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Distributed function estimation:
Adaptation using minimal communication

Botond Szabé and Harry van Zanten

Abstract. We investigate whether in a distributed setting, adaptive estimation of a smooth func-
tion at the optimal rate is possible under minimal communication. It turns out that the answer
depends on the risk considered and on the number of servers over which the procedure is
distributed. We show that for the Lo-risk, adaptively obtaining optimal rates under minimal
communication is not possible. For the L>-risk, it is possible over a range of regularities that
depends on the relation between the number of local servers and the total sample size.

1. Introduction

Distributed methods have attracted a lot of attention in the statistics and machine
learning communities recently. There are several reasons for this, the most promi-
nent ones being that they provide a way of dealing with large datasets and with
privacy considerations. The theoretical literature on distributed methods is still rather
minimal at the moment. A number of papers have recently investigated fundamental
performance limits in distributed models, in particular pointing out issues that occur
in high-dimensional or nonparametric problems, see for instance [1,2,4,8,17, 18,21,
24,26,27,30]. For example, optimal rates in distributed function estimation depend on
the amount of communication that is allowed, and the relation of that amount with the
regularity of the unknown function. The lower bounds obtained in [25,28,31] and the
subsequent adaptation results in [25] show that in particular, automatically adapting
to the smoothness of the unknown function is a complicated issue in communication
restricted distributed settings. In the present paper we study this problem from a dif-
ferent, we think relevant and interesting perspective, not restricting communication a
priori, but asking for rate-optimal procedures that require minimal communication.
To be specific, we will consider a distributed signal estimation problem in which
we have m local machines and one central machine. At the ith machine we observe

2020 Mathematics Subject Classification. Primary 62G20; Secondary 62G05, 62G10, 94A15.
Keywords. Divide-and-conquer methods, minimax rates, adaptation, communication
constraints, Besov spaces, nonparametric estimation.


https://creativecommons.org/licenses/by/4.0/

B. Szab6 and H. van Zanten 160

the random function X ¥) satisfying the stochastic differential equation
ax® = foyde + [/ Zdw®, tefo1], i=12....m (L)
n

where W .. W are independent standard Wiener processes. The goal is to
estimate the function fo € L,[0, 1] which is assumed to have (Besov) regularity
s > 0. Each local machine independently processes its own data and then commu-
nicate simultaneously in a single round an estimator, or statistic to a central machine.
The central machine somehow aggregates all local estimators and produces a final
estimator f for the unknown signal fy.

In the classical, non-distributed setting (7 = 1) the minimax lower bound over
Besov balls of regularity s is known to be of the order n™* /(1+25) (e, g.[14]). Recently
established minimax results for distributed nonparametric methods (see [25, 28, 31],
and the appendix to this paper) show that this optimal rate can also be achieved in
the distributed case (m = m, — o0), but only if each local machine is allowed to
communicate at least (up to a logarithmic factor) order n'/+29) bits of information
to the central machine (this is what the authors of [31] call the sufficient regime).

If the regularity s of the signal is known, a distributed strategy that achieves the
rate n~5/(1+25) under the restriction that the local machines communicate at most the
minimal order n'/(1+29) bits is easily constructed, see Theorem B.2 in the appendix.
The situation changes in an interesting way if s is unknown however. We study in this
paper to what degree it is in that case possible to estimate the signal at the optimal
rate n7/(0+29)  while at the same time only communicating order n'/(1+29) bits of
information between the local machines and the central one. The additional difficulty,
on top of the fact that we ask for rate-adaptive estimation, is that the local machines
must then ensure that they communicate at most of order n'/(12%) bits using only
their local data, without knowing the regularity s. We stress that we do not put a
priori communication restrictions on the considered estimation procedures, but that
we study the question of estimation at the optimal rate, using minimal communication.

It turns out that whether or not this is possible for the L,-risk depends on the
relation between the number of machines m and the total sample size, or signal-to-
noise ratio n. We prove that if m = n? for some p € (0, 1/2), then:

e There exists a distributed estimator that is adaptive over any range of regularities

[s1,52] such that
1 1
0<s1 <82 <——2,
T2
achieving the optimal rate and transmitting the minimal amount of bits.
e If
1 1

Sy >851 > — — —
2T Ty 2
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however, then there exists no single-round distributed procedure that achieves the
optimal rate for every signal f with regularity in {s1, 5o}, while transmitting the
minimal amount of bits.

Stated differently, when considering L,-risk, adaptively achieving the optimal rate
using minimal communication over a range of regularities [s1, s2] is possible if and
only if

(2 + 452)logm < logn.

This shows that it is problematic if either the number of machines is too large, or the
range of regularities to which adaptation is required is too large.

The adaptive, minimal communication procedure that we propose in the first case
implicitly exploits the fact that for the L,-risk, there is a difference between lower
bounds for estimation and testing, see for instance [14, 16]. Indeed, we employ the
testing result of [10] to extract sufficient information about the regularity of the un-
known signal in the local servers, which we then use in the subsequent estimation
procedure. This approach depends crucially on the fact that we consider the L,-risk.
For the L -risk there is no difference between testing and estimation rates and this
approach breaks down. In fact, we prove that for the L,-norm, adaptive estimation
at the optimal rate under minimal communication is never possible!

The impossibility results all derive from the fact that at the local servers, the sam-
ple size is too small to extract sufficient information about the regularity of a general
signal. This suggests that if we restrict to a class of “nice” signals for which we do
have access to such smoothness information from limited data, we should be able to
obtain optimal rates and minimal communication adaptively. We prove that this is
indeed the case if we consider the class of self-similar functions, cf. [13,19], initially
considered in the context of adaptive nonparametric confidence sets, where similar
issues arise. See also for instance [6,7,13,20,22,23]. While noticing the fact that very
similar issues play a role, we are not able at the moment to obtain a more formal clar-
ification of the connection between our impossibility results for adaptive distributed
methods and the existing impossibility results for adaptive confidence sets.

The remainder of the paper is organised as follows. In the next section we present
our main results. Theorems 2.1 and 2.2 and Corollary 2.3 assert that whether simulta-
neous adaptation over a range of regularities and minimal communication is possible
for the L5 risk, depends on the relation between the range of regularities and the num-
ber of local machines. Theorem 2.5 shows that simultaneous adaptation and minimal
communication is not possible when L risk is considered. Finally, Theorem 2.6
asserts that it is possible under a self-similarity assumption. Proofs and auxiliary
results are deferred to Sections 3—4 and the appendices.
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1.1. Notations

< b, if there exists a uni-

~

For two positive sequences a,, b, we use the notation a,,
versal positive constant C such that a, < Cb,,. Along the lines a,, < b, denotes that
an < by and b, < ay hold simultaneously. In the proofs we use the notation C and ¢
for universal constants which value can differ from line to line and denote by #S or | S|
the cardinality of the finite set S. Furthermore, let /(Y') denote the length of a binary
string V', and log x denote the logarithm with base 2, i.e. log, x.

2. Main results

In our analysis we work with the distributed Gaussian white noise model also con-
sidered for instance in [24, 31], and which can be seen as an idealized version of
the nonparametric regression model. Our results can in principle be derived in the
regression context as well, similarly to we did in [25], or in a more general nonpara-
metric setting, see [28]. However, since the additional technical issues would seriously
lengthen the already long paper and would add no fundamental insight, we formulate
everything in the signal in white noise setting in this paper.

As explained in the introduction, we assume that we have m local machines and
that at the ith machine we observe the random function X @ given by the stochastic
differential equation (1.1). Parallel to each other, the local machines carry out a local
statistical procedure and transmit the results to a central machine simultaneously, in
one round, which constructs the final estimator f for the functional parameter fy
by somehow aggregating the local outcomes. The number of bits transmitted from
machine i to the central machine is denoted by BD 1t is allowed to depend on the
number of machines m and the local data X @, i.e. B® = B (i)(X (i)), and hence
it is a random variable in general. We will impose a smoothness condition on fj,
assuming that either fo € B (L) or fo € B, (L), see Appendix A for a rigorous
introduction of these Besov classes. The first class is of Sobolev type, while the second
one is of Holder type.

2.1. Adaptation in L,

We show that in case of the L,-risk one can only adapt up to a limited range of
smoothness levels (depending on the number of local machines). Outside that range
one will achieve sub-optimal rates (where the rate is sub-optimal by a polynomial
factor). The following theorem is our first main result.

Theorem 2.1. Suppose that m = n? for some p € (0, 1/2). Then for any regularity
parameters s, > s1 > 1/(4p) — 1/2 there does not exist a single-round distributed
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estimator f with B® < (L2n)V/ 250+ \og 5 such that for | = 1,2, we have

i (s 1
max sup EJ(,’)B(‘) < (L2n)TF2s Ten 2.1
ie{l,...,.m} 5] 0
fOEBz’OO(L)
~ 1 _ 28
sup  Epllf — foll3 S LTFm 02y TR 2 2.2)
foeBy! (L)

for some small enough constants €1, 5 > 0 depending only on s1, s, and p.
Proof. See Section 3.1. ]

The theorem tells us that considering even just two regularity classes (with regu-
larities above some threshold level) there does not exist any single round distributed
method that transmits the minimal amount of bits (multiplied by some (small) poly-
nomial factor) and at the same time achieves the minimax rate in both smoothness
classes (again up to a (small) polynomial factor). A formal definition of the minimal
amount of transmitted bits is given in (B.1) in the Appendix. This negative result
delivers a strong message. It shows that the issue of non-existence of an adaptive,
rate-optimal distributed procedure using minimal communication cannot be resolved
by allowing extra logarithmic factors, but is on the polynomial level.

