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AdaBoost and robust one-bit compressed sensing

Geoffrey Chinot, Felix Kuchelmeister, Matthias Loffler, and
Sara van de Geer

Abstract. This paper studies binary classification in robust one-bit compressed sensing with
adversarial errors. It is assumed that the model is overparametrized and that the parameter
of interest is effectively sparse. AdaBoost is considered, and, through its relation to the max
£1-margin-classifier, prediction error bounds are derived. The developed theory is general and
allows for heavy-tailed feature distributions, requiring only a weak moment assumption and an
anti-concentration condition. Improved convergence rates are shown when the features satisfy
a small deviation lower bound. In particular, the results provide an explanation why interpol-
ating adversarial noise can be harmless for classification problems. Simulations illustrate the
presented theory.

1. Introduction

Classification is a fundamental statistical problem in data science, with applications
ranging from genomics to character recognition. AdaBoost, proposed by Freund and
Schapire [24] and further developed in [53], is a popular and successful algorithm
from the machine learning literature to tackle such classifications problems. It is based
on building an additive model with coefficients ET composed of simple classifiers
such as regression trees and then using the binary classification rule sgn((,gT, ). At
each iteration another simple classifier is added to the model, minimizing a weighted
loss-function. Alternatively, AdaBoost can be viewed as a variant of mirror-gradient-
descent for the exponential loss [9,25]. Empirically, it often achieves the best general-
ization performance when it is overparametrized and runs long after the training error
equals zero [21].

However, a theoretical understanding of the generalization properties of Ada-
Boost, that explains this behaviour, is still missing. Early theoretical results on the
generalization error of AdaBoost and other classification algorithms were based on
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margin-theory [33,52] and entropy bounds. In high-dimensional situations, where the
dimension of the features and number of base classifiers is larger than the number of
observations 7, these become meaningless. Another approach to explain the success
of AdaBoost and other boosting algorithms is based on regularization through early
stopping [11,31,39, 64]. However, by their nature these bounds can not explain gen-
eralization performance when the number of iterations grows large and the empirical
training error equals zero. In the population setting [10] showed that the generaliza-
tion risk of AdaBoost converges to the Bayes risk, but this does also not indicate any
performance guarantees for finite data.

A more thorough understanding has developed through the lens of optimisation.
Already in [24] it was shown that each iteration of AdaBoost decreases the training
error. Moreover, in [9,25], a close connection to the exponential loss was pointed out
and studied. Building on these results, [48, 50, 64] discovered that overparametrized
AdaBoost, when run long enough with vanishing learning rate € (see Algorithm 1),
has £{-margin converging to the maximal £;-margin. In particular, this means that
given training data (X;, y;)}_,, where the y; are binary and the X; are p-dimensional
feature vectors, and where ET denotes the output of AdaBoost with the canonical
basis as simple classifiers, learning rate € and run-time 7', we have

(yiXi. Br) 'SF (viXi. B)

min — max min ————- =:Y, ey
1sisn | Brlh p#0 1si=n Bl

provided that y is positive. The above holds universally for boosting algorithms that
are derived from exponential type loss functions and various possible adaptive step-
sizes. For these, general non-asymptotic bounds have been developed in [44,55].
Any vector E that maximizes the right-hand side in (1) is proportional to an output
of
B\ € argmin{||,3||1 subject to min y;(X;,B) > 1}. 2)
1<i<n

From the representation (2), it can be seen that, if ,3 is well-defined, then B interpol-
ates the data in the sense that (X;, 3 ) and y; have matching signs for all i. Similarly,
neural networks and random forests are typically massively overparametrized and
trained until they interpolate the data. Empirically, it has been shown that this can
lead to smaller test errors compared to algorithms with a smaller number of paramet-
ers [7,59]. Statistical learning theory based on empirical risk minimization techniques
and entropy bounds can not explain these empirical findings and a mathematical
understanding of this phenomenon has only began to form in recent years. The pre-
valent explanation so far is that, similar as in (1), these algorithms approximate max
margin solutions [30,54,55]. As in (2), an algorithm that maximizes a margin is equi-
valent to a minimum-norm interpolator. It is then argued that this leads to implicit
regularization and hence a good fit.
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The study of minimum-norm interpolating algorithms has mainly been investig-
ated in three settings so far. The first line of research has focused on a random matrix
regime where the number of data points and parameters are proportional. Here precise
asymptotic results can be obtained, see for instance [18,43] for max £,-margin inter-
polation, [38] for max £;-margin interpolation and consequently AdaBoost, [40] for
2-layer-neural networks in regression and [28] for minimum-£,-norm linear regres-
sion. However, these results do not exploit possible low-dimensional structure such as
sparsity and they also require a large enough, constant, noise-level, leading to incon-
sistent estimators.

Another line of work has focused on non-asymptotic results in an Euclidean set-
ting with features that have a covariance matrix with decaying eigenvalues, see [45]
for classification with support-vector machines (SVM) and [6, 16] for linear regres-
sion. These results rely crucially on Euclidean geometry, which gives explicit formu-
las for the estimators under consideration, and also do not lead to improved conver-
gence rates in the presence of low-dimensional intrinsic structure.

A third line of work originates in the compressed sensing literature. Here low-
dimensional intrinsic structure and often small noise levels, including adversarial
noise, are studied. Small noise might be a realistic assumption for many classification
data sets from the machine learning literature. On data sets such as CIFAR-10 [22] or
MNIST [57] state of the art algorithms achieve test errors smaller than 0.5%, implying
that the proportion of flipped labels in the full data set is also small. On the theoret-
ical side, pioneering work by Wojtaszczyk [58] has shown that minimum-£;-norm
interpolation, introduced by [15] as basis pursuit, is robust to small, adversarial errors
in sparse linear regression. This has recently been extended to other minimum-norm
solutions in linear regression [17], phase-retrieval [34] and heavy-tailed features in
sparse linear regression [35]. Moreover, ideas from compressed sensing and interpol-
ation were recently combined in [37] to construct non-parametric prediction bands.

Sparsity enables to model the possibility that only few variables are sufficient
to predict well and allows for easier model interpretation. In binary classification, a
sparse model with adversarial errors can be described by having access to a data set
Dy = (X, yi)j_,, where the features (X;)’s are i.i.d. random vectors in R? distrib-
uted as X and X = (x1,...,xp) where le"lf'u for some distribution . For s > 0,
we are given an effectively s-sparse f* € $771, i.e. a vector B* such that || 8*|, = 1
and ||8*||; < +/s. Finally, for a set @ C [n], we have

o {sgn(<Xi,ﬂ*>) i¢0,

. 3)
—sgn((X;. B*)) i€O0.

The set O contains the indices of the data that is labelled incorrectly. We do not impose
any modelling assumptions on 0. @ may be random, deterministic or adversarially
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depend on all features (X;)7_,, but we impose that the proportion of flipped labels
is small such that |9| = o(n). In the applied mathematics literature, this model is
called robust one-bit compressed sensing and in learning theory agnostic learning of
(sparse) half-spaces.

As far as we know, there are no theoretical results for estimators that necessarily
interpolate in the model (3) when @ # @. In the noiseless case where @ = @ and for
standard Gaussian measurements, the authors of [46] have proposed and investigated
an interpolating estimator, similarly defined as (2) with the minimum replaced by an
average and an additional matching sign constraint. In particular, they showed that
this estimator is able to consistently estimate the direction of 8*.

Subsequent work where the model (3) and variants of it were considered, has
focused on regularized estimators in order to adapt to noise or to generalize the
required assumptions. First results for the model (3) and a computable algorithm were
obtained by [47], where a convex program was proposed and investigated. If 8* is
exactly s-sparse, i.e. it has at most s non-zero entries, the attainable convergence rates
can be improved and faster performance guarantees were obtained in [3,29, 63]. Fur-
ther works investigated non-Gaussian measurements [1], active learning [3, 60, 62],
overcomplete dictionaries [5], and random shifts of (X;, 8*), called dithering, [20,
32].

In this paper, we consider the performance of AdaBoost in the overparametrized
regime with small and adversarial noise. We additionally assume that 8* is effectively
s-sparse. We leverage the relation in (1) between AdaBoost and the max £;-margin
estimator (2) to analyze AdaBoost (as described below in Algorithm 1). In particular,
we show that when p = n and the feature vectors fulfil a weak moment assumption and
an anti-concentration assumption, then with high probability AdaBoost has vanishing
prediction error, provided (s + |@|) log°(p) = o(n) for some constant ¢ > 0 and
sufficiently many iterations T = O(n) of AdaBoost are performed. Moreover, when
the features are Gaussian or Student-¢ (with at least ¢ log(p) degrees of freedom)
distributed, we obtain prediction and Euclidean estimation error bounds that scale as

(<s+|(9|)1og6(p>)”3

n

“)

which is among the best available convergence guarantees in the one-bit compressed
sensing literature so far.

