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Adversarial examples in random neural networks
with general activations

Andrea Montanari and Yuchen Wu

Abstract. A substantial body of empirical work documents the lack of robustness in deep learn-
ing models to adversarial examples. Recent theoretical work proved that adversarial examples
are ubiquitous in two-layers networks with sub-exponential width and ReLU or smooth activa-
tions, and multi-layer ReLU networks with sub-exponential width. We present a result of the
same type, with no restriction on width and for general locally Lipschitz continuous activations.

More precisely, given a neural network f(-;#) with random weights €, and feature vec-
tor x, we show that an adversarial example x” can be found with high probability along the
direction of the gradient Vx f(x; ). Our proof is based on a Gaussian conditioning technique.
Instead of proving that f is approximately linear in a neighborhood of x, we characterize
the joint distribution of f(x;#) and f(x’; @) for x’ = x — s(x)Vy f(x;0), where s(x) =
sign( f(x;8)) - s4 for some positive step size sg.

1. Introduction

The output of a neural network at test time can be significantly changed by an imper-
ceptible but carefully chosen perturbation of its input. Such perturbed inputs are
referred to as adversarial examples. In the context of deep learning, the existence of
adversarial examples was first discovered experimentally in [23]. A rapidly expanding
literature developed algorithms to produce adversarial examples [7, 11,13, 19,28], as
well as techniques to increase model robustness [0, 14,20,21,24,27].

Throughout this paper, we will focus on the standard supervised learning setting,
whereby a data sample takes the form (x, y), with x € R4 a covariates vector and
y € R the corresponding label. A model is a function f(-;0):R¢ — R parametrized
by weights # € RZ. In this setting, given a test point x € R?, an adversary constructs
x4V = x2(x:0) € R4. The adversary is successful if, with high probability

sign(f(x™";0)) = —sign(f(x:0)), [x* —x| < |x]|.
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In this paper we will interpret ‘with high probability’ as with probability converging
to one as d — oo with respect to a certain distribution over the random weights 8, for
any fixed x € R? (with normalization ||x | = v/d). Results in the literature differ in
the choice of the point x (e.g., random according to the test distribution, or an arbitrary
training point, or a fixed x as in the present paper), and the norm || - || (empirical work
often adopts £, norm, but we will follow earlier theoretical papers and use £, norm.).
We refer to the next sections for formal statements.

Among the earlier hypotheses about the origins and ubiquity of adversarial exam-
ples was the idea, put forward in [11], that they are related to the fact that f(-; @) is
approximately linear (better, affine) over large regions of the input space. This hypoth-
esis has several consequences that match empirical observations at a qualitative level:

(1) Prevalence of adversarial examples. Indeed, if f(x;0) ~ a(0) + (b(0), x),
then
f(x*0) = f(x:0) ~ (b(0), x*" —x). (1.1)

Assuming without loss of generality a(#) = 0, we have | f(x;0)| = ©(||b(8)]|2) for
most ||x||> = ~/d. By choosing

xadv —x = :I:b(a)/Hb(a)”z’

we obtain that | £(x?%;0) — f(x;0)]|is of order | f(x;0)|, while |x*® — x|, =1 K
|lx||2. With appropriate choice of sign and step size, such perturbation also flips the
sign of f.

(2) Adversarial examples can be found by efficient algorithms. Indeed, the above
argument suggests to take

xV(x:0) = x —s(x)Vy f(x:0), (1.2)

for a suitable s(x). This approach was successfully implemented in [11], who ref-
erred' to it as the ‘fast gradient sign method’ (FGSM).

The main result of this paper is a proof that this procedure indeed produces adversarial
examples when f(x; @) is a two-layer or multi-layer fully connected neural network
with random weights. This can be interpreted as the function implemented by the
network at initialization.

Several groups obtained theoretical results on the existence of adversarial exam-
ples. One basic remark is that, if the distribution of the covariates x satisfies an
isoperimetry property, and P ( f(x;6) > 0) € [§, 1 — §] for some constant § > 0, then a

adv

IThe original proposal attempted to minimize |[x* — x| o0, and consequently takes

x4 — x ocsign(Vy f).
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random x will be close to the decision boundary (and to an adversarial example) with
high probability. This is the case, for instance, when x is a uniformly random vector
on a high-dimensional sphere, or a standard Gaussian vector. Increasingly sophisti-
cated incarnations of this argument were given in [9, 10,22].

The isoperimetry argument clarifies why adversarial examples are ubiquitous, but
does not explain why they can be found so easily, for instance via FGSM. In the other
direction, [5] proved that learning robust classifiers can be computationally hard.

A somewhat different point of view was developed in [12], which proposed that
non-robustness is related to the presence of non-robust features in the data. These
functions A (x) of the data are used by a normally trained classifier (minimizing the
training error), but can be significantly changed by an imperceptible perturbation
of x. By itself, this is not incompatible with the ‘approximate linearity’ hypothesis
described above. However, [12] emphasized the existence of robust features along-
side non-robust ones.

Our work is most closely related to a recent sequence of papers analyzing the brit-
tleness of fully connected neural networks to the FGSM-style attack (1.2) [2,4,8]. In
particular, [8] showed that random RelLU networks are vulnerable if the width of each
layer is small relative to the width of the previous layer. For the case of two-layer net-
works, this result was improved in [4] which considered either smooth activations and
width subexponential in the input dimension m = exp(o(d)), or ReLU activations,
and width m < exp(d®2%). Finally, [2] generalized the latter analysis to multi-layer
networks with maximal width m < exp(d¢) for some small c.

We also point to the recent paper [26] which studied trained two-layer ReLLU net-
works (under the assumption that gradient flow converges to a network that perfectly
classifies the training set). These are shown to be non-robust (in a stronger sense than
above) for sample size n < V.

In this paper, we prove that the FGSM-like attack (1.2) indeed finds adversarial
examples for neural networks with random Gaussian weights. We present the follow-
ing novel contributions, with respect to earlier work:

Arbitrary width. Our results apply to an arbitrary diverging width, without upper
bounds on the growth rate. This question is posed as an open problem in [4] and
is not merely academic. A large body of literature connects wide random neural
networks to Gaussian processes and kernel methods, see [1,3, 15, 18] for a few point-
ers. For instance [16, 17] prove that the generalization properties of two-layer net-
works linearized around their initialization approach the one of the associated infinite-
width kernel as soon as the number of parameters becomes larger than the number of
samples.

Within this context, the upper bounds on width assumed in [2, 4] are somewhat
puzzling. A priori, they could suggest that exponentially wide networks are more
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robust than sub-exponentially wide, although their generalization properties are simi-
lar. Here we prove that this is not the case. In particular, our results apply to Gaussian
processes as well.

General activation. Both for two-layer and multi-layer networks, our proof applies
for a general class of activation functions o (x). We only require ¢’ (x) to exist almost
everywhere, continuous, and bounded by a polynomial.

While most activation function of practical use are more regular than this (e.g.,
Lipschitz continuous), this generalization clarifies that the approximate linearity prop-
erty (1.1) is not a naive consequence of the smoothness of the activation functions.

Weak linearity condition. Our proofs are based on a weaker notion of linearity
than [2, 4, 8]. Namely, instead of proving that f(-; @) is approximately linear in a
neighborhood of x, we only prove that it is approximately linear along the direction
of interest Vy, f(x:0).

Gaussian conditioning. Establishing approximate linearity along a specific direction
poses an obvious mathematical challenge: The direction Vy f(x; @) is correlated with
the function f(-; @) itself. We deal with this difficulty by introducing a Gaussian
conditioning technique that was not used before in this context, and we believe can be
useful to study other attacks.

For clarity of exposition, we will treat separately the two-layer and multi-layer
cases. This allows the reader to understand the proof strategy in a simpler example,
before diving into the notational intricacies of multi-layer networks. In the case of
two-layer networks, we prove two theorems. The first one is stated in Section 2, and
establishes that the attack succeeds with probability converging to one, but does not
provide explicit probability bounds. On the other hand, this theorem holds for very
general activation functions. We present the proof of these results in Section 3. We
then state a complementary result in Section 4 which gives explicit non-asymptotic
probability bounds, but limited to Lipschitz activations. The result for multi-layer
network is stated in Section 5 with proofs in Section 6. Several technical lemmas are
deferred to the appendices.

1.1. Notations

We generally use lowercase letters for scalars, lowercase bold for vectors and upper-
case bold for matrices. The ordinary scalar product of vectors u, v € R” is denoted
by (u, v), and we let |u||> := (u,u)'/?. Forn € Ny, welet[n] = {1,2,...,n}. We
denote by p-lim convergence in probability. For random variables X, Y, we denote
by X 1L Y if X and Y are independent of each other. We denote by p-lim convergence
in probability.
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2. Random two-layer networks

We begin by studying the following random two-layer neural network:

m
f(x;0) = Zaia(w;rx). 2.1)
i=1
Here, 0: R — R is a fixed activation function, = {(a;, w;)};<m, the weight vectors
w; € RY are i.i.d. generated from N(0, 1 4/d), and (a;);<m B N(0, 1/m). We denote
by W € R™*4 the random weight matrix with the i-th row equal to w;, a € R™
the vector with the i-th coordinate equal to a;. We assume that W is independent
of a. In what follows, we shall typically drop the argument 6 from f, and write
f(x) = f(x:0).
Let 7 := sign(f(x)), and s; € R be the step size which depends on (m, d). We
define
x¥i=x—154V f(x). 2.2)

Our main result on two-layer networks establishes that there exists a sequence of step
sizes {S4}4>1, such that for d,m = m(d) — oo, |x — x®||2/||x |2 — 0, while with
high probability sign( f(x)) # sign( f(x*)).

Theorem 2.1. Let x € R? be a deterministic vector with | x |2 = ~/d. Assume that
o (x) is not a constant, o is continuous, almost everywhere differentiable, o’ is almost
everywhere continuous, and |0’ (x)| < Cy(1 + |x|*~1), where k € N is a fixed pos-
itive integer and Cy > 0 is a constant depending only on o.

Then the following hold:

(1) There exists a constant C > 0 depending only on o, such that for any § € (0, 1),
with probability at least 1 — 6,

Csy
< —Z£(1+d?10g(1/8))(1 + (m8)~1/?).
l[x 12 Vd
(2) Let{q}aen, < R™ be an increasing sequence such that €5 — 0o as d — oo.
Then there exists {54 }aeN, © R, such that sq < £; and the following hold:
[x — x|z

p-limgy, g oo ——— =0,
[l |2

dim P (sign(f(x)) # sign(f(x*))) = 1.

Remark 2.1. Note that this theorem provides a completely quantitative non-asymp-
totic upper bound on the size of the perturbation ||x — x%||>. On the other hand,
it does not provide convergence rates for the success probability P(sign( f(x)) #

sign(f (x*))).



A. Montanari and Y. Wu 148

This can be traced to the use of a non-quantitative uniform central limit theorem
in our proof (see below). In Section 4 we obtain an explicit rate by a more careful
handling of that step, at the price of assuming Lipschitz activations.

Remark 2.2. The scale of the input is chosen so that the output after the first layer
o(wiTx) are of order one when w; ~ N(0, I ;/d). As a consequence, the output after
the second layer f(x: @) is also of order one for a; O N(O, 1/m).

The proof of the theorem applies with barely any change to all inputs satisfying
cv/d < ||x||2 < C+/d for some positive constants ¢, C. Here, we choose not to state
this general version to simplify notations.

We note that the scaling is unimportant when the activation function is positively
homogeneous (that is to say, for z > 0, 6 (zx) = zo (x)). On the other hand, for general
activations the sensitivity to input perturbations is necessarily dependent of the scale.
For instance, if o/(t) = (t — 1)4 and ||x |2 < ~/d then, with high probability we have
|w;-rx| « 1 for all i < m. In other words, the inputs to the hidden neurons lie in the
region in which the activation vanishes, and therefore a small perturbation will not
change the network output.

2.1. Proof technique

As mentioned in the introduction, our proofs are based on Gaussian calculus. Before
delving into the actual calculation, it is perhaps useful to describe a simple calcu-
lation along the same lines. Let x € R¥, | x|l = +/d be fixed and the adversarial
example be given by equation (2.2), with f(x) = f(x; 6), the two-layer network of
equation (2.1).

The gradient of f is given by

Vfikx)=WTDga, 2.3)

where D, € R™*™ is a diagonal matrix: D, = diag({o’(w]x)}i<m).

Note that V f(x) is a random vector, because W , a are random. It is clearly useful
to understand the distribution of this random vector: this will tell us about the prop-
erties of the adversarial perturbation. It is elementary that, if & is a random vector
independent of W, then conditional on the norm ||b||2, WTh is a Gaussian random
vector:

WTb| . ~ NGO, ([B]3/d) - 1a).

Equivalently, we can express the same fact by saying that W Th=|b||,z/~/d, where z
is a standard Gaussian vector that is independent of b.
This fact might suggest that

Vix)~z- (2.4)

——|Doa|
ﬁ al| >
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where z is a standard Gaussian vector that is independent of everything else. Since
(as is easy to see) ” Dga || , concentrates, this would further imply that the gradient is
approximately Gaussian with i.i.d. entries, whose variances we can easily compute.

However, the implication is not straightforward because in this case, b = Dsa
is not independent of W (because the diagonal elements of D, are ¢’ (wiTx) and are
therefore a deterministic function of W). As a consequence, equation (2.4) is at best
an approximate equality, and quantifying the error requires an argument.

