Ann. Inst. H. Poincaré © 2022 Association Publications de 1I’Institut Henri Poincaré
Anal. Non Linéaire 40 (2023), 1093-1166 Published by EMS Press
DOI 10.4171/AIHPC/57 This work is licensed under a CC BY 4.0 license

(Non)local logistic equations with Neumann conditions
Serena Dipierro, Edoardo Proietti Lippi, and Enrico Valdinoci

Abstract. We consider here a problem of population dynamics modeled on a logistic equation with
both classical and nonlocal diffusion, possibly in combination with a pollination term. The envi-
ronment considered is a niche with zero-flux, according to a new type of Neumann condition. We
discuss situations that are more favorable for the survival of the species, in terms of the first positive
eigenvalue. Quite surprisingly, the eigenvalue analysis for the one-dimensional case is structurally
different from the higher-dimensional setting, and it sensibly depends on the nonlocal character of
the dispersal.

The mathematical framework of this problem takes into consideration the equation —a¢Au +
B(—=A)Su = (m — pu)u + tJ x u in 2, where m can change sign. This equation is endowed with
a set of Neumann conditions that combines the classical normal derivative prescription and the
nonlocal condition introduced in Dipierro, Ros-Oton, and Valdinoci [Rev. Mat. Iberoam. 33 (2017),
377-416]. We will establish the existence of a minimal solution for this problem and provide a
thorough discussion on whether it is possible to obtain nontrivial solutions (corresponding to the
survival of the population).

The investigation will rely on a quantitative analysis of the first eigenvalue of the associated
problem and on precise asymptotics for large lower and upper bounds of the resource. In this, we
also analyze the role played by the optimization strategy in the distribution of the resources, showing
concrete examples that are unfavorable for survival, in spite of the large resources that are available
in the environment.
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1. Introduction

We consider here a biological population with density u which is self-competing for the
resources in a given environment 2.

These resources are described by a function m, which is allowed to change sign: the
positive values of m correspond to areas of the environment favorable for life and produce
a positive birth rate, whereas the negative values model a hostile environment whose by-
product is a positive death rate of linear type.

The competition for the resource is encoded by a nonnegative function . Resources
and competitions are combined into a standard logistic equation. In addition, the popu-
lation is assumed to present a combination of classical and nonlocal diffusion (the cases
of purely classical and purely nonlocal diffusions are also included in our setting, and
the results obtained are new also for these cases). The population is also endowed with
an additional birth rate possibly provided by pollination' and modeled by a convolution
operator (the case of no pollination is also included in our setting, and the results obtained
are new also for this case).

The environment 2 describes an ecological niche and is endowed by a zero-flux
condition of Neumann type. Given the possible presence of both classical and nonlocal
dispersal, this Neumann condition appears to be new in the literature: when the diffusion
is of purely classical type this new prescription reduces to the standard normal derivative
condition along d€2, and when the diffusion is of purely nonlocal type it coincides with the
nonlocal Neumann condition set in R” \ Q that has been recently introduced in [43] — but
in the case that the population is subject to both the classical and the nonlocal dispersion
processes, the Neumann condition that we introduce here takes into account the combina-
tion of both the classical and the nonlocal prescriptions (interestingly, without producing
an overdetermined, or ill-posed, problem).

The main question addressed in this paper is whether or not the environmental niche
is suited for the survival of the population (notice that life is not always promoted by the
ambient resource, since m can attain negative values). We will investigate this question by
using spectral analysis and providing a detailed quantification of favorable and unfavor-
able scenarios in terms of the first eigenvalue compared with the resource and pollination
parameters.

More precisely, the mathematical framework in which we work goes as follows. We
consider a bounded open set Q C R” with boundary of class C!: that is, we suppose that
there exist R > 0 and pq, ..., px € 02 such that Q2 C Br(p1) U---U Br(pk), and,
foreachi € {1,...,K},

the set 2 N Br(p;) is Cl-diffeomorphic to Bl"’:= {(x1,...,Xxy) € By s.t. x, >0}. (1.1)

"While we use the name of pollination throughout this paper, we observe that the pollination analysis
performed is not limited to vegetable species: indeed, for animal species the convolution term that we study
can be seen as a birth rate of nonlocal type produced, for instance, by a mating call that attracts partners
from surrounding neighbors.
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Given s € (0, 1), &, B € [0, +00), with + > 0, m: Q@ — R, u: Q2 — [, +00), with
p>0,7€l0,+o0)and J € LY(R", [0, +00)) with

J(x) = J(—x) (1.2)
and
[nJ(x)dle, (1.3)
we consider the mixed-order logistic equation
—aAu+ B(-=A)’u=m-—puw)u+1tJ xu inQ, (1.4)

where

J *u(x) = /Q J(x —y)u(y)dy.
When 8 = 0, we take the additional hypothesis that
€ is connected. (1.5)

We observe that the operator in (1.4) is of mixed local and nonlocal type, and also of mixed
fractional- and integer-order type. Interestingly, the nonlocal character of the operator is
encoded both in the fractional Laplacian

1 / 2u(x) —u(x + &) —u(x =)

(=A)*u(x) := 5 REEXD

dg

and in the convolution operator given by J.

The use of the convolution operator in biological models to comprise the interaction
of the population with the resource at a certain range has a very consolidated tradition; see
e.g. [4,6,13,19,23,35,36] and the references therein.

As for the nonlocal diffusive operator, for the sake of concreteness we stick here to the
prototypical case of the fractional Laplacian, but the arguments that we develop are in fact
usable in more general contexts, including various interaction kernels of singular type.

Given the presence of both the Laplacian and the fractional Laplacian, the operator
in (1.4) falls within the diffusive processes of mixed orders, which have been widely
addressed by several methodologies and arose from a number of different motivations; see
for instance various viscosity solution approaches [5,7-9, 17,33, 38,48, 49], the Aubry—
Mather theory for pseudo differential equations [37], Cahn—Hilliard and Allen—Cahn-type
equations [22,25], probability and Harnack inequalities [10,11,31,32], decay for parabolic
equations [3,45], friction and dissipation effects [39], smooth approximation with suitable
solutions [24], Bernstein-type regularity results [21], variational methods [16], nonlinear
operators [1] and plasma physics [18].

We endow the problem in (1.4) with a set of Neumann boundary conditions that
correspond to a “zero-flux” condition according to the stochastic process producing the
diffusive operator in (1.4). This Neumann condition appears to be new in the literature
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and depends on the different ranges of o and § according to the following setting. If
o = 0, we consider the nonlocal Neumann condition introduced in [43], thus prescribing

that
u(x) —u(y)

N, = —_
Su(x) Q |x_y|n+2s

dy =0 foreveryx € R"\ Q. (1.6)

If instead B = 0, we prescribe the classical Neumann condition

0
M _0 ondQ. 1.7)
v

Finally, if @ # 0 and B # 0, we prescribe both the classical and the nonlocal Neumann

conditions, by requiring that

Nyu =0 inR"\Q,

a_u =0 ondQ. 9
av

We remark that the prescription in (1.8) is not an “overdetermined” condition (as will be

confirmed by the existence result in Theorem 1.1 below).

The set of boundary/external Neumann conditions in (1.6), (1.7) and (1.8), in depen-
dence of the different ranges of « and §, will be denoted by “(«, 8)-Neumann conditions”,
and, with this notation and (1.4), the main question studied in this paper focuses on the
problem

{—aAu+ﬂ(—A)su =m-—puuwu+tJ xu inQ, (19)

with («, §)-Neumann condition.

In this setting, the (o, #)-Neumann conditions provide an “ecological niche” for the pop-
ulation with density u, making €2 a natural environment in which a given species can live
and compete for a resource m, according to a competition function p. In this setting, the
parameter t, as modulated by the interaction kernel J, describes an additional birth rate
due to further intercommunication than just with the closest neighbors, as happens, for
instance, in pollination.

As a matter of fact, the role of the («, 8)-Neumann conditions is precisely to make the
boundary and the exterior of the niche 2 “reflective”: namely, when an individual exits
the niche, it is forced to immediately come back into the niche itself, following the same
diffusive process; see [43, Section 2] (see also [70] for a thorough probabilistic discussion
of this process).

As a technical remark, we also observe that our (¢, §)-Neumann condition is struc-
turally different (even when o = 0 and s = 1/2) from the case of bounded domains
with reflecting barriers presented in [63,65], and the diffusive operator taken into account
in (1.9) cannot be obtained by the spectral decomposition of the classical Laplacian in 2
(except for the special case of periodic environments; see e.g. [2, Section 2.3 and Appen-

dix QJ).
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The possible presence in (1.9) of two different diffusion operators, one of classical
and the other of fractional flavor, has a clear biological interpretation, namely the pop-
ulation with density u can possibly alternate both short- and long-range random walks,
and this could be motivated, for instance, by a superposition between local exploration of
the environment and hunting strategies (see e.g. [28-30,34,46,50,58,67,69]). A detailed
presentation of this superposition of stochastic processes will be presented in Appendix C;
see also [44] for a detailed description of the local/nonlocal reflecting barrier also in terms
of the population dynamics model.

The notion of a solution of (1.9) is intended here in the weak sense, as will be precisely
discussed in formula (2.5). See however [16,47] for a regularity theory for weak solutions
of the equations driven by the mixed-order operators as in (1.9).

Our first result in this setting is that the problem in (1.9) admits a minimal energy
solution (under very natural and mild structural assumptions). To state it, it is convenient
to define

2*
if f=0andn > 2,
2% =2
. 2%
q = 2:3_2 if B #0andn > 2s,
1 iff=0andn <2,orif B # 0andn < 2s,
% if f=0andn > 2,
= 2£ if B # 0andn > 2s, (1.10)
s
1 iff=0andn <2,orif B # O0and n < 2s.

As is customary, the exponent 2§ denotes the fractional Sobolev critical exponent for
n > 2s and it is equal to ni’és. Similarly, the exponent 2* denotes the classical Sobolev
critical exponent for n > 2 and it is equal to nz_"z.

‘We remark that qg=n /2, and we have the following theorem:

Theorem 1.1. Assume that
m € L9(Q) for some q € (¢, +0oc] and (m + 03 u 2 e LY(Q).

Then there exists a nonnegative solution of (1.9) which can be obtained as a minimum of
an energy functional.

The precise definition of energy functional used in Theorem 1.1 will be presented
in (3.1): roughly speaking, the energy associated to Theorem 1.1 will be the “natural”
functional for the variational methods, and its Euler—Lagrange equation will correspond
to the notion of a weak solution.

While the functional analysis part of the proof of Theorem 1.1 relies on standard direct
methods in the calculus of variations, the more interesting part of the argument makes use
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of a structural property of the nonlocal Neumann condition that will be presented in Theo-
rem 2.1 (roughly speaking, the nonlocal Neumann condition in (1.6) will be instrumental
in minimizing the Gagliardo seminorm, thus clarifying the energetic role of the nonlocal
reflection introduced in [43]).

Though the result in Theorem 1.1 has an obvious interest in pure mathematics, our
main analysis will focus on whether problem (1.9) does admit a nontrivial solution (notice
indeed that u = 0 is always a solution of (1.9)). In particular, in view of Theorem 1.1, a
useful mathematical tool to detect nontrivial solutions consists in proving that the minimal
energy configuration is not attained by the trivial solution (hence, in this case, the solu-
tion produced by Theorem 1.1 is nontrivial). The question of the existence of nontrivial
solutions has a central importance for the mathematical model, since it corresponds to
the possibility of a population to survive in the environmental condition provided by the
niche. Interestingly, in our model, the survival of the population can be enhanced by the
possibility of exploiting resources by long-range interactions. Indeed, we stress that the
nonlocal resource m in (1.4) is not necessarily positive (hence, the natural environment
can be “hostile” for the population): in this configuration, we show that the survival of the
species is still possible if the “pollination” birth rate 7 is sufficiently large. The quantitative
result that we have is the following:

Theorem 1.2. Assume that
m € L4(Q) for some q € (g, +oo] and (m + )3 u? e LY(Q).

Then,
(1) if m is nonpositive and t = 0, the only solution of (1.9) is the one identically zero;
@) if
A(m(x)+r]*l(x))dx>0 (1.11D)

and
we LY(RQ), (1.12)

problem (1.9) admits a nonnegative solution u = 0.

A particular case of Theorem 1.2 is when the resource m is nonnegative. In this situ-
ation, Theorem 1.2(i) gives that no survival is possible without resources and pollination,
i.e. when both m and t vanish identically (unless also p vanishes identically, then reducing
the problem to that of mixed operator harmonic functions), whereas Theorem 1.2(ii) guar-
antees survival if at least one between the environmental resource and the pollination is
favorable to life. Precisely, one can immediately deduce from Theorem 1.2 the following
result:

Corollary 1.3. Assume that

m € L1(Q) for some q € (q. +00], m is nonnegative and (m + 032 e LY(Q).
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Then
(1) ifm = 0andt = 0, the only solution of (1.9) is the one identically zero;

(i) if either m > 0 or t(J = 1) > 0 in a set of positive measure and . € L' (2), (1.9)
admits a nonnegative solution u # 0.

Problems related to Corollary 1.3 have been studied in [23] under Dirichlet (rather
than Neumann) boundary conditions.

From the biological point of view, assumption (1.11) states that the environment is “on
average” favorable for the survival of the species. It is therefore natural to investigate the
situation in which the environment is “mostly hostile to life”. To study this phenomenon,
when m € L4 with ¢ > n/2, withm™* # 0 and

/ m(x)dx <0,
Q

we denote” by A the first positive eigenvalue associated with the diffusive operator in
(1.9). More precisely, we consider the weighted eigenvalue problem

{—aAu + B(—A)'u = Amu in Q, (1.13)

with (o, #)-Neumann condition.

As will be discussed in detail in Proposition 4.1 here and in [42], problem (1.13) admits

the existence of two unbounded sequences of eigenvalues, one positive and one negative.

In this setting, the smallest strictly positive eigenvalue will be denoted by A1. When we

want to emphasize the dependence of A; on the resource m, we will write it as A1 (m).
We also denote by e an eigenfunction corresponding to A; normalized such that

/ m(x)e?(x)dx = 1.
Q

The first eigenvalue will be an important threshold for the survival of the species, quanti-
fying the role of the necessary pollination parameter 7 in order to overcome the presence
of hostile behavior on average. The precise result that we obtain is the following one:

Theorem 1.4. Assume that m € L1(Q), for some q € (q, +od], and (m + )3u? e
LY(Q).
Then,

(1) ifm < —1, the only solution of (1.9) is the one identically zero;

2 As is customary, in this paper we freely use the standard notation

mT(x) := max{0,m(x)} and m~(x) := max{0, —m(x)}.
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(i) ifmT £0, n e LY(Q),
/ m(x)dx <0, (1.14)
Q

and

A—1< 7:/ (J xe(x))e(x)dx, (1.15)
Q
(1.9) admits a nonnegative solution u # 0.