The phenomenon behind the negative result is that in case of many local machines
(large m) it is getting more difficult to test locally between the regularity classes (as
the local “sample size” decreases in m) and also the “local regularity” of the function
which one can judge at noise level m/n might be completely different than the “global
regularity” of the truth which can be judged at a smaller noise level 1/n.

Although full adaptation is not possible, it turns out that on a limited range of
regularity levels it is possible to construct adaptive methods. Below we derive the
complement of the results in Theorem 2.1 by describing a procedure which adapts
to arbitrary two fixed regularities below the threshold 1/(4p) — 1/2,ie. 0 < 51 <
§2 < 1/(4p) — 1/2, and transmits the minimal number of bits at the same time. The
proposed procedure has two stages. First we “estimate” the smoothness of the under-
lying functional parameter of interest in every local machine parallel to each other and
based on that transmit the right amount of information to the central machine. In the
second stage we aggregate the locally transmitted information and provide a “global”
adaptive estimator. We describe the procedure in more details below.

In our procedure we work with the equivalent sequence representation of the
model using the Daubechies wavelets, i.e. in each machine i = 1,...,m we observe
the noise random variables

1
X}Q:/ wjk(t)dX(’)(t)zfo,jk—i—,/;Z](.Q, J=0,1,2,.. k=1,...,2/,
0
2.3)
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where ¥ (¢), t € [0, 1] are the Daubechies wavelet bases, fo jx = fol Vik(t) fo(t) dt
are the wavelet coefficients of fy and Zj(.;.() are iid standard normal random vari-
ables. In Section A in the appendix we have collected a few properties of Daubechies
wavelets which we will apply throughout the paper.

As a first step we split the data in all of the local models i € {1, ..., m} into two
subsets X;;C’l), X;,i’z) forj =0,1,2,...k=1,..., 27, such that they are pairwise
independent and their variance is 2m/n (this can be done by adding and subtracting
Zj(;c) S N(0,m/n) from X}]?).

Next note that it was shown in [10] that there exists a consistent composite test
between the classes B;foo (L) and B;joo (L) in the local problem using the first subset
of observations X 1) if they are at least L(1/2/(1/24251) 5y / jp)=51/(1/24251) gepa-
rated. The test proposed in Section 3 of [10] takes the form (in the local machines
using the first subset of observations X ¢-1))

O _ g® _ )
\Ijn/m - \Ijn/m(a’sl’SZ) =1- 1_[ 1{T,g’/)m(I)Stn/m(la52sa)}’ 24)
2
0<I<| A7
where

12 L 17

tn/m(lys2»a) = 2272 + zl_szfl + T’

e,

7 = 24,/—

o« \/n/(2m)
1 1

for/ > 0,

T8O =1, £ 13— m2' ™ /n - forl >0,
T 0) = [T /), 13 —2m/n.

_ 251(1/2=p(1425)))
o =n (I+2s)(1/2+2s7) ,

where I1; f denotes the projection of the function f to the resolution level /, i.e.

2!

M f =) fubik.

k=1

see [10, (3.1), (3.2)], and f;(;zn is the wavelet estimate of f in the ith local machine
using observations X@D see[10, top of p. 6].
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Using the test function above, we define the smoothness estimate at each local
machine as
(o _ s f vl =0,
RICI P v =1
()
In each local model we take the first (LG)l/ (1+25,/m) coefficients in the second sub-
set of observations in the sequence representation, i.e.

1
7 7 ':(i)
X% with 27 + k < (L?n) '+ nim

Since these numbers might note have a finite binary representation we transmit their
approximations Y(’) following Algorithm 1, in Section 4.

Let us denote by N the median of the values (L2n)1/(1+2sn/m) i=1,...,mands
the corresponding regularity estimator at the central machine. The central machine
then constructs the estimator f as the average of the transmitted observations (for the
first N coefficient), i.e.

P = {WZEMH Y. for2/ +k <N,
’ 0, for2/ +k > N,
where My is the collection of local machines satisfying 2/ + k < (LG)l/ (1+25.) ),
i.e. the machines from which the local approximations Y k) are transmitted.

We state below that the above described procedure achleves the adaptive rate and
transmits the minimum number of required bits (L21)'/1+29) (up to a logarithmic
factor).

Theorem 2.2. For arbitrary 0 < s1 < s, <1/(4p) — 1/2 and m > 5logn there exists

a distributed estimator f with number of transmitted bits (E ™, ... B m) | such that
B® < (L2n)V/ 4250 00gn, i = 1,...,m, and for all s € {s1, 52}, we have
max su EDBO < (L2251
P Eg < (L%n) ogn,

Pellm foeBS (L)

2s
Sup Efo”f fOH% < L1+2vn T+2s |
JfoeBS (L)

Proof. See Section 3.2. |

The difficulty, as also discussed above, arises from the higher noise level in the
local problems which results in less accurate tests between the smoothness classes.
The existence of an estimator which can achieve adaptation (in a limited range of
smoothness classes) is a consequence of the difference between the nonparametric
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testing and estimation rates in the case of the L,-norm, see for instance [14, 16].
Since one can test between smoothness classes with a faster rate than the correspond-
ing estimation rate, it can compensate (up to some extent) for the higher local noise
level m/n.

The preceding result can be extended to a scale of smoothness classes as well.
Let us consider the collection of regularity classes so € [s1, s2], where s¢ denotes
the regularity of the truth we want to adapt to. The idea behind the approach is to
introduce a fine enough grid of regularities in the interval [sy, s5] and test between
which two grid points the true regularity lies. Then one can apply the distributed
method introduced above to these two grid points.

More concretely, similarly to the previous, simpler setting, we divide the data in
each machine to two independent samples X @1 and X @2 Let §, denote a 1/logn-
grid of the interval [sy, s3], i.e. S, = {51,851 + 1/logn,...,s2}. We will describe
next a testing procedure for the regularity hyper-parameter sg. Let us compute the test

lI/,(ll/)m (M, Lt,s)forallt <s,s,1 €8, and take §,(li/)m to be the largest regularity s for
which the null hypothesis was retained for every ¢ < s, i.e.

-0 _ ENAO) -1 —

Snim = max{s € §, : \IJn/m(Mn,t,t,s) =0, Vt <s}. 2.5)

The aggregated regularity estimator § and the distributed estimator f is then con-
structed the same way as above, but using the estimator §,(li/)m given in (2.5). We state
below that this procedure adapts both to the minimax risk and the minimum number
of required communication.

Corollary 2.3. Assume that m = n? for some 0 < p<1/2, then for arbitrary 0 <
s1 <83 <1/(4p) —1/2 and m > 5logn there exists a distributed estimator fA
transmitting BD bits in the local machines i =1, ... , m satisfying that B® <
(L?n)Y/ (250 109 n and

_max  sup sup <
i=1oe sels 521 foeBS . (L) (L2n)Y/(+25) Jogn
E A_ 2
vy B0l fol}

selsisal foeBy oo (L) L2/ 2928/ (429 ™

Proof. See Section 3.3. ]

Remark 2.4. We note that our procedure considers a fixed L > 0. In principle one
could allow L to tend to infinity arbitrarily slowly and then our procedure would cover
all regularity balls with constant radius for a price of an asymptotically negligible
term. Alternatively one could modify our procedure to adapt to the radius L as well.
The difficulty is that fo can belong to multiple Besov balls B5 (L) corresponding
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to different pairs of radius and regularity hyper-parameters and our goal is to adapt to
the most appropriate one. We describe below our approach.

Let us assume that L € [1, n] and take the dyadic grid of this interval. For each
grid point L; = 2/, j =0,...,|logn], we construct the local regularity estima-
tors §’(1i/)m (Lj) following our approach described above and based on them we can
construct the global estimators for the regularity and the functional parameter. All
these pairs satisfy the guarantees given in Theorem 2.3 for radius L; and corre-
sponding regularity hyper-parameter s;. After obtaining these logn pairs of local
estimators (L;, §’(1’7m (L;)) we simply transmit the local approximations of the first

1
RO
min(L?n) ' FFn/m "D
j l

wavelet coefficients. Then by slightly adapting the aggregation technique described
earlier we obtain an optimal procedure up to a logarithmic factor.'

2.2. Adaptation in L

Next we deal with the Lo,-norm case. Here we show that in contrast to the L,-case,
adaptation is not possible even on a limited range of smoothness classes. The reason
behind it is that in this case the minimax testing and estimation rates are the same and
hence there is no room left to compensate for the higher local noise level.

Theorem 2.5. Take any 0 < 51 < s and assume that m = n?, with p € (0, 1/2).
Then there does not exist a distributed estimator f with transmitted bits B® <

nt/A+2sD+er i =1 m, satisfying, for £ = 1,2, that
N oAy 1
max sup  EJBY 5 (L2n)THTE (2.6)
i=1,...m 0

fo€B&b 0o(L)
1

~ 1 __Se
sup  Epllf = folloo S LF5 2 (n/logm) T2 2.7)
fo€B5b.00(L)
for some sufficiently small &1, &, > 0.

Proof. See Section 3.4. |

Next we introduce some additional restriction on the true function of interest under
which adaptation is possible in the distributed setting. To do so, we consider the so-
called self-similarity assumption, where loosely speaking we assume that the true

'For an alternative approach reaching adaptation in a somewhat modified and extended
setting we refer to the recent manuscript [9] submitted after our paper.
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function has similar smoothness at every resolution level. This will allow us to esti-
mate the regularity s of the functional parameter of interest and therefore transmit the
right amount of bits from the local machines to the central one.

