Math. Stat. Learn. 6 (2023), 51-85 © 2022 European Mathematical Society
DOI 10.4171/MSL/36 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Deconvolution for some singular density errors
via a combinatorial median of means approach

Clément Marteau and Mathieu Sart

Abstract. We present a versatile and model based procedure for estimating a density in a decon-
volution setting where the error density is assumed to be singular enough. We assess the quality
of our estimator by establishing non-asymptotic risk bounds for the ! loss. We specify them
when the density is piecewise constant on a finite number of (unknown) pieces, when it is uni-
modal, and when it is concave/convex.

1. Introduction

Let Yi, ..., Y, be n independent and identically distributed real valued random vari-
ables defined on an abstract probability space (€2, €, P ). We assume that each random
variable Y; can be written as

Yi=Xi+e&, 1e€{l,...,n}, (D

where for all i € {1,...,n}, X; denotes a random variable admitting a density f
with respect to the Lebesgue measure. The variable ¢; denotes measurement errors,
independent of X;, with known density g. Our aim is to estimate fo on a compact
interval, say [0, 1], from the indirect observations Y1, ..., ;.

Deconvolution in a statistical context has been at the core of several investigations
in the literature. We refer to, e.g., [26] for a comprehensive introduction to this topic.
Over the last decades, several approaches have been proposed. For instance, kernel
procedures have been designed, taking advantage of the convolution structure in the
Fourier domain. We mention a seminal contribution by [20] who establishes rates of
convergence under smoothness assumptions on the target density fo. Several exten-
sions and improvements have then been obtained, including in particular discussions
regarding an adaptive choice of the bandwidth. We refer, e.g., to [17] for bootstrap
bandwidth selection, [9] or [12] when the error density g is unknown, [16] for rates of
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convergence using the Wasserstein metric, or [23,29] for adaptation under L ,-losses.
Alternatively, several methods based on the minimization of a (penalized) criterion
over a given family have been carried out. The penalty allows to include constraints
on the target, often in an adaptive way. We refer for instance to [14] for projection
methods and to [28] where the performance of a dictionary based method is inves-
tigated in a spherical context. Other authors have extended wavelet approaches to
the deconvolution model, taking advantage of the density representation property in
a wavelet basis. The coefficients of this decomposition must then be estimated and
sometimes thresholded in an appropriate way, see [11,21,24,27].

The aforementioned references assess the quality of their estimators by means
of IL?-losses, with p larger than 1 (except [20] and [23]). In the present paper, we
focus to the case p = 1. The loss then does not only measure the distance between
the estimator and the density fp, but also the distance between the two underlying
probability measures.

We restrict our study to a moderately ill-posed deconvolution problem with small
degree of ill-posedness. More precisely, we assume that the Fourier transform ¢* of ¢
does not vanish and that |¢*(#)|~" is of the order of |¢|? for large values of 7. The
parameter B should be smaller than 1/2, which indicates in some sense that ¢ is sin-
gular enough, or in other terms, that the framework is not so far away from the direct
setting (which would correspond to § = 0). As noticed by [15, 26], this condition
makes it possible the consistent estimation of the distribution function without further
assumptions on fy. This last problem is indeed closely related to the estimation of a
density using the L' loss. We refer to [19] for more information regarding this issue.

In direct estimation, there exist general procedures that lead to both optimal and
robust estimators. We are thinking in particular to methods based on robust tests or
like-minded approaches such as those described in [2, 3, 6, 19]. There does not seem
to be, in the literature of deconvolution, a general-purpose estimation procedure. In
this paper, we present a first attempt by proposing a new estimation procedure in line
with [19]. It does not lead to risk bounds as general as in the direct case, but at least, it
already yields new results in the deconvolution setting under the IL! loss as described
below.

We investigate the case where fq is piecewise constant on a finite number r of
pieces. The parameter r is assumed to be known but the pieces may be fully unknown
to the statistician. We use our method to derive an estimator and get a risk bound of
the order of || fo * ¢lloo/?r1/27P (log n/n) /2. Moreover, we show that such a result
cannot be true in general, no matter the estimator, when f is higher.

Our method also allows us to deal with shape constraints on f. The problem
of estimation under shape constraints has been widely studied in different statistical
frameworks, such as, for example, that of density without noise, or that of regression.
This does not seem to be true in density deconvolution, where the only attempts we
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are aware of are those of [10,30]. Here, we propose to consider the case where fj is
unimodal on [0, 1] (with unknown mode) and the case where f; is concave on [0, 1]. In
each case, our procedure can be applied to get a consistent estimator. The rate of con-
vergence is (logn/n)'/2A+3) under the unimodal assumption, and (logn /n)%/28+5)
under the concavity assumption. We prove that these rates are the minimax ones,
within a logarithmic factor.

Throughout the paper, we will use the following notation. The terms X, Y, & denote
generic random variables having same law than respectively X;, ¥; and g;. We will
sometimes write [, f instead of [, f(x)dx to shorten the formulas and omit the set 4
when A = R. We denote the Fourier transform of a integrable, or square integrable,
function f by f™*. The following definition is used when f is integrable:

@) = /e”xf(x) dx forallt € R.

Since we estimate fy on [0, 1] only, it is convenient to modify the definition of
the IL! distance by setting

muym=zéﬂmm—ﬁwmx

The domain of integration is thus reduced to [0, 1] even when the functions are defined
on a much larger domain such as R. For all ¥ ¢ L!(R), and f € L!(R), we set

di(f,9) = inf di(f.g)
geF

The complex conjugate of a number x is x. The notation |/ | may refer either to the
Lebesgue measure or the cardinality of /. The supremum norm of a function f is

I flloo = sup [ f(x)]
x€R

and its derivative (provided it exists) is denoted by f’. The notations ¢,¢’, C,C’, ...
are used for quantities that may change from line to line. They are usually constants
(that is numbers), but may sometimes depend on some parameters. In that case, the
dependency will be specified in the text.

This paper is organized as follows. In Section 2, we present an elementary approach
based on an histogram-type estimator. We carry out our main results in Section 3. The
description of our general procedure is deferred to Section 4. Section 5 gathers the
proofs.
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2. Preliminaries

This section gathers some preliminary results. We introduce and comment our main
assumption on the error density g. Then, we discuss the estimation of the probability
that the variable X belongs to a given set and use the obtained results to design a first
histogram estimator.

2.1. Assumptions on the error density

All along the paper, we will assume that the variables ¢; involved in the model (1)
admits a density ¢ satisfying the following requirement. This assumption will always
assumed to be met in the next sections (except in Proposition 4 below, but this will be
specified).