Once again, in Theorem 1.4, the case described in (i) is the one less favorable to life,
since the combination of both the resources and the pollination is on average negative,
while the case in (ii) gives a lower bound of the pollination parameter t which is needed
for the survival of the species, as quantified by (1.15).

We recall that the link between the survival ability of a biological population and the
analysis of the eigenvalues of a linearized problem is a classical topic in mathematical
biology; see e.g. [12,14,15,51,52,59,60,63,66] (yet we believe that this is the first place
in which a detailed analysis of this type is carried over to the case of mixed operators with
our new type of Neumann conditions).

We also remark that condition (1.15) can be sharpened by considering, instead of
(1.13), an eigenvalue problem also containing the convolution term. This observation will
be expanded in Remark 4.3.

In light of (1.15), a natural question consists in quantifying the size of the first eigen-
value. Roughly speaking, from (1.15), the smaller Aq, the smaller the threshold for the
pollination guaranteeing survival, hence configurations with small first eigenvalues corre-
spond to the ones with better chances of life.

To address this problem, since the eigenvalue A; = A;(m) depends on the resource
m, it is convenient to consider an optimization problem for A; in terms of three structural
parameters of the resource m, namely its minimum, its maximum and its average, in order
to detect under which conditions on these parameters the first eigenvalue can be made
conveniently small. More precisely, given m, m € (0, +00) and mg € (—m, 0) we consider
the class of resources

M = M@m, m,my) := {m € L®(Q) s.t. infgm = —m, supg m < m,
Jom(x)dx = mo|Q2| and m* #£ 0}. (1.16)

We will also consider the smallest possible first eigenvalue among all the resources in M,
namely we set

A= inf A{(m). (1.17)
meM

When we want to emphasize the dependence of A on the structural quantities 77, m and
my that characterize M, we will adopt the explicit notation A (1, m, my).

Our main objective will be to detect whether or not A can be made arbitrarily small in
a number of different regimes: we stress that the smallness of A corresponds to a choice
of an optimal distribution of resources that is particularly favorable for survival.
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The first result that we present in this direction is a general estimate controlling A
with 0(%), provided that the maximal hostility of the environment does not prevail with
respect to the maximal and average resources. In terms of survival of the species, this is
a rather encouraging outcome, since it allows the existence of nontrivial solutions pro-
vided that the maximal resource is sufficiently large. The precise result that we have is the
following:

Theorem 1.5. Let
mo

+
i Z do (1.18)

EHIE
3

for some dy > 0. Then

1>
S
E
3
/N

for some C = C(R2,dy) > 0.

A direct consequence of Theorem 1.5 is that when the upper and lower bounds of the
resource are the same and get arbitrarily large, then A gets arbitrarily small (hence, in
view of (1.15), there exists a resource distribution which is favorable to survival). More®
precisely, we have the following corollary:

Corollary 1.6. We have
lim  A(m,m,mg) = 0.
M, +oo
We now investigate the behavior of A for large upper and lower bounds on the resource
(maintaining the other parameters constant). Interestingly, this behavior sensibly depends
on the dimension 7. In this setting, we first consider the asymptotics in dimension n > 2:
we show that large upper and lower bounds are both favorable for life for a given m¢ < 0,
according to the following two results:

Theorem 1.7. Letn = 2. Then

llm &(f'ﬂ, m» m()) = 0‘
M, +oo

Theorem 1.8. Letn = 2. Then

lim A(m,m,mg) = 0.
M, +oo
While Theorem 1.7 is somehow intuitive (large resources are favorable to survival),
at first glance Theorem 1.8 may look unintuitive, since it seems to suggest that a largely
hostile environment is also favorable to survival: but we remark that in Theorem 1.8, m
being given, an optimal strategy for m may well correspond to a very harmful environment

3To avoid notational confusion, we reserve the name m for the resource in (1.4) and we denote by # a
“free variable” dimensionally related to the resource.
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confined to a small portion of the domain, with a positive resource allowing for the survival
of the species.

Quite surprisingly, the structural analysis developed in Theorems 1.7 and 1.8 is sig-
nificantly different in dimension 1. Indeed, for n = 1, we have that A does not become
infinitesimal for large upper and lower bounds on the resource, unless the diffusion is
purely nonlocal with strongly nonlocal fractional parameter. Namely, we have the follow-
ing two results.

Theorem 1.9. Letn = 1, o > 0 and B = 0. Then, for any m > 0 and mgy € (—m, 0),
Alm,m,mg) = C (1.19)
for every mt > 0, for some C = C(m,my,«, §,2) > 0, and

lim A(m,m,mg) = +oo0. (1.20)
#N\0

Moreover, for any m > 0 and mgy < 0,
A(m,m,mg) = C (1.21)

for every mt > —my, for some C = C(im,my, o, 8, 2) > 0.

Theorem 1.10. Letn =1, = 0and B > 0.
If s € (1/2,1), then, for any m > 0 and mgy € (—m, 0)

A(m,m,mg) = C (1.22)
for every mt > 0, for some C = C(m, myg,a, B,2) > 0, and

lim A(m,m,mo) = +o00. (1.23)
MN\0

Moreover, for any m > 0 and mgy < 0,
A(m,m,mg) = C (1.24)

for every mt > —my, for some C = C(im,mq,«, B, ) > 0.
If s € (0,1/2], then

lim A(m,m,my) =0 (1.25)
m, +oo
and
lim A(m,m, my) = 0. (1.26)
m,+oo

An interesting feature of Corollary 1.6, Theorems 1.7 and 1.8, (1.25) and (1.26) in
terms of real-world applications is that their proofs are based on the explicit constructions
of suitable resources: though perhaps not optimal, these resources are sufficiently well
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located to ensure the maximal chances of survival for the population, and their explicit
representation allows one to use them concretely and to build on this specific knowledge.

We also think that the phenomenon detected in Theorems 1.9 and 1.10 reveals an
important role played by the nonlocal dispersal of the species in dimension 1: indeed, in
this situation, the only configurations favorable to survival are those in (1.25) and (1.26),
that are induced by purely nonlocal diffusion (that is, « = 0) with a strongly nonlocal
diffusion exponent (that is, s < 1/2, corresponding to very long flies in the underlying
stochastic process).

To better visualize the results in Theorems 1.7, 1.8, 1.9 and 1.10, we summarize them
in Table 1. For typographical convenience, in Table 1 we used the check symbol v to
denote the cases in which A gets as small as we wish (cases favorable to life) and the
cross symbol X to mark the situations in which A remains bounded away from zero (cases
unfavorable to life which require stronger pollination for survival).

Largem Large m

n=2 v
n=1landa >0 X
n=1,a=0ands > 1/2 X
n=1a=0ands <1/2 v

N\ X x

Table 1. Summarizing the results in Theorems 1.7, 1.8, 1.9 and 1.10.

We stress that the optimization of the resources plays a crucial role in the survival
results provided by Corollary 1.6, Theorems 1.7 and 1.8, and formulas (1.25) and (1.26):
that is, given mq < 0, very large but badly displayed resources may lead to nonnegligible
first eigenvalues (different from the case of optimal distribution of resources discussed in
Corollary 1.6, Theorems 1.7 and 1.8, and formulas (1.25) and (1.26)).

To state this phenomenon precisely, given my < 0 and A > —4m,, we let

M%’mo = {m € M(Q2A,2A,myp) s.t.infgm < —% and supg m = %} (1.27)

Roughly speaking, the resources m in Mi’mo have a prescribed average equal to m¢ and
attain maximal positive and negative values comparable with a large parameter A, and a
natural question in this case is whether large A’s provide sufficient conditions for the sur-
vival of the species. The next result shows that this is not the case, namely the abundance

of the resource without an optimal distribution strategy is not sufficient for prosperity:

Theorem 1.11. Given mg < 0 and A > —4my, we have

sup  A1(m) = +o0.

meM&7m0
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Interestingly, the proof of Theorem 1.11 will be “constructive”, namely we will pro-
vide an explicit example of a sequence of badly displayed resources which make the first
eigenvalue diverge: a telling feature of this sequence is that it is highly oscillatory, thus
suggesting that a hectic and erratic alternation of highly positive resources with very harm-
ful surroundings is potentially lethal for the development of the species.

We recall that the investigation of the roles of fragmentation and concentration for
resources is a classical topic in mathematical biology, and, in this sense, our result in The-
orem 1.11 confirms the main paradigm according to which concentrated resources favor
survival (see e.g. [14, 15, 54]) — however, there are several circumstances in which this
general paradigm is violated and fragmentation is better than concentration; see e.g. the
small diffusivity regime analyzed in [53,56,62]. In any case, the analysis of fragmentation
and concentration for mixed operators with our Neumann condition is, to the best of our
knowledge, completely new.

We also remark that the results presented here are new even in the simpler cases in
which no classical diffusion and no pollination term is present in (1.4), as well as in the
cases in which the death rate and the pollination functions are constant.

The rest of this paper is organized as follows. In Section 2 we will introduce the func-
tional framework in which we work and the notion of weak solutions, also providing a
new result showing that the nonlocal Neumann condition naturally produces functions
with minimal Gagliardo seminorm (this is a nonlocal phenomenon, which has no counter-
part in the classical setting, and will play a pivotal role in the minimization process).

Then, in Section 3, we prove the existence results in Theorems 1.1 and 1.2. In Section 4
we study the eigenvalue problem in (1.13), and we give the proof of Theorem 1.4. Not to
overburden this paper, some technical proofs related to the spectral theory of the problem
are deferred to the article [42].

In Section 5, we deal with the proofs of Theorem 1.5, Theorems 1.7 and 1.8 when
n = 3, and Theorems 1.9 and 1.10.

When n = 2, the proofs of Theorems 1.7 and 1.8 require some technical modification
of logarithmic type, hence their proofs are deferred to Appendix A.

The proof of Theorem 1.11 is contained in Section 6.

An alternative proof of some technical lemmata is provided in Appendix B. Finally,
Appendix C contains some probabilistic motivations related to the diffusive operators of
mixed integer and fractional order.

2. Functional analysis setting

In this section we define the functional space in which we work. First, we recall the space
H¢, introduced in [43] and defined as

HE = {u:R" > Rs..u € L*(Q) and [[ @-uQ)P 7, dy < +oo}, 2.1

‘x,y|n+23
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where
@:=R¥\ (R"\ Q).

As is customary, by u € L?(2) in (2.1) we mean that the restriction of the function u to
belongs to L2(R2) (we stress that functions in H{, are defined in the whole of R"). Also,
all functions considered will be implicitly assumed to be measurable.

Furthermore, we define

H(Q) if 8 =0,
Xap = Xop(Q) 1=\ HS ifa =0, (2.2)
HY Q)N HY ifap #0.

In light of this definition, X, g is a Hilbert space with respect to the scalar product

(u,v)x,, :=/Qu(x)v(x)dx+o¢/QVu(x)-Vv(x)dx
+ﬁ// (u(x) —u(y)(w(x) —v(y))

|x _y|n+23

dx dy 2.3)

for every u, v € X4 g.
We also define the seminorm

. 2
b3, , = /|Vu(x)|2dx+ﬁ// W) — w0 gy 2.4)

|X _y|n+2s

From the compact embeddings of the spaces H!(R2) and H¢, (see e.g. [41, Corol-
lary 7.2] when @ = 0), we deduce the compact embedding of X, g into L?(£2), for every
pe[l,2*)ifa # 0, and forevery p € [1,2}) ifa = 0.

We say that u € X, g is a solution of (1.9) if

B (u(x) —u(y)(v(x) —v(y))
a/QVu(x)-Vv(x)dx+ E//@ dx dy

|x _ y|n+2s

= /Q((m(x) — p()u(x))u(x) + t(x)J * u(x))v(x) dx (2.5)

for all functions v € X, g.

Now we show that among all the functions in HY,, the ones minimizing the Gagliardo
seminorm are those satisfying the nonlocal Neumann condition in (1.6). This is a useful
result in itself, which also clarifies the structural role of the Neumann condition introduced
in [43]:

Theorem 2.1. Let u: R” — R withu € LY(Q), and set, for all x e R"* \ Q,

u(z)
Eu(x) _/ |X |n+2s
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Then, if we define
u(x) ifx € Q,

(x) =3 Ey(x) | V= 2.6)
Er(x) ifx e R"\ Q,
wetae | (x) —a(y)? |u(x) —u(y)?
ulx) —uly u(x) —u(y
/@ |X _y|n+2s dxdy < /a de dy (27)

Also, the equality in (2.7) holds if and only if u satisfies (1.6).

Proof. We remark that the notation E; in (2.6) stands for E,, when u = 1. Moreover,
without loss of generality, we can suppose that

/ u(x) —u(y)?
)

s dx dy < +o0;

otherwise the claim in (2.7) is obviously true.
In addition,

|M(X)—“(J’)|2 |u(x)—u(y)|2
L= [ [ e e

so we only need to consider the integral on (R” \ €) x € (the integral on 2 x (R” \ )
being the same).
Setting ¢(x) := u(x) — u(x), for every y € R" \ Q we have

/ | () —u(y)]? dx:/ u(x) —i(y) —¢(y)?
Q Q

|X _ y|n+2s |X _ y|n+25 dx

[ )T TN RON HEO 5, 3
|X _ y|n+2s
Now we observe that, for every y € R” \ Q,
u(x) — ft(y) Ey(y)
———dx = E,(y) — =0.
fy e e = B = G )

Accordingly, (2.9) becomes
[ 1) —u()? s- | () — i) + )P - | ) = ()
Q Q Q

|x_y|n+2s |x_y|n+2s - |x_y|n+2s

for every y € R” \ Q, and the equality holds if and only if ¢(y) = 0. Integrating over
R™ \ Q (or, equivalently, on R” \ Q2), we get

lu(x) —u(y)? / |7 (x) — 1 (y)|?
— < dxdy = — < _dxdy,
/Rn\sz Q |x—ynt2s Y rR\Q Jo |x —y[rt3s Y

and the equality holds if and only if ¢ = 0 in R” \ Q. From this observation and (2.8) we
obtain (2.7), as desired. ]
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3. Existence results and proofs of Theorems 1.1 and 1.2

The proof of Theorem 1.1 is based on a minimization argument. More precisely, given the
functional setting introduced in Section 2 (recall in particular (2.2)), in order to deal with
problem (1.9), we consider the energy functional €: X, g — R defined as

E) = %/ IVul? dx

ﬁ |u(x) —u(y)?
/[ |x_ |n+2s dXdy
2

wlul> mu?  tu(J xu)
+/Q(3—2— : )dx. 3.1)

As a technical remark, we observe that our objective here is to distinguish between
trivial and nontrivial solutions, to detect appropriate conditions for the survival of the
solutions, and we do not indulge in the distinction nonnegative and nontrivial versus
strictly positive solutions. For the reader interested in this point, we mention however
that, under appropriate conditions, one could develop a regularity theory (see e.g. [47,
Theorems 3.1.11, 3.1.12]) that allows the use of a strong maximum principle for smooth
solutions (see e.g. [47, Theorem 3.1.4]).

