢y < T4 (u) by the maximality of the interval
of definition and we can verify that 7o > 1 provided ¢ is chosen small enough. Indeed, if
to < 1, then we can write

to
e <1900 —ulhun = [ 10720 0 @30 b
< G P1(log(M) D2 e
for some constant 0 < C, < 1, depending only on r coming from (36). From this, we infer

_ _ R _ 1
e ((log(M) D2 ylle) 2 < 7 o] 2.
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Thus, as long as & < Cy((log(M))"=D/2||y||e)~ 72, we find that fo > 1 and that the flow
is well defined up to time ¢t = 1. The same holds in negative times. We now fix

‘_
[

C, . -
g0 = = ((log(M) "™ y][e) 7

so that 79 > 1 for every [[uf|,12 = & < &o. Since @’ (u) is the flow associated with a
Hamiltonian vector field, it is symplectic and invertible and we are left with the proof
of (42) and (44). For the former, we write as above, for —1 <t <1,

t
19, () = ullpro < ' fo (V) 0 @5, (u) 1/ ds
< G2 xlle(Qog(M) D2 |lu|} A

ullprr2 =2
S(—h ) [l 172
&o

It now remains to prove (44). Up to decreasing the value of g a little bit (by a factor
depending only on r), we can proceed as above by appealing to (37) and (39) and by
writing

d@;(u) =Id+ /t dV (@3 (1)) o ddS (u) ds. [
0

5. Birkhoff normal form

In this section, we aim to describe a procedure that, close to u = 0, allows Hamiltonians
on C7™ that are of the form

1
Hw) =5 3 oclucl + P,
keTy

where P € f}Cfl, to be simplified. In other words, we will write a Birkhoff normal form
for H which means that, up to conjugation by a symplectomorphism and up to a small
remainder term, P can be replaced by a term Poisson commuting with the super-actions
composing the leading part of H:

4
VEZ0, Jew) = Y ueml

m=—{

This will be used in Section 6 to put (KG) into a Birkhoff normal form and to prove our
main theorem. From now on, we fix an integer p > 3 (the degree of the nonlinearity of
(KG)) and p > 0 (the mass of (KG)) making the frequencies (w m) = V4 + 1) + )
nonresonant (in the sense of Proposition 3.1). Our precise Birkhoff normal form statement
reads as follows:
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Theorem 5.1. Leta > 0, C, > 0 and r > 1. Then there exist § > 1 (independent of the
choice of ) and C > 1 such that the following holds.
Forevery M > 2, N > 1 and every polynomial Hamiltonian of the form H : C™ R,

1
H=2Zs4 PP where Za) = 5 3 el PP € 3, [ PP lac < G, B,
keTy

with B = max(log M, N), one can find e > (CBB)™1 and two smooth symplectic maps
7O and M making the following diagram commute:

(@ (M Tt
Bhl/z((CTM)(Ov 82) —_— Bhl/Z(CTM)(()’ 282) C s (45)
idCTM

and close to the identity

llull1/2

p—2
) Il 46)

Ve (0.1}l <26 = eV —ullye < (

such that, on Bhl/z(CTM)(O, 2¢e3), H o D admits the decomposition

=N +R, (47)

res

HotW = Zr+ 0
where QF%N :C™ — R is a polynomial of degree r + p — 1 commuting with the low
super-actions

VieN, ({)<N = {J,0=N=o. (48)
Moreover, the remainder term R is a smooth function on B> 7y (0, 2¢2) satisfying

IVRQ)-1/2 < CBElull} 77"

and, for all v € {0, 1}, we have the bounds
Ide® @)l g2y <27 and [ de @) g g-1/2y <2 (49)

Proof. The proof is similar to that of [8, Thm. 4.1]. Nevertheless, here, we have a weaker
control of the remainder term (A~'/2 instead of #1/2 in [8]) and the vector field and Pois-
son bracket estimates of Section 4 generate new constants we have to track. As usual, we
proceed by induction. More precisely, we choose n € [p, r + p] as induction index and
assume that Theorem 5.1 holds if

* we replace (47) by
r+p—1
HotW =27, + Z Q(])—}—R
J=p
where Q) e 3}, satisfies || 0 ||5c < CB?, (50)
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* we replace (48) by
VeeN.Vjelpn—1]. ()=N = {/.0V} =0, (51)
* we replace (49) by