We first introduce necessary notation. Let ¥, be the wavelet basis functions
described in Appendix A. For f € L,[0, 1] and natural numbers j; < j, we define

2 27

Sl = Z Z Jik Wik

J=J1 k=1

Then following [5] we say that the function f € B, (L) belongs to the self-similar
class S5 (L, €, jo, p) if

I fjpill B, oo = €L for j > joand p > 1. (2.8)

The self-similarity property was introduced (amongst other places) in the con-
text of adaptive confidence bands. It was shown that under self-similarity one can
construct adaptive Lo, confidence bands whose size also adapts to the level of regu-
larity, see for instance [5, 13, 19]. The underlying idea is the same as here. Under this
assumption one can provide a consistent estimator for the smoothness and based on
that construct the band corresponding the function class.

The following theorem shows that under the self-similarity assumption there exists
a distributed method which adapts to regularity and at the same time transmits the
minimal amount of bits (again up to logarithmic factors).

Theorem 2.6. Consider the distributed Gaussian white noise model with m < n‘g,

for some § € (0, 1) and assume that fo € Bg, (L) for some s € [s1, s2] (where
0 < s1 < 85 are arbitrary). Then there exists a distributed method such that the number
of transmitted bits satisfies B < (L2n/logn)"/+250) log n and

EJDBO
_max _ sup sup 2 — S 1,
P€{Loem} sefs,s2] foeSSo (L .. jo.p) (L2n) T+75 (log n) T+25
Eqllf—
W s Epllf = follw |
s€[s1,52] fo€S&(L.e.jo.p) LTF25 (n/logn)™ T+2s
Proof. See Section 3.5. ]
3. Proofs

3.1. Proof of Theorem 2.1

We argue by contradiction. We assume that the inequalities (2.1) and (2.2) hold. Then
we construct a finite but large enough set o C B;}OO(L) such that there does not exist
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a consistent test between the elements of the set and the zero function, which clearly
belongs to the smoother class B;foo (L). Using this non-existence result we arrive to
contradiction with our assumptions.

As a first step we construct the set Fp. Let us introduce the following notations

1425

8n = 8p A (L%n/m)” 7727251 (L2n) ™53, 3.1
with
- m 1
8, = L2 min{ ,— },
" nlogn’ ps/A+20p 1005 A 1]

(s1+1/4)e3

_G1+1/des 1
by = (Fn v (L2n)'T T TEEL (L2p) THES ) logn,
T, = (L2n) o T ter,

and constants

p(1+2s1)—1/2
g3 € |0,
1/2 + 251

where p(1 4+ 2s7) — 1/2 > 0 follows from the assumption s; > 1/(4p) — 1/2, and

( S2 — 51 (Sl+1/4-)83)
e1 €10, A .
(1 + 2s1)(1 + 25,) 1425

Note that b, < (L2n)'/(1+2s10=¢4 160 5y, with

( 52 — 81 ) ((Sl + 1/4)e3 )
g4 = —g A —E2= ¢ ) >0.
1+ 251)(1 + 252) 1+ 25,

In view of the definition of 8, this implies that

- (LG)“% c4
ek LN

Furthermore,

142 142
(LG/m)_ﬁ(LG)_” — (LZn)_(l_P)ﬁ_‘B

p(1+2sl)—1/2_8
= (L?n)"Y(L%n) 2F251 %3,

Therefore, we can conclude that for large enough n, we obtain

1+2s1)—1/2
p(1+2s1)—1/ —es) >0
1/2 + 251

§p > (L2n)~1155  withes = (e4/2) A ( (3.2)
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The elements f € ¥y are then defined with the wavelet coefficients as

T1/2 e e e loggn_l _ in
ffk={Lﬁk8n == lrER L k=2 g

0, else,

where By € {—1, 1}. It is easy to check that ¥y C B;joo (L) and besides, for every
f € Fp, in view of the definition of §,,,

o0 2j . - 2s1 2s1
”0_ f”% — Z Z J(ﬁc — L22jn8n < L28n1+2xl — (L 1/2+2s1 (n/m) 1/2+2s1)
j=0k=1

Next we take the average likelihood ratio over the class Fy:

@)
1 dP )
Z=— Z —f ,  where |Fo| = 27".
|Fol dpl?
feFo "0

In view of [14, (6.23)],

[ (@) 12
1nf{E(’)\I'(’) + e 0 B - W)} > (1~ nn)(l - M)
|Fol feFo Mn
(3.4)
for every 1, € (0, 1), where the infimum is taken over all local tests in the local
problems. Furthermore, one can show by following the steps in the proof of Theo-

rem 6.2.11 (c) on pages 493-494 of [14] (with y 20 /m = €0 (n/m)S and yp/m =
(L?n/m )8(1/2+2sl)/(1+2sl) < (L%n)~ ((1/2+251)/(1+2s1))83) that

. 1+4s
EP(Z =1 < exple' V2t — 1 S V2pm S (L2n) TH0°
By choosing 1, = (LG)_((1/4+s‘)83)/(”2“), we get that

1nf{E(’)\I'(’) + —
p@)

> EPa-)=a-cnt 69

| 0|f€ﬂ

for some large enough constant C > 0, concluding the proof of the non-existence of
consistent tests between Fy and the zero function.
Next we show that (3.5) contradicts our assumptions. Let us define the test
O — 1.
v ) - lB(i)Zrn .

First note that following from Markov’s inequality and assumption (2.1),

EPWO = pO(BD > T,) < ED(BD)/T, < (L2n)#25 =57 = o(1).
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Therefore in view of (3.5), we have that
1 @) ¢ AG) _ | @) 0)
ﬁZPf (B <F,,)_@ EP(1-9®)
f€Fo f€Fy

5 5 1/2, __1/2
> (1 _ Cnn) _ (L n)1+252 T+257 .

As a consequence and in view of assumption B® < C(L2n)Y/(A+2s1)+¢1 Jog 5, we
have

1 N 1 /2 1/2
= > EPBD ST, + (L) FE T (ogn) (1 + (L) 2T Sy,

| Fol fem

This means that the expected number (with respect to the joint distribution of the
variables F and Py, f € Fy) of transmitted bits on the class Fo is bounded from
above by a multiple of b,. So the distributed estimator satisfies assertion (B.7) in the
proof of Theorem B.3 with BY replaced by Cb,. Hence in view of the minimax
lower bound derived in assertion (B.9) and the definition of gn (with B® replaced
by b, in the definition of §, in the proof of Theorem B.3)

n 2 2‘“% 2 ey —Sl e,
sup Ey|l.f — foll3 2 L76x > Lo s
foeFo

with e, = 2e551/(1 4 2s71), where the last inequality follows from (3.2). This contra-
dicts assumption (2.2), finishing the proof of our statement.

3.2. Proof of Theorem 2.2

Let us then denote by Py¢.1) and Py.2) the distribution of the first and second sub-
set of observations, respectively, and by PX(,',z)| y .1 the conditional distribution of
the second subset given the first. The corresponding expected values are denoted
by Exi.ny, Exi.2), and EX(i.2)| x .1, respectively. Furthermore, let us introduce the
notations X; = (X(l’l), - X(m’l)), [ = 1,2 and denote by Py, and Ey, the corre-
sponding probability distributions and expected values. Finally, we also note that we
took zg = 1 in the test proposed in [10, Section 3] (since for notational convenience
we take Jo = 0, see Section A, hence we have zg = 270 — 1).
Let us introduce the notation

~ 1/2 _ K
R} (L) = {f € By' (L) : | f = B3 ()2 = Co L7¥%1 (n/m) 72475 }

In view of Lemma 4.4, we have for all « € (0, 1) and 0 < m < n the test given in (2.4)
satisfies that
sup Exan®l), 4+ sup Exan(1— W) ) <ce®IVE 36)

X / '
feBY2 (L) " feR (L)
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with
~ 251 HEY \/_
Cy, =24 —1_2_2s1+19 2 1/

251 (1/2—p(14251))
and ¢ not depending on o, n,m. Let M,, = n 0+250U/2+250 tending to infinity (where

the positivity of the exponent follows from the assumption s; < 1/(4p) — 1/2). Then
the above test q;’(; /)m (withae = M, 1) is consistent in each local problem between the
hypotheses

Ho: f € B (L) vs. Hy:f € R;}n_l (L).

Note that in view of Lemma 4.2 (with &t = fo_jx) we have that / (Yj(,?) <logn
with approximation error

. 2 . 3

el = X5 v < a7
on a set 8](;3 with Py.2 ((8}?)0) < e~ for some ¢’ > 0. Let us then introduce the
notation
. logn ~27/ ()]

& =ni, N;Zo mkzlgjk 3.7
and note that Py, (§€) < n2e—c'n < e ", forany 0 < ¢ < ¢’. Hence, the number of
transmitted bits conditiAcle}ed on the first subsample X @1 is bounded from above by
1(Y D) < (L2n)V A F255/m) Jog n almost surely.