Assumption 1. The Fourier transform ¢* of ¢ does not vanish. Moreover, there exist
three constants k1, k» and 8 € (0, 1/2) such that for all ¢ € R,

g (D72 < k1 + k2]t )

Such kind of assumption is quite classical in the statistical literature (see, e.g.,
[26, Chapter 2]). The fact that ¢* is not allowed to vanish entails in particular that f*
can be recovered from (fp * ¢)* at any frequency and hence ensures that the prob-
lem is identifiable. Such a constraint is for instance satisfied when ¢ is even and its
derivative ¢’ on (0, +00) exists and is strictly increasing (see [32]). The difficulty
(expressed for instance in terms of convergence rates) of the deconvolution problem
is often measured through the behavior of ¢* (¢) for large value of z. The condition (2)
indicates that ¢* has a polynomial behavior: the deconvolution problem is said in this
case to be mildly ill-posed. We restrict our attention to the specific case where the
polynomial exponent J is smaller than 1/2.

The following proposition provides examples of densities satisfying such a require-
ment. In particular, such examples correspond to densities having a singularity on a
given point which appears to be of first mathematical interest. The proof of Proposi-
tion 1 is postponed to Section 5.1.

Proposition 1. Let ¢: R — R be a map such that ¢(0) is positive and whose deriva-
tive exists, is bounded and integrable on R. Let q be a density of the form q(x) =
|x |~ (x) with B € (0,1/2). Then if g* does not vanish, q satisfies Assumption 1.
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2.2. Estimation of a probability

Our procedures are heavily based on probability estimations of the form

Paen=[ﬁ

for some I C R. The estimation of these terms seems to be tricky when I is only
assumed to be a Borel set, but is more easy when / is an interval, or more generally
a union of intervals. This has been studied for instance in [15,26], and we will adopt
here the estimation strategy described in [26, Section 2.7.2].

In the following, for any d € N*, we denote by I; the collection of unions of at
most d intervals included in [0, 1]. For any / € I, the function

pr:t — 13(t) x [¢*(1)] "

belongs to IL2(R) according to Assumption 1 (this uses 8 < 1/2). Its Fourier trans-
form ¢; is therefore a square integrable function almost everywhere finite. It is also
real-valued as ¢y is Hermitian. Since Y is absolutely continuous with respect to the
Lebesgue measure, the random variable Z (/) = (1/(2m))¢; (Y) is real-valued (and
finite) on an event of probability 1. In the remaining part of the paper, the random
variables can be defined almost surely without specifying it again. They can always
be modified on zero probability events without changing our results.

When || fo * ¢l|oo is finite, Z (/) has moments up to second order, see Proposi-
tion 2 below. We may moreover apply Plancherel isometry to get

Ewunz/w@xmwxww
— - [ 0o

1 Tx s\ £*
= E/ﬂ;(t)fo () de
=P(X €1), (3)

where the last equality comes from Plancherel isometry when fy € L2(R) and from
an additional density argument otherwise, see Section 5.2. We deduce that

|
am=zzgymw 4)

is an unbiased estimator for the term P (X € I). A control on its variance is given by
the proposition below. Its proof is postponed to Section 5.3.
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Proposition 2. For all union of at most d intervals I € 14 of [0,1], we have Z(I) € R
and

E[(Z(1)?] < Il fo * qlleo[1d 1] + cgrad " *2P|1]'72P], (5)
where cg only depends on B.

Let us mention that the condition 8 < 1/2 plays an important role in the estimation
of probabilities in deconvolution. The parametric rate of convergence obtained above
is impossible to get when 8 > 1/2 without additional assumptions on the density. We
refer to [15] and [26, Section 2.7.2] for results when fq is smooth and 8 > 1/2. Note
that the estimation rate they obtain depends on the smoothness index of the density
(the more irregular the density, the slower the rate).

2.3. Estimation of fj using histograms

In this paper, we are interested in the estimation of the density fy of the X; rather
than a probability in itself. For pedagogical reasons, we present below an histogram
estimator and give a IL.! risk bound. The following results should be seen as a foretaste
of our main contributions that will be presented in Sections 3 and 4.

Let m be a (finite) partition of [0, 1] into intervals of positive lengths. The integral
of fo over each interval I included in m can be estimated thanks to the expression (4).
Gathering all these estimations, we can define an histogram estimator fm of fo as

follows: Z.()
fm=) r” 7. (6)
lIem

By using Proposition 2, we get a control (in expectation) of its IL!-risk as displayed
in the following proposition. The proof is deferred to Section 5.4.

Proposition 3. Let m be a (finite) partition of [0, 1] into intervals of positive lengths,
and
Fm = {Z arlr, (@)rem €[0,400)", Y af|l| = 1} (M
Iem Iem
be the collection of piecewise constant densities on m. Then, the above histogram
estimator satisfies

Kk1lm| + cgia|m|1+2B

E[d1(fo, j;n)] <2d1(fo, Fm) + \/Hfo * |0 . (8

n

where cg only depends on B.

This upper bound is non-asymptotic and shares similarities with results obtained
in the direct case (which would roughly correspond to 8 = 0). In particular, our bound
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is composed of a bias term d; ( fo, F7,) and an estimation component. The supremum
norm of fy * ¢ that appears in this inequality can always be related to a suitable L*
norm of fy. Indeed, by Young’s inequality,

1 fo % dlloe < inf {1 follsIglloss—n}-

Since ¢ is not bounded, we cannot get an upper bound of || fo * ¢| s independent
of fo. Nevertheless, we always have the rough upper-bound

I fo *qlloo = Il folloo

as ¢ is a density. More generally, if g satisfies our conditions of Proposition 1 with
a function ¢ that decreases fast enough at infinity, [|g||s/(s—1) is finite as soon as
s> 1/B.

Let us mention that there are many solutions in the literature to estimate a density,
whether § is smaller or larger than 1/2 (the usual solution to deal with larger values
of B is to impose a certain regularity on the estimator; see [13, Assumption Kvar(8)],
for instance). However, we will see in the next section that (8) is specific to small
values of 8.

2.4. Piecewise constant functions

The previous result applies in particular to densities fj that are piecewise constant on
a known partition m of [0, 1]. We may indeed consider M > 0 and get an upper-bound
on the minimax risk over

Fn(M) =1{f € Fom, IIf *qlloc < M}.

More precisely, the bias term in (8) vanishes when fy € %,,,(M ), which leads to

|m|ﬂ+1/2

sup  E[di(fo, fm)] < cM/? ©)

Fo€Fm(M) N

where the multiplicative factor ¢ depends on k1, k5, B only. As in the direct case, we
observe here that the optimal estimation rate of a piecewise constant density is n~1/2.

It is noteworthy that this upper-bound depends on the partition only through its
cardinal and not on the thinness of its elements. It turns out that such a result may
be incorrect for larger values of 8. The following proposition is the only one in this

paper that does not suppose Assumption 1. It is proved in Section 5.5.

Proposition 4. Suppose that q is bounded and there exists T > 0 such that for all
x > 0, then

/ (Va =) = Va0)*dr < o>, (10)
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Consider n > 2/(25t?) and the partition m of size 3 of [0, 1] defined by
m = {[0,1/(x~/50n)), [1/(t~/50n),2/(t~/50n)),[2/(t~/50n), 1]}.

