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The Le Cam distance between density estimation,
Poisson processes and Gaussian white noise
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Abstract. It is well known that density estimation on the unit interval is asymptotically equivalent
to a Gaussian white noise experiment, provided the densities have Holder smoothness larger
than 1/2 and are uniformly bounded away from zero. We derive matching lower and constructive
upper bounds for the Le Cam deficiencies between these experiments, with explicit dependence
on both the sample size and the size of the densities in the parameter space. As a consequence,
we derive sharp conditions on how small the densities can be for asymptotic equivalence to
hold. The related case of Poisson intensity estimation is also treated.
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1. Introduction

In nonparametric density estimation on the unit interval, we observe #n i.i.d. random
variables from an unknown probability density f supported on [0, 1]. This model is
closely related to Poisson intensity estimation, where we observe a Poisson process
on [0, 1] with unknown intensity function nf. The notion of “closeness” between
these problems can be made precise via the Le Cam deficiency § and Le Cam
(pseudo-)distance A, which we recall in Appendix E. If the parameter space ®
consists of densities f on [0, 1] that are uniformly bounded away from zero and
have Holder smoothness larger than 1/2, then a seminal result of Nussbaum [25]
establishes that these models are asymptotically equivalent in the Le Cam sense to
the Gaussian white noise model where we observe the Gaussian process (¥;):e[o,1]
such that

dY, =2/ f@)dt +n~V2dw,, 1€[0,1], f €O, (1.1)

with (W;)se[0,1] @ Brownian motion. Brown and Zhang [3] constructed a parameter
space with Holder smoothness exactly 1/2 such that asymptotic equivalence fails to
hold, thereby establishing the sharpness of the smoothness constraint.

*The research leading to these results has received funding from the European Research Council under
ERC Grant Agreement 320637.
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The main goal of this article is to sharply quantify the rate of the Le Cam distance
between these three models with explicit dependence on both the smoothness of the
underlying function class and the size of the functions contained therein. To this
end, we derive matching upper and lower bounds for the rates of the various Le Cam
deficiencies under general conditions. As a by-product, we characterize exactly how
small densities can be for asymptotic equivalence to hold between these models.
This is of particular interest in Poisson intensity estimation, where low count data
is characteristic of many applied problems. Furthermore, since our upper bound is
constructive and provably sharp, it provides a blueprint to transform Poisson data
into Gaussian data in an optimal way with respect to the Le Cam distance.

We henceforth take the parameter space ® = ®, to be a sample size dependent
subspace of B-smooth Holder densities. Such a notion is widely used in high-
dimensional statistics and turns out to be natural in our setting as well. Density
estimation is a qualitatively different problem for densities taking values near zero,
both in terms of estimation rates [26,29] and asymptotic equivalence, as we show
below. Indeed, an n-dependent threshold turns out to be the correct notion to
characterize “small densities”, much as in the case of high-dimensional statistics.
We show that under general conditions, the squared Le Cam deficiencies between
either the density estimation experiment or Poisson intensity experiment and the
corresponding Gaussian white noise model are of the order

1-28 1 _2B+3
1 An2B+1 gup f(x) 2B8+1 dx, (1.2)
fe®J0

where A denotes the minimum. Our main restriction is that for the upper bound we
require smoothness 8 < 1. Recall that two experiments are said to be asymptotically
equivalent if both deficiencies tend to zero. In particular, if f is uniformly bounded
away from zero, we recover the rate 1 An1=28)/@B+1) and so asymptotic equivalence
holds if and only if 8 > 1/2.

The Le Cam distance between two experiments controls the maximal difference
in statistical risk of decision problems with loss function bounded by one, see
Strasser [35], and Le Cam and Yang [18]. In particular, if one solves any such
decision problem by transforming Poisson data into Gaussian data, which is acommon
approach as discussed below, then the rate (1.2) provides a bound on the contribution
to the risk from the data transformation when using an optimal transformation, for
instance the one considered in this article. The Le Cam distance thus provides a
sharp description of the statistical cost associated to reducing one problem to another
and allows one to characterize the optimal such reduction.

Whilst explicit formulas for the Le Cam deficiency are known for some
parametric models (cf. Torgersen [36, Sections 8.5-8.6]), the existing theory for the
Le Cam distance between nonparametric models focuses on necessary and sufficient
conditions for asymptotic equivalence. Explicit upper bounds for the Le Cam distance
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are, however, sometimes available. For the models we consider, Carter [5] obtained
suboptimal upper bounds using a multinomial approximation. In view of the lower
bound we prove here, the approach of Brown et al. [2] yields the correct rate in terms
of n, but not ®, even though their result is not stated in this form. Our upper bound
construction is related to the quantile coupling employed in [2], though obtaining
the correct dependence on the density f in (1.2) imposes significant additional
technical challenges. Explicit upper bounds have also been obtained for various
regression models [10,32-34]. Existing lower bound results have focused on proving
asymptotic nonequivalence of models rather than lower bounding the rate of the
Le Cam deficiency, see [3,7,31,38].

To understand the advantage of having rates for the Le Cam deficiency beyond
simply asymptotic equivalence, one can make the analogy with consistency versus
convergence rates for an estimator. Consistency specifies that an estimator will
eventually be close to the true parameter, but this may occur only for extremely large
sample sizes. In contrast, rates of convergence allow for a much finer understanding
of the performance of estimators and provide a framework to compare different
procedures. Asymptotic equivalence is a qualitative statement that the experiments
will be close in the limit, while the rates at which the deficiencies tend to zero provide
a quantitative insight into the speed of this convergence.

A major motivating application for this work is nonparametric Poisson intensity
estimation, where there is a long list of techniques on transforming Poisson data into
approximately Gaussian data. These methods typically use local binning together
with variations of the parametric square root transform, see for instance [1, 8,20] or
the recent survey article [12]. Given that there are multiple proposed transformations,
one would like a theoretical concept to compare the quality of the different
transformations, in particular against some information-theoretic optimal benchmark.
With regards to a large class of decision procedures, such a benchmark is provided
by the Le Cam distance.

More abstractly, given two sequences of statistical experiments

En(©) = (Qn, An, (P§ 10 €0)) and Fn(0) = (Q,, A, (0Qf : 0 € ©)),

a (measurable) map M that sends probability measures P to probability measures
on the measurable space (£2),, A,) represents a method to transform data arising
in £,(0) into data comparable to that generated in %,(®). In particular, one
seeks a method to convert data arising from Py into a “synthetic” observation
that is a good approximation to true data generated from the corresponding Qg,
uniformly over 6 € ®. The quality of such an approximation can be measured by
the total variation distance supycg [|M Py — Qp|ltv. If this converges to zero, then
no statistical test can asymptotically tell whether given data are transformed data
originating from &, (®) or true data from ¥,(®). The Le Cam deficiency therefore
provides a benchmark for optimality in this regard and a rate-optimal approximation
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can be defined as one such that the corresponding map M ™* attains this lower bound
(up to constants):

sup | M* Pg — Qpllrv = inf sup [MPg — Qf v =: 6(64(0), ,(0)).
fe® M gco

In particular, since our upper bound on the Le Cam deficiency is constructive, one
can deduce from it an approximation of the Poisson model by the Gaussian white
noise model (1.1) that is rate-optimal in this sense.

While the sharpness of the smoothness condition in Nussbaum’s result has been
established, the extent to which one can relax the assumption that the densities must
be uniformly bounded away from zero has received little study. A notable exception
is Mariucci [22], who studies densities of the form f - g, where g is known and
possibly small and f is unknown and uniformly bounded away from zero. From
an applied perspective, a uniform lower bound on the density is artificial and one
would like to weaken this condition. Low Poisson counts occur in applications, such
as image denoising, and existing results can rely on Gaussian approximations [20].
This regime is not well-understood and it would therefore be useful to understand
how such a Gaussian approximation behaves for small densities.

The rate (1.2) allows us to characterize exactly how small a density can be
for asymptotic equivalence to hold between density estimation or Poisson intensity
estimation and the Gaussian model (1.1). For example, if

1-28
inf inf 2B+3,
}2@12 f(x)>»n

then asymptotic equivalence still holds. Since “small” is defined in (1.2) in an
integrated sense, even weaker assumptions are required if the densities are small on a
shrinking set: for example asymptotic equivalence still holds if ® contains densities
of the form

—B
f(x) o< xP 4+ nBHig,,
where s, — oco. Densities can therefore come arbitrarily close to the threshold
n—B/ (ﬂ“), which turns out to be the absolute lower limit since, under very weak
assumptions, asymptotic equivalence fails if

=B
inf inf < ﬂ+1,
Inf in Sf(x)<n

see Theorem 1 of [31].

One might naturally wonder why the rate of the Le Cam deficiency becomes
slower if the parameter space contains small densities. A possible explanation is
that the information about f contained in the data is not the same in the different
models. If f is small in some interval, then in density estimation we observe very
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few observations in this region, whereas in the Gaussian white noise model (1.1) the
whole path (¥;):e[0,1] is observed and the difficulty lies rather in separating small
signal from noise. Due to the different structures of these estimation problems, it
seems reasonable that they are further apart in the Le Cam distance when the densities
are small.

By the localization principle, it suffices to consider a local parameter space for
upper bounds on the Le Cam distance. Sharp estimation rates are therefore crucial,
since they determine the size of the local parameter space. In both density estimation
and the Gaussian white noise model (1.1), small densities can be estimated with
a faster pointwise rate of convergence recently derived in [26] and [29]. If f is
B-smooth in an appropriate sense, then the pointwise estimation rate at any x € (0, 1)

is, up to log n factors,
B

, B
2 BT 4 (f(x))zﬂﬂ‘ (13)

n

If f(x) is larger than nA/(B+1 then the rate is of order (f(x)/n)#/@B+D while
if f(x) is very small, in the sense that f(x) < n~#/(B+1D then the convergence
rate is nB/B+D_ Small densities can therefore be estimated with faster rates
of convergence. Note that if f is bounded from below, we recover the standard
n=B/CB+D rate of convergence. We shall refer to f(x) > nA/B+D a5 the
regular regime and to f(x) < n~B/(B+1 as the irregular regime. While the faster
convergence rate for small densities means we can localize better, this does not
translate into better rates for the Le Cam distance, since for small densities the local
approximations are much worse.

Assuming known smoothness f, one can use a density or Poisson intensity
estimator f;, to find a local parameter space ®( f,;) containing the true density with
high probability and whose size is determined by the estimation rate. It then suffices
to restrict to this local parameter space and the rate of the Le Cam distance is of the
possibly much faster order

1-28 1 2843 128 1 2843
1 An28+1  sup / f(x) 28+l dx < 1 An2B+1 / fu(x) 2B+1 dx,
feo(fn’0 0

provided f,, achieves the pointwise estimation rate (1.3). We may thus obtain faster
rates for the local asymptotic equivalence of these models compared with their global
asymptotic equivalence. Local asymptotic equivalence has been studied for example
in [4, 11]. Given this, f, can also be used to check whether thAe density lies in the
regime where local asymptotic equivalence holds. Plugging f, into the rate (1.2)
yields the estimate

~ 1-28 1 2843
Li(fy) :=1An2B+1 / fu(x) 2B+1 dx,
0
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which with high probability gives the order of the Le Cam distance over the local
parameter space ©(f,). In particular, if fo has points in the irregular regime,
then 7, ( f,) will typically be close to one. This provides a practical pre-test to verify,
for example, if a Gaussian approximation is suitable for low-count Poisson data.

Although for small densities, density estimation and the Gaussian white noise
model (1.1) are no longer asymptotically equivalent, many aspects of their statistical
theory, such as consistent testing, remain the same, see [31] for further discussion.
Indeed, the fact that many statistical decision problems have nearly the same
asymptotic properties in these three models irrespective of the underlying density
size makes it difficult to prove lower bounds for the Le Cam deficiencies. In the
regular regime, that is if inf reg infy, f(x) > n~P/B+D  we bound the Le Cam
deficiency from below by the difference of the Bayes risks for a decision problem
on a discrete parameter space equipped with a non-uniform prior. Considering
non-uniform priors seems necessary here in order to achieve the correct rate. The
construction of the lower bounds provides many insights regarding the sense in which
these models differ.

Mathematically, many of our techniques build on earlier works on asymptotic
equivalence, in particular Nussbaum [25], Brown and Zhang [3], Brown et al. [2] and
Low and Zhou [19]. While the upper bounds expand many existing techniques, the
lower bounds require several new concepts. Other works on asymptotic equivalence
include Jahnisch and Nussbaum [14] for density estimation and Genon-Catalot et
al. [9], and Meister and Reif3 [24] for Poisson intensity estimation.

Notation. For two positive sequence (a,), and (b,),, we write a, < b, if there
is exists a constant C independent of n, such that a, < Cb, for all n > ngy and
some ng > 1. If a, < b, and b, < ap, we write a, < b,. Similarly, a, < b,
means lim, o a, /b, = 0. In some proofs, we additionally require that the constant
does not depend on certain parameters and we always indicate this at the beginning
of the proof. For two functions f, g defined on the same domain, we write f < g
if f(x) < g(x)forall x. Let |||, denotes the usual L”-norm. Given two probability
measures P, Q defined on the same measurable space, the total variation distance,
Hellinger distance and Kullback-Leibler divergence are denoted by ||P — Q]|1v,
H(P, Q), and KL(P, Q), respectively.

2. Main results

We now formally define the three statistical experiments considered in this article.

Density estimation 8,? (®). We observe n i.i.d. copies Xi,...,X, of a random
variable on [0, 1] with unknown Lebesgue density f. The corresponding statistical
experiment is

€2 (®) = ([0.1]".6([0.1]"). (P} : f € ©))

with P; the product probability measure of Xq,..., X},.
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Poisson intensity estimation & (®). We observe a Poisson process on [0, 1] with
intensity function nf and unknown density f € ®. We thus observe the point

process ZIN=1 dx;, where X1, X5,... are ii.d. random variables with density f,
N is an independent Poisson(n) random variable and § is the Dirac measure at x.
This is equivalent to observing Xy, ..., Xy. Denoting the distribution of this point

process by P, we can write the corresponding statistical experiment as
€5 (©) = (M. M, (P} : [ €®)),

where M is the space of point measures equipped with the appropriate o-algebra M,
see Section 4 of [25] for further details.

Gaussian white noise experiment &9 (©).We observe the Gaussian process (Y1)relo0,1]
given by
dY, =2/ f()dt +n~V2dw,, 1e]0,1],

where f € O is unknown and W is a Brownian motion. The Gaussian white noise
experiment is

€2(0) = (e([0.1]).0(€([0.1])). (0% : f € ©))

with Q" the distribution of (¥;);¢[0,1], € ([0, 1]) the space of continuous functions
on [0, 1] and o (€ ([0, 1])) the o-algebra generated by the open sets with respect to the
uniform norm.

Function spaces. Denote by | 8] the largest integer strictly smaller than 8. The
Holder semi-norm is given by

| fles := sup |fBD () — DG /x — y|PLA
XFY,

x,y€[0,1]
and the Holder normis || £ les := || f lloo + | f ®V |00 + | f 5. Consider the space
of B-smooth Holder densities with Holder norm bounded by R,

1
eAR):={f:[0,]] > R: f >0, / faydu =1, U8 exists, || flles < RY.
0

If f is allowed to depend on n and 0 < B8 < 2, the pointwise rate of estimation
at any x € (0,1) over the parameter space €2 (R) is given by (1.3), up to logn-
factors (see [26, Theorems 3.1 and 3.3] and [29, Theorems 1 and 2]). This rate of
convergence does not extend beyond § = 2 using the usual definition of Holder
smoothness [29, Theorem 3]. To take advantage of higher order smoothness, we
must therefore modify our function class.

A natural way to extend such rates to smoothness § > 2 is to impose a shape
constraint. On €# define the flatness seminorm

| flses = max [[[fD1B/£1P~7 |10,
1<j<B
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with 0/0 defined as 0 and | /| s = O for < 1. The quantity | f| s measures the
flatness of a function near zero in the sense that if f(x) is small, then the derivatives
of f must also be small in a neighbourhood of x. Define

1S e == 11f lles + 1./ |

and consider the space of densities
HER) :={f € €P(R) || fll o < R}.