Now we prove that the functional in (3.1) is the one associated with (1.9):

Lemma 3.1. The Euler—Lagrange equation associated to the energy functional & intro-
duced in (3.1) at a nonnegative function u is (1.9).

Proof. We compute the first variation of €, and we focus on the convolution term in (3.1)
(the computation for the other terms being standard; see in particular [43, Proposition 3.7]
to deal with the term involving the Gagliardo seminorm, which is the one producing the
nonlocal Neumann condition).

For this, we set

I (u) = %/Qu(x)(J «u(x)) dx.

For any ¢ € X4, and ¢ € (—1, 1) we have

Futep) =3 [ (e « 00+ ep) ) dx
= %/Qu(x)(J w 1) (x) + [u() (T * $)(x) + $(x)(J * u)(x)]
+ 2¢(x)(J * ¢)(x) dx.
Accordingly,
dg

Lasep) =5 [ 100 «p0+600 sm@dx. G2
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Now, since J is even (recall (1.2)), we see that
[Luw s prnax= [ueo( [ = ns0dr)dx
Q Q Q

- [ ¢<y)([ Iy — u() dx) &y = [ p e dx
Q Q Q
Using this in (3.2) we obtain

d
Dutep)| = r/ﬂ¢(x>(J « u)(x) dox,

which concludes the proof. ]
As a consequence of Lemma 3.1, to find solutions of (1.9), we will consider the

minimizing problem for the functional € in (3.1). First, we show the following useful
inequality:

Lemma 3.2. Letv,w € L?(Q). Then

/Q ) (T * )] dx < [ollzz@ Wl (33)

Proof. By the Cauchy—Schwarz inequality, we have

/le(X)l I(J »w)()|dx < [[vllL2@)ll/ * wlir2@)- (3.4)

Now, using the Young inequality for convolutions with exponents 1 and 2 (see e.g. [71,
Theorem 9.1]), we obtain

7 *xwllzz@) = IV * (wxe) 2wy < 1 lor@nyllwyxellrz@sy = llwllzz@)s

where (1.3) has also been used. This and (3.4) give (3.3), as desired. [
We are now able to provide a minimization argument for the functional in (3.1):

Proposition 3.3. Assume that m € L1(Q2), for some q € (g, +00], where g was introduced
in (1.10), and that - -
m+1)>3pu2?el(Q). (3.5)
Also let
2
Then the functional € in (3.1) attains its minimum in X g. The minimal value is the same
as the one occurring among the functions u € L? (2) for which

/ u(x) —u()?
)

FwTE=T dxdy < 400

and such that Nyu = 0 a.e. outside Q.
Moreover, there exists a nonnegative minimizer u, and it is a solution of (1.9).
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Proof. First, we notice that p € [2, 1) and

=1 (3.6)

By (3.3) we have

Tu(J *u) T T
[ dx < Sl = 5 [ mPax. 60
o 2 2 2 Jg

Moreover, we use the Young inequality with exponents 3/2 and 3 to obtain

4o _ g mte_pl 2m o
2 23 2—%/L§ 6 3 u2

From this and (3.7) we have

/pL|u|3 mu?  tu(J *u) /‘/L|u|3 mu?  tu?
— - dx il
Q

6 2 2
2 3
—/ Ll N, (3.8)
3 p?

We point out that the quantity « is finite, thanks to (3.5), and it does not depend on u.
Recalling (3.1), formula (3.8) implies that

E(u) = /|Vu|2dx~|—ﬂ// '”(x)_”(y)|2dxdy+/9“|gl3 dx —k. (3.9)

|x _y|n+2s

\V

Now we take a minimizing sequence u;, and we observe that, in light of Theorem 2.1,
we can assume that
Nsu; =0inR" \ @ forevery j € N. (3.10)

We can also suppose that

0= ¢€(0) = Ey)

2 B ([ lu;(x) —u; () plu;|?
/|Vu,| dx + = // BT dxdy + Qde—/c,

where (3.9) has also been exploited. This implies that

2 .13
/|Vu]|2dx+ﬁ// |u](x) uj(y)| dxdy—l—/ %dx$l('
Q

|X _ |n+23

As a consequence,

2
/|V ,|2dx+'3// |uJ(x) )l dxdy <«k. (3.11)

|x _ |n+23
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Moreover, by the Holder inequality with exponents 3/2 and 3,

2/3
||u,-||zz(ms(/g |uj|3dx) o]/

.13 2/3 2/310(1/3
nlu 62/3|Q
Q 6 “ /

g (/ M|uj|3 dx)2/362/3|9|1/3 g 62/3|Q|1/3K
Q 6 &2/3 /LL2/3

From this and (3.11), and using compactness arguments, we can assume, up to a subse-
quence, that u; converges to some u € L?(2) (for every p € [1,2}) if @ = 0, and for
every p € [1,2%) if @ # 0; see e.g. [41, Corollary 7.2]) and a.e. in 2, and also |u;| < h
for some h € LP(Q2) forevery j € N (see e.g. [20, Theorem IV.9]).

Hence, if x € R” \ Q, by the dominated convergence theorem,

uj(y) f u(y)
I gy | g
/52 |X_y|n+25 y Q |x_y|n+2s y

as j ' +o00. Accordingly, in light of (3.10), when x € R \ Q, we have

ui(y) »)
fQ |x ]y‘n-%—ZJ dy [Q %dy

uj(x) = =:u(x) (3.12)

fQ |X y‘n+25 fQ |x y|n+2s

as j /" +oo (we stress that till now u has only been defined in €2, hence the last step
in (3.12) is instrumental to also define u outside £2). As a consequence, we obtain that u;
converges a.e. in R”.

Now, recalling (3.6), we have

lim sup / m(ulz. —u?)dx| < limsup/ |m(u]2 —u?)|dx
j/+oo |JQ ’ Jj/+oo JQ
= limsup/ |m(uj —u)(u; +u)|dx
j/ 4o JQ
< limsup [[mllLa@)llu; —ullLr@)lluj +ullLr@) =0,
Jj/+oo
so that
lim m(ujz- —u?)dx =0.
J/to0 JQ
Also,

/(uj(J *uj) —u(J xu))dx = / (uj —u)(J *uj)dx
Q Q

+/(J xu; —J xuudx. (3.13)
Q
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Using (3.3) with v := u; —u and w := u, we obtain
limsup [ |u; —ul|J xuj|dx <limsup [[u; —ulz2@)llu)jllz2@) = 0. (3.14)
J/+oo JQ J /400
Similarly, exploiting (3.3) with v := w and w := u; — u, we have
limsup/ |J xuj —J xu||uldx = limsup/ |J x (u; —u)||u|dx
Jj/+oo JQ Jj/+oo JQ

< limsup [u; —ull 2@ llullLz@) = 0. (3.15)
Jj/+oo

From (3.13), (3.14) and (3.15) we conclude that
lim u;j(J *u;)—u(J ~u))dx =0.
im0 ) =7 )

We also have, by the Fatou lemma and the lower semicontinuity of the L2-norm,

2 _ 2
i [ bW =y g ff B MO
Q

Jj/+o0 -yt |x — y|rt2s

liminff |vuj|2dx>/ |Vu|? dx
Jj/+o0 Jo Q

.13 3
liminf/ Mal /[ /L|u| dx.
i/t ) 3 o 3

Gathering together these observations, we conclude that

and

liminf&(u;) = E(u),
lim inf £(1j) > €(u)

and therefore u is the desired minimum.
Also, since E(|u]) < E(u), we can suppose that u is nonnegative. Finally, u is a solution
of (1.9) thanks to Lemma 3.1. ]

The claim of Theorem 1.1 follows from Proposition 3.3.
Now we provide the proof of Theorem 1.2, relying also on the existence result in
Theorem 1.1:

Proof of Theorem 1.2. Thanks to Theorem 1.1, we know that there exists a nonnegative
solution to (1.9).

We now prove the claim in (i). For this, we assume that m is nonpositive and 7 = 0,
and we argue towards a contradiction, supposing that there exists a nontrivial solution u
of (1.9).



S. Dipierro, E. Proietti Lippi, and E. Valdinoci 1112

We notice that, since v = 0 and u = p > 0in €,

/ uu dx > 0.
Q

As a consequence, taking v := u in (2.5) we obtain

_ 2
0<a/ |Vu|2dx+ﬂ// ulx) —u(y)| dxdy:/ muzdx—/ uuldx <0,
|X— |n+2s Q Q

which is a contradiction, and therefore the claim in (i) is proved.

Now we deal with the claim in (ii). From Theorem 1.1 we know that there exists a
nonnegative solution u to (1.9) which is obtained by the minimization of the functional €
in (3.1) (recall Proposition 3.3). We claim that

u does not vanish identically. (3.16)
To prove this, we show that
0 is not a minimizer for €. (3.17)

For this, we consider the constant function v = 1 and a small parameter & > 0. Then

2 3
8(81}):—%[/m+r(J*l)dx:|+%//de
Q Q

< —c18? + c28?,

where | 1
1= —/ m+t(J x1)dx and c3:= Z|ullLi @)
2 Jo 3

We remark that ¢; > 0, thanks to (1.11), and ¢, € (0, 400), in light of (1.12). Then, for
small & we have E(ev) < 0 = £(0). This implies (3.17), which in turn proves (3.16). =

4. Analysis of the eigenvalue problem in (1.13) and proof of
Theorem 1.4

In this section we focus on the proof of Theorem 1.4. For this, we need to exploit the
analysis of the eigenvalue problem in (1.13) (some technical details are deferred to [42]
for the reader’s convenience).

The first result towards the proof of Theorem 1.4 concerns the existence of two
unbounded sequences of eigenvalues, one positive and one negative:

Proposition 4.1. Let

m € L9(Q) for some q € (¢, +00], 4.1)
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where q is given in (1.10). Suppose that m™T, m~ # 0 and that

/ m(x)dx # 0. 4.2)
Q
Then problem (1.13) admits two unbounded sequences of eigenvalues:

S A <A <Ap=0<A <A<

In particular, if
/ m(x)dx <0,
Q

then
- 2
A= urer}}zﬂ{[u]xa!ﬂ st [gmu?dx = 1}, (4.3)

where we use the notation in (2.4). If instead

/ m(x)dx > 0,
Q

then
Aoy =— mi ¥ . st 2dx = —1}.
1= min (b, st fomu dx =1}
The proof of Proposition 4.1 is contained in [42].
The first positive eigenvalue A1, as given by Proposition 4.1, has the following prop-
erties:

Proposition 4.2. Let m € L9(2), for some q € (q, +00], where q is given in (1.10).
Suppose that m* # 0 and
/ mdx < 0.
Q

Then the first positive eigenvalue Ay of (1.13) is simple, and the first eigenfunction e can
be taken such that e = 0.
A similar statement holds for A_y if m~ # 0 and

/mdx>0.
Q

See [42] for the proof of Proposition 4.2.

With this, we are now ready to give the proof of Theorem 1.4:

Proof of Theorem 1.4. Thanks to Theorem 1.1, we know that there exists a nonnegative
solution to (1.9).

We first prove the claim in (i). For this, we assume that m < —t, and we suppose by
contradiction that there exists a nontrivial solution u of (1.9).
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We observe that, applying (3.3) with v := uy and w := u,

r[ u(J xu)dx < r||u||iz(9) = ‘L’/ u?dx. 4.4)
Q Q

Hence, taking u as a test function in (2.5), using (4.4) and recalling that u = 0 and p > Hs
we get

0<a/ |Vu|2dx+ﬁ// ) w0

|X— |n+2s
=/(m—uu)u2dx+t/(J*u)udx
Q Q
$—t/u2dx—,u/u3dx+t/u2dx
Q —Ja Q
< 0.

This is a contradiction, whence the first claim is proved.

Now we show the claim in (ii). From Theorem 1.1 we know that there exists a non-
negative solution u to (1.9) which is obtained by the minimization of the functional &
in (3.1) (recall Proposition 3.3). We claim that

u does not vanish identically. “4.5)
To prove this, we show that
0 is not a minimizer for €. 4.6)

For this, we take an eigenfunction e associated to the first positive eigenvalue A1, as given
by Proposition 4.2. Namely, we take e € X, g such that

anVe-Vvdx+§//& (e(x) —e(y))(v(x) —v(y)) dx dy =Al/gmevdx @.7)

|x — y|r+2s

forevery v € X, g.
By taking v := e in (4.7), we obtain

_ 2
/|Ve|2d +'3/f |e|§cx1 rn(ﬁ;)s' dxdyzx\lfgmezdx. (4.8)

We also remark that, thanks to (1.14), we can use the characterization of A given in
formula (4.3) of Proposition 4.1, and hence we can normalize e in such a way that

/ me?dx = 1. (4.9)
Q
By [42, Corollary 1.4], we know that

e is bounded. (4.10)
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We also take ¢ > 0. Then, by (4.8) and (4.9),

8(88)2%[ /|Ve|2dx+ﬂ[/ le) —eME ;4

|X _ y|n+2s

—/ mezdx—/ t(J*e)edx]+—/ we dx
Q Q 3 Ja
&2 &3
= —[(Al—l)/ mezdx—/ o(J *e)edx] +—/ e dx
2 Q Q 3 Ja
&2 3
= —[(Al—l)—[ r(J*e)edx]+—/ we dx
2 Q 3 Ja

3

&
— 4.11
= 28 +C23 ( )

where

c1 :=1—)&1+r/(]*e)edx,
Q

Co :=/ /Le3dx.
Q

We notice that ¢; > 0, thanks to (1.15), and ¢, € R, in light of (4.10). As a consequence,
for small ¢ we have E(ge) < 0 = £(0), which proves (4.6). In turn, this implies (4.5), thus
completing the proof of (ii). ]

Remark 4.3. For the sake of simplicity, we focused here on the eigenvalue problem
in (1.13) since it is the “natural one” associated with the diffusive character of the popu-
lation. In this sense, condition (1.15) relates, in a simple and explicit manner, the survival
chances of the population to the corresponding values of the diffusive eigenvalue with
respect to the pollination term.

We observe however that condition (1.15) can be sharpened by considering an eigen-
value problem in which one considers altogether diffusion and pollination. More specifi-
cally, one could consider, instead of (1.13), the weighted eigenvalue problem of convolu-
tion type
—aAu + B(—=A)’u = A(mu + tJ xu) in Q, 4.12)

with (o, 8)-Neumann condition. '

One could denote by A1, the smallest strictly positive eigenvalue of (4.12) and by e, the
eigenfunction corresponding to A, normalized such that

/ m(x)e2(x)dx + r/ (J *xex(x))e(x)dx = 1.
Q Q

In this functional analytic setting, proceeding as in (4.11), but with e replaced by e, one
would obtain, instead of (1.15), the condition

Alﬁ < 1. (413)
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We point out that (4.13) is indeed a milder condition than (1.15), since

— 2
o [o |Vel?dx + %ffg % dx dy
Jome?dx + 1 [o(J xe)edx
A1

- l—}—th(J*e)edx;

x <

therefore if (1.15) holds true, then so does (4.13).