These results are, as far as we know, the first non-asymptotic guarantee for over-
parametrized and data interpolating AdaBoost in a sparse and noisy setting. We illus-
trate our theory with Laplace, uniform, Gaussian and Student-¢ (with at least ¢ log(p)
degrees of freedom) distributed features. Moreover, our main result also explains why
interpolating data can perform well in the presence of adversarial noise, providing an
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explanation to the question raised in [61]. Numerical experiments complement our
theoretical results.

Compared to [38], we consider a completely different regime. In their setting,
sparsity can not be assumed and the noise level can neither be adversarial nor small.
Hence, in [38] consistent estimation of the direction of 8* is impossible and the res-
ulting generalization error is close to 1/2 when p is large compared to 7.

Notation

The Euclidean norm is denoted by || - ||2 and induced by the inner product (-, -), whilst
|| - l1 denotes the £1-norm and || - ||oo the £oo-norm for both vectors and matrices. BY
and BY denote the unit £;-ball and £,-ball in R?, respectively. In addition, we write
$P~1 for the p-dimensional unit sphere. By ¢, we denote a generic, strictly positive
constant, that may change value from line to line. Moreover, for two sequences a,,, by
we write a, < by, ifa, <cb, VY n.Similarly, a, = b, it b, Sa, anda, < by, ifa, <by
and b, < a,. When an assumption reads ‘Suppose a,, < b,’ this means that we assume
that for a small enough constant ¢ > 0 we have a, < c¢b, V n. By [p] we denote the
enumeration {1, ..., p}, by {e;},;¢[p] the set of canonical basis vectors in R?, and
by X; the i-th column of the matrix X = [X1, ..., X,] of feature vectors. We denote
the sign function, sgn(x) = 1(x > 0) — 1(x < 0). Throughout this article, we use
bold letters to denote random matrices, upper case letters for random vectors and
lower case letters for random variables. For example, we write X = (X;);e[,) € R?*"
and X; = (x;,1,....Xi,p) € R,

2. Main results

2.1. Model and assumptions

We consider a binary classification model, which allows for adversarial flips. In par-
ticular, we assume that we have access to a data set (y;, X;);e[s]- The X;’s are i.i.d.
random vectors in R? distributed as X and X = (xy, ..., xp), where x; o u for
some distribution  that is symmetric and has zero mean and finite variance. Without
loss of generality, we may assume that the variance is one, as both the considered loss
functions and the observed data are scaling invariant. The y;’s are generated via

o {sgn(<x,-,ﬂ*>) i#0.

—sgn((X;. B*)) i€O0. ©)

The set @ C [n] is the set of the indices of the mislabelled data. We assume that the
fraction of flipped labels is asymptotically vanishing, || = o(n), but that @ may be
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picked by an adversary and depend on the data. In particular, this includes parametric
noise models such as logistic regression or additive Gaussian noise inside the sign-
function above, as long as the variance of the noise decays to zero as n goes to infinity.
We assume that B* € §771 is effectively s-sparse, that is || *||; < /5.

For stating our results we will treat all other parameters that do not depend on
p.n,s and || as fixed constants. Moreover, we always assume tacitly that p > cn,
for a large enough constant ¢ > 0.

We measure the accuracy of recovery by the prediction error

d(B.B*) = P(Sgn((Xn-i-l,E)) # sgn((Xn41. %)) | (i Xi)iem))- (6)

where X, 41 is an independent copy of X . This is the quantity which is used empir-
ically to measure the quality of classifiers such as neural networks on standard image
benchmark data sets [22,57].

We now formulate the three main assumptions used throughout this article. They
describe the tail-behaviour and behaviour around zero of the features. For the tail-
behaviour, the only assumption we make is a weak moment assumption of order

log(p).

Definition 2.1. A centred, scalar random variable x fulfils the weak moment assump-
tion (of order log(p)) with parameter ¢ > 1/2 if

(Elx9)"? < ¢° V1 <q <max(l,log(p)).

For a matrix X or a vector X, we say that they satisfy the weak moment assumption
if their entries satisfy the weak moment assumption.

This assumption is weaker than commonly assumed sub-Gaussian or sub-exp-
onential tail behaviour and allows for feature distributions with heavy-tails such as
the Student-¢-distribution with ¢ log(p) degrees of freedom. Under the weak moment
assumption we can control the £, norm of X = (xq,... , Xp) composed of i.i.d. ran-
dom variables satisfying the weak moment assumption with polynomial deviation (see
Proposition B.1). Assuming sub-Gaussianity of the x;’s does not lead to improvement
of the convergence rates in our main results except for logarithmic factors. This is dif-
ferent to the theory developed in [20] where the exponent in the obtained convergence
results depends on whether the features are sub-Gaussian or heavy-tailed.

The next two assumptions measure the behaviour of the feature distribution around
ZEero.

Definition 2.2. A random vector X € R? fulfils an anti-concentration assumption
with parameter a € (0, 1] if

sup P([(X.B)[<e)<Se*Vpl<e<l (7)
Besr—1
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We say that a matrix X € R?*" satisfies the anti-concentration assumption with « €
(0, 1] if each column of X satisfies (7).

Assuming that X satisfies an anti-concentration assumption will be a necessity for
our results, as it ensures that for fixed vector 8, the scalar |{X;, 8)| is not too close
to zero for too many indices i € [n]. This in turn would lead to a tiny £;-margin and
many discontinuities of sgn({X;, 8)) at 8, rendering it impossible to prove uniform
results.

Similar anti-concentration assumptions were previously introduced in the learning
theory literature in the non-sparse setting, see e.g. [4, 19, 23], and were shown to be
satisfied by isotropic log-concave distributions [4] via an uniform upper bound for the
density of (8, X).

The next assumption is an optional counterpart to Definition 2.2 and leads to
improved convergence rates if it is satisfied.

Definition 2.3. A random vector X € R? fulfils a small deviation assumption with
parameter 6 > 0 if
inf P((X.B)<e)ze?Vpl<e<l. 8)
Besr—1
We say that a matrix X € RP*" gatisfies the small deviation assumption with para-
meter 0 > 0 if each column of X satisfies (8).

In [19] a stronger small-deviation assumption was formulated, assuming an uni-
form lower bound on the density of two-dimensional projections of X . This property
is satisfied by isotropic log-concave distributions [4] and implies (8) with 8 = 1.

2.2. Main results

2.2.1. AdaBoost, max £1-margin and a bound in terms of the margin. AdaBoost,
proposed by Freund and Schapire [24], is an algorithm where an additive model for
an unnormalized version of 8* is built by iteratively adding weak classifiers to the
model. To facilitate our analysis, we assume that the features X;’s are i.i.d. distributed
and that the weak classifiers can be identified with the standard basis vectors in R?.
We consider AdaBoost as described in Algorithm 1. The main difference to the ori-
ginal proposal by [24] consists of the choice of the step-size «;, which is obtained by
minimizing a quadratic upper bound for the loss-function at each step [55].
Alternative to the interpretation by Freund and Schapire [24], AdaBoost can be
viewed as a form of mirror gradient descent on the exponential loss-function [9, 25].
It is thus natural to expect that it converges to the infimum of the loss-function and
eventually interpolates the labels if possible. In fact, a stronger statement holds: As
described in (1), AdaBoost with infinitesimally small learning rate and a growing
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Algorithm 1: AdaBoost for binary classification

Input: Binary data (y;);e[n], features X = (X;);e[n], run-time 7', learning
rate €
Output: Vector ET e R?
1 Initialize ,go,i = 0 and rescale features X = X/||X||co
2 Fort =1,...T repeat

» Update weights w; ; = exp(=yi (Xi.Bi—1)) i=1,.

Y1 exp(=y;{X;,Bi-1))’

* Select coordinate v, = argmax, ¢, v, [ > weiyi (Xi,v)

 Compute adaptive step size oy = Y 1, wr;iyi (Xi, vs)
e Update Et = B,_l + €a; vy
3 Return ET

number of iterations 7' converges to a solution that maximizes the £;-margin [48,55,
64].

This holds even non-asymptotically [55] for many variants of AdaBoost and in-
cludes both the exponential and logistic loss-function as well as various choices of
adaptive step sizes «;, for instance logarithmic as originally proposed by [24], line
search [53, 64] or quadratic as in Algorithm 1.

To present non-asymptotic results and to ensure that our theory can potentially
be applied to other variants of AdaBoost, we introduce the following definition of an
approximation of the largest £;-margin: We say that E € R? provides an approxima-
tion of the max £;-margin if
min 24X B) > L nax mi yilXi.p) _ v ©)

I<isn || Bl 2 g#0 1<i<n ||B]1 2
The quantity y is called the max £;-margin. Moreover, the factor 1/2 can be substi-
tuted by any other positive constant smaller than one.

