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Phase transitions for support recovery under local differential
privacy

Cristina Butucea, Amandine Dubois, and Adrien Saumard

Abstract. We address the problem of variable selection in a high-dimensional but sparse mean
model, under the additional constraint that only privatized data are available for inference. The
original data are vectors with independent entries having a symmetric, strongly log-concave
distribution on R. For this purpose, we adopt a recent generalization of classical minimax theory
to the framework of local a-differential privacy. We provide lower and upper bounds on the
rate of convergence for the expected Hamming loss over classes of at most s-sparse vectors
whose non-zero coordinates are separated from 0 by a constant a > 0. As corollaries, we derive
necessary and sufficient conditions (up to log factors) for exact recovery and for almost full
recovery. When we restrict our attention to non-interactive mechanisms that act independently
on each coordinate our lower bound shows that, contrary to the non-private setting, both exact
and almost full recovery are impossible whatever the value of @ in the high-dimensional regime
such that na?/d? < 1. However, in the regime na?/d? > log(d) we can exhibit a critical
value @™ (up to a logarithmic factor) such that exact and almost full recovery are possible for
all @ > a™* and impossible for a < a*. We show that these results can be improved when
allowing for all non-interactive (that act globally on all coordinates) locally «-differentially
private mechanisms in the sense that phase transitions occur at lower levels.

1. Introduction

We consider the problem of distributed support recovery of the sparse mean of » inde-
pendent, identically distributed (i.i.d.) random vectors. Precisely, fori = 1,...,n, the
ith data holder observes a random vector X! = (X J‘ )j=1,..d € R4 issued from a
rescaled and shifted vector £&*: X' = 6 4 o0&*. The noise is supposed to have inde-
pendent coordinates £/, j = 1, ..., d identically distributed with a symmetric and
strongly log-concave distribution of variance 1 (see Section 1.3 below for definition
and details). Note that the standard Gaussian distribution belongs to our model, but
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the symmetric and strongly log-concave probability density functions form a large
non-parametric class of functions.

The mean vector 6 is assumed to be (s, a)-sparse in the sense that 8 belongs to
one of the following sets:

@j (s,a) = {0 € R? : there exists a set S C {1,...,d} with at most s elements
such that §; > a forall j € S,and §; = Oforall j ¢ S},

or

Ou(s,a) ={0 € R : there exists a set § {1,...,d} with at most s elements
such that |0;| > a forall j € S,and §; = Oforall j ¢ S}.

1.1. Differential privacy

Nowadays, a large amount of data, such as internet browsing history, social media
activity, location information from smart phones, or medical records, are collected
and stored. On the one hand, the analysis of these data can benefit to individuals,
companies, or communities such as the scientific one. For instance, companies can
use data to improve their products and services, or health data can be used for medical
research. On the other hand, people are more and more concerned with the protection
of their privacy and may be reluctant to share their sensitive data. In this context, it
seems essential to be able to understand the trade-offs between the statistical utility of
the collected data and the privacy of individuals from whom these data are obtained.
This requires a formal definition of privacy and differential privacy has been adopted
by researchers in the computer science, machine learning, and statistics communities
as a natural one.

Two kinds of differential privacy are discussed in the literature: central differen-
tial privacy which has been introduced by Dwork et al. in [22], and local differential
privacy. We will focus in this paper on the second setting but we briefly discuss the
difference between central and local privacy. In both settings, #n individuals want their
privacy to be preserved while their data, which will be denoted X1, ..., X}, are used
for statistical analyses. In the central setting, the n data-holders share confidence in
a common curator who has access to the original data X1, ..., X;, and use them to
generate a private release Z. In a nutshell, central differential privacy ensures that the
probability of observing an output does not change much when a single data point
of the original database is modified. We refer to [38] for the formal definition of dif-
ferential privacy in the central setting. In the local setting, data is privatized before
it is shared with a data collector: for all i € [[1, nﬂ X; is transformed into a pri-
vate data Z; directly on the ith individual’s machine and the data collector or the
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statistician only have access to the private sample Z1, ..., Z,. However, some inter-
action between the different data-holders is allowed. Formally, the privatized data
Z1, ..., Z, are obtained by successively applying suitable Markov kernels: given
Xi=x;and Z; = z1,...,Z;i—1 = zi—1, the ith data holder draws

Zi~Qi¢|Xi=xi,Z1=z1,....Zi-1 = zi—1)

for some Markov kernel Q;: 2 x X x Z~! — [0, 1] where the measure spaces of the
non-private and private data are denoted with (X, Z") and (Z, %), respectively. Such
randomizations are known as sequentially interactive. We say that the sequence of
Markov kernels (Q;);=1
are o-local differentially private views of X1, ..., X, if

» provides «-local differential privacy or that Zy, ..., Z,

.....

Qi(A|Xi=x,Zy=12z1,....Zi-1 = zi—1)
sup p < exp(a) (D
dex Qi(A| Xi=x"Z1=1z1,...,2Zi—1 = zi—1)

forall i € [[1, n]], and for all x, x’ € X. In this paper, we will focus on the special
case of non-interactive local differential privacy where Z; depends only on X; but not
on Zj for k < i.In this scenario, we have

Zi ~ Qi | Xi = xi),
and condition (1) becomes
sup Qi(4| Xi = x)
aez Qi(A] X; =x')
foralli € [1,n], and for all x, x" € X.
The aim is that every data holder releases a private view Z’ of X such that the

< exp(a)

notion of local differential privacy is satisfied and that the support of 8 can be esti-
mated from the data Z!, ..., Z" in an optimal way.

Notation. For two sequences {as}s and {b;}; of non-negative real numbers, we
write ag < by if there exists some constant C > 0 such that ay < Cby. If by > 0,
we write ag ~ by if ag /by — 1 as d — oo, and we write ag > by if ag/bg — o
as d — oco. We recall that a centered Laplace distribution with parameter A > 0 has
the probability density function defined by f3(x) = ﬁ exp(—li—l) on R.

1.2. Motivation

The problem of high-dimensional sparse vectors estimation has recently been studied
in the framework of local differential privacy in [19]. For the 1-sparse mean estima-
tion problem, the authors considered the set of distributions P supported on B (1),
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i.e., the ball of radius r in R? with respect to the sup norm || - ||oo, and having
IEp[X]llo < 1. They proved that the private minimax mean squared error for non-
interactive a-locally differentially private mechanisms is bounded from below by
min{rz, r2d log(2d) },
n(e® —1)2

proving that high-dimensional 1-sparse mean estimation is impossible in this setting
when both 72 > 1 and r2d log(2d) = n(e® — 1)2. This result can be related to select-
ing the support of a 1-sparse mean vector of such a distribution P, under the same
constraints. We generalize these results to symmetric and strongly log-concave distri-
butions on the whole R¢ and to arbitrary sparsity.

Obvious applications of variable selection are the estimation of the set that sup-
ports the non-null coefficients in the mean vector, or the estimation of its size. We
propose to use our procedure to build a private mean estimator of s-sparse vectors
in two steps: use one part of the sample to recover the support and the other part
to estimate the mean values of the selected variables, that is a vector of reduced
size. Moreover, these results are a benchmark for working on more realistic models
such as high-dimensional linear regression and clustering of high-dimensional vec-
tors, see [31] and [30].

1.3. Strongly log-concave distributions

Log-concave measures play a significant role in many areas of pure and applied math-
ematics, such as convex geometry [23], functional inequalities [7], optimal transport
theory [13, 14], random matrix theory [1], Monte-Carlo sampling [17,20], Bayesian
inference [32] or non-parametric estimation [16, 18, 24]. The log-concavity assump-
tion arises also naturally in various modelization contexts, such as survival and relia-
bility analysis [27] or econometrics [4], since it possesses many interesting properties
subject to interpretation, such as monotone likelihood ratio or non-decreasing hazard
rate function for instance. For further applications and references, see [4,34].

Let us now state the definitions related to log-concavity that will be in force in this
article. A probability distribution P on R is log-concave if it admits a density p with
respect to the Lebesgue measure, that writes p = exp(—¢), with ¢ a convex function
on R. The function ¢ is called the potential of the density p and of the probability
measure P.

Furthermore, a function ¢p: R — R is c-strongly convex for some constant ¢ > 0
if, for all (x, y) € RZ and ¢ € (0, 1), we have

Plex+(1=0)) = [1p(@) + (1 =0p()] = -5t =D =) @
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Note that the parameter ¢ in (2) gives a positive lower bound on the curvature of
the convex function ¢. In the case where the function ¢ is two times differentiable,
condition (2) indeed corresponds to a lower bound on the second derivative:

Inf{¢"(x)} = ¢ > 0.