Notice that ##(R) = €#(R) for B < 1. Properties of the function space #” (R)
are studied in [30].

We are now ready to state the main results, beginning with the upper bound for
Poissonization. The proof of the following theorem is given in Section 3.

Theorem 1 (Upper bound between density and Poisson intensity estimation). If
O C HP(R) for B > 0, then

1
5 Lo B \ZE
A(SnD(@),s;f(®))2 <n 2B+11og%n sup / ( /\nﬂ+1) B dx.
ree o \ f(x)

We deduce that the squared Le Cam distance is of order at most n~#/(B+1 1og2
and so asymptotic equivalence holds for any § > 0 irrespective of the size of the
densities in ®. If the densities are uniformly bounded away from zero then this rate
improves to n—28/@2B+1) log? n. The log? n factor is an artifact of the proof.

Poisson intensity estimation is equivalent to observing N ~ Poi(n) i.i.d. obser-
vations from the density /. Since N = n + Op(4/n), one can compare this to
the statistical information contained in /n additional observations. Mammen [21]
showed that for smooth parametric i.i.d. models, adding r, observations changes the
squared Le Cam distance by O(r2/n?). Heuristically, the corresponding bound for a
d-dimensional parameter with explicit dependence on d is O(dr2/n?). The rate in
Theorem 1 can be viewed as a nonparametric analogue. Indeed, we show in Section 5
that there is an effective parameter dimension m, — oo such that the rate equals

2
Pnln @.1)
n
with r, = /n. In the parametric case “f = 00”, we recover the rate
O(r2/n*) = O(1/n).

Theorem 2 (Upper bound between Poisson intensity estimation and Gaussian white
noise). Let% < B <1.If® C #P(R) and inf rcg infy f(x) > n=BIB+D 1og8 p,
then
1-28 1 2843
A(EP(0),88(0))> + A(EF(©), €8 (0))° S 1AnZE+T sup | f(x) 26+1 dx,
fe®JO0
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The statement assumes smoothness 8 > 1/2 since for 8 < 1/2, asymptotic
equivalence fails even if all densities are uniformly bounded away from zero [3]. The
main restriction of this result is the assumption that § < 1. As in [2], our proof relies
on a Haar wavelet decomposition and heavily exploits the fact that the Haar basis
functions are locally constant and have disjoint support at a fixed resolution level,
see Section 4.4. For tight upper bounds in the case 8 > 1, expansions with respect
to more regular wavelets are required, but without the specific structure of the Haar
wavelet the coupling of the empirical wavelet coefficients in our construction becomes
infeasible. Since in dimension d > 1 asymptotic equivalence is expected to hold for
B > d/2, the multivariate extension of our result requires different techniques. A
heuristic discussion of the rate in Theorem 2 is deferred to Section 5, since it relies
on technical devices introduced in Section 4.

The Le Cam distance A is a pseudo-metric on the class of statistical experiments
with the same parameter space, see Appendix E. To prove Theorem 2, it is therefore
enough to establish the rate for A(§F (®), SnG (©))? since by Theorem 1,

A(eP(©).e8 ()’
<2A(8P(©), 6 (©))* +2A(8F (©), €8 (0))°

1-28 1 28+3
= 2A(8F(0),6%(0))” + 0(1 An2B+ gup / f(x) 2B+1 dx).
fe®J0
For the lower bounds on the Le Cam deficiencies, we must take the supremum
over densities which are not isolated in the parameter space and thus need to introduce
a suitable notion of interior parameter space. As a neighbourhood of a density f*,
consider the band

U ={feHPR): Lf* < f=<2f*).

Given a parameter space ® C F#(R), let R' < R be fixed. Define the interior
parameter space @ as the space of all f € ® N KA (R’) such that U(f) C ©. The
dependence of ®¢ on R’ is omitted. For example, for an arbitrary sequence (5,)
consider the parameter space ® = {f € ##(R) : f > 8,}. The corresponding
interior parameter space is then @ = { f € #B(R') : f > 26,}.

For the lower bounds, we distinguish between the regular and irregular regimes,
that is whether inf 7 c@, infx, f(xo) is larger or smaller than n=B/B+D I the
irregular case, asymptotic equivalence always fails under very weak assumptions on
the parameter space, see Theorem 1 of [31]. The level n#/(B+1D is a fundamental
threshold separating the “small” and “large” density regimes from a statistical
perspective, as can be seen by the qualitatively different minimax estimation rates
in (1.3). One way to view this is through the bias-variance tradeoff for estimation
in the Gaussian model (1.1). In the regular regime, one obtains the classical
nonparametric bias-variance tradeoff, while in the irregular regime, the variance
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of an optimal estimator is strictly larger than its bias. Another perspective is the
information geometry of the problem, measured through the Hellinger distance,
which behaves differently in these two regimes. In the “large regime”, it behaves
like the L2-distance, thereby leading to the usual classical nonparametric behaviour,
including the rate. As a density approaches zero however, the Hellinger distance
behaves more like the L!-distance, leading to the same rates occurring in irregular
models, such as in nonparametric regression with one-sided errors [15]. For further
discussion see [26,29].

Theorem 3 (Lower bound between Poisson intensity estimation and Gaussian white
noise). If © C HP(R) for B > 0 and inf 7 c@, infx, fo(xo) > n=BIB+D then
there exists an integer ngy such that for all n > ny,

B
(67 (©),€5(0)” A5(6%(0), X (©)) >1/\n2/3 sup / f(x)_iﬁii dx.
f€®0

For sufficiently large n, the lower bound matches the rate obtained in Theorem 2,
provided that the supremum over f € © is of the same order as the supremum over
f € ®p. Asin [3], the proof is based on the construction of a decision problem and
comparison of the Bayes risk in the two experiments, which yields a lower bound on
the Le Cam deficiency. Since we are interested in the rates of the Le Cam deficiencies,
the exact Bayes risks must be approximated up to second order. In fact, we explicitly
construct a separate decision problem for every parameter f € ®,, which quantifies
how well we can separate f from elements in the local neighbourhood U( f).

Theorem 4 (The Le Cam deficiencies between density estimation and Gaussian white
noise). Let % <B<11IfO C HP(R), inf re@infy f(x) > n=BIB+D 1068 n and

1-28 1 2843 —28 1 2843
1 An28+1 sup f(x) T2+ gy < | /\n2/3+1 sup f(x) 28+1dx, (2.2)
f€0q feeJo

then there exists an integer ng such that for all n > ny,

1-28 _2B+3
5(€P(©).68(0))” < 5(€S(©).6P(©))” < 1 An2F+T sup / S(x) 2P+ dx.
fe®JO0

The remaining sections are structured as follows. In Sections 3 and 4, we derive
upper bounds for the Le Cam distance and prove Theorems 1 and 2. Some heuristics
behind the rates for Poissonization and Gaussian approximation are presented in
Section 5. Lower bounds can be found in Section 6, where we provide the proofs
of Theorems 3 and 4. Technical results are deferred to the appendix, which also
contains a brief summary of the Le Cam deficiency in Appendix E.
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3. Asymptotic equivalence between density estimation
and Poisson intensity estimation

We now prove Theorem 1, which states that if ® C ##(R) for some B > 0, then

1
_ zﬂ 1 1 L 2ﬁ+1
A(c‘?,?((a),é‘,f"(@))2 <n 2B+1 log?n sup / ( /\nﬁ+1) dx
re@do \ f(x)

__B
<n B+llog’n — 0.

The two experiments differ in the number of i.i.d. copies of X ~ f which are
observed. In the density estimation model, we observe n copies and in the Poisson
intensity model N copies, where N is drawn from a Poisson distribution with
intensity n. One strategy to bound the Le Cam distance is to “synchronize” the
models in the sense that (pseudo)-observations are generated in the model with fewer
observations. [25, Proposition 4.1] and [18, p.73] establish bounds based on this idea
(see also the related earlier work of Le Cam [17] and Mammen [21]). Asymptotic
equivalence of the density and Poisson experiments then holds for Holder balls
whenever the Holder index is larger than 1/2. A slightly different approach was
employed by Low and Zhou [19], which gives asymptotic equivalence for all Holder
balls with positive smoothness index. Below, we show that combining this technique
with the faster convergence rates for estimation of small signals yields the rate (3.1).

A key ingredient in the proof of Theorem 1 is the localization principle that we
recall in Appendix E. More precisely, we apply Lemma 12 to the local parameter
space

OF (fy) = {f €O |f(v) - fo)]

8 8
1 B+1 1 2B+1
gc(og”) +c(°g”f0(x)) L Vx € [0,1]

n n

with C some sufficiently large constant. The constants R and C are of no importance
and therefore omitted in the notation. The right-hand side is the upper bound on the
pointwise convergence rate given in (1.3), up to logarithmic factors. The next result
establishes the rate of convergence for the Le Cam distance on the local parameter

space @'16 (fo). The proof is given in Appendix A.
Theorem 5. For any 8 > 0,

1

_ 28 1 1 L 3611
AP O ). € O ) S0 T togtn [ (s an ) T
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Theorem 6. Let f > 0and © C #PB(R). In the nonparametric density estimation
experiment &P (®), there exists an estimator f, taking values in a finite subset of ©
which satisfies
inf P (foe®(f))=1-0m™"),
it PR (fo e ©F(f2)) (™)
provided the constant C in the definition of @f (fo) is chosen large enough. Moreover,
there exists an estimator in S,f (®) with the same properties.

The proof can be found in Appendix C. The rate (3.1) is now a direct consequence
of Lemmas 12 and 13, which allow one to piece together a global Markov kernel
using the estimator from Theorem 6 and local Markov kernels from Theorem 5. This
completes the proof of Theorem 1.

4. Asymptotic equivalence between Poisson intensity estimation
and Gaussian white noise

To establish the rate of the Le Cam distance between the Poisson intensity estimation
experiment and the Gaussian white noise experiment, Section 4.1 introduces a
suitable local parameter space together with an orthonormal basis of L2[0, 1] which
depends on this space. The Poisson process is expanded with respect to this basis in
Section 4.2. The same is done for the Gaussian white noise model in Section 4.3. It
then remains to couple the empirical basis coefficients in the Gaussian and Poisson
models. In Section 4.4 we discuss general bounds on the Hellinger distance, which
are then applied to the specific problem in Section 4.5. The proof is completed in
Section 4.6.

4.1. Localization and basis expansion. As in the proof of Theorem 1, we apply
the localization principle (see Section E) and consider for any fo € ©® C ##(R) the
local parameter space

OF (fo) = OF 4 (fo) 1= {f cO:Lfy<f <3y

_ —28 B
LIS ez [ 2 ax
0 Jo(x) 0

for a sufficiently large constant C, depending only on R and 8. By (1.3), the
convergence rate for estimation of f(x) in the regular regime is ( fo(x)/n)8/@8+1)
up to logn factors. Replacing f(x) — fo(x) by CY4(fo(x)/n)B/CB+D in the
definition of ®# ( fy) then yields equality. The localization constraint is written via
integrals rather than pointwise to prevent unnecessary logn factors in the rate of the
Le Cam distance. Localization using integral constraints was also used in Section 2.2
of Dalalyan and Reif} [6].

and n
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From now on let us work on ®#(f;). A common approach in asymptotic
equivalence is to further split the localized experiment into so-called doubly local
experiments (cf. Grama and Nussbaum [10]), such that on each of these single
subexperiments, the unknown parameter can be estimated at the localization rate in
the definition of ®f( fy). Since fy is known in the local experiment, we may use
it to define a partition of [0, 1], which provides the appropriate shrinking intervals
generating the doubly local experiments. Define

n

1
)\ 2B8+1
zo:=0 and zjyq:=2z + (fO(Zl)) .

Let m be the index of the largest z; smaller than 1. Define the boundary corrected
version (x;);—o,...,m as

x; :=z; fori <mandx, =1. “4.1)

Further, write

1
A= xp —xig = (@) P U= m). @2

By assumption,
_B_
inf inf fo(x) > n B+1
nf,in So(x) >

and so, for any positive constant ¢ and sufficiently large n,

(fooc))zﬁ <C(fo<x))%
n - R

for all x. Applying Lemma 6 gives

1 fo(zj—1) < fo(x) < 2fo(zj-1)

forall x € [zj_1,zj]and all j =1,...,m. Since
_1
11—z, < (fO(Zm))zﬂ'H’
n

we obtain for the remainder term

1

(Dm0} P 3(fo<xm_1))zﬁ s

n n
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This also shows that for any fixed positive constant c,

A, < C(fO(xm—l))%
R

provided n is sufficiently large. ApplyingLemma6andz; = x;forj =1,...,m—1
yields

L fo(xj—1) < fox) <2fo(xj—1) forallx € [xj_1.x;], j =1,....m. (4.4)

We thus obtain a second localization by further restricting the data in the local
experiment with parameter space ®” (fy) to the intervals [x j—1,Xxj]. We motivate
the specific choice of this decomposition by a heuristic argument showing it is natural
in terms of double localization. The local parameter space @f( fy) is defined via
an integral rather than pointwise constraint to avoid unnecessary logn factors in the
rate, so for simplicity consider instead @f (fo) from Section 3. Since infy fo(x) >
n~B/(B+1  this localization constraint essentially means that the density is known
pointwise up to an error of order (fo(x)/n)#/@B+1D To show that decomposing
[0, 1] into the intervals [x,;_1, x;] is correct in the sense of double localization, we
therefore have to show that on each interval [x ;_1, x ], the density can be estimated at
the rate ( fo(x)/n)B/B+D 1In the Poisson experiment, the number of observations
in each interval is

#{i © X; € [xj—1,x;]} =n/%j f(x)dx—l—Op(‘/n/%j f(x)dx)

and the estimator

B
Fx)i=#{i 0 X; € [xj—1,x;1}/(nA ) = f(x) + OP((fO(X))M-H)’

n

X € [Xj_l,Xj],

thus has the correct rate. A similar result holds in the Gaussian white noise model,
which completes the argument. We also note that for rate-optimal estimation of f
with smoothness 8 < 1, in both experiments it suffices to approximate f by a
function that is constant on each such interval, see the proof of Theorem 7. The total
number of such intervals m,, can thus be viewed as the effective parameter dimension.

We define an orthonormal basis of L2[0, 1] by decomposing [0, 1] into the intervals
[xi—1,x;]. Let

v =1(-€[0,1/2)) — 1(- € [1/2,1])

be the Haar mother wavelet and set

Vi =22y @ k)
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as usual. Then
{(BU{Ye:j=01,..:k=0,1,....27 -1}

forms an orthonormal basis of L2[0, 1]. For the sequence (x;);i=1...._m defined above,
identify L2[0, 1] with @/, L?[x;—1, x;] and consider the Haar basis on each of the
intervals [x;_1, x;], that is

-1 -1
(]3,' = Ai 21(- S (x,-_l,x,-]) and wi,j,k = Ai ij,k(Ai_IC—xi_l)).

The support of ¥; j x is
Lij o= [xic1 + Aik /27 xiy + Ai(k +1)/27]

and ¥; ;i is positive on Il.J’rj,k = I; j+1,k and negative on Il.,_j’k = 1ijy10k+1-
For any 7, '
Gy UYije:j=01,...;k=01,..2 —1}

is an orthonormal basis of L?[x;_1, x;]. For f € L?[0, 1] write

_L rxi
i= [ faosodn =87 [ foau
Xi—1
for the approximation coefficients and

g i= [ £Vt du
for the wavelet coefficients. With
A={G,jk):i=1,....m, j=-101,..., k=0,...,0v(2 -1},
di—1,0:=ci,and ¥; _1 0 := ¢, any f € L?[0, 1] can be decomposed as

m oo 2771

f= ZC,’(ﬁi + Z Z Z dijk Vi jk = Z di,jk Vi, jk

i=1 i=1j=0 k=0 G,j.k)eA
with convergence in L2[0, 1].
Lemma 1. If f € #8(R) with0 < B < 1, then for j > 0,
. 1

|di jucl < RQ7ANPF2

Proof. Witha; jj := xi—1 + Ak /27,
1 al-,j,k+Ai/2j+l ]
diji = (Ai277) 2/ f) = fu+A;/27 ) du.
ai.j.k

Taking absolute values and using the Holder continuity of f yields the result. O
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4.2. Rewriting Poisson intensity estimation as a Poisson count model. We now
decompose the Poisson intensity experiment with respect to the basis from the
previous section. For that define a new statistical experiment as follows. Let
(X1,...,Xn) be the jump times of a Poisson process on [0, 1] with time-varying
intensity x +> nf(x). Define the counts

Nije:=#Xeeljx:0=1..N}, (@ jkeA 0=<j=<J+]1,

where J is the smallest integer larger than 3 log,(n) and I; ; x is the support of ¥/; ; r
defined in the previous section. We thus have
Ni,j ke ~ Poi (n fu) du),
Li jk
and the counts Nj; j and N;/ ;s ks are independent whenever I; ;x and [/, j j are
disjoint. Denote by P” Ls the distribution of the vector (N, j k) j kyea, 0<j<J+1 and
by sy its length. With J# (N*) the power set of N*2, the Poisson count experiment
in P (®) is then defined as

67,(6) i= (N P(N). (I, : £ € 6).

