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Optimal Kullback-Leibler aggregation in mixture density
estimation by maximum likelihood

Arnak S. Dalalyan and Mehdi Sebbar

Abstract. We study the maximum likelihood estimator of density of #n independent observations,
under the assumption that it is well approximated by a mixture with a large number of
components. The main focus is on statistical properties with respect to the Kullback-Leibler
loss. We establish risk bounds taking the form of sharp oracle inequalities both in deviation
and in expectation. A simple consequence of these bounds is that the maximum likelihood
estimator attains the optimal rate ((log K)/n)"/2, up to a possible logarithmic correction, in the
problem of convex aggregation when the number K of components is larger than n'/2. More
importantly, under the additional assumption that the Gram matrix of the components satisfies
the compatibility condition, the obtained oracle inequalities yield the optimal rate in the sparsity
scenario. That is, if the weight vector is (nearly) D-sparse, we get the rate (D log K)/n. As
a natural complement to our oracle inequalities, we introduce the notion of nearly-D-sparse
aggregation and establish matching lower bounds for this type of aggregation.
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1. Introduction

Assume that we observe n independent random vectors X 1,..., X, € X drawn
from a probability distribution P* that admits a density function f* with respect to
some reference measure v. The goal is to estimate the unknown density by a mixture
density. More precisely, we assume that for a given family of mixture components
fi...., fk, the unknown density of the observations f* is well approximated by a
convex combination f of these components, where

K K
fe@) =Y 7, £ (), ner:{ne[o, LSS :1}. (1.1)

j=1 j=1

The assumption that the component densities ¥ = {f; : j € [K]} are known
essentially means that they are chosen from a dictionary obtained on the basis of
previous experiments or expert knowledge.
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We focus on the problem of estimation of the density function f; and the weight
vector & from the simplex Bf under the sparsity scenario: the ambient dimension K
can be large, possibly larger than the sample size n, but most entries of & are either
equal to zero or very small.

Our goal is to investigate the statistical properties of the Maximum Likelihood
Estimator (MLE), defined by

T eargmin{—%Zlogf,,(Xi)}, (1.2)

mell i=1
where the minimum is computed over a suitably chosen subset IT of [B%f. In the
present work, we will consider sets [T = I1,(u), depending on a parameter y > 0
and the sample {X 1, ..., X}, defined by

K
1,0 = {r < B min 3", 1560 = . (13)
j=1

Note that the objective function in (1.2) is convex and the same is true for set (1.3).
Therefore, the MLE 7 can be efficiently computed even for large K by solving a
problem of convex programming. To ease notation, very often, we will omit the
dependence of I1,(x) on u and write I1, instead of IT, (u).

The quality of an estimator 7 can be measured in various ways. For instance, one
can consider the Kullback—Leibler divergence

_ e £ g 2 vidx). it PH(£*(X)/f(X) = 0) =0,
o0, otherwise,

KL(f™]f2)

(1.4)
which has the advantage of bypassing identifiability issues. One can also consider
the (well-specified) setting where f* = fo = for some n* € Bf and measure the
quality of estimation through a distance between the vectors 7 and 7* (such as the
{1-norm || — *||; or the Euclidean norm |7 — *||,).

The main contributions of the present work are the following:

(a) We demonstrate that in the mixture model there is no need to introduce sparsity
favoring penalty in order to get optimal rates of estimation under the Kullback-Leibler
loss in the sparsity scenario. In fact, the constraint that the weight vector belongs to
the simplex acts as a sparsity inducing penalty. As a consequence, there is no need
to tune a parameter accounting for the magnitude of the penalty.

(b) We show that the maximum likelihood estimator of the mixture density
simultaneously attains the optimal rate of aggregation for the Kullback-Leibler
loss for at least three types of aggregation: model-selection, convex and D-sparse
aggregation.
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(c) We introduce a new type of aggregation, termed nearly D-sparse aggregation
that extends and unifies the notions of convex and D-sparse aggregation. We establish
strong lower bounds for the nearly D-sparse aggregation and demonstrate that the
maximum likelihood estimator attains this lower bound up to logarithmic factors.

1.1. Related work. The results developed in the present work aim to gain a better
understanding (a) of the statistical properties of the maximum likelihood estimator
over a high-dimensional simplex and (b) of the problem of aggregation of density
estimators under the Kullback-Leibler loss. Various procedures of aggregation! for
density estimation have been studied in the literature with respect to different loss
functions. [8,12,33] investigated different variants of the progressive mixture rules,
also known as mirror averaging [10, 34], with respect to the Kullback-Leibler loss
and established model selection type oracle inequalities? in expectation. Same type
of guarantees, but holding with high probability, were recently obtained in [1, 7] for
the procedure termed Q-aggregation, introduced in other contexts by [9, 24].

Aggregation of estimators of a probability density function under the L,-loss was
considered in [26], where it was shown that a suitably chosen unbiased risk estimate
minimizer is optimal both for convex and linear aggregation. The goal in the present
work is to go beyond the settings of the aforementioned papers in that we want
simultaneously to do as well as the best element of the dictionary, the best convex
combination of the dictionary elements but also the best sparse convex combination.
Note that the latter task was coined D-aggregation in [20] (see also [5]). In the
present work, we rename it in D-sparse aggregation, in order to make explicit its
relation to sparsity.

Key differences between the latter work and ours are that we do not assume the
sparsity index to be known and we are analyzing an aggregation strategy that is
computationally tractable even for large K. This is also the case of [3, 6], which are
perhaps the most relevant references to the present work. These papers deal with the
L,-loss and investigate the lasso and the Dantzig estimators, respectively, suitably
adapted to the problem of density estimation. Their methods handle dictionary
elements { f;} which are not necessarily probability density functions, but has the
drawback of requiring the choice of a tuning parameter. This choice is a nontrivial
problem in practice. Instead, we show here that the optimal rates of sparse aggregation
with respect to the Kullback—Leibler loss can be attained by procedure which is tuning
parameter free.

Risk bounds for the maximum likelihood and other related estimators in the
mixture model have a long history [18,19,21]. For the sake of comparison we
recall here two elegant results providing non-asymptotic guarantees for the Kullback—
Leibler loss.

'We refer the interested reader to [29] for an up to date introduction into aggregation of statistical
procedures.

2This means that they prove that the expected loss of the aggregate is almost as small as the loss of the
best element of the dictionary { fi, ..., fx}.
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Theorem 1.1 ([18, Theorem 5.1]). Let ¥ be a finite dictionary of cardinality K of
density functions such that max reg || f*/f |loo < V. Then, the maximum likelihood

estimator over ¥, }“‘ € argmax seg iy log f(X;), satisfies the inequality

210gK)

E/+[KL(f*]/M)] < (2 + log V)(]rpeig KL(f*(| f) + (1.5)

Inequality (1.5) is an inexact oracle inequality in expectation that quantifies the
ability of f }AL to solve the problem of model-selection aggregation. The adjective
inexact refers to the fact that the “bias term” min reg KL(f || f) is multiplied by
factor strictly larger than one. It is noteworthy that the remainder term (2log K)/n
corresponds to the optimal rate of model-selection aggregation [11,28]. In relation
with Theorem 1.1, it is worth mentioning a result of [33] and [8], see also [14,
Theorem 5] and [12, Corollary 5.4], establishing a risk bound similar to (1.5) without
the extra factor 2 4 log V' for the so called mirror averaging aggregate.

Theorem 1.2 ([21, p. 226]). Let ¥ be a finite dictionary of cardinality K of
density functions and let € = {f,, o < k} be the set of all the mixtures
of at most k elements of ¥ (k € [K]). Assume that f* and the densities fy
from ¥ are bounded from below and above by some positive constants m and M,
respectively. Then, there is a constant C depending only on m and M such that,
for any tolerance level § € (0,1), the maximum likelihood estimator over Ck,
f.el\:L € argmax see, » ;- log f(X;), satisfies the inequality

<10g(f/5))1/2 06

KL (f*]1/2") < min KL(f*|1/) + €

with probability at least 1 — 4.