The following theorem gives a bound for the prediction error for any ,g that
provides an approximation of the max £;-margin. The bound itself depends on the
max £;-margin y. If the features fulfil an additional small deviation assumption, we
obtain improved convergence rates.

Theorem 2.1. Assume p 2 n and that X = (X;)ie[n] has i.i.d. zero mean and unit
variance entries and satisfies the weak moment assumption with { > 1/2 and the anti-
concentration assumption with a € (0, 1]. Let B be an approximation of the margin
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and suppose that E satisfies with probability at least 1 — t that y > Y. Define

(10g2c () log<n))” e
n= > .
Yol

and assume that n S 1. Moreover, assume that |O| S n®n. Then with probability at

1

least 1 —cp™" —t we have that

d(B,B*) < 1.

. . .o . . 2
Moreover, if X satisfies a small deviation assumption with 6 > 0 and || < n*1+8)n,

1

then, with probability at least 1 — cp™" —t, we have that

d(B.p*) < n?0+ %),

The proof of Theorem 2.1 involves two main arguments: a bound for the ratio
| E I/ B' ||2 in terms of the max £;-margin and a sparse hyperplane tessellation result
that adapts a proof technique introduced by [20]. For the bound on the ratio we argue
by contradiction and show that with high probability no B can simultaneously approx-
imate the margin and have small Euclidean norm. If the small deviation assumption
is satisfied we obtain an improved bound on the ratio by using a more involved
discretization argument via Maurey’s empirical method [12, 13, 51]. For the sparse
hyperplane tessellation result, we argue similarly as [20], but use again Maurey’s
empirical method instead of their net argument. Compared to a discretization argu-
ment via nets (as in [20, 47]) this has the advantage that we are able to deal with
features that only fulfil the weak moment assumption, while still retaining the same
rate (up to logarithmic factors) as in the sub-Gaussian case. By contrast, the obtained
convergence rates in [20] depend on whether the features are sub-Gaussian or not.

The following lemma shows that AdaBoost, as described in Algorithm 1, provides
an approximation of the max £;-margin, when it is run long enough. The proof is a
simple adaptation of results by [55] to our setting.

Lemma 2.1. Consider the AdaBoost Algorithm 1 and suppose that p 2 n and that
X = (Xi)ie[n] satisfies the weak moment assumption with { > 1/2. Suppose that
y > 0, that the learning rate € satisfies € < 1/6 and that

T 2 log? ! (np)/(€*y?).

Then, the output of Algorithm 1 provides an approximation of the max £1-margin with
probability at least 1 — p~!.

Hence, both for algorithmic (Lemma 2.1) as well as recovery guarantees (The-
orem 2.1), it is necessary to obtain a lower bound on the max £;-margin y.
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2.2.2. A bound for the max £;-margin. In this section, we obtain a lower on the
max £;-margin y, holding with large probability.

Theorem 2.2. Assume that p 2 n and that X = (X;)ie[n] has i.i.d. symmetric, zero
mean and unit variance entries and satisfies the weak moment assumption with ¢ >
1/2 and the anti-concentration assumption with a € (0, 1]. Then, with probability at
least 1 — cn™Y, we have that

n log1+2§(n)|(9| . a/29—-1/Q2+a)
2 log!t2¢ : 1
V~[1og(ep/n)(s+ loglep/m) T % (”)) ] {10

Crucial for the proof of Theorem 2.2 is the fact that, defining
B € argmin{|| 8|1 subject to y; (X;, B) > 1, i =1,....n}, (11)

we have the relation y = 1/ ||;§ |1 (see Lemma 4.1). Hence, to obtain a lower bound
for y it suffices to obtain an upper bound for || ,g |l1, which we accomplish by explicitly
constructing a § that fulfils the constraints in (11). In particular, we use the £;-quotient
property [35,58] to find a perturbation of 8* that has sufficiently small £;-norm while
still fulfilling the constraint y; (X;, ) > 1 foralli € [n].

The dependence in (10) on the log(n)-factor can be improved in certain situations,
e.g. when @ = @ or s = log(n), leading to a slightly sharper bound.

The following proposition shows that even in an idealized setting with no noise
and isotropic Gaussian features, where @ = 1 (see Corollary 2.3), the lower bound on
the margin in Theorem 2.2 is, in general, tight (up to logarithmic factors).

Proposition 2.1. Suppose p = n, O = @ and that the entries of X are i.i.d. N (0, 1)
distributed. Then, for any B* € SP~! which satisfies || B*||oo < 1/+/5, we have that

1 1\3
Ey < ( Ogn(p) ﬁ) . (12)

2.2.3. Rates for AdaBoost. Combining Theorems 2.1 and 2.2 with Lemma 2.1, we
obtain the following corollary that shows convergence rates for AdaBoost.

Corollary 2.1. Grant the assumptions of Theorem 2.2 and assume that for some large
enough constant k1 = k1(«, ¢) the AdaBoost Algorithm 1 is run for

T2 (n(s+ |(9|)a/2)2/(2+a) log“! (p)e 2

iterations with learning rate € < 1/6. Then, with probability at least 1 — cn™!, the
output Bt of AdaBoost Algorithm 1 satisfies

(5 + 0] log* (p))“/ G
n

d(Br.p) < (
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for some constant ky = ko (o, ¢). Moreover, if X satisfies a small deviation assumption
with 0 > 0, then

(s + 0] log"” (p))“‘1+5)/ G
n

d(Br.p*) < (

with probability at least 1 — cn™!.

As for consistency (s + |@]) log“2(p) = o(n) is required, it is ensured that in
this relevant regime AdaBoost is an approximation of the max £;-margin if we run
AdaBoost for T < nlog(p)*! /e 2 iterations. Hence, by contrast to other algorithms
such as gradient descent (e.g. [8, Section 9.3.1]) where often a logarithmic number of
iterations in n suffices, we require in the worst case an approximately linear number
of iterations in n to ensure consistency of AdaBoost.

2.2.4. Examples. We now illustrate our developed theory for some specific feature
distributions. First, for the density of the x;;’s being continuous, bounded and unim-

odal, we are able to show that the anti-concentration condition holds with parameter
a=1/2.

Corollary 2.2. Assume that X = (X;)ie[n] has i.i.d. symmetric, zero mean and unit
variance entries and satisfies the weak moment assumption with { > 1/2. Assume that
the xij’s have density f that is continuous, bounded by a constant, and unimodal, i.e.
flag) > f(e) Vae€ (0,1),e € R. Then X satisfies the anti-concentration condi-
tion with parameter « = 1/2. In particular, this includes features that are distributed
according to the uniform, Gaussian, Student-t with d Z log(p), d € N, degrees of
freedom distributions (with { = 1/2) and the Laplace distribution (with ¢ = 1). Hence,
when p Z n and AdaBoost is for some constant k1 = k1({) run for at least

T2 (n(s+ |(9|)1/4)4/5 log(p)<te2

1

iterations, then with probability at least 1 — cn™", we have that

(s + |<9|>log“2<p))2/25
n

d(Br.B*) < (

for some constant ky = Kk3(C).

When the features are Gaussian or Student-¢ with at least ¢ log(p) degrees of free-
dom distributed, we are able to improve upon this and show that the anti-concentration
and small deviation conditions are both fulfilled with parameters o =6 = 1. Moreover,
for these distributions the prediction and Euclidean estimation error are closely related
such that we are also able to obtain error bounds in this distance.
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Corollary 2.3. Assume that the entries of X = (Xj)ie[n) are i.id. N(0,1) or
v (d —2)/dty distributed for log(p) < d, d € N, p Z 1. Then X satisfies the anti-
concentration and small deviation assumptions with @ = 60 = 1 and the weak moment
assumption with ¢ = 1/2. In particular, when p = n, and after at least

T > (n(s + |(9|)1/2)2/3 log(p)’”e_2
iterations of AdaBoost, we have with probability at least 1 — cn™' that

(s + |(9|)1og“2(p))“3
n

d(Fr.p*) < (
for some constant k,. Moreover, on the same event, we have that

H Br__ g 5(<s+|c9|)log”<p>)”§
1Bzl 2 "

We now compare the convergence guarantees for AdaBoost with Gaussian or
Student-¢ distributed features with the state of the literature, where mostly Gaussian
features and Euclidean estimation error were considered. When @ = @ the perform-

13)

ance guarantee in (13) is better than existing bounds for regularized algorithms [47,
63] and match, up to logarithmic factors, the best available bounds that can be obtained
by combining the tessellation result in Proposition 4.2 with Plan and Vershynin’s [46]
linear programming estimator. A straightforward adaptation of the proofs from [20]
for the tessellation to our setting, would lead to an exponent of 1/4 in (13) in case
of the Student-¢ distribution with at least ¢ log(p) degrees of freedom. We achieve
improved rates by replacing the net discretization from [20] with a more involved
Maurey argument.

