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Near-optimality of linear recovery from indirect observations

Anatoli Juditsky* and Arkadi Nemirovski**

Abstract. We consider the problem of recovering linear image B x of a signal x known to belong
to a given convex compact set X, from indirect observation w = Ax + £ of x corrupted by
random noise £ with finite covariance matrix. It is shown that under some assumptions on X
(satisfied, e.g. when X is the intersection of K concentric ellipsoids/elliptic cylinders, or the
unit ball of the spectral norm in the space of matrices) and on the norm || - || used to measure the
recovery error (satisfied, e.g. by || - || p-norms, 1 < p < 2, on R™ and by the nuclear norm on
the space of matrices), one can build, in a computationally efficient manner, a “seemingly good”
linear in observations estimate. Further, in the case of zero mean Gaussian observation noise
and general mappings A and B, this estimate is near-optimal among all (linear and nonlinear)
estimates in terms of the maximal over x € X expected || - ||-loss. These results form an essential
extension of classical results [7,24] and of the recent work [13], where the assumptions on X
were more restrictive, and the norm || - || was assumed to be the Euclidean one.
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1. Introduction

Broadly speaking, what follows contributes to a long line of research (see, e.g. [4,7—
9,11,30,31] and references therein) started by the pioneering works [15,16] and [24]
and aimed at building efficiently and analysing performance of linear estimates of
signals from noisy observations. Specifically, we consider the classical estimation
problem as follows: given a “sensing matrix” A € R™*" and an indirect noisy
observation

w=Ax+E§ (1.1)

of unknown deterministic “signal” x known to belong to a given “signal set” X’ C R”,
we are interested to recover the linear image Bx of the signal, where B € R"*" is a

*The first author was supported by the LabEx PERSYVAL-Lab (ANR-11-LABX-0025) and PGMO
grant 2016-2032H.
**Research of the second author was supported by NSF grantsCCF-1523768 and CMMI-1262063.
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given matrix. We assume that the observation noise & is random with unknown (and
perhaps depending on x) distribution belonging to some family & of Borel probability
distributions on R associated with a given nonempty convex compact subset @ of
the set of positive definite m x m matrices. In this context, “associated” means that the
non-centered covariance matrix! Cov[P] := Eg¢ p{§§ T3 of a distribution P € 2 is
>-dominated by some matrix from @:

PepP=30c@:Cov[P]<Q.2 (1.2)
We quantify the risk of a candidate estimate — a Borel function X(-): R” — R —
by its worst-case, under the circumstances, expected || - ||-error defined as
RiSk@’".”[ﬂX] = sup ESNP{HBX—;C\(AX +§)||},
xeX, PeP
here | - || is a given norm on R”.

We assume that signal set X is a special type symmetric w.r.t. the origin convex
compact set (a spectratope to be defined in Section 2.1), and require from the
norm || - ||« conjugate to || - || to have a spectratope as the unit ball.> This allows,
e.g. for X to be the (bounded) intersection of finitely many centered at the origin
ellipsoids/elliptic cylinders/| - || ,-balls (p € [2, o0]), or the (bounded) solution set of
a system of two-sided Linear Matrix Inequalities

{x eR": —Lg < Ri[x] < L,k < K} [Rg[x]: linear in x symmetric matrices|

As for the norm || - ||, it can be || - || ,-norm on R”, 1 < p < 2, or the nuclear norm
on the space R” = R**? of matrices.

An important property of spectratopes is that they allow for precise concentration
inequalities for random (Rademacher and Gaussian) vectors, see [3, 17, 18,25, 29]
and references therein. It plays a crucial role in what follows due to several important
implications:

— It allows for a tight computationally efficient upper bounding of the maximum of
a quadratic form over a spectratope (Proposition 2.2). The latter allow to efficiently
upper-bound the maximal over a spectratope risk of linear estimation (i.e. estimate of
the form Xz (w) = HT w), and thus leads to a computationally efficient scheme for
building “presumably good” linear estimates with guaranteed risk (Proposition 3.5).

IFor the sake of brevity and with some terminology abuse, in the sequel, we refer to Ez p{€€7 } as
to covariance matrix of & ~ P. Note that within the proposed approach we do not need the observation
noise to be centered, except for the case of repeated observations, where we explicitly request for the
expectation of the noise to vanish (cf. Section 3.4 and Remark 3.6).

2Here and below, U > V (U > V) means that U, V are symmetric matrices of the same size
and U — V is positive semidefinite (resp., positive definite); V' < U (V' < U) means exactly the same
asU =V, (resp., U > V).

30bviously, any result of this type should impose some restrictions on X — it is well known that
linear estimates are “heavily sub-optimal” on some simple signal domains [5,6,23] (e.g. || - ||1-ball).



Near-optimality of linear recovery from indirect observations 173

— It is also decisive in the implementation of the extended “Pinsker pro-
gram” [24]: when the family J of distributions contains all normal distributions
{N(0, Q) : Q € @}, it allows to tightly lower-bound the minimax risk of estimation
over spectratopes via the Bayesian risk of estimating a random Gaussian signal, and
to show that the presumably good linear estimates are “near-optimal” (optimal up to
logarithmic factors) among all estimates, linear and nonlinear alike.

An “executive summary” of our main result, Proposition 3.8, is as follows:

Given a spectratope X, and assuming that the unit ball B« of the norm conjugate
to || - || is a spectratope as well, the efficiently computable optimal solution Hy to an
explicitly posed convex optimization problem yields a near-optimal linear estimate
Xu, (@) = HI w, specifically,

Riskg . [XH,.|X] < C \/ln (£ RiskOpth}”,” [X]) RiskOptg . [X], (%)

where C is an absolute constant, and L is polynomial in the (naturally defined)
sizes and magnitudes of the data specifying B and the spectratopes X, By, and
RiskOptg . is the “true™ minimax optimal risk associated with zero mean Gaussian
observation noises with covariance matrices from @

RiskOptg . [X] = sup inf max ngw(o,Q){HBx —X(Ax + S)||},
Qe@ ¥ xeX

the infimum being taken over all estimates, linear and nonlinear alike.

It should be stressed that the “nonoptimality factor” in (x) is logarithmic and is
completely independent of the sensing matrix A — the entity “primarily responsible”
for the minimax optimal risk.

The above result constitutes an important extension to the approach developed
in [13], the progress as compared to [13] being as follows:

— [13] dealt with the case of » = {N (0, Q)}, i.e. the observation noise was assumed
to be zero mean Gaussian with known covariance matrix, while now we allow for & to
be a general family of probability distributions with covariance matrices >-dominated
by matrices from a given convex compact set @ C intS7;

— Present results apply to an essentially wider family of signal sets: spectratopes
as compared to ellitopes considered in [13]; ellitopes are also spectratopes, see
Section 2.1, but not vice versa. For instance, the intersection of centered at the
origin ellipsoids/elliptic cylinders/| - || ,-balls, p € [2, oc], is an ellitope (and thus
a spectratope), whereas the (bounded) solution set of a finite system of two-sided
LMT’s is a spectratope, but not an ellitope;

4From now on, S¥ stands for the space of symmetric k x k matrices, and S]j'r is the cone of positive
semidefinite matrices from S¥ .
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— The analysis in [13] was limited to the case of || - ||>-losses, while now we allow
for a much wider family of norms quantifying the recovery error.

Note that, in addition to observations with random noise, in what follows we
also address observations with “uncertain-but-bounded” and “mixed” (combined)
noise. In the latter case &, instead of being random, is selected, perhaps in adversarial
manner, from a given spectratope — the situation which was not considered in [13]
at all.

These results can also be considered as a new contribution to the line of
research initiated by [7], where it is proved (Proposition 4-Theorem 7) that if X

is convex, orthosymmetric and quadratically convex (that is, X = {x € R" :
I e T xl-2 < ti,i =< n} with convex compact 7 C R'}), observations are
direct: o« =x+§& & ~ N@,1,), Bx = x, and || - || = | - |l2, the risk of an

efficiently computable linear estimate is within factor 1.25 of the minimax optimal
risk. The suboptimality guarantees provided by the latter result are essentially better
than those of Proposition 3.8 in the current paper. However, it is also essentially
more restrictive in its scope — an orthosymmetric convex and quadratically convex
set is a very special case of an ellitope, the observations should be direct, and || - ||
should be || - ||».

Note that linear estimators can be efficiently built and optimized for some signal
domains which are not spectratopes, e.g. when X is given as a convex hull of a
finite set, e.g. X is || - ||1-ball (in this case, the smallest risk linear estimate can be
“heavily nonoptimal” among all estimates). In general, however, optimizing risk
over just linear estimates in a computationally efficient fashion can be problematic.
Beyond the scope of spectratopes in the role of signal sets and unit balls of the
norms conjugate to those in which the recovery error is measured, the only known to
us general situation where “presumably good” linear estimation is computationally
tractable and results in (nearly) minimax optimal estimates is that where the recovery
error is measured in || - ||eo. In the latter case, the breakthrough papers [4, 12] (see
also [14]) imply that whenever X is a computationally tractable convex compact set
and the observation noise is Gaussian, an efficiently computable linear estimate is
| - |loo-minimax optimal within the factor O(1)+/In(v).

The main body of the paper is organized as follows. We start with describing
the family of sets we work with — the spectratopes (Section 2.1), and derive the
crucial for the rest of the paper result on tight upper-bounding the maximum of
a quadratic form over a spectratope (Section 2.2). Next we explain how to build
in a computationally efficient fashion “presumably good” linear estimates in the
case of stochastic (Section 3) and uncertain-but-bounded (Section 4) observation
noise and establish near-optimality of these estimates. All technical proofs are
relegated to Section 5. Appendix A lists principal rules of calculus of spectratopes.
Appendix B contains implementation details for the illustrative example (covariance
matrix estimation) presented in Section 3.4. Finally, Appendix C contains an
“executive summary” of conic duality, our principal working horse.
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2. Preliminaries

We start with describing the main geometric object we intend to work with — a
spectratope.

2.1. Spectratopes.
A basic spectratope is a set X, C R" given by basic spectratopic representation — a
representation of the form

X={xeR":3eT:R}x]<tly,1 <k <K} 2.1)

where

(S1) Relx] = Yo'y xi R¥ are symmetric dy x dj matrices linearly depending
on x € R” (i.e. “matrix coefficients” R¥! belong to S%);

(Sp) T € Rf is a monotonic set, meaning that 7 is a convex compact subset of Rf
which contains a positive vector and is monotone:

0<t'<teT =teT.5

(S3) Whenever x # 0, it holds Ry[x] # O for at least one k < K.

Remark 2.1. By the Schur Complement lemma, the set (2.1) given by the data
satisfying (S1), (S2) can be represented as

X = xeR”:EIteT:[

By the latter representation, X is nonempty, closed, convex, symmetric w.r.t. the
origin, and contains a neighbourhood of the origin (the latter is due to the fact that 7
contains a strictly positive vector). This set is bounded if and only if the data, in
addition to (S1), (S,), satisfies (S3).

A spectratope. X, C RP? is a set represented as a linear image of a basic spectratope:

X={xeR’:I(yeR" 1€T):x="Py, Ri[y] 2txlg.1 <k <K},
(2.2)
where P is a p x n matrix, and Ry [-], T are as in (S1)—(S3). We call the quantity

the size of spectratope X.

5The inequalities between vectors are understood componentwise.
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Example 1 (Ellitopes). An ellitope was defined in [13] asaset X C R” representable
as

X={xeR":3yeRY teT):x=Py, y'Sky <tx. k <K}, (23)

where S; > 0, ) x Sk > 0, and T satisfies (S»). Basic examples of ellitopes are:

— bounded intersections of centered at the origin ellipsoids/elliptic cylinders: when-
ever Sy > 0and ) ; Sk > 0,

K
{x eR": xISx < 1}

k=1 ={xeR": FeT =[0,11F:xTSex <1, 1 <k <K}.

— ||+ Il p-balls, 2 < p < oo:

{x eR":|x|, <1}
={xeR":HeT :={t>0, |ty =<1}:x"Sgx:=xF <tx, k <n}.

It is immediately seen that an ellitope (2.3) is a spectratope as well. Indeed, let

Sk = ;": 1 SkjSijs rr = Rank(Sk), be a dyadic representation of the positive

semidefinite matrix Si, so that

YISy =Y (sEy)? Yy,

J

and let

?:{{zkao,1§jfrk,lngK}:Elte‘T:Ztkjftk,kSK},
J

Ri;ly] = sijy eS'=R
We clearly have
X ={xeR":3I({t;} € T.y) : x = Py, RL,[y] = tx;I1. Vk. j}

and the right hand side is a valid spectratopic representation of X,. Note that the
- . K
spectratopic size of X is D = ) ;_ 1.
Example 2 (“Matrix box™). Let L be a positive definite d x d matrix. Then the
“matrix box”
X={XeS: - L<X=<Ly={XxeS: -1, <L7'2xL7'? < 1,}
={X e8?: R?[X]:= [L7'2XL7'?? < 1.}
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is a basic spectratope (augment Ry [-] := R[] with K = 1, T = [0, 1]). As a result,
a bounded set X C R” given by a system of “two-sided” Linear Matrix Inequalities,
specifically,

X={xeR":3reT:—/txLg < Sklx] = VtxLk, 1 <k <K}

where Si[x] are symmetric dy x dj matrices linearly depending on x, Ly > 0 and T
satisfies (S,), is a basic spectratope:

X={xeR":3eT:R}x]|<tlg. 1<k <K}
[Relx] = LS [x]L; 2.