Then,

inf sup E[di(fo, /)] = 0.14min{1, 1/]q]loo)},
S fo€Fm(2)

where the infimum is taken over all possible estimators of fy.

The assumption in this proposition requires that ,/q is sufficiently regular, see [22,
Chapter 1, Theorem 7.6]. For example, the Laplace distribution satisfies (10) with
72 = 1/4. This result entails that consistent estimation is not possible uniformly
over F,,(2) provided the partition contains small elements. Note that it does not apply
when 8 < 1/2 as ¢ must be bounded. Thereby, what happens when 8 < 1/2 can be
quite different from the general case.

2.5. Estimation of a non-increasing density

The previous approach can also be used to establish the minimax rate of a monotone
density. Consider the class & composed of densities bounded from above by 1 and
whose restriction to [0, 1] is non-increasing. It follows from [5] that there exists for
all N > 1 a partition m of size N such that

sup d1(fo. Fm) < C/N,
f()EoD

where C is a universal constant. We therefore deduce from (8) and an adequate choice
of N,
sup E[d1(fo, fm)] < en™/@PHY),
Jo€D
where ¢ depends on k1, k2, 8 only. The proposition below, to be proved in Section 5.6,
shows that this rate is optimal:

Proposition 5. Suppose Assumption | is met and that there exist k', k5, k% such that
1Y pp P 10 K2, K3
forallt € R,

lg* 2 >k + 15122 and  |(g*) () < whe| 722,

where (q*)' denotes the derivative of q*. Then, there exists ¢ depending only on ¢
such that

inf sup E[dl(fo,f)] > cn~V/@B+3)
f foeD

where the infimum is taken over all possible estimators f of fo.
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3. Non-asymptotic risk bounds

We propose below a multi-purpose estimation procedure that leads to more general
results than those displayed in Section 2. For the ease of exposition, we concentrate
our attention on the results and defer the presentation of the procedure to Section 4.

3.1. Assumption and main result

In the following, I denotes a collection of non-negative and integrable maps vanishing
outside [0, 1] and given by the statistician. This collection can be seen as a translation
of the a priori available knowledge on f;. It is assumed to satisfy the condition below:

Assumption 2. Every f € J may be associated to an integer ds such that the follow-
ing assertion holds true: for all g € F, the set

[f > gl ={x€[0.1]. f(x)>g(x)}

is a union of at most min{dy, d, } intervals. Moreover, there exists an at most count-
able collection F C F such that: for all f € F and ¢ > 0, there exists f’ € F satisfying
dl(f, f’) < sanddf/ < df

Under this assumption, it is possible to design an estimator f (defined in Sec-
tion 4) whose performances are given by the following theorem.

Theorem 6. Let F be a model fulfilling Assumption 2. Then, there exists an estima-
tor f satisfying

]E[dl(fo’ f)]

(k1dy + Cgl(zd}"‘zﬂ)]og(ndf) 1 } an

S5}21;{d1(f0,f)+C\/||f0*61||oo +;

n
In the above inequality, ¢ is a universal constant and cg only depends on B.

In order to keep this paper to a reasonable size, we illustrate this risk bound by
giving only three examples. Other examples are covered in the preprint version of this
manuscript [25].

3.2. Estimation of a piecewise constant density

We start by revisiting the problem of estimating a piecewise constant function. In Sec-
tion 2.4, we assumed that the density was piecewise constant on a known partition m,
which led to a minimax bound on %3, (M ). The above theorem allows us to generalize
this result by no longer assuming that the partition is known.
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To be a little more precise, define the collection M, gathering all the partitions m
of the form
m = {[07 x1]9 (xlv x2]7 (XZ’ x3]7 cee (xr—l, 1]}’ (12)

where x; < xp < --- < X,—1 are r — 1 real numbers (with the convention that m =
{[0, 1]} when r = 1). Set,

FoM)= | FuM). 7 =] F(M).
meM, M>0
We may check that Assumption 2 is fulfilled with I = #;., dy = 2r. Theorem 6 hence
gives an estimator f such that: for all M > 0 and » large enough,
r1/248 10612 (rn)

sup  E[di(fo. f)] < eM'/? o
Jo€Fr (M) h

The term ¢ depends on ki, k2, 8 only. If we put aside the logarithmic factor, we
observe that the upper-bound coincides with the one obtained for the histogram esti-
mator fm on the much smaller class ¥, (M). The estimator f however, does not
require the knowledge of m and is therefore adaptive. The logarithmic factor is most
likely superfluous even though a logarithmic term is involved in the minimax bounds
on ¥, in direct estimation under the Hellinger and L2 losses, see [8].

3.3. Estimation of a unimodal density

The histogram approach leads to optimal rates when the density is non-increasing and
bounded. It can easily be adapted to estimate a unimodal density when the mode is
known. When the mode is unknown, Theorem 6 can be used instead.

We introduce the collection

U = {f, S 1,11 = filjo,x] + f21(x,1], Where f; is non-decreasing on [0, x],

where f5 is non-increasing on (x, 1], and where x € (0, 1)} (13)

composed of maps whose restriction to [0, 1] is unimodal.
We define for all functions f and all intervals /,

Vi(f) = sup. | f(b) = fa)l. (14)

We then set for all f € U,

: 2
Litfy= Inf {log"?(1 + x Vo1 (/1)) + 1log"?(1 + (1 = x) Ve 11(f2)} -
fi./2 su’ch ;hat
S =,110.x+ 211
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Proposition 3 of [1] shows that Assumption 2 is fulfilled for the set

o0
F=Juns (15)
r=1
with dy proportional to r when f € U N F,. Theorem 6 can therefore be applied
to define an estimator f . The main properties of this estimator are stated in the
corollary below whose proof ensues from elementary approximation results (see [25,
Appendix C], for instance).

Corollary 1. There exists an estimator f satisfying for all M, L > 0, and n large
enough,

~ 1
sup E[di(fo. /)] < cLCAHD/CHD) (3 281

1/2B8+3)

JoeU,
L1(fo)<L, | foxqllcc<M

Moreover, the same estimator satisfies for all M,r > 0, and n large enough,

~ r1t28 10g(rn
sup E[di(fo. )] fc\/Mi.
Jolpp,11€UNF,

Il foxqlloo<M

In the above inequalities, ¢ depends on k1, k2, B only.

We thus get the same rate of convergence (up to log factors) as the one which could
be reached by a histogram estimator (which however requires the a priori knowledge
of the mode). The second inequality shows that the rate of the estimator is much better
when the density is, in reality, piecewise constant. This phenomenon is fully auto-
matic and also appears for some other estimators, such as, for instance the Grenander
estimator in the direct setting, or the least squares estimator in isotonic regression.

3.4. Estimation of a concave density

We now consider stronger assumptions on the shape of fy in order to get faster rates
of convergence.

We define the collection € gathering all the densities whose restriction to [0, 1] is
concave. A function f in € is derivable on both the left and right-hand sides. Such a
derivative (on the right or the left, according to the reader’s choice) is denoted as f”.