5. Optimization on m and proofs of Theorems 1.5,1.7, 1.8, 1.9
and 1.10

This section is devoted to the understanding of the optimal configuration of the resource
m, which is based on the analysis of the minimal eigenvalue problem given in (1.17).
First of all, we will see that the optimal resource distribution attaining the minimal
eigenvalue in (1.17) is of bang-bang type, namely concentrated on its minimal and max-
imal values m and m. This property is based on the so-called “bathtub principle”; see
[40, Lemma 3.3] (or [55,57]). We recall this result here for the convenience of the reader:

Lemma 5.1. Let f € LY(Q) and M be as in (1.16). Then the maximization problem

sup/fmdx
meM JQ

is attained by a suitable m € M given by
m:=myp —mya\p

for some subset D C 2 such that

m + mo

|D| = —
m+m

1. (5.1)

We now show that, in light of Lemma 5.1, to optimize the eigenvalue A; in (1.17), we
have to consider m € M of bang-bang type. More precisely, we define

M= J\~/[(r7z,rﬂ,m0) = {m eMs.t.m:=myp —mxyo\p.
- +
for some subset D C Q with |D| = %Kﬂ} (5.2)

and we have the following result:

Proposition 5.2. We have

1>
Il

il’lf; Al (m)
meM
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Proof. We define

A= inf A,(m),
meM
and we claim that y
A=A (5.3)
To this end, we observe that, since M cC M, we have
A< A 5.4

Moreover, by the definition of A in (1.17), we have that for every ¢ > 0 there exists m, € M
such that A + € = A1 (m,). Then we denote by e, the nonnegative eigenfunction associated
to Ay (m,), and we conclude that

[36])2(% 5

A+e=Ai(mg) = (5.5)

JomeeZdx’

We also observe that, in light of Lemma 5.1,

/msegdxS/(r?z)(ps—mxgwg)egdx
Q Q

for a suitable D, C Q satisfying (5.1). Plugging this information into (5.5), and letting

m} :=myp, —MYQ\p,, We obtain

[ets])z(wg

A+e= —
- Jo(Mxp, —mya\p,)e? dx

> Ai(m}) = A.

Hence, taking the limit as & goes to 0, we get that A > X This, combined with (5.4),
establishes (5.3), as desired. [

We recall that many biological models describe optimal resources of bang-bang type;
see e.g. [26,27,54,57,61,64].

In light of Proposition 5.2, from now on, when optimizing the eigenvalue A, (m) as
in (1.17), we will suppose that m belongs to the set M introduced in (5.2).

Now we provide the proof of Theorem 1.5.

Proof of Theorem 1.5. We take a ball B C 2 such that
do
|B| < 7|§2|. (5.6)
We can assume, up to a translation, that Q C {x, > 0}, and, for every £ = 0, we define

the set
Qg :=BU(x, <§NQ).
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We observe that Q| is nondecreasing with respect to &, and we define

E* = sup{€ = 0: |Q¢| < 20|01,

m+m

We claim that, for every § > 0,

lim |Qg| = |Q¢]. 5.7
Jim |92¢| = 2

To this end, we first show that

éliné X2, (x) = xq.(x) forae x €. (5.8)

For this, we consider several cases. If x = (x’, x,) € Q¢, then either x € B or x, < £.
If x € B, then x € Q¢ for each § > 0, and accordinglyi)(g‘5 x)=1= XQE(X) which
implies (5.8). If instead x,, <§, then there exists § € (x5, §) such that, for every § € (é £),
we have yq,(x) = 1= X (x), which proves (5.8) also in this case.

On the other hand, if x & Q g then x & B and x, = §. We notice that the set {x, = §}
has zero Lebesgue measure, and therefore, in order to prove (5. 8) we can assume that
xn > §. Then there ex1sts§ € (£, x,) such that, for every § € (§, f;') we have x ¢ Q¢, and
80 Y@ (x) =0 = Lo (x). This completes the proof of (5.8).

By (5.8) and the dominated convergence theorem we obtain (5.7), as desired.

We also notice that if £ = 0, then Q¢ = B, and therefore, by (1.18) and (5.6),

m + mo

2+ )

do
2 = 1B < 12l <
This and the continuity statement in (5.7) guarantee that £* > 0.
Moreover, the continuity in (5.7) implies that

m + mo

Qx| =
| Qx| o

— |Q2]. (5.9)

Now we set D := Qgx, and we observe that D satisfies (5.1), thanks to (5.9). Also,
we take v € C§°(B), with v # 0. Then, recalling that B C D,

V%, ,
JoMxp —myq\p)v?dx
bk, ¢
PR S J—
m[pv2dx ~ m

A<

for some positive constant C depending on 2 and dj. This completes the proof of Theo-
rem 1.5. ]

With the aid of Theorem 1.5 we now prove Corollary 1.6, by arguing as follows:
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Proof of Corollary 1.6. We notice that

. omtmg 1
lim = -,
M +o0 2t 2

By taking m# = m = m, this implies that

m + mo fﬂ+mo>

= =

m+m 2m

’

FN-

as long as # is large enough. This says that the assumption (1.18) in Theorem 1.5 is
satisfied with dg := %, and therefore, Theorem 1.5 gives that

A, m,mgy) < —
"
for some C > 0 depending only on 2. As a consequence,

lim A(m,m,mo) =0,
m /" +oo

as desired. [

The next goal of this section is to prove Theorem 1.7. For concreteness, we give here
the proof for n > 3, and we defer the case n = 2 to Appendix A.
Without loss of generality, we suppose that

B> C Q. (5.10)

For n = 3 and for any p € (0, 1), we define the function ¢: R” — R as

cx + 1 ifx € By,
e’ 1 ,
o) = et (W - 1) if x € By \ B,. (5.11)
Cx if x € R" \ By,
where y > 0 and
ey 1= BT M0 (5.12)
mo
We observe that, since mg € (—m, 0), we have ¢, > 0.
Also, we set
D := B,. (5.13)

The idea to prove Theorem 1.7 is to use the function ¢ in (5.11) and the resource m =
myp —myq\p, with D as in (5.13), as competitors for the minimization of A in (1.17).
In this setting, we notice that, since m € M, recalling (5.1),

m + mo

181l = 18, = D] = 21 g
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This says that
sending m /" 400 is equivalent to sending p ~\ 0, (5.14)

m, mg and |2| being fixed quantities in this argument.

In light of these observations, the next lemmata will be devoted to estimate in terms of
p the quantities involving ¢ that appear in the minimization of A.

We point out that, in dimension n = 2, the argument to prove Theorem 1.7 will be
similar, but we will need to introduce a logarithmic-type function as in (A.1) instead of a
polynomial-type function as in (5.11) (as often happens when passing from dimension 2
to higher dimensions).

The first result that we have in this setting deals with the H '-seminorm of ¢:

Lemma 5.3. Letn = 3 and ¢ be as in (5.11). Then

lim/ |Vp|?dx = 0.
oN\O0 Jo

Proof. By the definition of ¢ in (5.11), we have Vo # O only if x € B; \ B,. Accordingly,
using polar coordinates,

o’ \2 1
Voldr = (12) [ s
A T=p7) Jun, P77

o’ \2 (!
= |3B,|y?*(—— 23 g (5.15)
4 1—pr g
Now we point out that
1 -2
L SV
n—2y—-2
L s n—2
/ TV dr < {—logp ify = — (5.16)
o)
n—2y—2 -2
T ify > "
n—2y-—2 2

This and (5.15) entail that, for every y > 0,

lim/ [Vo|>dx =0,
PNO Jo

which concludes the proof. |

Now we deal with the Gagliardo seminorm of ¢. For this, we point out the following
useful inequality:

Lemma 5.4. Let x, y € R" \ {0} and y > 0. Then there exists C, > 0 such that

Loy [lx| = 13|
lxly Iy 1 7 minla Ly Ly

(5.17)
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Proof. We can assume that |x| = |y|, the other case being analogous. In this way, for-
mula (5.17) boils down to

1 1 [x] — |yl
— - <c, 2 (5.18)
yly —Ixlr =77 [yprt!

To prove (5.18), we first claim that, for every ¢ > 1,
1
1— 7 S <C(t—-1) (5.19)

for a suitable C), > 0. Indeed, we set

1
f(@):= Ct+t—y—(C+1)
for some positive constant C (to be chosen in what follows), and we observe that

(1) =0, (5.20)

and y
ey —

for any ¢t = 1. As a result, taking C := y + 1, we obtain f’(¢) > 0. This and (5.20) give
that f(z) = O for every ¢ = 1, which implies (5.19).
Taking 1 := le in (5.19), we obtain

¥
O (-
|x|¥ |1
Multiplying this inequality by ﬁ we deduce (5.18), as desired. |

With this, we now estimate the Gagliardo seminorm of ¢ as follows:

Lemma 5.5. Letn = 3 and ¢ be as in (5.11). Then

/ lp(x) —e(»)|?
Q

lim |x _y|n+2s

dxdy = 0.
P \O0 Y

We give here a proof of Lemma 5.5 based on direct (albeit a bit long) calculations. A
shorter proof based on interpolation theory will be provided in Appendix B.

Proof of Lemma 5.5. In what follows, we will assume that p < 1/4. By the definition of
@ in (5.11), it plainly follows that

2
// () — ‘pfryZ)J dxdy =0 (5.21)
B,xB, XYl
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and

2
x J—
// —lfﬂ( ) (ig;)J dxdy =0.
®"M\B)x(®\By) X~V

Moreover, by the change of variable z := y — x,

2
— 1
[y S = [ e
Byx(®RM\By) X~V Byx@®M\By) X — V]

1
< dx/ —dz
pr "\B% |Z|n+2s

<C dx = Cp"
By

for some C > 0. As a consequence,

_ 2
i ff B dxdy =0
N0 Mg xwm By 1X =Y

Now, if x € B1 \ B, and y € B,, from (5.11) we have
o = (P ZL_L)Z
() =P = (75 ) ( :

p¥/ Nx[r p¥

Hence, also utilizing (5.17) (applied here with |y| := p),

2
x —_
// lp(x) ﬁ(f;)J dx dy
(Bl\Bp)pr Ix =yl
1 1\2 1
( Y // ( Yy - y) n+2s dx dy
1_:0 (Bi\B,)xB, \ X pr/ |x =yl

2
S +2 // (1 r);olzs dx dy.
p=Y I- P” (B\B,)xB, |X — VI

We observe that, since x € By \ B, and y € B,

x| =p < x| =yl < [x =yl

and therefore, plugging this information into (5.24),

2
x —
/f lp(x) i(+y2)sl dx dy
(Bl\Bp)pr |x — )’|
< lx —y|> "2 dx dy
p2y+2 1— Py // \B,,)XB,,

< C ( 4 )2/' i
p2y+2 1—pv B,

S Cpn—Z,

1122

(5.22)

(5.23)

(5.24)



(Non)local logistic equations with Neumann conditions

up to renaming C > 0 from line to line. As a result,

2
e, ff e dxdy o
PO JJ (B\B,)xB, |x — I

1123

(5.25)

In addition, since R” \ Q C R” \ B; (recall (5.10)), changing variable z := y — x and

using polar coordinates,

2
x —
[/ lo(x) i(+y2)sl dxdy
(Bl\Bp)x(Rn\sz) [x — yl
// e —
_ xdy
1“”’ (B1\B,)x(R"\Q) |x|” lx — y|nt2s

y 1 1
1L—p¥/ Jps, \x|¥ R7\B, |Z|"T2
2

2/ (o~ +1)d
- X
Bi\B, \X[?Y x|

4 2 1
$C( p ) l—I—f e P
1 —pY 0

possibly changing C > 0 from line to line. We also remark that
1
n—2y

ify <

rn—2y—1 dr < —log,o if)/ —
pn—2y
- 2y

-
| = N|= wl:

if y >
1)/2

This and (5.26) imply that

2
lim // 1) = 0IE v ay = 0
PO M (g \Bx@®n\@) X VI

Furthermore, recalling (5.11) and making use of (5.17), we have

2
) —
// lp(x) <ﬁ(+y2)sl dx dy
(Bl\Bp>x(s2\Bl> |x =l
/f L
—1) —————dxdy
1_Py (B1\B,)x(2\B1) |X|V |x — y|nt2s

1—1|x])?
sC // 5'2 P ng2s dxdy.
l_Py (Bi\By)x(@\By) [X[?7T2|x =yl

(5.26)

(5.27)
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Hence, noticing that, for every x € B; \ B, andevery y € Q \ By,

I=Ixl < yl=Ix] < [x =yl

we conclude that

_ 2
// lp(x) cziyz)sl dx dy
(Bl\B,,)x(sz\Bl) [x =l

1
< C( // dxdy
1—p¥ (B1\B,)x(2\B1) [x[27F2[x — y[nt2s—2
yo\2 1
1—p¥/ Jp\s, [X[?Y
vy 2 !
< C( P ) / rT2r 3
1—pY 0
Accordingly, recalling (5.16), we conclude that
_ 2
lim // % dxdy = 0. (5.28)
oM gByx@\By X — I
We now claim that
2
lim // o0 = f(fz)s = axay =o. (5.29)
PO ) (B \B)x(BI\B,) X — VI

For this, we observe that by (5.11),

_ 2
foy 52578
(Bl\Bp)x<Bl\Bp> r-
_ // ( 1 1 )2 dx dy
1—,0" (B1\B,)x(B1\B,) X7 Iyl x =yl

_ /'/ ( 1)2 dx dy
=255 @B\~ ) ey

{IxI<Iyl}

Hence, from (5.17) we get

2
x —
// | (x) fiyz)sl dx dy
(Bl\Bp)x(Bl\B,,) |x — vl

| |2 n—2s
<C
1 — PV //Bl\Bp)X(Bl\Bp) |x|21’+2 dx dy’
{IxI<Iyl}

up to renaming C > 0.