Luckily, the Gaussian distribution allows for a particularly elegant such argument.
Let IT, € R?*¢ denote the orthogonal projector onto the linear space spanned by x,
My = xxT/d and Hi := I ;4 — I1,. Further, define g = W x (the input first-layer
neurons). Then we have

W =WII, + WIIy

1
=7 gxT + WIIy.
This decomposition has several useful properties: (i) Wl'[i- is independent of g
(because two orthogonal projections of a standard normal are independent); (ii) D,
is a function uniquely of g; (iii) the distribution of g is simple, namely g ~ N(0, I ;).
Using this decomposition, we obtain

1
Vikx)= EngDga + MxWTDsa
(;) O[”x —+ OlJ_Hi_Z, (25)

where z ~ N(0, I ;) is independent of g and

1 & 1 &
¥ = > giaio’(g). af = 7 Y ato’(gi)’.

i=1 i=1

Note that the crucial step (x) is correct because Hi-WT is independent of g as dis-
cussed above. By the law of large numbers, both oy = Op(1/d) and a1 concentrates
around its expectation, which is of order 1/+/d . Therefore, equation (2.5) provides an
exact version of equation (2.4).

The basic intuition in the decomposition (2.5) is quite simple. Even if D, depends
on W, it only depends on a low-dimensional projection of this matrix. We can condi-
tion on this projection, and resample the orthogonal component of W independently
from it.

Our proofs push forward the same type of reasoning. Instead of computing the
distribution of V f(x), we now have to compute the distribution of

f(x*) = fx =154V f(x)).
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By conditioning on suitable projections of W, we write this quantity (better, its dif-
ference from the first order Taylor approximation) in terms of a certain number of
empirical averages similar to ¢, a3 above. Thanks to such representations, the proofs
of our main theorems reduce to controlling these empirical averages and this can be
achieved by standard empirical process theory.

3. Proof of Theorem 2.1

As discussed above, our proof strategy is based on conditioning on low-dimensional
projections of W. We state a Gaussian conditioning lemma that will be used repeat-
edly throughout the paper.

We say that Y depends on X only through g(X) if and only if there exists a
deterministic function # and a random vector Z that is independent of X, such that
Y =h(g(X),Z).

Lemma 3.1. Let X € R™*4 be a matrix with i.i.d. standard Gaussian entries, and
A e Rk 4, e R4%k2 pe other random matrices. Let Y = h1(A1X,X A2, Z 1)
and A, = hy(A1X, Z ) for deterministic functions hy and h,. Further assume that
(X,A4,Z, Z,) are mutually independent. Then there exists X € R™4 which has
the same distribution with X and is independent of Y, such that

X =104 XTI, + g XTa, + I, XTI + Mg, X T4,

where I14, e R™™ T4, € R4*4 gre the orthogonal projectors onto the subspaces
spanned by the rows of A1, A,, respectively. Further,

My =1In—T4,. Ty =14—Ty,.
The proof of Lemma 3.1 is a straightforward application of the properties of Gaus-
sian ensembles, and we defer it to Section A.1.

Proof of the first claim. We first prove claim (1) of the theorem. Recall that the gradi-
ent of f is given by equation (2.3). The next lemma provides non-asymptotic control
over the Euclidean norm of V f(x).

Lemma 3.2. Under the conditions of Theorem 2.1, there exists a constant C > 0 that
depends only on o, such that for any § > 0, with probability at least 1 — §, we have

IVA(x) 2 < CA+d™21og(1/8))(1 + (m8)~/?).

The proof of Lemma 3.2 is deferred to Section A.2 in the appendix. Recall that
| x|l = +/d, thus the first claim of the theorem follows directly from Lemma 3.2.
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Proof of the second claim. We next invoke Lemma 3.1 to prove the second claim
of Theorem 2.1. For the sake of simplicity, we define g := Wx, g% := Wx¥, then
g 4 N(0, I,,). By definition, we have
g =g-tsaWVJfix)
=g—rdeWTDaa. (31)
Recall that TT, € R4*4 is the orthogonal projector onto the linear subspace spanned
by x, and let Hi‘ = I4 — Il,. Using Lemma 3.1, we can decompose the weight
matrix W as W = gxT/d + WIIy, where W has the same marginal distribution
as W and is independent of (g, a). We then substitute this result into equation (3.1),
which gives
g =g —ts4(ggT/d + WIzW")Doa

=g(1—1548"Dga/d)—tsqWW ' Dga

=g(l—158"Dsa/d) —ts4 HDaaWWTDga — T8y HlL,UaWCWTDGa
IWTDsal} — (W.Dya, W' D,a)

=g(l—150¢8"Dsa/d) —tsg - Dja
’ IDsall ’
Sd =
- ﬁ”WTDaa”zu, (3.2)

where W, W . € R™*(@=1 are matrices which have i.i.d. Gaussian entries with mean
zero and variance 1/d . Furthermore, W is independent of (g, @) and W .. is indepen-
dent of (g,a, W' Dya). Such independence is established by Lemma 3.1. In the last
line above, u = V/dtW ;W'D al| WTD(,aHE1 € R™, which by the property of the
Gaussian distribution and the independence result we have just established has i.i.d.
standard Gaussian entries and is independent of (g, a, W'D ,a).

We introduce the following notations for the sake of simplicity.

1
W= E‘L’SdgTDoa,

|W'Doa|} — (W.Dsa, W' Dsa)

ﬂ = T8q 5
Vm||Dgall3

3.3)

Sd o T

y = —=IW Dsal>.
Vd 7

The following lemma states that under the current setting, the above quantities are

small in probability.

Lemma 3.3. Under the conditions of Theorem 2.1, if we further assume that there
exists a constant Sog > 0, such that sq4 — S as d — oo, then as d goes to infinity
we have

n=op(l), p=op(l), y=op().
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We postpone the proof of Lemma 3.3 to Section A.3, which constitutes merely of
standard applications of concentration inequalities. In the following parts of the proof,
we will assume {5y }jeN n satisfies the condition stated in Lemma 3.3.

Let F:R™ — R be arandom function, such that F(y) =Y -, a;o(y;). Then the
quantity of interest f(x*) — f(x) can be expressed as F(g*) — F(g). Furthermore,
by equations (3.2) and (3.3), we have

F(g')—F(g)—(VF(g).g" — g)
= Z{ai(ff((l — g — B/ma;o’(gi) — yui) —o(gi)) + pnaio’(gi)gi
i=1

+ Bv/malo’ (gi) + yajuio' (gi)}

Then we proceed to show that F'(g*) can be well approximated by the corresponding
first order Taylor expansion at g. Namely, we will show that

|F(g®)— F(g)—(VF(g).g"—g)l =op(1).

Let b; = \/ma;, then b; L N(0, 1) for i € [m]. For 8 = (61, 6, 65) € R3, we

define
he (b, g.u) :=bo((1—61)g — 62b0’(g) — O3u) — bo(g).

Notice that

1 m
F(gy) = N Y hgupybis gisui),

i=1
1 m

F(g) = T > h0,0.0)(bi. i)
i=1

Given these expressions, it is a natural reflex to apply the central limit theorem to study
F(g,) — F(g). However, the fact that (i, 8, y) are random and depend on (a, g, u)
raises doubts about such application. To fix this issue, we resort to the uniform central
limit theorem to present a valid result.

For § € R3, we define the empirical process G, evaluated at 8 as

1 m
Gon(0) = = g(ho(bi,g,-,u» — Elho (bi. gi.u:))). (3.4)
where the expectation is taken over {(b;, i, U;)}i<m ik N(0, I3). For @, 0 € R3, we
define the covariance function ¢: R3 x R3 — R as

c(8.8) := Elhg (b, g, whg(b, g,u)] — Elhg (b, g, )|E[hg (b, g, u)]. (3.5
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Application of the regularity assumptions imposed on o and the dominated conver-
gence theorem evidently reveals the continuity of ¢ (-, -). We denote by G the Gaussian
process indexed by @ with mean zero and covariance function c(-, -). The following
lemma establishes that G,, converges weakly to G.

Lemma 3.4. Let Q := {x € R3: ||x|loo < 1}, and C(R) be the space of continuous
Sfunctions on 2 endowed with the supremum norm. Under the conditions of Theo-
rem 2.1, if we further assume that there exists a constant So > 0, such that sq4 — S
as d — oo, then {Gp}m>1 converges weakly in C(2) to G, which is a Gaussian
process with mean zero and covariance defined in equation (3.5).

The proof of Lemma 3.4 is deferred to Section A.4.

Remark 3.1. Lemma 3.4 is the main step in which we lose quantitative control of
success probability for the FGSM attack. We prove this lemma by an application of
the uniform central limit theorem. A more explicit approach should be able to provide
concrete probability bounds.

For 0,0 € Q, we define p(#,0) := E[(G(8) — G(#))?]'/2. Then by [25, Lem-
ma 18.15], without any loss, we can and will assume that G almost surely has p-
continuous sample path.

In the following parts, we fix some positive € a priori, and define

Se(G) == sup [G()].
16 llco<e
Note that S¢ is a continuous function with respect to the supremum norm on €2, thus
Se¢(G,,) converges weakly to S¢(G) due to the continuous mapping theorem. Recall
that we showed in Lemma 3.3 that u, 8,y — 0 as d — oo, thus for any € > 0,

|F(g°) — F(g) + VmBE[o'(g)o" (1 — n)g — Bba’(g) — yu)]|

LR = T
= ﬁgbl(o((l Wi — Bbio’ (g1) — yus) — 0(g1)

— VmE[b(o((1 — p)g — Bbo’ (g) — yu) — 0(8))])
= ‘ﬁ Z(h(u,ﬁ,y)(b,-,gi, ui) — Elhu,p,y) (bi. &i, uz)])‘
i=1

(i)
< Se(Gm) + 8e(m),

P
where §¢(m) — 0 as d — oo. In the above display, (i) is by Stein’s lemma (see
Lemma 3.5 below), (ii) is by Lemma 3.3, and the expectations are taken over

ii.d.
{bvblygsglsusul}le[m] ~ N(O’ 1)'
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Lemma 3.5 (Stein’s lemma). Suppose Z is a normally distributed random variable
with expectation x1 and variance x,. Further suppose g is a function for which the
two expectations B[g(Z)(Z — x1)] and E[g’'(Z)] both exist. Then

E[g(Z)(Z — x1)] = x2E[¢"(Z)].

We next prove that S¢ (G, ) is small, which consists of two major steps. In the first
step, we show that S¢(G) is small, then we establish that S¢(G) and S¢(G,) are close
for large d.

Note that ¢(0,0) = 0. Since G has p-continuous sample path and the covariance
function c is continuous, we then obtain that S¢(G) — 0 as € — 07, For all € > 0,
we first choose € > 0 small enough, such that P(S¢(G) > €'/3) < €/3. Since

5e(Gm) S S.(G).

S¢(G) obviously has continuous cumulative distribution function, and é¢(m) — 0 as
m,d — oo, putting these together we conclude that there exists m. ¢ € N, such that
forall m > me ¢,

P(18e(m)| = €'/3) <€'/3 and P (|Se(Gm)| = €'/3) <€'/3 + P(ISe(G)| = €'/3).
In summary, for all m > me ¢/,

P(|F(g°) — F(g) + vVmBE[o'(g)o’ (1 — p)g — Bba’(g) —yu)]| = €') <€’
As the choice of ¢/, we then have

|F(g°) — F(g) + VmBE[o'(g)o" (1 — g — Bba’ (g) — yw)]| = op(1). (3.6)

Note that in the above equation the expectation is taken over (b, g, u) ~ N(0, I3), and
Elo’(g)o’((1 — )g — Bbo'(g) — yu)] is a random variable which depends on the
values of the random vector (i, 8, y).

Next, we consider (VF(g),g — g°). Notice that this formula admits the following
decomposition:

m m m
(VF(g).g —g°) =n Y _aic'(g)gi +Bv/m Y ajo'(g)*+y Y aiuio’(gi)
i=1 i=1 i=1
= uTy + B/ mT + yT5.

Since {/ma;, u;i, gi }ie[m] are i.i.d. standard Gaussian random variables, as an imme-
diate consequence of the law of large numbers and the central limit theorem, we can



Adversarial examples with general activations 155

conclude that 7 and T3 are both Op (1), and T, = E[0”(g)?] + Op(m~"'/?). Using
this result and Lemma 3.3, we further deduce that

(VF(g).g —g*) = BvVmE[o'(g)*] + op(1). 3.7

The law of large numbers implies that as d — oo, we have B/m = tSo + op(1). As
a result,
(VF(g).g —g°) = tSoE[0'(€)*] + op(1).

Recall that according to Lemma 3.3, i, 8,y = op(1), thus intuitively we would
expect that the expectations displayed in equation (3.6) and equation (3.7) are close to
each other. To make such heuristic rigorous, we notice that by assumption, o’ is almost
everywhere continuous and |0/ (x)| < C, (1 4 |x|¥~1). Then we apply the dominated
convergence theorem, and obtain that as d — oo,

E[o’(g)o’ (1 — w)g — Bba'(g) — yu)] = E[0"(g)*] + op(1). (3.8)
Substituting equations (3.7) and (3.8) into equation (3.6) gives
|F(g*)— F(g)—(VF(g).8° —g)l = op(l),
which further leads to

F(g*) = F(g) — tSoE[0"(g)%] + op(1).

d
Furthermore, the central limit theorem implies that F(g) — N(0, E[o(g)?]), thus as
d — 00,

P (sign(F(g)) # sign(F(g°))) — P(sign(z) # sign(z — sign(2) SoE[0”(2)°])),

where z ~ N(0, E[0(2)?]), g ~ N(0, 1), and are independent of each other. Since Sy is
arbitrary, using a standard diagonal argument, we derive that there exists a sequence
of step sizes {54 }4en, , such that as d — oo,

P(sign(F(g)) # sign(F(g°))) = 1 and [x* —x|2/|x[2 = 0.