More examples of spectratopes can be built using their “calculus.” It turns out that
nearly all basic operations with sets preserving convexity, symmetry w.r.t. the origin,
and boundedness (these are “built-in” properties of spectratopes), such as taking
finite intersections, direct products, arithmetic sums, linear images, and inverse
linear images under linear embeddings, as applied to spectratopes, yield spectratopes
as well. Furthermore, a spectratopic representation of the result of such an operation
is readily given by spectratopic representations of the operands; see Appendix A for
principal calculus rules.

2.2. Upper-bounding quadratic form on a spectratope. We are about to establish
the first crucial in our context fact about spectratopes — the possibility to tightly
upper-bound an (indefinite) quadratic form over a spectratope. To proceed, we need
some definitions.

Linear maps associated with a spectratope. We associate with a basic spectratope
(2.1), (S1)—(S3) the following entities:

1. Linear mappings

0+ Re[0] =D 0y RFRH: 8" — §%.

i,J
As is immediately seen, we have
Rilyy"] = REDY], (2.4)
implying that R [Q] > 0 whenever Q > 0, whence R[] is >-monotone:
0 = 0 = Ri[0] = Ri[Q]. (2.5)

Besides this, if £ is a random vector taking values in R” with covariance matrix Q,
we have

Ee{R7 (6]} = Ee{Ri[6671) = Ri[Eel€T}] = Rl ), (2.6)
where the first equality is given by (2.4).



178 A. Juditsky and A. Nemirovski
2. Linear mappings Ag = Ry [Ag]: S — §" given by

[Ri[AK]], = 3 Tr (AL[RMRM + R RMY). 1<ij<n.  @7)
It is immediately seen that R[] is the adjoint of R[-]:

V(A € 8%, 0 €8") 1 (Ag, Ri[Q]) = Tr (A Ri[Q])

2.8
— T (REIAIQ) = (R[AGL ©),

where (A, B) = Tr(AB) is the Frobenius inner product of symmetric matrices.
Besides this, we have®

Ar > 0= Ri[Ag] = 0. (2.9)

3. Thelinear space AX =871 x...xS?K of all ordered collections A = {Aj € S% Ye<k
along with the linear mapping

A= A[A] = [Tr(Al);...;Tr(AK)] : AKX > RK,

Besides this, for a monotonic set 7 C RX we define:

— the support function of T
¢7(g) = maxg’1,
te7

which clearly is a convex positively homogeneous, of degree 1, nonnegative real-
valued function on RX. Since 7 contains positive vectors, ¢ is coercive on RX,
meaning that ¢7(1%) — +o00 along every sequence {A* > 0} such that ||A*| — oo;

— the conic hull of T

K[T]=cl{[t;s] eRET i 5> 0,57t e T}

which clearly is a regular cone in RK*1 (i.e. it is closed, convex, and pointed with a
nonempty interior) such that

T = {t 1] e K[T]}.
It is immediately seen that the cone (K[77])« dual to K[7] can be described as follows:
(K[T]), := {[g:r] e RE* : [gir]T[t15] = 0 V[t; 5] € K[T ]}

={lg;r] e RET 11 > 97 (—g)}.

6Note that when Ax > 0 and Q = yyT, the first quantity in (2.8) is nonnegative by (2.4), and
therefore (2.8) states that yT R [Ax]y > 0 for every y, implying that R{[Ax] > 0.
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Proposition 2.2. Let C be a symmetric p X p matrix, let X C RP be given by
spectratopic representation (2.2),

Opt = max x’ Cx
xeX

and let
Opt, = _min {¢7(A[A]) ‘A >0, k<K, PTCP < Xk:fR,’;[Ak]}
[A[A] = [Tr(A1); .. s Tr(AR)]]. (2.10)

Then (2.10) is solvable, and
Opt < Opt, <2max[In(2D),1]Opt, (2.11)

where D =), dy is the size of the spectratope X..

To explain where the result of the proposition comes from, let us prove right now
its easy part — the first inequality in (2.11); the remaining, essentially less trivial,
part of the proof is provided in Section 5.2. Let A be a feasible solution to the
optimization problem in (2.10), and let x € X, so that x = Py for some y such that
R]% [v] X txlg, . k < K, for properly selected r € 7. We have

xTcx=yT[PTcCP]y

= 2 TRy = ) T (R ALYy ™) = 3 T (AeRelyyT])
@ * k ® *

iZTr (AkRi[y])EZTr (Aktkldk) = Ztk TI‘(Ak) = lT[A]l‘
(©) k @) k k

= #r(AIn),

(e)

where (a) is due to the fact that A is feasible for the optimization problem in (2.10),
(b) is by (2.8), (c) is by (2.4), (d) is due to Ag > 0 and R,% ]2tk 1g, , and (e) is
by the definition of ¢+. The bottom line is that the value of the objective of the
optimization problem in (2.10) at every feasible solution to this problem upper-
bounds Opt, implying the first inequality in (2.11). Note that the derivation we have
carried out is nothing but a minor modification of the standard semidefinite relaxation
scheme.

Remark 2.3. Proposition 2.2 has some history. When X is an intersection of centered
at the origin ellipsoids/elliptic cylinders, it was established in [22]; matrix analogy
of the latter result can be traced back to [21], see also [26]. The case when X is a
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general-type ellitope (2.3) was considered in [13], with tightness guarantee slightly
better than in (2.11), namely,

Opt < Opt,, < 41In(5K) Opt.

Note that in the case where X is an ellitope (2.3), Proposition 2.2 results in
a worse than O(1)In(K) “nonoptimality factor” O(l)ln(X:,If=1 Rank(Sg)). We
remark that passing from ellitopes to spectratopes requires replacing elementary
bounds on deviation probabilities used in [13,22] by a more powerful tool — matrix
concentration inequalities, see [18,29] and references therein.

3. Near-optimal linear estimation under random noise

3.1. Situation and goal. Given v X n matrix B, consider the problem of estimating
linear image Bx of unknown deterministic signal x known to belong to a given set
X C R”" via noisy observation

w = Ax + £, 3.1)

where A is a given m x n matrix A and & is random observation noise. In some signal
processing applications, the distribution of noise is fixed and is part of the data of the
estimation problem. In order to cover some interesting applications (cf. Section 3.4),
we allow for “ambiguous” noise distributions; all we know in advance is that this
distribution belongs to a family J” of Borel probability distributions on R™ associated,
in the sense of (1.2), with a given convex compact subset @ of the interior of the
cone 8™ of positive semidefinite 7 x m matrices. Actual distribution of noise in (3.1)
is somehow selected from & by nature (and may, e.g. depend on x).

In the sequel, for a Borel probability distribution P on R™ we write P<@ to
express the fact that Cov[P] is >-dominated by a matrix from Q:

{P<@} < {30 € @ : Cov[P] < Q}.

From now on we assume that all matrices from @ are positive definite.
Given @ and a norm || - || on R”, we quantify the risk of a candidate estimate —
a Borel function X(-): R” — RY — by its (&, || - ||)-risk on X defined as

Riske,||[X|X] = sup Eg p{l|X(4x + &) — Bx||}. (3.2)
XEX,P<@Q
where || - || is some norm on R”. Our focus is on linear estimates — estimates of the

form
T =H o

given by m x v matrices H, and our current goal is to demonstrate that under some
restrictions on the signal domain X, a “good” linear estimate yielded by an optimal
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solution to an efficiently solvable convex optimization problem is near-optimal in
terms of its risk among all estimates, linear and nonlinear alike.

We assume here that set X is a spectratope (cf. (2.2)). Ideally, to compute a “good”
linear estimate one would look for H which minimizes the risk Riskg . [X 7 | X]in H .
This risk is generally difficult to compute even when X is a spectratope, and with our
approach, we minimize in A an efficiently computable upper bound on the risk rather
than the risk itself. In order this bound to be tight — good enough to allow to build a
near-optimal linear estimate, we have to impose further restrictions, specifically, we
make from now on the following

Assumption A. The unit ball B of the norm || - ||« conjugate to the norm || - || in the
definition (3.2) of the estimation risk is a spectratope:

By={zeR":3Iye¥Y:z= My},

5 (3.3)
Y:={yeR:IreR: Syl <rdys. 1 <L <L}

where the right hand side data are as required in a spectratopic representation.

Examples of norms || - || satisfying Assumption A include | - ||;-norms on R,
1 < g < 2 (conjugates of the norms || - ||, with 1/p 4+ 1/g = 1, see Example 1 in
Section 2.1). Another example is nuclear norm || - ||s,,1 on the space R¥ = R?*¢

of p x g matrices, || V|51 = Y_ 0i(V) — the sum of singular values of a matrix V.
The conjugate of the nuclear norm is the spectral norm || - [|s,,00 on R” = R?*?, and
the unit ball of the latter norm is a basic spectratope (cf. Example 2 in Section 2.1):

{Z eR”: || Z|lgoo <1} ={Z :3r e R =[0,1]: S*[Z] X t1p4q}.

‘ se1=[ 1]

It is immediately seen that the case when X is a spectratope (2.2) can be reduced to
the one where X is a basic spectratope — to this end it suffices to replace matrices
A and B with AP and BP, respectively, and to treat y rather than x = Py as the
signal underlying observation (3.1), see (2.2). We assume that this reduction has
been carried out in advance, so that from now on our signal set will be

X={xeR":3eT:R}x]<txly,1 <k <K}

3.2. Building linear estimate. Observe that the (@, || - ||)-risk of the linear estimate
Xr(w) = HTw, H € R™”, can be upper-bounded as follows:

Riskg . [f2()IX] = sup Egp{|H" (Ax + &) — Bx||}
xeX,P<Q

sup |HT Ax — Bx| + sup E¢p{|HT &} (3.4
XX P=<@Q

A

=< ®x(H) + Ya(H).
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where
Ox(H) =max {[|(B—HT A)x| :x € X}, Ya(H) = ;u%EENp{HHTEH}.

While @5 (H) and Wg(H) are convex functions of H, these functions can be
difficult to compute.” In such a case, matrix H of a “good” linear estimate X i which
is also efficiently computable can be chosen as a minimizer of the sum of efficiently
computable convex upper bounds on @ and Vg.

3.2.1. Upper-bounding ® (). With Assumption A in force, let us consider the
direct product spectratope
Z:=XxY={[x;y]eR"xRY:Is=[t;r] e T x R :
Ri[x] X txly . 1 <k <K, SZlyl <rdy 1<€<L}
:{w:[x;y]eR”qu:Els:[z;r]eé’:’fx,ﬂ:
UPlw] < silg;, 1<i <1 =K+L}

with U;[-] readily given by Ry [-] and S¢[-]. Given a v X n matrix V' and setting

1 VM
WV] ==
2l MTv |
it clearly holds
max |Vx|| = max z'Vx= max y'MTVx=maxw! W[V]w.
xeX x€X,zeBx« xeX,yely wezZ

Applying Proposition 2.2, we arrive at the following result (cf. Proposition 4.1):

Corollary 3.1. In the just defined situation, the efficiently computable convex function

Oy (H) = rz?i% {¢7(A[A]) + ¢r(A[Y]) : A = {Ag € sik}kSK,

Sk RilAk]l | L(B-HTA) M ] >0} (3.5)
IMT(B - HT A) \ 20 87 Y] -

e eS|

is a tight upper bound on ® x;(-), namely,
VH e R™ : ®x(H) < ®x(H) < 2max [In(2D), 1] ®x(H).

D=>"dc+) fi.
k 14

7For instance, computing W s (H ) reduces to maximizing the convex function ||(B — HT A)x/|| over
Xx € X, which is computationally intractable even when X is as simple as the unit box, and || - || is the
Euclidean norm.
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Recall, that here

[REAK], = 5 Tr (Ae[RE R + R RE]), where Ri[x] =Y xi R¥
i

N = N =

[82‘[Tg]]ij =-Tr (Tg[SfiSfj + Sijfi]), where S¢[y] = ZyiS“,
i

(3.6)
are the mappings (2.7) associated with Ry and Sy,
d7(A) =maxATr, ¢pr(A) = maxATr,
teT reR
and

AM{E1.....EN}] = [Tr(ED):.... TH(EN)]

3.2.2. Upper-bounding ¥ (-). Our next observation is as follows (for proof, see
Section 5.4):

Lemma 3.2. Let Y be am x v matrix, Q € S}, and P be a probability distribution
on R™ with Cov[P] < Q. Let, further, || - | be a norm on R with the unit ball B
of the conjugate norm || - ||« given by (3.3). Finally, let T = {Y; € S{FE}ZSL and a
matrix ® € S™ satisfy the constraint

[ o | lrm ]>o o)
%MTyT‘Zesg‘[Tg] - '

(for notation, see (3.3) and (3.6)). Then

Eep{IYTE|} < Tr(QO) + ¢z (A[T]). (3.8)

We have the following immediate consequence of Lemma 3.2.