This result is remarkably elegant and can be seen as an exact oracle inequality in
deviation for D-sparse aggregation (for D = k). Furthermore, if we choose k = K
in Theorem 1.2, then we get an exact oracle inequality for convex aggregation with
a rate-optimal remainder term [28]. However, it fails to provide the optimal rate for
D-sparse aggregation.

Closing this section, we would like to mention the recent work [32], where oracle
inequalities for estimators of low rank density matrices are obtained. They share a
common feature with those obtained in this work: the adaptation to the unknown
sparsity or rank is achieved without any additional penalty term. The constraint that
the unknown parameter belongs to the simplex acts as a sparsity inducing penalty.

1.2. Additional notation. In what follows, for any integer i € [n], we denote by Z;
the K-dimensional vector [fi(X;)...., fx(X;)]" and by Z the n x K matrix
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[ZT, e, Z,T]T. We also define £(u) = —logu, u € (0, +00), so that the MLE 7
is the minimizer of the function

n
Lu(m) = rl—lZE(ZlTn). (1.7)
For any set of indices J C [K]and any & = (7rq,...,7nk)" € RK, we define 7 as
the K-dimensional vector whose j th coordinate equals 7 if j € J and O otherwise.
We denote the cardinality of any J C [K] by |J|. Forany set J C {1,..., K} and
any constant ¢ > 0, we introduce the compatibility constants [30] of a K x K positive
semidefinite matrix A,

27 A1/2 2
eatte) =i f o CRIA Ay e RE o) <clos . a9
(cllvslly = llvsel)
_ J||Av))3
ka(J,c) =inf{% cv e RE Jloge|l; < c||vJ||1}. (1.9)
J 1

The risk bounds established in the present work involve the factors x4 (J,3) and
ka(J,1). One can easily check that ko (J,3) < ka(J,3) < %EA(J, 1). We also
recall that the compatibility constants of a matrix A are bounded from below by the
smallest eigenvalue of A. 3

Let us fix a function fp: X — R and denote f; = fr — fo and

Z; =[i(Xi)..... fk(X)], (1.10)

for i € [n]. In the results of this work, the compatibility factors are used for the
empirical and population Gram matrices of vectors Z, that is when A = X, and
A = ¥ with

~ I < =T _ _
3, = ;Zzizi ., X =E[Z,Z
i=1
The general entries of these matrices are (fn)k,l = 1/ndy 7, fi(X:) f1(X;) and

(X)k; = E[ fi(X1) f1(X1)], respectively. We assume that there exist positive
constants m and M such that for all densities f; with k € [K], we have

]. (1.11)

Vxe X, m=< fr(x) <M. (1.12)

We use the notation V = M/m. It is worth mentioning that the set of dictionaries
satisfying simultaneously this boundedness assumption and the aforementioned
compatibility condition is not empty. For instance, one can consider the functions
Jr(x) = 1 + 1/2sin(2wkx) for k € [K]. These functions are probability densities
w.r.t. the Lebesgue measure on X, = [0, 1]. They are bounded from below and from
above by 1/2 and 3/2, respectively. Taking fo(x) = 1, the corresponding Gram matrix
is ¥ = 1/8 Ik, which has all eigenvalues equal to 1/s.
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1.3. Agenda. The rest of the paper is organized as follows. In Section 2, we state our
main theoretical contributions and discuss their consequences. Possible relaxations
of the conditions, as well as lower bounds showing the tightness of the established
risk bounds, are considered in Section 3. A brief summary of the paper and some
future directions of research are presented in Section 4. The proofs of all theoretical
results are postponed to Section 5 and Section 6.

2. Oracle inequalities in deviation and in expectation

In this work, we prove several non-asymptotic risk bounds that imply, in particular,
that the maximum likelihood estimator is optimal in model-selection aggregation,
convex aggregation and D-sparse aggregation (up to log-factors). In all the results
of this section we assume the parameter w in (1.3) to be equal to O.

Theorem 2.1. Let F be a set of K > 4 densities satisfying the boundedness
condition (1.12). Denote by f; the mixture density corresponding to the maximum
likelihood estimator & over T1,, defined in (1.7). There are constants ¢; < 32V3,
co < 288M2V® and c3 < 128M? V'8 such that, for any § € (0,1/2), the following
inequalities hold

KLGI1f) = ot {KLG Lo

C[K]

meBl log(K /8)\ /> c2]J | log(K /5)
+61<T) ||7TJC||1+W},
2.1)
AN \ ¢3J] log(K /8)
KLU ) = jinf int KL + 522 @2)

Tt jc =0
with probability at least 1 — 6.

The proof of this and the subsequent results stated in this section are postponed
to Section 5. Comparing the two inequalities of the above theorem, one can notice
two differences. First, the term proportional to |7 sc||; is absent in the second risk
bound, which means that the risk of the MLE is compared to that of the best mixture
with a weight sequences supported by J. Hence, this risk bound is weaker than the
first one provided by (2.1). Second, the compatibility factor Ks (J,1) in (2.2) is
larger that its counterpart Ks (/J,3) in (2.1). This entails that in the cases where the
oracle is expected to be sparse, the remainder term of the bound in (2.1) is slightly
looser than that of (2.2).
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A first and simple consequence of Theorem 2.1 is obtained by taking J = & in
the right hand side of the first inequality. Then, ||z jc||; = ||x]1 = 1 and we get

log(K /8)\ /2
(=)

KL(f"Ifz) = “}B}} KL(f ™| fx) + 1 (2.3)
e T

This implies that for every dictionary F, without any assumption on the smallness
of the coherence between its elements, the maximum likelihood estimator achieves
the optimal rate of convex aggregation, up to a possible? logarithmic correction, in
the high-dimensional regime K > n'/2. This essentially recovers the result of [21]
recalled in Theorem 1.2 above. In the case of regression with random design,
analogous results can be found in [16], [15] and the references therein.

The main compelling feature of our results is that they show that the MLE
adaptively achieves the optimal rate of aggregation not only in the case of
convex aggregation, but also for the model-selection aggregation and D-(convex)
aggregation. For handling these two cases, it is more convenient to get rid of the
presence of the compatibility factor of the empirical Gram matrix ) n- The latter can
be replaced by the compatibility factor of the population Gram matrix, as stated in
the next result.

Theorem 2.2. Let F be a set of K densities satisfying the boundedness condi-
tion (1.12). Denote by f3 the mixture density corresponding to the maximum
likelihood estimator Tt over I1,, defined in (1.7). There are constants c4 < 32V3 44,
cs <4.5M?*8V3 4+ 1)? and c < 2M?(8 V3 4 1)? such that, for any § € (0, 1/2),
the following inequalities hold

KLGI1f) = jint {KLG Lo

neBX log(K/8)\ /2 J|log(K/§
BY +c4< Og(n/ )) Vel + cSInKlzcng( 3)/ )%’
(2.4)
e wr gy 4 ol og(K/8)
KLU ) = inf int KL + 2 S0 e5)

Tt jc =0

with probability at least 1 — 24.

The main advantage of the upper bounds provided by Theorem 2.2 as compared
with those of Theorem 2.1 is that the former is deterministic, whereas the latter
involves the compatibility factor of the empirical Gram matrix which is random. The
price to pay for getting rid of randomness in the risk bound is the increased values
of the constants c4, cs5 and cg. Note, however, that this price is not too high, since

1
3In fact, the optimal rate of convex aggregation when K > n'/2 is of order (log(K/nl/z)/n) 2

Therefore, even the log K term is optimal whenever K > Cn'/>T¢ for some o > 0.
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obviously 1 < M < L and, therefore, c4 < 1.25¢1, ¢5 < 1.56¢, and cg < 1.56¢3.
In addition, the absence of randomness in the risk bound allows us to integrate it and
to convert the bound in deviation into a bound in expectation.