More precisely, for all n € N, there exists S§ > 0 and d, € N, such that if we set
sq = S§ foralld € N, then forall d > d,,

P(sign(F (g)) # sign(F(g")) = 1 - -

Without loss of generality, we can assume d, < dp41, S§ < £4,, and S{,‘/\/d_n <n!
by fixing S§ and taking d,, large enough. We set s; = S§j ifand only if d,, <d < dj 1.
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Under such choice of {sg}4>1, forall d, 41 > d > dp, we have
sa Sy - AYS <1
Vd  Nd T NV o’

sq < &q, <&4.

P@@MF@D#SQMF@ﬂ»zl—%,

Since n is arbitrary, then we combine the equations above with the first claim of the
theorem and conclude the proof of the second claim.

4. Non-asymptotic result for two-layer networks

As emphasized above, Theorem 2.1 does not provide a quantitative convergence rate
for the probability that the attack succeeds, namely, P (sign( f(x)) # sign( f(x*))).
We remedy to this by establishing a non-asymptotic bound below, at the price of
assuming that the activation function o is Lipschitz continuous.

Theorem 4.1. Consider the random two-layer neural network of equation (2.1). Let
x € RY be a deterministic vector with ||x |, = ~/d. Assume that o is L-Lipschitz
over R for some L > 1, o is not a constant, and ¢’ is almost everywhere continuous.
Then there exist numerical constants ¢, Cy > 0, such that for all £ > 0, if the following
conditions hold:

C2C0(0(0)2 + L2) 414C2 Con 2 5
d> max{ § : — § (log ?0) ,16C§4(1 + Egno.n[o(2)?) }’
m=CE Oam=Egmonlo’(®)1/2. §=Coe™. s4=Ce. @.1)
where

¢, = WIorGo/B) - Bygnon o @T+1)
VeEgno.nlo'(8)’]
OQam= min — E['()0((1=01)g —:b0"(g) ~ b)),
62]<2m=1/4,163|<d—1/4

g, b,u ~iiqa N(O,1).
Then with probability at least
1 — 3£ — Co(exp(—cd) + m™ (o (0)* + L*) + 2L(d~"/* + m™1/4)),

it holds that sign( f(x)) # sign( f(x*)).



Adversarial examples with general activations 157

Remark 4.1. In order to parse the last statement, think of £ as a small constant
controlling the probability that the adversarial attack fails. Then the conditions (4.1)
require d and m to be larger than some constants do (&) and m (&), where do(§) is of
order log(1/&)/&, and m¢(§) is only polylogarithmic in 1/£.

In order to prove Theorem 4.1, it suffices to prove the following lemma, which
can be regarded as a more general version of the statement.

Lemma 4.1. Under the conditions of Theorem 4.1, for n1, ny > 0, we define

Sd 771 TSq 2Sd N2

Jnl = Jdm'
03] = % 1+ oo @),

Odm = 0glsin Eg,b,u~i.i_d,N(o,1)[Ul(g)U/((l —01)g — 92190/(8) - 93“)],
d.m

Sam = {o 6] < 22 g, - T

San1 28412 TSq 284

é 1= max , + , ——
am { d " Jdm m Jd

In the above definitions, we ignore the dependence on (11, n2) for the sake of sim-
plicity. Then there exist numerical constants ¢, Co > 0, such that with probability at
least

' \/1 + IEg~N(0,1)[U(g)2]}- 4.2)

1— Co{nl_z(cr(o)2 + L?) + exp(—cn3) + exp(—cd)
+m 1 (0(0)* + L) + exp(=cn3) + 0~ LEam),

we have sign( f(x)) # sign( f(x*)). In the above display,

_ 5aQam—n—2d"2sg L% — 1
VEgno,nlo(@)?] + 1 .
Remark 4.2. In Lemma 4.1, if we set
Co(0(0)2 + L?) ~1,  GCo
n=1, nm=———F———, m=c log—,
3 3
2VEg o[0T+ 1- (Ve og(Co/§) + 1) +2
Eg~N(O,1)[0(g)2] —4d=12p,

then Theorem 4.1 reduces to a direct corollary of Lemma 4.1.

Sd =

We will prove Lemma 4.1 in the rest of the parts of this section. Recall that w, 8, y
were defined in equation (3.3). We first give a non-asymptotic characterization of
these random quantities.
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Lemma 4.2. There exist numerical constants c,C > 0, such that the following results
hold:

(1) Forany n > 0, with probability at least 1 — Cn;%(0(0)? + L?),

Sa
<< _
lul < v

(2) For any n, > 1, with probability at least 1 — C exp(—cn2),

(3) With probability at least 1 — 2exp(—cd) — Cm™ (o (0)* + L%),

2s
1= 5 1 B0 6P

We postpone the proof of Lemma 4.2 to Section B.1. In what follow, we will
always assume that the events described in Lemma 4.2 occur. Namely, we will be
working on event § defined as follows:

S TS 2s 2s
s = {lul = 222 5 - DE| < 242 1y < 2 G E anloter).

By Lemma 4.2,

P(S) > 1 —Cny%(0(0)* + L?) — C exp(—cn2)
—2exp(—cd) — Cm™ (o (0)* + L*).

Recall from equations (3.2) and (3.4) that

F(g®)—F(g) = 2:611'(67((1 — w)gi — Bvmaio'(gi) — yu;) —o(gi))

i=1

=Gm((n.B.7)) — NmBEgpu~ ano.n[0' (€)' (1 — n)g — Bba’(g) — yu)].

We then show that G, ((it, 8, y)) is close to zero. More precisely, for § > 0, we define
the set O5 := {0 € R3: ||0]|0 <§}. We immediately see that if max{|u|, |B].|y|} <4,
then

Gm((n.B.y)) < sup G, (0).
[XS{CH

For # € R3, we define

1 m
Ln(®) = = > eibi(o((1— 01)gi — b2bio’ (g1) — O3u;) — 0 (g1)).
i=1
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where ¢; B Unif{—1, +1} and are independent of everything else. By symmetriza-
tion, it holds that

E[ sup G(8)] <2E[ sup L(8)]. (4.3)

0c0; LS

Since Ly (0) = G (0) = 0, we see that both supg e, G (8) and supg e, Ly (0) are
non-negative. Furthermore, conditioning on {(b;, g;, u;) : i € [m]}, it is not hard to
see that {IL,,(0) : @ € ®g} is a sub-Gaussian process indexed by parameters in ®;. In
addition, the sub-Gaussian norm of this process || - ||, satisfies the following inequal-

ity.

Lemma 4.3. There exists a numerical constant C > 0, such that for 0,0’ € R3,

1 m
L (6) — L (0)lw, < C - EZM(bi,gi,ui)z-llo —0'l2.

i=1

where

M(b, g, u)=L-|b|- g2+ L2b% + u2.

We defer the proof of the lemma to Section B.2. Using the Dudley’s integral
inequality, we conclude that there exists another numerical constant C’ > 0, such
that

1 m
]Esi~i,;,d,Unif{:l:1}|: sup T Z gibi(0((1 — 61)gi — 02b; — O3u;) — U(gi))}
i=1

[XSCH;
1 & o0
¢ [ Mgy [ Vi N@ T lavdx, (4
i=1 0
where N (O, | - ||2. x) is the smallest number of closed balls with centers in ® and

radius x whose union covers ®. In our case, since ®; is contained in the ball centered
at the origin with radius +/38, we have N (®g, || - ||2, x) < (1 + 48/x)3. Plugging this
upper bound into equation (4.4) further leads to the following result:

V36
E[ sup Ln(8)] <C"L log(1 + 48/x)dx < 4C"LS, 4.5)
0cO;s 0

where C” > 0 is a numerical constant. Combining (4.3) and (4.5), we can further
upper bound the expectation of the non-negative random variable supgcg, Gm(6)
with 8C” L§. By Markov’s inequality, with probability at least 1 — 87~ 1C” L3,

sup G(0) <17
[AS(CH
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for any n > 0. Recall that 64 ,, is defined in equation (4.2). By Lemma 4.2, we see
that with probability at least

1— C171_2(0(0)2 + L2) — Cexp(—cn2)
—2exp(—cd) —Cm (0(0)* + L*) =897 ' C" L4 m,
we have

F(g®)—F(g)
< sup Gu(0) — VmBEgpu~,anon|o' (€)' (1 —w)g — Bba'(g) — yu)|

96@5‘1’}"
<N = VmBEgpu~;ano.n[0 (90" (1 — g — Bba’(g) — yu)].

Analogously, similar lower bound holds with at least the same amount of probability:

F(g®)—F(g)
> =0 — VmBEgpu~i;ano,n][0'(€)0' (1 — p)g — Bba’ (g) — yu)].

Furthermore, on the set S, it holds that

25q4m2
mpB —tsg| < .
|[vmpB — 4] i

As a result, with probability at least

1 —2Cn72%(0(0)? + L?) — 2C exp(—cna)
—dexp(—cd) —2Cm ™ (0 (0)* + L*) — 16071 C" L84 m,

we have

|F(g%) — F(g) + t8aEg pu~y ano,n][0'(€)0’ (1 — w)g — Bbo'(g) — yuw)]|
254 L%n,

=Tt

Since u, B,y are all op (1), we expect that

Eg pu~ian@,n[0' (@0’ (1 — w)g — Bba’(g) — yu)]

should be approximately equal to Eg-yo,1)[0”(g)?], which is strictly positive and
does not depend on (m, d), provided that o is not a constant function. In this case,
we only need to choose the step size s; large enough to flip the sign of F(g). This
argument can be made rigorous via the following lemma. In this lemma, we upper
bound the magnitude of F(g).
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Lemma 4.4. For any n3 > 0, with probability at least

m

C
L= Con(~ i s

) = € exp(—cnd)

for some numerical constants ¢, C > 0, we have

IF(®)| <13 \/Egnonlo(0)?] + 1.

We prove the lemma in Section B.3. Let

§":= 8 N{IF@ <13+ Eganonlo @ +1}.

On §’, if in addition, we have

0 254 L1,
Saldm —N— —F——
3 \/z

then sign(F(g)) # sign(F(g%)). In the rest parts of the proof, we will always take

>n3- \/Eg~N(O,1)[U(g)2] +1,

_ 54Qam—n—2d"2s4L%n; — 1
VEgno,nlo(g)?]+ 1 '

With such choice of 73, we can finally put together all above analysis and conclude
that the adversarial example succeeds with probability at least

n3

1 — Co{ni%(c(0)* + L?) + exp(—cny) + exp(—cd)
+m ™ (0(0)* + L*) + exp(—cn3) + 1~ Léam}

for some absolute positive constants ¢, Cy.

5. Random multi-layer networks

We generalize the model considered in Section 2 in the current section. More pre-
cisely, we consider a multi-layer neural network with / + 1 layers for / € N :

f(x) =Wipo(Wio(---0(Wao(Wix))---)).

In the above equation, the random weight matrix W; € R%>di-1 has i.i.d. Gaussian
entries: (W;);j/ SN0, 1/d;—y) forall j € [d;], j' € [di—1], and further {Wilien+1]
are independent of each other. We assume dy = d, dj+; = 1,and d; = d;(d) — o©
for all 0 <i < /. The d-dimensional input vector x is a deterministic vector with
Euclidean norm ~/d . The activation function o: R — R is understood to act on vectors

entrywise.



A. Montanari and Y. Wu 162

For the simplicity of notations, we define recursively the following vectors:
ho:=x, gy:=Wix, h;:=o0(g;), and g; :=W,11h;
for j € [[]. The gradient of f can be expressed as

Vfx)=WID.WIDZ--- WD W] .

where Dé = diag({0”(g;)}) € R% %4 As before, we denote by T € {41} the sign
of f(x), and let {sg}qen, € R be a sequence of step sizes to be determined.

Theorem 5.1. Assume that o satisfies the conditions in Theorem 2.1. Then the fol-
lowing results hold:
(1) There exists a constant C > 0 depending uniquely on (o0,1), such that for any
8 € (0, 1), with probability at least 1 — 6,
X —x*2

[l |2

< ng (v/log(1/8) + 1)"1(1 +log(1/8)d~"?)

I .
« l—[ l—[(l + 5—1/2dj—1/2)kz J’ .1

i=1j=1
where we recall that k is a fixed positive integer such that
o' ()] < Ca(1+ [x[*7H).

(2) Let{§q}aen, < RY be an increasing sequence such that €5 — oo as d — oc.
Then there exists {sq}aeNn, < R™, such that sq < &4 and the following limits
hold:

. lx —x%|2 . . . s
plimy_yoo——— =0, lim P(51gn(f(x)) # sign( f(x ))) =1
[l ]2 d—o00
Remark 5.1. The proof of Theorem 5.1 applies without changes to neural networks
which have different activation functions at different layers, provided they satisfy the
assumptions as stated. We refrain from stating such a generalization to avoid cumber-
some notations.

Remark 5.2. The bound on the perturbation size in equation (5.1) deteriorates when
the depth / becomes exponentially large in the input dimension d. A similar behavior
is observed in [2] which also provides an example of a random network with expo-
nential depth for which the output is nearly constant, and in particular is immune to
FGSM attacks.

For general random networks, the example of [2] implies that subexponential
depth is a required assumption. On the other hand, the example of [2] is special in
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that the network is non-balanced: it takes the same sign for any input. As we pointed
out in the introduction, if the output takes each sign on a fraction of the inputs with
measure bounded away from zero (it is ‘balanced’), then it must have adversarial
examples by isoperimetry.

On the other hand, it is unclear whether subexponential depth is necessary for
FGSM attacks to be successful on random networks, after balancing. As the depth
increases, the random function x + f(x) becomes ‘rougher,’ as it can be seen by
computing its covariance function. While such a function will contain adversarial
examples, it is likely to be more difficult to find them by a single gradient step as in
FGSM. (Of course a special case is the one of linear activations: in that case depth is
irrelevant.)