We show that this procedure achieves the minimax convergence rate and trans-
mits the optimal amount of bits (up to a logarithmic factor). First note that B® <
(L?n)l/ (14+251) 1og 5 follows immediately by construction. Then recall that the test
‘IJ,(:/) m is consistent, hence

(i _ayl/2
sup PXu.l)(s,(j/)m =s51) < Ce Mp'"/2
JeB (L)
and
ey
sup EX(i.l),X(i,Z)B(l) < sup EX(i,l)(LG)l+2S”/m logn
feB2 (L) feBZ (L)

1 / 1
< (Ln) ™22 logn + Ce™Mn 2/2(L2n) +2s1 logn

< (1 + 0(1))(L2n) ™52 logn,

verifying that the number of transmitted bits is indeed optimal.
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Next we provide optimal upper bounds for the risk. First let us consider the case
feBy (L)U Rlsvll,j 1 (L), where the estimator §,(j/)m is consistent, i.e.

59 =51 for f e Ry (L),
S0, =52 for f € By (L),

. .- N Vave . .
with Py .1)-probability at least 1 — ce™™n""/2_ Let us introduce the notation M for

the number of machines in {1, ..., m}, where §,(1’/)m #s;,l =2,1,for f € B;’ZOQ(L)
or fe Rls\;,l (L), respectively. Note that M has a binomial distribution with parame-
tersm and p < ce~Mi"*/2_ Then by Hoeffding’s inequality

~ 1 - 1
sup Py, (N #(L2n) 51+ sup Py, (N # (L) T5%2)
JER]) (L) feBY (L)

<P(M =m/2) <e™™P>. (3.8)
Then in view of the almost sure inequality N < (L2n)Y/(1+251) e have that

~ __2s
sup  Ex, N™%!' = (L%n) T Px, (M > m/2)
feR™_ (L) 25
M, 2 \— 1T
" + (L°n) 251 Py, (M <m/2)
2s
< (14 o(1)(L2n) TF757, (3.9)

~ 1
sup  Ex,N = (L*n)™%2 Py (M < m/2)

feB2 (L) )
+ (L°n) 251 Py, (M > m/2)

< (LZn)l/(1+2S2) + (LG)l/(1+2s‘)e_m/5
< (1 4+ o(1))(L?n)/(+252) (3.10)

form > 5log(L?n) > % log(L?n).
Then similarly to the proof of Theorem B.2 (with m replaced by |M;|), we get

on the set & (with Py, (€°) < e™¢"), that
~ 1
Jnjk = Jfojk + \/—ij + &jk.

n

Zik S N(0,\/2m/|Mjr|) and [ej| <nV2.

with
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Also note that | fn k| < /n, since |Y(’)| < f for all 7, j, k. Using this reformulation
of the estimator and the notation j, = |log N |, we get that

jn 27

2
sup EX2|X1||f f0||218 = Z Zf01k+zz ( jk+8jk> 18
feBy (L) >, k=1 J=0k=1
Jn 2E(Z 2
T L RS ) e
]>]n ]>J” Jj=0k=1
< L2072inst 4 2n¥2 L9y /0 < L2NT250 4 N /n,
sup  Exyix, |1f = fol3lee < Px, ()27 (n 4 L) = o(n™"), (3.11)
feBy (L)
for [ = 1, 2. Therefore, in view of assertion (3.9),
s Exyoll /= fol3s  sw o Ex (L2722 4 N/n)

feB (L) feB o (L)

=%, 25 1+2s
< LTz 2/( 2),

sup  Ex, x,|f — fol3 S sup  Ex,(L’N7 + N/n)
feR! (L) feR
Mn

<L 1+2s1 n251/(+2s1)

It remains to deal with the intermediate set, i.e. fo € le (L)\R 1 (L). Our

~@)

local estimator § n/m will be either s; or 55, hence for each machlne the amount of

transmitted bits is bounded from above by
oD T
(L*n)+25%” logn < (L%n)TF21 logn
Py (i.2)-almost surely. Note that the median N also satisfies almost surely that
1 ~ 1
(LG)iH-zsl > N > (LG) T+255
Then, using the notation f, ;5 = Z]’": o Jo,jk¥jk, we get similarly to above, that
n 27

1 _
Ex, x|/ — f0,<,n||2_EXIZZEXZ|XI(I ,k+s,k) +o(n™")

j=0k=1

~ 2 _ 25
S Ex,N/n < L™ 21p %251, (3.12)
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To deal with the bias term let us denote by f € B (L) a function satisfying
~ 251
I fo— FI3 S €2 LV (/) 7205
then by recalling that

1/2—p(1+2sy)
(n/m)1/2+2\1 — n1/2+2s1 — n“+2‘1’“/2+2‘1)n‘+2‘1

we get that

00 2/
2 2
Ex || fo <7, — fol3 < Ex, Y > fiu
=1

oo 2/ 2J o0
= 2Ex, (Z Z(fO,jk — fir)* + sup (22”2 Z fﬁc) Z 2—ZJS2)
j=;1k:1 j=;

J=Jn k=1

~ 1 ___ 25 ~ 2 __2s51
< CAZ/I—IL 724251 (n/m)” 172%251 4 EXILZN—zsz < L3517 TR (3.13)
n

~

s1(1/2—p(1+4257))
where the last inequality follows from C —1 < n 1+2sD0/24251)  Then by combining

(3.12) and (3.13), we get that

r 2 251
EXI,X2”f - fO”% < L2y TH2sp

concluding the proof of the theorem. ]

3.3. Proof of Corollary 2.3

Let us introduce the notation s = s1 + ¥,/ logn for some 0 < y, < [(s2 — s1) logn],
vn € N, the lower bound of the 1/ logn-bin containing sg, i.e. so € [s,s + 1/logn].
Then the probability of under smoothing is bounded from above by

(¥n — D? < (52 —s1)*log?n

times the probability of rejecting the correct null-hypothesis. Hence, in view of asser-
tion (3.6) and the monotone decreasing property of the function s — M, 5, we get
that 1/
P( (l/) < s) < (52 — s1)*(logn)?e” Mus2/2 — o(1).
This implies, for all i € {1,...,m}, that

1
A A~ (1)
EXu.l),X(i.z)B(l) = Exa.nBY < Exan(L?n) 7 n/m logn
< (L*n) 75 logn + (L*n) TS ¢~ Mn'5y /2 log? n

1
< (L?n) ™25 logn,
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and similarly to assertions (3.8) and (3.9) that
Py, < 5) = Px,(N > (L2n) %) < ¢™/5 (3.14)
~ 2 i ) 1 ~ D ) 1
Ex,N < (L“n)™2 4 (L"n)'*251 Py, (N > (L n)1+2£) < (L7n) 2%,

form > 5logn.
It remains to show that our procedure adapts to the minimax risk. First note that
in view of assertion (3.12) and (3.14),

~ ~ 2 __2s%
sup  Ex, (EX2|X1 /- fO,]'E;q ”%) <Ex,N/n < L'20opn 1+2s5
foeBS
Next, let j, s = (1 + 25)~'log(L2n), then for j, = [log N |, we have
EX] (||f0,j5.7n - fOH%)

=( X +X+ X )G =9Ex (I foizin, — Hl315=5)

§<8,5€8, s>5,5€8,
00 27
(X 4T X )69 X YRk a1
5<S,5€8, S=S  s>5,5€8, J=Jn.s k=1

We deal with the three terms on the right-hand side separately. In view of assertion
(3.14) and || fo||3 < L2, we have that

00 2/
__250
Z Px,(5=5) Z Z foz,jk < [2eM/5 = o(n”TF2%).
S<s§ J=in.s k=1
Then it is also easy to see that
00 27 o) 27
-~ 2 —2j 2j 2
Pri@=9 3 ) Jou< 227 sw 225 fon
=7 = — J=Jn.s —
J=Jn.s k=1 J=JIn.s k=1

28 — 250
< L(L2n) TR 5 (L2n) T,
Then for arbitrary s > s, s € $,, using the notation
3,8 . s . s - C 1/12/% —ﬁ
Ry (L) = {f € Byoo(L) i I f = By oo(D)ll2 = Cogmy L7255 (n/m) s)

we have that

sup PX<is1>(§,(,l7m >s) < sup  Exen(l- lI’;(zl/)m (M, 5.5.5))
FoeRE_ (L) foeR ", (L)

1/2
N e_M”'/‘i /2,
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Therefore, by Hoeffding’s inequality,

sup  Px,(§=s) e, (3.16)
f()ERM 1(L)

hence by combining the preceding two displays, we get that

oo 2/

__250
sup > > feuPx,(§=15) < L = o(n” T /logn).
foeR " —1(L)J =jn.s k=1

For any fo € ¥ := 32 <><>(L)\R (L) there exists an fo € B3 (L) such that
~ ~ 1/2 _ S
Ifo = Flla < Cog LTH5 (n/my 7555,
Then similarly to assertion (3.13), we get that

sup Z Zfo/k

fOEWSJ_In s k=1

=2 sup ( 2 Z(fo]k Jo. i) + Z 2727 sup 22”Zfo]k)

fonS /_Jnsk 1 J—lns JZin.s

~

< 61‘24_1 [ T2 (n/m)~ Ver=T + 27 2in.ss
n.,s

TPo5 = T8 =5 5 ,— %
S LH—ZAn T+2s +Ll+25n T+25 5 L1 +2s0p +2s0 |

Hence,

5o 00 2J
sup Z Px, (5 =) Z Z fOZ,jk

fo€B5 oo (L) s>s J=Jns k=1

52 . 2 _ 250 2 _ 250
< Z(PXI (§=15)40(1/logn))LTF250n~ TH250 < LTF250 " TH2%.,

s>5
Combining the upper bounds above, we get that
sup EXan”f_fOH%
fo€B5 o (L)

=2 sup (EX1 ||f0,j5;7 _f0||%+EX],XZHf_f(),]'an”%)
fo€B5 (L)

2 250
T+2 12
< L1H2sop 14250

concluding the proof of the corollary. |
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3.4. Proof of Theorem 2.5

The proof follows the same lines of reasoning as the proof of Theorem 2.1, here we
highlight only the differences.