A probability measure P is said to be c-strongly log-concave if it admits a density
function p: R — (0, +00) which is c-strongly log-concave with potential ¢, in the
sense that p = exp(—¢) and ¢ is a c-strongly convex potential. This is equivalent to
assuming that

p(x) = exp(—¢o(x)) exp(—cx?/2)

for all x € R, with ¢ being a finite convex function.

We consider the problem of support recovery of the sparse mean 6 of a random
vector X = 6 + 0§ of distribution Py, where & hasi.i.d. coordinates §;, j =1,....d,
distributed according to a c-strongly log-concave distribution P¢1 for some constant
¢ > 0, with unit variance and that is symmetric around zero. As &; is assumed to be
symmetric, this amounts to require that the c-strongly convex potential ¢ of p is even,
or again that p(x) = exp(—¢o(x)) exp(—cx?/2) for all x € R, where ¢y is a finite
even convex function.

When dealing with some minimax lower bounds in the sequel, we will need to
assume that the normalized noise distribution p is not too peaked around its mean, in
the sense that its curvature is bounded from above. More precisely, we will assume
in this case that p = exp(—¢), where ¢ is a finite convex potential, for a constant
cy >0, forall (x,y) € R?and ¢ € (0, 1), satisfying

Bex+(1=0y) = [1p() + (1 =DpM)] = =T11=Dx =% 3)

When the potential ¢ is two times differentiable, condition (3) can be equivalently
formulated as an upper bound on the second derivative of ¢:

sup{p”} < c4.
xeR
Such framework provides a non-parametric generalization of the Gaussian assum-

ption, where ¢9 would be assumed to be a constant function and the unit variance of &
would correspond to the value ¢ = ¢4 = 1. Note that when £ is only assumed to
be centered and strongly log-concave, with unit variance and scaling parameter ¢, we
have in general ¢ < 1 and the equality case ¢ = 1 characterizes the normal distribution
N (0, 1), see [25]. Informally speaking, this means that the Gaussian distribution is
the most peaked among strongly log-concave distributions with a fixed variance and
thus, it corresponds to the easiest estimation case for support recovery. Finally, let us
denote @ the cumulative distribution function of the normal distribution.
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1.4. Minimax framework

Let X!,i = 1,...,n bei.i.d. random vectors of R with distribution Py. We assume
that the vectors X' = (X]’f)jzl,u_,d fori = 1,...,n are observed by n distinct data
holders who refuse to share their respective observations. The statistician does not
have access to these data but only to a-locally differentially private views Z1!,..., Z".
We assume that 8 belongs to one of the sets ®j (s,a) or ®4(s,a) introduced in
Section 1.1 and we study the problem of selecting the relevant components of 6, that
is, of estimating the vector

n=n(Py) = (1(91' # 0))j=1,...,d’

where I(-) is the indicator function. Our goal is to estimate the vector i by a selector 7,
that is a measurable function 7 = 7H(Z"', ..., Z") taking values in {0, 1}¢, where
Z', ..., Z" are a-locally differentially private views of X!, ..., X". We judge the
quality of a selector 7 as an estimator of 1 by the Hamming loss between 7 and 5
which counts the number of positions at which 7 and 7 differ:

d d
A—nl:= 10—l =D IG; # np).
j=1 Jj=1

For the support recovery problem, we consider only a-locally differentially private
mechanisms which transform each X! € R¥ into a private release Z' taking also
values in R, that are known as non-interactive privacy mechanisms. However, we
distinguish between privacy mechanisms that act on each coordinate of X' either
separately, locally or globally. More specifically, we will consider the two following
scenarios:

Coordinate Local (CL) privacy mechanisms. There is a sequence Q =(Q%)i=1...»
of Markov kernels providing «-local differential privacy such that

Z'~ Q| X' =x1)
foralli € [1,n],and Q" is obtained as product of coordinate-wise kernels as follows:
Vie[l.n], je[l.d]. Zi~Qi(|X}=x)

for some (o/d)-differentially private mechanism Q; We denote by QST the set of
all privacy mechanisms Q = (Q!, ..., Q") satisfying these assumptions.

Coordinate Global (CG) privacy mechanisms. There is a sequence Q = (Qi)i=1,.,,,n
of Markov kernels providing «-local differential privacy such that

Z'~Q'( | X' =xT)



Phase transitions for support recovery under local differential privacy 7

foralli€[1,n]. We denote by @, the set of all privacy mechanisms Q =(Q*!,..., Q")
satisfying this assumption.

In other words, in the Coordinate Local case, we consider only non-interactive
a-locally differentially private mechanisms that act coordinates by coordinates. This
scenario is easier to study than the second one for which any non-interactive «-locally
differentially private mechanism is allowed to be used.

For both scenarios, if Py denotes the distribution of X’ then we denote by Q Py
the distribution of Z*. Since the distribution of (X1,..., X") is P9®”, the distribution
of (Z!,...,Z") will be denoted by o(P, ®) 1In the Coordinate Local case, we denote
by Py, the distribution of X; I and by Q’ Py, the distribution of Z.. :

We say that a selector ) = (71, ..., nd) is separable if for all ] =1,...,dits jth
component 7); depends only on (Z}),:l, . We denote by 7 the set of all separable
selectors. We are interested in the study of the following private minimax risks

1
RL (0, ® inf inf _E NRZY 2yl (4
n ( ) QG@CL” 77(Zl 7777 ZMeT ge 8 Q(P‘X> )|77( ) 7’]| ( )

in the coordinate local case, and

R o, inf inf su E n AZI,,,,’Z” —nl. 5
n(@,0) = 0€Qy H=H(Z1,...ZM)eT Gegs o(P® )|’l( )—nl, (5

in the coordinate global case, for ® = (9;}r (s,a) and ® = Og4(s,a).

We are interested in the study of two asymptotic properties: almost full recov-
ery and exact recovery, that we define here. Let (@;r (S¢,a4))a>1 be a sequence
of classes of sparse vectors. We will say that almost full recovery is possible for
(G):ir (84,a4))ad>1 in the Coordinate Local case if there exists Q € (QgL and a selec-
tor 7] such that

lim sup ! —E

, n| =0.
T 9e0t (sq.aa) °9

Q(P®”>|’7

We will say that almost full recovery is impossible for (®;lIr (4.a4))a>1 in the Coord-
inate Local case if

1
liminf inf inf sup —E on |7 — 1| > 0.
d—+o00 QEQEL ﬁ=ﬁ(zl ..... Z”)ET 96@:;(5,(1) Sd Q(Pg )

We will say that exact recovery is possible for (@;(sd, aq))a>1 in the Coordinate
Local case if there exists Q € (5251‘ and a selector 7 such that

lim sup  E, pen|—n] =0.
4= g0t (sq.a4) ore™)
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We will say that exact recovery is impossible for (@;iIr (S4.a4))a>1 in the Coordinate
Local case if

liminf inf inf sup E

n| > 0.
d—+o00 ge@SL 7=0(Z1,....Z")eT 9€07 (s,0)

opeI =
We use similar definitions in the Coordinate Global case with (QSL replaced by @, .

1.5. Related work

Variable selection with Hamming loss in the Gaussian mean model in R4 has been
studied in the non-private setting in [11]. The authors provide non-asymptotic lower
and upper bounds on the non-private version of minimax risk (4). As corollaries, they
derive necessary and sufficient conditions for almost full recovery and exact recovery
to be possible. If s, d — oo such that s/d — 0, they highlight a critical value

a* = (o//n)y/2log(d/s — 1)(1 + 8)

for a specific sequence § = 6(d, s) — 0 such that almost full recovery is possible
for a > a* and impossible for ¢ < a*. Similar results have been obtained for exact
recovery with the greater critical value

a* = (G/ﬁ)(\/2log(d —5) + y/2logs).

In the present paper, we will see how these results are affected by the privacy con-
straints.

For estimating the 1-sparse mean of high-dimensional vectors with distribution
supported on a compact support it is known that the rates are deteriorates by a factor d
under local differential privacy, see [19]. Under a relaxation of central differential
privacy called («, §)-approximate differential privacy; see, for instance, [2,6,21] have
provided estimators of the mean and the covariance of high-dimensional Gaussian
vectors and theoretical guarantees that do not require additional assumptions on the
parameters. In some regimes the rates are not deteriorated and it is therefore difficult
to anticipate the role of privacy on each particular problem.

A few papers tackle a slightly different selection problem under privacy con-
straints mostly under central differential privacy constraints. They are interested in
the largest sum of k£ coordinates of the common mean value 6 of a vector supported
on {0, 1}¢. We are mainly interested in recovering the position of significant coordi-
nates in the s-sparse mean vector 6.