Corollary 3.3. Let

o) = gleaé Tr(QO®) (3.9)
and
Va(i) = min_ {1(©) +pa(iIY):
vomove [0 LA,
U leET [ s 170

Then Wg(-): R™ — R is efficiently computable convex upper bound on W (-).
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Indeed, given Lemma 3.2, the only non-evident part of the corollary is that Wg (-)
is a well-defined real-valued function, which is readily given by Lemma 5.1, see
Section 5.1.

Remark 3.4. When Y = {Y},<;, © is a feasible solution to the right hand side
problem in (3.10) and s > 0, the pair Y’ = {sY;}¢<z, ® = 5710 also is a feasible
solution; since ¢x (-) and I'(-) are positively homogeneous of degree 1, we conclude
that W is in fact the infimum of the function

2T @4 (AIT]) = inf [s'T(©) + sp= (Y1)

over Y, ® satisfying the constraints of the problem (3.10).

In addition, for every feasible solution Y = {Y},<r, © to the problem (3.10)
with M[Y] := >, 8/[Y¢] > 0, the pair Y, O = %HMM‘l[T]MTHT is feasible
for the problem as well and 0 < 8} =< © (Schur Complement Lemma), so that
['(®) < I'(O). Asaresult,

To(H) = ir%f{;ltF(HM,M_l[T]MTHT) + pa(A[Y]) :
T = (Y eSfy,_,. M) -0} G

Illustration. Consider the case when |Ju|| = |lu| , with p € [1,2], and let us apply
the just described scheme for upper-bounding Wg(-), assuming @ = {V € S :
V < Q} for some given Q > 0, so that ['(®) = Tr(Q®), ® > 0. The unit ball of
the norm conjugate to || - ||, that is, the norm || - ||, ¢ = p/(p — 1) € [2, 0], is the
basic spectratope (in fact, ellitope)

Bi={yeR':IreR =R} :|rlg2=<1}:Sfy]<r, 1<L<L=v}
Selyl = ye.
As a result, T’s from Remark 3.4 are collections of v positive semidefinite 1 x 1-

matrices, and we can identify them with v-dimensional nonnegative vectors v,
resulting in A[Y] = v and M[Y] = Diag{v}. Besides this, for nonnegative v

we clearly have ¢®(v) = |v| p/(2—p). The optimization problem in (3.11) now
reads
Ta(H) = inf {{Tr(Q"2H Diag  {v}H" ') + vl pjap) : v > 0}.

After setting ag = || Col[Q/2H]||», (3.11) becomes

_ (1 d?
Vo (H) = inf {Z Zv_i + 1llp/-p) (-
1
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resulting in Wo (H) = ||[a1;...;ay]| p- Recalling what are a;’s, we end up with

We(H) < We(H) := |[I Coli[Q"?H]|2:...: || Col,[Q"*H]||2] (3.12)

|| D’
Note that the bound (3.12) can be easily improved when & ~ N (0, Q). Indeed, in this
case n = HT £ is normal with components 7; ~ M (0, a?),a; = || Col,[0Y2H]|>,
and therefore

1/p
Va () = Bt} < [Eytinigy] 7 = Y20 EDE 5]
= L0 DRyl = Fal] = Hlari... ]

For instance, when p = 1 the bound le@ (H) becomes exact and equals
2 2
V=D ai = | =Va(H).
T~ b4

3.2.3. Putting things together: building presumably good linear estimate. Cor-
ollaries 3.1 and 3.3 imply the following recipe for building a “presumably good”
linear estimate:

Proposition 3.5. In the situation of Section 3.1 and under Assumption A, consider
the convex optimization problem (for notation, see (3.6) and (3.9))

Opt=, min {4)7 (AIA]) + & (A[Y]) + dx(A[X]) + T(®) -
A={Ar >0,k <K}, Y={Y,>=0L<L}, Y ={Y,=04{<L}

[ Sk RE[AK] | 3[BT —ATH]M }

1 z 0
IMT[B—HTA]| Y, 8¢

- ’

[@%HM

> O}. (3.13)
IMTHT | ¥, 817 ]

The problem is solvable, and the H-component H, of its optimal solution yields
linear estimate X, (w) = HI w such that

Riskg, .| [£()|X] < Opt. (3.14)

The only claim in Proposition 3.5 which is not an immediate consequence of
Corollaries 3.1, 3.3 is that problem (3.13) is solvable; this claim is readily given by
the fact that the objective clearly is coercive on the feasible set (recall that I'(®) is
coercive on 8% due to @ C intS’} and that y — My is an onto mapping, since B«
is full-dimensional).
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Remark 3.6. In some applications, observations (1.1) have additional structure,
namely, w is a T-element sample: @ = [@1;...; @r] with components

oy =Ax+§&, t=1,...,T,

and &; are i.i.d. observation noises with zero mean distribution P satisfying P <@
for some convex compact set @ C intS’’. In other words, we deal with repeated
observations, where form = Tm,
A=][A;...;A] € R™" forsome A € R™*",
T
Q= {Q =Diag{ 0,...,0 }, O e(fl}.

T

(3.15)

It can be easily verified (see Section 5.5) that in the case of repeated observations
the optimization problem (3.13) responsible for the presumably good linear estimate
reduces to similar problem with size independent of T :

Proposition 3.7. In the case of repeated observations and under Assumption A,
the linear estimate of Bx yielded by an optimal solution to problem (3.13) can be
computed as follows. Consider the convex optimization problem

— . _ / 17(H) -
Opi = min Lo (A]) + 6 (AT)) + 42(A[T') + $T®)

A={Ae =0k <K}, T={Y¢ =04 <L}, Y =7;=0L=<L}

[ 2k Re[Ak] ‘ 2[BT —ATHIM ] >0
WMT[B-ATA]| L8000 1T

6 | lam
LasTgT * T =0, (3.16)
IMTHT | Y, 817}

where o L
[(®) = max Tr(06).
Q€@

The problem is solvable, and the estimate in question is yielded by the H -component H.,
of the optimal solution according to

T
e _ 1 - _
X([@1:...;071]) = ?H*T E ¢,

=1

and the upper bound, provided by Proposition 3.5, on the risk Riskg,.| [X()|X] of
this estimate is Opt.
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3.3. Near-optimality in Gaussian case. The bound (3.14) for the risk of the linear
estimate Xz, (-) constructed in (3.13) can be compared to the minimax optimal risk
of recovering Bx, x € X, from observations corrupted by zero mean Gaussian noise
with covariance matrix from @; formally, this minimax optimal risk is defined as

RiskOptg . [X] = sup ipf[ sup EEWV(O,Q){HBX —X(Ax + E)||}],
0e@*0) Lyex

where the infimum is taken over all estimates.
Proposition 3.8. Under the premise and in the notation of Proposition 3.5, let
M} = max {Epeno, 1) | BW?p|?

WeW: ={WeS,: IeT: R[Wl=2telg.,1<k=<K}}; (317

we have
2DM?
Riskg .| [X#. | X | < Opt < C,/In(2F)In —*)RiskOt 111,
@I [XH.1X] < Opt < \/ (2F) (RiskOpté’”,”[X] Pta, |- [X]
(3.18)
where C is a positive absolute constant, and
D=>dp. F=Y fi. (3.19)
k L

For the proof, see Section 5.7.

Remark 3.9. The idea of the proof of Proposition 3.8 originates from [24]. Namely,
our goal is to upper-bound the optimal value Opt in the optimization problem (3.13),
which is an upper bound on the risk of the presumably good linear estimate yielded
by Proposition 3.5, in terms of the minimax optimal risk RiskOptg .| [X]. To this
end, we show that:

(1) Opt can be upper-bounded in terms of the optimal Bayesian risk
olW. 0 = inf Ey -0 w00 {1 B1 = £(An + £}

associated with observation noise £ ~ N (0, Q) and independent of this noise random
Gaussian signal n ~ N (0, W), with properly selected Q € @ and W € §" ;

(2) The above “properly selected W and Q” can be chosen in such a way that
the Bayesian risk o[W, Q] can, in turn, be upper-bounded in terms of the minimax
optimal risk RiskOptg .4 [X].

Combining (1) and (2), we arrive at the desired upper-bounding of Opt in terms of
RiSkOth,”.“ [X].
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It should be stressed that implementing the outlined, by itself quite transparent,
strategy is by far not straightforward; the main ingredients of the implementation
are Lemma 5.3 and the (far from being evident) fact that the upper bound (3.8)
on E{||Y T£||} in the case of zero mean Gaussian  is tight, as stated by the following
lemma (see Section 5.6 for the proof).

Lemma 3.10. Let Y be an N x v matrix, let || - || be a norm on RY such that the
unit ball By of the conjugate norm is the spectratope (3.3), and let { ~ N (0, Q)
Jor some positive semidefinite N x N matrix Q. Then the best upper bound on
Vo(Y) := E{|YT¢|} yielded by Lemma 3.2, that is, the optimal value Opt[Q] in
the convex optimization problem (cf. (3.10))

Opt[Q] = min pr(A[Y]) +Tr(QO) : Y ={Y, = 0,1 <t <L}, ®ecS",

1
| =0 620
M"Y \Z«SZ‘[M

(for notation, see (3.6) and Lemma 3.2) satisfies the identity

V(0 = 0): Opt[Q] = Opi[Q] := {m(km) L THG) : Y = 0,

min
G, Y={Yy,L<L}
[ G | 10'vm ]
IMTYTQV> | ¥, 877

> O%, (3.21)

and is a tight upper bound on Yo (Y'), namely,

8/In (4v/2F/(v/2 — e1/4))
J2 —el/4

where F =", fy is the size of the spectratope (3.3).

VoY) < 62yIn(44F) Yo (Y),
(3.22)

Yo (Y) = Opt[Q] <

3.4. Illustration: covariance matrix estimation via indirect observations. Supp-
ose that we observe a sample

ne = A hi<r, (3.23)

where A is a given m x n matrix, and £, ...,&r are sampled, independently of
each other, from zero mean Gaussian distribution with unknown covariance matrix ¢

known to satisfy
Yo X0 X D, (3.24)

where y > 0 and ¥, > 0 are given. Our goal is to recover the linear image B3(6)
of 6, and the norm in which recovery error is measured satisfies Assumption A.
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For the covariance estimation problem to fit the framework presented in the
previous section we reformulate it as follows.

1. We represent the set {## € S : y« < ¢ <X th} as the image of the basic
spectratope (matrix box)

V=1{eS": |[v)sne <1} [|| - |Isn,00: the spectral norm]

under affine mapping: we set %9 = ((1 + y)/2)%«, 0 = (1 — y)/2, and treat the
matrix

V=012 —00)9. 2 [ 9 = 0 + o)/ Punl?]

as the signal underlying our observations. Note that a priori information (3.24) on ¢
reducestov € V.

2. We pass from observations 1, to “lifted” observations n,r]tT € S™, so that

E{nnl}y = B{AgET AT} = 49AT = A (99 + 049 }/2091/2) AT,

¥[v]
and treat as “actual” observations the matrices
w; = UtTI;T —AzS‘oAT, 1<t<T.

We have?
wr = Av + §;  with Av = aAﬁi/zvﬂi/zAT and ¢ = n,ntT — AV [v]AT. (3.25)

Observe that random matrices (y,..., {7 are i.i.d. with zero mean and covariance
mapping €[v] (that of the random matrix-valued variable ¢ = nnT — E{nnT},
n ~ N (0, AD[v]AT)) which satisfies (see Section 5.3 for the derivation)

YoeV: €] <0, (e, Oh)=2Tr(0+AThAO,ATeA), e ,heS™. (3.26)

We have represented the problem of interest in the form described in Section 3.1 and
have specified all required data.

Numerical illustration. Here we report on preliminary numerical experiments with
the estimation problem stated above. They are restricted to the diagonal case where
A € R™" is nonsingular, B(6) = BOBT with B € R¥", 9, = I,,, and y = 0;
our goal is to recover B(0) € S” in the Frobenius (“Frobenius norm case”), or in

8In our current considerations, we need to operate with linear mappings acting from S” to S9.
We treat S¥ as Euclidean space equipped with the Frobenius inner product (#,v) = Tr(uv) and
denote linear mappings from S? into S? by capital calligraphic letters, like #4, @, etc. Thus,
in (3.25) denotes the linear mapping which, on a close inspection, maps matrix v € S” into the matrix
Av = A[P[v] — #[0]]1AT.
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the nuclear norm (“nuclear norm case). Our first observation is that the case of
square nonsingular A reduces immediately to the case of direct observations A = I,;
to this end it suffices to treat, as observations, vectors & = A_lnt, see (3.23). It
is easily seen that the estimate given by Proposition 3.7 is “intelligent enough” to
recognize this possibility. Furthermore, the case of B € R"*” reduces to the case of
diagonal B: if B = UDVT is the singular value decomposition of B, with our ¥,
and choice of the norm, we lose nothing when replacing B with D, and our design
again recognizes this possibility. Therefore, from the start, in our experiment we
assume that A = I, and B() = BYBT with diagonal B, and

o =

] = %I,, + %v, AV = .