Theorem 2.3 (Bound in expectation). Let F be a set of K densities satisfying the
boundedness condition (1.12). Denote by f; the mixture density corresponding to

the maximum likelihood estimator & over I1,, defined in (1.7). There are constants
c7 <20V3 48, cg < M2(22V3 4+ 3)?2 and co < M?(15V3 + 2)? such that

log K\ '/ J|log K
E[KL(f*Hfﬁ)]Sjicn[%]{KL(f*||fn)+c7<Oi ) ||7TJC||1+CS| | log }

nkyx (J,3)
reBX
(2.6)
*|| £ . . " co|J|log K
BIKLO 1) = g i, KL L) + 05T e

7[JC=0

In inequality (2.7), upper bounding the infimum over all sets J by the infimum
over the singletons, we get

colog K
BIKL( Ao = it {RLCLA) + 28 es)
This implies that the maximum likelihood estimator f; achieves the rate % in

model-selection type aggregation. This rate is known to be optimal in the model of
regression [24]. If we compare this result with Theorem 1.1 stated in Section 1.1,
we see that the remainder terms of these two oracle inequalities are of the same
order (provided that the compatibility factor is bounded away from zero), but
inequality (2.8) has the advantage of being exact.

We can also apply (2.7) to the problem of convex aggregation with small
dictionary, that is for K smaller than n'/. Upper bounding |J | by K, we get

c9K log K

E[KL(f™|| fz)] < nleanrKL(f [l fz) + nes (K1) (2.9)

Assuming, for instance, the smallest eigenvalue of ¥ bounded away from zero
(which is a quite reasonable assumption in the context of low d1mens10nahty) the
above upper bound provides a rate of convex aggregation of the order of Og K . Up
to a logarithmic term, this rate is known to be optimal for convex aggregatlon in the
model of regression.

Finally, considering all the sets J of cardinality smaller than D (with D < K)
and setting kx (D, 1) = inf ;.| 7)<p k= (J, 1), we deduce from (2.7) that

coDlog K

E[KL( /™[ fz)] < BKifnlf" DKL(f*”fzr) + ks (D)’ (2.10)
me +I o= )
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According to [25, Theorem 5.3], in the regression model, the optimal rate of D-sparse
aggregation is of order (D/n)log(K /D), whenever D = o(n'"/?). Inequality (2.10)
shows that the maximum likelihood estimator over the simplex achieves this rate up
to a logarithmic factor. Furthermore, this logarithmic inflation disappears when the
sparsity D is such that, asymptotically, the ratio log D/ log K is bounded from above
by a constant « < 1. Indeed, in such a situation the optimal rate

Dlog(K/D) DlogK(1 logD)

n n log K

is of the same order as the remainder term in (2.10), that is (D log K)/n.

3. Discussion of the conditions and possible extensions

In this section, we start by announcing lower bounds for the Kullback—Leibler
aggregation in the problem of density estimation. Then we discuss the implication
of the risk bounds of the previous section to the case where the target is the weight
vector 7 rather than the mixture density f. Finally, we present some extensions to
the case where the boundedness assumption is violated.

3.1. Lower bounds for nearly-D-sparse aggregation. As mentioned in previous
section, the literature is replete with lower bounds on the minimax risk for various
types of aggregation. However most of them concern the regression setting either
with random or with deterministic design. Lower bounds of aggregation for density
estimation were first established by [23] for the L,-loss. In the case of Kullback—
Leibler aggregation in density estimation, the only lower bounds we are aware
are those established by [14] for model-selection type aggregation. It is worth
emphasizing here that the results of the aforementioned two papers provide weak
lower bounds. Indeed, they establish the existence of a dictionary for which the
minimax excess risk is lower bounded by the suitable quantity. In contrast with this,
we establish here strong lower bounds that hold for every dictionary satisfying the
boundedness and the compatibility conditions.

Let ¥ = {fi1,..., fx} be a dictionary of density functions on X = [0, 1]. We
say that the dictionary ¥ satisfies the boundedness and the compatibility assumptions
if for some positive constants m, M and k, we have m < f;(x) < M forall j € [K],
x € X. In addition, we assume in this subsection that all the eigenvalues of the Gram
matrix X belong to the interval [, x*], with », > 0 and x* < co.

For every y € (0,1) and any D € [K], we define the set of nearly-D-sparse
convex combinations of the dictionary elements f; € F by

He(y, D) = {f,, ‘mE ]B%f such that Jmi

clli £ vy 3.1
min fwel <y G
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In simple words, f5 belongs to K¢ (y, D) if it admits a y-approximately D-sparse
representation in the dictionary . We are interested in bounding from below the
minimax excess risk

R(Jr (1. ) = infsup {EKLG IS = | nf KL f0) (32)

where the inf is over all possible estimators of f* ‘and the sup is over all density
functions over [0,1]. Note that the estimator f is not necessarily a convex
combination of the dictionary elements. Furthermore, it is allowed to depend on
the parameters y and D characterizing the class #¢ (y, D). It follows from (2.6),
that if the dictionary satisfies the boundedness and the compatibility condition, then

R(Hg(y. D)) < C{(—Vzlzgl()l/z 42 logK} A (IOgK)l/z, (3.3)

n n

for some constant C depending only on m, M and x.. Note that the last term accounts
for the following phenomenon: If the sparsity index D is larger than a multiple of /i,
then the sparsity bears no advantage as compared to the £; constraint. The next result
implies that this upper bound is optimal, at least up to logarithmic factors.

Theorem 3.1. Assume that log(1 + eK) < n. Let y € (0,1) and D € [K] be
fixed. There exists a constant A depending only on m, M, x. and x* such that
R(H#(y, D)) is larger than

y? K \17* Dlog(l + K/D) 1 K\
Al @] RN L0 )]
3.4

This is the first result providing lower bounds on the minimax risk of aggregation
over nearly- D -sparse aggregates. To the best of our knowledge, even in the Gaussian
sequence model, such a result has not been established to date. It has the advantage
of unifying the results on convex and D-sparse aggregation, as well as extending
them to a more general class. Let us also stress that the condition log(1 + eK) < n
is natural and unavoidable, since it ensures that the right hand side of (3.3) is smaller
than the trivial bound log V.

3.2. Weight vector estimation. The risk bounds carried out in the previous sec-
tion for the problem of density estimation in the Kullback—Leibler loss imply risk
bounds for the problem of weight vector estimation. Indeed, under the boundedness
assumption (1.12), the Kullback-Leibler divergence between two mixture densities
can be shown to be equivalent to the squared Mahalanobis distance between the
weight vectors of these mixtures with respect to the Gram matrix. In order to go
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from the Mahalanobis distance to the Euclidean one, we make use of the restricted
eigenvalue
KXE(s,c) = inf ||Z"?)2, (3.5)
veA(s,c)
with A(s,c) :={v : 3J C [K]s.t. |[J| <, |[vsel1 < c|vs] and |Jvs]2 = 1}.
This strategy leads to the next result.

Proposition3.2. Let F be aset of K > 4 densities satisfying condition (1.12). Denote
by f# the mixture density corresponding to the maximum likelihood estimator 7T
over T1, defined in (1.7). Let ™ the weight-vector of the best mixture density:
x* € argming KL(f™*|| fz), and let J* be the support of &*. There are constants
c10 < M?(64V3 + 8) and 1y < 4M?(8V3 + 1) such that, for any § € (0,1/2), the
following inequalities hold

~ « C1()|J*| IOg(K/(S) 1/2

_ < .
17—l = s (5, ) (3.6)

N c 2|J*|log(K /8)\ />
17 —n*|, < _ 11* ( |J*[log( /)) ’ (3.7)
ey (%], 1) n

. 210g(K /8)\ /2

o2 < C11 g 38
17 =71 = o (o) (8)

with probability at least 1 — 24.

In simple words, this result tells us that the weight estimator 7 attains the minimax
rate of estimation |J*|(log(K)/n)"/? over the intersection of the £; and £, balls,
when the error is measured by the £;-norm, provided that the compatibility factor
of the dictionary ¥ is bounded away from zero. The optimality of this rate — up
to logarithmic factors — follows from the fact that the error of estimation of each
nonzero coefficients of * is at least cn "2 (for some ¢ > 0), leading to a sum of the
absolute values of the errors at least of the order |J*|n~"/2. The logarithmic inflation
of the rate is the price to pay for not knowing the support J*. Tt is clear that this
reasoning is valid only when the sparsity |J*| is of smaller order than n'/?. Indeed,
in the case |J*| > ¢n'/?, the trivial bound ||# — m*||; < 2 is tighter than the one
in (3.6).