1Az ™ @)l ey <2777 and ([ AT @)]| ¢ 12y <2777 (52)

Even if we do not write it explicitly, we note that each polynomial Q) depends implicitly
on n as well as R, g, and t("). Moreover, we suppose that R verifies the quantitative
estimates of the theorem and that each Q) enjoys the same norm estimate as P ) up to
increasing the value of the constant C, (in a way that depends only on (n, i, a)) and up to
increasing the value of ¢ and § (in a way that depends only on (n,a)). If n = p, there is
nothing to do: it is in fact enough to choose (@ = () = ide7y,, R =0, oW = p),
0W =0for j > p and B = a. For the sake of clarity, we will denote with a symbol f
the objects we are going to introduce at the stepn + 1 (e.g. ‘Eﬁ(o), By). Before entering the
details of the proof, recall that one goes formally from step 7 to n 4+ 1 by conjugating the
normal form (50) by the time 1 map of the Hamiltonian flow of some well-chosen function
. The function y is chosen in such a way that the terms of Q™ that do not commute with
the expected super-actions are canceled out by solving a certain cohomological equation.

Decomposition of Q™. We split the polynomial Q™ as Q = L + U, the Hamiltonians
L,U € }j, being defined by

L= [ @ ix@l) <N.
0 otherwise,

0 ifk(o,k) <N,

and US =
(Q("))ﬁ otherwise,

where « (o, K) is defined in (24) and denotes the smallest effective index of the small
divisor 2(0, k) defined in (23). Observe that, since these Hamiltonians are extracted from
0™ they enjoy the same norm estimates.

U commutes with the low super-actions. Indeed, a direct computation shows that if
(¢) < N, we have

{va U} =2i Z Z (Ul ﬂwkl=w(5’0) + -+ O—n]l(ukn =(u(4,0))Ul?u21 e MZZ

oe{—1,1}" keT}

=2i Z Z( Z Uj)UfuZ:---uZ:.

oe{-1,1}" keTy; ~j:Am.kj=(,m)

However, since (£) < N, by definition of U and « (see (24)), either Zj:ﬂm,k.,-=(f,m) o;
vanishes or U\ vanishes. Consequently, U and Jy, commute: {J¢, U }(u) = 0. We empha-
size that the definition of « as the smallest effective index is crucial here. Without it, we
would need some smoothness assumption on u to control these commutators. As a result,
we will have many more terms to solve in the upcoming cohomological equation but we
will be able to handle these extra factors thanks to the control of the small divisors given

by Proposition 3.1.
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The cohomological equation. The mass p has been fixed to make the frequencies
strongly nonresonant (according to Proposition 3.1). Therefore, there exist y € (0, 1)
(depending only on (n, ) and & > 1 (depending only on n) such that

k(0,k) <N = |Q(c.k)|>yN™®=:6. (53)

Therefore we set y € H}, to be the Hamiltonian defined by

g

o Lk : o .
X = m ifk(o,k) < N and y, = 0 otherwise.

A direct computation shows that y is a solution of the cohomological equation
{x.Z2}+ L =0. (54)
Let us now verify that we have a good control of the C-norm of y. First, the bounds

Vy >0, [{y)—yl=<1 and |[Vy(y+D4+p—yl<p+1

and the decomposition

<Z(Ij£j> = (<ZUj€j>— Zdjfj) + Zaj(zj — wg;) + 2(0,K),
j=1 j=1 j=1 Jj=1

where k; = ({;,m;) forall j € [1,n], provide the estimate
(o1l + -+ onln) < (n+ D+ 1) + [Q2(0.K)|.
Therefore, as a consequence of (53) (since § < 1) we have the bound

|L¢]

I <(n+2)(u+ D!
el < (+2)(n+1) P

and so
lxlle Smu 8 N LIsc Snp 87O s Snp $7CBE.

The new variables. As usual, we have to compose the change of variables 7 at step n
with the Hamiltonian flow of y (see (58) below). Since they are only defined locally, we
have to pay attention to their domains of definition. Even though the overall strategy is
clear, it is a little tedious to check.