(Non)local logistic equations with Neumann conditions

Since p € (0, 1), we can take an integer k such that
1 1

k1 <SPS ok

In this way, we have

2
x —
// lp(x) q:(+y2)sl dx dy
(Bl\Bp)x(Bl\B,,) |x =yl

|X— |2 n—2s
<C
s 1_py //BI\BUZM)x(Bl\Bl,zkH) x[27+2 dx dy
{IxI=Iyl}
2 |x_ |2 n—2s
14 dx dy.
Z // By i \B, i )X (B, \By piv)  xprz
{IxI=|»1}

We also observe that when x & By ,i+1, y € By, and |x| < |y|, we have

1 < < <1
F\M\M\E’

and accordingly j < i + 1. This implies that

|x _ y|2 n—2s
/[Bl\Bp)x(Bl\Bp) ez dxdy

1125

(5.30)

(5.31)

{IxI<lyl}
k i+l | _y|2—n—2s
= —d d
ZZ// 1/2’\B1/2'+1)X(B1/2]\Bl/szrl) |x|21’+2 xay
=07=0 {xI>1yl}
k i+1
ZZ// @YD |y 2mn25 g g1y
i=0 =07 (Byi \By3i+1)%X(By ;5 \By pj+1)
k i+1
ZZ/ 2(2y+2)(i+1)dx/ 12|27725 4z
i=0j=0 1/2i\Bl/zi+1 3211+1
k i+1
<C Z Z p—ni+Q2y+2)i+(2s-2)j
i=0,=0
k
<C 22(2y+2—n)i
i=0
C if y < 252, C ify < %2,
<) ¢k 1f7/——2,$ Cllogp| ify =252,
C2(2y+2—n)k lf)/ > 2’ Cpn_zy_z lf)/ > _2

up to renaming C > 0, where we used (5.30).
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Plugging this information into (5.31), we obtain (5.29).

Putting together (5.21), (5.22), (5.23), (5.25), (5.27), (5.28) and (5.29), we obtain the
desired result. ]

We now estimate the weighted L2-norm of the auxiliary function ¢:
Lemma 5.6. Letn = 3 and ¢ be as in (5.11). Then

_m(m + mo)
mo

|2] > 0.

lim m (pzdx—m/ % dx =
o0 Jp Q\D

Proof. Recalling (5.12), (5.13) and (5.1), we see that

2
m/¢wx=mg+umn=m0m+m°1)m+7ﬂm
D m+m

mm?(m + mg)

=5 =g, (532)
m3(m + i)
Moreover, we observe that
y

Pl < —— <2, (5.33)

L—p7 x|y 2705 = 1 — pr

as long as p is small enough. As a consequence, recalling (5.11) and (5.13), and using the
dominated convergence theorem, we find that

y 1 2
1imm/ qozdleimm/ cfdx—i—m/ [0*4— P (——1)] dx
N0 Jovp N0 JavB, Bi\B, 1 —p” \ x|
= mc;|Q\ Bi| + mc}|Bi|
m + mo\2
) 1.

= me2|Q| = m(

From this and (5.32), and recalling (5.14), we conclude that

=2
limrﬁ/ (pzdx—m/ ¢*dx = lim wﬁﬂ—m(
N0 Jp Q\D m/+oo  mg(m + m)

m?(m + mo) m + mo\2
= 0 - m( )12l
mO my
m(m + mo)
= == —2[m — (m + mo)]|2|
my

m +mo)2|9|
m

m(m + mo)
= ——|Q],
mo

which is positive, since mg € (—m, 0), as desired. [

We are now in position to give the proof of Theorem 1.7 for n > 3.



(Non)local logistic equations with Neumann conditions 1127

Proof of Theorem 1.7 when n = 3. The strategy of the proof is to use the auxiliary func-
tion ¢ as defined in (5.11) and the resource m := myp —myq\p, with D asin (5.13), as
a competitor in the minimization problem (1.17). Indeed, in this way we find that

— 2
o V0P dx + 5 fl B0 ax

A(m,m, mo) < —
[ @2 dx —m [\ p lel? dx

Moreover, Lemmata 5.3 and 5.5 give

_ 2
lima/ Vo2 dx + B Mdm’y —0.
™o Jo @ lx—y|rt?s

This, combined with (5.14) and Lemma 5.6, gives the desired result. ]

Now we deal with the proof of Theorem 1.8. The main strategy is similar to that of the
proof of Theorem 1.7, but in this setting we introduce a different auxiliary function (and
this of course impacts the technical computations needed to obtain the desired results).
Namely, we define

cy—1 if x € By,
¥ (x) P’ ( ! 1) ifxe B \B (5.34)
X)) =<¢cg———— — if x , .
= LA
cy ifx e R" \ By,
where _
oy = 0 (5.35)
mo
We point out that ¢y > 0, since mo < 0 < m. We also set
D :=Q\B,. (5.36)
We remark that, in this setting, since m € J\~/E, recalling (5.1),
m + mo
Q| —|By| =2\ B,| = |D| == Q.
Q1= 1Byl = 12\ Byl = D] = = =212
This says that
sending m " +o00 is equivalent to sending p \ 0, (5.37)

m, mg and | Q2| being fixed quantities in this argument. The reader may compare the setting
in (5.13) and (5.14) with the one in (5.36) and (5.37) to appreciate the structural difference
between the two frameworks.

Now we list some useful properties of the auxiliary function . Noticing that the
function v in (5.34) differs by a constant from the function —¢ in (5.11), we obtain the
following two results directly from Lemmata 5.3 and 5.5:
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Lemma 5.7. Letn = 3 and  be as in (5.34). Then

lim / Vy|?dx = 0.
Jim | VY|
Lemma 5.8. Letn = 3 and  be as in (5.34). Then
i [ P =P
im -

dxdy = 0.
N0 Sg  fx =yl g

We now deal with the weighted L2-norm of the auxiliary function v:
Lemma 5.9. Letn = 3 and  be as in (5.34). Then

limrﬁ/ Vdx—m [ prdx =m0 00,
PN\O0 D Q\D mo

Proof. Recalling (5.34) and (5.36), we find that

¥ 1 2
m[wzdx:n_q/ c&dx—i—n_i/ [c#— P (——1)] dx.
D Q\B, B1\B, 1 —p¥ \|x]”

Hence, recalling (5.33) and using the dominated convergence theorem and (5.35), we
deduce that

—m\2
limn_1/ ¢2dx=rrzc§|sz\31|+rﬁc§|31|=n—1c§|sz|=n—1(m° m) Q. (5.38)
oo Jp mo

Moreover, recalling (5.36), (5.1) and (5.35),
2 . , 2
m Y dx =m(cy — D72\ D|

Q\D
mo—m m-—m
— (T —jo
mo m +

min?(in — mg)
mgo(m + m)
As a consequence of this and (5.38), and recalling (5.37), we have

_2 —
limm/ V2dx—m | yrdx = (mO ) Q| — Mm
o0 Q\D mo m/'+oo m (m +m)

_ /Mg —m\2 m?(im — mg)
i G N o]
my m

0
= M=) gy — Q2
my
- m(n_,l_m())|9|s
mo

which is positive, since my < 0 < . [
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Now we are ready to give the proof of Theorem 1.8 for n = 3.

Proof of Theorem 1.8. The strategy of the proof is to use the auxiliary function y as
defined in (5.34) and the resource m := myp — myq\p, with D as in (5.36), as a com-
petitor in the minimization problem (1.17). Indeed, in this way we find that

X)— 2
_ an|VW|2dx+ﬂff@%dxdy
/_\(mv’ﬂ»mo $ — 2 >
m [p Y] dx—me\DW| dx

Moreover, from Lemmata 5.7 and 5.8 we have

. 2 [y (x) =y _
;l\rﬂ)a/sz'vwl dx+ﬂ//@—dxdy—0.

|x _ y|n+2s
This, combined with (5.37) and Lemma 5.9, implies the desired result. [

Having completed the cases n > 3 and deferred the case n = 2 to Appendix A, we
now focus on the case n = 1, by providing the proofs of Theorems 1.9 and 1.10.

For this, when n = 1 we first establish the following lower bound for A (as defined
in (1.17)):

Lemma 5.10. Letn = 1 and o > 0. Then

Cm(m + m)*

mm3 (i — mo)2(m(2m + mo) — mmg)’

A(m,m,mo) = (5.39)

for some C = C(a, B,Q2) > 0.

Proof. Without loss of generality, we can set « = 2. We take an arbitrary resource m in
the set M defined in (5.2). Moreover, we denote by e an eigenfunction associated to the
first eigenvalue of problem (1.13), that is,
_ 2
fg le'|? dx + %ff@ leG)—e)? 7\ dy

|x_y|n+2s

A(m) = (5.40)

rﬁfDezdx—me\D e2dx

In light of Proposition 4.2 here and [42, Corollary 1.4], up to a sign change, we know that
e is nonnegative and bounded, and therefore we set

a:=infe and b :=supe.
2 Q

By construction, we have a € [0, b], and we can also normalize e such that b = 1; in this
way
e(x) <1 foreachx € Q. (5.41)

We also take xg, yx € €2 such that
e(xg) >a and e(yr) — 1

ask ' +oo0.
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We observe that

if there exist X and y such that |e(xX) — e(y)| =

same connected component of €2, then

(1—a)* < C/ le’|> dx  for some C > 0. (5.42)
Q

Indeed, for x and y as in the assumption of (5.42) we have

7 2
(e(7) —e(¥))? = (/ e/(t)dt) < C/Q|e’(t)|2dt

for some positive C. Accordingly, we obtain the desired result in (5.42).
Now we claim that

le(x) —e()*
(1—a)* < c(/ /2 dx +,3// S dxdy) (5.43)

for a suitable C > 1.

To prove this claim, we need to consider different possibilities according to the possi-
ble lack of connectedness of €2. For this, we first remark that, with no loss of generality,
we can suppose that

a<l, (5.44)

otherwise (5.43) is obviously satisfied.

Furthermore, Q2 being a bounded set with C ! boundary, necessarily it can have at most
a finite number of connected components (otherwise, there would be accumulating com-
ponents, violating the assumption in (1.1)). Hence, if 2 is not connected, we can define
do to be the smallest distance between the different connected components of 2. We also
let dq be the diameter of 2 and d, the smallest diameter of all the connected components
of Q (of course, dy, di and d, are structural constants, and the other constants are allowed
to depend on them, but we will write dy, dq and d, explicitly in the forthcoming compu-
tations whenever we need to emphasize their roles). To prove (5.43), we distinguish two
cases: the first case is when

2 has one connected component, or it has more than one connected component, with
e(x)—e
sup le(x) (y)| (5.45)
X, Y€ |X - y| dO
le(x)—e(y)|= 1

and the second case is when

€2 has more than one connected component, with
e(x)—e 4
sup lex) el 4 (5.46)
X,yEQ |X - y| dO
le(x)—e(y)|= 15
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Let us first discuss case (5.45). If © has one connected component, then we can exploit
(5.42) with X := x; and y := y; with k sufficiently large, and the claim in (5.43) plainly
follows. Thus, to complete the study of (5.45), we suppose that €2 is not connected and, in
the setting of (5.45), we find X, y € Q with

— X) —e(y 3
le(X) — e(7)| = —— and —'e@ e_(y)l > . (5.47)
|x — ¥l do
In this framework, we have
X and y belong to the same connected component. (5.48)

Indeed, if not, we would have |X — J| = d, and thus, by (5.41),

le(X) —eM)| _ e+ e _ 2
Ix—» = do T dy’

which is in contradiction with (5.47), thus proving (5.48).
Then, by (5.48), we can exploit (5.42), from which one deduces (5.43) in this case.
Having completed the analysis of case (5.45), we now focus on the setting provided
by case (5.46) and we define

- min{l—a.dy). 5.49
100(1+di)mm{ @, dz} (.49

We observe that, r > 0, due to (5.44), and, if ¢ € Q with | — x| < r, then

le(®) — e(xi)| < 10“.

Indeed, suppose not. Then the assumption in (5.46) guarantees that

4 > le(?) — e(xg)| > le(®) — e(xp)]
do [% — xi| r ’

(5.50)

and therefore
4

e@) —e(xp)| < W( — <l

against the contradiction assumption.
This proves (5.50) and similarly one can show that if € Q with |t — yx| < r, then
—a
e(¥)—e .

[e(®) —e(n)l < —5

Combining (5.50) and (5.51), we find that, for all ¥, 7 € Q with |} — xx| < r and
|t — vkl <7,

le(?) —e(T)| = [e(xk) —e(yi)| — le(@) —e(xi)| — |e(r) —e(yi)|

1—a 1—a 1—a
> >

2 5 7 4

(5.51)

=
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For this reason, letting §1 := B, (x;) N Q2 and S, := B, (yx) N 2, we have
[[ L0 gy [ l0E
@ lx— |n+25 axq X — |n+2s
) — 2
[/ le(®) eE::2)| 49 dt
S]XSZ |19 - Tln g

1— 2
z/f U=y iy ar
5105, 16d]

_ (A=aP[Sifls]  (1—a)’r?
16dy+28 64dp T2

(5.52)

We also recall that in the case (5.46), we have that €2 is not connected and consequently
B # 0, due to (1.5). From this and (5.52), up to renaming constants, we deduce that

2 le(x) —e()* (1—a)?r?
/|e| dx +,3// —y|”+25 dxdyZT,

which, together with (5.49), proves (5.43), as desired.
We also remark that, testing the weak formulation of (1.13) against a constant function,

/ medx =0,
Q

n_1|D|ZrT1[edx=m/ edx zam|Q\ D]|. (5.53)
D Q\D

one sees that

and therefore, recalling (5.41),

Recalling (5.1), we see that
m— my

|2\ D| = IQI (5.54)

and therefore

rﬁ/ezdx—m/ e*dx <m|D|—a*m|Q \ D|
D Q\D

_m+ mo m — mo
=m — Q2] — — ||
m+m m
_mm(l —a?) + mo(m 4 a’m) Q|
B m + m
< ——0-a»)|Q|, (5.55)
m+m

since mo < 0 and m, m > 0. Using this inequality and (5.43) in (5.40), we conclude that

m+m (1—a)4_m+171 (1-a)3
1—a?2  inm 1+a

CAi(m) =

, (5.56)

up to renaming C > 0.
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Furthermore, from (5.53) we know that

N

+I’n0
a <

3|3
3

_mo.

. 13 . . .
Consequently, since the map [0, 1] > ¢ := (11 +’t) is decreasing, we discover that

m  m+ _
(1—a)3>(1—%-—2_23)3__m8(m+m)3 ‘ 1
I+a = 142200 m2 (i —mo)?  2/im + mo(in —m)’

Combining this information and (5.56), we deduce that

m+im  mi(m+m)? 1
Ch > —= = .
) = o R —mo)? 2imm + mo(n —m)
_ my(m + m)*
—mm3(m — mo)*(2mm + mo(in —m))’

Taking the infimum of this expression, we find the desired result.

With this, we are in position to give the proof of Theorem 1.9.

Proof of Theorem 1.9. For any m > 0 and any mo € (—m, 0), we define the function
8m,mo: (0, +00) = (0, +00) as

_ mg(m + m)*
Gmane (1) = = o) (2 + 119) — )

‘We observe that

mg
li = >0,
B s ) = e
and
f}}{‘no 8m,mo (1) = +00. (5.57)
In particular,
inf  gmm,(m) > 0. (5.58)
me(0,+00)

Now, by Lemma 5.10, we know that

A,m,mo) = Cgm,my (). (5.59)

As a result, (1.19) follows from (5.58) and (5.59). Moreover, from (5.57) and (5.59) we
obtain (1.20).