On the local parameter space this experiment is close to 8,{3 (®).

Proposition 1. Under the assumptions of Theorem 2, it holds that

AED,(©F (1)), &F (0P (f)))* = o(n™).

Proof. The experiment &F (©P(fy)) is by construction more informative than
& 1P n (®P(fy)). Tt is thus enough to prove that the original Poisson intensity can
be nearly reconstructed from the counts (Nj,j k) ; kyea, 0<j<T+1-

Consider a Poisson process on [0, 1] with intensity 7 f,, where

o= Z dijk Vi, jk-
(.7, k)EA,
j=<J
By construction, v; jx is constant on I k= = Iij+1,2k and [ gk = Iij+1,2k+1-
Thus, f, is constant on the intervals /; 7, ; and therefore the counts on the highest
resolution level j = J + 1, that is (N T4, ©)ik» form a sufficient statistic for f,.
Since counts on lower resolution levels can be constructed from (Nl T, )ik We
conclude that (N i T+1 k)(z,] K)eA,0<j<T+1 i also a sufficient statistic for f,,

By (E.1)itis enough to bound the squared Hellinger distance between a Poisson
process with intensity nf and a Poisson process with intensity 7 f,, uniformly over
f e eF (fo). Using Lemma 11(i), the squared Hellinger distance is bounded from
above by

n [ (VT V) dx
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Together with Lemma 1 and inf se@ infy f(x) > n~!,

1
AEL (O (1) €L (O (f0))* < sup n /0 (VI — V) dx

fe0b(fo)

1 2
< sup 2 /0 (00 = folx))? dx

f€®8(fy)
2/ -1
-~ w 23T Y
fe®8(fo) = 1j>7 k=0

m
< RznzzAiZBHZ—z]ﬂ _ 0(’1—1)’
i=1

since Y7, AP <> A, = 1,7 > 3logy(n) and > 1/2. O

4.3. Sequence space representation of the Gaussian white noise experiment.
Given fy define the step function approximation

m
Tufo =Y folxi-)1(- € [xi1,x:)).
i=1
On the local parameter space ®f ( f;), we introduce the statistical experiment

€7 (0P (fo)) = (€[0,1],0(€[0, 1), (0% - f € ©F(f)),

where Q’} is the distribution of the path (?,),6[0,1] satisfying

A¥, = f(di +n 2T, fo@)dWi, 1 €01, feO(fy). (45

The following proposition generalizes Theorem 2.7 in [25] to small densities.

Proposition 2. Under the assumptions of Theorem 2, it holds that
~ 1-28 _ 2843
A(E’bnG(®ﬁ(fo)),8,?(@)‘9(]‘0) < n2B+1 / fo(x) 2B+1 gy,

Proof. On ©P(fy), the Gaussian white noise model is equivalent to observing
(Ut)tefo,1) with

AU, = 2(f(0) = VTu fo0) ) dt + nIdW,

and observing (f’;)te[o,l] is equivalent to observing (V;);e[o,1] With

AV, = (f(t) Ty fo))/VTu fo@) di +n™2 dW,.
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Using (E.1), Lemma 11(ii), (4.4), f € ©8(f), fo € #P(R)and (4.3), we can bound
the squared Le Cam distance A(E° O (f)). & (@ﬁ (f0)))? by the supremum over

f € ©F(fo) of

n ! SO = Tufo()\?
5/0 (2(\/f(l)—\/Tnf0(l))—W) dt

NI - VT )

= "/o o)

I (f@) - fo(l)) + (fo(r) = folxi- 1))
Z/xil Jo(xi— 1)3

< 2%n
i=1

. 1};25 1 2g+3 ia Z X; A:lﬂ
<2'CnZ2 +1/ fo(x) 2Pt1dx 4+2°R"n / —L —dt
0 i=1Y%i— 1f0(xl 1)3

1-28 28+3
< (27C +273% R*)n 241 / folx) 2B+1 gy,
which completes the proof. O

In the next step, we approximate (4.5) by the following sequence space model.
Denote by QF f the joint distribution of the (rescaled) empirical scaling and wavelet
coefficients,

Z 10 1=nvAi/¢i(l)d17z, fori =1,...,m,

AR (D) dY,, for(i,j,k)eAN0<j <,
T 1)/w,k() . for (i, . k) J

where J is again the smallest integer larger than 3log,(n) (as in experiment
8{: n (©B(fy))). Notice that the observations are independent and normally
distributed with

Xi

Z 10~ N(” f@)dt, ”Aifo(xi—l))
Xi—1

n
and Z¥  ~N —d~-k,1), for j > 0,
ik (V fo(xiz) P /

where d; jx = [ f(£)¥i i (t) dt. Write s), for the total number of coefficients and
define the experiment

66,(6) i= (R%.a(R"). (07, : f < 0)).

Proposition 3. Under the assumptions of Theorem 2, it holds that

A(EF,(OF (1), EF (O (1)) = o™,
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Proof. Arguing as in the proof of Proposition 1 using Lemma 11(ii) instead of
Lemma 11(i) yields the result. O

4.4. Information bounds for couplings. At this point, we have transformed the
Poisson intensity estimation and Gaussian experiments into sequence space experi-
ments, where the empirical scaling and wavelet coefficients are observed. To relate
these sequence models to each other, bounds on the information divergences between
(transformed) Poisson and Gaussian random variables are discussed.

We firstly transform a Poisson random variable N into a continuous random
variable by adding an independent uniform variable U on [—— —) From the sum
N + U, we can recover N by taking the nearest integer, which shows that this
transformation is invertible. The sum can then be related to a normal random
variable with the same mean and variance. To state the following result we write

H(X.Y):= H(Px,Py) and KL(X.,Y):=KL(Px.Py)

if X ~PxyandY ~ Py.
Lemma 2. Let N ~ Poi(A) and U be uniformly distributed on [—%,%) and
independent of N. If Z ~ N (A, L), then

KL(N+U.Z) =g (14+0(1)) asi— .

Moreover, if Zg ~ N (A, Ag), then
2 2
H2(N+U,Z0)§ﬁ(1+0(1))+4(k——1) as A — oo.
0

Proof. Denote the Lebesgue density of N 4+ U by p and observe that on the interval
[k — % k + %) this density equals e A% /k!. Since E[N + U] = A,

1
Var(N + U) = Var(N) + Var(U) = 1 + T

and using the asymptotic expansion for the Poisson entropy (for instance, [16, Theo-
rem 2]),

k+1/2

KL(N +U.2) = Z /k L, lole T AV22 026D p(x) dx

k
= log (V27 A)+ﬁ(x+ ) Zlog (e=*2k / k1) —/vl\c_!

=log(v27r)k)+1+L—llog(2nel)+%+ 0(A72)
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as A — oo. For the second statement, using that the Hellinger distance satisfies
the triangle inequality and that the squared Hellinger distance is bounded by the
Kullback-Leibler divergence [37, Lemma 2.4],

1 A 2
H(N +U. Zo) < 2KL(N +U. 2)+2H*(Z0.2) = 3 (1+0() +4( - ~1) .
0

where the bound for H2(Z,, Z) follows from elementary computations. O
If N ~ Poi(A) and N’ ~ Poi(1’) are independent, then
N|(N 4+ N') ~Bin(N + N, /(A + 1)),

where Bin(m, p) denotes the binomial distribution with parameters m and0 < p < 1.
In experiment & 1{) n (©B(fy)), the conditional distribution of the Poisson counts at
resolution level J 4 1 given the Poisson counts at lower resolution levels j < J is
therefore

Nig+1,26l(Nij i) G, jdoeno<i<s = Nig+1,2k|Ni g ~ Bin (Ni s k. pi s k)
4.6)

with success probability

f1'+J,k f(u)du

o i,
PiJk - T, fGau’ 4.7
where I; ; k, Iij}’k are defined in Section 4.1. This property is tied to the Haar
wavelet expansion and there is no natural extension to other wavelets or approximation
schemes. In the corresponding Gaussian model & lG n (©B(fy)), the observations are
independent and normally distributed and therefore the conditional distributions are
also normal. Working conditionally on lower resolution levels, we therefore need to
couple binomial and Gaussian random variables.

Notice that p; yx ~ 1/2 with equality if f is constant on /; y . As in the
Poisson case, we can make the distribution of X, , ~ Bin(m, p) continuous if we
consider X;, , + U with U uniform on (—%, %] and independent of X, ,. Denote
the c.d.f. of Xy, + U by Gy, and consider @' 0 Gy 1/2(Xm,p + U) with @~ the
quantile function of the standard normal distribution. The quantile transformation
o lo Gm,1/2 depends on m but not on p. Moreover, for p = 1/2,

P 'o Gm,1/2(Xm,12 +U) ~ N(0,1).

For general p this holds approximately and by Theorem 5 in [2],

HA (N (Vm@p = 1).1), @7 0 G12(Xmp + V) S (P = 3)* +m(p - 3)°*
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and the hidden constant does not depend on m or p. Using the triangle inequality
and elementary computations, we obtain for any real number u,

_ ) ) .
HA (N (1. 1), @ 0Gp 1 /2(Xm p+U)) < (u—v/m@p—1))"+(p—1)>+m(p—1)*.

(4.8)
Lemma 2 and (4.8) are used in the next section to bound the Le Cam distance between
the sequence space experiments & 1’? " (OB (fy)) and & lGn OF(1p)).

4.5. Upper bound for the Le Cam distance between the Poisson and Gaussian
sequence space experiments. In this section, the proof of Theorem 3 in Brown et
al. [2] is generalized to small densities. Recall that in experiment & 11: n (OP(fo)) we
observe the counts (N, k) jkyen0<j<i+1- L€t (Uijk) jxyeno<j<i+1 D€ an

i.i.d. sequence of uniform random variables on (—5, 5] which is independent of the

Poisson counts. Motivated by the previous section, define a new statistical experiment
€2,(08 (fo)) = (R, a(R*), (P, : f € ©F(fy))).
where P"f is the distribution of the vector (Z; ;) jkyen.0<j<i+1 With

Zi—1,0 := Nio,0+ Uioo, i=1,...,m,

Zijk =0 oGy, 12(WNijrrok + Uiji). (. j.k)eAN, 0<j <.
4.9)
Since the function @~ 1o Gn,1/2 is invertible, we can successively recover the Poisson
counts (N;,j k)i jkyen,0<j<J+1 {rom these observations and therefore

AEL, (07 (f0). €5,(€7 (f0)) =0

The experiment 8£ n (®P(fy)) can now be compared to the Gaussian sequence
experiment 8’1Gn OB (fo)).

Proposition 4. Under the assumptions of Theorem 2, it holds that
1-28 _2B+43
A(66, (07 (0). 62,(0P () £ 71 [ fot) 51 ax

Proof. Let us begin with some notation. Write p<y and p—; for the joint density
of (Z;:j’k)(i’j,k)eA’_lij<J and (Z;:j’k)(i’j’k)eA’jzj respectively. Similarly, g<s
denotes the joint density of (Z; ; x)a,jk)en,~1<j<s and g— <, the density of the
conditional distribution (Z; j )¢, jk)en,i=J |(Zi j k)G, jk)er,~1<j<J-
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The random variables (Z k) are independent and thus their joint densities factor
into products. Expanding the squared Hellinger distance in a telescoping sum and

then using this fact,

H2(P<J_+17Q<J_+1)

=2(1—/W)+2 > (/m—/m)

o<J<J
= HZ(P<0,Q<0) +2 Z / «/P<JQ<J(1 - / N/p=16]=J|<J)
o<J<J
= H*(p<0.9<0) + / VP<19<rH*(p=7.q=11<7)- (4.10)
o<J<J
On the lowest resolution level j = —1, the Gaussian and Poisson random variables are

independent and so H?(p<o.q<0) < Y_i=; H*(Z_, . Zi.—1,0) [35, Lemma 2.17].

Together with (4.4) and Lemma 2 applied to
X Xi
/\=n/ f(u)du and Aozn/ fo(u) du
Xi—1 Xji—1
(noting that A, g — oo since inf fcg infy f(x) > n=A/(B+D),
HZ(P<0 CI<O)

N @)~ folx) dx

2
= Z 162 ( A; fo(xi-1) ) = M+,

1—1 x, 1 i=1

Since f € ®8(fy) and using (4.3) and (4.4), we find that

X 2ﬂ+3
/ f =27, fo(xi—1) > 27 %A 'n 2ﬂ+1f0(x1 1)2h+1
Xj—1

Applying (4.4) again yields

1 1-28 28+3
—— < < 265 2B+1 A, fo(xi—1) T2B+1
n.fx, lf
B+3 1-28 28+3
< 2622ﬂ+1 2B+1 fo(x) 2B+1 gx
and therefore
1-28 pl 2843

(D <n2P+1 [ fo(x) 28+ dx.
0

A.11)

(4.12)
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In order to bound the term (II) in (4.11), we use Jensen’s inequality, that ab < a?+b?
for real numbers a, b, and (4.4),

/ (/) = fox))* dx)”z

a = 162 JVA; fo(x, D) ( xi Jo(xiz1)?

2 () = fo(x)* R
=2 0 fo(x)3 dx+ 16; nA; fo(xi—1)

For the first term we use f € @ (f) and for the second term we can argue as for (I)
to obtain the upper bound

26+3
H?(p-<o, q<o)<(1)+(H)<n2ﬂ+1 fo(x)‘zﬂ+1 dx.  (4.13)

We next bound the Hellinger distance H 2( P=J.q4=Jj|<y). For that we show that
conditional on the observations at the lower resolution levels (Z; ; x ), j,k)eA,—1<j<J
the random vector (Z; jx)(,j,k)eA,j=s has independent components. From the
definition (4.9), we conclude that conditioning on (Z; j x),j.k)eA,~1<j<J iS the
same as conditioning on (U; j k), jk)en,j<s and the counts (N; j k), jk)eA,j<J-
Since

Nig+1,2kl (N ji) G jdoen,j<s = Nig+12kINigge. k=0,....27 =1,
are independent, (Z; ; k) ,j.k)eA,j=J |(Zijjjk)(i’j’k)eA’_lij<_] must also have inde-
pendentcomponents. This shows that H*(p=y,q=j|<s) < H2(Zl s> Zi g o)
Using moreover (4.6), (4.7) and (4.8), we can bound H2(p=J, q=J|<J) by

271

Z Hz(Z;:J,k’ Zi,J,k)

k=0

271
= Z (E[ 1Jk] le(szJk ]))2 (Pka ) +N1Jk(p1Jk )4
k=0

2
Z (E1Z} ;) = [ENis i )>@pisi = 1)

+(1+ (Ni%,zk - [ENi,J,k]l/z)z) (Pigx— -) + Ni g (pigx — )4-

With this inequality, we can now bound [ /p<jq<;H?*(p=y.q=y|<s). By the
Cauchy—Schwarz inequality, | ./p<jg<s < 1, which yields a bound for the terms
not depending on N; ; k. For the terms depending on N; jx we use that

1/2
[ Vrr @ dx < ( [ #a-s dx)
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for all integrable functions 4. By Lemma 3 in [2],
4
E[(N, 7 — [ENi4]'/2)"] < 4
and therefore,
/ VP<14<sH*(p=7.q=7\<1)

27—

m
S D (EZf i —ENisi)*Cpigi — 1)?

