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Tensor denoising with trend filtering
Francesco Ortelli and Sara van de Geer

Abstract. We extend the notion of trend filtering to tensors by considering the kth-order Vitali
variation — a discretized version of the integral of the absolute value of the kth-order total
derivative. We prove adaptive £°-rates and not-so-slow £ -rates for tensor denoising with trend
filtering.

For k = {1, 2, 3, 4} we prove that the d -dimensional margin of a d-dimensional tensor can
be estimated at the £9-rate n~!, up to logarithmic terms, if the underlying tensor is a product
of (k — 1)th-order polynomials on a constant number of hyperrectangles. For general k we
prove the £!-rate of estimation n — 2T , up to logarithmic terms, where H(d) is the dth
harmonic number.

Thanks to an ANOVA-type of decomposition we can apply these results to the lower dimen-
sional margins of the tensor to prove bounds for denoising the whole tensor. Our tools are
interpolating tensors to bound the effective sparsity for £0-rates, mesh grids for £!-rates and, in
the background, the projection arguments by Dalalyan, Hebiri, and Lederer (2017).

1. Introduction

Let f0 € R"1X"*"d be a d-dimensional tensor with n = ny- ... -ng entries. We
want to prove error bounds for tensor denoising, which is the task of recovering f°
from its noisy version Y = f© + &, where ¢ has i.i.d. Gaussian entries with mean 0
and variance 62.

We show that we can estimate the underlying tensor f© in an adaptive manner
with a regularized least-squares signal approximator. As regularizer we propose the
Vitali variation of the (k — 1)th-order total differences of the candidate estimator
for k > 1. We call this regularizer the “kth-order Vitali total variation”. We use the
abbreviation TV for “total variation”. This approach extends the idea of “trend filter-
ing” [12,28] to tensors.

We expose the notion of TV regularization, review the literature on adaptive results
for TV regularization, explain the concept of adaptation for structured problems, intro-
duce an ANOVA-type of decomposition of a tensor, outline our contributions and
finally present the organization of the paper.
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1.1. TV regularization

A regularized (least-squares) signal approximator is an estimator f defined as

f:: arg min {||Y_f||§/n—|—2)tpen(f)},

feRI‘ll ><--~><I1d

where ||-||3 denotes the sum of the squared entries of its argument, A > 0 is a tuning
parameter and pen(f) is a regularization penalty.

When pen(f) = || Df]|; for a linear operator D and for ||-||; denoting the sum of
the absolute values of the entries of its argument, the regularized signal approximator
is called “¢!-analysis estimator” or simply “analysis estimator” [5]. If the linear oper-
ator D is a difference operator, then pen(f) = || Df||; is usually called TV of f and
the estimator f is called TV regularized estimator. Different choices of the difference
operator D are possible, resulting in different notions of TV.

For a continuous image defined on (x1,...,xg4) € [0, l]d, one can choose D as
a discretized version of either the total kth-order derivative operator ]_[f’=1 ok /(9x;)¥
or of the sum of kth-order partial derivative operators Z?:l ok /(9x;)k.

1.2. Literature review: adaptive results for TV regularization

For d = 1 partial and total derivatives coincide. With D being the first order dif-
ference matrix, the TV regularized estimator is also known under the name “fused
Lasso” [8,27]. Adaptivity of the fused Lasso has been proved by Dalalyan et al. [4],
Lin et al. [13], Ortelli and van de Geer [16], and Guntuboyina et al. [10].

The “edge Lasso” extends the fused lasso to graphs and is studied by Sharpnack
et al. [24], and Hiitter and Rigollet [11]. Ortelli and van de Geer [16, 18] prove adap-
tivity of the edge Lasso on tree graphs and cycle graphs, respectively.

The idea of the fused Lasso can also be extended to the penalization of higher-
order differences. This extension is called “trend filtering” [12,25,28]. Adaptivity of
trend filtering is established in [10, 19]. Wang et al. [32] consider trend filtering on
graphs, Sadhanala et al. [20,22] in higher-dimensional situations and [21] for additive
models.

Here, we consider the case of D being a discretization of ]_[flzl ok /(3x;)k. We
call the corresponding notion of TV “kth-order Vitali TV”. In the literature, signal
approximators regularized with the Vitali TV are studied by Mammen and van de
Geer [14], Ortelli and van de Geer [17], and Fang et al. [6]. Ortelli and van de
Geer [17] prove adaptivity for d = 2 and k = 1. Fang et al. [6] show adaptivity
for d =2 and k = 1 using as regularizer the Hardy—Krause variation, which is the
sum of the Vitali TV of a matrix and of its margins. In this paper we will prove adap-
tivity of tensor denoising with kth-order Vitali TV regularization for k € {1,2, 3, 4}
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and general dimension d > 1. The results obtained for k € {1,2,3,4} and d = 1
in[19] and for k = 1 and d = 2 in [17] will then be retrieved as special cases.

For k = 1, signal approximators regularized with D being a discretization of the
partial derivative operator Zflzl 9k /(dx;)¥ are studied by Hiitter and Rigollet [11],
and Sadhanala et al. [22] for general d. For d = 2, Chatterjee and Goswami [3] show

—3/4

the fast rate n for estimating axis-aligned rectangles. Sadhanala et al. [22], and

Sadhanala et al. [20] call the estimator for general k Kronecker trend filtering.

1.3. Adaptation for structured problems

The analysis estimator f can be recast in a constructive formulation as “synthesis
estimator”. One can find dictionary tensors {¢; € R"1>">"d}; 1. such that

P P
f= 23j¢j, where B := arg min {||Y - ijqﬁjH%/n + 22 Zlbfl}’
j=1

p . .
beR i=1 JU

and U C {1, ..., p} is a set of indices, cf. [5]. The Lasso estimator [I, 26, 29] is
an instance of synthesis estimator. The dictionary {¢; };¢[p] and the set of unpenal-
ized coefficients U C [p] depend on D. We can see that D imposes structure on the
estimator: it determines the dictionary with which the estimator is constructed. For
instance, in the case of the lIst-order Vitali TV, the dictionary {¢; };¢[,] consists of
tensors being constant on hyperrectangles. Therefore, the estimator f is constant on
few hyperrectangular pieces.

Our goal is to prove adaptation of the estimator f to the underlying signal f©,
when || Df]|; is the kth-order Vitali TV.

Adaptation is a consequence of a high-probability upper bound on the mean squar-
ed error (MSE) in the form of the oracle inequality

1f = fO13/n < llg — £°13/n +rem(D, g, S), (1.1)

where g € R"1>*"*"d ig an arbitrary tensor, S is an arbitrary set of indices of Dg and
rem(D, g, S) is a remainder term. A result of the form of (1.1) establishes the adapta-
tion of the estimator f , provided that the remainder term rem(D, g = f°,§ = §9)
converges to zero, where S 0 is the set of the indices of the nonzero coefficients
of Df°. The cardinality s° := |S°| of S° is called the “sparsity” of f° with respect
to D.

We can optimize the upper bound in (1.1) over g and S. However, the optimizers
g* and S* will depend on f° — which is unobserved. Hence the name “oracle” for
the pair (g*(f°), S*(£°)) and the name “oracle inequality” for results as (1.1).
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Such a result is considered to be adaptive, since different underlying true ten-
sors 9 will possibly give place to different oracles (g*( £ ), S*(f°)) and to different
values for the upper bound.

Results as (1.1) are only useful if it can be proved that rem(D, f°, S°) converges
to zero. Typically

rem(D, f°,8°) = O(A’T3(S?)),

where Flz) (S9) is called “effective sparsity” and depends both on D and S°. Proving
adaptivity therefore translates into proving a bound for the effective sparsity: a task
which depends on the structure imposed by D. To bound the effective sparsity for
tensor denoising with trend filtering we use an interpolating tensor, in analogy to the
interpolating vector and the interpolating matrix by Ortelli and van de Geer [17, 19].

Adaptive results as (1.1) are a consequence of a careful choice of A. The general
theory for the Lasso [1, 29] suggests the choice A < A¢ < /log(n)/n, where Ag
is called the “universal choice”. The universal choice ensures that all the noise is
overruled. However, Dalalyan et al. [4] show that also the smaller choice A < YA
is possible, where ¥ > 0 is a scaling factor which accounts for the correlation in the
dictionary {¢; };e[p] induced by D. The projection arguments by Dalalyan et al. [4]
in the background of our results allow us to choose the tuning parameter of smaller
order than the universal choice Ag.

Projection arguments have been discussed in the literature. We do not report
them here but refer instead to Theorem 3 in [4], Lemma B2 and Lemma C2 in [18],
Lemma 13 in [17], and to [31].

1.4. ANOVA decomposition

In the continuous case, the “nullspace” of the kth-order derivative operator along one
coordinate is made of constant, linear, ..., (k — 1)th-order monomial functions. The
nullspace of the total derivative operator in d-dimensions is made of d-dimensional
functions which are linear, ..., (k — 1)th-order monomial along at least one coordi-
nate. In the discrete case whenn; < - - < ng4 the linear space spanned by such tensors

1-1/d_dimensional.

isn

We will decompose a tensor f € R”1**"d jnto a sum of mutually orthogonal
tensors. Each of these mutually orthogonal tensors will be constant or linear or ... or
(k — 1)th-order monomial along a set of / coordinates, for / € [0 : d]. This construction
will be carried out for all possible sets of coordinates in [d]. Tensors being constant
or linear or ... or (k — 1)th-order monomial along d — [ coordinates will be called
[-dimensional margins.

We will adaptively estimate /-dimensional margins with /-dimensional Vitali TV

regularized estimators, for / € [d]. The 0-dimensional margins will be estimated by
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ordinary least squares at a rate n~!. By estimating all the margins adaptively we will
be able to prove adaptivity of the denoising of the whole tensor via Vitali TV regular-
ization.

1.5. Contributions

Previously, we have derived tools like interpolating vectors and matching derivatives
to prove adaptivity for trend filtering (d = 1 and k € {1,2, 3,4}, see [19]). In [17] we
have come up with tools to extend our results for adaptation of the fused Lasso (d =1
and k = 1) to the two-dimensional case of image denoising (d = 2 and k = 1). Here,
we show in the first place how to combine and extend the tools from image denoising
and one-dimensional trend filtering to handle trend filtering for k € {1, 2, 3, 4} and
for general dimension d. Establishing adaptivity requires a so-called “bound on the
antiprojections”. We prove a formula giving the bounds on the antiprojections for
general k and d. We then propose an ANOVA decomposition to ensure that all the
margins of a d-dimensional tensor can be estimated adaptively.

Lastly, we prove slow rates for tensor denoising with trend filtering. We extend
the idea of mesh grid by Ortelli and van de Geer [17] to general d and general k. We
then prove a bound on the antiprojections with the help of the mesh grid holding for
all d and all k.

The integration of the arguments by Ortelli and van de Geer [19] with the ones
by Ortelli and van de Geer [17], the general bounds on the antiprojections and the
ANOVA decomposition allow us to present general risk bounds for tensor denoising
with trend filtering.

1.6. Organization of the paper

In Section 2 we expose the required notation, the model and define the trend filtering
estimator for the d -dimensional margin.

In Section 3 we list our contributions and give a preview of the results: adaptive
£0-rates and not-so-slow £!-rates.

In Section 4 we derive the synthesis form of the trend filtering estimator for the
d -dimensional margin.

Proving the main result on adaptivity for tensor denoising with trend filtering is
the topic of Section 5.

In Section 6 we apply a general result on slow £!-rates for analysis estimators to
tensor denoising with trend filtering.

In Section 7 we show the ANOVA decomposition of a tensor and define the esti-
mators for lower-dimensional margins.
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In Section 8 we apply the results on adaptivity and on not-so-slow slow ¢!-rates
to the estimators for the lower-dimensional margins defined in Section 7. This will
establish rates for the estimation of the whole tensor.

Section 9 concludes the paper.

2. Model, notation and estimator

‘We consider the model
Y = f%+e,

where Y, f0 & € R"1*"X"d are d-dimensional tensors and ¢ has i.i.d. & (0, 02) entries
with known variance o € (0, 00). For the case of unknown variance we refer to [18],
who show how to estimate 7° and o at the same time.

The goal is to estimate f° given its noisy observations Y. We consider a signal
approximator regularized with the Vitali TV.