First of all the set of functions ¥y is defined slightly differently. Let us introduce
the notations

8pn =8 A (L™2m/n), (3.17)
with
= m 1
8, = L2 min{ , —— },
" nlogm n[S,l,/(l+2s‘)bn A 1]logm

1/2 1/2
by = (T, v (L?n) T “)logn and T, = (L%n)TF1 TRt

- 1— 8
£ € (O, §2 — 81 A ( r)/ )
(1 +2S1)(1 +2S2) 1+ 28

with

By elementary computations, one can deduce that §, > (L2n)¢1/2~1, and therefore
8p > (L2n)er/27m—1, (3.18)

Next, let us denote by K the largest set of Daubechies wavelets with disjoint supports
at resolution level j. Note that | K| > ¢o2/ (for large enough j and sufficiently small
co > 0). Then we consider the class of functions

_log(8,)

Fo={fi: keKk,) wherefi =LYy . jn= s G0

Since the functions in ¥y have disjoint supports, we have

sup 0= flloo = sup L&Yy, klloo < L2728}/
f€.770 kEKj”

< ngl/(l‘i‘zsl) — O(Lﬁ(n/m)_l—lf%sl)’

following from the definition of gn Hence, it is not possible to test between the zero
function and the set ¥ in the local servers.

Using the notation Z for the likelihood ratio introduced in the proof of Theo-
rem 2.1, we note that in view of the proof of Theorem 6.2.11 (b) on page 493 of [14],
we have that

E(Z —1)2 < (% —1)/|Fo|, where 7, = \/8,L2n/m.
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Then the infimum of the tests given in (3.4) is bounded from below by (1 — Cn,)?
for 1, = 84/ T8 < (12)=(1=p)/(4+851) < =261 This Jeads to

1
|Fol

1/2

S EDBO < T, + (L2n) 5 T (logn) (1, + (L2n) 55 ) < b
feFo
This means that the expected number (with respect to the joint distribution of the
variables F and Py, f € Fp) of transmitted bits on the class Fo is bounded from
above by a multiple of b,. So the distributed estimator satisfies assertion (B.7) in
with B® replaced by Cb,. Hence, in view of the minimax lower bound derived in
assertion (B.13) (with B® replaced by b, in the definition of §, in the proof of The-
orem B.5) and the definition of gn, we have

~ —1 1 8
sup Ef |l f — folloo 2 Lgﬁ”l s> [ TF2s0 te2, ~ 1925 +82,

~

JoeFo
with &, = (61/2 A p)s1/(1 + 2s7), where the last inequality followed from (3.18).
This contradicts assumption (2.7), finishing the proof of our statement. |

3.5. Proof of Theorem 2.6

First note that in Lemma 5.2 of [5], it was shown that the smoothness can be consis-

tently estimated under the self-similarity condition, i.e. there exists an estimator §,(1’ /)m

such that for every i € {1,...,m} and ¢ > 0 there exists C > 0 satisfying
inf inf Py, (s — C/log(n/m) < §fl’7m <s) < (m/n). (3.20)

s€[s1,52] foeSEo (L&, Jjo)

By choosing ¢ = 1/(1 — p), we have (m/n)¢ = 1/n. Then we propose a similar esti-
mation method as in Theorem 2.2. First we split the data into X %1 and X ©-? and
use the first sample X V) to construct the estimator :v\,(f)m for the smoothness param-
eter 5. Next transmit the approximation of the first N = (L2n/log n)l/ (1+25,),,)
coefficients (instead of (LG)l/ (1+2§'(11/) m) as in Theorem 2.2) of the second subset of
observations X -2, following Algorithm 1. Then B < (L2n/logn)Y/ (14250 jogn

and
Ex(i.l)’X(il)E(i) = EX(i.1>§(i) = Exyi.y NDlogn

1
(L*n/ log n)ﬁ logn +n~Y(L?*n/logn) 71 logn

IA

P 25
< (L“n)T+2s (logn) T+2s
Besides, we also have that the median N of the values N @) satisfy that
PX] (LZ/(l-i-ZS)nl/(l-f—Zs) < 1’\7 < C1L2/(1+2S)nl/(l+2s)) > 1— Cze—m/5’ (321)

for some large enough constants Cy, C, > 0.
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Similarly to before, let j, = [log N | and Joj<i, = 2<%, lecle Jo,jkVjk. Then
using the notation & introduced in (3.7), we get that

1 = folloole < 117 = fo <7, loole + I fy <, — Jolloo

<12 Z T ! Z (\/%Z}” + e )Vikllole + Z 27 sup 1ol
Jk

J <Jn J —]

< sup( _1/2) 22]/2 + Z 2//? SUP |f0 Jkl
jSZz

Jj= ]n

Z(l)

A
@

sup  sup (|Zkl +1)+27 ns Z 2762 sup | fo,jkl,

Jell,..jn} kEK; kekK;
j= ]n

where

O iy (o, 0
Z , 0<e’ <1//noné.
> \TArEn o). 0=

Therefore, in view of (3.21),

jk|

. [ . _ )
EXI,X2||f_fO||oo < Ex, glogN‘f—EXlLN S—f—O(n 1)

T e ™5 < Lﬁ(n/logn)_ﬁ.

~

concluding the proof of our statement. |

4. Technical lemmas

The first lemma extends slightly the results of Shannon’s source coding theorem by
allowing also non-prefix codes, see [25, Lemma 5.1].

Lemma 4.1. Let Y be a random finite binary string. Its expected length satisfies the
inequality
H(Y) <2El(Y) + 1.

Let us take an arbitrary x € R and write it in a scientific binary representation, i.e.

logy |x|

x| = > be2",

k=—00
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with b € {0, 1}, k € Z. Then let us take y consisting the same digits as x up to the
(D log, n)th digits, for some D > 0, after the binary dot (and truncated there), i.e.

logy | x|

= > w2~

k=—Dlogy n

unless |x| > 4/n, in which case we set y to zero, see also Algorithm 1, a slightly
modified version of Algorithm 1 from [25]. In the algorithm the function x > sign(x)
is one if x > 0, and zero otherwise.

Algorithm 1 Transmitting a finite-bit approximation of a number

1: procedure TRANSAPPROX(X)

2 if |x| > n then

3 Transmit: sign(x), b_| piogn|+1-- - -+ Dliog|x|]-

4: Construct: y = (2sign(x) — 1) Z}filflmognH b2k,
5 else

6 Transmit: 0.

7 Construct: y = 0.

The next lemma gives an upper bound for the number of transmitted bits and
the accuracy of the procedure described in Algorithm 1. It is a slightly reformulated
version of Lemma 2.3 of [25] to accommodate almost sure upper bound on the code
length.

Lemma 4.2. For X ~ N(u,0?), with || < M and o < 1 let the approximation Y
of X given in Algorithm 1 and denote by Ex the event that |X| < «/n. Then for large
enough n, we have

Px(85) = 0(e™"), |X—Y|lg, <2n" 2, and 1(Y) < (D +1/2)logn,
for some ¢ > 0.

Proof. Tt is straightforward to see that the last two inequalities of the statement hold.
To prove the first one note that

Px(€3) < Px(IX| = +/n) < Px(|IX —pu| = V/n—M) Se™". n

Next we provide an extended version of Lemma 4.2 of [10] with tighter upper
bounds for small A >0. The main difference in the proof is that instead of Chebyshev’s
inequality we apply a more accurate concentration inequality, see [3, Lemma 8.1].
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Lemma 4.3. Let A > 0. Then

329 (20 +D/2 I, £113
) . _ 2 0 17412717 12
P{Vl.Joslfj, T ||nlf||2|z4\/A( T T2 )}

<2¢7¢/ VA
forc = /3/2 a]nd 2o = 270 the number of father wavelets (at resolution level Jo)
and T1; f = Z]2c=1 1k Wik the projection of f into the wavelet resolution level .

Proof. Note that for the wavelet estimator f with signal-to-noise ration n, we get that

I, f13 =" /3.
k

where ﬁk — fik S N(0, 1/n).
Hence, in view of [3, Lemma 8.1] (with degree of freedom D = 2/, non-centrality
l
parameter B = n ZI%:I fli and x = 1/(24/6;)), we get for §; < 1/4 that

~ / l o 2
P{)“Hzfué -2 i) \/g(z— MLRATF lf”z)}
)

n2 n

2! I 2! 1 2! 2

~ 2 4 (2 > k=1 /7

2 2 k=1JIk
P{‘ki_lflk_;_kg_lflk‘> E(n_Z_’_T)}

IA

2! 2! 2!
1 1
2 l 2 1 2
ol 2 — )42
P{‘];nflk > n];f,k‘zz (2 EOW _51)+ : —5,}

< 2e_°'5/\/5,
Similarly,
A2 20 4 (20 Mg fI3 o/ JI
P{‘”HJof“%_;—||HJof||§‘Z\/E(n—z++2 <2e 0.5/3/879.
0

By the definition of T}, (/) and union bound these results imply that

l 2
P{Vl tJo <1< . |Tu@) = I £13] = \/i(z_ 4 ”Hlf”z)

8; \ n? n

2
|Ta(Jo) — 1T, f113] = \/5(—‘; 4 M)} < T I,

n .
Jo<I<j
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Setting similarly to Lemma 4.2 of [10] the parameters §; = (2~U~0/2 4 271/4)A /12
and 85, = A /12, we get in view of
J J )
Z e—o.s/ﬁ < Z (e—~/3/zA71/22<./—1)/4 4o /73/2A71/221/8) <em /73/2A71/2’
1=Jo I=Jo
which implies together with zo > 1 that

3z0 (20+D/2 I, 7112
P{Wifoilfj, |Tn(z)—||nlf||§|z4\/%( ol lfllz)}
n n

5 e—«/3/2A_1/2’

concluding the proof of the lemma. ]

The next lemma is a slightly rewritten version of Theorem 3.1 of [10] with tighter
error bounds (for small o > 0).