In [35], the authors study top—k selection under a relaxation of central differential
privacy called (o, §)-approximate differential privacy. However, they use a weighted
Hamming loss as described below. Precisely, if X1, ..., X, are drawn i.i.d. from
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some distribution P on {0, 1}4, they want to find the k greatest coordinates of the
mean vector § = [E p[X;] while respecting («, §)-differential privacy constraints. They
prove the existence of a (1, 1/(nd))-differentially private mechanism that outputs
Z € {0, 1} with k non-zero coordinates such that

ne(0.:nlh =k 12

d d
E[Z@,I(z, = 1)] > max > 0;I(n=1)-p
Jj=1 1

requires 1 2 vk log d samples in the low accuracy regime where § =k /10. Moreover,
repeated use of the classical exponential mechanism solves this problem with n =
O(~'k log d) samples. In [3], the authors study an empirical version of the problem
studied in [35]: they want to find the top-k coordinates of the vector ¢ € R? defined
by

n
qj = %in,j, j=1....d,
i=1

while respecting (o, §)-differential privacy constraints. Let T be the kth largest value
among the coordinates {q, . ..,qx}. They prove the existence of a («, §)-differentially
private mechanism that outputs a set S C [1,d] of k elements such that g; > v — f8
for all j € S requires n = k log(d) samples in the high-accuracy regime where g =<
V1ogd/n. In [37], the author studies the same problem as [35] for k = 1 under non-
interactive «-local differential privacy constraints. If we consider the low-accuracy
regime considered by [35], this result shows that estimating the largest coordinate
of a 1-sparse mean 6 under non-interactive «-local differential privacy requires n =
d log d /o samples, which is by a factor d larger than in the central model of (o, §)-
approximate differential privacy.

1.6. Description of results

We address the problem of variable selection in a symmetric, strongly log-concave
model in R¢ under local differential privacy constraints. We provide lower and upper
bounds on the rate of convergence for the expected Hamming loss over classes of
at most s-sparse vectors whose non-zero coordinates are separated from O by a con-
stant a > 0.

When we restrict our attention to non-interactive mechanisms that act indepen-
dently on each coordinate (coordinate local privacy mechanisms) we have proved
that, contrary to the non-private setting, almost full recovery and exact recovery are
impossible whatever the value of a in the high-dimensional regime when no? < d2.
This is due to the fact that the loss of information due to privacy may reduce the
effective sample size N := na?/d? under the value 1, and this does not allow support
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asj—ﬁ \/Lﬁ<<a§26 a=>2o
N = ’%2 <1 impossible impossible impossible

N =2 > 1 impossible possible, as soon as  possible if

d
a> - Vlog(d) loald) <
if, moreover,

N > log(d)

Table 1. Exact recovery of 6 in either @;}' (s,a) or ®4(s,a) in the Coordinate Local case.
Similar results hold for almost full recovery with log(d) replaced by log(d/s).

recovery neither exact nor almost full. This result is significantly different from the
non-private case where [11] shows that variable selection is always possible, even for
n = 1 observation for significant enough mean value a.

However, in the regime na?/d? > log(d) we exhibit a critical value a* (up to a
logarithmic factor) such that exact recovery is possible for all a > a* and impossible
for all a < a*. We also prove that these results can be improved when allowing for all
non-interactive locally differentially private mechanisms, that we also call coordinate
global. The effective sample size is Nd in this case and it is larger than N .

Let us note that the separable selectors that we propose are free of the sparsity
parameter s. They depend on @ and methods could be made adaptive to a, but this is
beyond the scope of this work.

For many estimation problems, allowing for sequentially interactive privacy mech-
anisms, that randomize each vector X; by using also the publicly available informa-
tion Zy,...,Zi—1,1 = 2,...,n,does not improve substantially over non-interactive
minimax rates. This includes, for instance, density estimation [10], one-dimensional
mean estimation [ 19], and estimation of a linear functional of the true distribution [33].
However, for some estimation problems (see for instance the estimation of the inte-
grated square of a density, [ 12]) and some testing problems (see [5] and [12]) allowing
for sequentially interaction between data-holders can substantially improve over non-
interactive minimax rates of estimation or non-interactive minimax rates of testing.
We consider here only non-interactive privacy mechanisms for each vector X;, but we
conjecture that the exact and almost full recovery would be improved for interactive
privacy mechanisms. It is left for future work to study whether that is indeed the case.

The paper is organized as follows. In Section 2, we study the minimax risk (4). We
first provide a lower bound which enables us to derive necessary conditions for almost
full recovery and exact recovery to be possible in the case where only coordinate
local privacy mechanisms are used. In particular, we prove that almost full recovery
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logd logd
aSO,/W o W<<a§2o a > 20

% <1 impossible impossible impossible if
a<o log(l + %)
1(1)\";2 > 1 impossible possible, as soon as  possible
a>o 1(1’5;

if, moreover,
Nd > log(d)

Table 2. Exact recovery of 6 in either @j (s,a) or ®4 (s, a) in the Coordinate Global case. We
have set N = na?/d? for a better comparison with the Coordinate Local case.

is impossible in this case as soon as the quantity na?/d? is bounded from above. We
then provide non-asymptotic upper bounds on the minimax risks in propositions and
state more explicit asymptotic sufficient conditions for almost full recovery and exact
recovery to be possible in our corollaries. These conditions and associated results are
summarized in Table 1. In Section 3, we study the minimax risk (5) and prove that
the results of Section 2 can be improved when any non-interactive (coordinate global)
a-locally differentially private mechanism is allowed. See Table 2 for a summary of
these results. Detailed proofs can be found in the appendix.

2. Coordinate local non-interactive privacy mechanisms

In this section, we provide a lower bound on the private minimax risk (4). This enables
us to obtain necessary conditions for almost full recovery and exact recovery to be
possible in the Coordinate Local scenario. In particular, we prove that almost full
recovery is impossible in the private setting of the Coordinate Local case if the quan-
tity N := na?/d? is bounded from above. We then provide upper bounds on the
minimax risk that entail sufficient conditions for almost full recovery and exact recov-
ery to be possible.

2.1. Lower bound
We first state our lower bound.

Theorem 2.1. Assume that the measure P& of the noise coordinates, is log-concave
with a density p = exp(—¢), where the potential ¢ has a curvature bounded from
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above by a constant c4 > 0, that satisfies inequality (3). Then for any a > 0, @ > 0,
1<s<d,n>1, wehave
2

REL (@, 0F (5, a)) > (1 _ 3) exp(—4n(e“/d _ 1)2min{6:0"2 1}) (6)

The proof of Theorem 2.1 can be found in Appendix A.2. Some auxiliary results
used for the proof of Theorem 2.1 can be found in Appendix A.l. Note that since
®j(s,a) C Og4(s,a), we have

R (@, 0 (s.0)) = REH (@, ©4 (5. 2)).

thus the right-hand side of (6) is also a lower bound for ﬁf L(a,®4(s,a)).

A careful look at the proof of Theorem 2.1 shows that log-concavity is in fact not
needed in the previous result, if we assume the existence of a positive density, con-
verging to zero at infinity, and with a two times continuously differentiable potential
achieving (3).

For better confidentiality in practice, the parameter o must not be too large. In
particular, we assume that «/d — 0 when d — +o00. We thus have

ne? —1)? ~ na?/d?
and Theorem 2.1 immediately shows the following.

Corollary 2.2. Grant assumptions of Theorem 2.4. Letax > 0,1 <s <d, n > 1 be
such that s/d < Cqy for some constant Cy € (0, 1), and o/d — 0 when d — oo.
Then, ifna?/d? < Cy for some constant C1 > 0 or if na? /d* — oo as d — oo, and
a? < C,0%d?/na? for some constant Co > 0 depending only on c., it holds that

R (@, ©) = C
for some constant C > 0, where ©® = @;(s, a)or® = 04(s,a).

Corollary 2.2 shows that almost full recovery is impossible under local differen-
tial privacy constraints if the quantity na?/d? is bounded from above. In particular,
almost full recovery is impossible under local differential privacy constraints in the
high-dimensional setting, that is when n < d, whatever the value of a. Corollary 2.2
also proves that if na? /d? — +oo then almost full recovery is impossible if

a <od/~vna?.

This underlines a strong difference between the private setting and the classical
setting, since [11] proved that in the non-private setting almost full recovery is possi-
ble for values of |a| large enough, even if n = 1. However, both almost full and exact
recovery are impossible for any signal value a when the effective size N=na?/d? <1
under privacy constraints.
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2.2. Privacy mechanism

In this section, we introduce a non-interactive privacy mechanism creating private
views Z!, ..., Z" of the original data X!, ..., X" that satisfy the local differential
privacy constraint of level «. These privatized data will then be used to define a private
selector whose risk will be studied in Section 2.3.