For Gaussian features and in the presence of adversarial errors, the convergence
rate obtained in (13) improves over the rate for the regularized estimator by [47]
if (|@|/n)* = o(s/n) and otherwise their algorithm achieves faster convergence rates,
in both cases up to logarithmic factors. If §* is exactly s-sparse, i.e. at most s entries
of B* are non-zero, then the rate in (13) is sub-optimal in the dependence on s log(p)/n
and |@|/n and faster rates were obtained for a (non-interpolating) regularized estim-
ator in [3] for strongly log-concave features.

2.3. Simulations

In this subsection, we provide simulations for various feature distributions to illustrate
our theoretical results qualitatively. Alongside Theorem 2.1, we show the empirical
prediction error as a function of the sample size n and the number of corrupted
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labels |(@|. Moreover, to accompany Theorem 2.2, we plot the margin as a function
of n.

As illustrated in Corollary 2.2, the developed theory applies to various distribu-
tions of the entries of the features X;;, such as continuous, bounded and unimodal
distributions. To highlight the universality of our theory, simulations were performed
for the standard normal distribution A (0, 1), the Student-¢ distribution with log(p)
degrees of freedom, the uniform distribution with unit variance , and the Laplace dis-
tribution with zero location and unit scale parameter.

The ground truth 8* was generated randomly, with an s-sparse Rademacher prior.
That is, s out of the possible p entries are chosen at random, and set to +1/4/s with
equal probability. The remaining entries are set to zero, making 8* s-sparse, with
|8*|l2 = 1. The indices for the set of corruptions @ was chosen uniformly at random,
such that a predetermined number of labels is corrupted. The sparsity was chosen
as s = 5. As Theorem 2.1 assumes p = n, we let p = 10n. AdaBoost was executed
as described in Algorithm 1, using step size € = 0.2. The number of steps performed
was T = (ny/s + |O])?/3log(p)/e? steps, imitating the setting in Corollary 2.3. The
simulations are averaged over twenty iterations.

The two plots in Figure 1 show the noisy case, while noise is absent in the two
plots in Figure 2. For the max £;-margin estimator the prediction error for all simu-
lated features appears to behave identically. By contrast, the £;-margin differs widely
across the features by a multiplicative constant, but shows the same asymptotic beha-
viour.

As stated in Lemma 2.1, we see that the margin of AdaBoost is close to the max
£1-margin and that the performance of AdaBoost is similar to the performance of the
max £1-margin classifier. The proximity of AdaBoost to its limit appears to depend
on the distribution of the features. In particular, the simulations suggest that heavier
tails lead to slower convergence. This is reasonable, considering that AdaBoost res-
cales the features with their {o-norm, see Algorithm 1. This is particularly visible
when comparing the uniform distribution, for which the max £;-margin estimator and
AdaBoost seem to behave almost identically, to the Student-¢ distribution, for which
the margin is close to zero for some n.

3. Conclusion

In this paper, we have shown that AdaBoost, as described in Algorithm 1, achieves
consistent recovery in the presence of small, adversarial errors, despite being over-
parametrized and interpolating the observations. Our results hold under weak assump-
tions on the tail behaviour and the behaviour around zero of the feature distribution.
In addition, for Gaussian features the derived convergence rates in Corollary 2.3 are
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Figure 1. On the left, we plot the prediction error for || = 40 corruptions, against the number
of samples n, for various features. On the right, we show for n = 500 how the prediction error
changes as the number of randomly flipped labels || decreases. The solid lines s represent the
max £1-margin estimators ﬂ (2). The dash-dotted lines are instances of AdaBoost ﬂT, as defined

in Algorithm 1.
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Figure 2. On the left, we consider the same setting as in Figure 1, however in the case of
noiseless data |[@| = 0. On the right, we plot for noiseless data the margins y of the max ¢;-
margin estimators, as defined in (1), as well as the £1-margins of AdaBoost S7.

comparable to convergence rates of state-of-the-art regularized estimators [47]. This is
a first step for the understanding of overparametrized and interpolating AdaBoost and
other interpolating algorithms and shows why such algorithms can generalize well in
high-dimensional and noisy situations, despite interpolating the data.

However, in the presence of well-behaved noise, as in logistic regression, our
bounds are suboptimal and require that the fraction of mislabelled data points decays
to zero. By contrast, regularized estimators [47] are able to achieve faster conver-
gence rates in such settings and do not require that the fraction of mislabelled data is
asymptotically vanishing to achieve consistency.

Many open question do remain. The convergence rate for Gaussian features in
Corollary 2.3 is among the best available results if f* is allowed to be genuinely
effectively sparse. However, it is not clear whether the exponent in (13) is optimal,
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and further research about information theoretic lower bounds is needed. When §*
is exactly sparse, the convergence rate in (13) is sub-optimal and better results for
log-concave features have been obtained by [3] for a regularized estimator. Moreover,
for noiseless data and exact sparse f* our simulations suggest that AdaBoost attains
a faster rate than in the noisy case. It thus remains as an interesting further research
question how to show that AdaBoost attains faster convergence rates for noiseless data
and when B* is exactly s-sparse.

Finally, our results rely heavily on the anti-concentration assumption in Defini-
tion 2.2, which is not fulfilled for Rademacher features. Assuming additionally

18 lloe = o(1),

the authors of [1] obtained convergence rates for the regularized estimator proposed
in [47]. It is straightforward to adapt our lower bound on the max £;-margin in The-
orem 2.2 to such a setting. However, by contrast, it is not clear how to modify the
uniform tessellation result used in the proof of Theorem 2.1 and consequently show
convergence rates for AdaBoost without anti-concentration.

4. Proofs

4.1. Proof of Theorem 2.1

Proof. Let B be an approximation of the max £;-margin. Defining 8 := 23 /(voll E ),
we have on an event of probability at least 1 — ¢ that

min y; (X;, B) > 1,

i€[n]
and B € 1, BY for ry = 2/yo. It follows that [|ll1/l|Bll2 = 1Bll1/1Bll2. which we
bound by applying the following proposition, which we prove in Section 4.3.

Proposition 4.1. Assume p 2 n and that X = (X;)ie[n] has i.i.d. zero mean and unit
variance entries and satisfies the weak moment assumption with { > 1/2. Let r, > 0
be such that

< n
'n S .
"\ 10g%H (p) log(n)

Then with probability at least 1 — cp™', for any B € R? such that |B||1 < r, and
min; e[s] yi (Xi, B) = 1, we have that

I8
181
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Moreover, assume that X fulfils a small deviation assumption with parameter 6 > 0.
Then with probability at least 1 — cp™, for any B € R? such that ||B||1 < r, and
min; e[,) yi (Xi, B) = 1, we have that

18lls _ ra

1Bl ~ @

where

1/6
n
Ty X .
! [logz”l(p) log(n)r,%}

Having obtained a bound for the ratio || ,g I/ ,g |2, we next use a sparse hyper-
plane tessellation result for the pseudo-metric d, arguing by contradiction. The proof
of Proposition 4.2 is presented in Section 4.4. Since d is scaling invariant, i.e.

d(B.B)=d(B.B/IBl2).
it suffices to consider only elements on the unit sphere.

Proposition 4.2. Assume p 2 n and that X = (X;);e[n] has i.i.d. zero mean and unit
variance entries and satisfies the weak moment assumption with ¢ > 1/2 and the
anti-concentration assumption with « € (0, 1]. For a > 0, define

( ,log2+1(p) 1og(n))1/ S
n=cl|a ,

(14)
n

and assume 1 < 1/2. Define
Ba,n) ={B €R? :d(B, ") = cn™}.

Then with probability at least 1 — cp™!, we have uniformly for B € aBf N $P~1 N
B(a, n) that

1 & .
= A(sen((Xi, B)) # sen((X:. 7)) 2 n*.
i=1
Now we apply Proposition 4.2 with a < r,. Since |@| < n® by assumption, we
obtain

I ¢ A 0]
= A(sen((X:. B/11B112) # sen((Xi. %)) = —— 5",
i=1
and hence, adjusting constants, we have on an event of probability at least 1 —¢ —
cp~! that B/||Bll2 ¢ B(a,n), and hence on the same event d (B, B*) < n°.
When X satisfies the small deviation assumption with parameter 6 > 0, we apply
Proposition 4.2 with a < r,/7,. Since |O| < n“(H%) by assumption, we conclude

the proof using the same reasoning. |
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4.2. Upper and lower bounds for the max £;-margin

4.2.1. Proof of Theorem 2.2. We start this section with the following lemma. A
proof is given in [38].

Lemma 4.1 ([38, Proposition A.2]). Suppose that

yi{Xi.B)

:=max min ———— > 0.
U S VTN
Then, we have that y~! = ||,§||1, where
3 € argmin{|| 8|1 subject to y; (X;, B) > 1}. (15)

BeRP

Hence, in order to lower bound ¥ it suffices to upper bound || B |l1, which is accom-
plished in the following proposition.