6. Proof of Theorem 5.1

Proof of the first claim. For m € [l], we define

Ny = DIW! DI WIDLW]  eR% and y, =Wy, € R

The following lemma shows that the normalized Euclidean norms of 3,,,, ¥ ,,,. m, &1
converge in probability to some deterministic constants as d — co. Furthermore, such
constants are independent of the choice of {s4}den, -

Lemma 6.1. Under the conditions of Theorem 5.1, the following sequences of ran-
dom variables converge in probability to strictly positive constants as d — 00:

@) {lml3/dmbaz1 forall 1 <m <1.

@) {lgml3/dmyazsi foralll <m <1.

) {Innl3laz1 foralll <m < 1.

@ {lymll2taz1 forall l <m <1.
Furthermore,

S) b _ Whn,=0pQ)foralll <m <I.
Remark 6.1. The above sequences of random variables are independent of the choice
of {s4}aen, -

The proof of Lemma 6.1 is deferred to Section A.5. As in the two-layers case, in
the next lemma we provide a finite sample upper bound on the Euclidean norm of the
gradient V f(x).

Lemma 6.2. Under the conditions of Theorem 5.1, there exists a constant Q > 0,
which is a function of (0,1) only, such that for any § > 0, with probability at least 1 — 6,



A. Montanari and Y. Wu 164

we have

IV f(x)ll2 < Q(\/log(l/é )+ 1)/ 7' (1 + log(1/8)d~'7?)
x]‘[]‘[ (1487124772

i=1j=1

The proof of Lemma 6.2 is deferred to Section A.6. Recall that ||x||> = +/d, thus
the first claim of the theorem is just a straightforward consequence of Lemma 6.2.

Proof of the second claim. Our proof of the second claim proceeds by induction.
Before stating our induction hypothesis, we analyze the first layer to gain some intu-
ition.
We define
gl =Wix* =g, —twsaWiWlin,,
Firi=olgy.n.{Wila<i<i+1,x}.
Notice that g, g{ can be regarded as the outputs of the first layer with the inputs
being x and x°, respectively.

Since W has i.i.d. Gaussian entries, and #; depends on W ; only through g, =
W 1x. Invoking Lemma 3.1, we can write

W1 = gle/d + Wll'[i,

where Wl has the same marginal distribution as W1 and is independent of 7. Then
we have

o7 T7dl
gl =g1(1—tsaginy/d) — tsqWiTly W 11;.

Furthermore, using the property of Gaussian distribution, we have
Winiwi =w,wl,

where W, € R91*(@—1) ig a matrix that has i.i.d. Gaussian entries with mean zero
and variance 1/d that is further independent of 7. By Lemma 3.1, W | admits the
decomposition

W=, W, + T, Wy,
where W' has the same marginal distribution with W and is further independent
ofo{F1, W 1171} Therefore,

gl =g,(1—tsagin,/d)
I (T W)

||’71||2
= —-p1)g, — Biny — yiu,

N1 —TSdW W1’71



Adversarial examples with general activations 165

where

uy = NdeWi Wiy /[W 2.

Note that T € %3, and W is independent of o {7, WI;]I}. We hence obtain that

ui; ~ N(0, 14, ), and is independent of O’{WI?]I, F1}. In the equation above, we have

Wi l3 — (W DTny Winy)
||771||§

1
My = Efsdg.{ﬂl’ B1 =154

’

. Sd o T
V1= —d||W1771||2-

i

We define the sigma algebra §; := {1, 81, B81. 11, V1, U1. X, 82, AW i}3<i<i+1)-
Note that §; depends on W, only through g, = Wh; and y, = Wln,. In the
following parts of the proof, we will assume s; — Sy for some positive constant Sp.
Under such choice of 54, we can prove the following two lemmas.

Lemma 6.3. Under the assumptions of Theorem 5.1, if we further assume that sq — So
for some positive constant Sy, then as d — oo, we have 1 = op(1), B1 = Op(1),

y1 =op(1).

Lemma 6.4. Under the assumptions of Theorem 5.1, if we further assume that sq — So
for some positive constant Sy, then the following limits hold as d — oo:

(h1.0(g7) P

1 P
—||HJ‘ o(gs)||2—>0, — 1.
TR IE

The proofs of Lemmas 6.3 and 6.4 are deferred to Appendices A.7 and A.8,
respectively.

For2 <i <[, wedefine g} := W;o(gi_,) € R as the output of an intermediate
layer of the neural network with the input being the adversarial example. In summary,
we have shown #,, holds for m = 1 with #,, stated below. Next, we proceed by
induction and show that #,, holds for all m € [[].

Hm. We make five claims.
(i) There exists u, ~ N(0, 14, ), that is independent of
Fmn =048 m: M AW itmsr1<i<i+1. hm—1},
such that
gm = (L= tm)€m — Bl — Ymlm.
(i) Let
Gm = 0 ms &m> Bms N> Ym» Ums hm—lvgm—i-l’ {Wi}m+25isl+1}~

Then §,, depends on W, only through g,,.;, = Wi1hyandy,, ., =
W s 1lmsr- In particular, G, L T Wit I
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(iii) For (m, Bm» Ym) in (i), the following results hold: w,, = op(l), Bm =

(iv) Asd — oo, [TTE o(g5)13/dm — 0 and (hm. o (g5))/ lhmllZ = 1.

(v) There exists a random variable R, and a positive constant o;,, whose distri-
bution and value depend only on (o, m, ). In particular, they are independent
of the input dimension and the number of neurons. Furthermore, they satisfy
Bm = admPm—-1 + R +op(1).

Note that claim (v) does not apply for the base case m = 1. Next, we will show that
if #,, holds for all m <[ — 1, then this further implies that #,, 1 holds.

Proofs of H 1 claims (1) and (i1). By #,, claim (i), we have

gfn-{-l = Wm+10(gfn)
=Wmt10((1 — tm)gm — ,BmD{anIn-Hﬂm-H — YmUm). (6.1)

From #,, claim (ii), we see that §,, depends on W ,,4; only through
8m+1 = Wnt1hym and Ym+1 = W,Tn+1'7m+1a
h, is independent of W, 41, and n,,,, ; depends on W ;1 only through
&mt1 = Wmiihm.

Therefore, invoking Lemma 3.1, we find that exists Wm—i—l that has the same marginal
distribution as W ,,4+; and is independent of §,,, such that
T 1
Cmi1hm Mn+1Y my 111y,
2
hmll3

Next, we substitute equation (6.2) into equation (6.1), which leads to the following
equality

Wm+1 = + HJ_ W,,,Hl'li‘m +

Tt - (62)

[0 m-41 ||%

g (mo(eh)
T k3

Myt W1 Iy, 0(g5) =05 W1 Iy, o(g5,)

Nm+1
041115 m

+ Wm-i—l Hi_mo'(gfn)

= (1 = wm+1)&m+1 — Bm+1Mmt1 — VYm+18m+1,

where
Uit = —Vdu W1y, o(g5) T o(gs)ll3"
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Since Wm+1 is independent of §,,, and H,fma(gfn) € §,,, we then conclude that
Um+1 ~ N(O, Idm+1), and u,,+1 is independent of §,,. Since k,, = 0(g,,) and n,,
is a function of g, and {W;},,42<i<i+1, we obtain that

Fm+1 €&y and wpir L Fpta.
Thus, we have completed the proof of #,,41 claim (i). Furthermore,

(Mm+1, Bm+1, Ym+1)

can be expressed as follows:
(hm.o(gm))
13
i W1 g, 0(g5) + 0y ) W Ty 0(g5,)
11115

I, o(gs) . (6.3)

Mm+1 = 1—

’

ﬂm-i‘l = ’
1

=

Notice that §,,+; depends on W, only through

Emi2 = Wmsohmy1 and y, ., = WIn+2nm+2’
thus proving #,,+1 claim (ii).

Proofs of Hm+1 claims (iii) and (v). The following lemma is a direct consequence of
the induction hypothesis.

Lemma 6.5. Under the assumptions of Theorem 5.1, if we further assume that sg —So
for some positive constant Sy, and Hy,, holds, then py+1 = op (1) and ypy41 = op(1).

The proof of Lemma 6.5 is deferred to Section A.9. We define the random object
vm—i—l = (gm’ DZlv hma hm—lv nm+17 um, Wm)

Note that 'V, 11 depends on W, only through g,,.; = W4 1h,,. Since h,,
is independent of W ,, 41, by Lemma 3.1, we can write

Wmi1 = Wm+1H;J,'m + Wni1lp,,

where Wm+1 € R9m*dm+1 hag the same marginal distribution with W, 4, and is
independent of V,, 4. Next we prove that 8,41 = Op(1).
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We consider the first term in the enumerator of the definition of 8,,41 in equa-
tion (6.3), and substitute in the decompositions we just obtained, which gives

<H;1]_,,1W;rn+lﬂm+l’o—(gfn)>

= (I, W M1 01— )& — B DT W iy
_ﬁmD?Hth;H-lrlm-H = Ymlm))

= <Hi_m WIn-H M1 0 (1 — m) g m — ﬂmD:;nHi,'mW;rn+1ﬂm+1
- IBmDZthmW;LHWmH — YmUm))

= (Wi 10mt1-0((1 = tm) & — B DU W ot 1My
_ﬂm8m+1DZzhm — Ymlm))
~ (om0 (o)) (W 0) /[R5, (6.4)

where

1 =T
|\ A ||2(hT Mgt = W ).
mll2

Lemma 6.1 together with the fact that W, ; is independent of (h,,, N4 1) implies
that 8m+1 = Op(drzl)

P
From J,, claim (iv), we see that as d — o0, (hm,0(g5,))/|hm|5 — 1. Further-
more, since W m+1 L Vi1, then conditioning on (k. 7, ), we have

Smy1 1=

— d
B W M) = NQO, [ |20t 113/ ).

Putting together these results and Lemma 6.1, we conclude that
T7dl d 2 2
(hm . W i 1Mms1) > NO, Hy EL L),
where Hy, := p-lim||h;,|2/~/dm and Ey, 1 := p-lim||n,,, {||2. In summary, we have

(.0 (g3)
lm 13

Thus, the second term in the last line of equation (6.4) is Op (1).
Next, we consider the first term in the last line of equation (6.4). Conditioning on
hpy—1, we have g, = z,,v,,, Where

Vi = I m=113/dm=1.  zm = vy Winhm_1 € R,

Since W, is independent of h,,—;, we can conclude that z,, ~ N(0, I; ) and is

h WT+17’m+1> - N(O H2E2+1) (65)

independent of h,,—;. By #,, claim (i), u,, is independent of g,, and h,,_;. There-
fore, u,, is further independent of (z,,, h,,—1). Then since W, 4+ is independent
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of (g > hm—1,Um, N,,41), WE can write
Wi 1Mms1 = Vit 18ms1/ v dm,

where Uy, 11 ~ N(0, I z,,), is independent of (z,, U, hm—1) and Yrmy1 = 04112
In summary, we have

Zm U T N0 g,). Emo o T s1) L . (6.6)
For # € R®, we define
hgmH)(ﬁ, z,u) = 61uo ((1 — 62)03z — 040" (632)01u — 050" (032)0 (632) — Oeu),
E;mﬂ)(ﬁ, z,u) 1= 010 ((1 — 02)032 — 040" (Hyp—12)011

— 050" (Hpm—12)0 (032) — Osut),

where Hy,—1 = p-limy/||hm—1|5/dm—1. We further define the empirical processes

evaluated at @ as
1 dm
G (g) = o ;(h(om+l)(7/_lm+l,i,zm,ia”m,i)
—E[h(em+l)(77m+l,i:Zm,hum,i)])’

G tD(0) = Ry Qg i 2 tm, i)

| &
v
— E[E§m+l)(ﬁm+1,i s Zmis “m,i)])7

. _ iid.
where the expectations are taken over {(Um+1,i, Zm,i- Um,i) }i<d,, e N(0, I3). Here,

U +1,; 18 the i-th coordinate of 1, Z,; 1S the i-th coordinate of z,,, and u,, ; is the
i-th coordinate of u,,. For 8,0 € R®, we define the covariance function ¢ ™+t (6, 0)
as

cmt0(9.8) = E[hg" " (1. 2. w)hY" (i1, 2, u)]
— B[y @, 2. w)|E[RS" D @, 2. w)], 6.7)

where the expectations are taken over (i, z, u) ~ N(0, I3). Since ¢’ is almost every-
where continuous, and by assumption almost everywhere we have

0" (x)] < Co(1 4 |x[F7),

then standard application of the dominated convergence theorem shows that the co-
variance function ¢ ™tV (., ) is continuous. Recall that

Hy—y = plimy/ (| -1 [3/dm—1 = p-limv,.
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Furthermore, we define £, := p-lim||,, {[|> = p-lim};, 1. The following lemma

establishes a weak convergence result for G;mﬁ).

Lemma 6.6. Let Qpy1 := {x € RS : ||x|loo < Hu—1 + Em+1}, and C(Qpu+1) be
the space of continuous functions on Q2,41 endowed with the supremum norm. Under
the conditions of Theorem 5.1, if we further assume that there exists So > 0 such
that s — So as d — oo, and induction hypothesis H,, holds, then {@‘(Z,mﬂ)}dzl
converges weakly in C(Qum41) to GV as d — oo, which is a Gaussian process

with mean zero and covariance defined in equation (6.7).
The proof of Lemma 6.6 is deferred to Section A.10.