Lemma 4.4. Let o« > 0. The test V,, () satisfies, for all « > 0 and n > 0, that

sup EfW, + sup Ef(1 —W,) < 201V,
f€Hy feH,

where
Ho: f € B2 (L) and Hy:f € {B5'\ (L) : |l f — B3 (L)|2 = pn}.

with

~ ~ 251,
= Con™V/W2F250  guq Cp =24 V1ija).
e N W STAM
Proof. The proof goes the same way as of Theorem 3.1 of [10], with the only dif-
ference that we apply Lemma 4.3 instead of Lemma 4.2 of [10] and replacing (4.3)
and (4.4) in [10] with the (slightly) sharper bounds

I 9U+D/8 < € i 1+ 1 < el T g7
c . JER C n 5
NN 1—2-1/8) =
1=Jo
R B =

C—F/— =
Nt Nt
for j = (1/2 + 2t)"!log(L?n), respectively. n
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A. Definitions and notations for wavelets

In this section, we collect some notations and definitions about wavelets, a more
detailed description can be found for instance in [14, 15].

We consider the Cohen, Daubechies and Vial construction of compactly sup-
ported, orthonormal, N -regular wavelet basis of L,[0, 1], see for instance [11] and
let the us use the notation {y/;x : j =0,1,..., k =1,..., 2/}, For an arbitrary func-
tion f € L,[0, 1], we can consider the wavelet representation

oo 2/

=Y fixvik:

J=0k=1

with fjx = (f, ¥;k). Following from the orthonormality of the wavelet basis, we have
that

oo 2/

IF13=3"2" Fix

j=0k=1
In our analysis we work with the Besov spaces B; , and BZ, . The correspond-

ing Besov norms for s € (0, NV) are defined as

271

1/ 15y =sup 2 3" fi and ||fllgy ., = sup {2/CHD| fl}.
e J=zdo k=0 jz0.k

Then the Besov spaces Bj ,, By, , and the corresponding Besov balls B; (L),

BZ, oo(L) of radius L > 0 are defined as
B o =1{f € Lal0.1]: || fllpg < oo},
B3 (L) = {f € La[0.1]: || fllps _ < L},
Blooo ={f € L20.1] : | fllBg, o < 00}
Blooo(L) ={f € L2[0.1] : || By, o < L}
respectively. We note that the Besov space B ., is larger than the standard Sobolev
space where instead of the supremum one would take the sum over the resolution lev-

els j. Fors # N, B, ., is equivalent to the classical Holder space with regularity s,
while for integer s they are equivalent to the so-called Zygmond spaces, see [11].
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B. Minimax bounds for the distributed white noise model

B.1. Distributed minimax rates

As explained in the introduction, the results in this paper are motivated by minimax
lower bounds that we have for estimation in the distributed white noise model under
communication constraints. The analogous results for the distributed nonparametric
regression model were derived in the paper [25], cf. [31] for the white noise case.
Since the minimax bounds put the results of the present paper into context, we give
the formulations and proofs for the setting of the white noise model in this appendix
for the sake of completeness.

The setting is as before that we have m local machines and at the i th machine we
observe the random function X ) given by the stochastic differential equation (1.1).
The local machines carry out a local statistical procedure and transmit the results to
a central machine, which constructs the final estimator. Now we add the restriction
that local machine i is allowed to send at most B® bits (on average) to the central
machine. The central machine will then collect the transmitted bits from the local
computers and combine them to a global, aggregated answer. More formally, for a
target function class ¥, we write f € Fuist(B ™ ., Bm. F ) if f is a measurable
function of messages of length B® sent from the local machines and for every foe ¥
it holds that £ foﬁ(i) < B® for every 1. For simplicity, we will focus on the case
BW = ... = B that the communication restriction is the same for every local
machine.

Theorem B.1. Lets, L > 0.
o IfB >n"0%29 /logm, then

. ~ 2 __25
. inf sup  Ep |l f — foll3 = cLT#Z 0 T
f€Fis(B,...,B;B3 (L)) fo€B3 (L)

e If(n log(n)/m2+ZS)1/(1+2s) <B< nl/(1+25)/10g m, then

~ 17 Blogn \—1& __2s
A inf sup  Egllf — fol2=cLTH (1/(1—4%2)) R S
feFu(B,....B;BS (L)) foeBS o (L) n §

e IfB < (nlog(n)/m?*t2$)V/(1+29) then

__25
inf sup  Epllf = foll3 = eL s (——)

fefam(B,...,B)foeBg‘voo(L) mlogn

for some ¢ > 0 small enough not depending on L.

Proof. See Section B.2. ]
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The result shows that it is indeed only possible to obtain the optimal rate n =5/ (129
over Besov balls of regularity s if, up to a logarithmic factor, every machine is allowed
to transmit order '/ (1+2%) bits to the central machine. Also for completeness, and to
prepare for our new adaptation results, we recall the following theorem that shows that
this result is indeed sharp (up to log-factors), i.e. if order n!/(1+25) bits are allowed,
then the optimal rate can indeed be achieved with some procedure.

In fact, the theorem considers the first two cases of the preceding one, i.e.

(n log(n))prlm < B

m2+2s

The third case is not interesting since in that case distributed methods do not perform
better than any standard technique applied on a single, local server.

Theorem B.2. Let s, L > 0, m < n. Then there exists a distributed estimator f €
Fast(B, ..., B; B (L)) satisfying:
e for B> (L*n)"/(%29 /logn:

sup  Epllf — foll} < e(L™5n T5) v (L2(B/logn) ™),
JoeB5 (L)

o for (L?nlog(n)/m2+25)1/(0+2) \ Jogn < B < (L2n)Y/(1+25) /Jogn:

. , [pV/429N 275
swp Elf - il = ey (M)
fo€Bs (L) Blogn
with M,, = (logn)?* and ¢ > 0 not depending on L.
Proof. See Section B.3. |

Based on the above distributed minimax lower and upper bounds we define the
minimum communication required to reach the minimax squared-L, estimation rate
12/(+28)y=25/(1429) gver the Besov class B3, (L) as

arg inf inf sup  Epllf— fol2 < MLTF5n 5 (B.1)
B>0 feFyu(B.....B;:B3, (L)) foeBS o, (L)

for some given, large enough constant M > 0. We note that Theorems B.1 and B.2 show
that the optimal communication is (up to a logarithmic factor) order (L2n)/(1+29),
Furthermore, the choice of M only influences the constant factor, not the rate of B,
hence we omit it from our notation.

One can also derive similar matching lower and upper bounds for the L o-norm
for fo € B, o (L) in case of the Gaussian white noise model, as in [25] where the
nonparametric regression model was considered. Since our focus in this paper is not
on deriving minimax rates, we have deferred this result to Section B.4 in the appendix.
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B.2. Proof of Theorem B.1

The proof of the theorem follows from the following, more general theorem with
taking B = ... = B(™ = B_The proof is a slight extension for a larger set of esti-
mators and adaptation to the Gaussian white noise setting of the proof of Theorem 2.1
in [25].

Theorem B.3. Let the sequence 8, = o(1) be defined as

157 -2 . m m
8p =2 2L " min 0 , : . (B.2)
nlogn 8. BOlogn A1)

Then in the distributed Gaussian white noise model (1.1), we have for any s > 0 that

R _25
nt sip  Epllf — foll3 = cL28T7
fG}.dist(B(l),~-~sB(m))f()EB5.OO(L)

for some ¢ > 0 not depending on L.

Proof of Theorem B.3. We prove the desired lower bound for the minimax risk using
a modified version of Fano’s inequality, given in Theorem B.7. As a first step we
construct a finite subset ¥o C B; ,(L). We use the wavelet notation outlined in App-
endix A and define j, = [(log8;")/(1 + 2s)]. For B € {—1,1}>"" let f3 € L»[0,1]
be the function with wavelet coefficients

LBkSY?, it j = juk=1,... 20,
fp.jk = " ! (B.3)
0, else.
Now define o = {fp : B € {—1. 112"}, Note that Fo C B3 (L), since
2J
1313 =sup22 3" 17, = L22Cs+ g, < 12,
' 7 k=1

Therefore, for an arbitrary set of estimators ¥ we have that

inf  sup  Egllf— fol2=> inf sup Egllf — fol3
fEF foeB;3 (L) feF foeFo

To prove the statement of the theorem we take the set of distributed estimators F =
f"dist(B(l), ..., Bm:. Bioo(L)), but the inequality holds more generally.

For this set of functions ¥, the maximum and minimum number of elements in
balls of radius ¢ > 0, given by

N = max {#{ fpr € Fo : | fp — fprll2 < 1}}.
fBEFO

NMM = min {#{ fz € Fo : — fprll2 = t}y,
; fgg;o{ {fpr € Fo:lfp— fola =1}}
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satisfy

7
NI = NPt and N = Z(

i=o0

Zj”) | Fol
<

i 2
for7 :=12/48,L? < 2/n~! (and therefore N™ < |Fp| — NMn).