2.1. Signals supported on d -dimensional tensors

For two integers i < j we define

[:jl=4,....j}
Moreover, if i = 1 we write [j]:=[1: J].

Let f € R"1>*"*"d be a d-dimensional tensor with n := ny - ... -ny entries. For
indices (j1,..., jq) € [n1] X .-+ X [ng] we refer to the corresponding entry of f
by fj....,j, using indices or by f(ji,..., jq) using arguments.

For (ji,....jp).(j{+....j7) € [n1] x -+ x [ng] we use the notation

T seesd iy i
Z Fitvsia = Z Z Sitvesia
T{sweesdly ja=iy; =i

Similarly, we write

Y A e
Jedadji gl o WL dd I (G ja) = (i s 7 )

By | fll2:= 1™ £ jd)l/2 we denote the Frobenius norm of f. More-
over, we define || f|l1 := 3_1'777"| fjy.....j, | as the sum of the absolute values of the

entries of f.
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2.1.1. Tensors with product structure. We now let f € R"1*"*"d be a d-dimen-
sional tensor with n := n - ... -ngz entries. Define the set of indices I of the entries
of fas I :=[n1] x--- X [ng4].

We say that f has product structure if there are vectors { f; } je[4] such that

SUt - ja) = Gy faGa)s Y(i,....ja) € 1.

We then write f = f1 x--- X fy.
Let f and g be tensors with product structure. We consider the entry-wise multi-

plication (f © &)jy,....ju = Sitsnja&itsrja» (J1+---+ ja) € 1.1t holds that

d
(f ©jrvia = [ [ AUD&GD. Y(ir... . ja) € L.

=1

2.1.2. Orthogonality between tensors. The operation Y_7""7"(f © g)j,,...j, is

the equivalent of the scalar product for tensors. We say that the tensors f and g are

orthogonal if
Nl,s....lg

Z (ng)ll ,,,,,, ja =0.

L1
If f and g have product structure and f; and g; are orthogonal to each other for at
least one coordinate i € [d], then f and g are orthogonal too.

2.1.3. Linear subspaces and orthogonal projections. Let ‘W be a linear subspace
of R™>*X1d and let ' W+ be its orthogonal complement. We denote by

I: Rnlx...x,«,d — R"lx'"X"d

the identity operator, i.e., I f = f. By Py we denote the orthogonal projection opera-

tor onto W and by Ay :=1— Py = Py the corresponding orthogonal antiprojection

operator. For a tensor f € R"1*"*"d we write fy := Py and fyy1 := f — fw.
For a linear operator A, let & (A) denote its nullspace.

2.2. Estimator

Let k be an integer in {1, ..., min;e[qg;n; — 1}. Let le be the kth-order difference
operator along the 7th coordinate, defined as

k k
DENG it i= SO ) =L

=0

for

(jl,...,ji_l,ji,ji+1,...,jd)E[nl]X---X[I’li_l]X[k+lini]X[I’li+1]X---X[nd].
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Definition 2.1 (Total kth-order difference operator). The total kth-order difference
operator D¥ is defined as

d
D¥ = l_[ le.
i=1

The total kth-order difference operator D¥ can be seen as a discretized version
of ]_[f= 1 9k /(dx;)* . It is important to note that the definition of D¥ implicitly includes
a factor n*~1 that stems from the discretization.

The Vitali TV of a tensor f € R"1*"*"d ig defined as the sum of the absolute
values of its total kth-order differences.

Definition 2.2 (kth-order Vitali TV). The kth-order Vitali TV TV (f) of a d-dimen-
sional tensor f € R"1*"*"d ig defined as

TVi(f) := [ID* f 1.

The kth-order Vitali TV has the canonical scaling TV (f) = O(1) due to the
normalization by the factor n*=1 in the definition of D¥. We refer to [23] for more
about canonical scalings.

We define the nullspace Ny of D¥ as

N :={f e R"*>na ;. Dk f = 0}

and its orthogonal complement as N, kJ-. We call f N the d-dimensional margin of a
tensor f € R"1X~x1a,

Definition 2.3 (kth-order Vitali trend filtering estimator). The kth-order Vitali trend
filtering estimator f N for the d-dimensional margin fdg | is defined as
k

Sup = argmin {|(¥ =01 ]3/n + 22 TVE(D)}.

fERI’l 1 ><~-'><nd

where A > 0 is a tuning parameter.

2.3. Active sets

Let S C[3:n; —1] x---x[3:ng — 1] be a subset of the indices of DX f for
some tensor f € R"1*">*"d We write s := |S| and S = {t1,...,}, where t,, =
(t1ms - -+ ta,m)- We call {t,,}5,_; the jump locations.

Moreover, we define

as = {ajls-“ajd’ (]175.]d)GS} and a-s ‘= {aj1,~--,jd’ (Jl”-]d)¢S}
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We will use the same notation ag for the tensor which shares its entries with a for

(ji,-..,ja) € S and has all its other entries equal to zero. Similarly, we will also

denote by a_g a tensor that shares its entries with a for (ji,..., jg) € S and has its
other entries equal to zero.

3. Contributions

We make the following contributions:

We extend the idea of trend filtering to d-dimensional settings via the Vitali vari-
ation and total discrete derivatives.

We prove adaptive £°-rates for tensor denoising with trend filtering for k €{1,2,3,4};
see Theorem 3.1, a simplified version of Theorem 5.2. The rates for d = 1 and
k €{1,2,3,4}, and for d = 2 and k = 1 are known. The rates for the other cases
are new contributions. We also expose some sufficient conditions to find adaptive
bounds for general k. For each given k one can check by computer whether the
conditions hold but the problem of showing that they hold for general k remains
open.

We prove slow £!-rates for tensor denoising with trend filtering, which turn out to
be “not-so-slow”, see Theorem 3.2. Here too, the rates for d = 2 and k > 2 and
for d > 3 are new contributions. It is still an open problem whether these rates
correspond for d > 2 to minimax rates (modulo log terms).

We extend the idea of ANOVA decomposition from Ist-order differences to kth-
order differences in d dimensions. By means of this ANOVA decomposition we
can apply the results for the d-dimensional margin to lower dimensional margins.
We obtain rates for the estimation of the whole tensor by trend filtering.

Our results allow to recover previous results for trend filtering and image denois-
ing [17,19] as special cases.

3.1. Preview of the results

We consider tensors in R?1*"*"d guch that n; = --- = ny.

Let

[21og(2 2
lo(Z)IZO M’ t > 0.
n

We call Ag(¢) the “universal choice” of the tuning parameter. The universal choice

A = Ao(t) guarantees that all the noise is overruled. However, our results also allow

for a smaller choice than the universal choice, due to the projection arguments by
Dalalyan et al. [4] in the background.
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Theorem 3.1 (Adaptivity of Vitali trend filtering, simplified). Fix k € {1,2,3,4}. Let
ge R/ x4 arbitrary. Let S C X;epqilk +2: n'’4 — 1] be an arbitrary set
of size s := |S| defining a regular grid of cardinality sVd .. x gl/d parallel to the

coordinate axes. For a large enough constant C > 0 only dependent on k, choose

Ao(log(2n))

3/2
Ar=Cd @k—1)/2d

Then, with probability at least 1 — 1/n, it holds that
»~ 0 2 0 2 k 2 s** log(n/s)
I/ = e lz/n =g = Sy la/n + 4AI(D7g)—s 1 + O{ A" —— —— ).

Proof. See Section 5.7 for the proof of the more general Theorem 5.2. ]

Some examples of the exponent of s in the rate of Theorem 3.1 for d € {1, 2, 3}
and k € {1,2, 3, 4} are exposed in Table 1.

d=1 1 1 1 1
d=2 372 512 72 9/2
d=3 5/3 3 13/3 17/3
dgeneral 2—1/d 4-3/d 6-5/d 8-7/d

Table 1. Some examples of the exponent of s in the rate of Theorem 3.1 for the choice A <
s—@k=1/2d ) (Jog(2n)).

If in Theorem 3.1 we set g = f; | and choose the tuning parameter
k

A = 57257 Ao(log(2n))
depending on the (typically unknown) true active set So, we obtain the rate

9 (sgk_((Zk_l)/d) log(n/s)logn ) .
n

If in Theorem 3.1 we set g = f 0 n and we choose the tuning parameter A < A¢(log(2n))
in a completely data-driven way not depending on the (typically unknown) true active
set So, we obtain the rate

0 (s%k log(n/s)logn )

n
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We now fix k € [1 : min;e¢[q) n; — 1]. For d € N define the dth harmonic num-
ber H(d)as H(d) == Y%_, 1/i.

1/d s.cxpl/d

Theorem 3.2 (Not-so-slow £!-rate for trend filtering). Let g € R” be an

arbitrary tensor.
Dependence of A on g allowed. Choose

_ 2k—1
A=n zlfl((dd))-"-_i-zzkk = long(dH—Zk T (n)||Dkg||1 2H@+2k=1

Then with probability at least 1 — ®(1/n) it holds that

r 0 2 0 |2
I = e lz/n =g = fyollz/n
_ __2H(d)
+ (g(n STt 110g2H(d)(+2)k 1(n)||Dkg||2H(d>+2k 1)

Dependence of A on g not allowed. Choose

H(d)+2k—1 H(d
A =< n ZH@+2k—1 IOgZH(d)—i-Zk T(n).

Then with probability at least 1 — ©(1/n) it holds that

I(F = FOwal3/n < llg = fyol5/n

H(d)+2k—1
+ (9<n SH(@) T 2k—1 10g2H(d)+2k T (n)(l + ||Dkg||1)>

Proof. See Section 6.3. |

Some examples of the exponent of # in the rate of Theorem 3.2 for d € {1,2, 3}
and k € {1, 2, 3} are exposed in Table 2.

k=1 k=2 k=3 k general
d=1 -=-2/3 —4/5 —6/7 —2k/(2k +1)
d=2 -5/8 —-3/4 —13/16 —(4k +1)/(4k + 4)

d=3 —17/28 —29/40 —41/52 —(12k +5)/(12k + 16)

Table 2. Some examples of the exponent of # in the rate of Theorem 3.2.

We call the rates of Theorem 3.2 “not-so-slow” because they turn out to be faster

than the slow rate n~'/2 for a Lasso problem where no specific structure is imposed.
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3.2. Comparison with the literature

We compare Vitali trend filtering (VTF) with two other approaches for extending
trend filtering to higher dimensions: graph trend filtering (GTF) by Wang et al. [32]
and Kronecker trend filtering (KTF) by Sadhanala et al. [22]. GTF is studied in [22]
for grid graphs of general dimension, while KTF is further studied in [20], who show
a phase transition for minimax rates achieved by KTF (see Table 2.1 therein).

While the VTF penalty || D*f||; involves a discretization of total derivatives of
order k, the KTF penalty Zle | lef |1 involves a discretization of partial derivatives
of order k. The GTF penalty coincides with the KTF penalty for k = 1 but differs at
the boundaries for k > 2, as explained in [22]. It can be observed that the analysis
operators of the VTF penalty and of the KTF penalty have different properties.

First, when ny =< --- < ng it holds that

dim ({f : [ D* f |1} = 0) = n'~V4,

while .,
dim ({£ = Y_IDF £} =0) = k.
i=1

The nullspace of the KTF penalty can be estimated by least squares at the rate n !
while the least squares rate for the nullspace of the VTF penalty would be n~1/4 This
motivates the penalized estimators we propose in Section 7 for the margins.

Second, the analysis operator involved in the VTF penalty is of full rank, while
the one for the KTF penalty is not. The estimates produced by VTF are thus products
of polynomials of order at most k — 1 on hyperrectangular pieces as shown in Sec-
tion 4. The estimates produced by KTF are also products of polynomials of order at
most k — 1, but on pieces that do not need to be hyperrectangular.