To obtain the privatized data, we first censor the unbounded random variables X L
fori =1,...,n,j =1,...,d, and then make use of an appropriately scaled version
of the classical Laplace mechanism. For all i € [[1,n] and j € [1,d], define

7l = X! 2dW" 7
j_sgn[ j]-l-? i (N

where sgn[x] = 1, for x > 0, and 0, for x < 0, the Wji’s are i.i.d. Laplace(1) random
variables, and Wj‘ is independent from X ]l

Note that the privacy mechanism defining (Z*);=1,... » is non-interactive since Z*
does only depend on X? and not on Z¥ for k # i. This is also a coordinate local
mechanism since Z} depends on X j‘ but not on the X ll for [ # j. The following
proposition shows that it satisfies the condition of «-local differential privacy.

Proposition 2.3. Foralli € [1,n] and j € [1,d], Z} is an a/d-differentially private
view ofX;. Consequently, for all i € [[1,n], AR (Z]’:)jzl,m,d is an a-differentially
private view of X'.

Proof. Set r = 2d /a. By definition of the privacy mechanism (7), the conditional
density of Z Jl given X ]’ = Xx can be written as

z b¢ 1= (2) = ( |z — sgn[x]|)'

r

Thus, by the reverse and the ordinary triangle inequality, for all i € [1,n], j € [1,d]
and all x, x’, z € R, it holds that

gZiXi= (o) _ (|z—sgn[x']| |z—sgn[x1|)
aTTE _

r r

Zl |X’ —x’(Z)

- exp(Isgn[X’] - Sgn[X]I) - exp(%) - exp(g)

r

This proves that Z} ! is an o/ d -differentially private view of X}. ! Let us check that Z°
is an - dlfferentlally private view of X*. Denote by qZ 1X'=xthe conditional density

of Z1 given X! = x and note, for all x, x’, z € R¥, it holds that

ZiH X =x ZHXi=x; .
q (@) _114” () _ o

gF X = (2) L GBI ) T
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using the independence of the coordinates X { R Xfi and the conditional indepen-
denceoni,...,Zfi given X*. n

2.3. Upper bounds

Using these privatized data, we define two selectors that will provide upper bounds
on the minimax risk (4). For the class ®j (s,a), we will use the selector 7T with the

. 1 .
nj:l(;Zz;zz), j=1,....d, (8)
i=1

where the threshold 7 has to be properly chosen, later on. For the class ®4(s, a), we

components

will use the selector 7 with the components

- I
’71:1(';ZZ}

i=1

Zr), j=1,...,d,

where T to be defined later on. Note that 7T and 7 are separable selectors since ﬁ;r
and 7); depend only on (Z]’:)i=1,.,,,n and not on the Z,i for k # j. We now study the
performances of these selectors. Recall that @ is a cumulative distribution function of
the normal distribution.

Proposition 2.4. Assume that a > 20. Set C1 := 2®(2+/c) — 1 > 0. If T is chosen
such that

Ci—1>0, ta/8d)<1, and a(Ci—1)/8d) <1,

then it holds, for all 0 € @;(s, a), that

o[ ] = S () o)

|S| n(Cy —1)? (C1 — 1)%na?
+ T exp —12—3 + exp _IZW . 9)
and, for all 8 € ©4(s, a), it holds that
1. d—|S| nt? 2na?
|1l =25 e (-55) +exe(~ e
|S| n(C; —1)? (C1 —1)*na?
+ 2T exp T B + exp iz )| (10)

where S denotes the support of 6.
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The proof of Proposition 2.4 is given in Section A.4 in the Appendix. Some aux-
iliary results used in the proof of Proposition 2.4 can be found in Appendix A.3. The
following Corollary gives sufficient conditions so that almost full recovery and exact
recovery are possible under local differential privacy in the Coordinate Local case
when a > 20.

Corollary 2.5. Set C; = 2®(2./c) — 1 > 0. Assume that
log(d/s) C}

2,52 .
a/d -0, no“/d°— +oo, and hmsupW TR

Then the selector N+ defined by (8) with t = Cy /2 satisfies

1 ~
;:gEEQ(P§H)|n+(ZI,...,Zd)—n|—>0 (11)

forall a > 20, where ® = @:{(s,a) or ® = Oy4(s,a). If, in addition,

log(d) _ C?
na?/d? = 29°

lim sup

then
supE  oen 7T (ZY, ..., Z%) =9 =0 12)
S a(Py)

foralla > 20.

The proof of Corollary 2.5 is given in Section A.5 in the appendix. Since we have
seen that almost full recovery is impossible when na?/d? is bounded from above
or when na?/d? — +oo and a < (0d)/(y/na), it remains to study the case where
na?/d? — +oo and 0d /(/na) < a < 20. This is done below.

Proposition 2.6. Let a > 0. If T is chosen such that T <2a/op(2), ta/(8d) < 1 and
ala/op(2) —1/2)/(4d) < 1, then, forall 6 € @; (s,a), it holds that

1 d — |S| 2 2,72
o] £ o ) o525
ISIT (L n@/op@) /22 | ( (a/op(2) ~ /2 %ne’
s [P 2 P 2542 ’

where S denotes the support of 0.

The proof of Proposition 2.6 can be found in Section A.6 in the appendix. Note
that as for the case a > 20, if § € ©4(s,a) we use 7 instead of 71 and we can prove
the same result with an extra multiplicative factor 2. The next corollary gives new
sufficient conditions so that almost full recovery and exact recovery are possible.
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Corollary 2.7. Assume that a/d — 0, na?/d* — +oo and od /(/no) < a < 20.
The selector i+ defined by (8) with T = p(2)a /o satisfies for d large enough

1 ~ d 2 2 2 2
WD B e (2% 2) ol = 2exp (%) - L2 )
007 (s.a) ¢ § 2o
In particular, if a > % logl/z(%), it holds that
1 ~
sup —EQ(P®,1)|n+(zl,...,zd)—n| — 0. (13)
+ s e
0€0® ) (s,a)
Moreover, if a > % log"/2(d), then
sup - By pon|7(Z1..... Z) = > 0. (14)

907 (s,a)

If na?/d?* — oo with (na?/d?) > log(d/s), then Corollary 2.7 combined with
Corollary 2.5 and with the lower bound (6) prove a phase transition result (up to log
factors) at the value a* = a*(n,a,d,0) = od/(a/n). Indeed, we get that almost full
recovery is impossible in the Coordinate Local case for all ¢ < Ca™ and is possible

foralla > a* logl/z(d/s).

3. Coordinate global non-interactive privacy mechanisms

In this section, we study the minimax risk (5). We prove that in the Coordinate Global
case, almost full recovery and exact recovery are possible under weaker assumptions
than the one we obtained for the Coordinate Local case.

3.1. Privacy mechanism

We describe in this section the privacy mechanism we use to obtain private data that
will be used to design a private selector and to obtain upper bounds on the minimax
risk (5) in the Coordinate Global case.
For alli € [1,n], the private view Z* of X' is obtained using the following steps:
(1) Compute f(X') = (sgn[X]’f])j=1,m,d. For short, let us denote X' = f(Xh.

(2) Sample Y! ~ B(my) where my = e%/(e* + 1) and generate Zi uniformly
distributed on the set

[Fe{-B, B | X')>00r(Z X')=0and %, = BX})}
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if Y* = 1, respectively on the set

[Ze{-B,B} | (Z X')<0or((Z,X') =0and Z; = —BX})}
if Y = 0, with
o 41 1 s (401)  ifd s odd,
K;, where — 5

e — 1 K; | @-21d-2)
2d=1(4—1)14!

B = 5)

if d is even.

(3) Define the vector Z' by Z* = 7' if d is odd, and by its components

d=2 Zi e o: _
i _ 2(d—1)le if j =1,
i =

A Vj e[2,d],

if d is even.

This mechanism is strongly inspired by the one proposed by Duchi et al. [19] for mean
estimation on the set of distributions P supported on Boo () C R¢ with |[E[X]|lo < s.
In particular, if d is odd, the event {(Z, X') = 0} has probability zero for all Z €
{—B, B}? and our mechanism coincides in this case with the one proposed by Duchi
et al. [19] applied to sgn(X"’) instead of X".

Proposition 3.1. Foralli € [1,n], Z' is an a-differentially private view of X'.

The following proposition will be useful in the analysis of the selector proposed
in Section 3.2.

Proposition 3.2. Foralli € [1,n], it holds that
E[Z"| X'] = f(X").

The proofs of Proposition 3.1 and Proposition 3.2 can be found respectively in
Section B.1 and B.2 of the appendix. Note it also holds that E[Z* | X!] = f(X;)
when Z; is produced via the Laplace mechanism described in Section 2.2. However,
the variance Var(Z J’ | X?) is slower by a multiplicative factor d when Z* is produced
with the Laplace mechanism than when it is obtained with the above coordinate global
mechanism. Indeed, if Z' is produced with the above mechanism, then we have

Var(Z} | X') < B>,

Stirling’s approximation yields K; < d for d large enough, see Lemma B.1 in App-
endix B.3 for details. Thus, if « is bounded, we obtain Var(Z J’ | X h<d /a?. Now,
if Z' is produced with the Laplace mechanism then it holds that

Var(Z} | X') = 8d? /o’
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This faster variance explains that we will obtain better results when allowing for coor-
dinate global mechanisms.