—

i=1 k=0
" m 27~ (4.14)
Z Z pz,J,k_%)z'i'Z \/ le Pth 1)4
i=1 k=0 i=1 k=0
=: (i) + (ii) + (iii).

We bound the three sums (i)—(iii) separately. We will frequently use the fact that
with

dirse = [ 0 d
(4.7) can be rewritten as

VAid; g
27/2 f,i’J.k f(x)dx

2pigk—1=
(i) Observe that

(ELZ} 1) — [ENi.si] 2 @pisic — 1))
( 1 VA2 )2
Y V fo(xiz1) \/fl f)ydx/

With f € OF(fy) € #P(R) for B < 1, (4.4), Jensen’s inequality, ab < a® + b2,
and Lemma 1, the right hand side of the last display can be bounded by

QRIATY [, FOO) = folxia) dx)’

2°nd? PRSI
<2"nd?,, (27 A7 f]ixjvk f(x) = folx) dx)2 + R2(277T A;)2B
o fo(xi—1)3
e FAT ) - Fol)* dx)? 4 R227 AP
B b fo(xi-1)?

228 AP (F() = folw))*
< 78 p4 10HJ—2J8
- 2R fo(xl 1)3 2 2 n\/Ile fo(.x)3 dx
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Using that f € ©8(fy), (4.3) and (4.4),

1-28 p1 _28+3
(i) $27727Pn 2831 | fo(x) 2P+T dx.
0
(i) With f € eF (fo), (4.4), Lemma 1, and (4.3),

AP
Jo(xi— 1)2
2843

< 212328-1 R2p-2JB 25“ Aj fo(xi—1) 2P+1.

@pigi—1)? <2PR*27P

Thus,
1 28+3

1-28 _2B+3
(i) <27727Bn2B+1 | fy(x) 2B+T1 dx.
0
(ili) Since N; jx ~ Poi(n flu,k f(u) du), we have

[EN?, V% <1 —|—n/ f(u)du.
Ii gk

By definition 0 < p; jx < 1, and therefore

Cpigx—D* < Cpisx— 1>

Using (4.4) and the same bound as for (ii),

[ENZ, Y2 @pigac — D*
28

125

< @pigx — 1)+ 273 RY2" (4ﬂ+1)1n25+1 Ai folxi—1) 2FHT.

Together with the bound for (ii), this also shows that

1-28 1 28+3
(iii) <27 72Bn2B+1 | fo(x) 2B+ 4x.
0

Combining the bounds for (i)—(iii) gives for (4.14),

2843

/\/P<J‘1<JH (p=7.9= J|<J)<2J 2J'3n2/3+3/ fo(x) 2B+1 dx.

Summing over J and using that 8 > 1/2 shows that with (4.10) and (4.13),

1-28 _28+3
HZ(pj’qJ <n2ﬂ+1/ Fo(x) 2B+T dx,

which proves the assertion.
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4.6. Completion of the proof of Theorem 2. From Propositions 1-4, we deduce
that under the assumptions of Theorem 2,

1-28 28+3

sup A(EF (@ (/o). € (OF (1)) < n 2641 sup /1 f(x) 2B+ dx.
fo€® fe®Jo

For the globalization step, the following result shows the existence of the required
estimators satisfying the conditions of Lemma 12.

Theorem 7. Under the assumptions of Theorem 2, there exists an estimator [,
in & (®) taking values in a finite subset of © and satisfying

inf P2 (foe®F(f)=1-0(.

Moreover, there exists an estimator in SnG (®) with the same properties.

Theorem 2 then follows from Lemmas 12 and 13.

5. Heuristics for the rates of the Le Cam deficiencies

Most results on asymptotic equivalence require minimal smoothness assumptions,
which are often difficult to explain heuristically. It is therefore unsurprising that the
rates we obtain for the Le Cam deficiencies can also be difficult to interpret. Perhaps
the best way to motivate these rates is to consider the doubly local decomposition of
experiments explained in Section 4.1. Each doubly local experiment is similar to a
parametric problem and the number m, of such experiments can be viewed as the
effective dimension of the problem. For the following heuristic argument, one should
think of the total variation distance as always being of the same order as the Hellinger
distance, which is typically the case in our situation. If the double localization splits
the model into (nearly) independent subproblems, then the overall squared Le Cam
deficiency is simply the sum of the squared Le Cam deficiencies for each of the
doubly local experiments.

While we do not use a double localization for the Poissonization in the proof of
Theorem 1, it is still instructive to consider such an approach. For Poissonization, the
Le Cam deficiencies for the doubly local experiments are all of the same order and
the full Le Cam deficiency is therefore proportional to the effective dimension m1,.
For simplicity, we consider only the case inf, f(x) > n=B/B+D_ et Aj be as
in (4.2). By Lemma 6,

mn

1 1 1
mp = Z AjAT = n2BH1 / fo(x) 2B+1 dx.
j=1 0
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Ifinf, f(x) > n~8/B+D then the squared rate in Theorem 5 can be written as 1, /1,
up to unnecessary logn terms. The squared rate can therefore also be written as
myr2/n? for r, = /n, which motivates (2.1).

For the rate of the Le Cam deficiencies between Poisson intensity estimation
and the Gaussian white noise model, recall that we partition [0, 1] into the
intervals [x;_y,x;], with these shrinking intervals generating appropriate doubly
local subexperiments. On each such independent subexperiment, we must couple
a Poisson random variable with intensity parameter A; = n |, ;, ,j_l f(u) du with a
corresponding N (A, ;) random variable. Since A; — oo as n — 0o, we may
use Lemma 2 to couple a Poi(A ;) random variable with a N (4, A ;) variable with a
squared Hellinger error of size 1/(4A ;) +0(1/A ). Using the independence structure
of the subexperiments, these /m,, couplings yield a total squared Hellinger loss of order

on 1-28 1 _2B+3
— w1 An2B+1 Fo(x) 2B+1dx,
j=1"7 0
where the < direction follows from (4.12) and the 2 part can be similarly deduced.
This motivates the rate (1.2).

Of course, this decomposition into piecewise constant functions with m,
pieces is too crude, and represents only the first resolution level of a much finer
L?-decomposition based on Haar wavelets, which is used to prove Theorem 2 in
Section 4. However, it provides some insight into why the rate occurs already at low
resolution levels without the full technical encumbrance of the higher order remainder
terms, which are dealt with using quantile transformations in Section 4.5.

6. Lower bounds for Le Cam deficiencies in the regular regime

In this section, we prove Theorems 3 and 4. The difference in the Bayes risk for an
arbitrary prior and loss function bounded by one yields a lower bound for the Le Cam
deficiency. Let &1(®) and &2(0®) be two experiments. If E(g])[ﬁ(éj, 0)),j =12,
denotes the risk in experiment &;(®) of the estimator 6 i with respect to the loss
function £, then
5(61(6).&,(0)) = inf sup sup E¢"[£(01.0)] - EGV[£(>.0)]

01 §, 06
provided the loss is bounded by one (see [18, Definition 1, p. 13]). This immediately
implies that for an arbitrary prior IT on ®,

§(€1(©), €2(©)) > inf sup / EN[0®,,0))dT1(9) — / EP[0(6,,0)]dT1(6)
o 3 JO o)

(6.1)
and the right hand side is just the difference of the Bayes risks (see also [36, Coroll-
ary 6.3.7]).
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We argued in Section 4.1 that the doubly local decomposition is intrinsic to this
problem. For the lower bound, it is thus natural to again partition [0, 1] into the
intervals [x;_1,x;]. On each such doubly local experiment we construct a two
hypothesis test, which are then combined into a global multiple testing problem. We
compute the Bayes risk in both experiments, which, together with (6.1), provides a
lower bound on the deficiencies.

Proof of Theorem 3. Throughout the proof, we write a, < b, if a, < Cb,, for all
n > ng and a finite constant C = C(B, R) which does not depend on j and the
parameter « defined below. In the same way we use 2 and the big-O notation.

Pick a sequence ( fon)n C ®¢ such that

243 2843
/fo,,(x) 28+1 dx > 4 sup f(x) 2B+1dx,

f€6g
For convenience we omit the dependence of fy, on n, writing

foi= for and Fp:i= /O'f()(u)du.

Set / = v 2. Let K:R — R be a '-smooth Holder function with support
on [0, 1] such that

1
/0 K(u)du =0, [K(u)zdu =1, and [K3(u)du>0.

Suppose additionally that K’ (1) = 0 for only finitely many u € [0, 1]. As an example
of a kernel satisfying these conditions, consider the L2-normalized version of

U= —%hﬂ/(gu) + 4hg/(4u — 3),

where g is the density of a Beta(8’ + 1, B’ + 1) distribution.

Let (x;);=1,..,n be the sequence in (4.1) and define the functions
B
ayjA; Fo(x) — Fo(x;—
R K( 0(x) — Fo(x; 1))’ i=1...m. 62)
Jo(xj-1) F;
where

_ Jo(xj—1)

Vi =
2
JnaPF;

and 0 < o < 1 is a constant that will be chosen later to be small enough.
The function v; has support [x;_1,x;] and, since by assumption infy, fo(xo) >
n—B/B+D we can apply (4.4) and (4.3) to obtain

Fj = Fo(x;) — Fo(x;-1),

30 fo(xj—1) < Fj <2A; fo(xj—1) and § <y?<2. (6.3)
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Since infy fo(x) 3> n~B/B+D this also implies

minnF; — oo
J

an? ” (6.4)
jzrrllaxm Villoo < m’ax’m ol 1) m xm \/n—T] < .
Define
iri= [ U5 fot) dx (65)

and observe that using the properties of K as well as the definitions of A; and y;,

_ _ 2,1
i1 =0,uj>»=an"" and

o’ y} / 3 o
Wiz = ———— K>(u)du = . (6.6)
Jo(x —1)3 n32\/Aj fo(xj-1)
For higher moments, we frequently use the bound
wir < WjloaFs S & Fj/(Fp)"2. (6.7)
We are now ready to define the test densities. For 8 = (64, ...,0,,) € {—1, 1},

consider

X folx) = fo(X)(l sy e,wj(x)).
j=1
From pj,; = 0 it follows that

[ fatwrax =1

and so fy are indeed probability densities. Observe also that

xj
Fr= [ fawax,
Xj—1
With the sup-norm bound (6.4), it follows immediately that for any 6 € {—1, 1}",
fo € U(fo) C ©. By Lemma4, we also know that fp € ## (R) forall § € {—1, 1}
and n large enough.

We now construct a prior on these densities. Renaming the parameters fy <> 0,
we can take {—1,1}™ as the parameter space and may also conveniently write
Py = Pj’ig and Qp = Q’}g. We consider two priors called 74 and 7_,
which are product priors on the parameter space {—1,1}™, that is for each

Op = (69,...,0%) € {—1,1}",

me(60) = [ [ £ 6)),
j=1
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with
7200 =1) =1—7:(09 = —1) = e®2*/(1 4+ ¢***).

This prior is non-uniform. Indeed, w4+ assigns more weight to vectors which have
more components being +1 than —1. Both experiments behave very similarly under
uniform priors and non-uniformity seems necessary here to obtain a rate-optimal
separation of the experiments. The effect of o can best be seen in Proposition 5
below. The priors m and w_ will lead to the lower bounds for the deficiencies
§(&F(0), 8,? (®)) and 8(8,? (®), 8F(0)), respectively.

Next we construct the loss function. Observe that with (4.2), (4.4), (4.3), and (6.3),

m m

1 1 1-2 1 _2B+3
LinF; ZA,-nAij = n2h+ | fo(x) 2B+T dx. (6.8)
j=1 =
Since fo is a density on [0,1], {x : fo(x) > 1} # @. Let [x,,.x;,,] C [0,1],
Jin» j2n € {1, ..., m}, be a sequence of intervals such that

(%) Xjo, ] X 2 fo(x) = 1} # @

for all » and

1-28 Xion _Zﬂ_+3 128 1 _M
n2ﬂ+1/ fox) 2BHT dx = 1An2ﬂ+1/ fo) 2P dx. (6.9)
Xj1n 0

If the right-hand side is is smaller than one, set
(% )1, X2, ] = [x0, Xm] = [0, 1].

If the right-hand side is exactly one, then arguing as in (6.8) yields

1-28 X _ 2843
n2f+1 So(x) 2P+l dx < 1/(nFj)
Xj—1
for all j. By (6.4), each interval [x;_1, x;] thus makes a vanishing contribution to
the integral, which proves the existence of sequences satisfying (6.9). Let

p(6.6") =Y p;1(0; #6}) withp, := (6.10)

1
—l(jln < ] = ]Zn)
j=1 VnFj

and for any A > 0, define the loss £4(6,0’) = 1(p(6,0’) > A). This loss is one
if the weighted sum of the misclassified 6;’s exceeds the threshold A and is zero
otherwise. The reason for this particular weighting will become apparent later in the
proof as a consequence of Proposition 5 and Lemma 3. Arguing as for (6.8),

m 1-28 1 2843
p; =1 Anzﬂ"‘l[ fo(x) 2B+1 dx (6.11)
j=1 0
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and similarly

m ; J2n 1 1-38  pxjy, 38+4
DPi= DL oy <nPH / fox) 2B+ dx.  (6.12)
j=1

\3/2
jeaer ) Jin

The key step is the following factorization of the likelihood ratio. In the Poisson
experiment &7, define N; := #{X; : X; € (x;_1, x;]} and write Xl(j), e, XJ(V’) for
the observations in the interval (x;_1, x;]. Under P(;’O, the counts N; are indepenjdent
Poisson random variables with intensity parameters

n/J Joo(x)dx =nF;
Xj—1

and the density of Xi(j) is fg,()1(- € (x;—1,x;])/F;. We can factorize

ary LU+ 0v(X) il 14 0,v;(x7) m
- P (6,
dPé;lo H1+Z =1 ,WJ(X) HH1+90¢](X(J)) l_[ (@)

i= j=1li=1 j=1
(6.13)

with P;(6;) being independent random variables. Define the estimators
= (Qil‘)j:l,...,m
componentwise via éij € argmaxg ¢y 13 Pj(0;)m+(6;). Then
A . +20609
0f ; #69 iff P;j(—07) > 2%,

The random variables 1(§ f j #* 0}’) are therefore independent and Bernoulli
distributed with success probabilities depending on the sign =+ of the prior and 6y,

~ g0
P+,j(00) = Pé’o(ei’ # 9}9) = P(;lo(pj(_g})) > %2 01)‘

We denote the Bernoulli distribution with parameter p by Ber(p). For independent
random variables Z;(a;) ~ Ber(aj), the risk of Qip under the loss function £ 4
becomes

Py (002, 60) = 4) = (Zp, (pes@) > 4). 614

j=1
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A similar factorization into independent products holds in the Gaussian white
noise experiment since by Girsanov’s formula,

405 _ exp (zﬁfol (VSo(s) = \[ fon(8)) dWs =2/ fo — \/790”2)

ngO
=11ap@¢a/’(¢ﬁ@y—¢@@»dm
j=1 Xj-1
2 [ WG - o) ds)

=[] 2;6).
j=1

In particular, Q j(6;) are independent. In analogy with the Poisson model, define the
estimators

componentwise via égj € argmaxg. c( 1,1 Q;(0;)r+(6;). Then

0, #00 iff 0;(—69) = >,

With
) 0
qi,j (90) = QZ() (Q:E,] 75 9;)) = QZO (Ql (_9;)) > eiZC!Gj)
we find in the same way as (6.14) that for independent Z ; (¢, ; (60)) ~Ber(q+,;(60)),

0 (p(6S.00) = A) = P(Z piZ;(q+.(60)) > A)-
j=1

Proposition 5. Ler @ be the c.d.f. of the standard normal distribution, ¢ = O’ be
its density and  j , be defined by (6.5). Then for sufficiently large n, there exists a
constant C independent of o, n, j, such that

Ca?
0
\611,1'(90) - O(—a F 9j)| =< E
and
|p+.j(60) — @(—a F 07) F P03 g (—a T 07)| < Co”
v J 602 J = \/ﬁ

With (6.6), we conclude that for sufficiently small o > 0, the success probabilities
differ by a term of order at least o/ /nF;. This is the key ingredient to show that
there is a difference in the Bayes risks for the two experiments. Recall that « is
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the parameter modeling the non-uniformity of the prior and the size of the local
alternatives ;. If the prior is uniform then @ = 0, and a close inspection of the
proof shows that the difference in the success probabilities is then of the smaller order
1/(nFj), so that non-uniformity of the prior is crucial in this construction.