Lemma 6.7. Under the conditions of Theorem 5.1, if we further assume that there
exists So > 0 such that s; — So as d — oo, and induction hypothesis Hy, holds, then
as d — 0o, we have

G‘(im+l)()7m+1’ Hms Vs Bm/ V dms BmOm+1, Ym)
=GV Gt tms Vs Bon/ v s BrSt1, ¥m) + 0p (1).
The proof of Lemma 6.7 is deferred to Section A.11. Next, we will apply Lem-

mas 6.6 and 6.7 to show that 8,41 = Op (1) (thus #,,41 claim (iii) holds) and #,, 41
claim (v). Note that

(W;rn+177m+1"7((1 — Mm)&m — ﬂmDZlW;rnH’?mH — BnSm+1Dg hm — Ymlm))
d
1 mo _ _ _ _
= T Z Ym+1Um+1,i X 0((1 — Wm)VmZm,i — dml/zﬂmymﬂa’(vmzm,i)uwr1’,~
Vdy -

i=1
- ,Bm(gm—i-lo',(vmzm,i)U(szm,i) - Vm”m,i)
(a) —
= G;m+l)(ym+lﬂ Mms Vm, ﬂm/ V dﬂ’h ,8m8m+17 Vm)
— BT E[0" 0m2)0" (1 = ttm)vmz — doy? B V10" (v 2) it
— Bmbm+10" (vm2)0 (vyz) — Vmu)]7 (6.8)

where the expectation is taken over (z, u, u) ~ N(0, I3). In step (a) we apply Stein’s
lemma to derive the equality. By #,, claim (iii), we have

ftm = 0p(1),  Bm/Vdm =0p(1), ym =o0p(1).

Recall that we have shown 8,11 = Op (d,,), thus By Sm+1 = op(1). By Lemma 6.1,
we have
Vm = Hp—1 +0p(1),  Vm+1 = Emt1 +op(1).
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Therefore, combining Lemmas 6.6 and 6.7, we conclude that for any € > 0,

’Gt(im-i_l)(?m-f—l’/‘l/m’vm’ﬂm/\/ dmy ﬂm5m+ls Vm)| E Sup I@((Jm+l)| +0P(1)’
gealmth

where

AHD = {0 €R®: (6] — Emyi1| <€.]62] <.

103 — Hp—1] < €.104] < €,|05] <€.]06] < €}.
Furthermore, invoking the dominated convergence theorem, we see that as d — oo,

)71%1+1]E[0J(Vm2)0/((1 - ,um)VmZ - d;l/zﬂm7m+la’(vmz)ﬁ
— BmSm+10" (vm2)0 (Vm2) — Vm”)]
= E} E[0'(Hn-12m)*] + 0p(1). 6.9)

We define Me(mﬂ)(G) :=sup, _ o+ 1) |G(8)], then M"Y is a continuous function
with respect to the supremum norm £ (2/+1). Using Lemma 6.6 together with the
continuous mapping theorem, we see that M. (m+1) (G(m+1)) converges in distribution
to M"Y (G ™+D). Notice that if we let € = 1, then Epp1, Hyp_1, ¢ ™+D A(mﬂ)
depend only on (I,m + 1, 0), thus the distribution of M (m+1)(G(m+1)) also depends
uniquely on (/,m + 1,0). By #,, claim (iii), we have 8,, = Op(1). Putting this
together with equations (6.8) and (6.9), we obtain that there exists a random variable
Rf,Brl, the distribution of which depends only on (I,m + 1, 0), such that as d — oo,

|(WrTn+1’7m+1’0((1 — Wm)&m — leDtrI”WITn—i-lnm—i—l — BmOm+1D g hym — Vm”m))
+ BmEZ A E[o! (Hm-12m)?]|
<RV, +op(1). (6.10)

Finally, we consider the second term in the enumerator of the definition of 8,4+ given
in equation (6.3). Conditioning on (1,,,, ;. Hi-ma(gfn)),

~ d
Myt W1 Ty, 0(850) = N(O, 101 |51 T, 0 (g3 3/ im) (6.11)
which is op (1) by Lemma 6.1 and #,, claim (iv). Note that

11 l2? = Eply +op(1).

Taking this collectively with equations (6.3)—(6.5), (6.10), (6.11), we obtain that

Bm+1 = Op(1).
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Furthermore, there exists a random variable R,,+; and a positive number o, 1, the
distribution (and the value) of which is a function of (o, m + 1,7) only, such that

Bm+1 = BmOm+1 + Rmy1 +op(1).

This completes the proof of #,,+1 claims (iii), (V).

Proof of #H 41 claim (iv). Finally, we prove #,,+1 claim (iv), which is achieved by
the following lemma.

Lemma 6.8. Under the assumptions of Theorem 5.1, if we further assume that sg —So
for some positive constant Sy, Hy, holds, and claims (i), (i), (iii), (v) from Hpy41
hold, then as d — oo we have the following convergences:

1 P
—— | . o(gs 250,
dot Iy, 0 (€my)l2

(hm—i-l,U(gf,;.H)) E)
Im+1ll3

The proof of Lemma 6.8 is deferred to Section A.12. We note that #,+; claim (iv)
is a direct consequence of Lemma 6.8. By induction, we have completed the proof
of J#; forall i € [/].

Back to the proof of the theorem. Next, we will apply results from #; to prove The-
orem 5.1. By J; claim (i),

gl =0—-p)g —BDLW]  —yuy,

Using our modeling assumption and #; claim (i), we obtain that (g, Dé, u;) is inde-
pendent of W, ;. By J# claim (iii), we have

w =op(l), Bi/Vd =op(1), y =op().

We define ¢; := B;//d;, F;:R% — R, such that F;(y) := Z:jl=1 Wit1,i0(y;). Then
we have

Fi(g])— Fi(g))

d
=Y Wisri (01— u)gri — 40" (@) VdiWigri — yiuri) — 0(g1.)).

i=1

Let z; := /di W41, then {z; };ie[a)] B N(O, 1). We define g; = v;z;, where

v =/ Ilhi-1]13/di-a,

z] = vl_lWlhl_l. Since W is independent of h;_;, we have z; ~ N(0, I4,) and is
independent of h;_;. Since W, is independent of (g;, h;—;), we conclude that it
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is also independent of (z;, h;—1). By J; claim (i), we know that u; is independent of
(g;.h;1—1, Wy1), thus we obtain that u;, /d;W 41,2, RSy N(0, I z,). Furthermore,
(u, ~/d;W 11, z;) is independent of h;_;.

By Lemma 6.1, v; converges in probability to a positive constant H;_;. For § € R*,
we define

hg"‘l)(z, zZ7,up) = Z(O’((l —01)02z; — 930/(9221)2 — Oqu) — 0’(9221)),
E§l+1)(z, zi,up) = z(0((1 — 6162z, — 030" (Hj—121)z — au) — 0 (6227)).

(+1) ~U+1)
(Gd ,Gd

For § € R*, we define the empirical processes indexed by 6 as

G{tV0) = tho(zl,zl,,ul,) E[he(zi. 214, 114)])

i=1

G(l+1)(0) — Z ho(zuzluull)_ [ho(Zz,le,ult)])

\/_l_l

d f—
where the expectations are taken over {(z;, z; ;,U;,;)}ie dl]llv N(0,13).For@,0 cR*,

we define the covariance function ¢+ (0, ) as
cU*0(0.,8) := E[ho(z, 21, un)hg(z, z1,u1)| — E[ho (2, 20, u) [E[ g (2, z1,u)],

where the expectations are taken over (z, z;, u;) S N(0, 1). Using the assumptions
imposed on 0, ¢”, we can apply the dominated convergence theorem and conclude that
¢+ (., .) is a continuous function. We denote by G+ the Gaussian process with
mean zero and covariance function ¢ ‘1. We define

Q1= {x €R*: |x]loo < 2H;—1}.

Similar to the proof of Lemma 6.6, we can prove that equipped with the supremum
norm £*°(2741), {Ggﬂ)}dzl converges weakly in C(2;41) to G¢+D . We skip the
detailed proof here for the sake of compactness. For 8, § € 2;,, we define

p(6,0) :=E[G!*D(0) - @(l+1)(§))2]1/2‘

Then again by [25, Lemma 18.15], we can and will assume that G+ almost surely
has p-continuous sample path.
For Hj_; > ¢ > 0, we let

={x eR*:|x1| <€ |x2— Hi_1| <€ |x3] <€ |xa] <€},

SEV(G) == sup |G(8)].
#eB,
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Note that SE(IH) is continuous with respect to £°°(€2;4.1), thus

— d _
Se(l-i-l)(G‘(i‘l'l)) = Se(l+1)(G(l+l)).

Recall that we have proved
w =op(l), v =He_ +op(l), & =0p(d "),
yi=op(), z= \/d_lVVH-l,i-
Therefore,
|Fi(e}) = Fi(g)) + VAiGE[o' iz (1 = m)vizi = §o' iz0)z = yiu) |

(l)

‘fzzl o (1= pvizri — G0 (iz)zi — yiung) — o (viz1,)
— VAE[z(o((1 — pr)vizi — Go' (viz1)z — yug) — U(VIZI))]‘

‘fz (R vr ) Zio 200 U1,0) — [hw,vh:],w)(zvzz’ul)])‘

(11)
(l+1)(G(1+1)) + 8c(d),

where 8 (d) —> Oasd — oo In the above equations, the expectations are taken over
{Zivz1i Upis 2, 21, Up Yie[d)) Y "N(0, 1), (i) is by Stein’s lemma, and (ii) is by an
argument that is similar to the proof of Lemma 6.7. More precisely, we show that as
d — o

Gg (v &v)) = G P (v &) + op (D).

We ignore the proof of this part for the sake of simplicity, as it is basically the same
as the proof of Lemma 6.7.
Since GUY*D has p-continuous sample path, one can verify that

— P
SE(HI)(G(I“)) 50 ase —0T.
For any ¢’ > 0, we first choose ¢ small enough, such that

P(SITDGUTY) > €/3) < €/3.

- d - P
Since Se(l+1)(Gg+1)) — SG(IH)(G(I“)), and §¢(d) — 0 as d — oo, there exists
de,er € N, such that forall d > de ¢,

P(|8c(d)| = €'/3) < €/3
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and
P(ISITD@GITY) = €/3) < P(ISIFVGHDY)| = €/3) + €'/3.
Combining these results, we conclude that for all d > d ¢/,

P(|Fi(g]) — Fi(g))
+ VA GE[o' (viz)o (1 — )iz — Lo’ (vz)z — yup)]| = €) < €,
Application of the dominated convergence theorem shows that
E[o’(viz)o" (1 — p)vizi — eqo’ (viz)z = yiup)| = E[o’ (Hi—12)?] + op(1)
as d — oo. Recall that we have proved 8; = Op (1), thus
F%) = f(x) = Fi(g}) = Fi(g)) = ~BiE[o’(Hi_12)*] + 0p (1).

Since o is not a constant function, ¢’ is almost everywhere continuous, and H;_; > 0,
we then have E[o’(H;_;z)?] > 0. Recall that we have shown that there exist random
variables {R, }2<m<i, the distributions of which depend uniquely on (o, [/]). In addi-
tion, we have shown that there exist positive constants {0ty }2<m<i, With the values of
which depend uniquely on (o, [{]), such that

Bm = mPm—1 + Rm + op(1).

Furthermore, using the law of large numbers, we have 81 = tS¢ + op(1). By Lem-
ma 6.1, F;(g;) converges in distribution to a Gaussian distribution with mean zero and
variance depending only on (o, /) (especially, independent of {s4}4en, ). Therefore,
we deduce that
lim lim ianP’(sign(f(x)) % sign(f(xs))) =1.
d—o0

So—>00

Finally, we prove Theorem 5.1 via a standard diagonal argument. Note that for all
n € N, there exists S§ > 0 and d, € N, such thatif we set sy = S forall d € N,
then for all d > d,,

P (sign(f(x*)) # sign(f(x))) = 1 —n"".

Without loss of generality, we assume that d, 11 > dy, S /~/dy <n~ ' and SP < &4,.
Indeed, to achieve these conditions, we simply need to take dj, large enough. Then we
set sg = Sy if and only if d, < d < dy+1. Under such choice of {s4}4en, , for all
dy+1 > d > dy, we have
AYS - So
Vd T Vdy

< &4, <&4.

< P(sign(/(x) # sign(f(x) = 1-n7",

gl‘h
< o™
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Note that n is arbitrary, thus by combining the above results with the first claim of the
theorem, we complete the proof of the second claim.

A. Proofs of the supporting lemmas

A.1l. Proof of Lemma 3.1

We prove Lemma 3.1 in this section. Note that X = IT4, X + Hjl X.Let X' be an
independent copy of X that is independent of (41, A», X, Z 1, Z,). We consider the
matrix X := Hle + HAIX/. Conditioning on any value of (41,41X,Z,1,Z>),
the conditional distribution of X; is equal to the distribution of X. Therefore, we
conclude that X ; 4 X and X is independent of (A1, 41X, Z, Z,). Notice that X
admits the decomposition

X =T4, X+ T Xy, + Ty X
=T, X + Iy X4, + T X T4 .

We let X” be an independent copy of X that is independent of (A1, A5, X, X',
Zl, Z2) Define

Xo =Ty X T, + T4 X"+ T4 X"Ty,.

Using the distributional property of the Gaussian ensemble and the fact that X is
independentof (A,41X,Z1,Z,) (thusis independentof (41,A4,,41X,Z1,Z5)),
we can conclude that conditioning on any specific value of (41, A2, A1 X, 41X,
X14,,Z1,Z5), the conditional distribution of X, is equal to the distribution of X.
Therefore, we deduce that X, | (A1,A4,,41X,4:X1,X142,Z1,Z,). Notice that

XAy =Tlg XA, + Iy XAy
=I4, XA+ X 14, -T14, X 14>,

thus X, 1 (41X, XA,, Z1). Combining the above analysis, we obtain that
X =T4 X+ T4 X4, + 4 X005

with X, independent of Y. Thus, we have completed the proof of the lemma.