3.2. Upper bounds

Using the privatized data of the previous subsection, we define two selectors that will
enable us to obtain upper bounds on the minimax risk (5). As in the Coordinate Local
case, for the class @; (s,a), we will use the selector 71 with the components

R 1 . )
it = (;ZZ}ZT), j=1d, (16)

where the threshold t has to be chosen. For the class ®4 (s, a), we will use the selec-
tor 7j with the components

. |
nj =1(‘;ZZ}
i=1

We now study the performances of these selectors.
The following result gives an upper bound on the risk of selector (16) when
a > Co and will enable us to obtain sufficient conditions so that almost full recovery

Zr), j=1,...,d.

is possible when a > 20 in the Coordinate Global case.

Proposition 3.3. Assume that a > 20 and set C1 :=2®(2+/c) — 1 > 0. If T is chosen
such that C1 — © > 0, then it holds for all 6 € @; (s,a) that

1 d—|S| nt? |S] n(C; —1)?
E[E'" _an s eXp<_2B2)+TeXp Y EA

where S denotes the support of 0. In particular, choosing T = C1/2 yields

1 d C2n(e® —1)?
sup E[—Iﬁ* - nl] < —eXp(——‘Z(e 5 )2)
bcot(sa) LS s 8(e* + 1)2K;

foralla > 20.

The proof of Proposition 3.3 can be found in Section B.4 of the appendix. Note
that we can provide similar results on the class ®; (s, @) considering the selector 7.
The upper bounds are the same as for the class @; (s,a) up to a multiplicative factor 2
that comes from the use in the proof of the two-sided Hoeffding’s inequality instead
of the one-sided inequality. Since Kg < C Vd for d large enough, we obtain that a
sufficient condition for almost full recovery to be possible when a > 20 is that

n(e® —1)>?
m Z log(d/s).
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Moreover, using that (e* — 1)2/(e* + 1)? > 0.2a? if @ < 1, we obtain that a suf-
ficient condition for almost full recovery to be possible when a > 20 and @ < 1 is
that na?/d = log(d/s). This improves the result we obtained when we considered
only privacy mechanisms acting coordinates by coordinates for which we needed
na?/d? = log(d/s). We now deal with the case a < o.

Proposition 3.4. Leta > 0 and a < 20. If T is chosen such that t < 2p(2)a /o, then
it holds for all 6 € ©F (s, a) that

1. d—|S| nt? |S| n2pQ2)a/o —1)?
Zlpt — - Lincl] _
]E[sm ”l] =7 exp( 232>+ s P 2B2 ’

where S denotes the support of 6.
The proof of Proposition 3.4 can be found in Appendix B.5.

Corollary 3.5. Assume that oa/d — 0, na®/d — +o00 and o~/d [ (a/n) < a < 20.
The selector i+ defined by (16) with t = p(2)a/o satisfies for n,d large enough

n(e* — 1)2p2(2)a2)
202(e* 4+ l)szl

1 N d

sup _EQ(P®I1)|W+(Zl,---,Zd)) -l = —exp(—
+ ) o N

0€®  (s,a)

In particular, ifa € (0, 1], ifna?/d — 400 with na®/d > log(d) then it holds that

1 ~
sup ‘]EQ(P®")|77+(ZI7 e ZY) =l =0

007 (s.a) S ¢

d 9!

for all a satisfying o/ n% V9og(d/s) < a < 20, and also that

sup By pon |72 . Z9) = >0
9€07 (s,a)

for all a satisfying 6,/,;17 Vlog(d) < a < 2o.

The first statement in Corollary 3.5 is a direct consequence of Proposition 3.4.
The second statement is a direct consequence of the first one where we have used
(e* — 1)2/(e® 4+ 1)2 > 0.2a2 for o € (0, 1] and K4 < C~/d for d large enough.
In the next subsection, we complement these results with a lower bound. This will
enable us to exhibit a value a* such that exact recovery is impossible for all a < a*
and possible for @ >> a* under the assumptions o € (0, 1] and na?/d — oo with
na?/d > log(d).
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3.3. Lower bound

Recall that Py denotes the distribution of o€, and P, that of a + 0&; and denote by
12(Py, P,) the chi-square discrepancy between the two distributions.

Proposition 3.6. For any a > 0 such that y*>(Py, Py) < oo, >0,d > 4,1 <5 <d,
n > 1, we have

2n(e® —1)2

2
1P P

1
inf inf sup E_, ,en|7—1n > —(1
AT Pg™)

0€Qqy NeT 06®j(s’a) O(Py 4

Assume now that the measure P! of the noise coordinates is strongly log-concave,
with density p = exp(—¢), with a potential ¢ that has a curvature bounded from
above by a constant c4 as in (3). Then

X (Po, Pa) < exp(c+ <§)2> -1 17)

Note that inequality (17) is sharp in the sense that in the Gaussian case, c4+ = 1
holds and inequality (25) turns out to be an equality. Note also that log-concavity is
actually not needed in Proposition 3.6, since we only require an upper bound on the
curvature of the potential ¢.

The proof of Proposition 3.6 is based on a private version of Fano’s method,
see [19, Proposition 2]. It can be found in Section B.6 of the appendix. Using that
(e* —1)? < 4a? for o € (0, 1) and exp(c+x?) — 1 < Lx? for 0 < x < 2 and some
constant L only depending on c4 (e.g., L = (exp(2c4+) — 1)/2), Proposition 3.6
immediately shows the following.

Corollary 3.7. Leta € (0,1). If na?/(d logd) < C/(32L) for some constant C €
(0, 1), then it holds that

1
inf inf sup E n|ZZ(I—C)>O,

5 oremli =
0€Qa €T geot (s.a)  °

foralla < 2o.
This shows that exact recovery is impossible for all a < 20 if

na?/(dlogd) < C/(32L)

for some constant C € (0, 1). Proposition 3.6 also implies that exact recovery is impos-
sible if

a < o+/log(1 4+ Cdlogd/(8na?))/cy
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for some constant C € (0, 1). However, unlike the coordinate local case, the lower
bound provided by Proposition 3.6 does not allow us to say that exact recovery is also
impossible for

a > max{20, o+/log(1 + Cd log d/(8na?))/cy}

when na?/(d log d) is bounded from above. The following corollary is also a direct
consequence of Proposition 3.6. It shows that when na? /(d logd ) — 0o, exact recov-
ery is still impossible if a is too small.

Corollary 3.8. Ifa € (0, 1), na?/d — +oo with na?/d > logd and

a < (o/(16L))/dlogd/(na?)

it holds that :

liminf inf inf  sup EQ(%@”)W—nlzg.

d=>+00 QCQuNIET pegt(5q)

The lower bound of Proposition 3.6 combined with the upper bounds of Subsec-

tion 3.2 exhibit a phase transition at the value a* (up to a logarithmic factor) such

that exact recovery is impossible for all @ < a* and possible for a > a* under the
assumptions « € (0, 1] and na?/d — oo with na?/d > log(d). Precisely, set

o |dlogd
6LV na? ’
where we recall that L = (exp(2c4+) — 1)/2. Proposition 3.6 combined with Corol-
lary 3.5 and Proposition 3.3 give the following result.

a*=a*(n,a,d,o) =

Corollary 3.9. Assume that o € (0, 1] and na?/d — +oo with na?/d > log(d).
Then, exact recovery is impossible for all a < a* and is possible for all a > a*.

Note that Proposition 3.6 does not allow us to obtain impossibility results for
almost full recovery in the regime na?/(d log d) > 1. Its proof relies on a private
Fano’s method ([19, Proposition 2]) applied with the family of distributions

{J\/(aa)i,azld),i = 1,...,d},

where w; € {0, l}d is defined by w;; = §;; and § is the Kronecker delta. The same
proof with w; defined by w;; = 1if j € [(i — 1)s + 1,is] and w;; = 0 otherwise for
i =1,...,|d/s], provides the following lower bound.

Proposition 3.10. Let a > 0 be such that y*>(Po, P,) < oo, a > 0,n>1.Ifd/s < 4,
then we have

1 (1 2n(e® —1)?

1
inf inf “E enli—nl>~(1-
inf dnf sup CEopenli—ul= g [d/s]log([d/s])

2 ®s Qs
A~ X (PO ’ Pa ))
0€Qq 7€7 0t (s.a)
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a S g\/log](vdd/s) \/log(d/s) <<a <9 g %

s Vs
S—logydd/s) <1 impossible impossible ?
10g(d 75 > 1 impossible possible, as soon as possible

[ log(d/s)
a>o —Nd

if, moreover,
Nd > log(d/s)

Table 3. Almost full recovery of 6 in either @;}' (s,a) or ®4(s,a) in the Coordinate Global
case. We have set N = na?/d>.