Then, we set
La(f) = log?(1+ Vi (/) )-
We define for r > 1, the collection

A, = { Z f11y, where m € M,, and where f7 is a non-negative affine function}

Iem
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composed of piecewise affine functions. It follows from Proposition 5 of [1] that the
set J defined as

F=JE©naA). (16)
r=1

satisfies Assumption 2 with dy proportional to r when f € € N ;.
We may thus apply Theorem 6 to this model. By using suitable approximation
results, see [25, Appendix C], we deduce:

Corollary 2. There exists an estimator f satisfying for all M, L > 0, and n large
enough,

’

logn )2/(2;3+5)

sup E[d1(fo. f)] < ¢LGB+D/C2B+5) (M
n

Sfo€t,
L>(fo)<L, |l foxqlloo<M
where ¢ depends on k1, k>, B only.

The convergence rate of our estimator is therefore faster under a concavity con-
straint than under a monotonicity constraint. Although the corollary assumes that f;
is concave, the same result can be established when fj is convex. We now claim that
the above rate is optimal, within a logarithmic factor. We indeed show in Section 5.7:

Proposition 7. Suppose Assumption 1 is met and that there exist k', k%, k% such that
forallt € R,

lg*O2 >k + 1512 and  |(g*) () < wbe| 722,

where (q*)' is the derivative of q*. Then, there exists ¢ depending only on q such that
for n large enough,

inf sub E[dl (Jo. f)] > ¢(1/n)?/ B+,

fo€t
L2(f0)=2, [ follco<2

where the infimum is taken over all possible estimators f of fo.

4. Estimation procedure

This section is devoted to the construction of the estimator f € J leading to the results
displayed in Theorem 6.
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4.1. Probability estimators

In Section 2.2, we proposed simple estimators Z, (/) of P (X € I). Unfortunately,
the only deviations bounds that can be established for these quantities come from
Chebyshev inequality (as Z(/) may not admit moments of order larger than 2). Such
bounds are too rough to be used in the construction of our estimator f of fo. This
is why we propose in the following new probability estimators for which uniform
bounds in deviation can be proved. Their constructions involve different steps.

Step 1. We consider an interval / of [0, 1] and begin by defining a median of means
estimator of the probability P (X € I'). We refer, e.g., to [ 18] for more details regard-
ing this approach.

Let § > 0 be a parameter whose value will be specified later on. When either
§>n—1or|lI| =0, we set 25(1) = 0. Otherwise, we split the data (Y1,...,Y,)
into r € (6,6 + 1] parts by, ..., b,. Each part should be approximately of the same
size and more precisely such that |bg| € (n/r,n/r + 1]. Foreach k € {1,...,r}, we
define the empirical mean based on the observations in the k-th block only:

1
Zp ()= —— [ (Y)).
b (1) 2ﬂlbk|;e£ 97 (1))
J <Pk

We then define Zs(I) as any empirical median of {Zp,(I),..., Zp,(I)}, that is as
any real number such that

ke ll,....r}, Zp (1) < Zs(D}| = |{k € {1,....r}, Zp, (1) = Zs(D)}].

Step 2. We broaden the previous definition of V4 s(I) to unions [ of intervals. In the
sequel, we denote Too = UJ2_ | T4 and the closure of a set / by I.

Every union of intervals / € I, can be written as / = U;llzl I_] where d; € N*
and the /; are intervals such that /; N [;; = @ for all j # j’. We stress that d; and
the intervals I_] are defined in a unique way. Due to the additivity of measures, it is
then natural to set

dy
Zs() =Y Zs(I)).
j=1
Note that this definition is coherent with the first step as Zs ) = Zs (I) when I is

an interval (in which case dy = 1).

Step 3. One may already show that each estimator Zs (I)iscloseto P (X € I) with
high probability. However, we need this result to be true uniformly for all / € I.
Hence, we add a technical discretization step.
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For any d, j € N*, we introduce the grid
Ga; =1{k277/d, k €{0,...,d27}} C [0,1],

and define the set T4 ; C I; of unions of at most d intervals whose endpoints lie
in gy, ;. For all union of intervals I € I, let 7r; (1) be the largest set of T4, ; included
in /. If such set does not exist, ; (/) = 0.

Consider, £ > 1 and §; (1) = 2log(2jdy) + 2log(1 + d;2/*1) for all (I, j) €
T oo x N*. We define for all I € I, our final estimator 2,,,5(1) of P(X €1)by

Zng() = Zers, inmD) + Y Zews, oy (i (D \ 7 (1),
j=1

This sum is composed of a finite number of terms as § + §; (/) exceeds n — 1 for j
large enough. We prove in Section 5.8 the following result.

Proposition 8. Consider & > 1. Then, there is an event of probability lower bounded
by 1 —e~% on which: forall I € I,

Il fo * qlloo(k1dr + Cﬂkzdlzﬁ+l)(§ + logdr)
n

|Z,e(I)—P (X €1)| < c\/

In the above inequality, C denotes a universal constant and cg only depends on .

4.2. Estimation procedure

We consider a collection J of non-negative and integrable maps compactly supported
on [0, 1] satisfying Assumption 2 and propose a theoretical procedure in line with the
combinatorial method [19] to define an estimator f satisfying (11). Examples of such
collections are given in Sections 3.2, 3.3 and 3.4.

We define for d > 1, the set Iy C I of unions of at most d intervals of [0, 1]
with endpoints in Q. For any § > 1, we introduce the criterion yg(-) defined for f € F
by

= s | f—zn,s(l)'-

IeId_/-
Then, we consider an estimator f € J satisfying

7s(f) = inf ye(/) +1/n, (17)

f=min{1,(/f)_1 }f. (18)

and set
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Assumption 2 asserts that there is a dense and at most countable suitable subset F
of &F. The lemma below ensures that we may always define f as an element of this
set F to avoid possible measurability issues.

Lemma 1. There exists an estimator f €F satisfying (17).

Note that there is no uniqueness concerning the way where our estimator is defined.
However, Theorem 6 applies for any of the estimators f defined above with £ = logn.
It is proved in Section 5.10.

Let us mention that there are algorithmic issues concerning the computation of
this estimator that are far beyond the scope of this paper. This is the counterpart to get
a versatile procedure. This weakness also appears for instance in the original combi-
natorial method of [19], in the procedures based on robust tests, see [6], and in the
p-estimation procedure [2]. As it is said in the introduction of [7], we cannot have our
cake and eat it.

5. Proofs

5.1. Sketch of the proof of Proposition 1

Define fort € R,
1
1(t) =./’|x1ﬂ_le”xdx.

1
Then elementary computations give

l¢]

110 =2 [y eosr)a.
0
We use classical results on Fourier cosine transforms to get
1P 1(1) = 2cos(mB/2)L(B) as |t| = +oo.