N|=

1 1
iln, 0 = 57

Thus, the estimation problem in question is reduced to that of recovering the matrix
Bo[v]BT = 1B% + 1BvB

from observations (3.25) stemming from a signal v known to satisfy v € V =
{v € §" : v? < I,,}. The outlined setup, as compared to the general one, simplifies
dramatically optimization problem (3.16) (for details, see Appendix B) and allows to
run experiments with z in the range of hundreds.

In our simulations, we use 7 € {32,128,512} and diagonal matrix B with
diagonal entries B;; = i~#, with B running through {0,1,2,3}. For every
combination of 7" and B from the just outlined ranges, we compute, in the Frobenius
and the nuclear norm cases, the linear estimate and (the upper bound on) its risk
as given by Proposition 3.7. Next, we run K = 100 simulations and record the
actual recovery errors as yielded by the linear estimate and the Maximum Likelihood
estimate (MLE) in the role of the reference point.® In our experiments, the covariance
matrices underlying observations were generated as random rotations of diagonal
matrices with diagonal entries drawn, independently of each other, from the uniform
distribution on [0, 1].

The results of experiments with covariance matrix of size n = 128 are presented
in Figures 1 and 2. The first figure displays the boxplots of the ratios of actual errors of
the linear estimators to the theoretical upper risk bounds for the Frobenius norm case
(plot (a)) and nuclear norm case (plot (b)). Each of four boxplot groups corresponds,
from left to right, to 8 = 0, 1, 2, and 3; three boxplots inside each group correspond
to the observation sample lengths 7" = 32, 64, and 128. Boxplots for ratios of errors
of linear estimation to those of MLE for each simulation are displayed in Figure 2.
The “ordering” of boxplots is the same as in Figure 1; for better readability of the plots

oIt is immediately seen that with our setup the ML estimate is as follows: given observations 7;,
1 <t < T (see (3.23) and recall that in our case A = I,;), we compute the empirical covariance

matrix C = % Z,T=1 nen! . The MLE # of the covariance matrix & of 71;’s is obtained by keeping

the eigenvectors of C intact and projecting the eigenvalues of C onto [0,1]. The resulting MLE of
B() = BIB is BYB.



Near-optimality of linear recovery from indirect observations 191

+ + + +
A
.
+ + + +
T : . " 44 5F +
+ + + T+ + + + +
+ + + | | | + + _ + .
¥ i I ! | 1 | + | + | + s +
T i T T B e e B L R IR
: : : | | | T | — T | — T | — | | |
sp+ o+ Lt " ] ! b Do Do
+ -+ -+ —
T B LT B LT B ‘ ° Q B Q B Q B H ]
l_:Ll L l_:Ll l_:Ll i l_:Ll l_:Ll L l_:Ll T | ! T | ! T | ! T
i i i ! | T e | T
1 1 4 1 4 1 1 1 £
ok ERs ]
(a) Frobenius norm case. (b) Nuclear norm case.

Figure 1. Ratios of empirical errors of the linear estimation to the upper risk bounds. Boxplots for
100 realisations of randomized experiments.

K] e T B e I e e T e T e e
+ + +

+ + + I *

5 + 5 T
+ + + t
+ + + 4 .

5 + + + + 2 -

i £ i £ .

+
+
++

FITF -+
F-{T F--—t++r
T+
TR -+
e
F{TF -4+
FITF -+
F-{T F--—t++r
L - ++
FLT F-—d++ =+
LT bt
T R+
LT i+ +
R R
TR
FLT F-—d++ =+
LT bt
T F-1 +++

o
F{TF -4+
FDAAH—# -
FADj»AA\ 4+ HF

&}
F‘Dj"‘\#ﬁ—f—o—r
F{T F—— -l
FEAAAH + +

(a) Frobenius norm case. (b) Nuclear norm case.

Figure 2. Boxplots for ratios of empirical errors of the linear estimation to the error of the MLE;
100 realisations of randomized experiments.

the data is “clipped” at the level 3. We see that no estimate “uniformly dominates”
the other one, and that the linear estimate outperforms the MLE when the number T
of observations is relatively low.!°

4. Linear estimation under ‘“uncertain-but-bounded’ noise

We present here another application of the result of Proposition 2.2 — construction
of a linear estimate of a signal in the case of uncertain but bounded perturbation £ in
the observation (1.1).

10The fact that the relative to linear estimation performance of MLE improves as T grows is completely
natural — the latter estimate is asymptotically optimal as 7" — oo.
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4.1. Problem statement. Consider an estimation problem where, given an observa-
tion
w=Ax + £

of unknown signal x, known to belong to a given signal set X/, one wants to recover
linear image Bx of x. Here A and B are given m x n and v x n matrices. Suppose
that all we know about £ is that it belongs to a given compact set # (“uncertain-but-
bounded observation noise”). In the situation in question, given a norm || - || on R”,
we quantify the accuracy of a candidate estimate w — X(w) by its maximal on X
risk
Risk g [)?|X] = sup ||Bx—Xx(Ax +§&)|
xeX, EedH

(“H -risk”).

This is a standard problem of optimal recovery (see, e.g. [19,20]). Itis well known
that when # and X are convex compact sets, when specifying X (w) as (any) point
from {x € X : w — Ax € H}, we get a minimax optimal, within factor 2, estimate,
see also [27,28].We are about to show that when X and J are spectratopes, and the
unit ball of the norm | - ||« conjugate to || - || is a basic spectratope, an efficiently
computable linear in observation estimate Xiy = H w is near-optimal in terms of its
H-risk. 1!

Our initial observation is that the situation in question reduces straightforwardly
to that where there is no observation noise at all. Indeed, let ¥ = X x J¢; then ¥
is a spectratope, and we lose nothing when assuming that the signal underlying
observation w is y = [x;&] € Y:

a):AX-i-g:z‘Ty, A =[A, In].

while the entity to be recovered is

Bx = By, B =[B,0xm].

With these conventions, the observation noise vanishes, while the J#-risk of a
candidate estimate X(-): R™ — R becomes the quantity

Riskj.| [55|X X Jf] = sup |By —X(Ay)]|.
y=[x;§]1€X xH

To streamline the notation, let us assume that the outlined reduction has already been
carried out, so the problem of interest reads: given an observation

w = Ax € R",

Tn the case where an “efficient description” of the sets €, X and the norm || - || is available, a
minimax optimal, within factor 2, nonlinear estimate can be computed efficiently. On the other hand,
its risk is generally hard to compute. Note that the linear estimate we discuss here, which comes with a
“reasonably tight” upper bound on its risk, can be of “numerical” interest in the situation where estimates
are to be computed repeatedly for different observations sharing common problem data — sets J€, X and
the norm || - ||.
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estimate the linear image Bx € RY of an unknown signal x known to belong to a
given spectratope X. The risk of a candidate estimate X is defined as

Risky.; [X]X] = sup | Bx — X(4x)]|,
xeX
and the norm || - || is such that the unit ball B, of the norm || - ||« conjugate to || - || is
a basic spectratope:
By ={ueR:|ul« <1} ={ueR’ :IreR:S}ul <rdy. 1<L<L}

where the right hand side data are as required in a spectratopic representation. By
the same reasoning as in Section 3.1, we lose nothing when assuming from now on
that the signal set is a basic spectratope:

X={xeR":3reT :R{x]=txlg.1 <k =<K}

4.2. Near-optimality of linear estimation. Let Xz (w) = H” » be a linear esti-
mate. We have

- o _ T
Risky. [£4|X] = max | (B — H' 4)x|

[u; x].

3(B-HT4)
[u;x]€BsxX i|

=  max [u;x]T[

Applying Proposition 2.2, we arrive at item (i) of the following proposition (cf.
Corollary 3.1):

Proposition 4.1. In the situation of this section, consider the convex optimization
problem

O_pt = min

im0 (T]) + b (ML) Yo 2 0, A = 0, V(R

SeSiIY | 3(B-HT4) ]l
>0;, (4.1
[ LB-HTA)" | Ty RilAd]

where R[] and 8[| are induced by Ry, resp., Sk [], as explained in Section 2.1.

(i) The problem is solvable, and the risk of the linear estimate X H*(_-) vielded by the
H -component of an optimal solution to (4.1) does not exceed Opt.

(ii) The linear estimate X, is near-optimal in terms of its J -risk:

Risky.j [£4.]%] < Opt < 2In@2D)Risk, [X], D =Y dc+>  fi. 42)
k l
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where Risk,,[X] is the minimax optimal risk:

Risk,, [X] = inf Risk, [)’C\|X],
%

where inf is taken w.r.t. all possible estimates.

For a proof, see Section 5.8.

4.3. Numerical illustration. The construction'? from the proof of Proposition 4.1
item (ii) can be used to lower bound numerically the minimax risk Riskj.|[Xa, | X],
and we can compare the resulting lower bound on the “true” minimax risk with the
upper bound (4.1) on the risk of the linear estimate yielded by our approach, thus
quantifying numerically its conservatism.

We have conducted two experiments of the outlined type. In both experiments
the signal set X is the box

X:{xER":j|xj|§1,1§j§n}
[K =n, Rp =kZexel . k=1,....,K, T =[0,1]¥],

B is the n x n identity matrix, and 5 x n sensing matrix A is a randomly rotated
matrix with singular values A;, 1 < j < n, forming a geometric progression, with
A1 = land A,/, = 0.01. In the first experiment the “dual-norm spectratope” B is
a random parallelotope

B =lueR":|nfx| <1, 1<i<n} [L=n R=][01]"]

In the second experiment B is a random “matrix box”

ﬁim:%ueRn:HiSix,. 51} [L=1 & =[.1]]
= Sh,00

where S* € R%*? are random symmetric matrices (n = d2/2 in the reported
experiments). With a natural implementations of the outlined bounding scheme we
arrive at simulation results presented in Figure 3. Observe that in all experiments
(100 random problems for each problem dimension) the suboptimality factor does not
exceed 1.9, while its theoretical estimation as in (4.2) varies in the interval [9.7, 22.2].

12]p short, the idea of the construction is as follows. We first note that the maximal norm || B x/|| for x
in the intersection of X and of the kernel of A, i.e. the optimal value of the problem

max{||Bx|| : x € X, Ax = 0} = max{u? Bx, u € B+, x € X, Ax = 0}, (%)
X x.u
lower bounds the minimax risk. Then we use semidefinite relaxation to compute a feasible solution [%; X]

to () and use the value #7 BX to lower bound Risk,,[X]. The reader is referred to the proofs of
Propositions 2.2 and 4.1 for details.
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1 1 +
n=8 n:‘16 n:‘32 n=64 n:‘;28 n;B n:‘32 n=50 n:‘72 n:1‘28
(P) 3 1 t3] (M)
(a) Random parallelotope B.." °. (b) Random “matrix box” B, .

Figure 3. Suboptimality factors as functions of the problem dimension. Boxplots for 100 realisa-
tions of randomized experiments.

Remark 4.2. Note that Propositions 3.5 and 3.8 also apply in the following “mixed”
observation scheme:

w=Ax+§&+n,

where, as above, A is a given m X n matrix, x us unknown deterministic signal known
to belong to a given signal set X, & is a random noise with distribution known to
belong to a family & of Borel probability distributions on R satisfying (1.2) for a
given convex compact set @ C intS"?, and 7 is “uncertain-but-bounded” perturbation
known to belong to a given set J. As before, our goal is to recover Bx € R” via
observation w. Given a norm || - || on R”, we can quantify the performance of a
candidate estimate @ > X(w): R™ — R by its risk

Riskeg, g || [56\|X] = sup E§~P{||Bx —X(Ax + &+ 77)”}
xeX,P<@QneH

Observe that the estimation problem associated with this “mixed” observation scheme
straightforwardly reduces to similar problem for random observation scheme, by the
same trick we have used in Section 4.1 to eliminate the observation noise. Indeed,
let us treat xT := [x;n] € XT := X x # and X as the new signal/signal
set underlying our observation, and denote Axt = Ax + n, Bxt = Bx, where
A =[A,I,] and B = [B, 0,x,]. With these conventions, the “mixed” observation
scheme becomes

w = AxT + £,
and for every candidate estimate X (-) it clearly holds

Riskg g .| [5C\|X] = Riskg,|.| [)?|X+]
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In other words, we are now in the situation of Section 3.1; assuming that X and J are
spectratopes, so is X, meaning that all results of Section 3 on constructing linear
estimates and their near-optimality are applicable in our present setup.