Since || xlle <p § 'CB# and yN— =: §, applying Proposition 4.8, we get a constant
K > 0 depending only on (n, C, u), an exponent b > 0 depending only on (%, ) such
that, setting &; = (KB?)~'/®=2) y generates a smooth map

o [—1.1] X Bjyujac7ar (0. £1) — CT¥,
" (t.2) > @ (),
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solving the equation —i d; ®, = (V) o ®,, and such that for all t € [—1, 1], @; is sym-
plectic, close to the identity

otz =2
el <er = 1@ —ullz < (22) fullgre. (55)
1

invertible
19/ W)llpz < &1 = @, o ® () =u. (56)

Moreover, the map u +— dCIJS( (u) is continuous and we have the estimates
lullpi <1 = ||dq>§((”)||£(hl/2) <2 and ||dq>§((”)||z(h71/2) <2 (57)

As usual, we aim to define, for a proper choice of eg,

rﬂ(l) =tWo d>)1( on Bhl/z(O,ng) and rﬁ(o) = (I>;1 ot©® on Bhl/z(O,sg). (58)

To ensure that such a definition makes sense, we have to choose sg in such a way that
2¢5 <er and  (Julpe <265 = [OLW)|42 < 262). (59)
eh<e, and (Julpe < = 1T QW@pe < e). (60)

Let us analyze these conditions. First, we focus on (59). Provided that |[u| ;12 < 285 <eq,
since @ is close to the identity (see (55)), we have @} (u) < 2[|ul|;1/2 < 482. Therefore,
to get (59) it is enough to have 28§ < min(es, £1). Similarly, since (@ is close to the
identity (see (46)), to get (60) it is enough to ensure that 285 < g7 and eg < ;.

Before fixing 82, let us only assume that 28#2 < min(e;, £1) and investigate which
conditions 82 has to satisfy to ensure that rél) and ‘L'ﬁ(o) enjoy the properties described in
Theorem 5.1 (close to the identity, invertible, . ..).

First, let us note that rél) and rﬁ(o) are obviously symplectic and their differentials
enjoy the bounds (52) thanks to (57) (with n — n + 1). Hence, it remains to prove that
t© and ¢V are close to the identity in the sense of (46). To that aim, if |u] ;12 < 8#2,

#
since both CD;1 and 7@ are close to the identity, then we have

(0) - -
0 12260 2 =2 a2 \P=2
I7” 00 = wlle = (2 ) T O @l + () s

2l \"2 oz \ P2
= (TR 2l + ()T e
&1 (o)

Therefore, since n > p and 2||u||p1/2 < ZSg < &1, we deduce that

3 #\p—2 #yp—2

" a2\ 2277 (2

15700 —ulhor = (F55)7 el | = 55— + o |
el €] &
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Moreover since p > 3, if 382 < min(e,, &1), we deduce that both (52)1’ 2/eb™ % and
(82)1’ 2 /&P~ are bounded by 1/3. As a consequence, if 382 < min(e;, &) then rn(o)
is close to the identity. It can be proven, with a similar decomposition, that if 682 <
min(e;, £1) then ‘Cu( )j is also close to the identity.

Flnally, we also note that if ‘L'ﬁ( ) is close to the identity, then it takes values in

{,1/2 (0, 282) Thus, as <I>1 is invertible (see (56)), diagram (45) associated with r( ) and
‘Cul commutes.
To conclude this paragraph, we fix 82 as large as possible to get all the properties of

rﬂ(o) and r(l) i.e.

1
sg = 3 min(ey, £1).

We note that, therefore, we have 82 > L min(KB%)~V/(=2 (CBF)™!) = (CyBP)~!
provided that Cy > 6 max(K'/®#=2) () and By > max(b/(n —2), B) (these constants will
be determined at the end of the proof).