The following proposition shows that 7] i and ég are Bayes estimators and uses
that the deficiency is lower bounded by the difference of the Bayes risks. A proof can
be found in Appendix B.

Proposition 6. Let ©, p and . be as above. Then 6 f and 93?_ are Bayes estimators
with respect to the priors w+ in the Poisson intensity estimation and the Gaussian
white noise experiments, respectively.

Together with (6.1), the previous proposition thus shows that for any A > 0,

$(67(©).65©) > 3 (P;O (BT 00) = 4) — 03 (oY 6) > A)) 74 (60)

906@

Z( (Zp, P+1(90))>A)
0pe® j
- P(Zp, (@ 60) > 4) ) i 6o

(6.15)

and

s(eg )68 @) = X (P (Zp, (060 = 4)
906@ J=
- P(ijzj(q_,,-(eo)) > A)) 7_(6o).
j=1

We have therefore reduced lower bounding the Le Cam deficiency to computing
probabilities connected to weighted sums of independent Bernoulli random variables.
To finish the proof we need the following monotonicity property together with a
change of measure type inequality which are established next and proved separately
in Appendix B.

Remark 1. The probability P( Z;f;l pjZj(aj) > A) is monotone increasing in
the parameters a;. Indeed if a’; > aj, then for n ~ Ber(a; /a;.) independent,
Zj(a};) = nZj(a);) ~ Ber(a;).

Lemma 3. Suppose that (pj)j=1,..m» (qj)j=1,..m and (B;)j=1,..m are vectors
with entries between zero and one such that for some 0 < w < 1/2,

Pi=4q; tq;(1—q;) 0B,
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forall j =1,....,m. If (Z;(pj))j=1,..,m are independent Ber(p;) random vari-
ables, then

P(Zﬁjzj(m) > A)
j=1
> exp (wA —w Yy Biq;— 20 Zﬂf)P(Zﬁij(qj') > A)-
j=1 j=1 j=1

Recall that the difference of the success probabilities in Proposition 5 is of the
order at least o/ \/nFj. Together with the change of measure formula in Lemma 3,

this shows why the weights p; = 1/,/nF; in the Hamming loss (6.10) are natural.
Let us only consider the case where 6y is drawn from 74, that is the case (6.15). The
other case can be proved analogously. By Proposition 5,

qj = q+,j(00) = P(—a — 67) + O(a®/(nF)))
and

pj = p+.j(00) = ®(—a — 09) + (npj3/(6a%))(—a — 69) + O(a®/\/nF;).

Choosing the constant o small enough, ®(—2) < ¢; < ®(1) and moreover by (6.6)
we can always find a positive constant ¢ > 0 such that p; > g; 4+ cq;j(1 —gj)ap;,
forall j = 1,...,m. Denote the mean of ¢; = g4 ;(6p) under 74 by gq;, let

Fa = Egj o [®(—a — 6))] = ®(—a — D4 (6; = 1) + B(—a + Dy (6; = —1)

and choose the constant in the loss £ 4 as
m m 1/2
IO WA W
j=1 j=1

Throughout the remaining proof we make frequent use of the formula E?’Zl p? <1,
which follows immediately from (6.11). In particular, this allows us to conclude from

m m
> 0@ —ra)| S p?
j=1 j=1

that for sufficiently small « and » large enough,

m m 1/2
Y i@ —re) 5(20?) :
j=1

Jj=1

Define the set

@::%eoe(a:

m m
Z Pjq; — Z Pjd;j
j=1 j=1

“(29)
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Since p; > g;, all the summands in (6.15) are non-negative in view of Remark 1.
By Lemma 3 with @ = ca, the definition of A and e* > x + 1, it follows that for
sufficiently small o and n large enough,

5(85((9), 8nG(®)) = Z |:exp (caA —ca ijqj — 202 Zpi) _ 1}
0peD j=1 j=1
ijzj(‘h) > A) 7+(6o)

.P(
Jj=1
m

> (X eizia) > 4)wi

OocD j=1
(6.16)

m 1/2
= o 2 02)
i=1
Recall that the expectation and the variance of

m
> piZi(g))
j=1

m m
D pigj and Y piqi(1—g)),
j=1 j=1

respectively. Let £ be a Gaussian random variable with the same mean and variance.
By Berry—Esseen’s theorem there exists a universal constant Cy such that for 6y € D,

P(ipjzj(%) > A) >P(§>A4) - COZT;IP;W
7=t (Z?zl P?)
6 ZT=1 P;
>1-@ ey i=P
(\/q’(—z)(l - <I>(1))) O(z;ﬂzl ,of)3/2

where we used that ¢;(1 — ¢g;) > ®(-2)(1 — &(1)). From (6.11), (6.12) and

Lemma 7, it follows that
m m 3/2
i< (X))
Jj=1 Jj=1

For all sufficiently large n,

m 1 6
inf P Zj(4;) A)Z—(l_cb( ))
9(1)r€1£ (; pj£j\d;) > 2 VO(=2)(1 — &(1))

and the right-hand side is positive. Denote by Var, the variance with respect to the

prior 4. Since 0 < ¢g; < ®(1), Chebychev’s inequality yields

Varr, (X7-10145)
ZT=1 :05

Ty (D)=1-7,(0\D)>1- >1—®(1)% > 0.
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Together with (6.16), this shows that

m 1/2
5(65(©).69(6)) = const. x (Z pﬁ)

j=1

and with (6.11) this completes the proof for the lower bound of 8(8,5D (®), SnG (®)).
A similar argument holds for the deficiency 8(8”6 (®),8F (@)), replacing the prior
w4 by m_. O

Proof of Theorem 4. Recall that by assumption, inf reg infy f(x) > n—BlIB+1
Since f € ® C #P(R), f is also uniformly bounded and with Theorem 1,

1

— 2B ! 1 B \2p+1
A(@,,D(®),8,f(®))2 <n 2B+1log’n sup / (— /\nﬂ+1) dx
reedo \ f(x)

1-28 1 _2B+3
& n2B+1 sup/ F(x) 2B+ gy,
fe®@JO0

Using (2.2) and that the Le Cam deficiency satisfies the triangle inequality, Theorem 3
implies

5(6P(©),62(0)) > 8(§F(©).68(0)) — A(EP(©),8F (©))
1-28 28+3 1/2
> (nm sup | f(x) 2B+1 dx) :
fe®

Similarly, we can obtain the same lower bound for the deficiency § (SnG (©),8P(0))
and this completes the proof. 0
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A. Proofs for Section 3

Proof of Theorem 5. We first construct a Markov kernel that maps density estimation
to the Poisson intensity model up to an error

1

2B 1 1 _B \2B+1
3(&P (). 67 () <0 T hogtn [ (s anPer ) <dAxi>
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Throughout the proof, we always consider the parameter space ®f (fo) and thus omit
it in the notation, that is we write

el .= eP (08 (fy).6F = eF (@ (f)).....

For «,, := /2nlogn, let N ~ Poi(n — k,) and define a new experiment ﬁnP_Kn in
which we observe N A n i.i.d. random variables X1, ..., Xy An with density f. The
Le Cam deficiency satisfies the triangle inequality and so

s(eP.er)<s(6P.gr . )+88, el . )+8(6r ., &F) = (D+ D)+ (D).

n—Kn’

(I) Since g7 is not more informative than &2, §(6P.6F, ) =o0.

(II) Denote by P;( N the distribution of (X1,..., XNan, N) in experiment ﬁn’; n*
Similarly, write Q;(’N and ijlN” for the distributions of (Xi,..., Xy, N) and
(X1,...,XN)|N in experiment 8,{’_,{’1. If N < n, both experiments are equally
informative. If M denotes the Markov kernel adding (N — n) Vv 0 times the first
observation,

ﬁ;(’N :MP}(’N = (Xl"‘"XN/\rquﬂ""Xl’N)'

(N—-n)vo
Writing ﬁle for the conditional distribution given N,
P P . X X
S(gn—xn ’ 8n—lcn) = ljl‘llf Sl}p ”MPf - Qf ||TV

< sl}pE[nﬁ}"N — 0™ lv] < PN > n).

With Lemma 8(iii), we can further bound the right-hand side by 4/n.

(1) Let L, := n"'logn and ¢ := (4C) v (4C)@B+D/B+1) yijth C the constant
in the definition of @? (fo). Recall that N ~ Poi(n — kp). In experiment &F
we observe a Poisson process on [0, 1] with intensity mf. Adding an independent
Poisson process with intensity «, fo, where

fo= fol(fo(x) = cLE/B+D),

P

we observe in experiment &,_, ~a Poisson process with intensity

(1 — kn) f + kn fo.

Due to the choice of the constant ¢, we have

(@)= fo0)| < CLE/BFD 1O (L, fo(0)) PPV < 1 fi0)+1 fox) < L fo(x)
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whenever fo(x) > ch/ B+ and f € @f (fo). This implies in particular that
under these conditions f(x) > % fo(x). Using the Hellinger bound for two Poisson

processes in Lemma 11(i), uniformly over / € 0 (),
(&l &F)

= [ (Vo - @) + 0 fo) - Vare ) ax
(fox) — f(X))z1

B
(fox) = cLE*") dx

IA

2 .
“ [ s <L)+

Sx)
1 B B
< logn/ LT 1(fo(x) < cLf™)
0
28/(28+1) -
(LnfO(sz) 1(fo(x) = cLE) dx

1 B 2 1
5logn/ LETV A LYY £(x) 2P+ dx
0

1
28 1 B
<n 2B+11og%n / ( LR &5 ) AR
o \Jo(x)
The upper bounds derived in (I)—(IIT) imply (A.1). Estimating §(§F, &P) from above
can be done using the same arguments and leads to exactly the same rate in the upper
bound. Since A(6P,&6F) =§(&P,&F) v §(EF, &P), the proof is complete. [

n’>>n

B. Additional proofs for Theorem 3

In this section, we provide proofs for the propositions occurring in the proof of
Theorem 3.

Lemma 4. Suppose that fo € #PB(R') and let

fo=fo+ fo) 07V,

j=1

with \j as defined in (6.2). Assume that inf fo(x) > n=B/B+D Forany R > R,
there exist g > 0 and ngy such that for any n > ng, whenever « in the definition
of ¥j in (6.2) is smaller than o,

fo € HB(R), forall® e {—1,1}".

Proof. The < symbol is used as in Theorem 3. Throughout the proof all statements
are considered to hold for sufficiently large .
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Let § > 0 be arbitrary. In (i) we check that for sufficiently large r,

I folloo + 1 foles =< I folloo + [foles + 26

and in (ii) we verify that for sufficiently large n,

[foles < |folgen +8 and |15 oo < 115V oo + 6.
Putting all the bounds together, we find that for sufficiently large n, (i) and (ii) imply

I follse < 1l foll ses 4 45.

Since § > 0 was arbitrary, this then gives the result.
Throughout the proof of (i) and (ii), we use freely the inequalities (6.3) and

max A'j/fo(xj—l) — 0,
j=1,...m

which is a consequence of infy fo(x) > n=B/B+D,

(i) Recall that
£ lles = 11 £ lloo + ILf PPVl + 1 flies-

Since

olles = flles + | fo 326,01,
j=1

it remains to show that "
Hfo > 0y, Heﬁ =< 34.
j=1
By (6.4) and due to the disjoint support of ; for different j,

Hfo i 0y, ”OO <.
j=1

In the next step we show that

‘fo Zm: 91‘%"@3 <34.
j=1

By definition, the derivatives of the kernel function K in the definition of v; in (6.2)
vanish on the boundary points u € {0, 1} and so

m (V:3)]
(fo > 9]%) (x) =0,

j=1
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whenever x = x; with j =0,1,...,m. Thus,ifx € [x;_1,x;]and y € [x;/—1,x}/]
with j < j/,

m (D) m (18D
)(fo > 6 1/fj) (x) — (fo > 6 Wj) (y)‘
j=1

j=1
< |fov )PP (x) — (four )PV (x)|
+ [ Lowin B (1) — (fovr; ) BD ().

Together with the inequality x” + y? < 2177(x + y)¥ for 0 < y < 1, which is a
consequence of the concavity of x > x¥, 0 < y < 1, it follows that if the Holder
seminorm on each interval [x;_;,x;] is bounded by §/2, then the global Holder
seminorm is less than §. It is thus enough to show | o/ |es < 8/2.

For 8 < 1, with (4.4) and (6.4),

| fojles <2fo(x;—D)IVjles + [ foleslVjlloo S & < ao.

Choosing «g small gives | fo/;|es < §/2. Now suppose B > 1. The proof that
| fovjles =< 8/2 follows along the lines of the proof of Lemma 2 in [30]. For the
convenience of the reader, we nevertheless give the full proof here and only refer
to [30] for a more detailed exposition. With v;(x) := (Fo(x) — Fo(x,;-1))/Fj, we
can rewrite

Jo) W (x) = ay; AP fo(xj—0) ™! fo(x)(K 0 v;)(x).

For two r-times differentiable functions g, &,

gh® =Y (;) g@Dp=a),

q=0

Moreover, by Faa di Bruno’s formula, we have for the gth derivative of K o v,

(S)

:m

(Kov) @ = "cmy..mg (KM o0,

s=1
q

K(Mq) o v] (S 1)
= Zcml,...,mq

where the sum is over all non-negative integers my, ..., mg with

my+2my+ -t qmg =q. Mg:i=Y my,
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and ¢y, ,....m, are suitable coefficients. The rth derivative of foy/; can thus be

rewritten as

q

AB r M) q
ay;iAj ( (r) r KMDov; g (s—=1)yms
——— | (Kovj) fo" '+ Cmyyeimg —31— e )
fO(xj—l) J 0 qu; Z q m] mgy F]Mq 0 Sl:[l ( 0 )
(B.1)
where the second sum is over the same set of integers as above.
If x,y € [x;-1,x,], then by (6.3),
_ B—
KD W;(x) =KDl < (A7 e =)™
forany ¢ = 0,...,r. By definition, fo € ##(R’) implies that
£ Gl = R7P fo()| =078
forallr =1,...,|B] and all x € [0, 1]. Without loss of generality, we may assume

that x < y. Using Lemma 6 and the mean value theorem, we can argue as for
Equation (3.5) in [30] and find for s < || — 1 and some & € [x, y],

1 —
/@)™ — 90y | < mg) fETVE £ ) x - y|
< REms+D/B o (. )CUB+H{B=s)/Byms A}—(ﬂ—r)pc _ BT

and
LD () — 118D () < Rix — y|F".

In order to control |(f0¢j)(’)(x) — (fowj)(')(y)l, we rewrite this expression
using (B.1) with » = | 8] and control each factor separately, applying the inequality

lab —a'b'| < |a —d'||b] + |a'||b = b,

which holds for any @, a’, b, b’ € R. This gives

r—Mygy

fo¥slen < Z( 4 )ﬂ <
Wile =02\ T )

where for the second step we used max A‘j /fo(xj—1) — 0. Thus,

| fojles <6/2

for o small and all sufficiently large n.
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(ii) We first show that
| folzes < | folges + 8.

Equation (6.4) implies
fo0)/ fo)] = |14 3 0,9, (0)] = 1+ 0(1),
=1

uniformly over x. It is thus enough to prove
1371 = (1 folser +8/2)""7 ) fo) | B=78
forr=1,...,|8]. Ifforany r =1,..., 8],
|Sow )P = [(R+8/2F — RVP]| fo ()| B2, (B.2)

forall x € [xj_1,x;], j = 1,...,m. Then, since x — (x + b)* —x* forb,x >0
and 0 < o < 1 is monotone decreasing and

£ @) < | folpal folx)| B/
by assumption,
5701 = 17+ 1oy )P @)1 = (folses +8/2)77 1 fole)| 772,

It thus remains to show (B.2). To see this, use (B.1) and f, € ## (R’). This yields

|(f0¢j)(r)| R Z (4, fo_l/ﬂ)ﬁ_Mq fo(ﬁ_r)/ﬁ,

q

which implies (B.2) for sufficiently large n since M, < |B] < B and
max A/ fo(xj1) = 0.
The previous step also shows that
158 oo < 1585 oo + . 0

Proof of Proposition 5. We use <, = and the big-O notation in the same way as in
Theorem 3.