Concerning the risk measured by the Euclidean norm, we underline that
there are two regimes characterized by the order between upper bounds in (3.7)
and (3.8). Roughly speaking, when the signal is highly sparse in the sense
that |J*| is smaller than (n/log K)"/, then the smallest bound is given by (3.7)
and is of the order (]J*|log(K))/n. This rate is can be compared to the rate
(|J*|1log(K/|J*|))/n, known to be optimal in the Gaussian sequence model. In the
second regime corresponding to mild sparsity, |J*| > (n/log K)"/2, the smallest
bound is the one in (3.8). The latter is of order (log(K)/n)"?, which is known to be
optimal in the Gaussian sequence model. For various results providing lower bounds
in regression framework we refer the interested reader to [22,25,31].
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3.3. Extensions to the case of vanishing components. In the previous sections we
have deliberately avoided any discussion of the role of the parameter u, present in
the search space I, (u) of the problem (1.2)-(1.3). In fact, when all the dictionary
elements are separated from zero by a constant m, a condition assumed throughout
previous sections, choosing any value of © < m is equivalent to choosing u = 0.
Therefore, the choice of this parameter does not impact the quality of estimation.
However, this parameter might have strong influence in practice both on statistical
and computational complexity of the maximum likelihood estimator. A first step in
understanding the influence of p on the statistical complexity is made in the next
paragraphs.

Let us consider the case where the condition min, min; f;(x) > m > 0 fails,
but the upper-boundedness condition max, max; f;(x) < M holds true. In such a
situation, we replace the definition V = M/m by V = M/u. We also define the
set [T*(u) = {m € Bf : P*(fx(X) = p) = 1}. In order to keep mathematical
formulae simple, we will only state the equivalent of (2.2) in the case of m = 0. All
the other results of the previous section can be extended in a similar way.

Proposition 3.3. Let F be a set of K > 2 densities satisfying the boundedness
condition sup,cx fj(x) < M. Denote by f5 the mixture density corresponding to
the maximum likelihood estimator &t over 11, (1) defined in (1.7). There is a constant
¢ < 128M?2V* such that, for any § € (0, 1/2),

KL(f*||fz) < inf  inf {KL(f™ +
(Ffe) < it nt KL )
]tJL’=0

c|J|log(K/§)
nl?in(.], 1) }

4 /x (log i —log f2)+ f*dv (3.9)

on an event of probability at least 1 — §. Furthermore, if infycy f*(x) > u, then,
on the same event, we have

¢|J | log(K /8)

* el e <2M? inf  inf  {KL(f* +
ILf* = fzllp2pry = JIC[K]yrelH*(u,) N f=) nes, (1, 1)

JEJ(?=0

}. (3.10)

The last term present in the first upper bound,

f (log i — log f3)4 f*dv
X

is the price we pay for considering densities that are not lower bounded by a given
constant. A simple, non-random upper bound on this term is

logp —1 *dv.
/xg%(ogu og fi)+ S dv

Providing a tight upper bound on this kind or remainder terms is an important problem
which lies beyond the scope of the present work.
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4. Conclusion

In this paper, we have established exact oracle inequalities for the maximum likelihood
estimator of a mixture density. This oracle inequality clearly highlights the interplay
of three sources of error: misspecification of the model of mixture, departure from
D-sparsity and stochastic error of estimating D nonzero coeflicients. We have also
proved a lower bound that show that the remainder terms of our upper bounds are
optimal, up to logarithmic terms. This lower bound is valid not only for the maximum
likelihood estimator, but for any estimator of the density function. As a consequence,
the maximum likelihood estimator has a nearly optimal excess risk in the minimax
sense.

In all the results of the present paper, we have assumed that the components of
the mixture model are deterministic. From a practical point of view, it might be
reasonable to choose these components in a data driven way, using, for instance, a
hold-out sample. This question, as well as the problem of tuning the parameter u,
constitute interesting and challenging avenues for future research.

5. Proofs of results stated in previous sections

This section collects the proofs of the theorems and claims stated in previous sections.

5.1. Proof of Theorem 2.1. The main technical ingredients of the proof are a
strong convexity argument and a control of the maximum of an empirical process.
The corresponding results are stated in Lemma 5.2 and Proposition 5.3, respectively,
deferred to Section 5.6. We denote by Z the n x K matrix [Z1, ..., Z k].

Since 7 is a minimizer of L (-), see (1.2) and (1.7), we know that L, () < L, ()
for every w. However, this inequality can be made sharper using the (local) strong
convexity of the function £(u) = —log(u). Indeed, Lemma 5.2 below shows that

n

IS X0) = Y (X)) — g 2 -l 6

i=1 i=1

On the other hand, if we set (7, x) = [(log fz)f*dv — log fz(x), we have
Es«[p(m, X;)] = 0and

(fe (X)) = KL(S*|| fo) /x £ log frdv + o(m. XD, (52)

Combining inequalities (5.1) and (5.2), we get

n

- 1 R
1ZGE-m)l3+- > (p(r. X)) —0(®, X1).
= (5.3)

1

KL(/*|1f2) = KLO 1 fo) = 3775
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The next step of the proof consists in establishing a suitable upper bound on the noise
term @, () — @, () where

1 n
() = ;Ew(n,xi). (54)
i=
According to the mean value theorem, setting {, = supzeq,, |Vd>,, (7_1,')”00, for

every vector & € II,, it holds that

@ (%) — @p(n)| < sup [VOu ()| N7 — 7t = Cull® — 1 (5.5)

well,

This inequality, combined with (5.3), yields

KL(f*| fz) < KL(f*|| fr) — 1Z(®E —m)|3 + tallT —mli. (5.6)

2M2n

Using the Gram matrix 3, = 1/nZTZ, the quantity ||Z(Z — )| can be rewritten
as

A al/2
1Z(& - o)l5 =n|Z, (& - )3 (5.7
We proceed with applying the following result.
Lemma 5.1 ([2, Lemma 2]). For any pair of vectors &, ' € RX, for any pair of

scalars 0 > 0and o > 1, for any K x K symmetric matrix A and for any set J C [p],
the following inequality is true

2007 (Ile — =1 + ellzlls —ell7'l) — |A(w — =")II3
(+ 1)%0%|J]

< 40| el + s
< 40l el + G2

(5.8)

where c, = (0 + 1)/(0 — 1).

~ 1
Choosing A = ):n/z/(\/iM), 6 = ¢, and o0 = 2 (thus ¢, = 3) we get the
inequality

9]

Gl =2~ [AGE =R} < 46l se 1+ 7227

vJ e{l,...,p}. (5.9
One can check that k,2(J,3) = ks, (J,3)/(2M?). Combining the last inequality
with (5.6), we arrive at

IM>E31J |

W. (5.10)

KL(ffz) = KL(f || fx) + 48l el +

Since the last inequality holds for every &, we can insert an inf; in the right hand side.
Furthermore, in view of Proposition 5.3 below, with probability larger than 1 — 8, ¢,
is bounded from above by 8V 3 (log(K /8)/n)"/?. This completes the proof of (2.1).
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To prove (2.2), we follow the same steps as above up to inequality (5.6). Then,
we remark that for every & in the simplex satisfying m yc = 0, it holds
|@=m)sely = lImselly = 1=llmslly = llmwslli=l7Zs e < I(@—=m)s 1. (5.11)

Therefore,
s (LDl —)s I
|/ ’

Sz
1%, @ —-m)l3 =

we have with probability at least 1 — §

1 ~l/2
ZM_ZHZ” (w —7[)||%

ks, (J. D@ — =) 7

2M2| 7|

Cnllm — |l — I1Z(® — m)lI3 < 286ll(® —m)s 11 —

2M2n

<2l — 7)1 —

_22M2|J|

= W (5.12)

Replacing the right hand term in (5.6) and taking the infimum, we get the claim of
the corollary. Since, in view of Proposition 5.3 below, with probability larger than
1 — 8, &, is bounded from above by 8V 3(log(K /8)/n)"/?, we get the claim of (2.2).