Note that within its scope (uncertain-but-bounded perturbation), Proposi-
tion 4.1 provides a stronger near-optimality characterisation of linear estimates than
Proposition 3.8. Indeed, the “suboptimality factor” in Proposition 4.1 depends
(logarithmically) solely on the sizes of the participating spectratopes, while in
Proposition 3.8 this factor is affected also by the actual minimax risk and deteriorates,
albeit only logarithmically, as the minimax risk goes to 0.

5. Proofs

5.1. Technical lemma. In the sequel, we repeatedly use the following technical
fact:

Lemma 5.1. Given basic spectratope (2.1), a positive definite n x n matrix Q and
setting A = Ri[Q], we get a collection of positive semidefinite matrices such that
>k Ri[Ak] is positive definite. As a corollary, whenever My, k < K, are positive
definite matrices, the matrix ), ‘RZ [M}] is positive definite. In addition, the set

W={0eS" :0>03reT:R[Q] = txlg.k <K}
is nonempty convex compact set containing a neighbourhood of the origin.

Proof. Let us prove the first claim, Assuming the opposite, we can find a nonzero
vector y such that ) yTRZ[Ak]y < 0, whence

0= yTRi[Aly =D Tr(RE[AyyT]) = D Tr (AxReelyy™))
k k k

(we have used (2.8) and (2.4)). Since Ay = Ri[Q] > 0 due to QO > 0,
see (2.5), it follows that Tr(AgxRi[yyT]) = O for all k. Now, the linear
mapping Ry [] is >-monotone, and Q is positive definite, implying that Q > rg yyT
for some rx > 0, whence Ay > reRi[yyT]. Therefore, Tr(AxRi[yyT]) = 0
implies that Tr({RZ[ny]) = 0, that is, Rx[yyT] = R,%[y] = 0. Since Rg[] takes
values in 8%, we get Ri[y] = O for all k, which is impossible due to y # 0 and
property (S3), see Section 2.1.

The second claim is an immediate consequence of the first one. Indeed, when My
are positive definite, we can find y > 0 such that Ay < yMy for all k < K;
invoking (2.9), we conclude that R;[Ax] = yR;[Mk], whence ) ; Ri[M] is
positive definite along with ), RZ[Ag].

Finally, the only unevident component in the last claim of the lemma is that ‘W is
bounded. To see that it is the case, let us fix a collection { My} of positive definite
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matrices My € S%, and let us set M = >k Ri[My], so that M > 0 by already
proved part of the lemma. For Q € ‘W, we have R;[Q] X tx 14, , k < K, for properly
selected t € T, so that

Tr(QM) = Y Tr(QR{[Mi]) = D Tr(Re[QIMi) < )ty Tr(My)
k k k

(we have used (2.8)), and the concluding quantity does not exceed properly selected
C < oo (since T is compact). Thus, W C {Q : O > 0, Tr(OQM) < C}, whence W
is bounded due to M > 0. O

5.2. Proof of Proposition 2.2.

5.2.1. Preliminaries: matrix concentration. We are about to use the following
deep matrix concentration result, see [29, Theorem 4.6.1]:

Theorem 5.2. Let Q; € 8", 1 <i <[, andlet&;, i = 1,...,1, be independent
Rademacher (1 with probabilities 1/2) or N (0, 1) random variables. Then for
all s > 0 one has

2

>s} <2n exp{— ;—}
Vo

o | Y00,
i=1

where || - || is the spectral norm, and vg = || Zil=1 0?.
We also need the following immediate consequence of the theorem:
Lemma 5.3. Given spectratope (2.1), let Q € S" be such that

Re[Q] 2 ptxla,, 1<k =K, (5.1

for somet € T and some p € (0, 1]. Then
K
Probg,\,e,v(o,Q){é Q/ X} < min [ZDe_l/Zp, 1], D = Z dk.
k=1
Proof. When setting § = 0'/2n, n ~ N(0, I,,), we have

RilE] = Re[Q'2n] =2 Y miR¥ = Ry[n]
i=1
with
Z [Eki]2 =E,-wo,00{ R0} = Eew0,0){ RF[E]} = Ri[Q] = ptla,

i
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due to (2.6). Hence, by Theorem 5.2 as applied with Q; = RF| s = /i, we get
Vo < plk, and therefore

Probew(0,0) | Rk [E]lI* = &} = Probywo.1,) {I Rk = ti} < 2die™ /2.
We conclude that

Probgww(o,g){g g X} < Probng(o,Q) {Hk : ||Rk[§-']||2 > Zk} < 2De” V20 O

5.2.2. Proving Proposition 2.2.

1°. Under the premise of Proposition 2.2, let us set C = PTCP, and consider the
conic problem

Opty = rréax{Tr(éQ) L0 =0, Re[Q] < tx 1y, Vk < K, [1;1] € K[T] }.
,t N — —
steT

(5.2)
Since T contains positive vectors, this problem is strictly feasible. Besides this, the
feasible set of the problem is bounded by Lemma 5.1 and since 7 is compact. Thus,
problem (5.2) is strictly feasible with bounded feasible set and thus is solvable along
with its conic dual, both problems sharing a common optimal value (Conic Duality
Theorem, see Appendix C):

Opt, = A={Klkii<1< {s 2 Tr ([Z RilAk] — L] Q) - Z [ Tr(Ax) + gk |t
=5 k k

lg:s]. L =Tr(CQ).Y(Q.1),Ax > 0Vk, L >0,s > ¢7(—g)}

[recall that the cone dual to K[T] is {[g;s] : s > ¢ (—g)}]
= min {s: RN —L =C, g =—A[A]
Jmin DA g = —AlA]
Agp =0, Vk, L =0,s> ¢7(—g)}
= min {¢¢(A[A]) : Xk:{R,’;[Ak] > C, Ay > 0, Vk} — Opt, .

We see that (2.10) is solvable along with conic dual to problem (5.2), and

Opty = Opt, .

2°. Problem (5.2), as we already know, is solvable; let O, t* be an optimal solution
to the problem. Next, let us set Ry, = i/z, C = R.CR,, and let C =upUT
be the eigenvalue decomposition of C, so that the matrix D = UTR,CR,U is
diagonal, and the trace of this matrix is Tr(R«C R.) = Tr(C Q) = Opt, = Opt,.
Now let V = R,U, and let £ = Vn, where n ~ R (i.e. 1 is n-dimensional
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random (Rademacher) vector with independent entries taking values 41 with
probabilities 1/2). We have

tTCe=n"[VvICV]n=n"[UTR.CR.U]n = n" Dn = Tr(D) = Opt,. (5.3)
(recall that D is diagonal) and
Ee {667 =E, (V" VT =vVT = R.UUTR, = R2 = Q..
From the latter relation,

E¢{RZ[£]} = Ee{Ri[€6T]} = Ri[BeléET}] = Rel Q4] =2 1514, 1<k <K.

(5.4)
On the other hand, with properly selected symmetric matrices R’ we have
Relyl:= Re[Vy) =) R¥y
i
identically in y € R”, whence
. .12
Ee{R[E]} = By {REVI} = B {[ Y miRM ]}
i
= Ey{nin;}RERY =3 [RM]
ij i
This combines with (5.4) to imply that
SO[RM) <tflq. 1<k <K (5.5)

i
3°. Letus fix k < K. Applying Theorem 5.2 with Q; = R¥ and s = \/t,:_,o, we
derive from (5.5) that
Proby~g {[| R [nllI* > 15 /p} < 2dye™"/>*,
and recalling the relation between £ and 7, we arrive at
Prob {£ : | Re[£]]% > 17 /p} < 2die™"/?, Vp e (0,1]. (5.6)

Now let us set p = 1/2max[In(2D), 1], and let p € (0, p). For this p, the sum over
k < K of the right hand sides in inequalities (5.6) is < I, implying that there exists
arealization & of & such that

IR [ENN? < 1 /p. VK,
or, equivalently,
X = pl/nge X,
and
Opt > xT'Cx = peT Cg = pOpt,
(the concluding equality is due to (5.3)). The resulting inequality holds true for every
p € (0, p), and we arrive at the right inequality in (2.11). O
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5.3. Derivation of relation (3.26) of Section 3.4. Let us >-upper-bound the covar-

iance mapping €[v] of ¢ = nnT —E{nnT}, n ~ N (0, A®[v]AT). Observe that €[v]
is a symmetric linear mapping of S into itself given by

(h.€lvlh) = E{{(h.0)*} = E{{h.nn")?} — (. E{ny"})?, heS™

Given v € V, setting 6 = ¥[v], so that 0 < 6 =< ¥, and denoting H(h) =
012 AT hA91/2 | we obtain

(h,€[v]h) = Een(0,0){ Tr* (hAEET AT)} — Tr* (hEe iy (0,0){ AEET ATY)
=Ep w010 T2 (hA0Y2 1y 7012 4T)} — Tv* (hA6AT)

2
= Ey w1 { (X" H () )"} = T2 (K (h)).
We have # (h) = U Diag{A}UT with orthogonal U, so that for y = UT y we get

Ey 0.0 { (7 H (R x)*} — T (3 (k)
— By w0, { (77 Diag{A}7)’ (ZA)

bl ()} (20
=Y hik; +3212 (ZA,-)Z=ZZ)L,-2=2Tr([J€(h)]2).

i#j

Thus,

<2Tr (0'/2AThA9, AT hA0"/?) [since 0 < 6 < ]
= 2Tr (0)/2AThAOAT hAD /?)

<2Tr (0/2AThAD. AT hAD!/?)

= 2Tr (3. AT hA9 AT hA),

(h,€[ulh) = 2Tr ([#(W)]?) = 2Tr (02 AThAOAT hA6'?)
(

which implies (3.26). O
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5.4. Proof of Lemma 3.2. In the case of (3.7), we have

1YTel = max 2Ty Te = max yT MTyTg
ZEBx yey
T T o*
< max[£70F + 3 TS ]
=< ye;;[é E+ ) vy 8/ [Mely
(3.7) ¢

= r;]eaég [ET(’DE + ;Tr (Sék[Te]ny)]

-y ey
(2.4),(2.8)

= £70F + max { Xe:Tr (YeSZIY]) = SF) < rel g < L.re «7{}
(3.3)
= ek gleg;nmm < §705 + pr(A[Y)).

Te>0

= max [ETGE + ZTT (TKng[J’])]
L

Taking expectation of both sides of the resulting inequality w.r.t. distribution P of §
and taking into account that Tr(Cov[P]®) < Tr(Q®) due to ® > 0 (by (3.7)) and
Cov[P] < O, we get (3.8). O

5.5. Proof of Proposition 3.7. In the case of (3.15), problem (3.13) reads

T
Opt= _ min {W(MA]) + R (A[Y]) + R (A[Y]) + D T(O7):

A={Ar>=0k <K}, Y={Y;=0£<L}, Y ={Y,>0 £ <L}

_T ~
L 3[BT - zf=1Ht]M]>0
T &T17 . = 0,
SMT[B - [/, AT]A] | IEH
gl.1 pL.T %HlM
: : : i 50},
eT,l . QT,T %HTM
IMTA] - IMTAL | £, 817

[(f) = max Tr(Q90),
Qeq
(5.7)

where H, are 71 x v matrices, and % = [0711T,1 < t,t < T, form a partition of
® € 8™T into /n x i blocks. Problem (5.7) clearly admits a group of symmetries:
a permutation ¢ of {1, ..., T} induces the transformation on the space of decision
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variables which keeps A, Y, Y’ intact and maps Flt into ﬁo(,), and 0’7 into Vo (@),
this transformation preserves the feasible set and keeps intact the value of the
objective. Since the problem is convex and solvable, it admits a “symmetric” optimal
solution — one with H; = H, and #"” = 6,1 <t < T. From the concluding
semidefinite constraint in (5.7) it follows that

o | 1AM
1gTapyT * 1A~/ = 0,
LATMT | Y, 807

where Y’ stems from the symmetric solution in question. We conclude that Opt >
Opt, where

Opi= min {w (MA]) + $x(A[Y]) + d=(A[T]) + TT(©) :
HeRM>V A Y, Y0

A={Ar =0k <K}y, Y={Yg>0L<L} Y ={Y;>04{<L}
[ S Rilail | 3[BT -TATHIM [0
IMT[B-THATA]| ¥, 87 -

o | LA
[ IMTAT | Y, 807 ] io}' 9
2 I A

It is immediately seen that a feasible solution H ¢ R™V A, Y,Y,6 to the
optimization problem in (5.8) gives rise to a feasible solution to (5.7) with the same
value of the objective, specifically, the solution H = [P~I Tl H LAY, Y, 0 =
[0 = 0],.<r. We conclude that Opt = Opt, and an optimal solution
H e R™Y A, Y, Y, 0 tothe optimization problem in (5.8) gives rise to a symmetric
optimal solution to (5.7). The associated linear estimate is

T

7T

HT) o
t=1

and its risk is upper-bounded by Opt = Opt. It remains to note that the optimization
problem in (3.16) is obtained from the optimization problem in (5.8) by substituting
H=T"'Hand 0 = T7206. O

5.6. Proof of Lemma 3.10.

1°. Let us verify (3.21). When Q > 0, passing from variables (®,Y) in
problem (3.20) to the variables (G = Q/20Q'/2, T), the problem becomes exactly
the optimization problem in (3.21), implying that Opt[Q] = Opt[Q] when Q > 0.
As it is easily seen, both sides in this equality are continuous in Q > 0, and (3.21)
follows.
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20 Letus set & = QY2 with n ~ N(0,Iy) and Z = Q/2Y. All we need to
complete the proof of Lemma 3.10 is to show that the quantity

[Optl0] =] Opt:= (A1) + 100 £ 12 = 0

0 | szM =0l 9
IMTZT | Y, 8;1d]

min
0,Y={Y¢{<L}

satisfies

8\/1n (4vV2F/ (V2 —el/*))
J2 —el/4
V1(Z) =Epewo.on{IZ7 I}

3°. Let us represent Opt as the optimal value of a conic problem. Setting

K =K[R] = cl{[r;s] :s>0,r/s € :R},

¥1(Z) < Opt < Y1(2), (5.10)

we ensure that

R={r:[r1]eK}, Ki={lg:s]:s>¢r(—g)}

where K is the cone dual to K. Consequently, (5.9) reads

Y, >0, 1<¢<L (a)
Opt = min {6 + Tr(®) : [ © ‘ %ZM } >0 (b),;. @
0.6 IMTZT | Y, 871X
[—A[Y];6] e K. ©)

4°. Now let us prove that there exists matrix W € S‘i and r € R such that
W] Zrely,, £=<L, (5.11)

and
Opt<» o;(ZMW'?), (5.12)
i

where 01(-) > 0,(-) > --- are singular values.