Proposition 4.3. Assume p 2 n and that X = (X;);e[n] has i.i.d. symmetric, zero
mean and unit variance entries and satisfies the weak moment assumption with ¢ >
1/2 and the anti-concentration assumption with o € (0, 1]. Then with probability at
least 1 — cn™2, we have that

n log1+2§(l’l)|(9| " a/291/2+a)
— s+ ————— +log't g(n)) :| . (16)
log(ep/n) ( log(ep/n)

Proof. We prove Proposition 4.3 by explicitly constructing a 8 that fulfils the con-

mms[

straints in (15). For & > 0, we define a lifting function f;: R — R, where

x—¢ ifO0<x<g,

fe(x): =3 x+¢e if —e<x <0,
0 otherwise.
Fori € [n], we denote
_Z{ﬁ«&ﬁﬂ) i ¢0,
T2 ) - (X B e o,

and Z = (zq,... ,zn)T. Finally, we define

v € argmin || |1 subjectto (X;,8) =z;, i =1,...,n. a7
BeRP
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By definition of ¥, if i € 9, we have the decomposition

(X;i, B* =) = —(Xi, B*) + fo((Xi. BY))
—(X;, p*) if [{X;, B)*| =

=\ —¢ 1f0<( i B* )

& if —e<(X;,pB*

v

A similar decomposition with each equation above multiplied with —1 holds if i ¢ O.
Hence, we have that sgn({X;, B* —V)) = y; and [{X;,B* — V)| = efori =1,...,n

It follows that IIﬂ* o sl
~ Vi1 S Vi1
1Bl = S —+—.
€ e e
We now apply Proposition B.1 and obtain, with probability at least 1 — 2 exp(—2n),

that
ol 5~k

~ Viog(ep/n)

By Lemma B.1, we have with probability at least 1 —n~2 that

+1Z]co-

IZlloo < &+ max |(X;, B*)| < & + max |(X;, B*)| < & + log"/ 2T (n).
i€O i€[n]

It is left to bound || Z||». By the triangle inequality, we have that

1ZlI2 =2 3 X B2+ | £((Xi. %) (18)
i€e@ i=1

By Lemma B.1, we have with probability at least 1 — n~2 that

21X, B)P = 10 max (X, ) 5 |O]log! T2 ).
i€e@

We next bound the second term on the right-hand side in (18). Indeed, we have that

1 & 2 1 2
S LX) = 3 (X BT =€) 1(|(Xi B < )
i=1 i=1
&2 «
= — D (X p7)| <) (19)
o
Let p. = P(|(X1, B*)| < &). By Hoeffding’s inequality ([26, Theorem 3.1.2]), we
have with probability at least 1 — exp(—2n&2%) that

n

n 2
O A8 = S YUK ) <€) = e ) S

i=1 i=1
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where the last inequality holds by the anti-concentration assumption and for p~! <
¢ < 1. Hence, summarizing, we have with probability at least 1 — e=21¢>" — =2 —

2 exp(—2n) that
10g1/2+§(n)|(9|1/2 + nl/2g1+e/2

v < + & + log(n) /2%,
V1l ozer /) g(
Choosing
_ ($loglep/m)  |0]logln)! +26 V¥
- n n
concludes the proof. |

4.2.2. Proof of Proposition 2.1.

Proof. By the dual formulation of the margin (see Appendix A), we have that

Yy = HZ w; yi X;

w: w,>0Vl€ n] Jlwl=1

. (20)

Hence, for proving an upper bound it suffices to find an appropriate weighting w.
For 7, a sequence to be defined and 7, ! taking integer values, we define

{ T, i is among indices of 7, ! smallest entries of (|(X;, B*))"_,,
w; =

0  otherwise.

We use this choice of w to upper bound y. We denote the projector onto the space
spanned by 8* by P, P := B*(B*)T, and define its orthogonal complement PL :=
I, — P. We have that

n n n
S = [Svnrn]+[Soen
i=1 i=1 i=1

We treat the two terms separately. For the first term, we have by [27, Theorems 5
and 7] that

n
EHZ Wi yi
i=1

2y

= Bl Y wil(Xi, )

i=1

= B3 w06 576"
i=1

e o wklog(k +1) _ 18" leo(z, ' + 1) log(p)
S 1B Mo Y T =

~
n

k=1

We next bound the second term on the right-hand side in (21). Observe that

yi = sgn((X;, B*)) = sgn((PX;, 7).
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and hence y; is independent of PLX;. Likewise, w is a function of (PX;); and not
(P1X;);, and hence w and P X; are independent for each i. We conclude that

(X wiriPtxi) ~ N wl3ler. Prey)).
i
Hence, using a standard Chernoff-bound, we obtain

< ylog(p)llw] 3 = Vlog(p)tn.

EHZwiyiPXi
i

Hence, we obtain

< 18 lloo log(p)

) + Vlog(p)ta.
00 nty

n
Ey < EHZwiini
i=1

The final result is obtained by choosing

. n 2/3
= Kllﬂ*lloolog(p)) W

4.3. Proof Proposition 4.1

4.3.1. Proof of the first part of Proposition 4.1. In this subsection, we present a res-
ult holding only under the weak moment assumption. We will see in the next section
how to improve this result when assuming a small deviation assumption.

Proposition 4.4. Assume that X = (X;);e[n] has i.i.d. zero mean and unit variance
entries and satisfies the weak moment assumption with { > 1/2. Suppose that r, > 0

< n
m < —.
"~ Y log(p)
Then, with probability at least

1 2 P cn
—np — Z€Xp _—rr% logzc(p) s

for any B € R? such that ||B||1 < rn and min;e[,) yi(Xi, B) > 1, we have that
1Bll2 = 1/2.

Proof. Forr, > 0,let B € R? such that |81 < r, and min;e[,) y; (Xi, B) = 1. Thus,
we have

satisfies

1 n
S IXB) = 1. (22)

i=1
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We proceed by contradiction. Assume that ||B||> < 1/2. In this case, we show that
equation (22) is not satisfied with large probability, concluding the proof by contra-
diction.

For i € [n], using Holder’s inequality, we have that

(X0, B)] < I XilloollBll1 < rnll Xilloo < rnlogt (p),

where the last inequality follows from Lemma B.1 and holds with probability at least
1 — p~—2. Thus, with probability at least 1 — n/ p? we have, for all i € [n], that

(X, B)| < ralog(p).

Hence, conditioning on this event and using the bounded differences inequality ([26,
Theorem 3.3.14]), we obtain with probability at least

1-— 2exp(—L) —n/p?
r2log* (p)

that

1
sup  — > [(XiB)l<  sup  E|{X1.B)|
BernBPN(1/2)B 1 124 Ber, B N(1/2)BY

1 ¢ 1
+Eosup S (X B) —ENXGB) +

BernBYn(1/2)BL " i 2
By Jensen’s inequality and the fact that X is isotropic with unit variance, we obtain
that

sup E|(Xy,B)] = 1/2.

Bern B N(1/2)BY

Moreover, we have that
n

1 « 4
E sup — Y I(Xi, B)| —E[(X;, )| <E sup =Y 0i(Xi. B)
Ber,BPN(1/2)BS M i Ber,BYN(1/2)BS " i 2

log(p)
~ 'n ’

n

where (0;)7_, are ii.d. Rademacher random variables independent from (X;)7_,.
We used in the first line the symmetrization and contraction principles ([26, Theor-
ems 3.1.21 and 3.2.1]), and Proposition B.2 in the second line to bound the Rade-
macher complexity.

The condition on r, shows that

n

1
sup —ZI(Xi,ﬂ)I<1,
Ber,BPn(1/2)BL ' i

and the contradiction is established. n
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4.3.2. Proof of the second part of Proposition 4.1: Small deviation assumption.
In this subsection, we show how to prove the second part of Proposition 4.1 under the
small deviation assumption (Definition 2.3).

Proposition 4.5. Assume p 2 n and that X = (X;)ie[n] has i.i.d. zero mean and unit
variance entries and satisfies the weak moment assumption with { > 1/2. Moreover,
assume that X fulfils a small deviation assumption (Definition 2.3) with constant
0 > 0. Let r, > 1, define

( n )1/9
=c ,
log?**!(p) log(n)r?

and suppose that t, = 1. Then, with probability at least 1 — p~! for any B € R? such
that ||Bll1 < ry and min;ep,) yi (Xi, B) > 1, we have that

1BI1/1Bl2 < rn/Tn.