5.2. Proof of Theorem 2.2. Letusdenote v = & —x. According to (5.6) and (5.7),
we have

~ | RPN VN
KL(f*[|fz) < KL(f || fz) + Enllm — m]l1 — Mllzn @-ml5 (5.13)
< KL(f*[| fx) + Sullvlla (5.14)
1 ~
_ W”zl/zvng + e VI(Z—Z,).

As v is the difference of two vectors lying on the simplex, we have [|v|[; < 2. Let
X — Xplleo = max; ;- |[(¥ — X,)j, | stand for the largest (in absolute values)
element of the matrix X — X,,. We have

VT (E-Z)0 < |2 - Zulleolvl? <2IZ = Zsllaollv]li- (5.15)

Setting &y = &n + M 72| Z — |00, We get

1
2M?

Following the same steps as those used for obtaining (5.10), we arrive at

KL(/ "I fz) < KL(/ || fo) + &ull® = 7l — IZ@ - m)l3.  (5.16)

9 M?|J |

KL(/"I1/7) < KLO W)+ 4Ll el + 5257

(5.17)
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The last step consists in evaluating the quantiles of the random variable &,. To this
end, one checks that the Hoeffding inequality combined with the union bound yields

P{IZ — 2,00 >t} < K(K — 1)exp (—2n12/M*), ¥t > 0. (5.18)
In other terms, for every é € (0, 1), we have

log(f<2/8))V2} >1-38.

o (5.19)

PHIE — 2o = M(
Note that for § < 1, we have log(K?/8) < 2log(K/§). Combining with
Proposition 5.3, this implies that &, < (873 + 1)(log(K/8)/n)"/? with probability

larger than 1 — 2§. In view of (5.17), this completes the proof of (2.4). The proof
of (2.5) is omitted since it repeats the same arguments as those used for proving (2.2).

5.3. Proof of Theorem 2.3. According to (5.17), for any ® € Il and any J C
{1,..., K}, we have

oOM?|J
Il g

=
25 (J.3) [6;].  (5.20)

E[KL(/ || f2)] < KL(f*|| f) + 4w e |1 E[G] +

Recall now that &, = &, + M 2| -3 |loo and, according to Proposition 5.3, we
have

2log(2K?)\ /2 V2
E[(,] < 4V3(&) and  Var[g,] < —. (5.21)
n 2n
Using Theorem A.1, one easily checks that
a log(2K?)\ /2
ElE, - Ello] = M (=) . (5.22)
n
This implies that
= log(2K?)\ /2
E[(.] < 8V + 1)(%) . (5.23)
n
Similarly, in view of the Efron—Stein inequality, we have Var][|| 3, -3 lloo] < 1\24_:'

This implies that

E[22] < (B[Z.)> + {(Var(t,])” + M2 (Var[| £, — Z[)) ") (5.24)

log2K2)  (V + 1)
<@V3+1)° g(2n ) 4 o ) (5.25)

log K
< 16158V +1)" == (5.26)

Combining (5.23), (5.26) and (5.20), we get the desired result.
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5.4. Proof of Proposition 3.2. Using the strong convexity of the function u
—log u over the interval [m, M| and the fact that £* minimizes the convex function
7+ KL(f*|| fz), we get
1
KL(f*[| fz) = KL(f™|| fa*) + M2
Combining with (5.16), in which we replace & by &*, we get

IZ2(® — n*)|2 < 2M%C, |7 — =¥ (5.28)

al/2 %
IZ, (& —x*)3. (5.27)

Letussetv = & — x*. If v = 0, then the claims are trivial. In the rest of this proof,
we assume ||v||; > 0. In view of (5.11), we have ||v||; < 2||vs=|1. Therefore, using
the definition of the compatibility factor, we get

4T 13 _ 81 MG v
k(J* 1) - K(J*, 1)
We have already checked that ¢, < (8V3 + 1)(log(K/8)/n)"/? with probability
larger than 1 — 2§. Dividing both sides of inequality (5.29) by ||v||; and using the

2 2
[ollf < 4llos=lIT <

(5.29)

aforementioned upper bound on ¢,,, we get the desired bound on ||v||; = ||& — 7 *|;.
In order to bound the error v = & — «* in the Euclidean norm, we denote
by J the set of D = |J*| indices corresponding to D largest entries of the
vector (|vql,...,|vkl). Since [|v]ly < 2||vs= |1, we clearly have [[v]|; < 2[v ;|-
Therefore,
1013 = 013 + llvje I3 (5.30)
< 10713 + 2 e ol el (531)
vl
<llojl3 + =5 lvjell (5.32)
1
= llojll5 + S llvslT = 20115 (533)

Combining this inequality with the definition of the restricted eigenvalue and
inequality (5.28) above, we arrive at

I="20]3 _ 2M2G o]l

% < 5.34
||vJ||2— KRE(D, 1) — KRE(D,I) ( )
MG (lvjli A 4MP (YDl A1)
- < (5.35)
kRE(D, 1) «RE(D, 1)
Dividing both sides by [[v |2, taking the square and using (5.33), we get
42M2|J* V2T, 2V2M3,"”
Ioll2 < V202 < E 2 A " (5.36)

KRE(|J*|’ 1) KRE(|J*|’ 1)1/2‘

This inequality, in conjunction with the upper bound on &n used above, completes
the proof of the second claim.
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— —log, (w/p) + (1 - 4 + 51— 4%
~o |- = Tog(u/n)

_4 L PR
10° 10

-2

Figure 1. The plot of the function u > L (u), used in the proof of Proposition 3.3, superposed
on the plot of the function u — £(u) = —logu. We see that the former is a strongly convex
surrogate of the latter.

5.5. Proof of Proposition 3.3. We repeat the proof of Theorem 2.1 with some small
modifications. First of all, we replace the function £(1) = —log(u) by the function

Z(u) B —log(u/p), ifu>pu,

= 5.37
(=2 + 301 -192 ifuep. (>-37)

One easily checks that this function is twice continuously differentiable with a second
derivative satisfying M 2 < £"(u) < u~2 forevery u € (0, M). Furthermore, since
£(u) = L(u/p) for every u > p, we have L, (%) = L,(%), where we have used the
notation L, (r) = % > £(fz(X1)). Therefore, similarly to (5.1), we get

1 I ; 1=
=Y U (X0) = =3 U fe (X)) = s 2@ —m)l3, (5.38)
i=1

: n
i=1

for every ® € IT*(w). Let us define ¢(x,x) = £(fr(x)) — ff(f,,)f*dv and
Pp(m) =137 ¢(m, X;). We have

[ reav
| 1 & .
sz L@ =3+~ 3 (e, Xi) = ¢(®, X))

i=1

< / U fo) frdv -

(5.39)
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— | Z(z -m)3+ sup [VPu(1)oo T — 7|1
2M2n 2 e, 0) nee

—

=&

< / W) frdv—

(5.40)

Notice that = € IT*(u) implies that £(f) = logu — log f; and that £(f;z) >
log u —log f7 — (log u — log f3)+. Therefore, along the lines of the proof of (2.2)
(see, namely, (5.12)), we get

262M2|J
ks (J. 1)

We can repeat now the arguments of Proposition 5.3 with some minor modifications.
Firstofall, werewrite §, as &, = max;=1,.. .k §.» With&; » = SUprem, (0 |0; Dy (1))
One checks that the bounded difference inequality and the Efron—Stein inequality can
be applied with an additional factor 2, since for F;(X) = supyep,, (o) |0; D, ()|, we
have

KL(f " fz) = KL(f "Il fa) + =5 /(logu—logthf dv. (5.41)