VTF on one side, and KTF and GTF on the other side are not directly compara-
ble unless d = 1. However, the estimates produced by VTF can be compared with
the estimates produced by other methods: the multivariate adaptive regression splines
(MARS) by Friedman [7], the dyadic classification and regression trees (dyadic CART)
and the optimal regression trees (ORT) proposed by Chatterjee and Goswami [2].
In particular, Chatterjee and Goswami [2] show that ORT achieves the rate z¢/n
ford =2 and Z(()d+l)/ > /n ford > 3 for estimating tensors that are products of mono-
mials on any hyperrectangular partition of the tensor into z¢ pieces. The degree of
the monomials is constrained to sum up at most to k on the pieces of the partition.
Note that Chatterjee and Goswami [2] do not consider an ANOVA type of decompo-
sition of the tensor into margins, so that zg has in general a different meaning than s¢
and can be large if compared to the sparsity of the different margins considered here.
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Moreover, Chatterjee and Goswami [2] also show that the dyadic CART can attain the
same fast and slow rates as the optimally tuned trend filtering estimator for d = 1.
Trend filtering (d = 1 and k > 1) has previously been studied by Guntuboy-
ina et al. [10], yet with other proof techniques than the ones by Ortelli and van de
Geer [19], which we extend here. VTF for d = 2 and k = 1 has been studied by [17].
An analogous estimator, yet in constrained form and considering the Hardy—Krause
variation, has been studied by Fang et al. [6]. For the estimator constrained with the

—2/3 a5 for the

Hardy—Krause variation, Fang et al. [6] prove the same slow rate n
one-dimensional situation and the fast rate n~! for estimating images with only one

rectangular piece. For f € R"”1*"2 the Hardy—Krause variation is

TV2(f) + TVi(f(1.9) + TVi(f (. D) + [ /(1. D]

and differs from our approach in the treatment of the lower-dimensional margins.

Even if the model classes of the ORT estimator by Chatterjee and Goswami [2]
and of the estimator constrained with the Hardy—Krause variation by Fang et al. [6]
differ from our model class, it is an interesting question whether VTF can attain the
fast rate s /n and dimension-independent slow rates for estimating the d -dimensional
margin of a tensor.

3.3. Optimality

To answer the question whether our rates are optimal or not, we refer to two publica-
tions. For fast rates involving the effective sparsity we refer to [30]. For slow rates we
refer to [31].

3.3.1. Fast rates. The paper by van de Geer [30] shows a lower bound on the mean
squared error of the Lasso in the noisy case scaling as A2I'2. It also shows that the
bound on the effective sparsity for d = 1 and k = 1 is tight in the noiseless case.
The result can be easily extended to show that also the bound on the effective spar-
sity for general d and k € {1,2,3, 4} is tight in the noiseless case up to constants,
see Appendix E. We therefore conjecture that the only way to improve on the error
bound would be by enabling a smaller choice of the tuning parameter A. This could
be achieved if we were able to find a smaller estimate for the inverse scaling factor }'.

3.3.2. Slow rates. The paper by van de Geer and Hinz [31] shows that the theory
used to prove slow rates in this paper is optimal, up to logarithmic terms. In particular,
it shows that bounds on the entropy of a class of functions imply tight bounds on the
inverse scaling factor ¥ up to log terms.

Since entropy bounds on the class of functions we consider are not known, our
estimate of the inverse scaling factor ¥ may not be tight and therefore the rate could
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be improved. To provide bounds on the class of functions of bounded Vitali vari-
ation is a future research question in the field of approximation theory. This could
help us answer the question whether the optimal rate for the estimation of the d-
dimensional margin of a tensor depends on d or not. For a standard Holder class with
smoothness k the minimax rate would be n~2k/(2k +d), while for the Holder class with
smoothness dk the minimax rate would be n~2%¥/Ck+D for all d > 1. The rate pro-
vided by Theorem 3.2 lies in between these two rates. Intuitively, requiring bounded
kth-order Vitali variation of the d-dimensional margin is a weaker constraint than the
requirement of the Holder class with smoothness d k, since only derivatives of order k
are needed in all directions. However, since the class of functions with bounded Vitali
total variation is not a standard class it is not yet clear which minimax rate to expect.

The approach we present here penalizes differences of the same order along all
coordinates and can thus be seen as an isotropic approach. However, one could adapt
the framework we present to penalize differences of possibly different orders along
different coordinates in an anisotropic approach. This would allow to handle more
general smoothness classes too.

4. Synthesis form

According to Definition 2.3, the trend filtering estimator is an analysis estimator. In
this section we want to rewrite it in a constructive form, that is, in synthesis form.
We show that the trend filtering estimator can be constructed as a linear combina-
tion of tensors with product structure, where the factors are truncated monomials of
order k — 1. We call the collection of such tensors the “dictionary”.

We first define the dictionary and then show that it is the right dictionary to con-
struct the trend filtering estimator.

We start with the one-dimensional case. We then obtain the d-dimensional dic-
tionary from the one-dimensional dictionary by constructing tensors with product
structure.

4.1. Dictionary ford =1

Let ¢} :={1{j’>jy}j’eln]. J € [n]. The vectors {¢]1 }je[n] are linearly independent and
piecewise constant.
For 2 < k < n — 1, define recursively

ok 19 jele—1]
’ Yis; 0 n, jelkinl

We call the collection ®F = {qﬁ]].‘ }jeln] the “original” dictionary.
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The dictionary ®* is a collection of n linearly independent discrete (truncated)
monomials: the first k£ are monomials of order 0, 1, ...,k — 1, while the last n — k are
truncated monomials of order k — 1.

We now define a partially orthonormalized version of the dictionary &%, k € [n—1].

Definition 4.1 (Partially orthonormalized dictionary in one dimension). The (par-
tially orthonormalized) dictionary ok = {¢ }jeln] is defined as

e _ VAL -m® A e -m®i 2. T € K],
J k . .

For k € [n — 1], ®* = {¢¥} je[n] 18 again a collection of n linearly independent
vectors, where qbl e ,¢k, {#7 }jelk+1:n) are mutually orthogonal. Moreover,

16515 =n, Jj € [kl.

Lemma 4.2 (Relation between dictionary and difference operator). Fix k € [n — 1].
It holds that
0, J € k],

D¢k = Dkgk =
/ / lyjy, J€lk+1:n].

Proof. See Appendix B.1. ]

As a consequence of Lemma 4.2, {¢ } je[k] s an orthogonal basis for Nj. More-
Oover, {¢ }je[k-‘rl :n] Span NJ_

By Lemma 4.2 comblned with Lemma 2.2 in [15] about the Moore—Penrose pseu-
doinverse we obtain for the pseudoinverse (D¥)* that (D¥)+ = {d) }ielk+1:n]-

With the dictionary ®* and some coefficients {3 I3
fwr € Nt as fdvr (D*)*B. Then B = D* fwr

For d=1,we therefore obtain the following synthes1s form of the estimator f AR

=k+1 we can write a vector

vaL = Z ﬁ/v

j=k+1

where

B = argmin {1V, - > b FI3/n + 221111 .
beR" =k j=k+1
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4.2. Dictionary for general d
Hereafter we fix k € [1 : minjeqyn; — 1].

Definition 4.3 (Partially orthonormalized dictionary in d-dimensions). The dictio-
nary {{511?1’“.,].‘1 € R XXnq }’{’I.f:;'l’"" is defined as

aﬁjd :$,k1 X"'Xajl-{d, (J1,---vja) € 1.

The dictionary {$Jkl i 1124 s a collection of d-dimensional tensors with

product structure. By Lemma 4.2 and the product structure,

‘Nk —span({gb]l, ,Jd}zik’l k+1)

N1,..lg

k1, k10 WIite

For a tensor of coefficients {8}, ..., }
1,0l
— -k
feN'kJ- = Z 5,11,...,1d¢j, seesdd
k+1,...k+1

Because of the product structure of 5}‘] id it holds that

~sld

Dkfw,g— Z :311, Sa (g X x 1) = B.

From the fact that any candidate estimator has to belong to the space spanned by Y N
it follows that

ni,....ng
r _ 2 *k
f:/VkJ‘ - Z ﬁjla-~-ajd¢j1,...,jd’
k+1,...,k+1
where
N1yeesllg
R : 7k 2
B= agmin vy 3 by B, B+ 2200
beR 1 —hxx(ng =k k1, k+1

The synthesis form of the estimator f N is useful in two ways. Firstly, to determine
the structure of the estimator by spemfylng the dictionary used to construct it. In our
case, f vL is alinear combination of d -dimensional products of (k — 1)th-order poly-
nomials. Secondly, the dictionary facilitates the approximation of some orthogonal
projections in the proof of adaptive £°-rates and not-so-slow £!-rates.
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5. Adaptivity

In this section we first expose some notation for our main result. After having exposed
our main result, Theorem 5.2, we work out explicit expressions for the bound on the
antiprojections U, the inverse scaling factor ¥ and the noise weights v. Finally, we
show a bound on the effective sparsity via a suitable interpolating tensor. In Sec-
tion 5.7 we put the pieces together to prove Theorem 5.2.

Fix k € [1 : min;¢[g)n; — 1] and an active set S C X;¢[q[k + 2 : n; —k].

To every jump location in S, we associate a hyperrectangle of k¢ additional jump
locations to obtain the enlarged active set S, defined as

N

S = U (Xie[d] tim tim+k— 1])

m=1
Definition 5.1 (Hyperrectangular tessellation). We call {R,,}5, _; a hyperrectangular
tessellation of x;¢[q1[k + 1 : n;] if it satisfies the following conditions:

e cach R, C X;¢[q)[k + 1: n;] is a hyperrectangle for m € [s];

o US_1Rm = Xieajlk +1:n;l;

e for all m and m’ # m, the hyperrectangles R,, and R, possibly share boundary
points but not interior points;

e for all m, the points X;e[q][fi,m : ti,m + k — 1] are interior points of R,.

For a hyperrectangular tessellation {R,, };,_; we denote the vertices of the hyper-
rectangle R,, by (tlzfm, .. .,tjf’m), (z1,...,2q) € {—, +}d for m € [s].

Moreover, we define the distances of the jump locations from the vertices of their
respective hyperrectangle and the respective set of indices as

di?m = (ti,m - tijm)7 Rl_,m = [tljm : ti,m]7
dP, =k, RY o= [tim  tim + k —1],

difm = (ti_j_m —tim—k +1), R;jm = [tim +k—1: lf,Lm ,

fori € [d] and m € [s]. Each hyperrectangle R,, of the hyperrectangular tessellation

Ry} mers] can be partitioned into 3¢ h errectangles. Define, for all (z1,...,z4) €
[s] P yp
{_7 0’ +}d’
Ry“2d = RY%, x - x R . m € [s].

For m € [s], let

dpvid=dit - dyt L Az za) € - )
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Figure 1. A rectangle of the tessellation {Ry, };,_, ford =2and k = 4.

We define the maximal distance from an (enlarged) jump location to the boundary
of the corresponding rectangular region along the coordinate i € [d] as

di max(S) 1= max max{di_m,d;rm}.
me[1:s] ’ >

For d = 2 and k = 4, arectangle of the tessellation is depicted in Figure 1.

5.1. Main result

We present our main result, that shows that Vitali trend filtering leads to an adaptive
estimation of the d-dimensional margin fff . of f9.

Theorem 5.2 (Adaptivity of Vitali trend filtering). Fix k €{1,2,3,4} and choose x,t > 0.
Let g € R"1*"*"d pe qrbitrary. Let S be an arbitrary subset of size s := |S| of
Xie[a)lk + 1+ (k +2)k :n; —k + 1 — (k + 2)k]. For a large enough constant C > 0
that only depends on k, choose

2k—1
pzcd [y (ST 0,

nj
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Then, with probability at least 1 — e — e, it holds that

~ 2 2
17 = SO I3/ < g = £ 2 15/m + 4AN(D* )=y + == (V& + Vks)’

+ @(Az(ilog (edi,max(S))) i D (;_Z)Zk—l).

i=1 m=1ze{— +}d m
In particular, the constraint on C is
1, k=1,
k(2k=1)/2 8v/2/7 ~ 1.62, k=2,
C>—— withay = f/
ap 144/3/76 ~ 3.28, k =3,
10.10, k=4,

) . s e g+
as min; e[g] Min, e[y mm{di’m, dl.,m} — 00.

Proof. See Section 5.7. |

By choosing x < t < logn in Theorem 5.2 and by constraining the active set S to
be a regular grid we retrieve Theorem 3.1. In that case, since S is a regular grid, we
can choose A = s~k=1/2d ) /(Jog(2n)) and the oracle inequality has the rate

s2k—((2k—1)/d)
o

log(n/s)log n).

Remark 5.3 (The role of the hyperrectangular tessellation). Given an active set S,
the choice of a hyperrectangular tessellation in Theorem 5.2 can be seen as arbitrary.