To get the announced result, let us pass from problem (P) to its conic dual.
Applying Lemma 5.1 we conclude that (P) is strictly feasible; in addition, (P) clearly
is bounded, so that the dual to (P) problem (D) is solvable with optimal value Opt.
Let us build (D). Denoting by

G |—R

Ag >0, <L, [
—RT | W

]50, [r:1] e K
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the Lagrange multipliers for the respective constraints in (P), and aggregating these
constraints, the multipliers being the aggregation weights, we arrive at the following
aggregated constraint:

Tr(O@G)+Tr (W 3 5;[1@]) 3 Tr(A YY)~ e Te(Ye) +67 = Tr (ZMRT).
{ L L

To get the dual problem, we impose on the Lagrange multipliers, in addition to the
initial conic constraints like Ay, > 0, 1 < £ < L, the restriction that the left hand
side in the aggregated constraint, identically in ®, Yy and 6, is equal to the objective
of (P), that is,

G=1, /S([W]—i-/\g—rngE:O,lfﬁfL, T =1,

and maximize, under the resulting restrictions, the right-hand side of the aggregated
constraint. After immediate simplifications, we arrive at

Opt = max {Tr(ZMRT): W = RTR, r e R, 8[W] <rely,, 1 <L <L}.
S I, T

Note that r € R is equivalent to [r; 1] € K, and W > RT R is the same as

[1 —R}>O
“RT | w ]~

Now, to say that RT R < W is exactly the same as to say that R = SW /2 with the
spectral norm ||S ||, 00 of S not exceeding 1, so that

Opt = max {Te([ZM[SWYAT) W =0, |[S|lsoo < 1, 7 € R,
0T

—T([(ZMW1/2]ST) SW]=relys, £ <L}

and we can immediately eliminate the S-variable, using the well-known fact that for
every p X g matrix J, it holds

max Tr (JST) = || [lsn1,

SERP*Y, S ||sh,c0<1
where || J||s,,1 is the nuclear norm (the sum of singular values) of J. We arrive at

Opt = rIr)lVax{||ZMW1/2||Sh,1 re R, W =0, 8[W] <rely,, L <L)
,r

The resulting problem clearly is solvable, and its optimal solution W ensures the
target relations (5.11) and (5.12).
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5. Given W satisfying (5.11) and (5.12), let UJV = W2MT ZT be the singular
value decomposition of W/2M7T ZT  so that U and V are, respectively, ¢ x ¢ and
N x N orthogonal matrices, J is ¢ x N matrix with diagonal o = [01;...;0,], p =
min[q, N], and zero off-diagonal entries; the diagonal entries 0;, 1 <i < p are the
singular values of W'/2MT ZT  or, which is the same, of ZM W /2. Therefore, we
have

> i = Opt. (5.13)
i

Now consider the following construction. Let n ~ N (0, [y); we denote by v
the vector comprised of the first p entries in Vn; note that v ~ N(0,1,),
since V' is orthogonal. We then augment, if necessary, v by ¢ — p independent
of each other and of 1 # (0, 1) random variables to obtain a g-dimensional normal
vector v’ ~ N (0, I;), and set y = Uv’; because U is orthogonal we also have
x ~ N(0, ;). Observe that

p
yIWY2MT 7Ty = yTUI VY = [V]T Ju = Zo,-v,-z. (5.14)
i=1

To continue we need the following simple observations.
(1) One has

a —Prob{va <= Za,} < [< 1]. (5.15)
i=1

The claim is evident when 0 := ) ; 0; = 0. Now let o > 0, and let us apply the
Cramer bounding scheme. Namely, given y > 0, consider the random variable

w = exp{%yZm —yZa,-Uiz}.
i i

Note that @ > 0 a.s., and is > 1 when Zle aivl-z < %Zle o0, so that o < E{w},
or, equivalently, thanks to v ~ N (0, 1),

In(e) < In (E{w}) = —)/ZO, + Zln (E{exp{—yoiv}}})
< %[yo — Zln(l + 2yai)].

Function — ), In(1 + 2y0;) is convex in [07;...;0,] > 0, therefore, its maximum
over the simplex {o; > 0, i < p, Zi 0; = o} is attained at a vertex, and we get
In(e) < 3[yo —In(1 + 2y0)].

Minimizing the right hand side in y > 0, we arrive at (5.15).
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(2) Whenever x > 1, one has
Prob {|[MW /2 ||, > x} < 2F exp{—x?/2}, (5.16)

with F given by (3.19).
Indeed, setting p = 1/x?> < land w = ﬁWl/zx, we get w ~ N (0, pW). Let us
apply Lemma 5.3 to Q = pW, R in the role of 7, L in the role of K, and §,[-] in
the role of Ry []. Denoting
Y:={y:IreR:S}yl zrdy, L <L},
we have 8,[Q] = p&[W] <X pr¢ly,, £ < L, withr € R (see (5.11)), so we are
under the premise of Lemma 5.3. Applying the lemma, we conclude that
Prob {X T2y o y} < 2F exp{—1/(2p)} = 2F exp{—xr?/2}.
Recalling that B, = MY, we see that Prob{y : x "M W'2y & B,} is indeed
upper-bounded by the right hand side of (5.16), and (5.16) follows.
(3) Forx > 1, let
1

Ex = {(t.m) s IMW" 1] < . lZaivf =5 ;“i}'

Then one has
1/4

Prob{ Ex} > B(x) := 1 — eﬁ —2F exp{—x?/2). (5.17)

Indeed, relation (5.17) follows from (5.15) and (5.16) due to the union bound.
When (y, n) € E,, we have

®|ZTn)) = 1MW 2yl ]|ZT 7]
> XTWI/ZMTZTr]

1
= Xi:o'iviz > EXi:Oi > %Opt,

(we have used (5.14) and (5.13)), so that whenever (x,7) € E, one has || ZT | >
% Opt. Hence, finally,

2En~N(0,1N){||ZTn||} > Prob {(X, n) € E,,}}f_1 Opt
ol/4 R .
> |1 —— —2F exp{—x 2]%_Ot,
[ 7 pi=x"/2} P

and we arrive at (5.10) when specifying x as
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5.7. Proof of Proposition 3.8.
1. Let

O(H.A, Y. Y. 0: Q)
= ¢7 (A[A]) + = (A[Y]) + d=(A[Y]) + TH(QO): M x @ — R,

where

M= J(H AT, YT, 0): A={A =0, k <K},
T={T(>=0 <L} Y ={Y;>0 =L}
[ Y RE[AL] %[BT_ATH]M]>O,
IMT[B—HTA]| 3,817

[ ® \ LHM }}0}‘
IMTHT | Y, 811}

Looking at (3.13), we conclude immediately that the optimal value Opt in (3.13) is
nothing but

Opt = i O(H,A,Y,Y,0) = O(H,A, Y, Y, 0:0)].
P (H,A,%?%‘},@)m[ ( ) i= max ( Q)]
(5.18)

Note that the sets M and @ are closed and convex, @ is compact, and ® is a
continuous convex-concave function on M x @. In view of these observations, the
fact that @ C intS’} combines with the Sion-Kakutani theorem to imply that &
possesses saddle point (Hy, Ax, Ts, Y., Ok; Q4) (min in (H, A, Y, Y, ©), max
in Q) on M x @, whence Opt is the saddle point value of ® by (5.18). We conclude
that for properly selected Q. € @ it holds

Opt = i d(H,A, Y, Y, 0;
DY = AT @)em ( Qx)

= T {6 GIAD) + 6 (AIT]) + 62 (AT +T5(0.0) :

A={Ar >0,k <K}, T={Y;>0,{<L}, Y ={Y, >0, <L}
[ Si RilAe] | 3[BT - ATHM } o
IMT[B—HTA]| X, 8;07d

© | lmm
1 T ygT * ’ EO
IMTHT | Y, 817}
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i, Ao GIAL) + 62T + 92 YY) + THG) :
A={Ar>0.k<KLYT={T >0, <L} Y ={Y,>0¢<L)
[ Dl 3[BT —ATH]M [0
IMT[B—HTA]| X, 81 ’

G | 10.?HM
LasT gT nl/2 [~/ =0
IMTHT QY | ¥, 8717)]

= in o (AY) + b (AT + ()
A={Ar >0,k <K}, T={Y;>=0,€=<L}

[ Sk Ri[Ad] | L[BT — ATHIM ] >0}
sMT[B—HTA]| ¥, 8717] |

U(H) := an%rn/ {m(x[r’]) +Tr(G): Y ={Y; =0, ¢ <L},

G | 10.?HM
LasT gT nl/2 * AR/ = 0.
IMTHT QY | ¥, 8717}

(5.19)
where Opt is given by (3.13), and the equalities are due to (3.20) and (3.21).

2°. From now on we assume that the observation noise £ in observation (3.1) is
& ~ N(0, Q). Besides this, we assume that B # 0, since otherwise the conclusion
of Proposition 3.8 is evident.

39, Let W be a positive semidefinite n x n matrix, let n ~ N (0, W) be random
signal, and let £ ~ N (0, Q) be independent of 1; vectors (7, ) induce random
vector

w=An+E~ N(0,AWAT + 0.,).

Now, consider the problem where given w we are interested to recover Bn, and the
Bayesian risk of a candidate estimate X(-) is quantified by E,, ¢{||Bn —X(An + &)|}.
Let us set

olW] = inf Ey {[| B — X(4n + I}. (5.20)

Our first observation is that o[W] is “nearly attainable” with a linear estimate. Since
[w; Bn] is zero mean Gaussian, the conditional expectation E |, {Bn} of Bn given @
is linear in w: E|,{Bn} = HTw for some H depending on W only. Given an
estimate x(-), its Bayesian risk satisfies

0 :=Eyo{lBn—X()|} = Eo{Eju{lBn - %()|}}

_ (5.21)
> Eo{Ew{|Bn—Eu{Bn}}} = Eo{l|Bn— H ol|},
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where the last inequality is due to the Anderson lemma [1]. Now (5.21) combines
with independence of £, 1 and the Jensen inequality to imply that
0 = Ey{Ee{||Bn— H (An+©)|}}
> Ey{|Ee{Bn— H (An+ H)}II} = Ex{l(B — H" A)n]},

that is,

E,{Il(B —HT A)ll} < e. (5.22)
By “symmetric” reasoning,

E{IATEN} <o (5.23)

In relations (5.22) and (5.23), H depends solely on W, and o can be made arbitrarily
close to o[W], thus we arrive at the following

Lemma 5.4. Let W be a positive semidefinite n x n matrix. Then the risk o[W]
defined by (5.20) satisfies the inequality

olW1=1 inf [EpwomillB—H" Alnll} +Een,00{1H E]}] (5.24)

HeRmXU

4°, Lemma 5.4 combines with Lemma 3.10 to imply the following result:

Lemma 5.5. Let W be a positive semidefinite n X n matrix. Then the risk o[W]
defined by (5.20) satisfies the inequality

o[W] > (ZIC[F])_1 T:{T;,IelignL},G,H %Tr(WG) + R (/\[T]) +W(H):
G | L[BT —ATH]M
IMT[B—HTA]| X, 8;17

T, >0, V€,|: ] > O%, (5.25)

where W(H ) is given by (5.19) and
8 : 42F
n .
V2 —el/4 V2 —el/4

Proof. Let H be m x v matrix. Applying Lemma3.10toN =m,Y = H, Q = Q,
we get

k[F] =

Eeowo,001HTEIl} = & [FIW(H). (5.26)
Applying Lemma 3.10to N =n,Y = (B — HTA)T, 0 =W, we get

KIF1E -y {I[B — HT Aly|]} = {¢:R (A[Y]) + TH(WG) -

min
YT={Y;>0,{<L},G
1 T T
o
IMT[B—HTA]| X, 8;07
The resulting inequality combines with (5.24) and (5.26) to imply (5.25). ]
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5°. For0 < x <1, let us set

(@) We={WeS,L :HeT : R[W]=2xtrly.1=<k=<K},
(b) Z={(Tz{Tg,ZSL},G,H):ngo, Ve,

[ G | L[BT —ATH]M ]50}.