To prove (1.21), for any /1 > 0 and m¢ < 0, we define the function g ,n,: (—mo, +00)
— (0, +00) as

) e my(m + m)*
&inmo (1) 1= _n_11113(n_1 —mo)2(m(2m + my) — mmg)
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We notice that

lim g my () = —"=—0 > 0
=m0 mmig
and that m3
mgriloo 8inmg (M) = _ﬁz(n_l — m0)20(2n_1 mp— > 0.
Accordingly,

inf 8im,mg (1) > 0.
me(—mg,+00)
Using this and the fact that, by Lemma 5.10,

A, m,mo) = Cgimmy (M),

we obtain the desired result in (1.21).

1134

Having established Theorem 1.9, we now deal with the case in which &« = 0, namely
when only the nonlocal dispersal is active. This case is considered in Theorem 1.10,
according to two different ranges of the fractional parameter s. For this, we divide the

proof of Theorem 1.10 into two parts.

Proof of Theorem 1.10 when s € (1/2,1). We denote by e the eigenfunction associated

to the first eigenvalue of problem (1.13), normalized such that

a:= igfe =20 and supe =1.

Q
We recall (5.53), (5.54) and (5.55) to write
m m -+ mg
as —- =
m m—mo
and _
n?/ ezdx—m/ e?dx < mm_(l—a2)|§2|.
D Q\D m+m
We stress that, in view of (5.61),
foiml—az1— . mEmo _ metmtm
m m—mo m(m — mo)

In particular, by (5.60), we can find X and y in 2 such that

_ 8o _ 8o
< — d >1—-—.
e(x) <a+ 100 and e(y) 100

Now we claim that

(e(x) —e())? as
/@ dedy = C(] —Cl)z-‘irlz

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)
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for some ¢ € (0, 1) depending only on s and 2 (in particular, this ¢ is independent of
m). Indeed, if the left-hand side of (5.65) is larger than 1, we are done; therefore we can
suppose, without loss of generality, that

_ 2
JCCEC
@ lx—yl'*t
As a result,
(e(x) —e(»)?
JI 2 dvdy el <1+ 12,
QxQ |X - |
and consequently we can exploit [41, Theorem 8.2] and conclude that ||e ”C 2671 o) < Co,

for some Cy > 0 depending only on s and 2.
We let d; be the diameter of 2 and d, be the smallest diameter of all the connected
components of 2. We also define

ro = min{(w‘z)"co)”z“, %}, (5.66)

and we observe that, for each x € Q N B, (X),

e(x) <e(x) + |e(x)

s 1

o o
Sa+ —+Corg? <a+

100 50
thanks to (5.64).
Similarly, foreach y € Q N B, (),
8o
= 1- n°
e(y) 0
and consequently
2
e(x)—e
[l CORTC
<smBrooa)x<mBr0(y)) v =l
Z ) f/ dx dly i
(@N By, (©)x(@N By, ) X = Y122
. (1 a4 _) 1210 By (X)[ 12 N Bry ()]
25 d11+2s
(1—-a)? _ _
= WIQ N By (X)[ 120 By ()]
- (1—a)*r
- 4d12+2s :

From this and (5.66), noticing that gi +f > 2, we obtain (5.65), as desired.
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Gathering (5.65) and (5.62) we find that

Ello S8R dxdy  mym c—a¥H

= 5.67
m [pe?dx — rﬂfQ\De2dx mm 1 —a? (5.67)

Ar(m) =

for some C > 0.
We also notice that, in view of (5.63),

4s+2

(1 —a)Zs 1

(1 —a)gt%
1—-a2 ~ (U—a)( +a)
2H~3

(1 —a)2s-1
14+a

2s+3

(l—a)Zs 1

~ l(_mo(m + ﬁi))%iff
2\ m(m—mo)

By inserting this inequality into (5.67), we conclude that

) (5.68)

_ Clm+m) (_mo(n_1 + n—a))%iii‘
m(m — mo)
up to renaming C.

Now, for any mo < 0 and any m > —my, we define the function g m,: (0, +00) —
(0, 4-00) given by

_ m+m  mo(m+m)\ 3
Emmal = 257 (- )
"m m(m —mo)
‘We remark that
_ _ 1 mo %it?
lim ") = and lim m) = — - (——) > 0,
111\0 g’ﬂ,mo( ) +OO 111/1'+oo gm,mo( ) m m
and consequently
inf  gmme(m) > 0. (5.69)
me(0,+00)

Also, by (5.68), and making use of (5.2) and Proposition 5.2, we find that

Am,m,mo) = _inf  Ay(m) = Cgm,m,(m).
meM(#,m,mo) N
In particular,

&(111, mv mO) Z C lnf gm,mo (111)’
me(0,+00)

which, combined with (5.69), proves (1.22).
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Similarly, we see that

J}{‘no)_k(m,m,mo) =C 11111\130 8m,mo (1) = +00,

which establishes (1.23).
In addition, given my < 0 and m > 0, if we consider the auxiliary function g:ﬁ mo"
(—myg, +00) — (0, +00) defined by

2543

gi (111) = m+n_,l * (_mO(m-’_l/Tl))zs_l?
m.ma mm m(m — mg)
we see that
. —mo +m
lim gz (M) =———"——>0
N\ —mo &, mo () mmyg
and

and these observations allow us to conclude that

inf x > 0. 5.70
e (_1,30,%0) ity (M) (5.70)

Moreover, we deduce from Proposition 5.2, (5.2) and (5.68) that

A me) = _inf  A(m) = Cgly o ().
meM(m,#1,mg) ’
Therefore,
A(m, m, =>C inf * ),
A(m, m, mo) we o) i mo (M)
which, together with (5.70), proves (1.24). ]

Now we prove Theorem 1.10 in the case s € (0, 1/2]. This case is somehow concep-
tually related to the case n = 2, since the problem boils down to a subcritical situation.
We suppose without loss of generality that

(-2,2) = B, C Q, (5.7
and we define the function
ce +1 if x € By,
1
o) i= Jew + 28 e e B\ B, (5.72)
log p
Cx ifx e R\ Bj.

Here, ¢, > 0 is the constant introduced in (5.12), and we set
D := B,. (5.73)

For our purposes, we recall the following basic inequality:
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Lemma 5.11. For every x, y € R" \ {0} we have

|Ix| = 1yl]
min{|x|, [y}
Proof. Without loss of generality, we assume that |y| < |x|. To check (5.74), we take

t:= % — 1, and we see that

|log|x| — log|y|| < (5.74)

X X X
|log|x| —log|y|| = log|x| — log|y| = logu =log(l +1) <t = x|y = |y|,
[yl |1 |1
as desired. ]
With this, we now list some properties of the auxiliary function ¢ in (5.72).
Lemma 5.12. Letn =1, s € (0,1/2] and ¢ be as in (5.72). Then
_ 2
lim / leG) —eWI” dy =0
N0 SJg X =yt
Proof. Without loss of generality, we suppose that p < 1/4. We observe that
2
/ f 1) = 2IE gy = o (5.75)
B,xB, |x =yl
and )
/ / M dxdy = 0. (5.76)
®N\B)x®N\B) X~
Moreover,

: le) =W dx dy
fim Tlx — y|it2s y = lim 1425
PO B, x(R"\By) |)C - y| o0 B,x(R"\B;) |X — y|

1
< lim dx/ —dz
o~ Jp, g, |2[1+2s
2
< lim Cp = 0. (5.77)
JAN

Now we observe thatif x € By \ B, and y € By, then

|log|x| —10g,o|2.

1
2 _
lp(x) =" = (logp)?

As a consequence, changing variables X := x/p and Y := y/p, and taking k € N such
that 21 < 1/p < 2%, we see that

. 2
// lp(x) f(+y2)sl dx dy
(B\Bs)xB, X~V

log|x| —lo
S e
(logp) Bl\sz)XBp |‘x - y|
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|10g|X|| iXd
v —yigzs 4XdY
(logp) 1!;1//,\192)><Bl | X — Y|

// llog(27)|? X dY
(log P)2 B,;\B,;_1)xBi (O Vi

2J-1

_ Cp1—2s k 2_1j2
< (log p)z = 27(1+2s)

k

_ Cpl—zs j2

I (log p)z = 22sj

L& (5.78)
(log p)?

up to renaming C > 0.
In addition, using (5.74) (with |y| := p) and changing variable z := x — y,

o) —eWI* |log|x| — log p|” log p|*
- -7 dx y dXdy
=] (10 ? or =y
(B2p\B,)xB, y gp (B2p\B,)xB,

(Ix[ = p)?
dxdy
(logp) //sz\Bp)pr 2|x — y|it2s

|1 —2s

|x —
(B2p\B,)x B, p

1 1-2s
< 2// & —dzdy
(logp)*> JJp,,xB, P

Cpl—ZS
~ (logp)?’

for some C > 0.
From this and (5.78), we deduce that

2
lim // [0t) =W 4y gy =, (5.79)
o0 L) \ByxB, X =l

Moreover, recalling (5.71),

2
¥) —
// lp(x) </1)(+y2)s| dx dy
(B\B)x®"\Q) X~ VI

2
// ogleI”
(log P)* L) (B\Byx@n\@) 1¥ — ¥+

< —— / |10g|x|| dx/ dz < ¢
(log (1og p)? JB,\3, rRi\B, 121725~ (log p)?
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for some C > 0. This implies

2
lim /f o) = (f_(i_);il dx dy = 0.
PO (g\Byx@®n@) X~V

Now we observe that

2
x —
// lp(x) sfiyz)sl dx dy
(B1,\B)x(@\B) X = VI

2
1 /[ |log| x|
- —————dxdy
(log p)* JJ (B, ,\Byx(@\By) X — [T+

1 / 2 1 C
< — log|x| dxf dz <
(log p)* BI/Z\B,)| | o\B, |z['13S (log p)*

for a suitable C > 0.
Furthermore, taking R > 0 such that Q C Bg,

2
) —
// lp(x) (fi);)J dx dy
B\Byx@\B) X VI

2
1 // |log| x|
L B Il BN
(log p)? J(g\B, yx@\By) 1 = Y112

4(log2)® (! (R L
$Wﬁ / (y—x) 12dedy

2
- / (=07 — (R =) d

= %[(1{ — 1)1—25 + (%)1*25 _ (R B %>1725]'

This and (5.81) give

_ 2
i ] RO dxdy =0
PO S (B \Byx(@\By) X~ VI

Now we take k € N such that

1 _ 1
k1 PS5k

and we observe that

2
x J—
// lp(x) fgryz)sl dx dy
(B1\B)x(B\B,) |1X— VI

2
1 |log|x| — log]y||
= 2 2y dxdy
(logp)® JJ(B\B)yx(B1\B,) X — VI

1140

(5.80)

(5.81)

(5.82)

(5.83)
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2
// Jlog|x| — log| |
(log p)2 Bl\Bp)x(B‘l}\Bp) x — y|1+2s

dxdy

lx|=1y
2
- |log|x| — log]y|| dnd
= (10gp)2 (BI\B jk+1)X(BI\B pk+1) |x — y|1t2s Y
{IxI=1y1}
_ Z // logl|—togly I s
(IOgP)Z By 13i\Bypi+1)X(B5j\Bypj+1)  |x — y|1+2s Y- .
{IxI=ly

Moreover, we remark that if x € By /i, y & By/pj+1 and [x| = |y|, we have

and accordingly i < j + 1.
This observation and (5.84) yield

(log p)* lo(x) —o(»)|?
1+2s dx dy
2 (BI\B))x(B1\B,) X =Yl

k j+1 | | ,
<22 f/ [toglx] —loghvl” -
1/21\Bl/zt+1)X(Bl/21\BI/ZJ_H) |X—y|1+2S
mor=0 {IxI= 11}
shrt (5.85)
where
: 2
= // [loglx| — log|yl|” "
= (B, ,5i \B, 15i+1)X(B, ;,j \B 1, j+1) 1725
Jj=0j—-4<i<j+1 172817172 J{r|1x|>|y\1}/2] 1/2i+1 [x — y|
and

k 2
Z Z // |10g|x| - 10g|)’|| dxd
ey B 2i\By5i+1)%(By pj\By pj+1)  |x — y|l+2s Y

{IxI=Iy1}
We point out that, if x € By, and |y| < |x], then

1
=yl < x4yl <2xf < 5

In light of this fact and (5.74), we have

|1 —2s

|x
dxd
Z ) // By \By i 0X(By i \By i) [y2 Y

<<
J=0j—4sisj+1 {IxI=[yl}

2(1—i)(1-25)
Z Z // 2—2G+1) dxdy

j=0j—4<i<j+1 1/2i\Bl/zi+l)X(Bl/2j\Bl/zj+l)
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2—i 2—j 2(l—i)(l—2s)

= . _ 2-2(+1)

J=0j—4<i<j+1
k
— 3-2s Z 2—2i(1=8)yj
J=0j—4<i<j+1
k
<3.4°2s Z 22— (1=s)yj
j=0
k
— 3.p12-10s Z 7@s—1)j (5.86)
Jj=0

In addition, if x € By, and y & By/pj+1 and |x| = ||,

1 .
[log|x| —log|y|| = log|x| —log|y| < log 2 — log =(j —i+log2.

2Jj+1
As aresult,
k (G —i+1)2
L<log2) Y // LT dxdy. (5.87)
J=00<i<j—4"" (By)i\Bypi+1)%X(By 5 \By 5j+1) |x =

Furthermore, if x € By /i \ Byjpi+1 and y € By,j, withi < j — 4, we see that

=yl = x =y o - = (1‘ = )2 =
2041 27 it 2/-i-1 2112 7 4

Then we insert this information into (5.87) and we conclude that

k . .
— 1)2
L<4™ 10?2y Y- Y=t avay
Jj=00s<is<j—4 (Bl/zi\Bl/2i+1)X(Bl/zj\Bl/sz) |x]

k . . 2
1425 1.2 Z Z U—-it+1
j=00<i<j—4"" (Bypi\By i+ 1)X(By5j\By5j+1)

k fv—j (i
2727 (j —i +1)2
— q1425 1002
=4 log 22)()(; \ 2—G+1)(1+25)
J=00<i<j—

k
= 93(1+25) logZZZ Z 22sip=J (G—i+ 1)?

j=00<i<j—4

k
=329 H g2 ) " N 2@l 4 1)2,
j=00<i<j—4
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Hence, changing the index of summation by posing £ := j —i + 1,

k
12 S 23(1+2S)+1 10g2 2 Z Z 2(2S—1)i2—(€2
i=0{=5

k
< 6 Z 2(2s—1)i ,
i=0

where
+oo
C = 23(1+29)+1 logz ) Z g2
£=0
We plug this information and (5.86) into (5.85) and we find that

k
lp(x) —(y)? 3 g5
(lOg p)2 // W dx dy < C, 2(2S l)m’ (588)
Bi\By)x(B1\B,) Y

where C, 1= 2(C + 3.212710s),

‘We observe that
k

Do 2GsUm =k iy = %
m=0

while
k +o00 1
Z 2(2&—1)"1 < Z 2(2s—1)m = Cﬂ lfS € (O, 5)7
m=0 m=0

and consequently, by (5.88),

- 2 C.k ifs=1,
(logp)Z |(p(x) (p(y)| dx dy s 3
|X _ |1+2S C C f 0 1
(B1\B,)x(B1\B,) y «Cy ifs €(0, 3).