Remark 5.4 (Minimum length condition). In opposition to results for d = 1 by
Guntuboyina et al. [9], Theorem 5.2 does not explicitly require a minimum length
condition on the active set S. For d = 1, we can interpret the minimum length con-
dition as a condition saying that d; | < dffl <-exdgy < d:l. If S approximately
satisfies a minimum length condition, then the estimation error has a faster rate than
if § does not satisfy the minimum length condition.

Theorem 5.2 is an oracle inequality and S can be interpreted as a free parameter. If
the true active set Sy of /' does not satisfy some kind of minimum length condition,
then the upper bound of Theorem 5.2 still holds for a choice of S which could give
place to a faster rate for the estimation error by being closer to satisfying the minimum
length condition at the price of allowing for an approximation error of 1.

Note that also the lower bound on the choice of the tuning parameter A depends on
the structure of the active set S and is smaller when the elements of S approximately
satisfy a minimum length condition.
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5.2. Some definitions

We introduce some quantities on which Theorem 5.2 relies: the bound on the antipro-
jections v, the inverse scaling factor ¥, the noise weights v, a sign configuration ¢ and
the effective sparsity T'7 ;..

Let S be the enlarged active set induced by some active set S. Let Pg be the
orthogonal projection operator on span({qﬁjl.‘l ia ) Fda)E 3)-

.....

Definition 5.5 (Bound on the antiprojections). A bound on the antiprojections is a
tensor ¥ € R =K)>x=x(a=k) guch that

Visoia = NA=POG 2/ V/n Y. ja) € Xieqailk + 12 ni).
Let ¥ be a bound on the antiprojections.

Definition 5.6 (Inverse scaling factor). The inverse scaling factor y € R is defined
as ¥ 1= [[0_5lco-
Let ¥ be a bound on the antiprojections and y the corresponding inverse scaling

factor.

Definition 5.7 (Noise weights). The noise weights v € R *17%)>x(#a=k) are defined
as v > U/7 € [0, 1] —k)x-x(a—k),

We can now introduce the effective sparsity. The effective sparsity depends on a
so-called “sign configuration”, that is, on the sign pattern associated with the jump
locations.

Definition 5.8 (Sign configuration). Let g € [—1, 1]®17%)X*(a=k) pe gych that

{_11+1}’ (jlsvjd)ztmes’
Gioia € \Wthe oo ja) € Xictailtim * tim + Kk — 1), m € [s].
L1, (i...-.ja) €S.

We call gg € {—1,0, 1}(11=K)x=x(ra=k) 3 sjon configuration.

The basic definition of effective sparsity depends on the sign configuration asso-
ciated with S. One can however remove this dependence by defining the effective
sparsity as the maximum over all sign configurations.
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Definition 5.9 (Effective sparsity). Let an active set .S, a sign configuration gs and
noise weights v be given. The effective sparsity Flz) «(S,v—_s,gs) € R is defined as

1—‘Dk (S’ v-§, (IS)

= max{ Y (45)1, (DX )i, = 11 =v)=s © (D* f)=slly+ 1 £ 13/n = 1.
m=1

Moreover, we write

I (S, v_g) = max I (S.v_s.95).

By the adaptive bound of Theorem 2.2 in [19] (see also Theorem 2.1 in [18] and
Theorem 16 in [17] modified with an enlarged active set), we know that bounding the
effective sparsity is a sufficient condition for proving adaptation of f N

5.3. Effective sparsity via interpolating tensors

To bound the effective sparsity we extend the technique by Ortelli and van de Geer [19]
involving interpolating vectors to interpolating tensors, i.e., tensors that interpolate the
signs of the jumps.

Definition 5.10 (Interpolating tensor). Let g5 € {—1,0, 1}(?175)x=x(a=k) pe 3 sign
configuration and v € [0, 1]?17K)*x(2a=k) pe 3 tensor of noise weights. The tensor
w(gs) € RO1=,>x-xna=k) j5 called an interpolating tensor for the sign configura-
tion gs and the weights v if it has the following properties:

o wj,..i.qs) = (q8)ty> Y1 ... ja) € Xiea)ltiym = tim +k —1], Vm € [s],
o Wi @I < 1= s YU, Ja) € (Xieaylk = ni]) \ S.

With the help of an interpolating tensor we can bound the effective sparsity, as the
following lemma shows ([ 19, Lemma 2.4] in tensor form).

Lemma 5.11 (Bounding the effective sparsity with an interpolating tensor). We have
T3 (S v-s.qs) < n min [(D*)w(gs)|3.
w(gs)

where the minimum is over all interpolating tensors w(qs) for the sign configura-
tion gs.
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Proof. 1t holds that

> 48) 0w (D* f)i, — 11 = )5 © (D* f) 5]

m=1
< Y @8)n(D* )1, = llw(gs)-s © (DF f)=slh
m=1
< > w@s)jiia P iria
2,...2
ni,....ng
= Y (DYWES)j1rja Firria
1,..., 1
< Vall(D"Yw(gs)l2llf 112/ v/n. .

5.4. Requirements on an interpolating tensor

Theorem 5.2 follows by a bound on the effective sparsity obtained by Lemma 5.11
with the help of an interpolating tensor. In the definition of an interpolating tensor
(cf. Definition 5.10), there is a constraint posed by the noise weights v.

Therefore, we now calculate in Section 5.5 a bound on the antiprojections v to
derive an appropriate inverse scaling factor ¥ and noise weights v. In this way we will
make explicit the constraints that the interpolating tensor has to satisfy in the specific
case of tensor denoising with trend filtering.

After that, we will show in Section 5.6 an explicit form for the interpolating tensor
for k € {1,2,3, 4} and derive the corresponding bound on the effective sparsity.

That bound on the effective sparsity combined with the fact that the interpolating
tensor used indeed is an interpolating tensor for trend filtering will allow us to derive
Theorem 5.2 from Theorem A.1.

5.5. Antiprojections, inverse scaling factor and noise weights

We start by finding a bound on the antiprojections .
Define, for m € [s] and i € [d],

fim — ji 2k—1

i,m i . _ _

(—) : Ji € Riy = Lt tim.
1

U m(ji) = (0, Ji € Ry = ltim  tim +k —1],
(ji —tim—k +1

nj

2k—1
) c Ji€RY, =tim+k—1:1]]
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Moreover, for (ji,..., jq) € Ry we define

Vjlnida =

Lemma 5.12 (A valid bound on the antiprojections). For all (ji,..., ja) € Ry and
SJorall m € [s] it holds that

'k 2 ~2
”A§¢.i1,~--,jd I2/n < Vjtria®

i.e., the tensor 7 € R1—k)xx(ng—k)

is a valid bound on the antiprojections.
Proof. See Appendix C.1. ]

Define, for m € [s] and i € [d],

.\ 2k—1
tim — Ji
('Z—J) : Ji € Rin = Ui+ timl,
i,m
w2, (i) = {0, Ji € Ry = ltim : tim + k= 1],
. 2k—1
Ji —tim —k +1 ; * A
(7= L€ Ry = lam k=107,
i,m

For a constant C = C(k) > 1, we define for (j1,..., jg) € Ry, and m € [s]

. 1 4 Ui,m(ji)
Vjida = 7D e .1)

i=1

and

lmax(S) 2kt
a3 ()"

i=1
Lemma 5.13 (Valid noise weights). For all m € [s] and for all (ji,..., ja) € Ry it
holds that

Vit esia = Vjisesja ¥

i.e., the tensor v € R(1—k)x=x(na=k) j, equation (5.1) defines valid noise weights.
Proof. See Appendix C.2. ]

The constant C > 1 in equation (5.1) can be chosen arbitrarily. Choosing a larger C
makes the noise weights smaller. As a result, the requirements imposed on the inter-
polating tensor by the noise weights become weaker.
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5.6. Bound on the effective sparsity for trend filtering

We now define an interpolating tensor w = w(qgs) for any sign configuration ¢g.
For (j1,..., ja) € Rm,m € [s] and the same constant C = C(k) > 0 as in the
definition of the noise weights in equation (5.1), define the tensor

d d
Wiy (qs) = Z [ TwiimGi). (5.2)
i=1 =1
where,
W1im(J1) = Gt Ji € R?’m, L #1i,
wrim(J1) € [0.44,]. Jl € Ri, URS, . 1#i,
Wi im (i) = Gty ji € R}, [ =i,

lwiim(Ji)l <1 =vim(i)/C, Jji € R, U R;rm, [ =i.

What differentiates the case / =1 is that w; ; », has to satisfy the requirements imposed
by the noise weights. For [ # i the only constraint imposed is that |w; ; ,,| < 1. The
tensor w is a sum of terms with product structure if constrained to the set of indices
of a hyperrectangle R,,.

We define w;; . := {wi,i,m(j1)}j er;,, and w;fi’m = {wli’m(jl)}jleR;Lm‘

Lemma 5.14 (A valid interpolating tensor). For any given sign configuration qs, the
tensor w = w(qys) defined in equation (5.2) is a valid interpolating tensor.

Proof. See Appendix C.3. |

5.6.1. Matching derivatives. We now want to find the explicit form of an appro-
priate interpolating tensor w, to apply in Lemma 5.11. We first consider continuous
versions w(x), respectively w(x), of the vectors w;; . and wl i
and wl,i,m for [ # i, on a mock interval x € [0, 1]. We then set

respectively w;;

wi_,i,m(ji) = w(l‘l’rflf_ﬁ)’ Jl € Ri—,m’
im
ttm(Jl)-:w(ji_[i’:ln-i—_k_'_l)’ IGR;I:m,
i,m
im0 = (=), i € Ry,
,m
wi ) = W(jz —ll,;n+—k + 1)’ jie kY.
I,m

fori € [d],l #i,m € [s].
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We aim to find a form of w and w giving place to continuous functions with
k — 1 continuous derivatives and piecewise constant kth derivative. Moreover, these
functions have to be interpolating between the jump location (x = 0) and the bor-
der (x = 1). We guarantee that they interpolate the signs of the jumps by restricting
to polynomials with

w0)=1, w(l) =0,
w0)=1, w(1)=0, wkx)=1—w({—x), x €][0,1].

The discretized version of these polynomials will vanish at the boundaries of the
hyperrectangles while it will have the value 1 at the indices belonging to the enlarged
active set S, guaranteeing the interpolation of the signs of the jump locations. More-
over, we will have to choose the constant C > 0 in equation (5.1) such that the noise
weights are made small enough for the interpolating polynomial to satisfy the condi-
tions of Lemma 5.14.

To obtain interpolating polynomials w and w, we split the interval [0, 1] into an
adequate number of subintervals. We then choose w and w to be made of polynomial
pieces of order at most k. The exception is the first subinterval [0, x1], x; € (0, 1]
for w, where we choose w(x) =1 — agx@k=1D/2 We then find the explicit values of
the coefficients of the polynomials by derivative matching, as in [19]. More details on
derivative matching are given in the Appendix C.4.

To guarantee that @ and w can give place to interpolating tensors, one has to
check that derivative matching renders a piecewise polynomial which is monotone.
Monotonicity combined with the constraints w(0) = w(0) = 1 and w(1) = w(l) =0
ensures that |w(x)| < 1 and |w(x)| < 1.

Monotone interpolating polynomials @ and w and a large enough C in the tuning
parameter are sufficient conditions for a valid interpolating tensor. In particular, given
that @ is monotone, we require that

C > k2k2_1/a0 as min min min{d
i€[d] me[s]

i it} = 00 (5.3)
Note that for the construction of w, we do not have any constraint given by the antipro-
jections v, the noise weights v and the inverse scaling factor 3. Therefore, we can take
the dependence on x* instead of x3*~1)/2_This saves a logarithmic term, not visible
in Lemma 5.15, which only contains the logarithmic terms stemming from w. Indeed,
as Lemma C.1 in Appendix C.5 shows, partial integration of a kth-order polynomial
does not incur in log terms, while partial integration of x2¥=1/2 does so. We have
to choose the worse dependence on x @172 for ¢ though, because w has to respect
the constraints posed by the noise weights.
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5.6.2. A bound on the effective sparsity. We now show a bound on the effective
sparsity, using a “candidate” interpolating tensor generated from the discretizations
of w and w, whose construction has been exposed above. We call it “candidate” inter-
polating tensor because we have not yet shown that @ and w are monotone. For the
moment we assume that matching derivatives renders monotone @ and w. We check
the monotonicity for k € {1, 2, 3, 4} in the next section.