A.2. Proof of Lemma 3.2

Conditioning on W x, the following two matrices are equal in distribution:

1 ~
w < WoxxT + W,
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where W is an independent copy of W which is independent of everything else,
I, € R¥* s the projection operator projecting onto the linear subspace spanned
by x, and Hi := I ;7 — I1,. Using this decomposition, we can express the distribution
of the gradient as

- 1
Vi) L TEW Doa + —xxTWTDga.

By assumption, almost everywhere we have |o’(x)| < Co(1 + |x[¥~1). Notice that
wiTx O N(O, 1) for i € [m]. Therefore, we can apply Chebyshev’s inequality and

conclude that there exists a constant C; > 0 which depends only on ¢, such that with

probability at least 1 — §/4,
_ o
~ Ymé

1 m
‘Z Z(wiTx)ZO’(wiTx)2 —E[G*0'(G)?]
i=1
where G ~ N(0, 1). Conditioning on g = W x, we have

m
xTWTDsa CAY (O, Z(w;rx)zcr’(wg-x)z/m),
i=1

then using Gaussian concentration, we conclude that there exists a numerical constant
C; > 0, such that with probability at least 1 — §/4,

1 m
[XxTWTDga| < ./ Cy(log(1/8) + 1) x — Z(wiTx)za(wiTx)z.
m

i=1

Note that ||H§WTDUa||§ < ||WTDga||§. Letzy,...,zq4 S N(O, 1), then

_ m 1 d
W' Dgal? 4 (Za’(w]x)zaiz) X (E 22]2)

i=1 ji=1

Using Bernstein’s inequality, with probability at least 1 — §/4,
1 d
2
PRI
i=1

for some absolute constant C3. Again by Chebyshev’s inequality, with probability at
least 1 — 6/4,

< Cs(log(1/8) + 1)/vd

< VCs/m8,

m
Z o'(wlx)?a} —E[0'(G1)*GS]
i=1
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where G, G2“~Ei N(0, 1) and C4 > 0 is a constant depending only on ¢. Then we

combine the above results, and conclude that there exists C > 0 that depends only
on ¢, such that with probability at least 1 — 4,

IV/@) 2 < C(1+d?10g(1/8) + (m8)~"/? + (md8)~'* log(1/5)),

thus concluding the proof of the lemma.

A.3. Proof of Lemma 3.3

By assumption, almost everywhere we have |o”(x)| < Cy (1 + |x|F1). Let g, be the
first coordinate of g, then E[o”(g1)%g?] < oo. By the law of large numbers,

lgTDol3/m = Elgio’ (g1)] + op(1).
Conditioning on g7 D, we have
T 4 ™D |12
g™Dsa =N(0.[|gTDgsl3/m).

thereby gTDsa = Op(1). By assumption we have s; — Sy, then we can conclude
that ts;gTDsa/d = op(1). This proves u = op(1).
Similarly, we apply the law of large numbers, and obtain that

IDsall, = Elo’(g1)*]"* + op(1).

By assumption, ¢ is not a constant function and ¢’ is almost everywhere continuous
thus we have E[o”(g1)?] > 0. Given D ya, the conditional distributions of W'D a
and W . Dsa are both N(0, 1 4]|Dsa|3/d), thus by the law of large numbers and
Cauchy—Schwarz inequality, we can conclude that

IWTDsa|? = 0p(1), (W]!Dsa,W'Dsa) = 0p(1).

Combining the equations above gives 8 = op(1) and y = op(1) asm,d — oo.

A.4. Proof of Lemma 3.4

By our assumptions imposed on o, we see that there exists a deterministic constant
Cy > 0, which is a function of the activation function o only, such that for all 8,0 € €2,

o (b, g, u) = hg(h, g.w)] < Colld — Bll21b]y/g> + b + b2g* +u2
2
x (14 1gl* + B + bF[g[< + Jul).
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We define

m(b.g.u) = Colbl/g2 + b2 + b2g% + u2x (1 + gl* + b + [bF g/ + [u[).

One can verify that ||m |3 :=E[m(b, g,u)?] < oo, where the expectation is taken over
b, g, u "N, 1).

Let ¥ :={hg : 6 € Q}. For the sake of completeness, we reproduce the definition
of bracketing number introduced in [25]. Given two functions e, e;: R3 > R, we
define the bracket [eq, €3] as the set of all functions /4 such that e1(z) < h, < e3(2)
for all z € Q. An e-bracket in L is a bracket [e1, €3] such that

E[(e1 (b, g.u) — e2(b. g.u))*"? <e,

where again the expectation is taken over b, g, u £ N(0, 1). The bracketing number
Npj(e, ¥, L) is the minimum number of e-brackets needed to cover . We define
the bracketing integral as

8
J (8. % . Ly) = / JJlog Niy(e, 7, Ly) de.
0

The following lemma is from [25, Theorem 19.5].
Lemma A.1. If J;(1, ¥, L) < oo, then Gy, converges weakly in C(2) to G.

By Lemma A.1, to prove the theorem, we only need to show that the bracketing
integral is finite. By [25, Example 19.7], there exists a numerical constant K > 0, such
that

Ny(ellmllz, . Ly) < Ke™>.

It is not hard to see that there exists another constant Ko > 0, which depends only on
(K, |m]|2), such that

1 1
J(1, 7, Ly) < KO/ (log(1/€) + 1)"/?de < KO/ (€' + 1)2 de < oo,
0 0

which concludes the proof of the lemma.

A.5. Proof of Lemma 6.1

Proof of claims (1) and (2). We first prove claims (1) and (2) via induction over m. For
the base case m = 1, the claims hold by the law of large numbers and the assumption
that o is not a constant function. Suppose the claims hold for 1 < m < my, then we
prove it also holds for m = mg + 1 by induction. Conditioning on £, notice that

d
8mo+1 = Y ”hmO”%/dmOZ,
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where z ~ N(0, 1 dymgy +1) and is independent of k. Therefore,

2 d 1 h 2 2
J— = — X — | Z
dmo-H ||gm0+1 ”2 dmo [ m0||2 dmo-H I mo-i-l“z,

which converges to some positive deterministic constant by the law of large numbers
and induction hypothesis. Similarly, conditioning on A ,,, we have

dm o+l

> 0 ((mol3/dm)?2:),

i=1

1

dm()-i-l

2 d
g I3 £
mo+1

where z; is the i-th entry of z. By our induction hypothesis, ||, ||3/dm, converges
in probability to some constant H,,, > 0. Since almost everywhere

0" (x)] < Co(1 4 |x[¥71)

and o is continuous, we can conclude that

| dmg+1 | dmg+1

2
d > (g 3/dmg) 2i)" = - > o(Hy?2zi)* + op (D),
motl g motl g

which further converges in probability to some positive constant by the law of large
numbers and the non-degeneracy assumption on o. Thus, we have completed the
proof of the first two claims by induction.

Proof of claims (3), (4) and (5). Then we prove claims (3), (4) and (5), again via
induction. We start with the base case m = /. Conditioning on &;_1,

d
¢ | ! 2
Imilz = - D1z P! (ki I3/di-) ' 220)

i=1

where 20, 70+ "X N0, 1 4,) and are independent of h;_; . Recall that almost every-
where we have |0”(x)| < C,(1 + |x|[F~!). By Chebyshev’s inequality and claim (1)
of Lemma 6.1,

d
1 I+1 1))2
a2 NP (/i) 227)

i=1

= E,no.n [0/ ((1R1-113/di—1)""?2)*] + 0p (1),

where the expectation on the right-hand side is taken over z ~ N(0, 1). By claim (2),
there exists a constant H;_; > 0, such that

P
hi—115/di—1 — Hj—1.
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Since ¢’ is almost everywhere continuous, and |0”(x)| < Cy(1 4 |x[¥~1), we can
apply the dominated convergence theorem and conclude that as d — oo,

P
E2~N(O,1)[0/((|Ihl—l ||§/dl—1)1/22)2] - Ez~N(0,1)[0/(H11_/fZ)2]-

In summary, we have

P 1/2
112 = Ezonony[0”(H,/32)?],

thus completing the proof of claim (3) for the base case.
Then we consider th—1 WlTn ; and the proof of claim (5). Since W, is indepen-
dent of Df,Wlhl_l, conditioning on DfTWlhl_l, we have

4

L Win = (D Wik W] ) N, DLW ki 3/d)).

Conditioning on h;_;, we have

dy
2
—||D Wik 3 £ —Z (V=1 13/di—1)2zP) (11 13/ di—) 220,

l_l

which converges in probability to E,y,1)[H;—10" (H,~ /2 z)?z%] as d — oo, again
by Chebyshev’s inequality and the dominated convergence theorem. Therefore, as
d — oo,

d
Rl Wy = N0 E v, [ Hi—10”(H}2)?22)),

which implies that th—1 WlTn ; = Op(1). We have completed the proof of claim (5)
for the base case.

As the last step towards proving the base case, we consider the Euclidean norm
of y;,i.e., claim (4). Notice that 5; depends on W only through W;h;_;. Therefore,
conditioning on W ;h;_q, we have

yi=Wn

I~

L lwT
My W[DLW],  + m(W thi_1. DLW], )

= WD W] hi-1

oo+ s (Wihi—y.m;) — (Wihi_y.mp)).
-1 113

where W is an independent copy of W; and is independent of everything else. By
claim (2) of the lemma, the vector h;_1/|h;—1||3 has Euclidean norm Op d,_ 1/ 2).
Conditioning on (h;_y, 5;), we have

4

(Wihi—y,m) S N, g 1301113/ di—1).



A. Montanari and Y. Wu 182

which is Op (1) as ||n;|13, [lh1=15/di—1 are both Op (1) by claim (1) and claim (3).
As proven above, we have

(Wihi—1,n;) = Op(1).

T

1410 We have

Finally, conditioning on ; = DfTW

di—
IWIDLW T3 < D 2 lmil3/dir.

i=1
where {z; }ie[q,_,] S N(O, 1). By the law of large numbers, ||WITD5,W}'+1 |2 con-
verges in probability to the same limit of ||7;]|3 as d — oo. Combining the results
above, we can conclude that || y;||3 converges in probability to a positive constant as
d — oo, thus concluding the proof of claim (4) of the base case.

Suppose claims (3) to (5) hold for all mg + 1 < m <[, then we prove that they also

hold for m = my. First notice that (1,41, D7) depends on W, 4 only through
Wino+1hm,, thus conditioning on (D7'°, nm0+1), we have

— pmow T
nmo - Do‘ Wm0+177m0+1

T wT T w’'
hrm) Wm0+1’7mo+l - hmo Wmo+l’7mo+1
2
1o 15

I~

moyy T m
DGOW o4 1lmo+1 + D7hy,,

(A1)

where Wmo+1 has the same marginal distribution as W, 1, and is independent of
everything else. By claim (1), ||k, |32 = Op(d;}

mo

hing WrIto+1’7m0+1 = Op(1).

). By induction hypothesis,

Conditioning on (/,,,, nm0+1), we have

i~ d
h;rn() Wmo—f—lrlmo-i-l = N(O, ”hmo ”%””mo-i-l ”%/dmo)v
which is Op (1) by induction hypothesis and claim (1). Conditioning on A -1,

d}’ﬂ 0

Zo’((”hmo_l ||§/dm0_1)1/22i(m0))2

1 d
” D:rnohmo ”% =

dmy .
i=1

dm,
h 2/4 1/2,(mg)\2
XO((” mo—1l12/dmo—1)"""z; ) )

where {Zl‘(mO)}iE[dmO] L N(0, 1) and are independent of k,,,—;. By claim (2) of the
lemma, there exists a constant Hy,,_; > 0, such that

P
1Amo—1115/dmo—1 = Hmo—1.
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By the assumption that ¢’ is almost everywhere continuous, and
0" (0] = Co(1+ x|
o'(x)| =Cs X )

we can apply Chebyshev’s inequality and dominated convergence theorem and con-
clude that || D7k, ||3/dm, converges in probability to some constant. In summary,
the second term in equation (A.1) has Euclidean norm Op (d,;; / 2).

Then we consider the first term in equation (A.1). Notice that conditioning on

hpo—1, we have

dm,
~ T d 1 2
IDZW st tmoal3 S == 0" (U1 13/ dmg—1) 22" ) 27 [y 1 13-
Mo =1

d.d.

where z, z0) "X N(0,14,,,) and are independent of /1. Again by Chebyshev’s

inequality and dominated convergence theorem, we have

g

2 P
d Z0/((”hm0—1||§/dmo—1)l/zzi(m0)) Zi2 - EZNN(O,I)[G/(H,Léz_lz)Z]-

Mo j=1

1

By induction hypothesis, [|7,,,+1 |3 converges in probability to a positive constant.
Therefore, we conclude that || D7'° W,I, o+1Mmo+1 |2 converges in probability to a pos-
itive constant. Then we plug the above results into equation (A.1), and conclude that
10m, |5 converges in probability to a positive constant which depends only on (o, /).
Thus, we have completed the proof of claim (3) for m = my.

We next show that

by Wiglm, = Op(1).