Expansion of q+ ; (6’?). Recall that

Jo = fo(l + 291'%')
j=1
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and that the ¥; have disjoint support. Using the identity
Vi—1=3E-D—3C-1D)>+5-D’C+V2)/(Vz+ 1)’

forz = 14609, (x) and z = 1 + 67 (x), together with 1, = &*/n and (6.4),
we find for 6; # 9}),

Dji=n /:jl (Va0 - ,/feo(x))zdx =a®+ O(njj4)

and in particular, D; > a?/2 for all j if n is large enough. Therefore, by Taylor
expansion and straightforward computations,

gaj (0°) = 04, (0, (—0°) = e*2%))
2

=o(- D> Fat?D;'?) = 0(—a T 09) + 0(%),
J

which proves the first part of the proposition.

Expansion of p+ j (9})). Throughout this part of the proof we make freely use of the
inequalities (6.3) and (6.4). For a real number b with 1 — |b| > 0, consider the
difference log(1 4+ b) — log(1 — b). By a fourth order Taylor expansion of both log
terms around one, we find

b4
log(1 4+ b) —log(1 —b) —2b| < 21b® + ———.

Recall the definition of P;(6;) in (6.13). With b = 0,9 ; (X"), the likelihood ratio
for 0 in the Poisson experiment & is

N; .
P;(6;) = exp (r.,-,,, + (0 - 09>y, (Xi(’))), (B.3)

i=1

for a suitable remainder term r, ,, satisfying |rj | < N;||¥;2,. Due to (6.4), there
is a constant ¢, such that

[rjnl < 2crNj013(nFj)_3/2

(the factor 2 allows us to simplify expressions later). Define E; := Egq,[V; (X l(j ))]
and 5, := Stdg, (¥ (X)). Let

N )
7 Lt Vi (X)) — E;

Sj

& =+/N;
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and observe that
1 0 o o
Ej=— | i)/ 1+ ) 00v;(x) ) dx = —0)
J st nt;

and

s;=Fy” / w?(x)fo(x)(l +y efw,-(x)) dx — E?
Jj=1

_ o 4 Pz go ot
S nF;F T Fp)Y

implying for sufficiently large n,

o 200
<g5; < forallj =1,...,m. B4
2/nF; — 7 T \/nF; / B

Since (1 +x)712 =1 —x/2 + O(x?) for |x| < 1/2, we also have

o (1+ 200 _ o2 /nF )—1/2 ! nlij,39;') n 0( o? ) B5)
— = npjza 209 —a*/nF; =1- . (B.
JiE;s; Hia® 0 7 207 nk;

The rth central moment of 9?1# (X 1(j )) will be denoted by m; .. With (B.5),

mj3 QQEeo[Wj (X)?] = 3Eg, [y, (X{)?]E; + 2E7

3 J 3
53 53
Hi3 B.6
= 00225 4 0(a/(nF))'P?) (B.6)
72
= (9}),[1,]',3713/2‘/}7]'0{_3 + O(a/(nFj)l/z)
and with (6.7),
maxmj., /57 < max Eqq [y (X)) ]/57 5 1.
We can further rewrite (B.3) as
00 — 50 202
Pj(=6}) = exp (rj,n_z\/Nj 5 jEj—Njn—Fj)- (B.7)
Forf = 1,2, let
0
B0 — _CVNi e eV b
o nkjs; (nF;)32s; — /Njs;
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(]

and observe that the only randomness in B, comes from N;. Recall that

OF  #69 iff Pj(—0°) = ¥,
Due to (B.7), we therefore have

0 #69 iffri, —20°/Njs;E; — 40> N;(nF;(fa)) ' > £206°

and thus
1 2
Poy (0% < BS) < p,.2(80) < Pg, (0%, < BY)).

- J:n

In the next step, we show that for £ = 1, 2,

Py (6%; < BY)) = ®(~a F 69) £ npj3/(60%)¢(—a F 69) + 02/ /nF; ).

To do that we need the following Edgeworth expansion, which is a simplification of
Petrov [27, p. 159] with k = 3.

Theorem 8. Let (Y;)i=1....m be i.i.d. random variables with

EY; =0, o:=Std(Y;), and E[Y}] < o0.

Let v(t) = Ee'™\ and denote by Gy the c.df of € = M~1/2 Y ;Yi/o. There
exists an absolute constant C such that for any t € R,

1 E[Y?
G 1) = () == % 2 (1= 2)p00)
E[Y}] ( 1 )M 6
<C +C +—1 M".
oM a2 Q5 EI ) vt

To compute Py, (0}’5 i< BJ(Z,)I) we first condition on N;. The bounds below are
only useful if N; > 0 and we will later see that this is enough. Using Theorem 8,
there exists a constant C’ such that

|Pay (6097 < ¥[N)) = @(y) = 22 (1= )90

6 sti-'
C’ 1\
=N +C’( sup v (1) + —) N¢
Nj EE / 2N; J
with
v ()] = | Egy exp (it [y (X}7) = E;])| = | Egy exp (it (X{)]
and

8 =s3/(12/mj5).
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Lemma 5. For n sufficiently large, there exists a constant L < 1 such that

max sup |v;(#)| <L <1.
o |t1=8;

Proof. To simplify the proof, write k; = ay; A? /fo(x;—1) and observe that
with (B.4), k; =< s;. Let W be a random variable with Lebesgue density fu
and V = g(W) for a continuously differentiable function g. Let v be such that for
all w € g~!(v) the derivative g’(w) is non-zero. For such a v, the density fy of V
is given by

o=

weg~1(v)
Since K is by assumption continuously differentiable and K’(u) = 0 for only finitely
many different values of u € [0, 1], the density of ¥;(X 1(’ )) with X 1(’ ) generated
from Pg, is contained in the support [«; inf K, k; sup K| and almost everywhere
bounded from below by

f@o (X)

mn —_— .
xelxj—1,x,;1 K[| K'|loo fo(x)

By (6.4), we have that for sufficiently large n this is lower bound by 1/(2«; || K'||c)-
Subtracting and adding 1/(2« || K’ ||« ) to the density, we obtain for the characteristic

function,
sup K —inf K 1 kjsup K
(0] < 1- T : / e du|
2| K" [loo 26 1K oo ! Jic, inf &
. sup K —inf K ‘Sin(lKj (sup K —inf K)/2)
2K [loo 1K 11K’ l| oo
Observe that

8 = 1/(12S1\/mj,6/516-> 2 1/s; 2 1/k;

and therefore there exits a positive constant that does not depend on j such that

sup [vj (1) = sup [v;(2)].

[£]=6; tkj>c>0

Since the sinc-function sin(x)/x is smaller than one whenever x is bounded away
from zero, this implies

max sup |v;(1)] <L <1. O

J tkj>c>0
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As a consequence of the previous lemma, we obtain

m; 1
S (1-90)| S 5

‘Peo(eﬁ')fj < V[Nj) = 0) - —=5 ;
i5

For any real numbers y, z, there exist n, ', " € R such that by Taylor expansion

D(y) = O(2) + (v = 2)p(2) + 3(y —2)*¢'(n)
as well as

d(y) =)+ —2)¢'(n)
and Y2o(y) = 229(2) + (v — 2)[20"9 (") + (")*¢'(n")].
Together with max; mj3/s3 < 1 this yields

m;3 2 1 2
m(l—z )¢(2)‘ < N—j+(y—2) :

2oy (695 = 5|V)) ~ @)~ (r=2)p(2)~ 22
T (B.8)

In the next step, we show that

npLj3 +“2]F“9? Nj—nFj)
20[2 ,/nFij ZnFJ
JN;a? N; —nF;|? nF; 2
< J IN; ”21| (1+ 1)+ o . (BY)
nF; (nFj) VN nk;

® 0
BO +axolF

For that, decompose B;Q + o+ 9;’ into

(—1)° eI, o (VN" —1)
(nFj)*2s;  \/nFys; \/nF;

09 InE-
+(aie}’)(1— “ )i ] (1— nk;
1/nFij ,/nFij N/Nj

Using (B.4), the first term is of order \/N;a?/(nF;). Applying the identity

). (B.10)

VE-l=4G =)=t — DY/ (WE 1)

toz = N;/(nFj),

. . . . )2
VN; _1=N1 nF; +0((N1 nFj) )7 (B.11)

‘/nFj 2nFJ- (nFj)2
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which controls the second term in (B.10). For the last term, using
1—z7V2 = Jz-1—-(Jz=-1)?/z

together with (B.11) gives

1_,/I’le Nj—nFJ-+O((Nj—nFj)2(1+,/nFj))'

/N, 2nF; (nFj)? JN;

Finally, the third term of (B.10) can be controlled with (B.5) and this proves (B.9).
Using (6.4), P(N; = 0) = exp(—nF}) decreases faster to zero than any power
of 1/(nFj). Considering each term in (B.9) individually using Lemma 8(ii), that

EN ].1/ 2 <[EN j]l/ 2 and the Cauchy—Schwarz inequality gives

L
Hiz Lo

(i)

Ego[BSOLN; > 0)] = — F 69 +

and
Ego[(BS) + o £ 0921(N; > 0)] S 1/(nF)).

N/
Applying this to (B.8) with y = B{") and z = —a F 69, using (6.4), (B.4) and the
expression for the standardized cumulant m 3/ 513 in (B.6) gives

4 {4 — .
Eo,[P0}€ = B{a[N)] = Eao [P} = Ba [ N)IV; > 0)] + (=)

L
— O(—a F09) + %qﬂ—a F0%) + 0(a?//nF; ).

This finally yields

L
e (09) = ®(—a F69) + ’;qus(—a F0%) + 0(a®/ /nF; ),

6

which completes the proof of the second assertion of the proposition. 0

Remaining proofs.

Proof of Proposition 6. We first prove that §£ is a Bayes estimator in the Poisson
model. Denote by pg the density of Py with respect to some dominating measure ji.
In step (i), we prove that any estimator

feargmax Y ppms(d) (B.12)
0€0  9r.0(0,67)<4

is a Bayes estimator. In step (ii), we show that 6 i’ is always contained in the argmax.
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(i) Observe that
inf 5" P (p(B.60) = Ay (6o) = 1-sup [ Y 1p(@.60) < A)pa s 60) d.
o 0pc® 0 0pe®

Now

> 1(p(6. 60) < A) pa,m£(80) < sup Y 1(p(8. ) < A) pg, 7 (6o).
0p€® 0 gpco

which does not depend on i anymore. The upper bound is attained by any estimator 6
satisfying (B.12).

(ii) Let 8 be an arbitrary estimator. If L = Z;f’:l 1(§ f, ; %+ o j) is positive, we can
find a sequence of estimators
é\o = é\, §1, e ,§L_1, é\L = é\i)

such that forAany r=1,...,L, 5, and ér_l differ in exactly one entry. Write
U, = {0 : p(6,,0) < A}. Ttis enough to prove that the sequence

Z a+(@)pg, r=0,...,L (B.13)

6eU,
is monotone increasing in r. Let 8 = (64, ..., 6,) and observe that by (6.13) the

densities py and the priors 74 factorize with respect to the components 6, that is
m m
po =[] re, and ms(6) =[] m=(6)).
1 1

Going from 5, to @,H we increase one of the factors, say the first one. It thus remains
to show that

> ws(61)po, £ (62) o, - -+ - 7+ (6m) o,

0eU,
< Z 7w+ (01) po, m+(02) pg, + -+ - +£(Om) P,
9€Ur+l
= Z (=01 p_g, £ (02)po, - -+ - T+ (0m) Po,,, -
0eU,

If (61,05,...,6) and (=61, 0,,...,6,,) are both elements of U,, the respective
terms cancel in both sums. We are thus left with the case that (61, 6,,...,60,) € U,
and (—61,6,,...,0,) € U,. In this case, we must have

m m
> pjl0F—6;1 <24 and pi|6] + 611+ D p;16] — 0;] > 24,
j=1 j=2
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implying 8; = §1’ . Since by construction
(01 pgr = ﬂi(eer)Pgi-H = (=07 p_gr

we finally see that (B.13) is monotone increasing in r and this completes the proof
of (ii).
The same arguments hold for the Gaussian experiment, proving that ég are Bayes

estimators as well. O

Proof of Lemma 3. By Remark 1, it is enough to prove the result for
pj=4qj +4q;(1=q;)op;.
Define the set V := {I C {l,...,m}: Z'}’zl Bj > A} and notice that

P(Zﬂjzj(pj) >A) =Y [le []C-pr»
j=1

VeyjeV jeve

(Z'B/Z (q])>A) inf l_[p] 1_[ l—p].

]eV jeVC
Moreover, for any V € V,

R(V) := 1og]_[p’ ]_[

jev qj jeVC

=Y log(1+( —q.f)wﬂj) + ) log(1—gqj0B;).

JeV Jeve
For0 <x <1/2,
log(1 4+ x)>x—x%/2 and log(l —x) > —x — 2x2.

Since w < 1/2,

R(V)>a)z,3]—w2/3141_2w22/31

jev

za)A—a)Z,quj—Za)ZZ,B?. O
j=1 j=1
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C. Results for globalization

We now derive estimators for the globalization step of the proofs. Denote by ©( f)
the local parameter space about a point f. We must show that if fo is the true
parameter, there exists an estimator f, such that fo € ©(f,) with high probability.
To avoid measurability issues, we restrict f, to take values in a finite subset ® C ©,
whose cardinality may depend on 7.

The construction of such estimators is similar in all the cases. In a first step,
we split the sample and use the first part for a preliminary kernel density estimator
of fo. The second part of the sample is then used for another estimator f5, of fo,
whose bandwidth depends locally on the first estimator. This estimator is then shown
to satisfy fo € ©(f2,) with high probability. Finally, we construct from f>, an
estimator f, with values in a finite subset of ®. By the Arzela -Ascoli theorem,
the Holder ball €8 (R) is compact with respect to the uniform topology. For any
decreasing positive sequence (8,), the parameter space ® C ##(R) c €#(R) can
therefore be covered with respect to the uniform norm by finitely many J,-balls with
centers in ©. The set of centers ®’ form a finite subset of ®. Define the estimator f,
as any element of O’ (i.e. center of a ball) that lies in ©( f2n) We next show that if
fo € O( f2n) then the center of the ball covering fy also lies in ©( fzn) provided
that §,, is chosen small enough. This shows that with high probability ]:n €O CO.
We finally show that this also implies the assertion that fo € ®(f,) with high
probability.

We begin with a preliminary result on kernel density estimators. For the definition
and construction of an £th order kernel see, for instance, [37, Definition 1.3 and
Section 1.2.2].

Theorem 9. Work in the density estimation experiment SnD (®). Consider a kernel
density estimator

n
Fuy = b3 K((X =/ h)
i=1
Jor a positive bandwidth function h, > 0 and some |B|-th order kernel K with

support on [—1,1]. Let a = a(B) be the constant from Lemma 6. If f € HB(R),
then with probability at least 1 —2n'~7,

| fon (%) = f(x)]

1 logn logn
< R(IK o+ ) W + 27 (1K oo + IK1B) = + ||1<||2,/ -
X X

< R(”K“oo )h'8 + 2y (11Kl + 5IK1I3) — Og” ¥ - f( )

forallx € {1/n,2/n,..., 1}
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Proof. Using Proposition 1.2 in [37], we can bound the bias by

Rh?
18!

Recall Bernstein’s inequality: if Zy,..., Z, is a sequence of i.i.d. centered, real-
valued random variables such that | Z;| < 1 a.s., then for any ¢ > 0,

n 1.2
P ‘ Zil>t) <2exp( - —2 ).
(; : )— p( nE[Z%]+§)

Defining G, f(X) := SUp,c(x_p, x+h,] S (2), this shows that

P[5 e[k (5]

> 291K oo logn + 21K |2/ G F Gy logn) <o,

E[ o 0] — ()] < / P Ku)) du < 2R|K [looh?.