To make the notation and the computation steps lighter, we neglect the constants
and use the order notation ( instead.

Since the sign configuration gs is typically unknown, we focus on finding an
upper bound on the effective sparsity that does not depend on the sign configura-
tion gs. Thus, the bound also accommodates for the worst-case sign configuration.

Lemma 5.15 (Effective sparsity for trend filtering). Take the interpolating vector w

- +
iim and W; i m

forl # i, to be discretized versions of w(x) and w(x) as in Section 5.6.1.

as defined in equation (5.2). Choose the vectors w respectively Wi

+
and W'
Assume that w(x) and w(x) obtained by derivative matching are monotone.

For such an interpolating vector w, it holds that

d K 2k—1
35,05 = 0(( Ltostedimns0) X % (7))

i=1 m=1ze{— 4}d
Proof. See Appendix C.6. |

From Lemma C.1 and the matching of discrete derivatives, it follows that, if @
and w are monotone and C is chosen large enough

d s 2k—1
r3(s.0-5) = 0(( Ltoetedimin) X ¥ (7))

i=1 m=1z¢g{— 4}d m

If the active set S defines a regular grid we therefore have a bound on the effective
sparsity of order
T3(S,v_5) = (9(s2k log(n/s)).

It only remains to check the monotonicity of w and w. We will do this for k €
{1,2,3,4}. One can check monotonicity for higher values of k& by solving (for instance
at the computer) the appropriate system of equations and, say, graphically visualizing
the result. We check monotonicity analytically for k € {1, 2, 3} and computationally
fork = 4.
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5.6.3. Interpolating tensor for k = 1. Fork = 1

o(x)=1-4x, xe[0,1],

w(x) =1-—x, x €[0,1].

Both w and w are monotone.

5.6.4. Interpolating tensor for k = 2. Fork = 2

w(x) = {112_ Tk xeb
(1 =x)  xell/2,1],

) = {i_ 8x2, x €[0,1/4],
$E-x)+1 xell/41/2].

Both w and w are monotone.

5.6.5. Interpolating tensor for k = 3. Fork = 3

1 14;16\/§x5/2’ x €[0,1/3],
w(x) = (B3 42 4 B L S e [173,2/3)],
%(I_X)S’ X € [2/371]7

MOl 2 xena

Both w and w are monotone.

5.6.6. Interpolating tensor for k = 4. For k = 4

1—7.29x7/2, x €0,1/4],
) 27.39x* —35.36x3 4+ 12.26x2 —2.01x + 1.12,  x € [1/4,1/2],
w(X) =
—29.51x* + 78.43x3 — 73.08x2 + 26.44x —2.43, x € [1/2,3/4],
10.10(1 — x)*, x € [3/4,1],
1 —16.2x4, x €[0,1/6],
w(x) = {27x* —28.8x3 + 7.2x2 — 0.8x + 1.03, x € [1/6,1/3],
—72( —x)* +22(1 —x) + 4, x e[1/3,1/2].

Both w and w are monotone.
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5.7. Proof of Theorem 5.2

Theorem 5.2 follows by combining Theorem A.1 with a bound on the effective spar-
sity.

Lemma 5.15 uses Lemma 5.11 to give a bound on the effective sparsity holding
for all sign configurations. This bound is based on a specific form of the interpolating
tensor, obtained by derivative matching as explained in Section 5.6.1. The interpolat-
ing tensor obtained by derivative matching is valid if the monotonicity of w and w is
guaranteed. In Sections 5.6.3-5.6.6 we check that the interpolating tensors obtained
by derivative matching for k = {1, 2, 3, 4} satisfy the monotonicity requirement.

An interpolating vector also has to satisfy a constraint posed by the noise weights v
and by the constant C. Lemma 5.12 gives a valid bound on the antiprojections. If we

lmax(S) 2k=1
ca 35 (=)

i=1

choose

the noise weights given in equation (5.1) are valid noise weights, according to Lem-
ma 5.13. By Lemma 5.14, an interpolating tensor of the form given in equation (5.2)
is a valid interpolating tensor. The tensor obtained by the discretization of the result

of derivative matching has such a form (as min,,e[s) min; e[z min{d;, * = o0).

i,m’ l m
According to equation (5.3) in Section 5.6.1 one has to choose

C > K5 /ao as min min min{d;, d*r \ — oco.

i€[d] me[s] >

The values of a are given in Sections 5.6.3-5.6.6.

Theorem 2.2 in [19], upon which Theorem A.l is based, uses a bound on the

increments of empirical process {&’ f, f € R"}, where ¢ has i.i.d. entries. Theorem A.1
involves in the background an empirical process, whose increments are given by

ni,....ng

Z (deki O] f)jl,--.,jd, f c Rnlx...xnd}‘

1,..,1

Note that the entries of & wL = P L€ are correlated. However, by the idempotence of
orthogonal projections, we can work with uncorrelated errors and instead restrict to
tensors € M. Indeed

/. N k

ni,....ng ni,....ng

Z (€NL®f)]1’ s]d = Z (SQkaL)jls“'ajd'
Lol

.....

This allows us to take over the arguments of Theorem 2.2 in [19]. [ ]
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Remark 5.16 (The influence of the dimensionality). If we choose A < yA¢(¢), the
rate of the oracle inequality is

Y > (m/dy* T n,
m=1ze{—,+}d

up to logarithmic factors. For simplicity, let S’ define a regular grid. Then the (hyper-)
volume of one of the s hyperrectangles of the tessellation scales as d7, =< n/s. Hence,

oY /it <57k,

m=1ze{—,+}4

the scaling

However, ¥, the maximal length of an antiprojection, scales as y =< (s~ d)(Zk_l)/ 2,
where s~1/4 < di max/n;i 18 proportional to the side length of a hyperrectangle of the
tessellation. The influence of the dimensionality in the exponent of s is a consequence
of the different scaling of volume and side length of a hyperrectangle in d -dimensions.

~1, while the side length scales as s~/ The reason

The (hyper-)volume scales as s
for this discrepancy is that we are not able to find an upper bound for the noise weights
proportional the volume of the hyperrectangles, i.e., to the product of side lengths. The

bound we obtain involves rather the sum of side lengths.

6. Not-so-slow £ 1-rates

Theorem 3.2 about not-so-slow rates for trend filtering is based on Theorem A.2,
where the choice of the active set S is arbitrary. The criterion guiding choice of S
is to get an “as small as possible” value of the inverse scaling factor y. Recall that
the inverse scaling factor ¥ is the maximal length of the antiprojection of a dictionary

atom $jk1 ,, onto the set of dictionary atoms indexed by the active set S, that is

~ ~k
y = max IAsd; i ll2/+/n.
Gtseemsdia) €1 1x-x[n 4] Jeenrdd

The active set S could be chosen as a regular grid parallel to the coordinate axes.
However, we will show that we can shorten the maximal length of the antiprojections
by choosing an active set defining a so-called “mesh grid”, whose construction we
illustrate hereafter.

6.1. Mesh grids
Let § € N. For a coordinate i € [d], we define the set of indices Z; (/) such that

Zi(l) = {8%/! equispaced indices in [n;]},] € [d]
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and
Zi(1)2Zi(2) 2... 2 Zi(d).

If, for any [ € [d], n; is not a multiple of & %, we relax the requirement on the indices
to be approximately equispaced, i.e., the distance between all the indices has to be
asymptotically of the same order. For i € [d], we also define

k—1
Zi() =iz +n}. 1eldl
h=0
Let now (I1,...,1g) € [d]? be a tuple of indices. We define the set

Si={(1.....Ip)eld)? :[{i eld):l; <z}| <z Vzeld]}.
Definition 6.1 (Mesh grid). A mesh grid S is defined as

S= |J (xeaZil)).

(l] ,...,ld)ES

Figure 2a illustrates a mesh grid for d = 2.
We now want to enlarge a mesh grid S to allow us to handle kth-order trend
filtering for k > 1.

Definition 6.2 (Enlarged mesh grid). An enlarged mesh grid S is defined as

S .= U (xiera1Zi (1))

(ll ,...,ld)ES

Figure 2b illustrates an enlarged mesh grid ford = 2 and k = 2.
Lets :=|S|and 5 := |S|. It holds that

- d
s =5 = 1_[8i XSdH(d),
i=1

where H(d) = Zle 1/ is the dth harmonic number. Therefore, § < s aH@

6.2. The inverse scaling factor when S isan enlarged mesh grid

We will now show that we can find a smaller bound on the inverse scaling factor if we
choose S to be an enlarged mesh grid rather than an enlarged regular grid.
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""" * * * 8 8 8
° ® ® 8 33 i &8
- ' ~ LR

(@) (b)

Figure 2. (a) Mesh grid for d = 2; (b) Enlarged mesh grid ford =2 and k = 2.

Lemma 6.3 (Inverse scaling factor when Sisan enlarged mesh grid). Letn; <---<ny
and S be an enlarged mesh grid. It holds that

~ 2k—1

7(8) = 0(s72t@).

Proof. See Appendix D.1. ]

6.3. Proof of Theorem 3.2

Theorem 3.2 follows from Theorem A.2. Theorem A.2 is allowed to have correlated
errors for the same reasons as Theorem A.1 is, see the proof of Theorem 5.2 in Sec-
tion 5.7.

In Theorem A.2 we set x < ¢ < logn. We can then choose the free parame-
ters S and g € R"1**"d independently of each other. If we allow A to depend on g,
we choose S to trade off the terms yAo(logn)||D¥g|l1 = 7log"/2(n)| D¥g|1/n"/?
and s/n. Typically, we require S to have a regular structure and we obtain y =
O(s™"), for some h = h(d,k) € R. The trade off is achieved with

1
§ = 02T log 2T (n)]| D £ {7

and gives the rate

1
0 AT og 2R (n)|| Dk g || T
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Otherwise, we choose S to trade off JAq(logn) < 7 log'/?(n)/n'/? and s/n.
If ¥ = O(s™"), the trade off is achieved with

§ = nZTFD log ZH (1)
and gives the rate
SR R T
n~ 2w logZ @0 (n) (1 + || D¥g ).

We choose the active set to be an enlarged mesh grid S. Then, by Lemma 6.3, we
can choose 7 = @ (s~@k=D/2H(@) and the claim follows. n

Remark 6.4 (Mesh grids vs. regular grids). If we choose a regular grid as active set,
according to Lemma 5.13 we obtain 7 = s~@~1/24 and a slow rate

d+2k—1
n~ 2d+2k— 1]0g2d+2k T(n),

which is slower than the rate obtained with an active set defining a mesh grid. Indeed,
forall d > 1 itholds that H(d) < d.

In both cases, the slow rate for fixed k goes to n~/21og"/?(n) as d — oo. If d is
fixed, the slow rate goes to n~lask — oo.

7. Denoising lower-dimensional margins

In the previous sections we have shown how to estimate f 0 by trend filtering and
have established fast adaptive ZO rates and not-so-slow Kl-rates There is still an open
question: how to estimate f

Ifn; <---<ngy,the d1mens10n of Ny is of order n'~1/4_ Estimating f9 v, by least

—1/d and therefore be limiting for d > 2.

squares would result in a rate of order n

The approach we take is to decompose N, into lower dimensional mutually orthog-
onal linear spaces, the so-called marginal linear spaces, to which we can apply a lower
dimensional version of trend filtering.

Let [d] denote the power set of [d] := {1,...,d}. We consider sets of coordinate
indices M C [d].

The intuition behind the decomposition into margins is to partition the set of tensor
indices into 29 subsets as

(M:kJUk+1:ng])x--x([L:k]U[k +1:ng]).
For M € &P][d] define the set of indices

15 = xiemlk + 1 ni]xigu[1 : k).
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We moreover define the linear spaces
M(M) = span {@, . .(ki.....kq) € Iy}, M € P[d].

Note that in one dimension, {gg]k }jelk) and {5]" }jelk+1:n] are orthogonal to each
other. Moreover, M AM' # @, for M # M’ € P[d]. Because of the product struc-
ture of the dictionary atoms spanning M this means that any M (M) and M (M) are
mutually orthogonal, for M # M’.