2M 2V
|F1(X) — Fi(X')| < : (5.42)
nu n

Therefore, for every [ € [K], with probability larger than 1 — (6/K), we have

(2 1ogl(11</3) ) 1/2 Q2v)? ‘

Ein <E[§n]+V and Var[§,] <

By the union bound, we obtain that with probability larger than 1 — §,

£n < maxE[§ ,] + V(M)l/z‘
! n

Thus, to upper bound E[§; , ], we use the symmetrization argument:

E[Ez,n]sz[ sup ( Ze, (S (X)) fi } (5.43)
nell, (0)
ME i/ (Xi 44
= LS&’,‘,’(O)) Ze (/a( )))] (5.44)
_2monl " 1 3
e A )

1=

(5.45)

where the second inequality comes from [4, Th. 11.5]. Note that the function {', the
derivative of ¢ defined in (5.37), is by construction Lipschitz with constant 1/u2.
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Therefore, in view of the contraction principle,

n

n 1/2
E[sz,n]s%lz[(lzei)z} +%E[ sup 1Ze,~fn(xi>} (5.46)

W n = 0 well, (0) " (=
2M  4M 1 &

< + —E|: sup — e‘fk(X~)] (5.47)
pvn o wE Lkex ; l l
2M  8MZ? /log K\V2 2V%(1 +2/2Tog K

< + (og ) LY +2y2lg K) (5.48)
p/n o pu* o\ 2n vn

As a consequence, we proved that with probability larger than 1 — §, we have

En < SVZ(log—K)I/Z.
n
This completes the proof of the first inequality. In order to prove the second one, we
simply change the way we have evaluated the term | £(f2) f* in the left hand side
of (5.39). Since £ is strongly convex with a second order derivative bounded from
below by 1/M?2, we have

1

L)z U+ 0z = )+ 2w 2

Since f* is always larger than u, the derivative £'( f*) equals 1//*. Integrating
over X/, we get the second inequality of the proposition.

5.6. Auxiliary results. We start by a general convex result based on the strong con-
vexity of the —log function to derive a bound on the estimated log-likelihood.

Lemma 5.2. Let us assume that M = maxex] || filloo < 0o. Then, for any
n € BX, it holds that

Ly(®) < Lu(m) — I1Z(7 — m)ll3. (5.49)

2M?2n

Proof. Recall that & minimizes the function L, defined in (1.7) over II,.
Furthermore, the function u +— £(u) is clearly strongly convex with a second order
derivative bounded from below by 1/M 2 over the set u € (0, M]. Therefore, for
every i € (0, M], the function £ given by:

~ 1 . )
L(u) = L(u) — VE (m—u)*, ue,M], (5.50)
is convex. This implies that the mapping

> Ly(m) = Ly(m) — 1Z(z — )13 (5.51)

2M?2n



KL-aggregation in density estimation 21

is convex over the set &t € Bf . This yields*

La(m)—Ly(®)> sup v (x—7), Vmwe Bf. (5.52)
ved L, (%)

Using the Karush—Kuhn-Tucker conditions and the fact that 7 minimizes L,,, we get
0x € d L, (%) = 8 L, (7). This readily gives L, () — L,(%) > 0, forany & € [B%f.
The last step is to remark that Z(Z — ) = Z(& — ), since both 7 and & have entries
summing to one. O

The core of our results lies in the following proposition which bound the deviations
of the empirical process part.

Proposition 5.3 (Supremum of empirical process). For any w € Bf and x € X,

define p(m,x) = f(log fz) f*—log fr(x)and consider ®, () = rll Z:‘l:l o, X;).
If K > 2, then for any § € (0, 1), with probability at least 1 — §, we have

log(K /8)\ /2
(=)

tw = sup |V@,(m)|,  <8V> (5.53)
rell,

Furthermore, we have E[¢,] < 4V3(210g(2K?)/n)"* and Var[¢,] < V2/(2n).

Proof. To ease notation, let us denote

60 _gf S0
Ju(x) Ju(X)

gn,l(x) =

and

1 n
FX) = sup [Voum) o= sup =3 gs(X)|. (559
1

nell, (m,l)ell,; x[K]

i=

where X = (X1,...,X,). To derive a bound on F, we will use the McDiarmid
concentration inequality that requires the bounded difference condition to hold for F'.
For some ig € [n], let X' = (X1,.. .,X;O, ..., X,) be a new sample obtained
from X by modifying the ipth element X; and by leaving all the others unchanged.
Then, we have

o | — . ‘ | — ,
FO)=FO (n,l):ggx[K] n ;g”,l (Xl) (Jr,l)selg)x[K] n ;g”’l (Xl)
(5.55)
1 n 1 n
= w3 gw(X0) = D gwa (X)) (5.56)

(m.Dell, x[K] " ;4 i=1

4We denote by dg the sub-differential of a convex function g.
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1 |4
= sup ’_(gn,l(Xio)_g”,l(X;()))) =
(m,l)ell, x[K] n "

, (5.57)

where the last inequality is a direct consequence of assumption (1.12). Therefore,
using the McDiarmid concentration inequality recalled in Theorem A.2 below, we
check that the inequality

FX) <E(F(X))+V W (5.58)

holds with probability at least 1 — §. Furthermore, in view of the Efron-Stein

inequality, we have
2

Vv

Var[{,] = Var[F(X)] < T (5.59)
Let us denote
9 :={(fi/fx) = 1.(x,1) € T, x [K]}
and R, 4(¥) the Rademacher complexity of § given by
RS Si(Xi)
R, (%) =E [ sup — €|l ——=—1 ] (5.60)
L w.yert, x[K] )" ; (fn(Xi) )|

witheq, ..., €, independent and identically distributed Rademacher random variables
independent of X 1,..., X,. Using the symmetrization inequality (see, for instance,
[13, Theorem 2.1]) we have

E[F(X)] = E[¢,] < 2E[R,(9)]. (5.61)

Lemma 5.4. The Rademacher complexity defined in (5.60) satisfies

log K
R, (8) < 41&/%. (5.62)

Proof. The proof relies on the contraction principle of [17] that we recall in
Appendix A for the convenience. We apply this principle to the random variables

Xiey = fa(Xi)/fi(Xi) =1
and to the function ¥ (x) = (1 + x)~! — 1. Clearly v is Lipschitz on [% -1,V —-1]
with the Lipschitz constant equal to V2 and ¥ (0) = 0. Therefore

1 — 1 —
Ru(9) < Ee[ sup — Z €i¢(Xi,(n,1))] + Ee[(su% - Z € (—W(Xi,(n,l))]
T, i=1

@n i
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= 2V2Es|: sup Zét i,(m, l)j|

(w,l)ell,, x[K] T
1 o S (Xi)
=2V?E [ sup " 1 } (5.63)
L e, x[K] " 2 Z <fl(X) )

Expanding f7 (X ;) we obtain

I (f=(X)) B ke (Se(X0)
Ee[&“}’ﬁz (G 1)]‘ [S“p27§e‘<ﬁ(xi>_l)]

@D =1 " i
(X)
=vef s, 0 e (G )] o0

We apply now Theorem A.1 with s = (k,/), N = K%, a=-V,b =1V and
Yis = el(fk(X’ 1) This yields

J1(Xi)
1 ¢ X, log K2\ /2
E.| max — Z (f"( 1) —1) [ =2v (o) (5.65)
kle[K] n f1(Xy) 2n
This completes the proof of the lemma. O

Combining inequalities (5.58, 5.61) and Lemma 5.4, we get that the inequality

(log K)‘/2 n V(log(l/S))1/2

F(X) <8V3
2n

(5.66)

holds with probability at least 1 — §. Noticing that V' > 1 and, for K > 2,
§ € (0, K~1/31) we have

8/log K + /(1/2)log(1/8) < 8+/log(K/8),

we get the first claim of the proposition. The second claim is a direct consequence
of Lemma 5.4 and (5.61). O

6. Proof of the lower bound for nearly- D -sparse aggregation

We prove the minimax lower bound for estimation in Kullback—Leibler risk using
the following slightly adapted version of Theorem 2.5 from [27]. Throughout this
section, we denote by Amin,x (k) and Amax, 3 (k), respectively, the smallest and the
largest eigenvalue of all k x k principal minors of the matrix X.
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Theorem 6.1. For some integer L > 4 assume that g (y, D) contains L elements
SaOs .o, frw satisfying the following two conditions.