Notice that (nm0+1, D7OW o hmo—1) depends on W, only through W, 41 h,,.
Then conditioning on (1,41, Dg'® Wmghme—1), we have

d 1
Wino+1 = Wing+1 g, + Wing+1hy,

where Wmo+1 is an independent copy of W, 41 and is independent of everything
else. Therefore,

(WmOhmO—l’ ﬂm()) = (DZ”) WmOhmo—l’ W;ILO-}-lﬂmo—l—l)
d (DTW hmo—1, b, ) ~
= z ﬂn’: m”Oz 0 (h;rnOWrIlOJ,-lan—i-l_hIn()WmO-i-lnmo—i-l)
moll2

i~
+ (DG Wimghmo—1, Wm0+177m0+1>- (A.2)
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By claim (2) of the lemma, ||y, 5% = Op(d,,,). Conditioning on k1, we have

1 m
——(D7W o hmo—1. hmy) j{j ((Wmg—113/dmo—1)"/?2;)?
dm, d =

II&

2
((”hmo 1||2/dmo 1)1/221) 2||hmo 1||2/dmo 1s

where z ~ N(0, 1 dmo) and is independent of k,,,_;. Again we apply Chebyshev’s
inequality and dominated convergence theorem, and conclude that

1 P
——(DTOW o himg—1, bimg) = Himg—1Ezno.ny[0" (HY % 220 (HY?  2)?22]

mo—1 mo—1%
dmo 0 0

as d — oo. By induction hypothesis, &, W,L()Jrlnmo_H = Op(1). Conditioning on
(hmg» Nmg+1)> We have
W W, N0 W 131 4113/ )
mo " mo+1Mmo+1 s W mo 121N mg 41112/ Gmg ) »

which is Op (1) since by claim (1) of the lemma we have ||k, ||3/dm, = Op(1), and
by induction hypothesis we have ||1,,,, 1 |5 = Op(1). Combining the above analysis,
we can conclude that the first summand in equation (A.2) is Op (1).

Then we consider the second summand in equation (A.2).

Conditioning on (DFOW o hmg—1, Nmy+1), We have

4

i~ )
(DZ:IO Wmohm()—l’ Wmo-i—l"mo—i—l) N(O’ ”"mo—‘,-l ||%||DZ’!0 Wm()hm()—l ||%/dm())

Again we apply the conditioning technique. Conditioning on %,,,—1, we have

1
d ||D2n° Wmohmo—lng
mo

d 1 “
= d_z (”hmo 1||2/dm0 1)1/221) (“hmo 1”2/dm0 1) OP(I)

where z ~ N(0, 1 dmo) and is independent of A,,,_. By induction hypothesis,
”nm()+1”§ = OP(l)’

thus (DWohmg—1, W;()+1ﬂm0+1) = Op(1). Next, we plug the above analysis
into equation (A.2) and conclude that

(Wmohm()—lv nm()) = OP(1)7

thus proving claim (5) for m = my.
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As the last step of our induction proof, we show that ||y, |5 converges in proba-
bility to some positive constant.

Note that ,,, depends on Wy, only through Wy, hpm,—1. As a result, condition-
ing on 1, , we have

T
mo nmo h

h:no—lW'Ilorlmo h:n() IW

1mo—115

Ymo = WrIl()nmo = Wmonmo +

mo—l ’

where Wmo is an independent copy of Wy, and is independent of everything else. By
induction hypothesis, [|7,,, |5 converges in probability to some positive constant. By

the law of large numbers, we have || W,I, oMmo ||5 converges in probability to the same
limit of [|7,,,,, |3 as d — oo. By claim (2) of the lemma,

hmg-113% = Op(dpe—y) and  [lhmy—1]l2 = Op(dy)2 ).

mo—1

Note that we have proved hmo 1W,I,Onmo = Op(1). Conditioning on (hmy—1, Ny,
we have

5T d
By Wy = N(OL 1Bmg—1 11310, 13/ dmo—1).

which is Op (1) by claim (1) and induction hypothesis. In summary, we can conclude
that ||y, |5 and ||n,,||3 converges in probability to the same limit, thus completing
the proof of the lemma by induction.

A.6. Proof of Lemma 6.2
We first provide finite sample upper bounds on the Euclidean norms of
{gihi, Digbicny.

Lemma A.2. Under the conditions of Theorem 5.1, there exist positive constants
{Qi}1<i<1, which depend only on (0,1), such that for all 1 <i < I, with probability
at least 1 — 8, we have

i
lhilla < Qi [](1+6712a 12, (A3)
j=1

1
v

i—1
1 _ _ i—1—j

7 l8ille = 0i(1 +log(1/8)d, YTTa+ 6712475 (ag)
1 j=1

1 |IDig;l2
< 1+46"
Vdi Nhi-ill2 — Jdi- 11_[

1/2d—1/2)k’ 7 (A.S5)
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Proof. We prove this lemma by induction over i. For the base case i =1, g; ~
N(0, I4,), thus, equation (A.4) follows from Bernstein’s inequality. Since almost
everywhere we have |o/(x)| < Cy(1 + |x|¥~1), then there exists C/ > 0 which is
a function of o only, such that almost everywhere

o)l < Co(1+|x%) and [0’ (x)x] < Co(1 + |x[F).

Then with probability 1, we have

d
1 2 2 2 2k
ol < dTZ(C“) (1 + g1 ).

2
I gglnz_ddZ(c’)(ngm

2
|| E =

thus, equations (A.3) and (A.5) for the base case follow from Chebyshev’s inequality.
Now suppose the lemma holds for all i < m, then we prove it also holds fori =m + 1
by induction. Conditioning on k,,, we have

d
Zmir ENO. Wk lB/dm) a,,,,)-

Thus, by Bernstein’s inequality, there exists an absolute constant C > 0, such that
with probability at least 1 — §/3,

g m+1l3/dmr1 < Cllhm|5(1 +10g(1/8)/ v/ dm+1)/dm
By induction hypothesis, with probability at least 1 — §/3,

”hm”z < 3mk”’ Qm 1_[(1 +68 1/2d—1/2)km J
j=1

\/_

thus, equation (A.4) fori = m + 1 follows. To prove equations (A.3) and (A.5), note
that

dm+1 >
il < - 1)
m+1 dm+1 i=1
4 1 dm-H
L 3 21+ |z hml13 /).
m+1 i=1
LD g3 w 242
o m /
< E ; (&m+1.i) " &m+1.i

dm-l-l ”hm”% B m+1||hm|
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m+1
d
= h
m+“i }j zillkmlla/ Vdm )22
1 dm+l
< 4c221 -2k_2h kzdkl
= dm+1dm Z ( O') Zz( +Zl ” Wl||2 / )

i=1

where z ~ N(0, I 4, ), and is independent & ,. Thus, equations (A.3) and (A.5) for
i = m + 1 follows from Chebyshev’s inequality, and we complete the proof of the
lemma by induction. ]

Next, we control the Euclidean norms of {»; }; e[

Lemma A.3. Under the conditions of Theorem 5.1, there exist constants {Qi h<i<l,
which depend only on (0,1), such that for all 1 <i <, with probability at least 1 — §,
we have

;12 < 0: (Viog(1/8) + 1)’

i Winil _ 0;(/log(1/8) + 1)’

(14+8672a7 V20" (A6)
< 1+
hi-1ll2 Vi

||::|§ I :5

‘I
el

2GR (AT

Proof. We prove this lemma by induction over i. We start with the base case i = .
Conditioning on A&;_;, we have

d 1
113 = = }:4+“ (Mhi=1ll2/ Vdi—1214)°

C2 d[ C2 & 2k — 2 2k—2
= — d; l+1z Zzl-l—llzlz (111 ll2/Vdi-1) ,
i=1
where 27,2741 O N(0,1 ;) and is independent of k;_;. Then equation (A.6) fori =/
follows from Lemma A.2 and Chebyshev’s inequality. Note that W, ; is independent
of (Df,, g;), then

] W T |? 2 2
= z -Z7 .0 \Z]4
“hl—l ”% dldl—l Z 14+1,i“1,i ( i

|

2/Vdi—1 )2

IA

2 2k—2 2k—2 j—k+1
—— Zzz+1zzlz(1+zh 113572, 2FH).
=1

As a result, equation (A.7) for i = [ follows from Lemma A.2 and Chebyshev’s
inequality. Thus, we have completed the proof for the base case.



A. Montanari and Y. Wu 188

Suppose the lemma is true for all m 4+ 1 <i </, then we prove it also holds for
i = m via induction hypothesis. By equation (A.1),

TwT TwT
hoW o imgt — W g
[EE

d 7T
M = DGW 1My + D"h,. (A8)
where W m+1 has the same distribution as W, 1, and is independent of everything
else. The right-hand side of equation (A.8) has Euclidean norm no larger than
Tw
| m+1nm+1| + |h Wm+1ﬂm+l|||Dmh
172 13

~ T
IDGW it ll2 + mll2-

Note that
dm

/ 2
2/ m 1 m+1;||’7m+1||27

IDEW it 13 2

mi=1

where z,,, Zm+1 L N(0, 14,,), and are independent of h,,—;. Using the fact that

almost everywhere |0”(x)| < Co (1 4 |x|*¥~1), together with Lemma A.2 and Cheby-
shev’s inequality, we conclude that there exists a constant Q(l) > 0, depending only
on (o, l), such that with probability at least 1 — §/6,

m
=T ~ - —1/2km—J
IDTW Mgl < OF 1_[(1 + 1/2dj /2K 41 1l2-
j=1
Conditioning on (k,,, 1,,1 ), we have

hy Wm+177m+1/||hm||2 = N(O ||71m+1||2/d )

Therefore, with probability at least 1 — §/6, we have

A W s 10m 1|
”Hz”’“ < dy' 202 Vog(1/8) 112
m

~(2 . .
where Qf,,) > ( is a numerical constant.
Conditioning on h,,—;, we have

dm
d
D2 k3 B3 < 1D 13 £ 5" 0" (Wt 12/ v o1 2m.0)?.
i=1
where z,, ~ N(0, Iz, ) and is independent of k,,_;. Since

2dm

b

m—1 ||2k 2d—k+1)

(

m

d
1 m
T ) 0/(||hm—1||2/vdm—lzm,i)2—
=1

i=1
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by Lemma A.2 and Chebyshev’s inequality, we conclude that there exists Q,(,? ) > 0,
depending only on (o, /), such that with probability at least 1 — §/6,

DG hml2 < Vd, 09 ﬁ(l 451212 (A.9)
Tl ’ | |
j=1

Combining equations (A.8)—(A.9), we conclude that there exists Q ,(,f ) > 0, depending
only on (o,7), such that with probability at least 1 — §/2,

M2 < O (Vog(1/8) + 1) {l_[(l +68 1/2d—1/2)km /}

j=1
S, |hTwT
s o + Ll Wy 11 (A10)
iz

thus equation (A.6) for i = m follows from equation (A.10) and induction hypoth-
esis. Then we proceed to prove equation (A.7) for i = m. By equation (A.2), there
exists Wm—i—l that has the same marginal distribution as W, and is independent of
everything else, such that

(D™W hm—1, hm) _
I3 ||hm 12 (W i — B Wm0
m m—

|h:-n—1 W;1r1)7m| i
[Am—1ll2

~ T
(DGWmhm—1, W1 0mg1)

”hm 1”2
(DGW b1, )] _
N ||h ” ”hm 1”2 |hT +1nm+1 hInWm-Fl”m-{-ll
m m—
(DWW b1, Wy i) i
Im—1ll2 )

By Lemma A.2, with probability at least 1 — §/12,

””D o8 "h”z < 8" O ﬁ(l t 512G 2k
hm-1l2 — V-1

Conditioning on (&, 1,, 1), we have

(A.12)
j=1

~ d
Ry W s 00 g1/ [ Bimll2 = N(O, 0112/ dm).

Therefore, with probability at least 1 — §/6, we have

B3 W mirtgs| _ O 108(/8) |1 14112
Ml = Vd ’

~(5 . .
where Q fn) > ( is a numerical constant.
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Given (D5'W phym—1,1,,41), the conditional distribution of
=T
(D?Wmhm—l, Wm+1’7m+1>/||hm—1 [l

is N(O, d,, | D2 g 11310 m1 13/ 1m=1]13). Therefore, using equation (A.12), with
probability at least 1 — §/6,

~ T ~
(DGW b1, W 1 01)] - Qf,f)||77m+1||2 o {ﬁ(l +5_1/2d_—1/2)km—j}
hm—12 T Ndm— =1 /

x +/log(1/38), (A.13)

where Q ;ns ) > 0is a constant depending only on (o, /). Using equations (A.11)—(A.13)
and induction hypothesis, we conclude that with probability at least 1 — §/2, the last
line in equation (A.11) is no larger than

A7) m )
Om (\/105”(11_/15) tD {1—[1(1 n 5—1/2dj—1/2)km-/}
Y =

Vdm”hInW;rn-Hﬂm-l—l”}’ (A.14)

X qlin 2 +
{ i 2

where Qf,z) > 0 is a constant depending only on (o, /). Thus, equation (A.7) for
i = m follows from equation (A.14) and induction hypothesis. Therefore, we have
completed the proof of the lemma by induction. ]

Finally, with Lemmas A.2 and A.3, we are ready to prove Lemma 6.2. Note that 5,
depends on W only through W ;x, thus by property of Gaussian distribution, we

have ~ 1
v /) = iy, £ X TW

~ T
x+Win,,
llx]13 !

where Wl is an independent copy of W 1, and is independent of everything else. We
let z ~ N(0, I ), independent of everything else, then we have

~ T d lnil2lzll2
IWinllz = ——F7—.
i Jd
|xTWIn1| _ |h(§WI771|
[[x |2 lkoll2

~ T
[xTW n,|

1112

1=

N(O, In,[13/4).
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Therefore, by Lemma A.3 and Bernstein’s inequality, with probability at least 1 — &,
we have

V()2 < Q(vlog(1/5 +1)" 71 (1 + log(1/8)d~?)
Xl_ll_[(1+8 1/2d I/Z)kl Y

i=1j=1

where Q > 0 is a constant depending only on (o, [), thus completing the proof of
Lemma 6.2.