Proof of Proposition 4.5. Let {e; ;’:1 be the set of standard unit vectors in R? and
D = {xe;} U {0} C R? be the set of vectors with all entries equal to zero possibly
except just one, where the value is then +1. For m € N, we define Maurey’s set

1 m
Zy = {Z:%I;Zk, Zke:DVk}.

Take
m=c log2§ (p) log(n)r,%,

and define the event
Emax = {[X[l 00 < clog® (p)}.

and observe that by Lemma B.1, the event &.,x occurs with probability at least
1—p~!as p 2 n. Then, by Lemma 4.2, for all B € r, B such that ||B]> < .
there exists a vector zg € r, Zy, such that on E,,,, we have

max [(X;, B) — (Xi,zp)| < logs (p)ra log(2n) 1

1<i<n m 2

IA

aswell as || — zg||2 < 1/2 for m defined previously. Thus, by assumption on z,, we
also have
lzgll2 < @ +1/2 < .

In other words, on &,,,x we have that

{ZB Bl = s 1Bll2 < Cfn} CrnZmN {ﬁ B2 = Cfn} = Zm(rn, ).
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We invoke that

sup mln |<le,3>| > 1} N gmax
BernBY N{B:1Bl st} =1="

1
c { max min |(X;,z)| > —}.
2€Z (rn,tn) 1<i<n 2

Forall z € Z,,(ry, 1,) and i € [n], by the small deviation assumption (Definition 2.3),
1 Xi,
P(itria = ) = PR < £) 2 0
2 Izl Tn

P(10X52)1 = 5) = (1) < exp 5]

we have

Hence,

and thus we obtain

]P’( min [(X;,z)| > %) < exp[—cntn_e].

1<i<n
Since
1 Zm (s t)| < 1Zm| < (2p + 1™,
we obtain by a union bound that

1
IP’( max min [{X;,z)| > 5) < exp[m log2p + 1) —Cn‘[n_e:l.

2€Zy (rp,tn) 1<i=<n

We conclude that
P sup min |(X;, B)| = 1)
Bern BY n{B:l|Blla<ct,) <1<
< exp[mlog(2p + 1) — cnt, ] + P(ES,,
1

< exp(—cnrn_a) +p

from our choice of m and applying Lemma B.1. |

4.4. Tessellation: Proof of Proposition 4.2

Proof. Fora > 0 and 7 defined in equation (14), let € aBY N $771 N B(a, n). By
Lemma 4.2, there exists zg in Z,, such that

log(n)
max [(X;. B — zp)[lg,. S alogh (p)y/ — < and [|B—zll2

1
ieln] m Jm’
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where Emax = {[|X|loo < ¢log®(p)} and for m = ca?log? (p) log(n)/n?. We note
that by Lemma B.1, &, occurs with probability at least 1 — np~2. In particular, we
have

1/2<1-n=<|zll2=1+n=3/2
for n small enough. Let zg € Z,,. By Bernstein’s inequality ([26, Theorem 3.1.7]) and
the anti-concentration assumption, we have that

n

S 11X 20)] < 0} = n(P((X1,26)] < 1) + 1%)

i=1
< n(P(\(xl, il >\ < Zn) n n"‘)
AL

< ”(ﬂ sup_ P((X1.B)| < 21) + %)

o

nn

A

with probability at least 1 — exp(—cnn®). Now, define

J =i © mi X;, > pl,
{i €[n] z,gnél%lmH i.zp)| = n}

Using an bound over Z,, and that |Z,,| < (2p + 1)™, we obtain that with probability
at least
1 —2exp[mlog(2p + 1) — cnn®] = 1 — 2exp[—cnn®],

uniformly for zg € Z,,, we have
7€ < n%n.
For i € J and working on the event &,,, we have that
[(Xi.zg)l = n and [(Xi. B —zg)| <,

and hence (X;, B) and (X;, zg) have matching signs.
Hence, for B € aBY N $7~1 N B(a, n) and working on the event &y, we have

n

Z I{sgn({Xi, B)) # sen((Xi, %))}

i=1

= ) 1sen((Xi, ) # sen((Xi, %))}
ieJ
= Zl{sgn((Xi,Zﬂ)) # sgn((Xi,,B*))}

ieJ

> Y (1fsen((Xi.2p)) # sen((Xi. B*))} — ).
i=1
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Applying Bernstein’s inequality ([26, Theorem 3.1.7]), we have that

n

> 1(sgn((X:. ) # sgn((X;. %)) = (d(z. B*) — cn®)n

i=1

with probability at least 1 — exp(—cnn®). We next lower bound d(zg, *). Indeed,
arguing as above, we have that

d(zp. B*) = P(sgn((X.zp)) # sgn((X. B*))|(yi. Xi)}—1)

> P(sgn((X.zp)) # sgn((X. B)). (X.zg)| = 0. [(X.zp — B)| < nl(yi. Xi)1—))
= P(sgn((X. B)) # sen((X.B*)). {X.zp)| = n. [(X.zg — B)| < nl(yi. X0){—y)
> d(B.B*) — P (I(X.zp)| < nl(yi. Xi)[—y) = P({X. 2 — B) = nl(vi. Xi)P—y).

By the anti-concentration assumption (Definition 2.2), we have that

P(I(X.zg)| < nl(yvi. Xi){=) < n*.

Moreover, by our choice of m and Lemma B.1, we have that
P((X.zg — B)| > nl(yi. Xi)j=;) Sn™> S 0™

Hence, and since d (B8, B*) = n®, we obtain when the constant in the definition of
B(a, n) is large enough that

d(zg.B*) 2 1*.

Hence, taking another union bound over Z,, and &y,,x and for the constant in the
definition of 8B (a, ) large enough, we obtain with probability at least

1 —2exp[mlog(2p + 1) — cnn] —np~2>1- 2exp[—en®n] — np~2,

uniformly for 8 € aBY N $7~1 N B(a, n) that

n

Y 1(sen((Xi, B)) # sgn((Xi. B))) 2 n*n,

i=1

which concludes the proof. ]

4.5. Rest of the proofs

4.5.1. Lemma 4.2. The following lemma applies Maurey’s empirical method [12,
13] to construct a set Z,, that approximates the Bf’ -ball well.
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Lemma 4.2 (Maurey’s lemma). Let {e, | be the set of standard unit vectors in R?
and D := {Fe;} U {0} C R? be the set ofvectors with all entries equal to zero except
at most one, where the value is then £1. For m € N, define Maurey’s set

1
Ly =z =— , DVEk
m { mgzk Zk € }

Then, we have that Z,, C BY and that |Z,,| < (2p + 1)™. Moreover, for every
B € BY, there exists a vector zg € Z,, such that for Emax = {[|X|lee < ¢ logt(p)},

we have that

max |(X5.B) — (Xs.2p) . < log? (p) 5 and |8

1<i<n

—zgll2 £ — \/_

Proof. For z € D, either ||z||; = 1 orz = 0. Thus, for z := ) ;' zx/m € Z,, we
have
m
12 = > llzella/m < 1.
k=1
It is moreover clear that |D| = (2p + 1). Therefore, |Z,| < 2p + 1)™.

We now turn to the main part of the lemma. Let 8 € B f’ . Define a random vector
Z € Dby

P(Z =sign(Bj)e;) = |B;| forB; #0,j =1,....p
and
P(Z =0)=1~Bl.
Then
EZ =8, E|B—ZI5=181L—1B15=<1Bl <L

Let Z4,..., Z,, be independent copies of Z and define Z = ZZI:l Zi/m. Then we
get

= 1
Elf-Z|3 < —.
m
Let 0y, ..., 0, be a Rademacher sequence independent of (X, (Z1, ..., Z,)). Then

we have by the symmetrization inequality ([26, Theorem 3.1.21]) that

_ 2 mn _

E[max (X:, B) — (X1, Z)]| |X] < —IE|:max 1> ok (Xi. Zi)| |X].
1<i<n m 1<i< =1

Further, fori = 1, ..., n, we have that

m
Z(Xi, Zr)? <m|| X2, < m|X]|%.
k=1
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Thus, we obtain

m
> 0 lXe Zi|| K Z1vvv 2 | < VTR K e
k=1

E| max
1<i<n

Hence, and since
Emax = {”X”OO = Clng(p)},

we obtain that

IE[ max [(X;, B) — (Xi, ZHISW] < logz(p) loi(n)'

1<i<n
Invoking Jensen’s inequality and E||f — Z |2 < 1/m, we have that
E|B - Zll2 £ 1/v/m.