If the noise has a potential ¢ that is two times continuously differentiable, with cur-
vature bounded from above by a constant c as in (3), then it holds that

(PR, PE%) = exp(s - cya®[o?) — 1.

Note that y2(P2*, P2%) = (x*(Po, Py) + 1)* — 1.

However, this bound turns out to be suboptimal in the sense that when na?/d >
log(d/s) holds, the combination of this bound with upper bounds in Proposition 3.3
and Corollary 3.5 allows us to exhibit the critical value a* for almost full recovery
only up to a logarithmic factor times the sparsity s. Indeed, on the one hand, Proposi-
tion 3.3 and Corollary 3.5 prove that almost full recovery is possible for all

a > o+/d/(na?)\/log(d/s)

in the regime na?/d > log(d/s). On the other hand Proposition 3.10 proves that, in
the same regime, almost full recovery is impossible for

a 5 (0/s)Vd/(na)y/log(d/s),

but does not allow us to say what happens for

(0/5)V/d](na2) \/log(d]s) < a < o/d](na?)/log(d]s).

A. Proofs of Section 2

A.1. Some auxiliary results for the proof of the lower bound

The proof of Theorem 2.1 strongly relies on the following result known as the Bayes-
ian version of the Neyman—Pearson lemma.
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Theorem A.1 ([29, Problem 3.10]). Let Py and P; be probability distributions pos-
sessing densities po and pi with respect to a measure j1. Consider the problem of
testing Hy: P = Py against Hy: P = Pi, and suppose that known probabilities
and 1 — 1 can be assigned to Hy and Hy prior to the experiment. Then the test T*
given by

T*(X) = 1((1 = 1)p1(X) > mpo(X))

is a minimizer of the overall probability of error resulting from the use of a test T,
mEo[T(X)]+ (1 —m)E{[1 — T(X)].

The following lemmas are also useful to prove the lower bound.

Lemma A.2. Let b,c > 0. Let P and Q be two probability measures having densi-
ties p and q with respect to some measure (L. It holds that

b 2
[ mintep(o. cqp auco > —C( [ Ve dMX)) .

“b+c

The case b = ¢ = 1 can be found in [36, Lemma 2.3]. We generalize the proof for
any b, c > 0.

Proof. The Cauchy—Schwarz inequality yields

2

ve( [ Vraman) = ([ Vi)

2
- ( [ Vinipe).cqtopmanibp e, cq) du(X))

=< /min{bP(X), cq(x)}dpu(x) / max{bp(x), cq(x)} du(x).
In order to finish, we use that max{u, v} < u + v and get

/ max{bp(x). cq ()} du(x) < b / p() du(x) + ¢ f g du@) =b +c. m

In the proof of the lower bound, Lemma A.2 will be combined with the following
result whose proof can be found in [36].

Lemma A.3. Let P and Q be two probability measures having densities p and q
with respect to some measure [L. It holds that

2
( [ Ve dM(X)) > exp(— KL(P. 0)).
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A.2. Proof of Theorem 2.1

LetQ € (QgL and let 7) be a separable selector. Since 7); depends only on (Z ]‘:)i=1,,,,,,,,
it holds that

d
Eopen|1(Z) =0l =} Ben_ oip, [11(Z], ... Z]) =
ji=1

Following the proof of [11, Theorem 2.2], we denote by @’ the set of all § in @; (s,a)
such that exactly s components of 8 are equal to a and the remaining d — s compo-
nents are equal to 0. Since @’ is a subset of ®;; (s, a), it holds that

1 ~
sup ;EQ(PéX’”)M(Z)_ ul

96@;@[1)
= S|®’| ZZ ®!_, 0 Py, i (Z}..... Z}) =]
fe®’ j=1
=s|®/|2( Z Eg Q,P()(n,)+ Z Eg Q:P(l ))
0e®’:0 e s

%Z((l——) or_ 01 7o) + Eqg Q’Pa(l_n’)>

]=

d
Z%Z él[l()fl]((1 )E Q'PO(T)+ ]E _10jPa (1= T))

Jj=1

—

Set
_ _ 5) ‘ s (- )
Lj= TéI[IOf,l]((l d E®?’=1Q}P0(T) + dE®?'=1Qﬁ‘Pa(1 D).
Since Q;. provides «;-differential privacy, the channel probabilities Q; (- | x) have
densities z qji. (z | x) with respect to some measure ,u; Therefore,

dQj Po(z) = mjo(2) dij(z) and  dQjPa(z) = m] ,(2) duj(2).

where

mj-’b(z)=/l.§q;(z|x)de(x), b €{0,a}.

Thus, for b € {0, a}, it holds that

(& QL P (1. yn) = [Hm;i,,,(y,-)} a3 ).

i=1
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where pu; = ,u,} Q- ,u,;’. According to Theorem A.l, the infimum L;‘ is thus
attained for 77 = T/* given by

n n
T (V... Yy) = 1(3 [Tma>(1-2)T1 mj-,o(Yi))-
i=1 i=1

Set

- {(yl,...,yn) R gil:[lmj',a()ﬁ) > (1- g)il:[lmj',o(%)}-

1 ~
sup E]EQ(P(?")M(Z)_ ]

1 ¢ n
- EZ[(I‘Q)A [_lj[mj-»(yi)] djtj (1. )
d/ |:l_[mja(yl ]duj(yl,...,yn)}

i=1

:_Z/ mm{ 1——)1_['" o), ]_[m a(i) }duj(yl,...,yn)

1—1

2
AT Ty e .

> (1- ) Zexp KL(®/_; 0 Po. ®]_, 0’ Pa)).

where the two last inequalities follow from Lemmas A.2 and A.3. Using the tensoriza-
tion property of the Kullback—Leibler divergence, we obtain

1
su -E n n -
+p g Q(Pég) )|77(Z) l
0e®, (s.a)

(%), Zexp( >oKL(Q) 0. 0} 1))

i=1
1
(1 - 5) d Zexp(—4n(e“/d — 1)’TV(Po, Pa)?)

Jj=1
- (1

)exp( —4n(e*'? — 1)>TV(Py, Py)?),

&lw
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where the second inequality is a direct consequence of the strong data processing
inequality in [19, Theorem 1] showing the contraction property of privacy:

KL(QPo. QPa) + KL(QPa. QPo) < (4 A &>/ ) (/4 —1)>TV(Po, Po)’

if Q is a/d-DP. Since this result holds for all Q € (QSL and all separable selector 7,
we obtain

1
inf inf sup -E, ,en|]—1
0<QS €T gegt(sa) S Py

> (1 _ %) exp(—4n(e®/4 — 1)2TV(Py, P,)?).

Note that the 7'V distance is invariant to a scale parameter, thus 7'V (Py, P,) can be
calculated as the TV distance between the distribution of &; and the same one shifted
by a/o. The inequality TV (Py, P,) < 1, Pinsker’s inequality and inequality (19) of
Lemma A.4 below, give

[KL(Py, P,
TV(P(), Pa) < ( 0, a) < a C+’
2 20

which implies the statement of Theorem 2.1.

Lemma A.4. Consider that the measure P! of the noise coordinates is c-strongly
log-concave on R, with density p = exp(—¢), the convex function ¢ thus being c-
strongly convex for some constant ¢ > 0. Recall that the measure Py is the distribution
of the scaled noise coordinate 0 &1 and that P, is the image of Py by the translation

of a. It holds that

caz

KL(Py, Py) > —. (18)
202

If. on the other hand, we assume that the measure P& has a density p = exp(—¢)

converging to zero at infinity, with ¢ being two times continuously differentiable and

satisfying inequality (3) for a constant c > 0, that gives a uniform upper bound of

the curvature of ¢ by the constant c., then it holds

2

ct+a
KL(Py, Py) < .
(0 a)— 20_2

19)

If P& is c-strongly log-concave and its potential achieves (3) for a positive con-
stant c 4, then inequality (19) holds true.

Note that Lemma A.4 is tight in the sense that if Py is Gaussian with variance a2,
then KL(Py, P;) = a?/(20%) and we have equality in both bounds (18) and (19),
withe = c4 = 1.
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Proof. Consider first the case of a c-strongly log-concave density p.By standard
approximation arguments (see, for instance, [34, Proposition 5.5]), we can assume
without loss of generality that the potential ¢ is two times continuously differentiable.
Consequently, c-strong convexity of ¢ is equivalent to ¢” (x) > ¢ for all x € R. Using
Taylor expansion, this gives for any x € R that

2

B(x —a) Z $(x) —ag/(x) + 5

This gives

KL(Po. ) = 2 [ [0 = @) = p()] exp4 () v

2
> _% /R ¢’ (x) exp(—¢(x)) dx + c_;? ReXp(—qb(X))dx
a2
= _F.