A.7. Proof of Lemma 6.3

By definition, ;1 = ts4xTy,/d, thus by the Cauchy—Schwarz inequality we have
l1] < sallyll2/~/d. By Lemma 6.1, as d — oo, we have ||y, ]2 = Op(1), thus
w1 = op(1). Next, we consider y;. Since W is independent of 7y, by the law of
large numbers, as d — oo, we have

p-limg oo | W 1012 = p-limg—oo |11 1|2,

which is finite and positive. As a result, y; = op(1). Finally, we consider ;. Notice
that

|((W1)T’71, 1’71)| = ||(W1)T’71||2||W1’71||2,

which further converges to (p-lim||5,|2)? as d — oo. Similarly, we can show that
| W 1, ]|? converges to (p-lim||n;[2)? as d — oco. Therefore, we have 8; = Op(1),
thus completing the proof of the lemma.

A.8. Proof of Lemma 6.4

By definition, 5, = D oWl 112 Recall that #; is independent of O{W-lrnl, F1}, then
we can conclude that (g, D! o> 12, 1) depends on W, only through W k. There-
fore, by Lemma 3.1, there exists W, € R%*41_which has the same marginal distri-
bution with W, and is independent of (g, D! o+ 12, 1), such that

gl—gl(l—ﬂl)—ﬂlD Hh1W;’72 ,BlDlnthﬂ?z yiua

hIwz'lz_ iWin,
171113

=g1(1— ) +&iDyo(g1) — iun — pini Dyina /vy,

where #1 ~ N(0, I 4,), is independent of (g, D(lf, n,,u1) and

=g(1—p1) + prDgh —yiur — B1DEW i,

hIW  n, —h]Wln,
[

Y1 = lnal-.

{1 := B
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Recall that in Lemma 6.3, we have shown that
p1=op(l). B1=0p(), y1=op(l)
as d — oco. By Lemma 6.1 claims (5), (1), and (3),
hiW3in, = 0p(1), ||h]3% = Op(di"), 71 =O0p(1).

By controlling the second moment then applying Chebyshev’s inequality, we can con-
clude that hIW;ﬂz = Op(1). Therefore, {; = op(1) and B1y1/+/d1 = op(1).
For 6 € R*, we define

mg(g,u,u) = 0(8(1 —01) + 020" (g)o(g) — O3u — 040’(g)17)0(g).

By assumption |0/ (x)| < Cy(1 4 |x|¥~1). Using this assumption, we can conclude
that for any 0,0 € R* satisfying ||0 ||oc. [0 ]/oo < 1,

mo (g, u, i) —mg (g, u, )| < Cyl10 — 0|2 (1 + |g]"® + u"® + Ji"®),
where n(k) € N is a function of k and C, > 0 is a function of o. Notice that
Egumno13)[1 +1g"® + [u"® + [7]"®] < oo.

Then by [25, Example 19.7, Theorem 19.4], we know that {mg : ||f|cc < 1} is a
Glivenko—Cantelli class, thus
dy

1 _ _
— > mg(gi i, 1) — E(gumno.1)[mo (g u.1)]| = op(1).
Lioa

sup
[0lloo=1

Using the equation above and dominated convergence theorem, as d — oo, we have
1 &
s —_ . Y
2o @D) = 7D My i v (8 )

i=1
= E(gum~no.15) [m(m S1,71 ﬂl?l/«/ﬂ)(g’ U, ﬁ)] +op(1)
= E(g.u.n)n@.I5) [M0(g, u, 1) ] + 0op (1).

By the law of large numbers,
171113 = E (g u.i0)~nG0,15) [M0(g. u.7)] + 0p(1),

thus proving the second claim of the lemma. Again via proof of a uniform converg-
ence-type result, we can conclude that

lo(gDI3/dr = llh1l3/d1 + op (1),

thus completing the proof of the first result.
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A.9. Proof of Lemma 6.5

Given equation (6.3), im+1 = op(1) and yp+1 = op(1) follow from claim (iv) of
the induction hypothesis #,.

A.10. Proof of Lemma 6.6

By assumption, almost everywhere we have |o/(x)| < Cy(1 + |x|¥~1). Therefore,
there exists C, > 0 which is a constant depending only on o, such that

lo(x)] < CL(1 + |x[5).

Using these facts, we conclude that there exists n(k) € Ny which is a function
of k, and C}/ > 0 which is a function of (o, €2,,,+1) only, such that forall 6,0 € 2,41,
we have

g™ DG, 2, u) — RSV @z u)] < €10 = B2 (1+ [ ® + |2 4 u]®).
Note that
E @z 0.1 [(1+ [7"® + 2"® 4 [u"®)?] < 0o,

The rest of the proof is almost identical to that of Lemma 3.4: We apply the well-
known results regarding Donsker class in [25] and prove that {Egm-"l) 10 € Qpyqtis
a Donsker class via proving the corresponding bracketing integral is finite. Here, we
skip the details to avoid duplication.

A.11. Proof of Lemma 6.7

We define S, §: R3*9m — R as follows:

1 N )
— 41 —
SUpmat, Zm, Upy) = —— '," u  ZmisUmi)s
( m+1 &m m) ,/dm_ : (Vm—i—l,lim,vm,ﬂm/vdm,ﬂmfsm—i-l,)’m)( mt1.is Zmi m’l)
i=
dm
1 ~(m+1)

Su ZmaUm) = —— _ U, i ZmisUmi).
( m+1, Zm, m) ‘/dm — ()’m+l’Mmavmaﬁm/vdmaﬂmsm+la)’m)( m1,is Zm.i m’l)
1=

By assumption, almost everywhere we have |o/(x)| < Cy(1 + |x|¥~1). Therefore,
there exists C, > 0 which is a constant depending only on o, such that

o (x)] < CL(1 + |x]5).
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Using these facts, via some computation we can conclude that there exist ng € Ny
and C, > 0 depending only on (o, £2,,,+1), such that
dm
g

S @mt1.2ms tm) = S @t 2o )| < == D 10" (Omzm i) = 0 (Hm12m )|

mi=1

2 1/2 S
X (1Bm|Vmsrimsi + |d! > BrmnSmt V-t 10m 41
X (U [m 1, + |27 " + [, "°)

X (1 + |/Lm|n0 + |Vm|nO + |ﬂm|n0 + |)7m-i-1|nO + |Vm|n0 + |5m+1|n0)-

(1 + vrl’c1 |Zm,i |k))

By equation (6.6), vy, is independent of (#,,+1, Zm, Um). Recall that we have proved

,Bm =0p(l), Smy1 = OP(d,ZI), Vm = Hpu—1 +0p(1),
Ym+1 = Emt1 +0p(1), ym =0p(), wm=o0p(1).

Note that ¢’ is almost everywhere continuous and |0/ (x)| < Cy(1 + |x|¥~1). Then by
applying Chebyshev’s inequality and dominated convergence theorem to the above
equation, we can conclude that as d — oo,

|S @mt1. zme tm) — S (Wms1. Zm, Um)| = 0p(1). (A.15)

Similarly, we have
|E[S @ms1.Zm. m)] — E[S @ms1. Zm. um) ]| = 0p (1), (A.16)
where in the above equation the expectations are taken over (#,,+1, Zm, Um), assuming

(/’Lmv Vm, ﬁm7 )7m+1’ )’ma(gm—l—l)

are fixed. Note that

Gém+1)()7m+1, Hms Vs B/ V dms BmOm+1, Vm)

= S(Um+1,2Zm, Um) _E[s(ﬁm—l—l’zmy”m)]’
@fim+1)()7m+1, Homs Vins Bm/ V dms BmSm+1, Vm)

= S@m+1.2m Um) — E[S @mt1. Zm. um)].

thus we have completed the proof of the lemma using equations (A.15) and (A.16).

A.12. Proof of Lemma 6.8

By definition, 9,41 = D' W] 0,4, Note that (g,,41. D2 0pin. Umt1)
depends on W, only through g,,., = W12k 1 and h,,yq is independent
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of W,,42. By Lemma 3.1, there exists Wm+2 € R9m+2%dm+1 that has the same
marginal distribution as W, 42 and W15 L (8,11, DZ’H, Npmao, Um+1), such that

g1 == hms1)8ma1

T w7 T T
pmtly By s W ooz — iy W ool
+ Bm+1Dyg m >
1hm+1ll2
m+1gyT

— ,3m+1Dg Wm+277m+2 — Vm+1Um+1
— m+1
== pmsr1)8me1 T kmr1Dg 7 0(gmi1) — Vmrilims1

— Bms1Vms2 D0 lmia/ v dmr,

where #y+2 ~ N(0, 14, _ ) is independent of (g, 1, ) Lan N2 Um+1), and

T T T T
By x Wi Mmg2 = By W oM g2

Km+1 = Bm+1 s Ymt2 = ”7’m+2”2'

B3

By Hy+1 claim (iii),

Um+1 =o0p(1), VYm+1 =0p(1), Bm+1i/Vdm+1 =o0p(l).
By Lemma 6.1,

lhms1ll52 = Op(dpi1)s Vms1 = Op(1), By W] 0= Op(l).

Then we compute the corresponding second moment and apply Chebyshev’s inequal-
ity, and conclude that

i W os2limia = Op (D).
Combining these analysis, we have k,,+1 = op(1).

We can write g,,411 = Vm+1Zm+1, Where Vi1 = /|hml|3/dm and zpiq ~
N(0, 14, _ ) is independent of hy,. Adopting similar arguments we applied to obtain
equation (6.6), we can conclude that

Em+1>Um+2, Um+1 NG, Ly, ).
Recall that we have proved
pmsr=0p(1). kmr1=0p(1). Ymy1=0p(1). PBmt1¥m+2/vdmt1=0p().
By assumption, for all x, y € R,
|0(0) =0 < Colx = y|(1+ |x[<7F + [y[*7h). (A.17)

Then we apply equation (A.17) to bound the difference between h,4+1 = 0(g,,)
and o (g3,), and the lemma follows from simple application of the law of large num-
bers.
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B. Proofs for the non-asymptotic results

B.1. Proof of Lemma 4.2

We will heavily rely on the Bernstein inequality to prove the lemma, and we state it
here for readers’ convenience.

Lemma B.1. Ler X1, ..., Xy be independent, mean zero, sub-exponential random
variables. Then, for every t > 0, we have

o t? t
IP’( > t) < Zexp(—c min{ N , }),
— Yo X3, maxie 1 Xillw,

DX
i=1
where ¢ > 0 is a numerical constant, and || - ||\w, is the Orlicz norm.

Proof of the first result. 1t suffices to prove that with probability at least
1= Cn?(0(0)* + L?)
for some positive numerical constant C > 0, the following inequality holds:
|gTDoal < n1.
Notice that gTDya = m~"/2 """ | ¢;0(g;)b;. Therefore,
Var[gTDga] < Ep g om0,y [0°g%0(8)*] < C(0(0)* + L?)

for some numerical constant C > 0. By Chebyshev’s inequality, with probability at
least 1 — Cn%(0(0)* + L?), |gTDya| < 1y, thus completing the proof for this part.

Proof of the second result. By the definitions of W and W ., we see that

ZiZl(),

IWTDal|3— (W Doa,W'Dsa) a 1 Z(Z
IDsal3

where z;, Zlf LLd N(0, 1). By Lemma B. 1, we see that there exists a numerical constant
C > 0, such that for all n, > 1, with probability at least 1 — 4exp(—C n7) the following
inequalities hold:

IA

Sk

5= % [

When the event described above occurs, we see that

TSd | _ 28472
\/% vmd'

which completes the proof of the second result.
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Proof of the third result. Notice that

d m
2 _ 2 d d 1 2 N2
y? = WDyl ( L ) (Zl;b,-o(gl) )

where z;, b;, gi R N(0, 1). Since |o(x)| < |o(0)| + L|x|, we then conclude that there

exists a numerical constant C > 0, such that

Var[% Zbiza(gi)z] < w‘

. m
i=1

By Chebyshev’s inequality, with probability at least 1 — Cm ™1 (0 (0)* + L*),

1 m
‘n_i Z bio(gi)* —Egno.n[o(2)?]| < 1
i=1

By Bernstein’s inequality (Lemma B.1), with probability at least 1 — 2 exp(—cd) for
some absolute constant ¢ > 0, we have

d
d’! sz <2.
i=1

In summary, with probability at least 1 — 2exp(—cd) — Cm~ (o (0)* + L*),

2s
y < «/_i \/1 + Egnio,n[o(£)?].

thus concluding the proof of the third result.

B.2. Proof of Lemma 4.3

Recall that the sub-Gaussian norm of a random variable X is defined as
I X |lw, :=inf{r > 0: E[exp(X?/1?)] < 2}.

Standard computation implies that for all A € R,

E[exp(A(Lm 0)— JLm(O’)))]

< exp( sz (1 = 61)gi — 02b;0"(gi) — O3u;)

(1= 6))g: — Obso (g1) — 9gu,-))2)
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m

A2L2
sexp(2 Zb,?(|91—9;|-|gi|+L-|9z—e;|-|b,-|+|93—9§|-|ui|)2)
i=1

m

2210 —0')2 1 &
fexp(y.EZM(bi,gi,ui)z).
i=1

Hence, by the sub-Gaussian property

] m
I (0) = Ln(8")lw, < ClI0 —0'll2- [ — " M(bi, gi,ui)>
i
for some positive numerical constant C.

B.3. Proof of Lemma 4.4

‘We observe that .
d _
F(g)Sm™'z) o(g).
i=1

where z ~ N(0, 1) is independent of {g;};<m. Notice that there exists a numerical
constant C’ > 0, such that

lo(¢)*lle, < C'(0(0)* + L?).

Then by Lemma B.1, there exist numerical constants ¢, C > 0, such that

1 m
P(‘E go(gi)z - ]Eg~N(0,1)[‘7(g)2] = 1) =C eXp(_#Iz(O)“)’

P(|z| > n3) < C exp(—cn3),

which concludes the proof of the lemma.
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