Hence, we obtain that

= = log(n)
E[ max |(X;.) = (X;. Z)lle,,, +log* (p)log"2(m)]| B — Z|12] Slog? () =5 =,
and hence there exists at least one zg € Z,, with the desired properties. ]

4.5.2. Proof of Lemma 2.1.

Proof. The proof follows closely the arguments in [55]. First, note that rescaling X =
X/|IX]|oo does not change the approximating properties of B for the max £;-margin.
Indeed, if B fulfils

yi(Xi/IXloo, BT) _ 1 - YilXi/IX oo, B)
n = > —max min =1 YR = ¥/ Xlc0>
1<izn IB7l1 2 B0 1<iz<n 1811
then, by linearity, ,g T also fulfils
vi(X;. Br) ] . vi(Xi.B)
—_— > . =V

_ — — max mi
1sizn || Brli 2 p#o1si=n[|B]h

Henceforth, we work with the rescaled data X /|| X|| 0, Which, in slight abuse of nota-
tion, we also denote by X. Note, that by definition || X]| o < 1. Define the exponential
loss

(P = 3 exp(-3i{Xi. ).
i=1
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Note that

VER) =~ 3 viXs exp(-i(Xi. ).

i=1
1 n
VAB) = — > Xi X[ exp(=yi(Xi. B).
i=1
Hence, we have that

—(VL(B1),ve) = arl(Br).

Moreover, note that |o;| < Y wy;|(X;, vs)| < 1. By second order Taylor expansion,
we obtain that

(Brn) = 6B) + ea (VB v} + 5 s (VG + reaguuy. v

We next bound the Hessian above. Indeed, we have for any r that

n

~ 1 ~
(V2U(B; + rea,v)vs, vy) = - Z(Xi’ v,)zezatz exp( vi{Xi, Br + rea,vt))
i=1

< a2 exp(rla;le)l(Br) < 2a?el(By).

Hence, we can further bound

2 2

i) = 0B + ean(VEF). 1) + 5 "B

2,2

5 )<€<ﬂ>exp( (e =5%)

< E(,B})(l — ea,z + 3

and hence we obtain

() = o 307 - 227))

t=1

Moreover, we have that

T T
1Bl = | Y eave| =€ el
t=1 t=1

In addition, we note that by the dual formulation of the margin (see Appendix A) and

definition of v; and «,, we have that

| = ||Z weiyiXil| = sziini |

n
ww; >0V i,|lw|=1
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Hence, by Markov’s inequality and since 3¢/2 < 1, we obtain for any positive x that

Z e By <lBriz < Zexp |Brllhx = yi(Xi. Br)) = nt(Br)exp(|Br1x)

i=1

3ela
< exp(logtn) ~ 3" (el —x - )
t=1
L 3eyr
< exp(loztn — ¢ Dl (1 -+ = 7))
t=1

Hence, choosing x = %yR and using that € < 1/6 and that with probability at least

1 —np~2, we have by Lemma B.1 that

2log(n) _ 2log(m)|| X |2,

T > =
3e2y2 3e2y2

we obtain

n
Z s o Bry<tBr iy < 2 exp(IBr I = yi (X, Br))

i=1
< exp(log(n) — 3T62ylze/2) <el=1.

Since Z?zl l{J/i( L Br)<IBri by can only take values in {0, 1, ..., n} this implies
that

2 Yox By <t vy = O

i=1
and hence the result follows. n

4.5.3. Proof of Corollary 2.3.

Proof. For Gaussian distributed features it is clear that the weak moment assumption
with ¢ = 1/2 is satisfied. Moreover, since for 8 € $7~! we have that (X, 8) ~ N (0, 1),
for any 0 < ¢ < 1, we then have
XA =) = [ —=e/2d
sup , <g)= — X <&,
Besr—1 —& \/E

and hence both the anti-concentration and small deviation assumptions are fulfilled
with « = 6 = 1. Finally, to show (13), note that by Grothendieck’s identity ([56,
Lemma 3.6.6]) and as the geodesic distance on the sphere is lower bounded by the
Euclidean distance, we have that

arccos ((ﬂ*,ET/||gT||2)) - ‘ Br

18712

d(B*, Br) = B* —

g

2
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For the Student-z-distribution with at least 32 1og(p) degrees of freedom, Lemma 4.3
below proves that the weak moment assumption, the anti-concentration, and small
deviation assumptions with « = 6 = 1 are satisfied. Moreover, Lemma 4.4 below
shows that in this case we can also lower bound

Br
1B l2

Lemma 4.3. Suppose that X = (x‘,');;l with X S v(d—=2)/dtygford e N, d >
321log(p) and p Z 1. Then for any 0 < ¢ < 1, we have

d(Br.B*) 2 |B* —

2

inf P(|(X.8) <¢) 2 e.
Besr—1

Moreover, under the same assumptions, we have that

sup P({X.B)| <¢) e+ p L.
Besr—1

Finally, for2q + 1 < d and p Z 1, we have that
()" 5 V4.
Proof. Since x; ~ +/(d —2)/dtg, we have that
_ V@ =2/d)z;

Vo VNI

where z denotes a standard Gaussian random variable and )(fl ;A chi-squared random
variable with d degrees of freedom that is independent of z. For 8 € $7~!, we have
conditionally on the )(2 j—Variables that

d -2 B2d
(X.B) | (X2j) =1 ~ ‘N(O’ d : )
i=1 de]

Hence, conditioning on the event where X?z = d/2 for all j € [p], and using inde-
pendence of z and the Xfi ;-variables and that |Bll2 < 1, we obtain that

P({X.B) <) = P(|z| =evd/(2(d —2)))19’(}2%2] Xaj =d/2)

)
ZSP(}_IE[III)I])(d’j Zd/2).



AdaBoost and robust one-bit compressed sensing 147

It is left to lower bound the probability involving the minimum. By applying a lower
tail bound for chi-square random variables ([36, Lemma 1]) and a union bound, we
obtain

1
P (min X?l,j <d/2) < pIP’()(fijl <d/2) < pe=d/16 < p=1 < >

Jj€lp]
using the conditions on d and p.
For the upper bound we argue similarly. We have

P(|(X.B)| <€) < P(max y7 ; >2d) + P(|Z] < ey/2d/(d —2))

Jj€lp]
< P(max y? ; > 2d) +¢.
(oo 2.5 = 24)
Applying an upper tail bound for chi-square random variables ([36, Lemma 1]), we
obtain

—d/16 1

PP (max )(in,j >2d) < p]P’()(fL1 > 2d) < pe <p -,

J€lp]
thus proving the claimed result.
Finally, for the claimed moment bound, integration by parts, and for I" denoting
the Gamma function, give

d*”T((q +1)/2)T ((d — D/2)

E|x; |4 =
il Z12T(d)2)

We now only consider the case where ¢ is uneven, as the other case follows along
the same lines. Indeed, since d 2= ¢, applying Gautschi’s inequality and using that
['(z) < z771/2 for z > 1, we have that

d*T((g + 1)/2)T((d —¢)/2)
['(d/2)

_ d??T((q +1)/2DT((d —q)/2)
(d=2)/2- - -(d=g—1)/JT([d —q+1)/2)
_ c4VRdIPT (g + 1)/2T((d — )/2)

ST d@RT(d g+ 1))
q/2
L CDPTUG+D/D) s
da/2
Taking the g-th root concludes the proof. ]

Lemma 4.4. Suppose that X = (x1, ..., Xp) with x; vy V(d—=2)/dtg ford =
log(p) and p = 1. Then for any B, B € SP~1, we have

P (sgn((X,B)) # sgn({X. B))) 2 18— Bll2.
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Proof. Since x; ~ /(d —2)/dt,, we have that
Jd=2)7dz
Xj = ——
NN

where z denotes a standard Gaussian random variable and )(Z ;a chi-squared random
variable with d degrees of freedom that is independent of z. Denote

:3)( = (:BJ vV d/X(zj,j)je[p]

and note that on the event {d /2 < Xfl,j <2d V1< j < p}, wehave

V1/2 < [1Byll2 < V2.