(i) KL(fzh)ll fr®) = 28 > 0, for all pairs (j, k) suchthat1 < j <k < L.
(ii) For product densities f;" defined on X" by

e xn) = fro(en) XX fro(xn)

it holds fog I,
og
KL(f ) < . 6.1
max FENAD = —¢ (6.1)
Then .
inf  sup  Py(KL(f||f)=s)=>0.17. (6.2)

S feHg(v,D)

To establish the bound claimed in Theorem 3.1, we will split the problem into
two parts, corresponding to the following two subsets of H# (y, D)

Hz(0,D) = { fr : w € BX s.t. 3J C [K] with |zye|y =0and |J| < D},
K
Jff'()/,l)={fn:7t€Bf st.my =1—yand Z?Tj =)/}. (6.3)
j=2
We will show that over ## (0, D), we have a lower bound of order log(1 + K/D)/n

while over # (y, 1), alower bound of order [’;—2 log (1+ K/(y ﬁ))] 2 holds true.
Therefore, the lower bound over #¢ (y, D) is larger than the average of these bounds.
Forany M > land k € [M — 1], let Q,i"l be the subset of {0, 1}™ defined by

QY=o {0, : |o|; = k}. (6.4)

Before starting, we remind here a version of the Varshamov—Gilbert lemma (see, for
instance, [25, Lemma 8.3]) which will be helpful for deriving our lower bounds.

Lemma 6.2. Let M > 4 and k € [M/2] be two integers. Then there exist a subset
QC Qllc” and an absolute constant Cy such that

k+1
o — 'l > + Vo, 0 € Qst. 0 # o (6.5)
and L = || satisfies L > 4 and
eM
log L > Cyk log (1 n T) (6.6)

We will also use the following lemma that allows us to relate the KL-divergence
KL( fz|| fz’) to the Euclidean distance between the weight vectors & and x’.
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Lemma 6.3. [f the dictionary ¥ satisfies the boundedness assumption (1.12), then
Jorany fr, far € Kz (y, D) we have

1
2V2M

V2
I = m)l; < KLUxll /) < 5 IZ 2@ -0l 67

Proof. Using the Taylor expansion, one can check that for any u € [1/V, V], we have

1 > V2 5
(1—u)+m(u—l) f—loguf(l—u)—i—?(u—l).
Therefore,
1 Jar 2 V2 fr 2
mA(ﬁ_l) f”dVSKL(anfn’)f?/;C(ﬁ—l) frxdv. (6.8)

Since ¥ satisfies the boundedness assumption, we get

1 2 V2 2
IMV?2 /;C (fﬂ’ _fn) dv < KL(fzll fa") < _/X (fn/ —fn) dv. (6.9)

2m

The claim of the lemma follows from these inequalities and the fact that
2 _ 2, 1 2
[ = o =12 = =

6.1. Lower bound on #g¢ (0, D). We show that the lower bound

D, (1+6K)/\(11 (1+ K))l/2
P D noe Jn
holds when we consider the worst case error for f* belonging to the set #¢ (0, D).

Proposition 6.4. Iflog(1 + eK) < n then, for the constant

. Cimkx (2D, 0) - Cimxy
C29V2M(Cim v 4V 2 d ez (2D)) T 2°V2ZM(Cym Vv 4V 2x*)’

&) (6.10)

we have

Dlog(ln—}— K/D) A (log(l + K/ﬁ))l/z)

inf  sup Pf(KL(fnf)zcz -

S feHg(0,D)
>0.17. (6.11)

Proof. We assume that D < K/2. The case D > K/2 can be reduced to the case
D = K/2 by using the inclusion #H¢ (0, K/2) C H% (0, D). Let us set

Ay =4V 16V A5 (2D)/(Cm)
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and denote by d the largest integer such that
K
d<D and d%log (1 + 67) < Ayn. 6.12)

According to Lemma 6.2, there exists a subset @ = {@® : £ e [L]} of Qg of
cardinality L > 4 satisfying

log L > Cid log(l + eK/d)
such that for any pair of distinct elements w©), 0®) e Q we have
lo®@ — o = a/4.

Using these binary vectors @©, we define the set D = {x ™, ... zD)} c Bf as
follows:

x® = w(l)/d, x® = (1 —8)71’(1) + sw(e)/d, £=2,...,L. (6.13)

Clearly, for every ¢ € [0, 1], the vectors x® belong to B f . Furthermore, for any pair
of distinct values £, £’ € [L], we have

|7 © =2 Ng = e/d) 0 —0©Olls = (e/d)?d /4.

In view of Lemma 6.3, this yields

KL Ny > — 7 — > — —_. 6.14
Unollfwen) 2 g I20 =20l = “aomr < @19
Let us choose )
d“log(1 K/d
g2 = 47 loe ¥ eK/d) (6.15)
nA1
It follows from (6.12) that ¢ < 1. Inserting this value of ¢ in (6.14), we get
dlog(l +eK/d
KL(fzo|l frw)) = 2C, i . / )- (6.16)
This inequality shows that condition (i) of Theorem 6.1 is satisfied with
s = Cy(4/n)log(l 4+ eK/d).
For the second condition of the same theorem, we have
fmax KL(f/ ") =n max KL(fro [ fz ) (6.17)
V2 Amar.x (2d
< BV Amax212¢) z(2d) max ||7t(£) — n(1)||§ (6.18)
2m L
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2 2
<V Anz(2D) & (6.19)
m d

since one can check that
@ — a3 < (e/d)*|0® — 0P|, < 26%/d.
Therefore, using the definition of &, we get

V2 hmaxx 2D)  Crdmlog(l + eK/d)

KL(fM| f1) < 6.20
max KL/ 11 = m 160V 2 Az (2D) (6.20)
Cidlog(1 + eK/d) logL
_ CGidlog(1 + eK/ )S ogL ©621)
16 16
Theorem 6.1 implies that
. d1og(l + eK/d
inf  sup Pf(KL(fo)ZCz ogl +e /))30.17. (6.22)
 fedy(0,D) n

We use the fact that d is the largest integer satisfying (6.12). Therefore, either
d+1>Dor

eK)>An (6.23)
d+1)= 1n. .

If d > D, then the claim of the proposition follows from (6.22), since

d + 1)%log (1 +

dlog(l1 +eK/d) > Dlog(l + eK/D).
On the other hand, if (6.23) is true, then
dlog(l +eK/d) > %(d + Dlog(l +eK/(d + 1))
> %(Alnlog(l +eK/(d + 1)), (6.24)

In addition, d? log(1 +eK/d) < Ayn implies that (d + 1)> < A;n. Combining the
last two inequalities, we get the inequality

dlog(l +eK/d) > 1/2(A1n10g(1 + eK/\/Aln))l/2 > (nlog(l + eK/\/ﬁ))l/z.