Recall the notations X = (XM, ..., X)) for the data available at the local
machines and ¥ = (Y, ..., Y"™) for the binary messages transmitted to the cen-
tral machine satisfying the distribution protocol, and consider the Markov chain F —
X — Y, where F is a uniform random element in Fg. It then follows from Theo-
rem B.7 (with t? = L?8,2/»T1/3 and d(f. g) = || f — g|») that

(1 _I(F:Y) +log2)

B4
log(| ol /N7™) B4

inf sup Ep[lf — foll3 2 L?8,27"
feF foeFo

where I(F';Y) is the mutual information between the random variables F and Y.
To lower bound the right-hand side, first note that

7 ‘ . C
2]71 2]n 2]n t
=35 ) <2 ) =2(F)

i=1

and therefore, for 7 = 2/771/3 (i.e. t? = L?8,2/n11/3),

|5(70| i — _o—Jn o
log(—NtmaX> > 2/n log(2(6e) /272" ) > 2713,

3,1—1/(1-1-2&)

Hence, recalling that 2/7 = , we see that to prove

inf sup Epllf — fol3 2 L2625/0+29) (B.5)
fEF foeFo

and as a consequence to derive the statement of the theorem it is sufficient to show

that
I(F;Y) <§Y/0%29 /8 1 0(1). (B.6)

Observe that for the class of distributed estimators # = ?dist(B(l), ..., BmM:
5 oo (L)), by definition the following inequality holds
ED(y®) = Y EPI(Y®) < BD, (B.7)

17l o|f65,,

where the expectation is taken over the joint distribution of the random variable F

and P(’) f € Fy. Next note that for 8, < m/(2''L?nlogn) the conditions of Lem-

ma B. 8 are satisfied hence by applying the lemma (with §>= L2, and d= 6, ey (st))
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we get

" 1 L1
I(F;Y) <2L?*n8,m™! Zmin{Zmlog(mSn 1“‘Y)H(Y(’)),Sn 1+2‘Y} + 4log?2
i=1
S IR
<2L%n8,m™"'8, T Y (2 log(m)8, T BY A1) + O(1), (B.8)
i=1
where the last inequality follows from Lemma 4.1 and assertion (B.7). Since from the
definition of §,, it follows that

274 L 2mn!

8}1 S 1 ’
St i[2M log(n)8, T BO A 1]

the right-hand side of (B.8) is further bounded by 2735, 1/a+2s) 4 O(1), finishing
the proof of assertion (B.6) and concluding the proof of the theorem.

Note that we have used the properties of the distributed estimation class ¥ only
in assertion (B.7), hence for any distributed method satisfying this inequality we have
that

~ _2s
inf  sup  Egllf— foll3 2 L%8: . (B.9)
FeF foeBs (L)

We note that all the computations above hold for arbitrary §, < §, as well. |

B.3. Proof of Theorem B.2

First we give the algorithm achieving the upper bound. Let us introduce the notation

n= (L((LG)“%% log(n)/B)%J v 1) A,

Then we group the local machines into n groups and let the different groups work
on different parts of the signal as follows: the machines with indexes 1 <i < m/n
each transmit the approximations Y](,? of the observations X;Q for 1 <2/ +k <
(B/logn) A n'/0+29) ysing Algorithm 1. If 7 > 1 then the next machines, with
indexes m/n < i <2m/n, each transmit the approximations YJ(,? for B/ logn <
2/ + k <2B/logn, and so on. The last machines with numbers (n — D)m/n <i <m
transmit Y](]:) for (n —1)B/logn < 2/ + k < nB/logn. Then in the central machine
we average the corresponding transmitted approximated noisy coefficients in the obvi-
ous way. Formally, using the notation

ik = [ (27 + k)log(n)/B] — 1.
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the aggregated estimator fA is the function with wavelet coefficients given by

fA {mean{Y(l) : M’;’;m <i< (“jk:l)m}, if 2/ +k <nB/logn,
jk =

0, else.

The procedure is summarized as Algorithm 2.

Algorithm 2 Algorithm for the L,-norm

1: In the local machines:

2: for{ =1ton do

3: fori = |({—1)ym/n] 4+ 1to |[€m/n]| do

4 for2/ +k = [({— l)B/lognJ + 1to [£B/logn| do
5 Y( ) —TransApprox(X )

6: In the central machine:
7: for 2/ +k = 1to [(yB/logn) A nl/(+25) | do
8 fix=mean{Y )t pjgm/n <i < (ujx + Dm/n)

Construct: f= Z_/;j\'k\ﬂjk-

2

In the algorithm described above each machine transmits the approximations of at
most n'/1%25) A (B/logn) noisy coefficients. Note that for any f € BS (L), we
have that

ko ssup2” ) S <12
J k
hence in view of Lemma 4.2 (with || = | fo,jk| < L) the approximation satisfies
0<[xj) —Yi'lle <1/vn. Y| < vn. and 1Y) <logn,

where the set & was defined in (3.7) and satisfies that Py (&) < e™“", for some ¢ > 0.
Therefore, we need at most B bits to transmit n'/1+25) A (B/logn) coefficients,
hence f € Fy(B. ... B: B o (L)).

Next for convenience we introduce the notation

Ajk = {Lmjem/n] + 1..... [(we + Dm/n]}

for the collection of machines transmitting the (j, k)th coefficient and note that
#(Ajx) < m/n. Then our aggregated estimator f on the set & satisfies for 2/ 4 k <
nB/logn (i.e. the total number of different coefficients transmitted) that

(l) f m
0.jk t | = Zjk — &jk>
#(A; ),EXA: TE T\ n#(Aj) Y

fix =
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where

3 e 0.0 and  Zy ~ NO.1).
i€Ajk

Sjk

#(J)

Let j, = |log ((L?n)Y/(+29 A (yB/logn))]. Then the risk of the aggregated
estimator is bounded as

jn 27

Erlf —~ foll31e < ZZfo,k+ZZEfo(n#(A SZh+eh)le

J=Jjn k=1 Jj=0k=1

in 27

22 2js sup 22]s2f0]k+2277/n

J=ijn Jzjn j=0k=1

B —2s B
< LZ("— A (LG)m) n Q( LN (LG)nﬁﬁ)
log, n n \log, n

B 1/(142s)
= {(logn) I%FSLILH(n—) +
Blogn
> pl/1+2s) i s s
< {(logn)ZSLm(—) T v LTH2s }n_l+2s’ (B.10)
Blogn

s

2 __2s mB \—2s
v LTF2s }n TF25 v ( )

logn

where we have used that for fo € B3 (L), we have | fo jx| < L for any j > 0,
k =1,...,2/. The above inequality together with

Erllf — fol3lge < nPs(6°) < L2ne™" = o(n™)

concludes the proof of the theorem. ]

B.4. Minimax bounds for distributed methods in L ,,-norm

Similarly to the L,-case we consider the situation where all communication budgets
are the same, i.e. B = ... = Bm = B,

Theorem B.4. Consider s, L > 0, communication constraint B M) =...= pm =
B > 0, then
(b) if B = (L2n/(ogn)>*4s)" "2 phen
inf sup Epyllf — folloo = LT (n/logn) %

FE€Fuis(B,esB;Bio 00 (L)) fo€Bo 0o(L)
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1/(1+2s), then

(iib) if (L?nlog(n)/m?T25)1/(1+29) < B < (L2n/(logn)3+**)

R inf sup  Epllf = follo
fEFdiS[(B,...,B;Bgo.OO(L)) fQEBgO.OO(L)

1/(1425) e s
>cL 1'1“5 (—n 3+4s ) ( - ) 1+2S;
B(logn) T+2s logn

(iiib) if (L2nlog(n)/m2+25)1/(+25) 5 B then

~ 1 nlogn\—1is
R inf sup Eppllf = follo = LT (S50 ) 1
[ €Fuisu(B,.... B; B3, 00 (L)) foEBSs,00(L)

for some ¢ > 0 not depending on L.

This theorem is actually a direct consequence of the following more general the-
orem where the communication thresholds can vary between the machines.

Theorem B.5. Consider s, L > 0, communication constraints B(l), e, B™ >
and let the sequence 8, = o(1) be defined as the solution to the equation (B.2). Then
in the distributed Gaussian white noise model (1.1) there exists ¢ > 0 not depending
on L such that

- inf sup Epllf = follo
FeFus(BO .., BB, (o(1)) fo€BSo 00(L)

S
1 “T1¥2s e
> ¢LT#% ( ) v L§TF®

logn
Proof. First of all we note that in the non-distributed case where all the information
is available in the global machine the minimax L o-risk is (n/ log n)_lﬁfﬁ. Since the
class of distributed estimators is clearly a subset of the class of all estimators this will
be also a lower bound for the distributed case. The rest of the proof goes similarly to
the proof of Theorem B.2.