The new Hamiltonian. We aim to describe the Taylor expansion of H o . Since t >
CD; is a smooth function solving the equation —id;®, = (V) o ®@,, realizing a Taylor

expansion in ¢ = 0 (on By,1/2(0, 28§)) gives

r+p—1
Hot =HotWodl =Z,00L+ Y 0V ol +Rod,
Jj=p
r+p—1
=7, + Z 09 1 {y, Zz}—i-z (h_'_l)'adﬁﬂzz
Jj=p
r+p—1 mj
+ > Z—ath(’)—l—Rod>1
Jj=p h=1
1 (l—l)m”+1 12
+/0 (—(m,,+1)! (@d™*22,) 0 @'
r+p—1

n Z ( —t) m]+1Q(]))o(I)t>

where m; denotes the largest integer such that j 4+ m;(n —2) <r + p and ad, := {x,}.
In order to pool these terms by packets, we recall that by construction {y, Z,} = —L

is of order n, that y € }j, is of degree n and that the Poisson bracket of two homogeneous

polynomials of degrees ry and r; is of degree r; + r» — 2. Therefore, we set

Q(J) 0V if j <n, Qén) =0 4 (1. Z,)=0W—-L=U,
, . 1 o
Q;n - ¥ ﬁasz(m - Y ——adlL ifj>n,

|
Jxth(m—-2)=; n+h(n—2)=j (h+1)!



J. Bernier, B. Grébert, and G. Riviere 1040

1 L —gmtt +1 ¢
—_ mn
R# = ROq)X_/o (—( Y (adx L)oCDX

r+p—1

+ Z (1—) m]+1Q(j)) q;’)

where 4 and j, are the indices on which the sums hold in the definition of Q(’ )
If j <n, Q(J ) e J—f] commutes with the low super-actions® and we have

105”13 < 10913 < CBE.

If j > n, we have Q ;j ) e H{IJ‘.,I and we apply Proposition 4.4 to estimate its norm. Indeed,
if j, + h(n —2) = j, we can use our estimate on || || to derive that

lad? QU |5¢ <, (log MY x|EI1QY 5c <r (v N®log M) (CBP)"+!
< y—hCh+IBh(a+1)+(h+1)f37

~Fr

where we recall that B := max(log M, N). Similarly, L enjoying the same bound as
Q™. ifn + h(n —2) = j, we have ”adhL”g{ <, y~hcht1 ghlet D+t DB A a conse-
quence, since h < r + p, pr0v1ded that Cy 2, y " "PC" P+t and By > (r + p)(@ + 1) +
(r+ p+1)B, wehave | Oy Dilge < CyBPi for j > n.

Control of the remainder term Now we are left with controlling V Ry in h~1/2. We fix
u € C7 such that ||u]|,1/2 < 282 First we focus on R o CIDl (u). By composition, we have

V(R o ®})(u) = (AP} ())*(VR) o D} (u).

where (d®} (u))* € L(C7M) denotes the adjoint of d®} (u). Moreover, by duality, we
have ||(dCI>)1((u))*||L(h1/2) = ||dd>)1((u)||L(h_1/2) < 2 . Therefore, since |VR(u)||,-1/2 <

£p-1 B
CBP |lul; ™" and [| @} ()|l < 2[[ullp1/2, we have

IV(R 0 L))oz < 2P CBPJuH27",

Now we focus on (adm’HQ(f)) o <I>§((u) where p < j <r+4+p—1landt €[0,1].
Arguing as above and using Proposition 4.4 to estimate the norm of the Poisson brackets
and Lemma 4.5 to estimate the norm of the gradient, we have

IV ((ady’ T D) 0 ) ) -1/2
< 2[[(V(ady’ "1 0U))) 0 &, ()| 112

_ . . . i—1
Sru (87 log MY™TH(CBPY™ 2 (1og M) 2| @, )17

3Note that U has been designed to get this property.



Dynamics of nonlinear Klein-Gordon equations on S? 1041

where r; = j + (m; + 1)(n —2) € [r + p,2(r + p)] (by definition of m;). Thus, pro-
vided that

Cy2rp y "7P7ICTHPT2 and By = (@+ D +p+ D) +Br+p+2)+r+p.

we have ||V((ad;?j+1 0Wyo D)) [z < CyBPs ||u||;l;|r/f_l As above, the argument

works as well for the term involving L as it enjoys the same norm estimate as Q.
Hence if, moreover, By > B and Cy 2, C (to control R o CID}((u)), we have

IV Ry)lj-1/2 < Co BB 127"

Choice of Cy and By. To conclude our induction step (and thus the proof), we just have
to pick the smallest constants enjoying all the constraints (and to note that they do not
depend on B):

Bi=@@+D)r+p+1)+Br+p+2)+r+p,

Cﬂ ~, max()/_r+p_1Cr+p+2, Kl/(n—Z))' -

6. Proofs of the main results

This final section is devoted to the proof of Theorem 1.1 and of its Corollary 1.2.