Hence, (18) is proved. In order to prove (19), just remark that the regularity of ¢
and the upper bound on its curvature yield sup,cg ¢”(x) < c4+. Hence, by Taylor

expansion again,
2

B(x—a) = p(x) —ad'(x) + c4 5

Analogous computations now give KL(Py, P,) < cya?/(202), which is (19).
Finally, if p is strongly log-concave, then it tends to zero at infinity. By convo-
lution by Gaussians, we can also assume without loss of generality that ¢ is two
times continuously differentiable ([34, Proposition 5.5]). Hence, if in addition p sat-
isfies (3), then it achieves the conditions that lead to (19). This concludes the proof of
Lemma A 4. ]

A.3. Some auxiliary results for the upper bounds

First recall that since the vector £ = (£1,...,&;) is c-strongly log-concave — as it has
independent c-strongly log-concave coordinates — then it achieves the following sub-
Gaussian concentration inequality for Lipschitz functions (see [28, Proposition 2.18]):
for any L-Lipschitz function F: R4 — R, and any r > 0, we have

P(F(§) — E[F(§)] > r) < exp(—cr?/(2L?)).

Furthermore, the celebrated Cafarelli’s contraction theorem [14] state that the Bre-
nier transport map pushing forward a Gaussian distribution to a strongly log-concave
measure with the same Gaussian factor is a contraction. As a result, one can derive
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the following Mill’s type bound for the deviations the coordinate &; (see [15, Propo-
sition 2]): for any r > 0, we have

P61 = r) = 201 - B(/er) < \/219(—_2/2)
T \/Er

where @ is the standard Gaussian cumulative distribution function. Another useful

(20)

fact is that, as & is log-concave, it is unimodal (see [34]) and as &; is also symmet-
ric, the maximum of its density p(x) = exp(—¢o(x)) exp(—cx?/2) is attained at its
median 0. Note that as ¢ is convex and symmetric, the maximum of the function
exp(—¢o(x)) is also attained at 0. In addition, by a result of Bobkov and Ledoux [8]
(see also [34, Proposition 5.2]), as 0 is the median of &;, it holds that

Pp(0) = exp(—¢o(0)) < 1/(~20%,) < 1/V2.

Putting things together, for any x € R, we obtain that
() < = exp(-ex?/2)
p(x) < —exp(—cx .
V2

Lemma A.5. Foralla > 0 and all t > 0, by Hoeffding’s inequality, we have

‘ 2
]P’(% Z(sgn[a + 05}] — E[sgnla + USJ’]]) > ‘L') < exp(—n%).

i=1
We now recall Bernstein’s inequality (cf. [9, Corollary 2.11]).

Theorem A.6. Let Yq,...,Y, be independent real valued random variables. Assume
that there exist some positive numbers v and u such that

n
> ElP <.

i=1
and for all integers m = 3,
n m'
D BN < ou2,
i=1

Let S = Y 7_,(Y; — E[Y;]), then for every positive t, we have

2
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Note that if v < ut, then (21) yields
P(S > 1) < exp(—t/(4u)).
If ut < v, then (21) yields
P(S > t) < exp(—t?/4v).

We will apply this to get concentration bounds for the average of i.i.d. Laplace
distributed random variables that check the assumptions of the theorem.

A 4. Proof of Proposition 2.4

It holds that
At —nl= Y 4F+ D a-ih
Jimj=0 ]77/—1
= Z ( ngn[oé +—ZW’>I)
Jjin;=0 i=1
+ Z 1 lXzsgn[Q-—1—05’:]—{—%2:W~"<t
. n 4 / 777 na 4 J )
Jmj=1 i=1 i=1
Thus,
1 1
]E|:E|r]+—n|:| =3 Z ( ngnoéj] + ZW’ > r)
Jm;=0 i=1 z—l
=T
1
+E_ 1 ( ngn@ +0§]+—ZIW’<I)
jimj= i=

=T2,j

We first study 77, ;. It holds that

Ty < ]P’( ngn[US, ) +P(Z Wiz r4nd0t)

i=1

Note that E[sgn[o € ]’:]] = 0 by symmetry of 5} . Using Lemma A.5 to bound from above
the first term and Bernstein’s inequality (21) with v = 2n and ¥ = 1 to bound from
above the second term, we obtain if Ta/(8d) < 1

2 2,2

nt T°no
Ny = eXp( 23 )+e p( 2742 )
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Since x +— sgn[x] is a non-decreasing function and since 6; > a for all j such that
nj = 1, it holds that

n . d n
T < P(%;Sgn[a +ofl+ z_a;W-’l = T)
1 ¢ ~ '
= (5 X Genla + o8] - Efsenla + 5]
i=1

2d
+ E[sgnla + og}]] + s Z Wi < r)
i=1

n

=P (_rl_z Z(sgn[a + o&] — E[sgnla + o£]]])

i=1
2d .

- ; W/ > E[sgnla + o§/]] - r).

As &7 is symmetric and absolutely continuous, we have
a a a
E[senla + o&]] = ]P’(él > _g) - P(gl < _E) —1- 21[»(51 > ;).
Using (20), we further get
E[sgnla + 0£1]] = 2c1>(ﬁ g) 12 20024c)—1 = C,
o

for a/o > 2, with ® the cumulative distribution function of the standard Gaussian
distribution.
Thus, if a > 20, it holds

n

. . d .
T, < P(—% Z(sgn[a + o] - E[sgn[a + ggl’]]) — i_a Z Wi C - r)

i=1 i=1

= P( L eanla + o8] Efsela + 05]]) > <)
i=1

- ; no(Cy — 1)
+P(;(—W,~) - ML),

We can now bound from above the first term using Lemma A.5 and the second term
using Bernstein’s inequality. If C; > 7 and a(Cy — 7)/(8d) < 1, this gives

n(Cy —1)? (C1 — 1)*na?
T,; < exp(——23 + exp gz )
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This ends the proof of (9). We now prove (10). If 6 € @4 (s, a), we use the estimator 7
instead of §* and it holds that
‘)

1. 1 1 ¢ i 2d o
El—fi—nl|=~ > P(|- D> selogl+—> W=
i=1 i=1

Jjm;j=0

We first study 77 j- It holds that

< ngn[os;i] ‘)

cr{t |- 2) (v
< 2[exp(—nzi) + ex p( 1227’1;22)],

if ta/(8d) < 1, where we have used the two-sided versions of the concentration

Tho
= 4d

inequalities we used to prove (9). We now study 7:2, j. For all j such that n; =1,
it holds that

n

Lj=F (‘% D _(senlt; +o&j] — E[sgnlt) + o&]1])

i=1
‘E)

2d
+ E[sgn[6; + GS}]] + — Z Wil <
i=1

< P(|E[sgn[9j +o&/1]|

— ‘% Z(sgn[é’j + oéj’:] —E[sgn[; + GE Z W’

i=1

<)

n

R

i=1

> |E[sgn[0; + o&]1]| — r).
Now, observe that

|E[sgn[0; + 0&/1]| = E[sgn[6; + 0&;1] = E[sgn[a + o£;/]].
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it 8; > a since x > sgn|x] is non-decreasing, and if 6; < —a, we have
|E[sgn[6; + GS}]” > —E[sgn[0; + GSJ-I]] > —E[sgn[—a + oéjl]]
= —E[sgn[—a — 0§/]] = E[sgn[a + o§/]].

where we have used that x — sgn[x] is a non-decreasing and odd function and that
—£ jl and & jl have the same distribution. Moreover, we have seen in the proof of (9)
that the following holds:

E[sgnla + 0£]] = 20(24/c) — 1 =: Cy,

where ® denotes the cumulative distribution function of the Gaussian distribution.
Thus, if @ > 20, it holds that E[sgn[a + aéjl]] > C; for all j such that n; = 1, and

>C1—‘L’)
>C1—‘E)

~ 1 & ‘ . 2d .
Ty, < P( - Z(sgn[Qj + o0&l - E[sgn[f; + OE;]]) + — Z Wi
i=1 i

IA

P (|5 2oeentts + o)~ Elsantes + 51| + |24 ZW’
i=1

IA

n ) ) Cy —
P(%Z(sgn[ﬁj + ol — E[sgn[6; +0§}]])‘> ! f)

+]P’(ZW’

Using the two-sided version of the concentration inequalities that we used to bound
T>,; in the proof of (9), if C; > 7 and «(C; — 7)/(84) < 1, we obtain

- Ci —1)2 Cr — 1)2n0?
Tz,j § 2[exp(_n(12—31—)) + exp(_%)}

This ends the proof of (10).

na(Cl — r))

A.5. Proof of Corollary 2.5

Let us prove (11). Note that if the assumptions of Corollary 2.5 are satisfied, and if
7 = C7/2 then the assumptions of Proposition 2.4 are also satisfied and for all a > 20,
we have

2

T | B P RO PR )
= 2{eXP(1Og(%) - %25’1) + exp(]og(%) _ (72129—12022)}
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5 na?[C2d? log(d/s)
P\Ta2 | 2562 a2 /d?