First we construct a finite subset o C B3, (L) and then give a lower bound for
the minimax risk over it. Let us denote by K the largest set of Daubechies wavelets
at resolution level j with disjoint supports. Note that |K; | > co2’ (for large enough j
and sufficiently small ¢y > 0). Let us again multiply &, with a sufficiently small con-
stant and work with this &, in the rest of the proof

m m
Sp 1= c02—13L—2min{ , } (B.11)
’ nlogn’ ny 15,/ 02 1og(n) B A 1]

Let j, = |(log8,;1)/(1 4+ 2s5)] and for B € {—1,1}/Kinl let f5 € Loo[0, 1] be the
function with wavelet coefficients
L8 Be. ifj = ju. k € K,
fB.jk =
0, else.
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Now let Fo = {fg : Bx € {—1.1},k € K}, }.
Note that each function fg € Fp belongs to the set B, (L), since

I f3llBs, oo = SquP 26H1/2) 2

— 2+1/2)jn sup Lgrll/2 — L2(S+1/2)jn5r1l/2 <L.
kEan

Furthermore, if fg # fg, then there exists a k’ € K}, such that B # f,. Then due
to the disjoint support of the corresponding Daubechies wavelets ¥, , k € K, the
L »-distance between the two functions is bounded from below by

S
j 1 T+25
15 = fp/lloo = | fjukr = Sprl - 1k 00227 PHNLE)2 > 18,77
Next observe that for an arbitrary set of estimators ¥ , we have

inf  sup  Egllf — follo = inf sup Egllf — folleo-
TeF foeBio oo (L) JeF foeFo

Now let F be a uniform random variable on the set #y. Then in view of Fano’s
L8029 and p = 1), we get that
I(F;Y)+ log2)
log | o

inequality (see Theorem B.7 with ¢ =

inf sup Egyll/ — folloo 2 LT (1 -
feF foeFo

1/(1+2s)

Hence, since log |Fo| > |Kj,| > c02/" = ¢, , it remains to show that

1

I(F:Y) < (co/2)8, 7% + 0(1).

In view of Lemma B.8 (applied with § = 5,1,/2, d =1\Kj,| = 005;1/(1+2s), X =
XDy =YD j=1,...,m, and noting that §, < m/(2''L?n logn), hence the
conditions are fulfilled),

1 1 .
I(F:Y) < 2L%n8ym™ "8, 72 > (2" log(n)8, 7 H(Y ) A ¢o) + 41og2.
i=1
i IR T
< 2"2L%n8,m™"8, 77 Y (log(n)8; T BY A 1) + O(1)

i=1
1
< (co/2)8, " + 0(1),

where the second inequality follows from Theorem 4.1 and assertion (B.7) for F =
Fas(BD, ..., B™; B3, (L)) and the third by the definition of 8,, see (B.11).
Hence, we can conclude that

R

_ inf sup Epllf — folloo 2 Ln . (B.12)
feFa(BD,...,BUM; Fy) foeFo
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Note that we have used the properties of the distributed estimation class ¥ only in

assertion (B.7), hence for any class of distributed estimator ¥ satisfying this inequal-
ity, we have that

inf  sup  Egllf — follo 2 LET, (B.13)
fe?"fOEBgo.oo(L)

which concludes the proof. |

Next we give an algorithm providing matching upper bounds in the first two cases.
Note that the last case, similarly to the L,-norm is less relevant as using the data
available only on a single machine would provide at least as good an estimator as any
distributed algorithm. The algorithm is very similar to the L,-case, i.e. Algorithm 2,
and is basically the rewrite of Algorithm 4 of [25] tailored to the Gaussian white noise
model. Here we just highlight the differences compared to Algorithm 2. We divide the
machines into = (| (L2n(log, n)%*/B1+25)1/@+29) | A m) v 1 equal sized groups
(n = 1 corresponds to case (ib), while n > 1 corresponds to case (iib)). Similarly to
before machines with indexes 1 < i < m/n transmit the approximations Yj(,? for

1 <2/ +k < |B/logyn] A (n/logyn) 77,
and so on, the last machines with numbers (n — 1)m/n < i < m transmit the approx-
imations YJ(,? for
((n—DLB/logyn]) A (n/logym) % <2/ 4 k
< (nlB/logyn]) A (n/log, n)lJrlﬁ

Then in the central machine we average the corresponding transmitted coefficients
in the obvious way, similarly to the L;-norm case. The procedure is summarized
as Algorithm 3 and the (up to a logarithmic factor) optimal behaviour is given in
Theorem B.6 below.

Theorem B.6. Lets, L > 0, then the distributed estimator fA described in Algorithm 3
belongs to Faise(B, ..., B; B, (L)) and satisfies
o for B > (L?n)Y/0+29)(log, n)?$/(1+29) ye have

£ e s
Sup ]Ef()”f_f()”oo SCL1+2-V(n/10g2n) 1+2A‘;
fo€B3o.00 (L)

o for (L*n(log, n)/m2+25)ﬁ Viog,n < B < (LG)ﬁ(log2 n)% we have

nl/(1+2s)

~ 1 P o
sup EpllS = folloo < eMaL T (—3+4) (n/ logy n)” T+25,
Jo€B&, 00 (L) B(]og2 n)T+2s

with M,, = (log, n)sv% and ¢ > 0 not depending on L.
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Algorithm 3 Non-adaptive L,-method, combined

1: In the local machines:
for { =1ton do
fori = (L — Dm/n| + 1to [£m/n] do
for2/ +k = (L — l)LB/logz n|+1tof|B/log,n| do
Y() —TransApprox(X )

: In the central machine:
: for 2/ +k = 1ton|B/log,n| do
i = mean{¥ P : ppm/n <i < (uj + Hym/n}.

Construct: f = ijklﬁjk-

R D AR

b

The proof of the theorem follows the same reasoning as the proof of Theorem B.3
but for the Ls,-norm and it basically follows from the proof of Theorem 2.8 of [25]
tailored to the Gaussian white noise model.

B.5. Technical lemmas

First we recall a slight modification of Fano’s inequality, see [12, Corollary 1] or [25,
Theorem A.6]. Given a finite set F5 C %, we use the notations

NP = max (S € Fo: d(f. ) =3},
Nmin :fn;i}%{#{fe Fo:d(f f) <))

Theorem B.7. If ¥ contains a finite set Fo and |Fo| — N™™ > N then for all
p.t >0,

_inf  sup Efd”(f,f) > t?
fe8(Y) feF

(1 I(F;Y)—I—logZ)
log(|Fol/N/™™) )"

where &(Y) denotes the set of all estimators depending only on Y and the function
class ¥, and F is a uniformly distributed random variable on ¥y.

The next lemma gives an upper bound for the mutual information between the
uniform random variable F on $5 C R and the set of observations on all local
machines Y = (Y, ..., Y ) in the d-dimensional many normal means model.

Lemma B.8. Let F =8B, with §2 <27'%m/(nlog(md)) and B a uniformly distribu-
ted random variable over {—1,1}¢. Furthermore, suppose that X = (X(l), LX),
where X Ds are d-dimensional random variables satisfying that X ;l) | Fj and F; are
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independent of F_;, and X}i) | (F = f)~ IP’;;) = N(f;,m/n). Then
=\ 282 .
I(F:Y) <> ——min{2" log(md) H(Y V). d} + 41og2.
immin
where I(F;Y) is the mutual information between F and Y in the Markov chain

F—-X-—>Y.

Proof. Let us introduce the notation a? = 24 log(md)m/n and note that

©8,m/n(x) nlx—8)2—(x+8)2| 2n8|x| 2ans
sup ———"— < sup e 2 <supe m <em,

|x|<a ‘p—S,m/n(x) B |x|<a |x|<a

where ¢, ;2 denotes the density function of a normal distribution with mean u and
variance o2, Furthermore, let us introduce the notation B; = {|x;| <a}, j =1,...,d.
Then by Theorem B.9 (with %o = {f =88 : B € {—1,1}%}), we have that

107 0) = dlog2) [ Pyo (X & B) + 2Py (X ¢ By
+2C%(C - 1D2I(XD; YD), (B.14)
with C = 2’ 18l3/leglmd)n/m Next note that for Z ~ N(0,m/n), we have

(a—8)2n

7 (lzl’l
Pyor(XP ¢ B)) < P(1Z| 2a—5) <2¢” 2m <2¢" % <2(md)~*,
J

and the inequality 7(X@; Y®) < H(Y @) holds. Then by plugging in the above
inequalities into (B.14) and using the inequalities ¢* < 1 + 2x for x <0.4and C? <2,
we get that

H(Y ).

1(F: YD) < Va(log 2ym=2d~" + 2(log 2ym a2 + 21152208n)n
m

Furthermore, from the data-processing inequality and the convexity of the KL
divergence

I(F:YD) < 1(F: X9) < > k(PPIrY)
0

< L
| Fol s iew
= S B < 20/ myds?
- T 12 2 — .
2m/n |Fo| £ hes

We conclude our statement by noting that

m
I(F:Y) <Y I(F:Y®) n
i=1



Distributed function estimation: Adaptation using minimal communication 197

The next theorem provide an upper bound for the mutual information, see [25,
Theorem A.9] or [29, Lemma 3].

Theorem B.9. Let us consider the Markov chain F — X@ — Y(i), where F is the
uniform distribution on Fy C R4 and XD(F=f)~ Px )| =y is a d-dimensional
random variable. Assume that X j(l) | F; and F; are independent of F_j. For C > 1,
define
B; = {xj : max —p(xj | fi,) < C}
£ p(xj | 1))

for a constant C > 1 and density p(x;|f;j). Then

d
I(F;Y®) < Z((log 2) \/PX}”(X}’) ¢ B;) + log |3~‘O|PX}i)(X;’) ¢ BJ-))
j=o ‘
+2C3(C - 121X Dy D),

where I(X ;Y D) is the mutual information between X ® and Y ©.
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