The mutually orthogonal marginal linear subspaces {M(M)}rrepiq) partition
R™1*>*"a The dimension of M(M) is given by

kMUTT (i = ).

ieM
By the multi-binomial theorem it holds that

d

l_[ni = Z k4-IM| n(”i —k)

i=1 MeP[d] ieM

for k € [0 : min;¢[g) n; — 1]. This means that

> dim(M(M)) =n

MeP[d]

and because {M (M )}rrep[q) are mutually orthogonal it follows that they also parti-
tion R™?1X>7%d
We can further partition any M (M) into k¢~ | mutually orthogonal subspaces
M(M, h), hell:k]4 Ml
The partition results by defining the set of indices
It = (Xiemlk + 1 :ni]) x (xigar{hi})
and the linear subspaces

MM 1) = span {@, . (Ki.....ka) € I}

Again, {M(M,h)}cpc1a—m1 prep(a) are mutually orthogonal and partition R 14,

Definition 7.1 (ANOVA decomposition). The decomposition of a tensor f as

=y S Fuonn

MeP[d] hel1:k]d-1M|

is called ANOVA decomposition.
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By orthogonality we have that

If13=> Yo I w3

MeP[d] he[1:k]4—IMI

7.1. Margins as lower dimensional objects

Our aim is to apply a lower dimensional version of trend filtering to estimate fd?{ (M 1)

for M # @. For M = @ it holds that |/ ]{‘4=@| = k¢ = ©(1). We will therefore estimate

fd?{ @.1) by the least squares estimate Y (g5 at the parametric rate n1L.

To apply a lower dimensional version of trend filtering to estimate fﬁl( M Ve
first need to reinterpret f (a5 as a | M |-dimensional tensor. We then need to justify
why we can apply Theorems A.l and A.2 which require i.i.d. errors and are at the
core of the adaptive rates by Theorem 5.2 and the not-so-slow rates by Theorem 3.2.

By writing

Tonnmy = fuanmy X (Xigm®y. ). Fawcaany € R¥<M7
we can interpret f(ap,n) as a | M |-dimensional object.
Similarly, we can write

Yaconm = Yauaamy X (Xigm®y, ). Yoy € RX =M™

Let nps := [[;ep ni- Because of the (partial) product structure of fiu¢(ar,n) and
since ||¢}’fi |3 = ni, hi € [k] (cf. Definition 4.1), it holds that

I fsamaml3/n = || Facommll3/nm.

Thanks to the above equation and to the ANOVA decomposition we can add up
the rates of estimation of the margins to estimate the whole tensor.

7.2. The estimator for the lower-dimensional margins

For M € P[d] \ @ define
k . k-1 k
Dy, ==ny ' [ DF.
ieM
To estimate the whole tensor, we consider the estimator

f= Z Z fM(M,h),

MeP[d] he[k]d—IMI

where R A
Twonm = fuonm x (igm®y,). Faonn € RGM™
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We define
Tuwn = Youx (Xicady,).  Vh € [k]?
and
Swoaw = agmin ([ Vpcnn — Eacri 13/n + 22001 DigEacooaiy 11},

T ny ER ieM™i

where {Aprp, > 0,h € [k]4=IM| M e P[d]\ @) are positive tuning parameters.
_ Wecall ||D1’f,1 Jmm.nyll1 the kth-order | M |-dimensional Vitali total variation and
Jmm,n) the | M |-dimensional trend filtering estimator.

Remark 7.2 (We can apply Theorems A.1 and A.2). For f € RXieM”i it holds that

EMM,E) O f= EMM, ) O f_M(M,h)

= ( Z (Emmr )y x (XieM\M/QZ;fl.))) O fun-

M’'CM,h), =h

The n s entries of the tensor

Yo Ewaran x (xiem\m By,))
M'CM.K,,=h

are the coefficients of the projection of & onto the linear space spanned by (Xx; ¢ 5,’:{ )%
(xiepmR™) and as such have i.i.d. N (0, 021 /n)-distributed entries. We can there-
fore apply Theorems A.1 and A.2 with noise variance 021y /n.

Remark 7.3 (Synthesis form for the estimator of lower dimensional margins). The
synthesis form of the estimator for the margins can be obtained in a similar way as for
the d-dimensional margin (cf. Section 4).

8. Denoising the whole tensor

We now put together the results from Sections 5 and 6 with the ANOVA decomposi-
tion given in Section 7 to show rates for the estimation of the whole tensor.

In practice, when estimating different margins of the same tensor, one can tune
the estimator for some margins to achieve slow rates and tune the estimator for other
margins to achieve fast rates.

Consider an arbitrary partition of the set of margins

{MM, h)}pepr:r1a—1m1 preplang
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into two sets £° and £!. Then, by tuning the estimators for the margins in £° to
achieve the fast rates and the estimators for the margins in £! to achieve the slow
rates, we implicitly target tensors belonging to the class

{f € R"==1a || DX, fummllo < smp for M(M, h) € £°,
DY, faucmmy i < Car o for M(M,R) € £},

where, for M(M, h) € £°, sp, are integers and, for M(M, h) € £, Cprp > 0 are
constants.

Fix now k € {1,2, 3,4} and some £° and £'. We restrict to tensors n < --- <
ng = n\/d.

For M(M, h) € £°, we denote by Sysj, a subset of 1 h satisfying the conditions
for a hyperrectangular tessellation suitable for derivative matching. By d7 (Sp,) we
denote an analogue of the quantity d, appearing in Theorem 5.2, but defined on a
hyperrectangular tessellation of 1 1’\‘4 ,, generated by the enlarged version §M’h of the
active set Spy p.

For M(M,h) € £°, Let Cps > 0 be constants of order O(1).

Theorem 8.1 (Estimating a whole tensor by Vitali trend filtering). Let g € R™"1X"*"4
be arbitrary. For M(M, h) € £° choose

2k—1
AM,h _ ( Z ( lmaX(SM h)) Ao(lOg I’l))

ieM

Dependence of Aps,p, M(M, k) € &1 on g allowed. For M(M,h) € £' choose

H(M|)+2k—1 k=1 _
Aai = ™ O 1oz W= ()| D, Facully T

Then with probability at least 1 — ®(1/n) it holds that

1f = fOU3/n < llg— fO13/n + (9( Z At | (DY Emm.m)—Sn » ||1)

M(M,h)eL?

SM.h 2k—1
+(9( ) AMh(Zlog(edlmax(SMh))) Y % (dz ) )
M(M,h)eL” ieM =1 ze{—,+}IMI (She.n)
+(9( Z n = ]ngH(IM‘I)+gk l(n)||DMgM(Mh)||2H(2‘ﬁ(‘|)A*{2D" 1)‘

M(M,h)eL!

Dependence of A 7,5, M (M, h) € £' on g not allowed. For M(M,h) € £' choose

H(M|)+2k—1 M)
Aypp X n~ 2ZHIMDF2E=T long(\M\H—zk T(n).
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Then with probability at least 1 — ©(1/n) it holds that

1f = fOU3/n < llg— fO13/n + (9( Z At | (DY E st m)=Sus 1 ||1)

M(M,h)eL0

SM.h 2k—1
+ (9( Z A ( Z log(ed; de(SM h))) Z Z (%) )

M(M,h)eLO ieM =1 ze{—,+}IMI

H(MD+2k—1 H(M|)
+ (9( Z n_2H(MDF2k—1 ]ngH(IMIH-Zk l(n)(l + ||DMgM(M h)||1))
MM, h)egL!

Proof of Theorem 8.1. The result follows by the ANOVA decomposition. In total there
are (k + 1) margins. As a consequence of the union bound, the result for the esti-
mation of the whole tensor is attained with probability at least 1 — e~ — e~ if in the
application of Theorems 5.2 and A.2 one chooses x +d log(k+1) and t +d log(k+1)
instead of x and ¢ for some x,t > 0. We choose x < ¢ < logn.

The bounds for the margins belonging to £° follow directly from Theorem 5.2.

The bounds for the margins belonging to £! follow from the application of The-
orem A.2 to fM(M,h) with x + d log(k + 1) and ¢t + d log(k + 1). Let §M,h be an
enlarged mesh grid. We have to trade off with respect to S3s 5, =< spr,, the terms

nMo? Spn ny log n
= IDY Eaccarmy
n ny

Ako(logn)
or
nayo? SM.h 1 ny |[logn
= k ,/ i’lM .
Vlo(IOgn)
We therefore obtain the rates
H(M|)+2k—1 H(M]|) __2HUM])
2H(M)+2k—1
O (T 0g DT (n) | DY, Baecar ] )

or

H(M)+2k—1
O (32T 1og TN (n) (1 + | Dy Baccar 1)) .

Remark 8.2 (The choice of k). If £° = @ then one can choose k > 1. As soon

as £° # @, then one has to restrict to k € {1, 2, 3, 4}. On the opposite side, when

£° = @, then one can drop the restriction n; =< --- < ng =< n'/4.
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The 9 (2¢) estimators we propose to estimate the margins are orthogonal to each
other. Summing up these orthogonal estimators leads to a single optimization problem
with @ (2%) tuning parameters. Can we reduce the number of the tuning parameters
by choosing the same tuning parameter for estimating multiple margins? The answer
depends on whether we consider slow or fast rates.

In general, the optimal choice of the tuning parameter depends on the inverse
scaling factor ¥. The bounds we provide for  depend on the active set Sy j.

To obtain not-so-slow rates we choose Sjs;, to be a mesh grid and we obtain an
estimate of the inverse scaling factor y that depends on the dimension | M | of the mar-
gin considered. Therefore we could penalize all the margins of the same dimension
with the same tuning parameter and choose O (d) tuning parameters instead of 9 (24).
Furthermore, if it were possible to refine the estimate of the inverse scaling factor y
such that it does not depend on the dimension |M | anymore, we would only need to
choose one tuning parameter.

To obtain fast rates, we allow for more general active sets Sps 5, such that the
dependence of y on Sy 5 is more intricate. The optimal tuning might be different for
every one of the 9(2¢) orthogonal estimators. If we aim for optimal tuning, then we
need to choose 9 (2¢) tuning parameters. However, if one is fine with the suboptimal
tuning which does not depend on Sy 5, one could use only one tuning parameter.

9. Conclusion

We have shown that imposing structure to denoise d-dimensional tensors leads to an
adaptive reconstruction. The structure is imposed via penalties on the /-dimensional
kth-order Vitali TV of the /-dimensional margins of the tensor, for [ € [d]. If the
tensor is a product of polynomials on a constant number of hyperrectangles of any
dimension [ < d, then the MSE is bounded as

If — £°13/n = Oog?n/n),

with high probability. The true tensor f° can therefore be reconstructed at an almost
parametric rate. The key aspects of our results are: the reformulation of the analysis
estimator in synthesis form, the interpolating tensor to bound the effective sparsity
and the ANOVA decomposition of a d-dimensional tensor. In the background of all
our results there are the projection arguments by Dalalyan et al. [4] to bound the
random part of the problem, which are fundamental to prove the adaptivity of f to
the underlying unobserved f°.

Note that we only prove fast rates for Vitali trend filtering of order k € {1,2, 3, 4}.
We are not able to prove that the approach we use to find an interpolating tensor for
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k € {1,2,3,4} gives a suitable interpolating tensor for general k. Thus, although for
each given finite k& we can check by computer whether our construction gives a valid
interpolating tensor, the problem remains open for general k.

Possible extensions of the Vitali trend filtering would be on one side to penalize
total differences with different orders of differentiation along different coordinates —
some sort of anisotropic version of the isotropic Vitali variation considered here — and
on the other side to penalize the Vitali variation of different orders at the same time.

A. Oracle inequalities with fast and slow rates

In this section we report an oracle inequality with fast rates and one with slow rates.
These oracle inequalities correspond to the adaptive and to the non-adaptive bound of
Theorem 2.2 in [19], see also Theorems 2.1 and 2.2 in [18] and Theorems 16 and 17
in [17] adapted to have an enlarged active set.

Theorem A.1 (Oracle inequality with fast rates). Let g € R"V """ and S C X;¢[q]
[k + 2 : n; — k] be arbitrary. For x,t > 0, choose A > Y Ao(t). Then, with probability
at least 1 — e™™ — e, it holds that

I = £ I3/m < llg = £yt IB/n + 401D ) s

[2 [k ’
+(0 %-{—o’ FS—I—AFDk(S,U—quS)) ’

Theorem A.2 (Oracle inequality with slow rates). Let g € R""" and § C X;¢[q)
[k + 2 : n; — k] be arbitrary. For x,t > 0, choose A > Y Ao(t). Then, with probability
at least 1 — e™™ — e, it holds that

~ 2x 7\
107 = 1900 B/ = N 13 /m + 4210¥ls + (o2 40T )’

B. Proofs of Section 4

where g5 = sign((D¥g)s).