Therefore, in view of (6.22), we get the claim of the proposition. 0

6.2. Lower bound on #g¢ (y,1). Next result shows that the lower bound

2
y—log(l +
n

K
V«/’_l>

holds for the worst case error when f* belongs to the set H# (y, 1).
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Proposition 6.5. Assume that

(M) 2 <2y (6.25)

n

Then, for the constant
Cimkyx (2D, 0)

Cs = ,
> T 2RVAM A5 (2D)

it holds that
2 1
; ; 14 K /2
inf sup P (KL(f||f)ZC3 —log(l +—= ) >0.17. (6.26)
f fedts (1) 4 {n < yﬁ>}

Proof. Let C > 2 be a constant the precise value of which will be specified later.
Denote by d the largest integer satisfying

d+/log(1 +eK/d) < Cy+/n. (6.27)

Note that 4 > 1 in view of the condition (log(1+¢K)/n)"/? < 2y of the proposition.
This readily implies that d < Cy/n and, therefore,

g > C_l{%log (1 n Cey]f/ﬁ)}l/z > 2C_2{%10g (1 + %)}Vz. (6.28)

Let us first consider the case d < (K — 1)/2. According to Lemma 6.2, there exists
a subset 2 C Q ‘If ~1 of cardinality L satisfying

K-—-1 ,
log L > Cyd log (1 + %) and ||co(z) —w(z)||1 >d/4

for any pair of distinct elements @, @’ taken from . With these binary vectors in
hand, we define the set D C Bf of cardinality L as follows:

£O={n=(1—y,yw/d):a)652}. (6.29)

It is clear that all the vectors of D belong to #H#(y, 1). Let us fix now an element
of O and denote it by !, the corresponding element of Q2 being denoted by w!. We
have

nV? .
/2 1y12
max KL(f7 11 £1) < 5 max | £z — ') 3 (630)
V2 Amaxx (2d)y?
Sn z(2d)y max || @ — o' |3 (6.31)
WEQ

2md?
anf\max,z (2d))/2
md '

IA

(6.32)
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The definition of d yields

(d + 1)y/log(1 + eK/(d + 1)) > Cy+/n,

which implies that

p2
y? log(1 4+ eK/(d + 1))
— <2(d <2(d+1
d — @+ )(d 1)? @+1) nC?
4 _
< dlog(l +e(K 1)/d). 6.33)
nC?
Combined with Equation (6.32), this implies that
wiion s NV An 3 (2d)  4dlog(l +e(K —1)/d
max KL(f7 [[ /1) < 2Qd) &l (2 )/d) (6.34)
neD m nC
4V 2 X max.x (2
= Vw2 QD) oot 4 oK —1)/d). (635
mC?
Choosing
4 2 max. 2
C2=2v6 V*Amax,x (2d)
C1m
we get that
max KL(£2|[ ) < - Cyd log(1 + e(K — 1)/d) < &L
mep w1 w1) =gt @ 08 16

Furthermore, for any &, &’ € D, in view of Lemma 6.3 and (6.28), we have

% (2d,0) ,  Ks(2d,0))
KL(fn“fn)_m” - ”1:W ® — ”1 (6.36)
Kz (2d,0) J/
— 5, X5 6.37
= aveM Cd 6.37)
kx (2d,0) y K 1/2
= RvIMc? {n og (1+ ﬁ)} (6.38)

Since kx (2d,0)/32V2M C? = 2Cj, this implies that Theorem 6.1 can be applied,
which leads to the inequality

A 2 K\
inf  sup (KL(f||f) > G, {y—log(l + —)} ) >0.17.  (6.39)
7 redts () n y/n

To complete the proof of the proposition, we have to consider the case d > (K—1)/2.
In this case, we can repeat all the previous arguments ford = K /2 and get the desired
inequality. O
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6.3. Lower bound holding for all densities. Now that we have lower bounds in

probability for ## (0, D) and ## (y, 1), we can derive a lower bound in expectation

for H (y, D). In particular, to prove Theorem 3.1, we will use the inequality
R(H5 (v, D)) = inf sup EKL(/*|/).  (640)

S freHgy(0,D)UFH g (r,1)

Proof of Theorem 3.1. To ease notation, let us define

1/2
0K 0) = [ rog (142 ) |4 ZREUERID) (et KTV

y/n n n
(6.41)
We first consider the case where the dominating term is the first one, that is
2 K \17* _ 3Dlog(1 + K/D
[V_ tog (1+ —)] . 3Dlogll + K/D) (6.42)
n ya/n n
On the one hand, since D > 1, we have
3Dlog(1 + K/D log(1 K
og(1 + K/D) _ log(1 + eK) 643

n o n

On the other hand, using the inequality log(1 + x) < x, we get

)/2 K 1/2 % 1 1/2
[7 log (1 + —)] < ﬁ[log(l +eK) + log (1 + —)] (6.44)

yn e2y?n

log(1 + eK) 2 y 1 7"

<yl == A 6.45

S el W by o
log(1 + eK)1”>  log(l + eK

SV[og( +e )] 4 og(l+e ). (6.46)

n 2n
Combining (6.42), (6.43) and (6.46), we get
log(1 + eK)\ /2
(gT)) <2y (6.47)

This implies that we can apply Proposition 6.5, which yields

inf P (KL(f||f)>c Vzl (1+ s )}l/z)>017 (6.48)
lq Sup = 3{— Og E—— = U. . .
F redstnpy | n yvn

In view of (6.42), this implies that

inf sup  Pr(KL(f]|f)=>3Csr(n, K.y, D)) > 0.17. (6.49)

S feHg (v.D)
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We now consider the second case, where the dominating term in the rate is the second
one, that is
2 K \1"* 3Dlog(1+ K/D log(1 + K 1/2
|:V_log(1+_)} < 3Dlog(l + / )/\(Og( + /ﬁ))
n n n

yn

In view of Proposition 6.4, we have

. (6.50)

— Pf(KL(f”f)ZCZDlog(anrK/D)/\(log(1+K/ﬁ))1/z)

f fedty(y.D) n
>0.17. (6.51)
In view of (6.50), we get
inf  sup  Pr(KL(f||f) > +Cyr(n, K,y, D)) > 0.17. (6.52)
f fe#s(y.D)
Thus, we have proved that log(1 + eK) < n implies that
inf  sup  Pp(KL(f||f) = Car(n,K,y, D)) > 0.17, (6.53)
f fe#s(y.D)

for some constant C4 > 0, whatever the relation between y and D. The desired lower
bound follows now from the Tchebychev inequality

E[KL(/||/)] = Car(n. K.y. DYPs(KL(/||f) = Cor(n. K.y D). O

A. Concentration inequalities

This section contains some well-known results, which are recalled here for the sake
of the self-containedness of the paper.

Theorem A.l. For each s = 1,...,N, let Yi4,...,Yns be n independent
and zero mean random variables such that for some real numbers a,b we have
P(Yis €la,b]) = 1 foralli € [n] and s € [N]. Then, we have

[SIBFN"];ZKS] =0-a(50)"

|:Srg[2}\)’( ‘ ZYls ] a)(log(zN))l/z.

(A.1)

2n
Proof. We denote

1
Ly = — Yis fors =1,..., N,
n

and Zs=—=) Yig fors=N+1,...,2N.
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Forevery s € [2N], the logarithmic moment generating function y5(1) = log E[e*%5]
satisfies

n 2 2
Ve = log ([TERM /) = Y togEletin/m < 20 D7 )

£ 8n
i=1

where the last inequality is a consequence of the Hoeffding lemma (see, for
instance, [4, Lemma 2.2]). This means that Z; is sub-Gaussian with variance-factor
v = (b —a)?/4n. Therefore, Theorem 2.5 from [4] yields

E[max Z;] < /2v1og(2N),
N

which completes the proof. O

We group and state together the bounded differences and the Efron—Stein
inequalities ([4], Theorems 6.2 and 3.1, respectively).

Theorem A.2. Assume that a function f satisfies the bounded difference condition:
there exist constants c¢;, i = 1,...,n such that for all i = 1,...,n, all

=(X1.....Xi,....Xp) and X' = (X1,...,X],...,X,) where only the ith
vector is changed

(X)) = fXD] = ai. (A3)
Denote
n
v=>Y ¢ (A4)
i=1
Let Z = f(X1,...,X,) where X; are independent. Then, for every § € (0, 1),
vlog(1/6)\1/2 v
P{Z <EZ + (T> } =1-8. and Var[Z] < 3. (A.5)

Next we state the contraction principle of [17]; a proof can be found in [4,
Theorem 11.6].

Theorem A.3. Let x1, ..., x, be vectors whose real-valued components are indexed
by T, that is, x; = (Xj5)seq. Foreachi =1,...,nletg; : R — R be a 1-Lipschitz
function such that ¢;(0) = 0. Let €1, ...,€, be independent Rademacher random

variables, and let V: [0, 00) — R be a non-decreasing convex function. Then

[ <_ Sup ‘ Zet% (Xi,s) )] [ (ssgg ‘ Zelxl s )] (A.6)

se!T

[ (supZe,(pl(x, s))] [ (suBXn:e,’xi,s)]. (A7)
seT =1

S€T =
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