IMT[B—HTA]| X, 8;17

(5.27)

Note that ‘W, is anonempty convex compact (by Lemma 5.1) set such that W,, = »W;,
and Z is a nonempty closed convex set. Consider the parametric saddle point problem

Opt(x) = ul;léa}y)é% (T,g,lgl)ez [E(W; Y,G,H) :=Tr(WG) + ¢z (A[Y]) + @(H)].
(5.28)

This problem is convex-concave; utilizing the fact that ‘W, is compact and contains
positive definite matrices, it is immediately seen that the Sion—Kakutani theorem
ensures the existence of a saddle point whenever » € (0, 1]. We claim that

0 <x < 1= Opt(x) > /2 Opt(l). (5.29)
Indeed, Z is invariant w.r.t. scalings
(Y={Ye.t <L},G.H)r (0T :={0Y,. £ <L},07'G, H), [0>0].
When taking into account that ¢ g (A[0Y]) = O¢px(A[Y]), we get

EW):= min EW;Y,G,H)
(Y,G,H)eZ

= min inf E(W:07,07'G, H)
(Y,G,H)eZ 6>0

= r.&ez [2\/Tr(WG)¢=R (A[Y]) + W(H )].

Because U is nonnegative we conclude that whenever W > 0 and x € (0, 1], one has
E(xW) = VxEW),
which combines with 'W,, = »xW; to imply that

Opt(x) = max E(W)= max ExW) > ﬁwr,réa%l E(W) = VxOpt(1),

and (5.29) follows.
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6°. We claim that

Opt(1) = Opt, (5.30)

where Opt is given by (3.13) (and, as we have seen, by (5.19) as well). Note that
(5.30) combines with (5.29) to imply that

0 <x<1= Opt(x) > /xOpt. (5.31)

Verification of (5.30) is given by the following computation. By the Sion—-Kakutani
theorem,

Opt(1) = ugré%l (T,g’l}?)ez {Tr(WG) + R (A[T]) + E(H)}

= o min max {Te(WG) + g2 (A[Y]) + W(H)]

= min AW(H) +ga(A[Y)

+max {Te(GW) : W = 0.3 € T : Re[W] < tely,. k < K}}

= min_ {T(H) + g (A[))

+ max {Tr(GW) : W = 0. [1:1] € KIT). RelW] < gy k < K}}.
St

Now, using Conic Duality combined with the fact that (K[T])« ={[g; 5] : s > ¢7(—2)}
we obtain

nvlvax{Tr(GW) W = 0,[t:1] €K[T], RelW] = txlg,, k < K}
t

= min {s:ZEO, 5] e (K[T]) ., Ay =0, k <K,
Z,[g;:s], A={Ax} { [g: 5] ( [ ])* k

—Tr(ZW) ="t + ) Tr(RE[AW) = Y 1 Te(Ag) = G,
k k
V(W eS" te RK)}

{s:{Z 20,52 ¢r(-). Ak 2 0.k = K.

G=Y RiM]-Z. g= —A[A]}
k

= min {#7 (M) : A = {Ax = 0.k = K. G = 3 Ri[Al).
k

min
Z,[g;s],A={Ax}
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and we arrive at

Opi(1) = min F() + (A1) + b (1A])
T={Yez0 =L} A={Arx0.k=<K}.G=) RilALl.
k
[ G | 1[BT —ATH]M } . 0}
IMT[B—HTA]| X, 8;[7d

— i f9) + 920 (Y) + pr ()
YT={Yg >0, {<L},A={At =0,k <K},

[ Sy RilAkl | 3[BT —ATH]M ] >0}
IMT[B—HTA]| 3,877 B

= Opt [see (5.19)].

Now we can complete the proof.

7°. Let us set

0+ = inf Risk [55|X], Risk [)?|.')C] = sup Ee 0,00 {l|Bx — X(4x + §)||},
x() xeX

(5.32)
where inf is taken over all estimates. Itis immediately seen that o > Odueto Q4 > 0
(recall that Q« € @ and that @ C intS’}) combined with B # 0 and 0 € int X.
Consequently, there is an estimate X(-) such that Risk[X|X] < %Q*. Further, when

x € X\{0}, we have W := xxT € W, see (3.17) and (2.4), and W'/2 = W/||x||,.
Hence for M, as defined in (3.17) we have

M2 > Eyp w010 1BW 2002} = |x11521 Bx|*Epwo.1) { T 1%} = | Bx|?,

and we arrive at
x € X = |Bx| < M,. (5.33)

Now let us convert the estimate X into the estimate X defined as follows: X (w) is the
| - |[-closest to X(w) point of the set Bys, = {u : ||u|| < M«}. We have Bx € By,
by (5.33), and because, by construction, X is the closest to X point of By, , we get

x € X = [|Bx —x()] < [|Bx =X ()| + [|X(®) — X(@)]| =2[Bx —X(w)].
We conclude that | X(w)|| < M, Vo, and

Risk [X]X] < 2Risk [X]|X] < 30« (5.34)
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8°. For x € (0, 1], let W,, be the W-component of a saddle point solution to the
saddle point problem (5.28). Then, by (5.31),

/% Opt < Opt(x) = (T,g}%ez {Tt(WyG) + ¢p=(A[Y]) + V(H)}

= (Tlféif}q) {Tr(WxG) + ¢R(A[Y]) + W(H) : T = 0VL,

[ G | 1[BT - ATH]M } _ 0}
IMT[B-HTA]| X, 877 -
< 2«[Flo[Wy] 539

(we have used (5.27.b) and (5.25); recall that g[] is given by (5.20)). On the other
hand, when applying Lemma 5.3 to Q = W, and p = x, we obtain, in view of
relations 0 < x < 1, W,, € 'W,,

8(x) := Probyn(0,1,) {W,i*n & X} <2Dexp{— (2x)7'}, (5.36)
with D given by (3.19). Setting
& = {0 W2 e X}, 6.=R"&, I =Diag{l, 0,
we have by definition of the risk o[W,]
oWl < Erey~wo.o | BW,)?n = (AW, >0 + €)1}
= Epew 0,1, {Ee~n 0,00 {1 BW, 0 = R(AW,} >0 + §)I1}}
= Epew 0. {Ee~w 0.0 { | BW, />0 — R(AW,} 2y + ) [} 1{n € &3}

+ Epew 0,10 {Ee~ 0,00 {1 BW, /20 — (AW, 25 + £)|I} 1n € €53}

< Risk [£]X] + Eywo.r) {1 BW 21l + M) 15 € 653}
[since IXO| < M*]

< 304 + Mud() + Eyewio.r,) {1 BW,*nll1{n € €53}
[We have used (5 .34)].

We conclude that

1/2 1/2
0lWel < 304 + Mu8G0) + [Epewionn {1 BW,. 2712}/ * [ Proby w01 in € €53]"

<30« + M, [8(%) + \/8(){)] [by (3.17); note that W,, € W due to x < 1]
<30« +2M,+/5(x) [since 8(x) < 1]
<30« +2M~2Dexp{ — (4x)~'} [we have used (5.36)].

The bottom line here is that

1
0 <x <1=>0[Wy] <30+ + 2M~/2D exp { - 4—}. (5.37)
v
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Observe that g« < M,, since due to (5.33), for the trivial — identically zero —
estimate X (-) of Bx one has Risk[x|X] < M.. It follows that setting
1
41n (2M«~/2D /0x)
we ensure that x € (0, 1], whence, by (5.37),
o[Wz] < 40x.

This combines with (5.35) to imply that

’ =

vV Opt < 2k[Flo[Wsx] < 8«[F]ox.

Hence, finally,

Opt <

8k[F] 64+/2 42F 8SM2D
0 < ——/In| ————— ] In > |ox-
NE 2—el/4 V2 —el/4 0%
Noting that by definition of 0« and RiskOpt j.,[X] we have

0x =< RiskOptg .4 [X] = M.

(the concluding < is due to || Bx|| < M, for x € X), we arrive at (3.18). O

5.8. Proof of Proposition 4.1.

1°. Item (i) is a direct consequence of Proposition 2.2, modulo the claim that
problem (4.1) is solvable, and we start with justifying this claim. Let FF = Im A.
Clearly, feasibility of a candidate solution (H, A, T) to the problem depends solely
on the restriction of the linear mapping z — H7Tz onto F, so that adding to the
constraints of the problem the requirement that the restriction of this linear mapping
on the orthogonal complement of F in R™ is identically zero, we get an equivalent
problem. It is immediately seen that in the resulting problem, the feasible solutions
with the value of the objective < a for every a € R form a compact set, so that the
latter problem (and thus, the original one) indeed is solvable.
Let us prove the near-optimality result of (ii).
2°. Observe that setting

0 = max {||Bx| : x € X, Ax = 0}, (5.38)
X

we ensure that
Risk,,[X] > o. (5.39)

Indeed, let X be an optimal solution to the (clearly solvable) optimization problem
in (5.38). Then observation @ = 0 can be obtained from both the signals x = X
and x = —X, and therefore the risk of any (deterministic) recovery routine is at least
|Bx|| = o, as claimed.
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3°. It may happen that Ker A = {0}. In this case the situation is trivial: specifying AT
as a partial inverse to A: ATA = I, and setting HT = BAT (sothat B—HT A = 0),
Ye = Ofxpo £ < L, Ak = Ogixa,, K < K, we get a feasible solution to
the optimization problem in (4.1) with zero value of the objective, implying that
Opt, = 0; consequently, the linear estimate induced by an optimal solution to the
problem is with zero risk, and the conclusion of Proposition 4.1 is clearly true. With
this in mind, we assume from now on that Ker A # {0}. Denoting k = dim Ker A4,
we can build an n x k¥ matrix E of rank « such that Ker A4 is the image space of E.
4°, Setting

Z:={zeR‘:Ez e X}
={zeR:3(t€T): RAz] 2 txly.. k <K}, Rilz] = R¢[Ez],
o]
1ETBT |

note that when z runs trough the spectratope Z, Ez runs exactly through the entire
set {x € X : Ax = 0}. With this in mind, invoking Proposition 2.2, we arrive at

= max maxg! BEz = max [u;z]' Clu;z]
g:llgll«<1 zeZ [u;z]eBxxZ
< Opt:= i ALY 7 (A[A]) : Ye>=0, Ax>0, VL, k),
< Opt:= _min %dm( [11) + ¢7 (A[A]) : Te20, A0, V(L. k)
A={Ay,k<K}
[ T Si00d | 3 BE ] . 0}
LETBT | ET[Y, RAKIE 1™

3 (5.40)
(we have used the straightforward identity R;[Ax] = E TIRZ [Ar]E). By the same
Proposition 2.2, the optimization problem in (5.40) specifying Opt is solvable, and

0<Opt<2In(2D)o. D= di+ > fi (5.41)
k J4

59, Let Y = {Y;}, A = {Ax} be an optimal solution to the optimization problem
specifying Opt, see (5.40), and let

Y =) 8T A=) RilA
L

k
so that
Opt = ¢& (A[Y]) + ¢7(A[A]) and [ Y ‘ 3 BE }>0. (5.42)
YETBT | ETAE |~
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We claim that for properly selected m x v matrix H it holds

[ Y ‘ 2(B-H'4) ] > 0. (5.43)
LB-HTA)" | A -

This claim implies the conclusion of Proposition 4.1: by the claim, we have Opt <
Opt, which combines with (5.41) and (5.39) to imply (4.2).

In order to justify the claim, assume that it fails to be true, and let us lead this
assumption to a contradiction. To this end, consider the semidefinite program

{ :[ Y | L(B—HT 4)

A N ST I TE 1L B

} +tlypn = 0}. (5.44)

The problem clearly is strictly feasible, and the value of the objective at every feasible
solution is positive. In addition, the problem is solvable (by exactly the same argument
as in item 1 of the proof).

4°b. As we have seen, (5.44) is a strictly feasible solvable problem with positive
optimal value 74, so that the problem dual to (5.44) is solvable with positive optimal
value. Let us build the dual problem. Denoting by

[U V]H)
viiw 1™

the Lagrange multipliers for the semidefinite constraint in (5.44) and taking inner
product of the left hand side of the constraint with the multiplier, we get the aggregated
constraint

Te(UY) + Tt(WA) + t[ Te(U) + Te(W)]| + Tr (B — HT AH)VT) > 0.