In the above equality, I'(-) denotes the Gamma function. In particular, the limit is
finite and non-zero.
Setting ¥ (x) = |x|B~1(¢(x) — ¢(0)) for all x € R, we can write

1 ' 1 .
/ g(x)e'™ dx = ¢(0)1(1) —I—/ V(x)e'™ dx.
1 -1

Note that v is bounded on [—1, 1]. Moreover, ¥ admits a derivative ¥’ on R \ {0}
such that

' ()]

IA

(1— )lx[f=2 / ' Olde + 151 10 )]

[0,1x]

20x1F71¢ |l o

IA
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where ¢’ is the derivative of . Therefore, ¥’ is integrable on [—1, 1]. Integration by
parts then shows

1
[ Y (x)e'™ dx = O(1/t) as |t| — +oo.
-1

Since ¢’ is integrable, ¢ is bounded and ¢g(x) tends to 0 when |x| — +oc0. We also
have,

/ 7)< (- B) / 182 ()| dx
(—00,—1]U[1,400) (—o00,—1]U[1,4+00)

4 / A 1o/ ()] dx
(—00,—1]U[1,400)

< (-8 / B ()] dx
(—00,—1]U[1,400)

+ / |x|2ﬁ_2dx/ l¢"(x)]? dx.
(—00,—1]U[1,+00)

Since ¢’ is bounded and integrable, it belongs to I.2. The above integral is hence
finite. We deduce as before,

/ g(x)e'™* dx = O(1/1).
(—00,—1]U[1,400)

Hence,
q () = o0)I(t) + O(1/t) as|t] > +oo,

from which we deduce that (|¢|#|¢*(¢)])~" admits a finite limit when || — +oc.
As ¢* does not vanish and is continuous, |¢*(¢)|~! is bounded above on [—1, 1] and
(1 |g* (1)))~" is bounded above on (—oo, —1] U [1, +00). This ends the proof. m

5.2. Proof of (3) when fy ¢ L2(R)

Without loss of generality, we may suppose that / is an interval say I = [a, b].
Let K be a density belonging to LZ(R), &7 > 0 and Kj(-) = (1/h)K(-/ h). Then,
if Fy denotes the cumulative distribution function of X,

[uwths ko~ [ L0 fo
= / K(x)(Fo(b —xh) — Fo(b) + Fo(a) — Fo(a — xh)) dx.
By using the dominated convergence theorem, we deduce

Jim / 111 (o % Kp)() dr — / 11(0) folt) di = 0,
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Yet, fo * K;, € L2(R) as it is the case for K}, and by Plancherel isometry,

Jim / L) fo (OK; (1) dt = / 17(7) fo(z) dr.

h—0 27

Note that o L
17 () fo' (1) = (L7 (O]g* )]7") x (g7 @) fo' ().

This map is a product of two square integrable functions (¢* f;* belongs to L?(R)
as g * fo does since this density is bounded) and is therefore integrable. We may thus
use limy, 9 K (1) = K*(0) = 1 and the dominated convergence theorem to get

/E@ﬁmw=/mmﬁmm

as wished. [

5.3. Proof of Proposition 2
For any I € I;, we can always write [ = UJ 11, where k < d and where the I; are
disjoint intervals of [0, 1]. Then,
Lo
B[] = s [ G100 <00ty
1I./0 * qlloo

472

tﬁwwfw

We successively use the Fourier—Plancherel theorem and Cauchy—Schwarz inequality
to get

HOX:
q*(1)

- ||fo>'<q||oo/‘zjl (1) 2

*(1)
< IIfo*qlloo Z/’ 7,02
- g*(1)

Forany j € {1,...,k} and ¢t € R, we have

IA

| sin(z]£;]/2)]

T, 0l =117, =2
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since /; is an interval of finite length |/;|. Hence, thanks to Assumption I,

q*(t)

in?(t]1;]/2
=4/Sm2(*|]|/2)dt

1%|q* (1)

in?(¢|7;]/2
_4/s1n ( |21|/ )(Kl —|—K2|t|2’3)dl‘

t

)
s~ (¢ - . —
< 4 (11;1/2) / "D+ a1ty 1/2) / sin? ()]t 2 dr.
By computing these integrals,

1702 - s1n(71ﬂ)F(2ﬂ) 128

where I"(-) denotes the Gamma function. Finally, we get

k
E[(Z(]))z] < ||f02*nqnoo x & X |:2K1]TZ|IJ| 4K2 Sln(JT,B)F(Z,B) Z|] |1 2ﬂi|

j=1
4 re
oty oy 2P ﬂ)dzﬂw .
2 -2p
where we have used k < d, Zle |1;| = |I| and the Holder inequality (as B < 1/2).
[

5.4. Proof of Proposition 3

Define P(X el
— IS
=y HEED,
Iem
Forall /] € m,and o € R,
1
[\ [ )= [15a-al+ fatti- [ 4
I |11 Jr I 1

=/I|fo—a|+'/l(a—fo)

SZ/IIfo—aI.
_ 1
dl(f07fm)—§n/1 fo—m/Ifo

Therefore,

< 2dl (fO» fm)
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Moreover,

E[di(fm. fm)] = D E[IZa(1) =P (X € 1]

Iem

=Y VE[Zu()—P (X € DP]

lem

< X JElEm?]

lem

By using Proposition 2 and the Holder inequality (as 8 < 1/2),

~ _ * 1/2
E[dy(fonr f)] < ”fonl—/qz”w[,cll/z SV 4 e Y ml/z_ﬁ}

Iem Iem

||f0>'<Q||<1></>2 /2, 11/2 1/2 1/2 11/248
T[Kl Im| "2 + ¢ g/ %iey " |ml| ]-

The proof then follows from the triangle inequality

E[dy(fo. fm)] < di(fo. fn) + E[dr(fon. Fon)]. .

5.5. Proof of Proposition 4

Let & be the Hellinger distance defined for two densities fi, f> by

W (f1, ) = %/(\/fl(x) — \/fz(x))2 dx.
R

It follows from standard arguments (see, e.g., [31, Chapter 2]) that

A~ 1
inf sup E[di(fo. f)] = 5. sup di(f1. f2)(1 = V2nh(fi * q. f2 * q)).
S fo€Fm(2) J1,/2€Fm (2) (19)

Consider p = min{1, 1/||¢|loo}, @ = 5072, and set

fi= Pva”ﬂ[o,l/m) + (1= p)lo,11,

pAJan
f2 = 2 Lio,2/vamy + (1 = p)Ljo,11-

Young’s Inequality implies || f1 * ¢llcoc < Pll¢llcc + 1 — p < 2. The same result is
true for f> * q. Therefore, f1 and f> both belong to %,,(2).
We now bound i( f1 * ¢, f> * q). We have,

1
forao) = fix () = & [ gl = @ 1/vam) - gl —u/ Van)) du.
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We introduce for x € R,

1
o) = [ (ale = 1/vam) = fa(e—uyvan) ) an,
and decompose f> * g(x) — f1 * q(x) as
foxq(0) = fixq() = S92(x)

wp [ (Vale o 0/vam) — fabe—w/am) ) ate o van) a

We apply the Cauchy—Schwarz inequality:

1
| f2 % q(x) — f1%q(x)| < gfpz(x) + p(p(X)\//O q(x —u/+an)du

= 207(0) + 00 VPV % 4.
Let
X ={xeR, fixqx)+ f2xq(x)<e>(x)}.
We deduce

(fixqg—faxq)?
Wfirg for) < [ 1fivg=forgl+ [ TIIZBED

</ (p2+l/ P’e* +4pp* fi x4
- x 2 c f]*q+f2*q
K
x
5
2

5 2
+§/xﬂ’

/<P2§ sup /(\/Q(x—(u+1)/¢ﬁ)_\/q(x_u/m))zdx

IA

IA

Yet,

2
(N
u€lo,1]

< ZuZI[L[’)H[/(\/q(x —(u+1)/+an) - @)2dx
(e i) o]

< 1072/(an)

thanks to (10). We use the definition of a to get 2nh?(f1, f2) < 1/2. We conclude by
using (19) and by remarking that d;( f1, f2) = p. ]
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5.6. Proof of Proposition 5

The arguments we propose are inspired by the lower minimax bound of [4] for non-
increasing functions in the noise free case. Let p > 1 whose value will be made precise
at the end of the proof. We define

log(3/2 1
8=M§1, u=[1+4+¢e?—-1]""' and kzﬁ.
p u(l+¢/2)
For any j € {1,..., p}, we introduce x; = u[(1 + &)/ — 1], I; = [xj_1, x;) and

{j = xj — xj—1. Remark that the intervals /; are disjoint and included in [0, 1].
Now, for any j € {1, ..., p}, define the functions f; and g; as

fi=A1+8) (1 +¢e/21,_, ).
g =A1+ 8)_]+11[x_/—1,(x_/‘—1+xj)/2] + A1+ Li+x)/2.5))-

We denote by ¢ the Cauchy density, introduce for all v € {0, 1}7,

P
¢y = (1 =10g3/2)¢ + Y _(v; fi + (1 = v))g;).

Jj=1

and gather all these functions into a set ¥ = {¢,,, v € {0, 1}7}. We begin by estab-
lishing the following inequality:

Claim 1. We have ¥ C D. Moreover, forany j € {1,..., p},

di(f;. &) = /3.
Proof. For any j € {1,..., p}, we observe that the functions f; and g; share the
following properties:
* fj and g; are piecewise constant functions, compactly supported on /;;

e forallx € J;andy € I;_4,
max{ f;(x), g; (x)} < min{fj—1(»), g&j-1(»)}: (20)

c [fi=fg =8
* |filloo =1/2and [ g1]le0 < 1/2.
We deduce that ¢, is a density, non-increasing on [0, 1], and bounded by 1. Moreover,

1
2+ ¢

82. u

=

_; €
di(fj.g;) ={iA(l1+¢) JE — 2

W | =
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In the sequel, to underline the dependency of the density fy in the results, we add
a subscript to the expectation. More precisely, IE corresponds to the expectation with
respect to the variables X; which are assumed to be of density f. We have for all
estimators f s

sup Efo[dl(f(),f)] > zip Z ]E¢v [dl (fo’f)]

Joed ve{0,1}7
1 4 R
255 2 Y Ealdi(f1n.41)]
ve{0,1}? j=1
1 . P R
= 2 veltn {]E¢"f.1 [di(f1z;. (1 —10g(3/2))¢ + fi)11,)]

2 ve{0,1}7 4
j=1
+ B, [ (F11, (1= log3/2)0 + g)11,)]},
where for any v € {0, 1}? and k € {0, 1},
Vj,k = (vl,...,vj_l,k,vj+1,. . ,vp).
Then, using the triangle inequality,
sup Ef, [dl (fO’ ﬁ]
JoeD
1 )/ n n
> 5 ve{igﬁ}n 2 di(fj.gj) /Rn min(kl:[1 Gu;q * Q(Xk),kljl bv; o * ‘I(xk)) dx.

J

Using Claim 1, we get

sup Ez, [dl (fo’ ﬂ]
JoeD

g2 . P (T z
=5 ot > / mm(]‘[ bu;1 *xq(ei). [ | bvy0 * q(xk)) dx. (2D
’ =1 /R" k=1 k=1

J

Forany j €{1,..., p}, werecall that the y? divergence between $v; | xqandy, , * g
is defined as

20N (¢v,',1 *q—¢vj,o*‘1)2
Xv(]) _/ ¢ng0 *q .

It follows from standard results about distance comparisons that

1/2

[ min(TT w1 % a0 TT 0 x a0 x = 1= @+ 26 = 1)
k=1 k=1
)
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We refer to Chapter 2 of [31] for the proof of this inequality. We use the claim below
whose proof is delayed after the present proof.

Claim 2. There exists ¢ depending only on ¢ such that

sup x2(j) < c(1/p)*+3.
1<j=<p
By choosing p as the smallest integer larger than (2cn)'/?8+3) y2(j) < 1/(2n).
We now put (21), (22) and the elementary inequality (1 + 1/(2n))" < e'/2 together
to get

sup By (fo. )] = £(1— Vel 2= 1)),

f()E@

which gives the desired result. ]

Proof of Claim 2. Consider some a such that ffa q(y)dy >0.Forall x e R, j €
{l,...,p}and v € {0, 1}7,

B, *q(x) = (1 —1og(3/2))¢ * q(x),
J 1=102B/2) (¢ q(y)

T —a 1+ ()C - y)2
_ L=logB/2) (¢ q() y
- T g 1 +2x2 4242 7

There exists therefore co (depending only on a and ff 2 4(y) dy and hence of ¢) such
that

)

Therefore, for all j € {1,..., p},v € {0, 1}?
20> =l @500 =0 500 0
#2000, a0 = 0 w0 0],

Forany j € {1,..., p}, let ¥; be the map defined as

vi(t) =¢; (1) =y, ()
= fi7 () — g/ (1)
sin(t£;/4)

— [(1 n )] [eit(Xj+Mj)/2 —€it(xj_1+mj)/2],
&
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where m; = (xj—1 + x;)/2 and £; = x; — xj—1 = u(l + &)/~ &. Then, by using

Plancherel isometry,
CO * * *
s [wae+ [ e +warre]

sl [warez frware ez fwer] e
e /\282
[I%q * =< (1+6)2j/

Elementary computations entail

/"”f‘l*lz < a1+ o)X ( + 2P

<A1+ s)—zfgzej./’“

x50

IA

Moreover,

2
q* (@) dr.

as B < 1/2. Here, cy, ¢| depend on «/, k5 and B only. Likewise,
[WitayE = e 2
/ Wiq* 1 < ead®(1 +e) 2 2P,

where ¢, depends on 5, f only and where c3 depends on k7, k5, B only.
We finally deduce from (23) that
22() < cad®(L+ ) 2208 < es(1/p)?P 2,

where c5 depends on g only. ]

5.7. Proof of Proposition 7

We use here the same notation as those introduced in the proof of Proposition 5, except
for p (which is an integer whose value, defined later on, will be different from the one
in the previous proof). We set

_ I ¢
= () e 0o

We also define forx € Rand j € {1,..., p}:

fi =210 +e)7 (1 +¢/2)1p;_, ),
& =M1+ g2 AL+ ) T (G a0 /2.00)
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Fi(x) = f F0)dy and Gj(x) = /_ 7, dy.
For v € {0, 1}7, we set

k23 P

Py(x) = (1—10g(3/2) T )ZZ( + &)/ (1 —v; )(1/ﬁ)¢(x/ﬁ)

V4
+ 3 (v Fr(x) + (1= 1) G (x)) Io,13(x).
j=1

We gather these functions @, into the set # = {¢,, v € {0, 1}?} and prove the fol-
lowing claim.