B.1. Proof of Lemma 4.2
We prove Lemma 4.2 by induction.

Anchor: k = 1. Note that ¢! = ¢! and ¢; — 6511 = a¢| for some o € R. Therefore,
D'¢} = D'¢! = 0and D' (¢} — ¢}) = 0.1t follows that

D'¢; =D'¢} = ljsjy = lyyr=j—1y = Ly, j € 2:1].
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Step: k — 1 implies k. For j € [k — 1] it holds that
k k _ pnkzk _ nk  k—1 _ nk7k—1 _

since by assumption Dk_lqﬁ]].‘_l = Dk_lg;]"‘* = 0 for j € [k — 1]. Moreover,

DFgk = Dk(z¢;c—l)/n _ DI(ZDk—ld)lk—l)

I>j I>j
0, j =k,

= DY{1(jrsybyretin) =
{j'=j}sj’ €lk:n] gy Jjelk+1:nl.

It also holds that
¢F—pF = el jelk:n

le[k]

for some {o; € R};e[x], and therefore D"gﬁ]’.c = Dk$j’.‘,j e [k :n]. n

C. Proofs of Section 5

C.1. Proof of Lemma 5.12

To bound the antiprojections we can use the dictionary ® instead of @ . Indeed, by
Lemma 28 in [17], it holds that

||A{${g;e§}$f”§ =< ||A{¢§,te§}¢]k”§7 Jj €k +1:n]

Bound on the antiprojections for d = 1. We first prove that, for m =€ [s],

.\ 2k—1
Im— ] , _ _
(mn ) ’ J € Ry = [ty tm],
IAg6F1I3/n < (0. JERY =[tm:tm +k—1].
. k—1
J—tm—k+1)? .
(—mn ) . JERL =ltm+k—1:1}]

We then extend the reasoning to general dimension d.
For any m € [s], we fix j € R, and approximate ¢]’.‘ by d)fm, s ¢fm+k—1‘ By the
definition of ®* we have that

() =nTFG =+ D sy € ]
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Moreover, note that for k' € {0,1,...,k — 1}

k’ K
S (4 o =l
=0
=G =t D ey ©D)

We now decompose ¢k into a linear combination of ¢z s K b+ x— and a remain-
der. The linear comb1nat1on will approximate the projection of ¢ onto {¢k j € S h
while the remainder will be an upper bound for the antiprojections.

For all j' € [n] it holds that

¢r () =nT G =+ D T A<zt + Lrzan)-
By the binomial theorem

G'=tm+ V4t — )T s,

1
Z( )(fm = DTG =t A+ D g
=
k—

Z( )t — i) nlgl,

By equation (C.1) we know that {¢£:,_l}le[0:k—l] € span ({¢fm +l}l€[0¢k—1])'
Therefore, for j € R,,,,

tm—1
IAgpF I3 <n 22 3" (i — j + 1)* 2
J'=j

m—J N2k—1 .\ 2k—1
<n—2k+2/t (j/)zk—z dj’ < tm—J) <n Im — ] ‘
- 0 = (2k — 1)n2k—2 ~ n

Note that the construction of the partially orthonormalized dictionary K can of
course also be made starting from the collection of functions {1 <;n}je[m]. j' € [n]
instead of {1{;>;y}je[n], /' € [n], cf. Definition 4.1. The resulting dictionaries Gl
coincide, up to permutation of the column indices. As a consequence, the calcula-
tion we showed to approximate ||A§¢j’.C |5 for j € R, can be carried out with the

dictionary X based on {1{j<j"1}jem. J' € [n] to obtain the approximation

~ | — b —k + 1!
||A§¢f||§§n(%) . JERy

This consideration also applies in higher-dimensional situations.
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Bound on the antiprojections for general dimension d. By the same reasons as
above, we consider without loss of generality (ki,...,kg) € R, . We decompose
¢II§1 kg 38 follows

d
¢lk€1,...,kd (J1seesja) =kt 1_[ (ai i) + bi (i),

i=1
for j; € [n;], i € [d], where
ai = a;(ji)) = (i —ki + D" i, <jo<ti =13+
bi = bi(ji) = (i —ki + D 20,0
¢i = ¢i(ji) = Gi —ki + D¥Mgizny = ai + b

Note that a;, b; depend on ¢; ,,,, while ¢; does not. Moreover, for all (/1,

ey ld) €
[0, k — 1]¢ it holds that Xield\tim+1;} € S. Thus, we approximate
Y yenns ng d d 2
IASHE, i, I3 <n2FF2 > (l_[(ai +0) -] bi) .
1,...,1 i=1 i=1

since by equation (C.1) the contributions of l'lfl=1 b; are spanned by ¢§. Note that
nid=1(ai + b;) — ]_[f-i=1 b; is nonzero on

(xieaylki = nil) \ (Xiega1ltim = nil) € Uieray (ki © tim — 1] % (X7 [1 = n7])).

Moreover, on [k; : t; » — 1] X (X;%;[1 : n7]), it holds that

d d
[[@+b)-]]bi <ai[]e
i=1 i=1

1
Therefore,

d ni,....ng

Tk 2 —2k+2
||A§¢k1,---,kd||2§n " Z Z
1 1

i=1 1,..,

(a?(jl) ] Clz(jz))-
1#i
As in the one-dimensional case,

ni 2k—1
—2k+2 d 2, . 1 — ki —2k+2
n; E a; (ji) < n; " and n;
ji=1

i

n;
> G < ni
1

Ji=

d_ o g2k
~k 2 i —Ki
IAse, . a3 =0 (—n, ) :
i=1 !

It follows that
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Note that as soon as j; € R?, for some coordinate i € [d], then a;(j;) = 0 and
the ith coordinate does not contribute to the antiprojections. The bounds for all other

hyperrectangles Rz, z € {—,0, +}¢ follow by analogous calculations.

C.2. Proof of Lemma 5.13

For any m € [s] and for any (j1,..., j4) € Ry, it holds that

d —1

X d Aims\ 2
Z lm(]t) = szm(]l) = szm(]l (%m})

i=1 i=1 i=1 !

d + k—1
max{d; .d;" }\? ~
E Z Ui,m (.]l Z (#) E vjls"-sjd V'

i=1

C.3. Proof of Lemma 5.14

O

Fixi € [d] and m € [s]. Say qy,, = 1. Since w; 1,,» € [0,1],1 # i, forany j; € R, U

0 +
Ri,m U Ri’m it holds that

nwi,l,m(jl) < (1 — v”"(J’ )lezm(jl) < ( _ ”i,ngji)).

=1 1#i

QU

Moreover, for any (j1,..., jg) € R, it holds that

d d
Wi,sja = Z nwi,l,m(jl)

d . d .
1 Vim (i) Vim (Ji)
7 > (1 e =1 —i=1 iC = T Vs

~
—

IA

Analogous expressions hold if g;,, = —1. The claim follows by noting that the condi-

tions of the definition of interpolating tensor (Definition 5.10) are satisfied for w.

C.4. Matching derivatives

To obtain continuous vectors with k — 1 continuous derivatives and piecewise constant

kth derivative, we split [0, 1] into N,,, resp. Ny, intervals of equal length, where N,, =
k +1ifkisodd and Ny, = k + 2 if k is even and N,, = k. We denote these intervals
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by {[xl_l,xl]};v:{”l"w’ with xo = 0 and xy,, ,, = 1. We choose
l—aoxM%, X € [xo,x1],
o(x) = bix® 4+ b1 x¥ N+ L+ bax + b, X € [x—1,x],
le2:k—1],
co(1 —x)k, X € [xg—1,xx].

‘We moreover choose

1 — agx*, X € [x0,X1],

by xk + by g1 xk T+ bax b, X € [x—p, x],
le2:Ny/2—1],
ap(1/2—x)F + .. +a;(1/2—x) +1/2, x € [xn,/2-1, XN, /2+1),

w(x) =

where L = k — 1 ifk isevenand L = k if k is odd.
We choose both the coefficients

(ao,aL, Loe,ay, {bl,k’ Ce ,bl,o}l,co) and (ao,aL, R N {bl,k, ce vbl,O}l)

by derivative matching. We require the k — 1 derivatives of the different pieces of the
interpolating polynomials to match at the junctions between the intervals. This gives
place to piecewise constant kth derivatives with the exception of the interval [xg, x1],
where 0® (x) < —1//x.

Matching derivatives for @ means solving a system of k(k — 1) equations and
k(k — 1) unknowns. Matching derivatives for w means solving a system of k(k/2)
equations and k(k/2) unknowns when k is even, and k(k — 1)/2 equations and
k(k — 1)/2 unknowns when k is odd. We therefore do not need to do any derivative
matching for k = 1, where we just take w(x) = 1 — 4/x and w(x) = 1 — x.

As an alternative to discretizing a continuous version of the interpolating polyno-
mials, one can also proceed by matching discrete differences. The two approaches are
equivalent when min; ¢[g] ming,e[q] min{d{m, dl.fm} — o0 as n — o0. Discrete deriva-
tive matching requires that the counterpart of each interval [x;_; : x;] contains at least
k points. We therefore require that

min{d;, .d* } > (k +2)k, Vield], YVm € s].

im>%i,m

We refer to [19] for details on discrete derivative matching.

C.5. Partial integration

Some consequences of the fact that both the resulting w and w have piecewise constant
kth derivatives with the exception of the interval [0, x;] where w®) (x) < —1/,/x are
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shown in the next lemma, which is useful to compute the bound on the effective
sparsity in Lemma 5.15.

Lemma C.1 (Discrete differences of some polynomials). Let for some d €N, d > 2k,

2k—1
)

qj = (j/d) 2 j=0,...,d.

Then
=¥ Dkq|l3 = O(log(ed)/d* 7).

Let for some d € N, d > 2k,
pj = (/d)*, j=0,....d.

Then
n—2k+2”ka”§ — (9(1/d2k_1).

Proof. We have for j > k

k X I 2kt
n_2k+2(Dkq)j — Z(l )(_l)l (T)
=0
N\ T Tk 1\ T
-(7) " [Z0)(-5) ]
=0

We do a (k — 1)-term Taylor expansion of x > (1 — )c)ZkT_1 around x = 0:

2k—1
2

k—1
(1—x) = Zaixi + rem(x),
i=0

whereag =1,a; = —%

where the remainder rem(x) satisfies

,...,ar—1 are the coefficients of the Taylor expansion and

sup | rem(x)| = O(|x[F).

0<x<1/2
Thus,
k 21 k k—1 i
21 (-5) T =2 (Za(F) we(5))
=0 =0 i=0 J
where
k k—1
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since
k—1

1\'\*
(a(5) ey
i=0 J B
is a polynomial of degree k — 1 and hence its kth-order differences are zero. It follows
that for j > k,

() (=5 1= ()=o)

Then for j > k,

I’l_2k+2(Dkq)j - (9(1/(j%d2k2_1))_

So,
n~*2|Dkq|l3 = O < (log(ed)/d*).

For p the same arguments follow. We obtain that (D¥p) i =001/d k), and so

n—2k+2”ka”§ — (9(1/d2k_1). -

C.6. Proof of Lemma 5.15

We prove a bound on the effective sparsity holding for every sign configuration. We
eliminate the dependence on the sign configuration by decoupling partial integration
on the whole interpolating tensor (||(D*) w 3) into taking kth-order differences on
the hyperrectangles {Rm}fnzl(HDkw(Rm)Hz, where w(Rp) ={Wj,,....js Y G1sosja)€Rm
denotes the restriction of the interpolating tensor w to the set of indices R,,).

To do this, we define the boundaries B(R,,) of a rectangle R,, as

B(Rm) := Rin \ Xie[a)ltim + k : 15, — kI.