The equality constraints of the dual problem should make the homogeneous in t, H
part of the left hand side in the aggregated constraint identically equal to 7, which
amounts to

Tr(U) + Tr(W) =1, VAT =0, (5.45)

so the aggregated constraint reads
> —[Te(UY) + Te(WA) + Te(BVT)].

The dual problem is to maximize the right hand side of the latter constraint over

T _ 0
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satisfying (5.45), and its optimal value is 7, > 0, that is, there exists
[ Uu |V } o
VT wT

Tr(UY) + Te(WA) + Tr(BVT) < 0. (5.46)

such that AVT = 0 and

Adding to U a small positive multiple of the unit matrix, we can assume, in addition,
that U > 0. Now, the relation AVT = 0 combines with the definition of E to imply
that VT = EF for properly selected matrix F, so that

[ U FTET]
> 0.

EF w
Hence, by the Schur Complement Lemma,
W > EFU'FTET,
and (5.46) combines with A > 0 to imply that
0>Tr(UY) +Te(WA) +Tr(BVT)

=Tr(UY) + Te(WA) + Tr(BEF)
> Tr(UY) + Tr(EFU'FTETA) + Tr(BEF)

. Y | 1BE [[U| FT
- r([ LETBT | ETAE M F|FU'FT D

Both matrix factors in the concluding the chain Tr(-) are positive semidefinite (the first
one due to (5.42), and the second — by the Schur Complement Lemma); consequently,
the concluding quantity in the chain is nonnegative, which is impossible. We have
arrived at a desired contradiction. O

A. Calculus of spectratopes

The principal rules of the calculus of spectratopes are as follows:

Finite intersections. If

Xe={xeR:30' Rt eT):
x =Pyt RE < tfly, k< K¢}, 1<L<L,
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are spectratopes, so is X = ﬂe <L X¢. Indeed, let
={ly=D"..;y"eR" x-.. xRV : Pyl = Py? = ... = P yt).

When E = {0}, we have X = {0}, so that X is a spectratope; when E # {0}, we
have

X={xeR :Iy=DY%..;yFleE t=[th. . ;t1]eT =T x---xT):
x:Py:ZPlyl,Rke[y]ﬁtkldke, <k=<Kpl1<t<L}

identifying £ and appropriate R”, we arrive at a valid spectratopic representation
of X.

Direct product. If
_ l ve . l ne AL TN .
Xe={x"eR":3(y" eR", "€ Tp):
xt =Pyt RV < i, k<K, 1<t<L,
are spectratopes, sois X = Xy X --- x X:
Xlx---xXLz{x=[x1;...;xL]:
Ay =D cyile=0th sl eT =T x-xT) :
x=Py:=[Puy'i. i PLy"L R 2 i1a 1 <k < K 1 <€ < LY

Linear image. If
X={xeR:3(yeR" teT):x =Py, R,%[y]ﬁtkldk,ka}

is a spectratope and S is a @ X v matrix, the set SX = {z = Sx : x € X}isa
spectratope:

SX={zeR':3(yeR" 1t €T):z=SPy, Ri[y] <txls. k < K}.

Inverse linear image under embedding. 1f
X = {xeR”:H(y eR™, teT):x= Py, R,%[y]jtkldk,kf K}

is a spectratope, and S is a v X matrix with trivial kernel, theset ST! X ={z: Sz € X}
is a spectratope. Indeed, setting £ = {y € R”™ : Py € Im S}, we get a linear
subspace of R”; if E = {0}, S™1X = {0} is a spectratope, otherwise we have

ST'X={zeR*:I(yeE t€T):z= 0y, RAy] 2txly. k < K},

where the linear mapping y — Qy: E — R/ is uniquely defined by the relation
Py = SQy. When identifying E with appropriate R"”, we get a valid spectratopic
representation of S™1X.
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Arithmetic sum. If Xy, £ < L, are spectratopes in R”, so is the arithmetic sum
X = X1+ .-+ X of Xy. Indeed, X is the image of Xy x --- x X under the
linear mapping [x';...;x%] — x' 4+ .. 4+ xL, and taking direct products and linear
images preserve spectratopes.

B. Processing covariance estimation problem in the diagonal case

We start with setting some additional notation to be used when operating with
Euclidean space S”.

— Wedenote n = n(n 4+ 1)/2 = dimS", d = {(i,j) : 1 <i < j < n}, and for
(i, j) € 4 we set

1

. T ..
el'j _ elel‘ ’ 14 _.]7
E[eiej +eje; ], 1 <],

where ¢; are the standard basic orths in R”. Note that {¢*/ : (i, j) € J} is the standard
orthonormal basis in §”. Given v € §”, we denote by x (v) the vector of coordinates
of v in this basis:

Vii, i =],

i,j)ed.
\/Evij’ l<.]7 ( j)

xij(v) = Tr(ve’) = {

Similarly, for x € R”, we index the entries in x by pairs ij, (i, j) € J, and set
v(x) = X6 j)ed, xije', so that v > x(v) and x > v(x) are inverse to each other
linear isometries identifying the Euclidean spaces S” and R” (recall that the inner
products on these spaces are, respectively, the Frobenius and the standard one).

— Recall that 'V is the matrix box
veS" v <L} ={veS" 1N eT :=[0,1]:v>=<1l,}.
We denote by X the image of V under the mapping x:
X = {x eR":3re[0,1]:v2[x] = tln}.

Note that X is a basic spectratope.

Now we can assume that the signal underlying our observations is x € X, and the
observations themselves are

wy = x(wy) = x(%v(x)) +zr, ze = x(&).

1
=§x
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Note that z; € R", 1 <t < T, are zero mean i.i.d. random vectors with covariance
matrix D[x] satisfying, in view of (3.26), the relation

x€X = D[x] X2l
(recall that we are in the case of A = [, ¥x = I,). Our goal is to estimate
Bl?[v]BT = %BBT + %BUBT, or, what is the same, to recover

_ 1 T

Bx = Ex(Bv(x)B )-

Recall that we are in the situation where the norm in which the recovery error is
measured is either the Frobenius, or the nuclear norm on S”; we “transfer” this
norm from S” to R”. In the situation in question, Proposition 3.7 supplies the linear
estimate

~|

T
Fw®) = LHT S w,
t=1

of Bx with H, stemming from the optimal solution to the convex optimization
problem presented in Proposition 3.7. It is immediately seen that under the
circumstances, this optimization problem reads:

in the Frobenius norm case:

— 2
Opt= _ min {Tr(A) +v+v + = Tr(0): (B.1)
H,A,v,v.,0 T

HeR™ AeS" veRi, vV eRy, ©@cS”,
[ R*[A] %[BT—%H]}

B-L1AT]| v

2

in the nuclear norm case:

Opt= _ min {Tr(A) + Tr(Y) + Tr(Y') + 2 Tr(O) : (B.2)
H,AY,Y,0 T
HeR” AeS, TeS, T e8,0e8",
R*A] | LBT - 1H]
[ A7) R[] }

1
2
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where

R*[S] = [ Tr (e7 Se*)] i, jyes, €S, S €8™.
(k,0)ed

So far, we did not use the fact that B is diagonal; this is what we intend to utilize
now. Specifically, it is immediately seen that with diagonal B,

(1) The i x n matrix B is diagonal, with diagonal entries E,-j’,-j = %B,-,-Bjj.

(2) Let & be the multiplicative group comprised of n x n diagonal matrices with
diagonal entries +1. Every matrix £ € & induces diagonal 7 x n matrix Fg with
diagonal entries 4-1 such that

R*[ESE] = FER*[S|Fg, VY(E€&,S¢eS").

Indeed, when E € & and S € S”, we have

[R*[ESE]],; , = Tr (¢”[ESE]e*)
= Tr (S[Ee** E][EeV E])
= Tr (S[Eii E jj Exi Eqee*te))
= [FElij,i;[FElke ke Tr (67 Se¥t) = [Fg R*[S]FElij ke

where Fg is the diagonal 77 x 1 matrix with diagonal entries [F£]pq.pq = EppEqq.
(p.q) €.

(3) When S € S" is diagonal, R*[S] is diagonal as well.

Indeed, when S is diagonal and (i, j) € d, (k,£) € 4 with (i, j) # (k,?0),
the supports of matrices ¢”/ and (Se*%)T (the sets of cells where the entries of the
respective matrices are nonzero) do not intersect, whence

[:‘R*[S]]ij,ki =Tr (eijSeke) = Z[ei‘i]pq[(seke)T]pq =0

p.q

Observe that by (1)—(3) problems (B.1) and (B.2) have optimal solutions with diagonal
matrix components. To see this, let us start with the nuclear norm case. Let
Hy, A, Y, Y., ®, be an optimal solution to the problem. We claim that when
E € &, the collection FEI-_I*FE, EALE,EY.E,EY,E, FE©O,Fg is an optimal
solution as well. Indeed, the values of the objective at the original and the transformed
solution clearly are the same, so that all we need in order to justify our claim is to
check that the transformed solution is feasible, which boils down to verifying that it
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satisfies the LMI constraints of the problem. We have:

[ R*EAE)N[BT — LFp A Fg] | }
B - MFeHFe)) | RY[EYLE]

B [ FeR*AIFg | LFg[BT — 1H.|Fg ]
1Fp[B-1AT|Fg | FeR*[Y.JFe
R*A] | L[BT -

2[B -

3 H4]
AT R

:Diag{FE,FE}[ ]Diag{FE,FE}EO,

1
2

where the first equality is due to (3) combined with diagonality of B stated in (1).
Similarly,

[ Fg©.Fg | 1FpH.Fp }
LFpHI Fp | R*[EYLE]
[ Fp®.Fp | LFpH.Fp
- [ VFe AT Fg | Fp R} Fi }

T E, Es — .

*

= Diag{FE, FE}[

2 M *

Thus, the transformed solution indeed is feasible, as claimed. Since the problem
is convex, the average, over £ € &, of the above transformations of an optimal
solution again is an optimal solution, let it be denoted Hy, Ay, Y4, Y, O By
construction, A4, Yy, Y are diagonal, whence by (3), R*[A4], R*[Ty4], R*[Y}] are
diagonal as well. This combines with diagonality of B to imply, similarly to the
above, that if L is a diagonal n x n matrix with diagonal entries %1, the collection
LHL, Ay, Yy, Y. LOL is an optimal solution to (B.2). Averaging these optimal
solutions over L’s, we conclude that the problem has an optimal solution comprised
of diagonal matrices, as claimed. The same reasoning, with evident simplifications,
works in the case of Frobenius norm.

We see that when solving (B.1) and (B.2), we lose nothing when restricting
ourselves to candidate solutions with diagonal matrix components, which, by (1)
and (3), automatically ensures the diagonality of blocks in the LMI constraints of
the problem. As a result, we, first, reduce dramatically the design dimension of the
problem, and, second, can now replace “large-scale” LMI constraints (which now
state that some 2 x 2 block matrices with diagonal 77 x n blocks should be > 0) with
a bunch of small — just 2 x 2 — LMI’s, thus making the problems easily solvable
by the existing software, e.g. CVX [10], provided # is in the range of hundreds.
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C. Conic duality

A conic problem is an optimization problem of the form
Opt(P) = max {ch Aix—b; eK;,i=1,...,m, Px = p}, P
X

where K; are regular (i.e. closed, convex, pointed and with a nonempty interior)
cones in Euclidean spaces E;. Conic dual of (P) is “responsible” for upper-bounding
the optimal value in (P) and is built as follows: selecting somehow Lagrange
multipliers A; for the conic constraints A;x — b; € K; in the cones dual to K;:

Ai €Ki :={1:(A,y) =0, Vy €K},

and a Lagrange multiplier € RY™? for the equality constraints, every feasible
solution x to (P) satisfies the linear inequalities (A;, A;x) > (A;,b;), i < m, same
as the inequality u” Px > uT p, and thus satisfies the aggregated inequality

Y (i Aix) + T Px = Y (i bi) + 1T p.

1 1

If the left hand side of this inequality is, identically in x, equal to —cT x (or, which is
the same, —c = )_; AfA; + PT 1, where A7 is the conjugate of A;), the inequality
produces an upper bound —(A;, b;) — pT it on Opt(P). The dual problem

Opt(D) = A miAn M{— Z(x\i,b,-) —pTu:
1seees mos .
L MeKLizm Y A+ PTu=—c} O
i

is the problem of minimizing this upper bound. Note that (D) is a conic problem
along with (P) — it is a problem of optimizing a linear objective under a bunch of
linear equality constraints and conic inclusions of the form “affine function of the
decision vector should belong to a given regular cone.” Conic problem, like (P), is
called strictly feasible, if it admits a feasible solution x for which all conic inclusions
are satisfied strictly: A;x—b; € int K; for all i. Conic Duality Theorem (see, e.g. [2])
states that when one of the problems (P), (D) is bounded'? and strictly feasible, then
the other problem in the pair is solvable, and Opt(P) = Opt(D).
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