From this and (5.83), it follows that

llog ol

lp(x) — p()I? s if s = 3.
(log p)? // | 25 dxdy < log2 2
Bi\B,)x(Bi\B,) X 7Y C.Cy if s € (0, 1).

This implies that

2
lim /f o) = ‘fiyz)J dxdy =0
PNO S (B \Bx(B1\B,) X — ]

From this, (5.75), (5.76), (5.77), (5.79), (5.80) and (5.82) we obtain the desired result.
[ ]

An additional useful property of the function ¢ defined in (5.72) is the following:
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Lemma 5.13. Letn =1, s € (0,1/2] and ¢ be as in (5.72). Then
1imr7t/(p dx —m / (pzdx=—w|9|>0.
PN\O D Q\D mo
Proof. From (5.72) and (5.73), and exploiting (5.1) and (5.12), we see that
)
’”/ ¢ dx = (e, + 17D = fife, + 1?10 ) M E o),
m+ m m3(m + )
and that
m/ (pzdx=m/ (pzdx+m/ % dx
Q\D Bi1\B, Q\B,
1 2
:m/ (C*—‘r Og|x|) dx+’ﬂ/ C%dx.
Bi\B, log p Q\B,
We also remark that
(log|x|)2 < (5.89)
log p BB, = .
Therefore, by the dominated convergence theorem, and recalling (5.14),
limn_1/<p2dx—m @*dx
O Jp Q\D
=2
= ym 2@t mo) o
m/+oo  mg(m 4+ m)
1 2
_lim(n_1/ (C*—i- og|x|) dx—i—m/ cfdx)
PO Bi\B, log p Q\B;
2
= M|Q| ,,_wf|g2|
mg
m?(m 4 my) m + mo\2
= 2 el - m(F ) e
mo my
m(m + mo)
= == (m— (m +mo))IQ
0
m(m + mo)
=R Mg
mo
which is positive, since mg € (—m, 0), as desired. [
In the case s € (0, %], it is also convenient to introduce the function
cyp— 1 if x € By,
1
Py = Ay — 108 o Bi\ B,. (5.90)
log p

cy if x e R\ By,



(Non)local logistic equations with Neumann conditions 1145

where cy is defined in (5.35). We also set
D :=Q\ B,, (5.91)

and we study the main properties of the auxiliary function .
Comparing (5.72) with (5.90), we observe that | (x) — ¥ (¥)| = |e(x) — ¢(y)], and
therefore, from Lemma 5.12, we obtain the following lemma:

Lemma 5.14. Letn =1, s € (0, 1/2] and ¥ be as in (5.90). Then
_ 2
i [[[ VO 4,
~NOSlg  |x— y|1H2s

We also have the following result:

Lemma 5.15. Letn = 1, s € (0, 1/2] and ¥ be as in (5.90). Then

lim/ Wdx—m [ prdx ="M 00,
N0 Jp Q\D

Proof. In view of (5.90), (5.91), (5.35) and (5.1),

1€2]

—m 2m —
m ,(p.de ZVLl(Cﬁ—l)2|Q\D| :m(mo m _1) m mo

—Ja\p m—+m

mo
_ mm?(m — my)

m3(m + im)

1 2
n_’lfwdeZI’l_’l[ (cﬁ— 0g|x|> dx+n_1[ cédx.
D Bi\B, log p Q\B,

Hence, recalling (5.37) and (5.89), and using the dominated convergence theorem,

€2

and

limn_i/wzdx—m V2 dx
D Q\D

oN\O
1 2
= limrﬁ/ (cﬁ— 0g|x|) dx
N0 JB\B, log p
_2 — _
+n_1[ cé dx — lim —’ﬂmz (m Y_nO)
Q\B; m/+oo  mg(m + im)

_ m2(im —mo)

€2

2"_10;|Q| > 2]
0
m(mo — m)? m?(m — mo)
= T (g - T Mg
my my
m(m —mg)  _ _
= ————=((7 — mo) — )|
0
m(m — mo)
= T Tg)
mo

which is positive since my < 0 < m. ]
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We are now ready to complete the proof of Theorem 1.10 in the case s € (0, 1/2].

Proof of Theorem 1.10 when s € (0, 1/2]. To prove (1.25), we exploit the auxiliary func-
tion ¢ introduced in (5.72) and the choice of the resource m € M, as defined in (5.2), with
D asin (5.73).

In this way, in light of (1.17),
& llg #2580 dx dy

T [pe?dx —m fo\p @?dx’

Hence, taking # := m and utilizing Lemmata 5.12 and 5.13, we find that

B ffa lo@)—e(* dx dy

lim A(m,m,mp) < lim oy
M/ +o0o p\omego dx—me\D(p dx

This proves (1.25), and we now focus on the proof of (1.26). To this end, we exploit the
auxiliary function ¥ introduced in (5.90) and the choice of the resource m € M, as defined
in (5.2), with D as in (5.91).
In this framework, in light of (1.17),
B ffa W@-vWE dy

|x y|1+2s

T o Vs~ g V2T

As aresult, taking » := m and utilizing Lemmata 5.14 and 5.15, we conclude that

A(m, m,mo) <

ﬁff ¥ ®)=vMI2 dx dy

=y

li A(m, m, li =0,
fﬂ/l'r-ir-loo Alm,m,mg) < pl\g}) E fD V2 dx _”’fQ\D V2dx
thus establishing (1.26). [ ]

6. Badly displayed resources, hectic oscillations and proof of
Theorem 1.11

This section contains the proof of Theorem 1.11, relying on an explicit example of a
sequence of highly oscillating resources which make the first eigenvalue diverge. The
technical details go as follows.

Proof of Theorem 1.11. We suppose that B4 C € and we consider n € C§°(B3/2, [0, 1])
withn = 1in By and [[n]|c1gn) < 8. We let

A
My = Mg — —/ n(x) sin(wxy) dx
12 Jo
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and

m(x) := my + An(x) sin(wxy),

with @ > 0 to be taken arbitrarily large in what follows.
We remark that

ﬁ/;zm(x) dx = mg + I?Z_I /;z n(x) sin(wxy) dx = my. (6.1)

Moreover, integrating by parts,

A
|mey —mo| = —’/ n(x) sin(wxy) dx
12]]/a

= Qo ‘/ n(x)icos(a)xl)dx

8A

\ ’

/ d1n(x) cos(wxy) dx

“ i

which is arbitrarily small provided that w is large enough: in particular, we can suppose
that

2mo < my < % (6.2)
Also, for every x € €,
Im(x)| < |mp| + A < 2|mo| + A < 2A. (6.3)

Furthermore, for large @ we have

= (il,o,...,o) eB CQNin=1).

2w
Therefore,
A
supm >m(p+) =my+A=A— 2|m0| -
2 (6.4)
1gfm Sm(p7)=my— A < —A.
In view of (1.27), (6.1), (6.3) and (6.4), we obtain
me M .. (6.5)

Now we take into account a function ¢ € X, g such that

/ m(x)p?(x)dx = 1.
Q

Then, integrating by parts, we see that

1= / (Me + An(x) sin(wx;))e?(x) dx
Q

® / P2 (x)dx + A/ n(x) sin(wxy)@?(x) dx
Q :
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2 A d 2
- /Q P dx— = [R ) costwx) )¢ () dx

A
- / P dx + > [ 9171(x) cos(@x1)¢? (x) dx
Q w Jrn
2A
+ 22 [ 1 costwxn)e g dx
8A 2A
<mo [ pP@dxt = [ Pars 2 [ pvew)ds
Q @ JRn @ JRrn
9A A
< mw/ 0 (x)dx + —/ 0% (x)dx + —/ [Vo(x)|? dx.
Q w R” @ JRrn
As a consequence, if % < —my, (which is the case for w large, in view of (6.2)),
A
1< —/ |Vo(x)|? dx,
@ JRrn
and accordingly
5 JalVe@I?dx _ aw

Jom(x)p2(x)dx ~ 2A°

Now let ¢ € (—1,1) and E’ € R*~! with |E’| < |¢| and E := (¢, E') € R". We use the
trigonometric identity

(6.6)

cos ycos¢ —cos(y + 0)
sin ¢

=siny forall{ e R\ (wrZ)andy € R,
together with the notation ® := n¢? and the change of variable
1 E
X =x+—-CE)=x+—,
1) 1)
to write
1= / (me + An(x) sin(wx;))e?(x) dx
Q
= mw/ 0% (x)dx + A/ sin(wx1)®(x) dx
Q R”
A
= mw/ 0*(x)dx + —/ (cos(wxy) cos ¢ — cos(wxy + ) P(x) dx
Q sin¢ Jgn
—mo [ G0 dx
Q
A E
+ —|:/ cos(wxy) cos CP(x) dx — / cos(a)Xl)CD(X - —) dX:|
sin¢ | Jrn R” w
—mo [ P dx
Q

+ S:\T{ o cos(a)xl)[cosfcp(x) - q)(x - S)] dx
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= mg /Q ©*(x)dx + 51AT§ /]R” cos(wxy)(cos ¢ — 1)®(x) dx

+ ﬁ /R" cos(a)xl)(q’(x) - (x - Z)) dx.

1149

Since

ot 0(s = £)| < ol -a(c- ) e~ £ preo-o2(c- )
M + |- (- E)),
w

we thereby discover that, if £ € By and w = 2
8A|E] 2
1< d
(mw+w|sin§|)/ o= (x)dx
cosé‘ 0% (x) dx
|sm§|
——)|d
|sm§‘| (x )‘ o
CA
< (mo + —)/ P dx +CALE [ P00 ds
w Q

A (x——))dx

M

for some C > 0.

In particular, recalling (6.2) also, it follows that there exists ro € (0, 1), possibly
depending on mg, A and n, such that, if { € (—r¢, r¢) and w is sufficiently large

M E
1< — > 0*(x)dx + W/J(pz(x) —<p2<x — 5)‘dx. (6.7)

We also observe that, given an additional parameter « > 0, to be taken conveniently small
in what follows,

sy (s - ) =t o5~ )t -o(s- )
<l o)+ p(x 2 )|
F o) (- )|

E
< 4K|§|n+2s—l(p2(x) + 4K|§|n+25—1(p2(x _ _)

ool )

+ K*l |é-|17n72s
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Then we plug this information into (6.7) and we conclude that, if r¢ is small enough and
w is large enough,

<mw ~a n+2s—1_2
1<% [ war+ e [ e @as

T |é-|n+2s—1(p2(x_§) dx
[ml "o - p(x - )| ax]
Mg

<Ze [ pear+ fﬁ [2x|z|"+2“ /B s

2
1 —h—
+_/|é-|1n2s
K32

We also remark that, in our notation, £; = £, and accordingly,

// |Z|n+2s—2§02(x) dx dE < // |E1|n+25_2§02()C) dx dE
Bux(BryM{|E'|<|E1]}) B4x By,

< 6,,3}14—25‘—2/ (p2(x) dx
By

o(x) — <p(x — g) ‘2 dx]. (6.8)

for some C > 0.
For this reason, letting ¢ be the measure of the set {x = (x1,x’) € By s.t. |x'| < |x1]},
we obtain

Mo // 02(x) dx dE
2 Jax,,nIEI<IEl)

4 2CKA // " 2529 (x) dx dE
Bax(Bry MIE'I<|E11})

n
< % /Q ©*(x)dx + 2CCK/\I‘§”+2S_2/; ¢*(x)dx <0,
4

by choosing
Mgl }

K = mln{l’_m .

Therefore, we can integrate (6.8) over E € By, N {|E’| <|E1]|} and up to renaming con-
stants we find that

rd < CA f/ |E |72
Box(Byy N{|E'|<|E1[})

Byx(Bry N{IE'|S|EL D)

o(x) — go(x — g)’zdx dE

o(x) — <p(x — g)rdx dE
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=CAw™?* // 12| 7725 |p(x) — p(x — 2)|* dx dz
Box(ByyjwNIz'I<]211})

|n+2s

_ 2
$CAC()_2S/ dedy’
@ |lx—y["t*

2
cong [[ s ol
B, xRn |z

and consequently,

|X y‘n+25

B ffa le®)—eWI> 4, dy 5 ,Br(')’a)zs
Jomx)@2(x)dx ~  CA

up to renaming C > 0.
This and (6.6), recalling (6.5), give

r 2s
Ar(m) = ﬂ((j’—A’

which, taking w as large as we wish, yields the desired result.

A. Proofs of Theorems 1.7 and 1.8 when n = 2

1151

The main strategy followed in this part is similar to the case n = 3, but when n = 2 we
have to define different auxiliary functions. We start with the proof of Theorem 1.7. For

this, we recall the setting in (5.10) and (5.12), and we define

cy + 1 if x € By,
1
o(x) = 3ce + —— log|x| ifx € B1\ By,
log p
Cx if x e R?\ Bj.
We set
D =B,

and we list below some interesting properties of ¢:

Lemma A.1. Letn = 2 and ¢ be as in (A.1). Then

lim/ Vol? =
PN\O Q| ol

Proof. We compute

1 1 2 1 2
—2/ —zdx = —7T2/ —dl’ = — T —> 0
(log ) JB,\B, |X| (logp)* J, r log p

as p N\ 0.

(A1)

(A2)
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Lemma A.2. Letn = 2 and ¢ be as in (A.1). Then
_ 2
lim / le() — eI dxdy =0
Q

PO |x — y[?*+2s

As for Lemma 5.5, we provide here a proof based on direct calculations. A proof based
on interpolation theory will be provided in Appendix B.