6.1. On the global well-posedness of (KG)

In dimension 2, the Sobolev norm H'! controls all the Lebesgue norms L7, 2 < g < oo.
Therefore, a standard fixed point argument (which does not require any kind of Strichartz
estimate) provides the local well-posedness of the nonlinear Klein—Gordon equation (KG)
on the sphere S? in the energy space H! x L? (see e.g. [17, Thm. 6.2.2, p. 83]).

This nonlinear equation is Hamiltonian because it can formally be written as

d 0 1

where the Hamiltonian J# is given by (5). Therefore, # is a constant of the motion of (KG)
(see e.g. [17, Prop, 6.2.3, p. 83]). It is especially useful since, as stated in the following
lemma, it is uniformly elliptic in a neighborhood of the origin:

Lemma 6.1. For all g € L>®(S?;R) and all ju > 0, there exist C > 1 and gy > 0 such
that for all (&, W) € H' x L?(S?;R), provided that | ®|| g1 + |¥| 12 < o, we have

CH| Dl gt + 1¥]l22)* < H(D, W) < C(| D1 + ¥ L2)>

Proof. 1t follows directly from the Sobolev embedding H! < L7 and from the fact that
p=3. n
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As a consequence, as stated in the following proposition we get the global well-
posedness of (KG) in a neighborhood of the origin in H! x L? (see e.g. [17, Prop. 6.3.3,
p. 84]).

Proposition 6.2. For all i > 0 and all g € L, there exist 1 > 0 and K > 1 such that,
as soon as € := || g1 + ||, < &, there exists a unique ® € CO(R; H') N
CI(R;L?) N C2[R; H™Y) solution to (KG). Moreover, it enjoys the bound

VieR, [®@)|gr + [9: 202 = Ke.

6.2. Proof of Theorem 1.1

One more, we fix the mass > 0 (in a set of full measure) to make the frequencies
(w@.my = V£ + 1) + ) nonresonant in the sense of Proposition 3.1. The strategy is
the following. Using the above a priori estimates, we prove that the high super-actions
are under control as long as N = ({) > 8_“1:7:'21 for an arbitrary «, > 1. Thus, we only
have to deal with the low super-actions that we handle using the Birkhoff normal form of
Theorem 5.1. This requires making a truncation of the frequency up to a certain level M
in order to reduce to the finite-dimensional situation of this theorem. In order to ensure
that all the remainder terms are small in this reduction to finite dimension, we need to take
M of order ¢7". Then the conclusion follows by combining our a priori estimates on the
solution with the normal form of Theorem 5.1 and by taking «;, larger than the exponent
B appearing in the remainder terms of that statement.

(KG) as a Schrodinger equation. We consider (®©@, ®©) e H' x L2, satisfying ¢ :=
[ D@ g1 + D@2 < g0 < &1, where &¢ will be determined at the end of the proof and
&1 is given by Proposition 6.2. Thanks to this proposition, one obtains a global solution &
to (KG). Then, in order to diagonalize the linear part of (KG), we set (as usual)

u:=Ad+iA"19,d, where A = (u— A)1/4.
Indeed, u belongs to CO(R; H'/2) N C'(R; H~'/2) and solves the equation
i0;u = A%u — A (g[A™IRu]P ). (62)

It is relevant to note that the harmonic energies &; (defined by (3)), that we aim to control
in Theorem 1.1, satisfy

VEEN, &(P(1) = [IMeu()ll72 = Je(u()).

where I1; is the orthogonal projection on the eigenspace E; as defined in (2). Moreover,
as a consequence of Proposition 6.2, there exists a constant K’ > 1 depending only on p
such that

VieR, |u@)|gi2 < K'e. (63)
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The N -truncation. The control of the high super-actions is a direct consequence of the
a priori bound (63). Indeed, applying the triangular inequality, we have

[Je(u(2)) = Je(u(0)] = Je(u(2)) + Je(u(0)) < 2(5)_lllulli?o < 2(0)7H(K")%e%

H ; /2 =
Being given o, > 1 (depending only on r), which will be optimized at the end of the proof,
we set
N &

As a consequence, for all 7 € R we have
() = N = 1 Jeu(n) = JpO)] Srpu (O 6P (64)
Hence, from now on we will only focus on the variations of the low super-actions. More
precisely, we fix £, € N and N € R such that
N = (£,) < N™

and we aim to estimate the variations of Jy, (u).