Then, conditioning on the X?Z j -variables and using Grothendieck’s identity ([56, Lem-
ma 3.6.6]), we have

P sen((X,B1) # sen((x. 7)) = e UPu/IPcll: PullFr 1)

H 1Bl ||,3X||2

2

Using that 8 and fj have unit norm, we further bound

H 1Byl ||/3X||2 2
E[(IBx1Bxll2 = ByllBxll2ll2)1(d/2 < x3 ; <2d ¥V 1 < j < p)]

~ 2
_ |: Z (B ||/3x||; f;”ﬁx”Z) 1(d/2 < thz',j <2dV1=<j< P)j|
d,j

2 E[(IB1Bx]2 — BlBxl22)1(d/2 < 15 ; <2d YV 1 < j < p)]

=z i 24 b2 —2ab(B.BYP(d/2<y% ., <2dV1<j<Dp).
>, i Va0 2ablB B P2 < g <20V 1<) <

By [36, Lemma 1], a union bound, and by our assumption on d and p, we have that
P(d/2<y3;<2dVY1<j<p)>1-2pe %) >1)2.
Hence, it is left to lower bound the quadratic equation

' 2 L p2 _2ab(B.B)).
Jpin (@ 4 b% = 2ab(p. B))
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If (,g , B) <0, itis clear that the minimum is attained at a = b = 1/2. Conversely, if

(B, B) > 0, we have

a’bg[ﬁi}lz’l](az + b2 —2ab (P, E)) > ae]R,zrél[rll/Z’l](a2 + b2 —2ab(B, ,g))
=, min (1= (8.B)) = (1 (8.5)).

since 0 < (5 ,B) < 1. Hence, summarizing, we have that

min /% + b2 ~2ab(. B) 2 /2~ 2(8.B) = 18 - Bll.

a,bel1/2,2]

thus concluding the proof. |

4.5.4. Proof of Corollary 2.2.

Proof. The proof of Corollary 2.2 follows mainly from Lemma 4.5 below, which
shows that the anti-concentration condition is satisfied for unimodal features with
bounded density, and by noting that the weak moment assumption is satisfied for
Laplace distributed features with ¢ = 1, for Student-¢ with at least 2 log(p) + 1
degrees of freedom by Lemma 4.3 with { = 1/2, and for uniform and Gaussian fea-
tures with ¢ = 1/2 as they are sub-Gaussian. |

Lemma 4.5. Suppose that X = (x1, ..., xp) consists of i.i.d. symmetric and unit
variance scalar random variables with density f. Suppose that || f ||co < 1 and that f
is unimodal, i.e. f(aw) > f(w) forany0<a <1andanyw € R. Then, for0 <g <1,
we have that

sup P(|(X, B)| <e) < e ?E|x|>.
Besr—1

Proof. We consider two cases. If ||B]loc < €'/2, then by the Berry—Essen theorem
(e.g. [14, Theorem 3.6]), we have

D

P((X.B) <e) S e+ Y IBPEIxi® S e+ & ’Elx | (23)
j=1

S e'PE|x P (24)

If || Blloo = €!/2, we argue as follows. Assume, without loss of generality, that |8;] >
¢!/2. We note that since x; is unimodal that B1x1 is unimodal, too. Then, since B1x;
is unimodal (see e.g. [2, Theorem 1]), we obtain that

»
P((X.B) <¢) = IP)(|,31)€1 + ijﬁﬂ < 8) <P(|Bix1] <€) < P(|x1] < 81/2)

J=2

<el/? < 2R |x 3,

as E|x1]® > (E|x1|?*)3? = 1 by Jensen’s inequality. [
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A. Dual formulation of the max £;-margin

We use Lagrangian duality to derive the dual version of the max £;-margin. Recall

that
) max min 2B 1
pAo1<i=n B IBII°
where we used Lemma 4.1, recalling that

,g € argmin || B||1 subject to y; (X;, B) > 1. (25)
BeRP
For every A € R”, define the Lagrangian £: R? x R” — R as
n
2B =Bl + Y Xi(1—yi(B. Xi)).
i=1

The dual problem of (25) is defined as

sup inf L(B,A). 26
AeR%ﬂeRp (B,2) (26)

‘We have that

it 2.0 = ot {81 + Y41~ u06.%0) |

i=1

=3 sup {83 dai) = 181 .
i=1 i=1

BeRP

For any function f:R? — R, the conjugate f* is defined as

ST() = sup {(x,y) — f(x)}. (27
x€R?
In particular (see [8, Example 3.26]), when f(8) = ||8]l1, we have that
0 ify € Beo,
o = { - (28)
oo otherwise,

where Boo is the unit ball with respect || - ||oo. From (27) and (28), the dual prob-
lem (26) can be rewritten as

( <1
=

n n
sup Zli subject to ‘)ZyiliXi
AERL =1 i=1
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Since the X; are linearly independent with probability 1 and p > n, the Moore—
Penrose inverse of X = [X1, ..., X,] exists, and hence there exists some B in R?
such that y; (X;, 8) = 1 fori = 1, ..., n. Hence, Slater’s condition is satisfied and
consequently there is no duality gap. It follows that

1 n
= = inf ” v X
’ I1Bll1  wwiz0Vig[n]|wli=1 ; iVidi o
B. Extra lemmas
B.1. Lemma B.1
Lemma B.1. Let X = (xy,...,x,)T be a random vector where the x;’s are i.i.d.

random variables that satisfy the weak moment assumption with { > 1/2. Then, with
probability at least 1 — p~2, we have that

X [loo < logb(p). (29)

Moreover, let X1, ..., Xn, n < p, be n i.i.d. copies of X and B € $P~L. Then, with

2

probability at least 1 — n™=, we have additionally

max |(X;, B%)| < log!/2* ¢ (n).

i€[n]

Proof. We have that

(& (max 1)) < pla(E)g )V < piagt,

Hence, by Markov’s inequality, we have
P(”X”oo >1) < elog(P)+eq+iglog(g)—glog(t)
Choosing ¢ = log(p) and ¢ = log® (p) concludes the proof of the first claim.

For the second claim we argue as follows. By Rio’s version of the Marcinkiewicz—
Zygmund inequality ([49, Theorem 2.1]), we have that

(E max |(X;, B)[9) /¢ < n"/1(E|(X, p))9) "/

i€[n]
1/q ,1/2 4 2 q\2/4 12
<n'1g 2> 18 P (Elx; %)

j=1
s nl/qq1/2+§_

Arguing as before with ¢ = log(n) concludes the proof. ]
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B.2. Proposition B.1

Proposition B.1 ([35, Theorem 5]). Let X1, ..., X, be i.i.d. random vectors distrib-
uted as X = (xq1,... ,xp)T, where the x;’s are i.i.d. symmetric, zero mean and unit

variance random variables that satisfy the weak moment assumption. For Z € R" and
X = [X1,- - Xy, define

D :=argmin ||B|l; suchthatXTp = Z.
BeRP

Assume that p Z n. Then, with probability at least 1 — 2 exp(—2n), we have that

1Z1]2

V/1og(ep/n)

IVl < + 2] co-

B.3. Rademacher complexity under weak moment assumption

Proposition B.2. Assume that X = (X;);e[n] has i.i.d. zero mean and unit variance
entries and satisfies the weak moment assumption with { > 1/2. For a € N, we have
that

n

1 1
E  sup —Zai(Xi,,B) Sa M.
BeaBPnBY " i1 n
The proof of Proposition B.2 uses the following bound for sums of order statistics
and will be presented below.

Lemma B.2. Assume that X = (xq,..., xp)T has i.i.d. symmetric, zero mean and
unit variance entries that satisfy the weak moment assumption with { > 1/2. Then,
forall 1 <k < p, we have

k 1/2
E(Z(x,-*)z) < logf () VE.

i=1

*

where (x¥)? is a monotone non-increasing rearrangement of (|x;|)f_,.

Proof. The proof is a small adaptation from [41, Lemma 6.5], where { = 1/2 is
assumed. Fix 1 < j < p,1 <¢q <log(p) and t > 0. By the weak moment assumption
for some ¢; > 0, we have

= ()= ()0 <))

Since (f) < exp(Jj log(p)), taking g = log(p), we get

1ot (p) )/ 102(P)
IP’(x}‘ >1) < (—C o8 (p)) )

t
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Hence, integrating out the tails and using Jensen’s inequality it follows that

k 1/2 k 1/2
E(Z«x;‘)%) < (E Z(x:‘)z) < logt (p)VE. .
i=1

i=1
Proof of Proposition B.2. From [42, Equation 3.1], we have that

1< I ¢
E sup - oi(X;,f)<2E  sup  — > o0i(Xi, )
peaB’nBL M i BeBy@)nBy ' i

2
=—FK sup (W, B),
VI BeBr@)nBY

where B (a?) = {B € R? : ||Bllo < a*} and W = n=1/2 > 0iX;, and it follows
that

1/2
E  sup Zo, X, B) < —IEJ(Z(W ) ) . (30)

BeaBPnBY

The (W;)’s are centred random variables. For 1 < ¢ < log(p), using the Khintchine—
Kahane inequality ([26, Proposition 3.2.8]) and Jensen’s inequality, we have

1/q 1 n
(E|W|q 1/q (E‘\/_ZG’ i ) < ﬂE(;ZXlZ’])
i=1
< Va(Exi)"” < va

Thus, applying Lemma B.2 with { = 1/2 to bound (30), we have that

1
E  sup E 0i{Xi, B) Sa\—— og(p)
BeaBPnBZ M ;

concluding the proof. ]

1/2
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