Claim 3. We have # C €. Moreover, any function f € J satisfies || flleoc =< 2,
| f'To,1)llec < 2, where f”is the derivative of f. Forall j € {I,..., p},

di(Fj,G;) > 0.3¢°.

Proof of Claim 3. Elementary but tedious computations give

-1 (1+¢/2)u
—2(1 4 ¢)log(3/2)

[210g(3/2)(1 +u) —2—¢].

Moreover,

o3< MM (1+&)? <08 4)
. & .0.
T 8(1+¢)2 ~ 8(1+¢)? -

Note now that ¢(-/+/3) is concave on [0, 1] and

123

Z(l—l—s) (1—v;) > 1—10g(3/2) — 0.8¢3p > 0.

Moreover, for all x € [0, 1],

)L

@v(x):( —1log(3/2) — )22(1+e)1(1—u, )(1/f) (x/+/3)

x P _
+/ > (v £ @) + (1= v)g;(0) dr
oo

As in (20), B B
max{ f;(x), g; (x)} < min{f;—1(y),g&i-1(»)},

for all x € I; and y € I; 1. This implies that the sum in the integrate above is non-
increasing and that @,, is concave on [0, 1]. Besides, the map in the integrate is bounded
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from above by A. Some computations show that this quantity is not greater than 0.95.
In particular, @, is differentiable on (0, 1) and |@],| is bounded from above by a con-
stant smaller than 1.1. The mean value theorem implies that |@, (x)| < 1.3 < 2 for all
x € [0, 1] and the same result is true for x ¢ [0, 1]. Now,

_ , 02
[ Beoar=Ta+o7a e,
1j
and
1
/ Fj(x)dx:/ Fi(x)dx + (1 —xj) Fj(x;)
0 1
CTe( 4 e/ el + ) 4 (1= xp)
= Ae(l + ¢/ )[78( +e) 7"+ ( —x])1+8].
Therefore,

p 1 _ P uz . )
;/0 Fj(x)dx:)&s(1+£/2);[7€(l+e) +(1_xj)1+g}
= ep =log(3/2). 25)

We define the triangle function {(x) = (1 — |x|)1{—,1;(x) and remark that

Ael; 2(x —m;
H)(0) = 6,(0) = Fy(x) = 1 ifg),.z( (xe.’”’)). (6)
J

In particular, since Gj(x) = F;(x) for all x ¢ [0, 1],

f[m«;,- -F= [ -5

_ Aety 2(x —mj)
~ e hi (55

)_Lsﬁjz
~ 8(1+e)’

T2 .
= 4o

This result, combined with (25), entails that ¢, is a density. It also gives as { > 0,

2 . A 2
(1+¢e)/e®> 350363, [

u
W) =5 1o T



Deconvolution for some singular density errors 77

By using the usual techniques (see Section 5.6, for instance) we get for all estima-
tors f,

sup Efo[dl(fO,f)]

foef
L2 (f0)=<2, [ follo=<2

=1

| A A
= 5ve{ltlll,fl}pj:l|:IE¢UJ’1 /Ij = vl +tEz,, /I_/ g _%j’Ol]
>1 . ’ _ _ —, n 1/2
—Eve{h‘},fl}pjz , 1P =Bl x [T (A + 2O =] @D

where

2, . (anJ *q — (Zvj,o * Q)z
H) = — .
Pvjo*4q
By using the triangle inequality,

/ |_ _ I < d (F G ) Auzg?: (1 N )j/
L= . i Gi)— ————= &
]j (pv],] (ij,O — 1 J J 8(1 +8)2 IJ(D
IM283 .
>0.3¢3 - 0.13——(1 Te;
>0.3¢ S0+ 8)2( + &)/t

> 0.3 —0.13 x 0.8*u(1 + ¢)/ .

By using ¢ = log(3/2)/ p, the definition of u, and elementary computations, we get

/ |@vy.1 = @y 0l = 0.156°.
1j

We deduce from (27),
p
~ . . 1/2
sup Es[di(fo. f)]=0.07¢> inf [1-(1+0GN"—1) / ]-
foee velo.1)”
L>(f0)=2, | follco=<2

We need the following result:

Claim 4. There exists ¢ depending on ¢ only such that: for all v € {0, 1}7,

sup 72(j) < c(1/p)*P+5.
1<j<p

By choosing p as the smallest integer than (2cn)'/ @A+ we get that ¥2(j)
becomes not larger than 1/(2n). In particular,

sup Ez[di(fo, )] = 0.07(1 = Vel/2 —1)&3p,
€
La(fo) 23, [ folloo<2

which concludes the proof of Proposition 7. |
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Sketch of the proof of Claim 4. It follows from the proof of Claim 2 that there is
some co depending only on g such that

7o) < <o [ [ (Boy0 %400 = oy ¥ 9(x))” dx
+ / 3Gy % G) = By ¥4 () dx]
Let ¥/; be defined for j € {1,..., p}and ¢ € R by
Vi) =ay, ()=, ),

—F0- N

Let ¢ be the triangle function introduced in the proof of the preceding claim. Since
C*(t) = 4sin%(t/2)/t? for all t € R, we deduce from (26)

el —m * Yy2e3 )
70 =g (™)) 0+ e E)a e
J

4(1 +¢)/
2SI /A M =
_ . itm 1 j=2
(v 2 ¢ tog e d+e
_ 2k [ sin’(t4;/4) piim +€ ~V3ltl |
(1+¢)/ 12 16°

As for (23),

20) < —[/mq 2 16 >|2+2/|w;q*|2}

There exists C; depending only on «/, 5 such that

X sin(tl; /4)\* 1
[ e (24020 o]

By noticing that A < 0.95, {j <3e, B <1/2, we get

/‘|,¢.q |2<Cl 2,B+5

where C| only depends on B, k|, k5. By doing quite similar computations, we obtain
[y = oo,

(1570 = cuo,
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where C,, C3 only depend on f3, k., k5, k. By gathering these results, we deduce
X2(j) < C'eP3,

and it remains to say that ¢ = log(3/2)/p. ]

5.8. Proof of Proposition 8
Claim 5. Forall I € I,

P(Xel)< \/||f0 % qlloo[K1d |1 | + cprad 1+2B||128]. (28)

Proof. We use Proposition 2 and Jensen’s inequality E[Z(1)] < vE[(Z(1))?]. ]

Claim 6. For all § > 0 and interval I € I, the following assertion holds true on an
event of probability lower bounded by 1 — e™%:

I fo * qlloolic1| 7] + cprca| I|'2F](1 + §)
n

1Zs(I) —P (X € 1) sc\/ (29)

In this inequality, C is a universal constant and cg only depends on f.