The M -truncation. In order to reduce ourselves to the finite-dimensional situation of
our Birkhoff normal form Theorem 5.1, we are going to prove that the high enough modes
(larger than M >> 1) do not play any role in the dynamics for very long times (in H~'/2).
Let M > 2N ™) be a constant that will be optimized later with respect to & and IT<ps be
the orthogonal projection on P, s Ey, i-e.

Moy =Y T and Tlop :=Idze — Moy
<M

We set
FOM (1) := Ty [N T <pgu(r)) — N (u(t))] where N (u) :== A" (g[A™ Ru]?™Y).

Since u solves equation (62), uE=M) = M <pru(t) solves the nonautonomous equation

i9uEM = A2y EM 1y N wEM)) 4 FEM (g, (65)
We note that, since M > 2N ™) e have M > £, and so
Je, @=M) = Jg, (w). (66)

We aim to prove that the nonautonomous part of (65) (i.e. F&M)(z)) is negligible pro-
vided that M is large enough. Indeed, as a consequence of the Sobolev embeddings
H' — [6(P=2) s [3/2 < H~1 by Holder and the mean value inequality, we have
(uniformly with respect to 7)

IFEMgae S0 18077 — g(Map @) 7| g
Spg 1077 = My @) 71| 132
Sig 1(TMop @) (T <pr @772 + [@P )| 132
S Mo ar @22 (1M <pr @726 + 9772 1)

-1 -1 1, p—
Spe MTH®IL Spg M™'e? g

~
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r

Therefore, from now, we assume that M > ¢™", and we get

VieR, [|FEM )| gor S P71

Discretization. Thanks to Theorem 2.1, we get a basis (ex)re7,, of L? which diagonal-
izes the Laplace—Beltrami operator A and enjoys nice algebraic properties. In particular,
thanks to this basis, we identify @, ,, E¢ with R™ (and the usual Sobolev norms with
the discrete ones). -

We use this basis to rewrite the autonomous part of (65) as a Hamiltonian system:

i, uSM = VHuEM) 4 FEM) (), 67)

where ]
H =2+ PP with Zr(u) = 3 Z wi|uk)?

kETM

and PP € 3}, is defined, for allk = (k1,....kp) € T}5 and 0 € {—1, 1}7, by

1 (& 1
(PP = —ﬁ(ﬂl GG +u)1/4)/s2 ek, (x) -+ ex, (x)g(x) dvolga (x).
Jj= S

Thanks to Theorem 2.1, the basis (ex)xe7,, has been chosen such that
1P Plsc < (log(M)?. (68)

Note that the choice of the orthonormal basis of Theorem 2.1 is crucial here. With the
standard basis of spherical harmonics we would not get such good control on the nonlin-
earity.

Change of variables. Now we apply Theorem 5.1 (i.e. our Birkhoff normal form result)
to simplify the Hamiltonian part of (67). More precisely, we get some transformations

‘L'(O), r(l), some Hamiltonians QrfeSN and R, some constants C, B and &, such that the

statement of Theorem 5.1 holds. We recall that B is defined by B = max(N, log(M)).
We will optimize the constants in such a way that we have

K'e < (CBP)™,
where K’ has been defined in (63). As a consequence, we have
VieR, [[uSEM @), < K'e < (CBP)™! <.
Therefore, it makes sense to define
vi=1@ oy =M,
Moreover, since the diagram (45) commutes we have

WEM — ) gy
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As a consequence, since (% is symplectic and (dt@ uEM)))~1 = dr M (v), we have
10,0(1) = V(Za + QZ (@) + W), (69)
where W is the new remainder term defined by
W(t) := VR((t)) + dc @@= ) (FEM (1)),