Together with a union bound and the bound for the bias, this proves that with
probability at least 1 —2n!~7,

logn yGy f(x)logn
28 o)k, | AL 0EN

| fane () = £(0)] < 2R[IK [lsoh? + 27 Klloo
nhy nhy

forall x € {1/n,2/n,...,1}. Let a = a(B) be the constant from Lemma 6. This
implies that Gy, f(x) < 2f(x) whenever a—# Rhg < Gy, f(x). If this does not hold,
we simply use Gj, f(x) < a™P Rhf so that G, f(x) < 2f(x) +a P Rhg for all x.
Using that for positive numbers va + b < /a + Vb and 2/uv < u + 2v, this
finally gives that with probability at least 1 — 2n'77,

o @)= 0] = R(1K oo + 5 )

lo

log gn
nhy

LK 8y (x)

2y(| K K|?
+2v (1K oo + I1K13) -

for all x € {I/n,2/n,...,1}. This proves the first inequality. For the second
inequality, use 2/uv < u + 2v again. O

Proof of Theorem 6. In the Poisson intensity estimation experiment, we observe
Xi1,..., Xy with N ~ Poi(n). By Lemma 8(iii), P(N > n/2) > 1 — 2e1/16,
Thus, on an event with probability 1 — o(1/n), we can recover the density estimation
model with sample size [n/2]. It is therefore enough to prove the result for density
estimation.
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Throughout the following let K be an | 8 |-th order kernel with support on [—1, 1]
and let ny := |n/2] =< n and L,, := (logns)/n«. In the density estimation

experiment, we can split the sample in two independent samples of size n, and use
the first part of the sample to define the estimator

fine = (i)™ > K((Xi =)/ hin)
i=1

with hy, = Ll/ B+D  The second part of the sample is then used for the estimator

2n %
fone = (ah)™ D K((Xi =)/ hn)
i=n*+1
with i, = LY®TYV (L, fin, (x))1/@B+D_ By the compactness argument given

at the beglnmng of Section C, ® can be covered by finitely ‘many L°°-balls of radius
Lﬂ [(B+D) having centers in ®. Let us define an estimator f,, as any of the centers of
the covering balls in the set

{fe0:|fn(3) = /()
< (C+ DLYPHD 4 C(Ly, fon, )DP/CPID i =1, ),
If none of the centers are in this set then set fA,, := f* for some fixed parameter

f*e0O.
Applying Theorem 9 with y = 2, there is a constant C; such that

| fine () = fo(5)] < € LE/BHD 4 (1) )2

for all i = 1,...,n with probability at least 1 — 2n!. In particular, if fo(’%) >
4C, LE/®* then

() = fn (D) = T ho(D).
Applying Theorem 9withy =2to on* conditionally on X1, ... X,,, and treating
the cases fo(; L) > 4C, Lﬂ /(B+1) separately, gives for some constant Cs,

| fona (2) = fo(2)] < C3LB/BFD L C5(fo(E )Ln*)ﬂ/(2ﬂ+1)’

foralli = 1,...,n, with probability at least 1 —4n,! > 1 —8/(n — 1). From now
on, let us work on the event where the previous inequalities hold. The switching
relation in Lemma 10 shows that we can exchange fy by fz,,* on the right-hand side
and therefore, for a constant Cy,

[ Fona (5) = Fo(5)| = CaLBLPHD 4 Cal(fan. (5) L) P70,
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foralli = 1,...,n. By construction, we can then conclude that if the constant C in
the definition of fn is taken to be larger than Cy, fn must be a center of a ball from
the covering and

| Fons () = fu(E)] < (Ca + DLE/BHD 1 Cy(fon, (1)L, )P P,

foralli = 1,...,n. With Lemma 10, we can replace f;n*(%) by ﬁ,(%) and this
shows that for some constants Cs5, Cg and any i = 1,...,n,
j 2y i\ 7 (i B/@2B+1)
[fo(5) = Fn (D) = CLRIPHD + Cs(max (fo(5). Ju (7)) L)
2~y 2B8+1
< CeLE/B+D 4 Co(fu(£)Ln, )P PPHD,

where the last step follows from Lemma 10 applied to
an = max (fo(1). fu(2)) and by = min (fo(£). fu(})).

Finally, let x € [0, 1] be arbitrary and define i, := argmin; |x — :ﬂ' Since fp, ﬁ, €
HP(R) and n=UrP) < Lg,{(ﬁﬂ), the triangle inequality gives

| fox) = fu(x)]
<R o) - (5
< 2Rn~ANB) C6L5£(ﬂ+1) + C6((ﬁ,(x) + Rn—(lAﬂ))Ln*)ﬁ/(2B+1)
< (2R + Co(1 + RP/CHTDY) LBIBHD | Co(F (1)L, )P CPHD.

Since x was arbitrary, this shows that fy € @‘f ( ﬁ,) provided that the constant C in
the definition of ®f (fn) is taken large enough. O

Proof of Theorem 7. The arguments in the proof always hold for sufficiently large n
although this is not always explicitly mentioned. Let f* € © be an arbitrary fixed
parameter. In (I) we prove the result for the Poisson intensity estimation experiment
and in (IT) the result is extended to the Gaussian white noise experiment £C (©).

(I) We first construct two preliminary estimators ﬁ n and f;n. Given N ~ Poi(n), let
N, ~ Bin(N, 1/2). Then (X, ..., Xy,) and (Xn,+1. ..., Xn) are two independent
samples from the same Poisson intensity estimation experiment with n replaced by
n/2. If Ny > n/4, construct the estimator satisfying the conclusions of Theorem 6
based on the subsample (Xi,...,X|,/4)) and denote this estimator by fi,. If
Ny < n/4,set fln = f*. Let L, = n~'logn. By the conclusion of Theorem 6 and
Lemma 10, it follows for that some sufficiently large constant C, the event

Q= {| fin(x) = fo(x)| < CLE/®HD 1+ C(fo(x)L)P/ P+ forall x € [0, 1]}
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has 13} -probability I—O(n~ ). Since by assumptioninf /,c@ infy fo(x)>> Lﬁ/(ﬂH)
it follows that 1 50 < f1 n < 2foon . Based on f1 n» we estimate the sequence (4.1).

LetZg :=0and Z; 41 := Z; + (fln(z,-)/n)l/(zﬂ“). Denote by 7 the index of the
largest Z; smaller than 1 and define (X;)i=o,...m as X; := Z; fori <m and X = 1.
In analogy with (4.2), write

~

~ ~ PN 1 ~ . ~
Ar=% =%y = (finGim)/n) P 4 (1 =216 = ).

Using the same arguments as for (4.3) and (4.4), we obtain that on £ and for
sufficiently large n,

(fo(Xj=1)/n )UQBH) <3(fo(Xj=1)/n )lmﬂﬂ) (C.D)

and

| N ~ ~ ~
EfO(xj_l) < fo(x) <2fo(x;—1), forallx € [X;_1,X]], (C2)

forall j =1,...,m.
Let N/ :=#{j e {N1 +1,...,N}: X; € [Xj—1,X;)} be the number of counts
in the interval [X;—1, X;) based on the second part of the sample. Thus, conditionally

on X1,...,Xn;, Ni’ follows a Poisson distribution with intensity
n [
E[Nille,...,XN1]=— fo(u)du
2 )z,
Define the estimator R
~ 22N/ R
fon =) —=1( € [Rim1, R)) (C3)
iz A

and denote by j?z,, the projection of f;n on [%fln(x), Zﬁn(x)], that is

() = (Fon () A 2fin() v T120) ) (C4)

On Q, %f:n < fo < Zﬁn and thus —fo < fzn < 4fy as well as

| fan(¥) = fo(0)] < | fan(x) — fox)],

for all x € [0, 1].
We next show that on an event £2; with probability P(£2;) = 1 — O(n™1), the
estimator f5,(x) satisfies

~ 4 —
n /1 (fO(X)A— fzn(X)) dx < Czn;ﬂ_iﬂl /1 ]’c;n(x)_gg_i? dx (C.5)
0 f2n(x)3 0
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for some constant C, which depends only on R and . Let

Xi

=3 [ fotdu. oi=1/(nd; foGimn). and ni= (V=h)/ VA

On Q, using fy € ##(R), (C.1) and (C.2),

(o) = fan@))*
g

f2n(x)3
L[ (o) = Elan@Xi . X))
=2 | 4 (B Xa, . X~ Fa)* | 5
So(x)?
m 4&1+4ﬂ m /\2714
912 i 16 e R
= n;fo(fi—1)3 Z n3A3 fo(Ri—1)3 (C.6)

1—2ﬁ
S 34ﬁ212R4n Zﬂ

m 2B+3
T Aifo(Riy) 2831 +216sz’71
i=1 i=1

1-28 o1 2843
< 34ﬂ215R4n25+1/ fo(x) 2B+1 dx+2162a),nl
i=1

3 = A 1-2p 28+3
Z =n Zfo(xz 1)(2,B+3)/(2/3+1) &n ﬂ‘“/ fo(x) 2B+1 dx.

(C.7)
min A; > min %nA,-fo()?i_l) > %nzﬂ/(zﬂ“) fint;ainf Fo(x)@BHD/CB+D s o
i i VEO X

and Lemma 8(i), we find for some sufficiently large constant C1,

(fo(x) — f2n(x))4 B 1gzﬁ 2g+3
[o Py ECOM H/ fonx) 5 dx

+2162w, t—EM). (C8)

For the second term, we apply the exponential inequality in Lemma 9. For
that we firstly verify that |||l log’n < Y, ;. Set fi := infy fo(x) and
X« € argmin,, fo(x). For K € {2,4}, denote by /g the largest interval such that
X« € Ix and Ix C {x : f« < fo(x) < Kfy}. Let us derive a lower bound for the
cardinality of {i : X;—1 € I4}. If [X;—1,X;) N I, # @&, then by (C.2), f(Xi—1) < 4f«



Sharp rates for the Le Cam distance 157

for sufficiently large n and so X;—; € I4. The cardinality of {i : Xj—; € I4}
can therefore be lower bounded by the cardinality of {i : [Xj—1,X;) N [, # &}
If §i_1 € I4 then by (C.1), A; < 3(4f./n)"/@B+D_ Moreover by Lemma 6, the
Lebesgue measure of the set /5 is atleast a( fi/R)'/# with a the constant in Lemma 6.
This means that the cardinality of {i : X;—; € I4} is at least

B+1
a(fe/RVE 4 FOBD 555 > gt
3(4f./n) /@D~ 3R1/B41/GE+D /¥ ~ o

where for the last step we used that 8 — (8+1)/(8(28 + 1)) is monotone decreasing
for B > 0 and that inf reg inf, f(x) > n~PB/(B+1) 1og8 5 by assumption. Recall the
definition of w; and observe that if i € /4, the ratio w;/|®||eo is bounded from
below by a constant. Consequently, ||| oo log’n < i el Wi = Y wi
and the right-hand side can be further bounded using (C.7). By (C.1), (C.2), and
Lemma 7(ii),

1—48 1 _4B+s5 1/2 1-28 1 2843
logn|w|2 < logn(nzﬁ+1 / fo(x) 2A+1 dX) < n2btl / fo(x) 28+l dx.
0 0

Since inf f,c@ infy fo(x) 3> n=#/B+D we have

mooo

M= Aj/A; <nBHTY " A; = nBH

i=1 i=1

for all sufficiently large n. Thus, using Lemma 8(i) and min; A; — 0o, we can apply

the exponential inequality in Lemma 9 with p = 4 and r = 2logn to obtain

m 1-28 (1 _2p+3
S wi(nf — Elfl) S n 2801 [ fo(x) 2651 dx
0

i=1

with probability > 1 — ie?/n? > 1 — e?/n. Together with (C.8), this shows that
there is a constant C, depending only on 8 and R, such that

~ 4 _
n[l (fO(X)A_ f2n(x)) dx < Czn;ﬂ_-zi—ﬁl /1 f;n(x)_gg_i? dx (C9)
0 Sfan(x)3 0

on an event 1 with probability P(21) > 1 —e?/n — P(Q¢) = 1 — O(n™"). This
proves (C.5).
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As in the proof of Theorem 6, we cover @ C P (R) with finitely many balls of
sup-norm radius 72 and centers in ®. The estimator f,, is then defined as any of
the centers of the covering balls in the set

(xX) = fon (X))4
on (X)3

1-28 o1 2843
58(C2+2)n2ﬂ+1/ Fon(x) 2B+ dx!. (C.10)
0

fe@:%fffznf&‘,andn/l(f
0

If none of the centers are in this set then set fn = f*.

By construction, the estimator f, can take only finitely many values in the
parameter space ®. We now show that on the event 1, f, lies in the set (C.10).
By construction of the covering, it is enough to prove that on Qp, any f € ©
with ||/ — folloe < n™2 is in the set (C.10). Let us work on €. Since
inf g, c@ infx fo(x) > 4n=B/BFD > 4p~1 and ifo < fan = 4fo, it follows
that on > 1/n and %fﬁ ﬁn < 8]7. Observe that

(F(x) = fon())* < 8(F(x) = fo(0))* + 8(fox) = fan(x))*
<8178 + 8(fo(x) — fan(x))".
Using (C.9) and that || fan |z < 4R,

V() = fon(x)* _ 126 o1 2p43
n/o fAzn(x)3 dx < 8n 4+8C2n2ﬂ+1/ Sfan(x) 2B+1 dx

(C.11)
1-28 2843
< 8(C, + o(1))n2H1 / Fon) PB4 dx

for sufﬁciently large n. Thus on 21, f;l is in the set (C.10). We also know that f

1

8
fan < 8fn, which together with /o < Fon < 4fo gives 275 f, < fo < 2°f,. By
the triangle inequality

| fo(x) = fuCO)| < 1 fo(x) = Fan ()| + | fon () = fu(x)]
and using (C.10) and (C.11),

OCEI 2100 M = L = S
o L) ) o "V

for some sufficiently large constant C, which proves that f, € ®8( fn).

(II) By the same argument as in the proof of Lemma 13, we know that observing
(Y1)tefo,17 with

dY, =2 f@)dt +n~V2dw,, telo,1],
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is equivalent to observing two independent processes (Y; /)se0,1], i = 1,2, with

dYi; =/ f@)ydt +nY2dW;,, telo,1],

and W, ; independent Brownian motions. Instead of observing one process with
noise level n~—1/ 2 we can thus rewrite the experiment such that we observe two
independent processes with n replaced by n /2. By Theorem 1 in [29], there exists an
estimator f3, based on (¥1,)se[0,1] and a constant C3 depending only on 8 and R,
such that inf £,eq@ Q’}O (Q) =1—o(n""') with

_ ~ B B
Q=) = fo)| = GLEIT + C(fo(0) L) 251

, forall x € [0, 1]}

Throughout the remaining proof, we work on the event Q. Replace fln by f;n in
the construction of the sequence (X;); ... in part (I), labelling the new sequence
(Xi)i=o.... - Define also A; = X; — Xi_1. These sequences satisfy in particular the
relations (C.1) and (C.2) on Q, with X; and Z,- replacing X; and &. Similarly to
(C.3) and (C.4), we define the estimators

~ Y. 7= — Yoz ~ ~

f4n = ; (2’15—12’11>21( c [xi_l’xi))
ar}\d ﬁm(x) — (ﬁn(xlA 2f;n(x)) v %f;n(x). Thus on Q, %fo < ﬁtn < 4fy and
| fan(x) = fo(X)| < | fan(x) — fo(x)| forall x € [0, 1]. The next step is then to show

that (C.5) holds with probability 1 — O(1/n) and f>, replaced by f4,. To show this
notice that for x € [X;_1, X;i],

~ 1 [ 22
Jan ()| (Y1,0): 4 (Z_ /~ v fo(u) du) +W/ V fo(u) du &+ ~. g7,

i
where & ~ N(0,1) are i.i.d. fori = 1,...,/m and 4 means equal in distribution.