Proof. The proof is straightforward when |/| = 0. Suppose now that |/| > 0. When
8 < n — 1, this inequality comes from standard results about median of means estima-
tors, see [18, Section 4.1]. When § is larger, Zs(/) = 0, and (29) ensues from (28). =

Claim 7. For all £ > 0, the following assertion holds true on an event of probability
lower bounded by 1 — e~¢: for all d, j and closed interval I € I; with endpoints
lying in 64 ;,

1 fo * qllsolk1] 7] + cpalI['~2P](€ + 1 + 8a,)
n ki

Zg1s,,(D-P(X D] =C \/

(30)
where 84, ; = 2log(jid) + 2log(1 + d27). In this inequality, C is a universal constant
and cg only depends on .

Proof. Let for all § > 0 and interval 7, (8, I) be the event on which (29) is true.
Let I ;’ j be the collection of closed intervals with endpoints in §;_;. Then, (30) holds
true on

€= N E(E+84,.1).

d,j)e(N*)2,Iel, ;
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Moreover, Bonferroni’s inequality asserts
P@E)< > |Iy,IP(E°E +84,.1)
(d,j)e(N*)?

<e§ Z (14 d27)? o~ 2log(jd)—2log(1+d27)
(d.j)e(N*)?

< et [}

Claim 8. For all £ > 0, the following assertion holds true on an event of probability
lower bounded by 1 — e~§: forall d, jand Il € 14,

| Zg 45, , (1) —P (X €1)|

- C\/Ilfo *qlloolk1d|1] + cprad "*2P |11 2P](E + 1 4 8a,))
< p :

In this inequality, C is a universal constant and cg only depends on f.

Proof. Let I € I4 ; written as I = Uzzll_k such that I_k1 N I_k2 = @ for all k; # k».
Then,

d
Zevs, (D =P (X € D = |Zeys, ,(Ie) =P (X € I)|.
k=1

Note that each I} belongs to the set T " ; defined in the preceding proof. Therefore,
on the event defined in the preceding claim,

|Zess, (1) =P (X € 1)

d
I fo * qlloo(& + 1+ 84,;)
<C ’ I + I |1 28,
< \/ p k§=1\//<1|k| cgia|Ix|

We finally use Cauchy—Schwarz inequality and the Holder inequality (as 8 < 1/2). =

Claim 9. For all £ > 0, the following assertion holds true on an event of probability
lower bounded by 1 — e~¢: for all j and I € I, with endpoints lying in G2d; .5

| Zers, () —P (X € 1)

< C\/Ilfo e gllolirdi 1] + cprad) 111226 + 1+ 8(1)
< : .

In this inequality, C is a universal constant and cg only depends on f.

Proof. We apply the preceding claim, use that §; (/) = 8,4, ,; and increase C,cg. =
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Proof of Proposition 8. Forall j and I € I,
|7j 1 (D) \ 7 ()] <2772
and ;1 (1) \ m;(I) belongs to T4, ;. The preceding claim then ensures that
|Zevs, iy (1 (D \ (D) =P (X € mj41(D) \ 7; ()|

e \/ 1o * alleicrdr2~ + cgrad] 20200
- n

x \J& + 14 2log(2jdy) + 2log(1 + dy2i+1)

Therefore,

Y | Zers, iy (i (D \ 7 (1) =P (X € 740 (D) \ 7, ()]
j=1

.y \/ I fo * lloo(icrds + clyksd 2P (€ + log dy)
n

’

where C’ is a universal constant and where C,/B depends on f only. Since

P(Xel)=P (X em(D)+ Y P(X €ma(I)\x;(])),
j=1

we obtain

7 % (||oo(K1dr + K dzﬁ'H) +logd
|Zn,s(1)—P(XeI)|§C’\/”f° qlloo(krdr + cgrad;™ ™ )(§ +logdy)
n

+ | Zess, iy (m (D) =P (X € m(D)]-

We use Claim 9 again to bound the last term. |

5.9. Proof of Lemma 1

Let f be an arbitrary function of F. Thanks to Assumption 2, there exists f € F such
that dgs < dy,di(f, f') < 1/(2n). Then,

J/s(f/)51683_12/{‘/1f'—/1f‘+‘/If—2n,s(1)'}

<di(f.f) +ve(f)
= 1/2n) + ye(f).
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We thus deduce that

inf ye(f) < 1/(2n) + inf ye(f).

feF fexF
Therefore, any f € F such that

ye(f) < inf ye(f) +1/(2n)
fegF

satisfies condition (17).

5.10. Proof of Theorem 6

Lemma 2. Let f € F be an estimator satisfying (17). Then,

di(fo. ) < inf{Sdl(fb,f) 14 sup
fe‘(f Iefdf

Zns) = [ 5l +2n).

Proof. Forall f € F, we define

r=tf> 7 it f= [ Fand
[0,1] [0,1]
I = [f> f1] otherwise.

Note that I € T4, N Id; and

di(f. f)=2

/zf_/zf‘_‘/[o,l]f_/[o,uf‘

82

as f and f vanish outside [0, 1]. There exists I € I, dy N I dz included in 7 such that

cMﬁﬁf4ﬁf—ﬁfb4m

54Lf—2m0ﬂ+2

Zne(D)— /_f' +1/n.
1
Therefore,

di(f, ) < 2ve(f) +2ve(f) + 1/n
< 4ye(f) +2/n

€2V
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/ﬁ—fﬂ+sw
17 I e,

/Ifo - Zn,E(I)‘-

by using (17). Now,

ye(f) < sup
IGIdf

[ﬂ—@ﬂﬂ

<di(fo. f)+ sup
Iefdf

This inequality, together with (31) entails that

di(f. ) <4di(fo. f) +4 sup

IEIdf

/1 fo— 2,1,5(1)' +2/n.

We conclude using the triangle inequality

di(fo. f) < di(fo. f) + di(f, ). n

Proof of Theorem 6. Elementary computations give dp ( fo, f ) < di(fo, ]7 ). We may
now combine Proposition 8 and Lemma 2 with £ = logn to get an event &, of prob-
ability 1 — 1/n such that

di(fo, f)le,

(erdy + cgiad T P) log(nd;)
' ’“’{ AL QP

< inf {Sdl(fo,f) + C\/”fo * g loo
feF

Yet,

E[di(fo. /)] < E[di(fo. /le,] + E[di(fo. f)leg]
< E[di(fo. Hlg,] +2/n,

thanks to the inequality d ( fo, ) < f[o,l] fo+ f[o,l] f<2. [
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