Let us estimate W. On the one hand, since 7@ is close to the identity in the sense of
Theorem 5.1, we have

@ lpr < SOz + @) = uE )72
<20u=M (@)1 <2K'e <y e (70)
Hence, thanks to Theorem 5.1, we get |[VR(v(?))|l4-1/2 <r,. BPe"TP71. On the other
hand, since dz@ (&M (z)) is controlled in £(h~1/2) (by 27), we deduce that

[dz @ @EM @0))(FEM (1) [ly-12 S P71

Therefore, we have
IW()|lp-1/2 Srp BPe™TP7L (71)

Finally, let us note that, since 7 is close to the identity in the sense of Theorem 5.1 and
(CBP)~! < &5, we have

S () — (@)l Srp P BPP2), (72)
Control of the low super-actions. As a consequence of (66), (72) and (70), we have
e, (@) = Je, @) < [uEP@O) vl eSOl + [v@)]e)
e ¢P pBr—2)

Hence, by the triangular inequality, we have

e, () = Je, @(0))| 7 e, (v(0) = Jg, (v(0))| + £? BFP2).
However, since v solves (69), we have

0 Je, (@) = {Jp,. Zo + QN } () + 1V Tp, (v(1). W(D)) 2.

By construction, since ({,) = N, Z, + Q=N and J;, commute, i.e. {J;,, Z> + Q=N} =

res res

0. As a consequence, using estimate (71) on W we have
19 Je, )| = [GV I, @) WD) 2| = IV Ie, ) a2 WO 1172
<2/w@ WO lp-1/2 Srp BPETP.

” we have

Consequently, while |t]| < &~
|J[* (u(t)) - JA (U(O))| Sr,u ngB(P_z) Sr,u,,v <£*>ar8p—v (73)

provided that BA(»=2 <, , N% ™ where v > 0.
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Conclusion. As we wanted, in (64) and (73), we have controlled the variations of the
super-actions. Nevertheless, to get these results we have made some assumptions on our
parameters. Hence, to conclude, we have to check their compatibility and optimize them.

More precisely, we have to prove that there exists o, > 1 and g9 < &; such that for all

—2
g<eggandall N < N (max) — s_vfiﬁ, there exists M > 2 satisfying
() P2 INTTR N ™", (i) K'e < (CBﬁ)il,
(111) M > E_r, (IV) M > 2N(max)’

where B = max (N, log(M)). First, we set M = ¢~" (so (iii) is satisfied). Then we set
or = B(p — 2) and we note that estimate (i) holds. Finally, since p < r, we note that (ii)
and (iv) are clearly satisfied provided that g¢ is small enough.

6.3. Proof of Corollary 1.2
Forallz € R, let w(t) € H'/2(S?;C) be defined, for all £ € N, by

Je(u(0

Myw(t) = Ml'I(gu(t) if Jog(u(t)) #0 and TIyw(t) = IMeu(0) otherwise.
Je(u(1))

Indeed, recalling that J, = || T, - ”22’ this function satisfies |w(#)||g1/2 = |u(0) || g1/2

and

YLeN, Ji(w(r)=Jeu©0) and +/Je(w(t)—u(t)) =y ) — Je(w(t))|.

As a consequence, applying Theorem 1.1 (with v = 1/2), while |¢t| < 7", forall £ € N,
we have

Je@u(t) —w(0) < [Je@(@) = Je(w@)| = [Je() = Je@(O)] Spur (067712,

Therefore, we have

(@) — w@) | gr-er/2 Swr g@r= /4,
Consequently, since s < 1/2, setting & = min(1, }_T_zf ), by interpolation and using Propo-

sition 6.2, we get

-6 6 5
lu(@) = w® s Srs Nu@) = wO a7 [u @) = WOz 0o Srse '

where § := 0((2p — 1)/4 — 1) > 0 (because p > 3). Finally, to see that there exist some
Hermitian operators Hy(t): E; ® C — E; ® C such that

Ve eN, Tw(r) = OTTu(0),

it is enough to note that the unitary group of £, ® C acts transitively on the spheres and
that every unitary transform is the exponential of a skew-Hermitian operator (indeed, since
Je(w(t)) = Je(u(0)), Myw(t) and IT,u(0) belong to the same sphere).
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