Using C.2 and the formula for the difference of two squares, the first term can be
approximated by

[foto) - (Zi/ V) |

1 / Ifo(X)fO(f;(u)l ( VeroRas / mdu)

IA

3RAf.
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With the expression for f:m (x)|(Y1,t)¢, the previous inequality and &@; :=

1/(nA; fo(Fi—1)),

/ (fo(x) — f4n(x))
0

f4n(x)3
9 f (fox) = ELfan I (V1.0e))" + (ELan I M,0i] = fan))*
0 fo(x)?
n Z4ﬂ+l & &
<21534R4Z +2152~3+2212 lél +2ISZ~3(§:1 _1)4
fO(xz 1)3 i=1 i=1 i=1

The same argument as for (C.7) gives

m 1-28 _2p+3
>oa < [ fon 2 dx.
i=1

Moreover, since inf s, c@ infx fo(x) > n—P/B+D  also max; @; — 0. Similar
arguments as in (C.6) show

) Vo) = Fan)" < 328 [ a5
0

f4n (X)3

+> @& - E[E]) Za (2 — D* — E[(€? — 1*)).

i=1

To control the second and third term, we apply Lemma 9 withe; = & ande; = Elz -1,
respectively. Notice that the moment condition in Lemma 9 is satisfied since

E[(E? — 1) <2"E[E"1+2" =2"Q2r)!/r! + 2" <4"r" +2" < 6"/,

Following exactly the same arguments as for (I), we see that we can apply Lemma 9
and obtain in analogy with (C.9) that

~ 4 _
) /1 (o) = fante))* | (o 528 /[ L) a2
0 f4n(x)3 0

holds with probability 1 — O(1/n) for a constant C3 that only depends on $ and R.
The final step is now to show that there is also an estlmator f,, which takes only
finitely many values in ® and also satisfies (C.12) and fn < f4n <8 f,, The
construction and analysis of this estimator is exactly the same as in the Poisson
experiment considered in part (I) and is therefore omitted. This completes the
proof. O
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D. Technical results

Lemma 6 ([30, Lemma 11). Suppose that f € HP with B > 0andleta = a(B) > 0
be any constant satisfying (e® — 1) + aP /(| B]!) < 1/2. Then for

|f()] |
hl <
"—a(ufuw) ’

G+ 1) = f] = 51700,

we have

implying in particular,

lf(N/2 < [f(x + B = 3]f(0)]/2.

Lemma 7. (i) If(f,)n C #HB(R) isasequence of functions such thatinf, f,(x) >
n=BIBEY and [x;,,x},,] is as defined in (6.9), then

Xjon 38+4 Xjrn 2843 3/2
/ fu(x) 2B dx < n4ﬂ+2(/ Sal(x) 2B+1 dx) .
X X

J1n J1n

Gi) If (f)n C HPB(R) is a sequence of functions such that infy fn(x) >
n—P/(B+1) 10g3n and B < 1, then there is a constant C that is independent
of (fu)n such that

! _4B+s nl/2B+1) (2843 \2
f ARy —— (/ o) 2B dx).
0 og’n

Proof. (i) Set m, := infy f,(x) and E = [xj,,.x},,]. Let L be the Lebesgue
measure of the set {x : 4¥m, < f,(x) < 4T1m,} N E and denote by k* the
largest k such that Ly is positive. Then

38+4 38+4
/ fu(x) 2B+T dx < ZLk(4km ) 2B+, (D.1)

If k = k*, then 4" +1m, > 1, since by construction of E, SUp,eg fu(x) > L.
Considering L} S (4K m,,)1/@E+D,B™=D/CE+D with B* = B A 1, gives

3B+4 B*—1 3B+3 1-8* 38+9/2
L+ (45" m,) 2B+T < p2B+142+1 +n4ﬂ+2L3/2(4k my)  2B+I

B*—1 38+3 1-g* _2B+3 3/2
< n2BF142B+1 +45n4ﬂ+2 / fu(x) 2B+1 dx) (D.2)
E

1 _2B+3 3/2
< n4ﬂ+2( fo(x) 2B+ dx) .
E
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For the last step we used that

which follows from the definition of E in (6.9) and the fact that f, is a density. If
k < k*, then by continuity there is an x € E such that f,,(x) = 2 - 4Km,, and by
Lemma 6, Ly > a(4*m,/R)Y/8. Since 3, |a;|>? < (3, lai|)?/?,

k*—1 38+4 1/28 k*—1 1 3B+4
S Lacstmy < RS e,
Va
k=0 k=0
Rl/28 Bl k-1 38+9/2
< m, TBAB+2) Z L3/2(4km ) 2B+1
Ja
k=0 (D.3)
1 ki 2843 3/2
<<n4ﬁ+2( Z Lk(4km ) 2/3+1)
k=0

1 _2B8+3 3/2
< 45n—4ﬂ+2( () 265 dx)
E
Together with (D.1) and (D.2) this yields the assertion.
(ii) Applying the same argument as for (D.1) with £ = [0, 1] gives

1 4B+5 k™ 4B+5
[ w2 d= 3 Lettmy B
0 k=0

If k = k*, it is enough to treat the two cases L} S (4% m,)!/@E+D and to argue as
for (D.2) in order to find that

4B+5 1 2843 2
Li- (4" m,) 281 <1+( 124 d

nl/CB+1) 2843 2
(f F) 4T d )
log? n

Arguing as for (D.3) yields
k*—1 B+1

2B8+3 2
Z Lk(4k ) 2,3+1 <m, ﬂ(2ﬂ+1)(/ fu (x) 2B+1 dx) )

Since m,, > n_ﬁ/(ﬂ“) log®n and (B + 1)/(B(2B + 1)) is monotone decreasing for
B > 0, we find
B+1
BB _ n1/@B+1)
mpy = T 2
log=n
and this completes the proof for (ii). O
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Lemma 8. Let N ~ Poi(A). Then

(i) For any integerr > 0, E[|[N — A|"] < r"(1 v A)'/2 forall . > 0,
(i) Forr >0, EINT'I(N >0)] =127+ 0L " Has A — oo,
(ili) Forany 0 < x < A,

x2, X3
P(IN = A| > x) <2¢ 287252,

Proof. Part (i) is proved by induction. The statement is clearly true for r < 2. Now
suppose it is true for r < 2s. We want to show that it also holds for r < 2(s + 1).
Consider first r = 2s + 2. The rth centralized moment satisfies the recurrence

relation ,
E[N-3y]=2Y ( . 1)E[(N —
k=0

(cf. the proof of Lemma 3.1 in [28]). Thus,

2s

2 1

E[(N =P <1 vy ( s}j )(2s)k < (v A @2s + 1272,
k=0

This shows that the statement also holds for r = 2s 4 2. For r = 2s 4 1, we apply

Jensen’s inequality and obtain

E[|N —A|2S+l] < [E(N _1)2S+2](2s+1)/(23+2) < (1 v /\)S+1/2(2s + 1)2S+1’

completing the proof of the induction step. Statement (ii) is a consequence of
Corollary 4 in [39]. Let us now prove (iii). Using exponential moments gives for
any t > 0,
P(N > X +x) < e —1-0-tx
Optimizing over ¢ > 0 gives ¢ = log((A + x)/A) and using that —log(1 4 z) <
—z + 1z%forz > 0, yields
3

x x2 x3
P(N >/\+x)§ex—(x+)t)log(x+l) 56_2/1—’_2},2.

Writing P(N < A —x) = P(—(N — 1) > x) and following the same steps as above
gives

N

x x2 | x3
P(N — A < —x) < ¥~ &FMIe(+7) ;=57 +277 O

Lemma 9. Let m > 3 and suppose that €;, i = 1,...,m, are independent random
variables satisfying E[|e;|"] < A"r" foralli = 1,...,m and all integers r > 2. For
positive weights w1, . . ., Wy, integer p > 1 and any t > 0,

P(Zwi (¢7 — E[€]]) = 2e(24p)” max (||o]|2, ||a)||ootp)t) <me*'. (D.4)
i=1
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Proof. Let g be an even, positive integer and &1, ..., &, be independent, centered
random variables with bounded gth moment. Applying Lemma 8(i) to bound
the explicit constant in Rosenthal’s inequality that is derived in Ibragimov and
Sharkhmetov [13], we have

E[(égi)q] <q7 max(éE[Ef], (éE[gf])q/z). (D.5)

We now apply this to show (D.4). There is nothing to prove in the case ¢ < 2. Thus
it is enough to consider t > 2. Let g be now the largest even integer smaller than ¢
and observe that in particular, ¢ > 2 as well. The moment bound (D.5) gives

m q
E[(gw,(elp — E[elp])) ]
m m q/2
< ¢ max (Z(zwi)wpq)”, (Z w?(zAm“) )

i=1 i=1

< q7272A4p)* mmax (||olleog?, lll2)".
Taking both sides in the inequality to the power ¢ and applying Markov’s inequality
yields
m
P(Zwi (e7 — E[€]]) = 2e(24p)? max (|l@]l2. |@]lot?) t) <me 1 <me*".
i=1
O

Lemma 10. Suppose that there are positive sequences (an )y, (bp)n, and (ry)y such
that for some B > 0 and a positive constant C,

an — by < Crf/(ﬂ"‘l) + Capry)P/CPHD
Then there exists a finite constant C that only depends on C and B, such that
an — bu| < érf/(ﬂ'f'l) + C (byrp)P/@B+D),
Proof. Without loss of generality, we can assume that C > 1. If
an > (4C)(2ﬁ+1)/(ﬁ+1)rf/(3+1),
then
lan — b < Crf/HD 4+ Clanra)P!PPHD < an /4 + an/4 < an/2,
and therefore a, < 2b,,. In this case we thus obtain

lan — ba| < Cr,;f/(ﬁ-i-l) + C(anrn)ﬂ/(25+1).
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Otherwise, if
ay < (4C)(2ﬂ+1)/(ﬂ+1)rf/(ﬂ+1),

then
|an — by| < C(1+ (4C)P/BFD) BIEFD), O

E. Brief overview of the Le Cam deficiency

We briefly recall some basic facts about the Le Cam deficiency. General treatments
can be found in [18,23, 35, 36].

Following [25, Definition 9.1], we call a statistical experiment &(®) =
(2,4, (Pg : 0 € ®)) dominated if there exists a probability measure p such that
any Py is dominated by p. Moreover, &(0®) is said to be Polish if 2 is a Polish
space and # is the associated Borel o-algebra. If §(®) = (Q, 4, (Py : 8 € O))
and ¥ (0) = (Q', A, (Qg : 6 € ©)) are two Polish and dominated experiments, the
Le Cam deficiency can be defined as

5(€(©). 7(0)) := inf sup | MPy — 0fy.
0e®

where the infimum is taken over all Markov kernels from (€2, 4) to (', A’), see (68)
and Proposition 9.2 of [25]. For any three statistical experiments with the same
parameter space, the Le Cam deficiency satisfies the triangle inequality (cf. the proof
of Lemma 59.2 in [35]). The Le Cam distance

A(E(0), F(9)) :=5§(6(0), F(0)) v§(F(0),E(0))

thus defines a pseudo-distance on the space of all experiments with parameter space ®.

To derive bounds for the Le Cam deficiency, a common strategy is to construct
intermediate experiments that embed both statistical models into a common
probability space. Once the experiments are defined on the same measurable space,
taking M to be the identity yields (cf. [37, Lemmas 2.3 and 2.4])

A(E(8), 7(©)) < sup | Pf — Qf |1y < sup H(P}, Q) < sup \/KL (P§, OF),
0c® 0c® 0c®
(E.1)
where H and KL denote the Hellinger distance and the Kullback-Leibler divergence,
respectively. Bounding the Le Cam distance therefore often reduces to bounding
information measures. In the next lemma we collect a number of facts that we use
repeatedly in this article.

Lemma 11. (i) Denote by P the distribution of the Poisson process with intensity
measure A. If v is a measure that dominates Ay and Ay and Aj = dA;/dv,
then

H%(Pa,. Py,) =/(\/x1(x)— VA2 (x))? dv(x).
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(ii) Forafunctionb ando > 0, denote by Qy, » the distribution of the path (Y;)se[o,1]
with dY, = b(t)dt + odW;, where W is a Brownian motion. If ® denotes the
c.d.f. of the standard normal distribution, then

10616 — Qbrollty =1—=28(— 5= ||by — ba|l2).
H?(Qby.0+ Qbyo) =2 —2exp (— 5oz b1 — b213),
KL(Qp,.0 Obr0) = 505 |11 — ba3.

Proof. For a proof of (i), see [18, p. 67] and [24]. Part (ii) follows from Girsanov’s
formula

dQpo/dQ0.s = exp (o‘l / b(1)dW; — %a‘znbni)
together with

1P —Qlrv=1-P(5% >1)-0(45 > 1)

and H?(P,Q) = 2—2/(deQ)1/2. O

For upper bounds on the Le Cam distance, we use the localization technique
described in Section 3 of [25], which we briefly recall here. A sequence of
experiments €, (®) = (Qn, Ay, (Py : 0 € ©)) is said to allow sample splitting
if P} = PQL"/ A Pefn/ 21 that is if the sample can be split into two independent
samples of size |n/2| and [n/2]. Moreover given &, (®), define the sub-experiment
En(©) 1= (R, Ay, (P : 0 € ®)) forany ®' C O.

Lemma 12. Suppose that for any n > 2, €,(0) = (Q2n, s, (Py : 0 € ©)) and
Fn(©) = (2, A, (Qp : 0 € ©)) are Polish experiments which are dominated and
allow sample splitting. Let 51,,, and 52,,, be two estimators based on a sample from

PeLn/ 2 and 0 gn/ 21 respectively and assume that 51,,, and 52,,, only take values in
a finite subset of ®. For any 0 € ©, denote by U, (0) C © a neighbourhood of 6.
Then, forn > 4,

MEn©).Fa(@) =8sup (| max  A(EUn(0)). 5 (Un (0))

PP ¢ U Bu) + L6 ¢ Un(Ban)).

Proof. We split the sample P} = PGL"/ ) Per"/ 21 and construct the estimator 517,1

based on the sub-sample from PQW 2l Define a new statistical experiment

52(0) = (Qnas X Q21 Alja) ® Al (P © 03216 € 0))
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and observe that §,(®) is also Polish and dominated. By Lemma 9.3 in [25] (last
display on p. 2427), it follows that

A(E(©).52(0) = 450D (A(Efa/21 (Un(©)). Finy2) (U (6)

+ P (0 ¢ UL B1,0) )

With the same arguments,
A(gn (©), Fn (6)) <4 sug (A(SLn/ZJ (Un (9)), ?Ln/zj (Un (9)))
€

+05"71(60 ¢ Un(@0)))
and since A is a pseudo-distance, the result follows. O

The previous lemma essentially says that if the statistical experiments allow
sample splitting and if 6 can be estimated in both models with rate ¢,, then it is
sufficient to bound the Le Cam distance on a local parameter space consisting of
an ¢, -neighbourhood of some arbitrary 6y. Bounding the Le Cam distance on a
local parameter space is often much more convenient since we can use the fact that
any parameter 6 is €,-close to 6y. If the estimation rate €, can be obtained with
probability 1 — §,, then by Lemma 12 this localization step adds O(§,) to the global
Le Cam distance. In the experiments studied in this article, &, is much smaller than
the Le Cam distance between the local parameter spaces and so does not contribute
to the global Le Cam rate.

Lemma 13. Ler © C HPB(R) for some B > 0. The statistical experiments
8,? (®), Sf (®) and SnG (®) defined in Section 2 are Polish, dominated and allow
sample splitting.

Proof. The proof of Theorem 3.2 in [25] shows that the experiments are Polish.
The experiments are also dominated since sup sezs8(g) | f oo < 00. The sample
splitting property is obvious for density estimation & (®). Consider now &F (©).
Given N ~ Poi(A), let N’ ~ Bin(N, p,,) with p, = |n/2]/n. Then (X1,..., Xn’)
and (Xn’41,..., Xn) are two independent samples of the same Poisson intensity
estimation experiment with n replaced by |n/2| and [n/2] respectively. In the
Gaussian white noise experiment £ (®), we can use that a Brownian motion W can
be written as

W, = (17" 1n/20) 2w 4 (n ny21) '

w1 >o,

for two independent Brownian motions W and WP, By Girsanov’s theorem,

agy L 2\ _ 407 ag”!
201 = exp (2\/5/0 S@)dW; —2n ”\/7”2) = dQ(L)n/zJ dQ([)n/ﬂ

and this completes the proof for £9(®). 0
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