It holds that
N
n= 2| (DY w3 = (9( > (D w (R |3 + ||w(B(Rm)>||§))-
m=1

By the definition of the interpolating tensor w it holds that

d
n~2 2| DFw(Ry) |3 = m(n—z"“ ZuDkx,e[d]wl,i,mn%)

i=1

d d
_ o( )3 kawl,i,mu%)

i=1/=1
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trm—1

(ZH(‘”‘“IID" it 3 (1= )

i=11l=1 j]=t],m—k
tm+2k—1

FapE Dkt 1240 (1= wj, (1) ))

Jr=trm+k
where the sums stem from the differences involving the constant part of w on R?m

Because of the form chosen for w and w, it holds that

trm—1

Yo (l-wiaUn) =

J1=ti.m—k

(@?(1/d7,,))
(w2(1/dp,,))
1/, 1), 1=,
(1/d;)%*),  1#i

o
o
o
o

A similar bound holds for Zz ’":21( 1(1 wl+l. m j1))?. By Lemma C.1 it holds that

n; 242 Dy 12 O (log(ed;,)/(d;,)* "), 1 =i,
lzm2 (1/(d )2k 1) l#l
A similar bound holds for n_2kJr2 | D*w l im 3.

We now just have to upper bound the contributions of the boundaries B(R;,).
Fork =1, w(B(R,)) = 0, for all m € [s] and the boundaries do not contribute to the
effective sparsity. For k > 2 it holds that

S i =0(X X [Tutntin)=0(E ¥ o)

B(Rm) i=1 B(R;y) =1 i=1 ze{— +}d

since all the contributions on the boundaries have the same dependence on k and we
can approximate the volume of the boundaries by the sum of the volume of the 2¢
fractions {R,},c(_ 4y Of the hyperrectangle.

It therefore holds that

n—2k+2||(Dk)/w||% — ((Zlog(edl max(S))) Z Z (d Z)2k 1)

m=1 ze{— 4}d

and the claim follows. [
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D. Proofs of Section 6

D.1. Proof of Lemma 6.3

Setting. To calculate the inverse scaling factor when the active set is an enlarged
mesh grid S, we decompose a dictionary atom — which is a product of sums — into
a sum of products. Some of the components will be spanned by the dictionary atoms
indexed by the mesh grid. The remaining components will contribute to the antipro-
jection.

By [17, Lemma 28] we can look at the dictionary atoms ¢J’.‘l .....j, nstead of 5,"]
see also the proof of Lemma 5.12 in Appendix C.1.

We therefore consider

sJd’

k _ a4k k
Pjr iy = Fjy X X By,

where for i € [d],

¢f =n* G =i+ D sy
Projection of the mesh grid on single coordinates. Now choose z; ; € Z;([) such
that j; <z;1 <---<z;4-1 < z; 4. By the definition of the mesh grid we can choose
zi1 € Z;i(l) such that

. 1
ji = zinl = O(ni /s @),
zig = ziao1| = O(ni/sTP@), 1€ 2:d].

|zi,a| < ni.

The decomposition. We now decompose the factors into sums:

d
¢]]§ = Zui,l,
=0
where, for j € [n;],
U0 := l{je[jiizi,l—ll}ni_k+1(j —Ji+
Wit = etz iz G —Ji + D Lelid —1],
Ujd = 1{j€[zi.d5"i]}ni_k+l(j —Ji £ D

Note that {u i,l};i=o are mutually orthogonal.

Thanks to the decomposition of the factors, the following decomposition of the
. holds:
d

3
d
¢1]'c1,«--,jd = Z 1—[ Uil; s

(11,.‘.,ld)6[01d]d i=1

dictionary atom ¢J’.‘l
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where { ]—[l‘-izl Uil }(1y,...1,)e[0:a@ are mutually orthogonal. We therefore obtain a decom-
position of a product of sums into a sum of products.

Partitioning the decomposition. We now partition {(/1,...,lz) € [0: d]?} into two
subsets: X and X°. Define

Si={(lh,....la)e[0:d)? i e[d]: i <z}| <z, ¥z e[0:d]).

This means that X contains tuples (/1, ..., ;) having at most d entries with value at
most d and at most d — 1 entries with value at most d — 1 and ... and at most 1 entry
with value at most 1 and no entry with value 0.

Connecting the decomposition with the enlarged mesh grid. We now want to

show that, for any (I1,...,[7) € %, ]_[?21 u;; can be obtained as a linear combi-

nation of {gz'>]l.‘1 ..... is } (1,onnjg)e§ - These components will approximate the projection of
,,,,,, "

any qﬁjk] .y ONEO the linear span of {qﬁj] " }(j1 jg)ES
For /; € [1:d — 1] it holds that

wig, () = Lz <y NG = i+ D = L, < G =i+ DF

In analogy to the proof of Lemma 5.12 (use the binomial theorem and equation (C.1))
it holds that

Uil; € span ({¢§,~,1i +h}]h€;}) U {¢§i,,i+1+h}2;}))-
For I; € [d] it holds that u; 4 € span ({gi)fi’[i +h}]}i;(1))'
We need a claim. We now claim that
(li,....lg) e X = (I},....I})) e %,
where I] > [;, Vi € [d] by proving that
(h,..Jdg)eX= (1,....la-1,la+ 1) e X,

where without loss of generality we choose the index /; and assume that [; < d — 1.
As a consequence it will follow that, for any (/1,...,l3) € %, ]_[flzl u;j, can be
obtained as a linear combination of {(,bjk1
We now prove the claim: assume that (/1,...,/7) € X, i.e.,

Hield:l; <z} <z, Vzel0:d].
Take (I1,....1})asl{ =1I;,i € [d —1]and [, = 4 + 1. Then

i eld:li <z} =i eld—11:1 < 2} + lgpsiy+n

=2 L2y + Yzzig+1y = 2.

Therefore, (I/,...,1 é) € X and the claim is proved.
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Approximating the antiprojections. Thanks to the above claim and to the mutual
orthogonality of the elements of {]_[,‘-i=1 Uil }(1y,...1,)e[0:d]d» WE can approximate as
follows:

d d
IAso i< Y |TTwaln=" X TThes

(1,..,lg)ex  i=1 (U1,slg)ET i=1

2
|2/”i-

Now we use the following property:
o 2k—1__
i, 113/ni = O(s~ GFOH@),
|%/”i-

It therefore only remains to find the order of the largest contribution(s) indexed
by X€. A tuple of indices in X¢ giving the contribution highest in order is

The larger /;, the larger the contribution of [|u; ,

d-1,....d—1).
It holds that
d 2k—1
A1, 18/n = O TThas 13/m.) = 0~ H).
i=1
Since the upper bound does not depend on (J1, ..., j7) we read directly that
7 = (s~ ), .

E. The bound on the effective sparsity by Lemma 5.15 is tight (in the
noiseless case, up to constants)

We show that the bound on the effective sparsity by Lemma 5.15 is tight in the
noiseless case, up to constants, by providing lower bounds on the noiseless effec-
tive sparsity. The noiseless effective sparsity is the effective sparsity as defined in
Definition 5.9, but with v_g = 0.

It holds that

(D)5 = 1(P)=sll)?
1£113/n ’

I2,(5.0) > V f e RM>xna,

To prove a lower bound on FIZD « (S, 0) we therefore need to choose an appropriate
f e R XXng
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E.1. Lower bounds in one dimension

Let S = {t1,....,t5}. For k € {1,2,3,4} assume a tessellation of [k + 1 : n] with

th=t, .mel[s—1]andd}f =d, ,,mel[s—1], where d,, = t,, —1,, and

df =t} —t, form € [s]. Note that ;7 = k + 1. Assume that

df +k=df =-..=d =df =:d and d > k.

S
E.1.1. A piecewise constant function, k = 1. Define
1 ¢ n n
Kii= 1 (__ ; _).
2 2y

Lemma E.1. Fork =1 and d = 1, the bound on the effective sparsity by Lemma 5.15
is tight in the noiseless case up to a constant, i.e., it holds that

r2.(5.0) > Ki.

Proof of Lemma E.1. Consider the vector f* € R” given by

n .
—(lm)d—_, JEtm—d :ty], me[s]
f}-* = m
(_1)m+1d”_+, JEltm +1:tm+d], mels).
m

It holds that ||(Df*)_s|l1 = 0 and ||(Df*)s|l1 = 2K;. Moreover,

s—1
* _ n _ n n
I f*13/n = (df + “(de +mZ=1(d,;r - dmﬂ)w S 4Ky,

Therefore, FIZDI(S,O) > K;. =
E.1.2. A piecewise linear function, k = 2. For k£ > 1 we need to choose f* with
continuous 0, 1, ...,k — 2 derivatives. In the case k = 2, f* needs to be a discretiza-
tion of a continuous function.

Define

()|

Lemma E.2. Fork =2 and d = 1, the bound on the effective sparsity by Lemma 5.15
is tight in the noiseless case up to a constant, i.e., it holds that

I2,(5.0) = K».
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Proof of Lemma E.2. Consider the vector f* € R” given by

2
* n S
I = (—1)m—d3|lm—]|,] €ltm—d:tm+d], mels].

It holds that ||(Df*)_s|li = 0 and ||(Df*)s|l1 > 26K,/3. Indeed, for d > k it
holds that (d + k)™ > 27*d ™, x € N. Moreover,

(d+)

—3 = 212K, /32

I1£¥13/n < 2528

Therefore, I%z(S,O) > Ks. n

E.1.3. A piecewise constant function, Xk = 3. In the case k = 3, /™ needs to be a
discretization of a continuous function with continuous first derivative.

Define
5 & n\° n\°
o= X ((0) + ()
213m2=:1 dm dn_l{

Lemma E.3. Fork =3 and d = 1, the bound on the effective sparsity by Lemma 5.15
is tight in the noiseless case up to a constant, i.e., it holds that

T24(S,0) > K.

Proof of Lemma E.3. Consider the vector f* € R” given by

——5 (2 —d?), jeRTUI: 3,
3
ﬁ«¢>vf—dﬂ,jeR;meu:¢

(Dm «t—nz d*), jeR,me[2:s]

St =y

It holds that ||(Df*)_s|l1 = 0 and ||(Df*)s|1 > %K} Moreover,

(d +1)°
11/ = 2 DT 2
Therefore, 1'%3(5,0) > K3. ]

E.1.4. A piecewise cubic function, k = 4. In the case k = 4, f™* needs to be a
discretization of a continuous function with continuous first and second derivative.

Define i : .
32 n n
K= —— —) +({=) ).
= X (7)< ()
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Lemma E4. Fork =4 andd = 1, the bound on the effective sparsity by Lemma 5.15
is tight in the noiseless case up to a constant, i.e., it holds that

[54(S.0) = Ki.

Proof of Lemma E.4. Consider the vector f* € R” given by

4
n . . .
(D" 7 = tm = d/2)( = tm + d)?, j€ltm—d:tml,mels],
i~ n* . .
(_l)mﬁ(] —tm + d/2)(] —Im _d)zv J € [tm tm + d],m € [S]
It holds that ||(Df*)_s|l1 = 0 and |[(Df*)s|l1 > @Km Moreover,
124

32

Lf*13/n < K.

Therefore, Flz)4(S,O) > K. =

E.2. Lower bounds in higher dimensions

We consider the case d > 1. For k € {1, 2, 3,4} define for each coordinate i € [d] the
active set S; := {t1;,...,1, ,;} and the bounds K} ; as in Lemmas E.1-E.4 and their
proofs.

Let S := 87 x---x S;. Assume a tessellation of [k + 1 :nq] X --- x [k + 1 : n4]
being a product of one-dimensional tessellations with t;;’i =lpyy10 M E [si — 1],
i €[d]and d,:’i =dp 1 ;-mEsi —1],i €[d], whered,, ; = tm,; — 1, ; and d,;t’i =
to ;= tm,i form € [s;],i € [d]. Note that 17, = k + 1,i € [d].

m,i

Lemma E.5. For k € {1,2,3,4} and d > 1, the bound on the effective sparsity by
Lemma 5.15 is tight in the noiseless case up to a constant, i.e., it holds that

d
r2:(8.0) = [ ] K-
i=1
Proof of Lemma E.5. For i € [d], define the vectors f;* € R™ as in the proofs of
Lemmas E.1-E.4. Define f™* := f{* x---x f].
Because of the product structure of f*, by the proofs of Lemmas E.1-E.4 it holds
that

d d d
10% 1y = TTIDE£51n = TTIDF £, 1 = 1D% sl = T Kes
i=1 i=1 i=1
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d d
LF*13/n = TTIAA15/m < [ ] K- "

i=1 i=1
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