Proof of Lemma A.2. As for the proof of Lemma 5.5, we have to consider several integral
contributions (given the different expressions of the competitors, the technical computa-
tions here are different from those in Lemma 5.5). First of all, we have

2
[ Ry -0
By,xB, |x - y|

2
x —
/[ —|¢( ) ﬁgi' dxdy = 0.
®2\B)x(R2\B;) X~ VI

Moreover, assuming p < 1/4,

x) — 2 1
/f e (QS-);)J dxdy = // 573y dxdy
Bx(®R2\By) X~V Byx(®2\B)) 1X — VI

1
< dx/ ————dz < C|By|p* =0
/Bp Rz\B% |Z|2+2S

and

as p \, 0.
Furthermore, if (x, y) € (B1 \ Bp) X Bp we have

2
lo(x) —e()|* = o )2|logIXI—logp| :
Consequently, from (5.74) (used here with |y| = p),
x) — 2 log|x| — 1o
// o) P // [log]x ngf} dx dy
(B1\B,)xB, lx =yl (IOgP) (B1\B,)xB, |x —y|

// =2

2(10g p)? (B1\B,)xB, lx — |2+25

S 57— |x —y|7**dxdy
pz(log p)? //(Bl\gp)xg,,

a0
ES——— | dy |z|7** dz
p*(logp)?* Jp, = Ja,
(log p)
as p N\ 0.
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Also, exploiting (5.10), we have

2
x J—
// lo(x) </;(+y2)sl dx dy
(Bl\Bp)x(Rz\sz) [x — yl

// _(log|x])* dx dy
(log P)* L (B\Byx@2\Q) X — Jx — y[2¥2s

1
log|x 2dx/ ———dz
(logp)2 /191\3,,( el R2\B, |Z[>T2S
C / 5
< — (log|x|)= dx
(log p)* JB,\B, gl
C

<—— =0
(logp)?

as p \ 0.
Now from (5.74), used here with |y| = 1, we have

[l o) —oOIP
(Bl\Bp)X(Q\Bl) |x — y|>*2s
// _(log|x])* dx dy
(l"g P2 N o8 yx@im) =y
S —Q // ﬂ dx dy
(IOg p)? (B1\B,)x(Q\B1) |x|2|x — y|2F2s

1 / 1 / >
< — —dx |z|7*% dz
(log p)? Jp,\B, 1X|? Brit
C 1

S —— —dx=————0
(log p)? JB,\8, 1XI? log p

as p \, 0, where we took R > 2 sufficiently large such that 2 C Bg.
In addition, utilizing (5.74) again, we first notice that

2
x —
// i (ii);il dxdy
(B1\B,)x(B\B,) |1X— VI

_ // (log|x| — log|y|)>
(logp)2 (Bi\B,)x(Bi\B,) |1X—y[*T*

(log|x| — log|y|)?

(log )0)2 //BI\B;Txl(fll\Bp) |x — y|2+2s

dx dy

dxdy.

// % dx dy
(log,o)2 Bl\Bp)X(Bl\Bp) |x|2|x — y|2+2s

1153
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2 1
< —2f —2dx[ |z|7%%dz
(log p)* JB\B, | B
C 1
< AT T2 dx = —— —
(log p)* JB\B, |X| log p
as p "\, 0, which concludes the proof.

Lemma A.3. Letn = 2 and ¢ be as in (A.1). Then

m(m +m Q
_(_ 0)| | > 0.
PN\O mo

Proof. By (A.1) and (A.2), and recalling (5.1), we have

lim m gozdx—m/ 0% dx =
D Q\D

M+ mg

m/ @?dx = im(cs + 1)?|B,| = m(cs + 1)) =———
D m+m

|€2].

Hence, in light of (5.12) and (5.14),

2
limn_1/ 02dx = lim n—q(—m+m°+1) mEMO o)
P\ D m /' +00 mo m+m
m-+m 2
= (-2 41) @+ mo)l@l.
mo

Moreover, by (5.12) and the dominated convergence theorem,

1 2
m/ @*dx :]’Ll/ (c* + 0g|x|> dx +mc?|Q\ B
Q\D Bi\B, log p

m /Bl (_%O’”O)de v m(—m ;Om‘))zm \ Bi|

(e

as p \, 0.
As a result,

limn_quozdx—m/ @*dx
N0 Jp Q\D

= [(—m;()m" + 1)2(111 + mo) —m(—m ;;Omo)z]lﬂl

= [m*(m + mg) — (m + mo)°m @
0
= [ — (mn + mo)) 22 M)
my
__m(m+mo)|Q

mo

which is positive, since mg € (—m, 0).

1154
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With this preliminary work, we can complete the proof of Theorem 1.7 in dimension
n = 2, by arguing as follows:

Proof of Theorem 1.7 when n = 2. We use the function ¢ in (A.1) and the resource m :=
myp —myq\p,with D as in (A.2), as competitors in the minimization problem in (1.17).
In this way, we find that

— 2
o Jo [Vol? dx + B [lg G256 dx dy

e
Ao m [p¢*dx —m [op 9> dx

(A3)

m,mg) <

From Lemmata A.1 and A.2 we have
lp(x) —p()|?
hma/ |Vgo|2dx+ﬁ// T dxdy = 0.

Combining this with Lemma A.3 and (5.14), we obtain the desired result in Theorem 1.7.
[

We now focus on the proof of Theorem 1.8 when n = 2. For this, we introduce the
function

-1 if x € B,
|
W)= e — 28 e \ B,. (A4)
log p
ey if x € R*\ By,

where cy is the constant introduced in (5.35). Moreover, we set
D :=Q\B,. (A.S5)

The proofs of the next two results follow directly from Lemmata A.1 and A.2, since,
comparing (A.1) and (A.4),

Vo> = [Vy[> and |o(x) —p()I> = ¥ (x) =y ().

Lemma A4. Letn = 2 and ¥ be as in (A.4). Then

hm / VY |? =
Lemma A.5. Letn = 2 and ¥ be as in (A.4). Then

2
lim // W) -y dxdy = 0.

N0 X — y|2+2s
Lemma A.6. Letn = 2 and  be as in (A.4). Then
I’l_l(mO - 77_’1)

limrﬁ/ vidx —m Yrdx = ———|Q| > 0.
PN\O D Q\D mo
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Proof. By (A.4), (A.5) and (5.35), we see that

mo—rﬁ

m | yPdx =mic;— DR\ DI = m(

2
m ~1) 12\ DI
Q\D

Also, recalling (5.1), we see that
m— mo

12\ D| =
m

m+m

I€2].

Plugging this information into (A.6), we conclude that

_ mm*(in — my)

mo—iﬁ )21’1_1—71’10 |Q|

2
dx = -
" podx m( m+ m m3(m + in)

—Ja\p Mo

In addition, by the dominated convergence theorem and (5.37),

] 2
lim/ Y2 dx = lim (- °g|x|) a’x+/ ¢ dx
»\O Jp PN\O JB\B, log p Q\B,
= ¢;|B1] +¢§ 12\ Bi|
= c;19|
_ (mg —m)?

= ——|Q].
p> ]

This and (A.7) give

limn_1/1//2dx—m V2 dx
D Q\D

o \0
m(mo — m)> _ mm*(in — mo)
mg m/+oo mg(m + in)
I’I_/l(l’}’lo —I’l_’l)2 I’}_’lz(}’}_’l —m())
= Q| - ———[9
my mgy
I’I_’l(l/}_’l—m()) _ _
= ————((m —mo) —m)|2|
my
m(m —mo)
= -,
mo

which is positive since my < 0 < m.

1156

(A.6)

(A7)

With this preliminary work, we are in the position of completing the proof of Theo-

rem 1.8 in the case n = 2.

Proof of Theorem 1.8 when n = 2. We use the function ¥ in (A.4) and the resource m :=
myp —myq\p,with D asin (A.5), as a competitor in the minimization problemin (1.17),

thus obtaining

— 2
_ 0o |VYP dx + B [l MR dx dy
7 Y2 dx —m g p Y2 dx

(A.8)
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From Lemmata A.4 and A.5, and recalling (5.37), we have

lim (x/ IV |2 dx +/3// WO =vWE o

m oo x — y|2t2s

This, together with Lemma A.6, gives the desired result. [

B. Another proof of Lemmata 5.5 and A.2 based on
interpolation theory

We give here a different proof of Lemmata 5.5 and A.2, relying on the following argument
of interpolation type. Given f € C§°(R"), we use the Holder inequality with exponents
1 and - to see that

/ £ ©)P dE = / (€11 £ @D f )P0 e
]Rn ]Rn

s 1—s
< 2| £ey|2 a2
o< ([ erforae) ([ 17@ra)

Here, as is customary, we have utilized the notation f to denote the Fourier transform of
f . Thus, from the latter equation and Plancherel’s theorem we arrive at

/Rn 611 £ (©)? dE < Cl(/Rn |Vf(X)|2dx)s(An If(x)|2dx)1_s

for some C; > 0.
As a result, using the equivalence of various fractional norms (see e.g. [41, Proposi-
tion 3.4]), we find that

/) = fOWI? - s 1—s
//R k=t dxdy\Cz(/Ran(x)de) (A |f(x)|2dx)

for some C, > 0.
By density, this inequality holds true for all f € H'(R") and thus, choosing f :=

@ — Cx,
_ 2
/ lp(x) —@(y)] dx dy
Q

|x _y|n+2s

/ [(p —c)(x) — (¢ —c) M

|x _ |n+2s

dx dy

- [ omeot - (=)0 0

_ y|n+2s
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s 1—s
<[ we-cowpar) ([ 16-compax)
s 1—s
. 2 B 2
= ([ 1veeorar) ([ ie-comiar)

Consequently, since, by either (5.11) or (A.1),

(o —c)(x)| <1,
we conclude that

lo(x) — () ( , )S
[@ Ix — y[ntas dxdy < C3 /;2|V€0(X)| dx ) .

From this and Lemma 5.3 we obtain the desired claim in Lemma 5.5. Instead, using
Lemma A.1, one obtains the claim in Lemma A.2.

C. Probabilistic motivations for the superposition of elliptic operators
with different orders

The goal of this appendix is to provide a natural framework in which sums of local/non-
local operators naturally arise. Though the argument provided can be extended to more
general superpositions of operators, for the sake of concreteness we limit ourselves to the
operator in (1.9).

For this, extending a presentation in [68], we consider a discrete stochastic process on
the lattice hZ", with time increment 7. The space scale & > 0 and the time step 7 > 0 will
be conveniently chosen to be infinitesimal in what follows.

We denote by By := {eq, ..., ey} the standard Euclidean basis of R”, we let B :=
Bo U (—By) = {e1,...,en,—€1,...,—e,} and we suppose that a particle moves on hZ"
and, given p € [0,1], A € N and s € (0, 1), its probability of jumping from a point hk to
hk (with k, k € Z") is given by

14 +(1—p)‘u(k—k)’

Pk, k) = . C.1
b= e - C.1)
where 1
€= Z |j|n+2s
JE€Z™\{0}
and

1 if j € AB = {Aey,...,Aey,—Aeq,...,—Aen},

0 otherwise.

U@) = {
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We point out that P (k, k) = P (k. k) = P(k —k,0) = P(k — k,0), and that

o 1-=pUu@)
Z P(j.0) = Z (c|j|’;+2s+ 127,1 J)

J€Z"\{0} JE€Z"\{0}

N Z (12—}117)

JEAB

=p+(0-p =1 (C.2)

The heuristic interpretation of the probability described in (C.1) is that, at any time step,
the particle has a probability p of following a jump process, and a probability 1 — p of
following a classical random walk. Indeed, with probability p, the particle experiences a

jump governed by the power law —1—, while with probability 1 — p it walks to one

i|nt2s
of the closest neighbors scaled by tﬂéladditional parameter A (all closest neighbors being
equally probable, and the probability of the particle of not moving at all being equal to
Z€ero).

Therefore, given x € hZ" and t € TN, we define u(x, t) to be the probability den-
sity of the particle being at point x at time ¢, and we write that the probability of being
somewhere, say at x, at the subsequent time step is equal to the superposition of the prob-
abilities of being at another point of the lattice, say x + &j, at the previous time step times

the probability of going from x + hj to x, namely, letting k := 3 € Z",

u(x.t+1) = Y ulx+hinDPhkk+j)= Y ulx+hin)P(3.0).
JE€Zm\{0} JjEZm\{0}
As aresult, in view of (C.2),
ulx,t + 1) —u(x,t)
= Y @xA+hj0) —ulx, 1) P(,0)

J€Z™\{0}
1—p)U(j
= 2 (u(x+hj,t)—u(x,z))( L Cnd ) (]))
' c|jlrt2s 2n
J€Z™\{0}
hj, ) —u(x,0)  1- _
_? 3 u(x + J ) —u(x )+ p S G+ hjo1) = )
C . |j|n+2s M .
J€Z"\{0} B
_ P u(x + hj,t) +ulx —hj,t) —2u(x,t)
a Z Z |j|n+2s
jezm\{o}
1—
+ LY Gl hjn) + ulr = hjot) = 2u(x.0)). ©3)
JEAB

Now we consider two specific situations, namely the one in which

t:=h*, A:=h"leN (C.4)
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and p is independent of the time step, and the one in which
t=h% p:=ah** and A:=1, (C.5)

for a given o > 0, independent of the time step.

We observe that the case in (C.4) corresponds to having the closest neighborhood walk
scaled by a suitably large factor (for small /1), while the case in (C.5) corresponds to having
the usual notion of closest neighborhood random walk, with the probability 1 — p that the
particle follows it being large (for small /).

In case (C.4), we consider N € N and define h := N 1. In this way, taking N " 400,
one has that 2 \ 0, and thus we deduce from (C.3) that

u(x,t + 1) —u(x,t)

T
_ph” u(x +hj,t) +ulx —hj,t) —2u(x,t)
T e Z |hj|n+2s

JEeZ"\{0}

1—-p u(x + hj,t) +ulx —hj,t) —2u(x,t)
4n Z h?s ’
jERS—1IB

(C.6)

With a formal Taylor expansion, we observe that
u(x + hj,t) +u(x —hj,t) —2u(x,t) = i*Du(x,t)j - j + oh3);
therefore the latter sum in (C.6) can be written as

> RUIDZu(x 1)) - j + O

jens—18
J 1
JENB N N N T
=Y Diu(x.0)i-i +o(1) = 2Au(x.1) + o(1)
ieB

as N /" 4+oo (i.e.as h \ 0).
Hence, recognizing a Riemann sum in the first term of the right-hand side of (C.6),
taking the limit as 2 \ O (that is 7 \{ 0), we formally conclude that

pAu(x,t),

p u(x + y,t) +ulx —y,t) —2u(x,t) 1—
d 1) = — d
e =2 [ = Y+

which is precisely the heat equation associated to the operator in (1.9) (up to defining the
structural constants correctly).
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A similar argument can be carried out in case (C.5). Indeed, in this situation one
deduces from (C.3) that

u(x,t—}—t)—u(x,t)_% Z u(x + hj,t) +ulx —hj,t) —2u(x,t)

2 h'n+2s
!  jeznio} 1A
1 —ah?™2s ulx +hj,t) +ulx—nhj,t) —2u(x,t
+ Z ( j. 1) ( j. 1) ( )_
4n 4 h?
jeB

Hence, since

u(x +hj,t) +ulx —hj,t) —2u(x,t SN
3 A ND AW Z RO S prue 4 by -+ O
jeB jeB

= 2Au(x,t) +o0(1)

as i\ 0, we conclude that in this case

—y.1)—2
a,u(x,t)zif ux + y,1) +ulx —y,1) u(x’t)dy

1
—A 1),
2¢ |y|n+2s + on M()C )

which, once again, constitutes the parabolic equation associated to the operator in (1.9)
(up to renaming the structural constants).
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