+ 2exp (—’11%2 |:C12 log(d/s) }) .

The two terms appearing in the last inequality both tend to 0 as d — +oo under the

2%  na?/d?
assumptions of Corollary 2.5, which gives (11). The proof of (12) is similar.

A.6. Proof of Proposition 2.6

The beginning of the proof is similar to the proof of Proposition 2.4. It holds that

1 1 1 o2d O
Bl =] =5 3 p( Y senlot)+ 20 >ow) = o)
0 i=1

jim;= i=1

=T1,;

N P IXn: [9+§"]+2d2njwi<
- — Y sen[f; +o& ]+ — <,
s ni=1g J J no J

i=1

=T2,j
and we have
nt 2na?
Ty <ew(=5 ) + (=577 )
if ta/(8d) < 1, and

n

= P(_% D _(senla + o&j] — E[sgnfa + 0&j]])

i=1
— % ; Wji > E[sgn[a + 051-1]] - r).

Now, we bound from below E[sgn[a + og]] in a different way than in the proof of
Proposition 2.4 by the tighter bound

Efsgnla +o81]] = 2P (0 < 1 = =) 225p(%) = 22 p(2),

for a/o < 2, as the probability density function p of & is c-strongly log-concave and
symmetric and thus uni-modal at 0 and decreasing on (0, co). Thus,

n

;<P (—% Z(Sgn[a + UE;] — E[sgn[a + ggj’i]])

i=1

2d & ; a
—EZWJ- >2;p(2)—r
i=1
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<P (=1 D (enla + o1 Efsgala + o8/l > 2p2) - 3 )

i=1

p (i(—Wf) _ nata/op@ - r/Z))_
i=1

2d

We can now bound from above the first term using lemma A.5 and the second term
using Bernstein’s inequality. If T < 2a/op(2) and a(a/op(2) —1/2)/(4d) < 1, this
gives

n(a/op(2) — 1/2)2) ( (a/op(2) — f/2)2n0!2)
+ exp| — .

T3,j = exp (_ 3 2542

A.7. Proof of Corollary 2.7

Let prove (13). The chosen value of T = a /o - p(2) satisfies the assumptions of Propo-
sition 2.6 for d large enough and yield

1 d 2 2.2
sup E[;Iﬁ* - nl] < ;[exp(— o 2p2(2)) + exp(— e p2(2))]

3
96@2’(.9,‘1) 2’0 270%d?
d na*> d nota®
= exp(log(;) — 230217 (2)) + exp(log(;) — 270201217 (2))

20w (iee(§) - 57z

Conclude using that a >> od /v na?/log(d/s). The proof of (14) is similar.

B. Proofs of Section 3

B.1. Proof of Proposition 3.1

Note that it is sufficient to prove that Z? is an a-LDP view of X*. Indeed, if Z' is an a-
LDP view of X' then it holds for all z € Z and x, x’ € R¢ (we omit the superscript i)
that

P(Z=z|X=x) YzreppuP(Z=2|Z=ZX=x)P(Z=%|X =x)
P(Z=z|X=x) Yo ppaP(Z=z|Z=2X=x)P(Z=F|X=x)
g P(Z=z|Z=P(Z=Z|X =1 e
Yie(ppu P(Z=z|Z=0P(Z=Z|X=x)

where we have used that Z is independent from X conditionally to Z and the fact
that P(Z =Z | X =x) <e*P(Z=Z| X =x')forall Z € {—B, B} if Z is an
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o-LDP view of X. So, let’s prove that Z' is an a-LDP view of X'. In what follows,
we omit once again the superscript i . We have to prove that for all 7 € {—B, B}? and
all x, x" € R it holds that

PZ=Z|X=x) _ .,

P(Z=Z|X=x")

LetZ € {—B, B}¥ and x € R?. It holds that

PZ=Z|X=x)= » PZ=Z|X=xX=%-PX=%|X=yx

Moreover, since for X € {—1, l}d, we have

Card({Z € {~B, B} | (,%) > O or ((Z,X) = 0and Z; = B%))})
= Card({Z € {-B,B)? | (£.%) < Oor ((£,¥) = 0and 7, = —B%)}) = 277",

it holds that

PZ=3|F=fy=1)= 0 if(%,f) < Oor((f,)f) = Oand%l = —l~35c'1),
2&1;_1 if (Z,X) > 0or ({(Z,X) =0and Z; = BX;),

and

P(Z=3|F =5y =0) = 241—1 if (Z,X) <Oor ({Z,X) = 0and z; = —BX,),
’ 0 if (Z,%) > 0or ((Z,%) = 0and Z; = BX)).

‘We thus have

& if (2,X) <0or ((Z,%) = 0and Z; = —BX)),

2331 if (Z,X) > 0or ((Z,X) =0andZ; = BX,),

P(Z:EMZ:;E):{

and, if we set

Az =¥ e {~1,1}% : 5,%) > Oor ({,%) = 0and Z; = BXy)}
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and
C:={¥e{-1,1}?: (,%) <0or ((£,X) = 0and 7, = —B%)},
we obtain
- o = 1 — 7 o o
P(Z=Z|X=x)=2% ZIP’(X:x|X=x)+F Y P(X=X|X=1x).
fEAE 3~C“€C'Z~

Consequently, for all Z € {—B, B}? and all x € R?, it holds that

max{my, | — s}

min{7my, | — g}
2d—1 ’

i SP(EZ=F|X=x)<

where we have used that Az LI Cz = {—1,1}¢ and Zze{—m}d P(X =% | X=x)=1.
Finally, for all 7 € {—B, B}d and all x, x’ € R¥, we obtain

P(Z=%|X = x) - max{my, | — 4} Ty o
= < — = = e“.
P(Z=Z|X=Xx') min{ny, 1 — 74} 1 — 7o
B.2. Proof of Proposition 3.2
Let x € R?. We first compute E[Z | X = x]. It holds that
EZ|X=x]= ) PX=X|X=x)E[Z|X=xX=5]

Xe{—1,1}4
= Y PX=XX=x) E[Z|X=7,
xe{—1,1}4

and since ¥ and X are independent, we have

E[Z | X=X=PY =1)-E[Z|X=
+P(Y =0)-E]

—nEB[Z | X =XY =1l+(1-m)E[Z =z | X =XY =0).

N
R
I
=
~
I

Az = {Z€{-B,B}* | (£,%) > 0or ((Z,¥) = 0and 3, = BX,)},
Cz:={Z€{-B,B}¥ | (Z,%) <Oor ((Z.¥) = 0and Z; = —B%,)}.

Conditionally on {X = X, Y = 1}, it holds that Z ~ U(A). Thus,

1
"~ Card(A4z) A

EZ|X=XY=1=) PZ=Z|X=%Y =1z Z.

=1
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Similarly,
EZ|F=fY=0=— Y 7= ¥ (-7
= X, = = ——— I = —- —7z
Card(Cz) Card(Cz)
zeC ZeAx

=-E[Z|X=X%Y =1],

il

I
=1

where we have used that Card(C53) = Card(Ax). We thus obtain

~ o~ 2Ty — -
E[Z | X=5 ="
(21X =3 = Grian ng’

and, using that Card(Az) = 247! forall X € {—1, 1}, we obtain

E[Z|X=x]=% 3 [P(fz}ﬂX:x)-ZZ].

Xe{-1,1}4 ZeAx

We now compute } zc 4 % for all ¥ € {—1, 1}¢. Note that for Z € {—B, B}? and
X e {—1,1}¢, (Z,X) is a sum of d terms, each equal to —B or B. If a denotes the
number of elements of this sum equal to B and b denotes the number of elements of
this sum equal to —B, then itholdsa + b = d and (Z,X) = aB — bB = B(d — 2b).
Thus we can only have (Z,X) = kB, where k € [—d, d] and |k| has the same parity
as d. We thus have

(d-1)/2

T-y %o @)

Fedy p=0 (Ze{-B,B}:(3,¥)=(2p+1)B}
if d is odd, and
dj2

2 F=2 2 i+ ) % @3

Fedx p=1%¢{-B,B}4: Ze{—B,B}%:
(Z,X)=2p'B (z,X)=0,

if d is even. Now, observe that for all ¥ € {—1, 1}, for all J €[1,d] and for all
k €{0,...,d} with the same parity as d, it holds that

~ d—1 d—1Y]-
2 2

ze{—B,B}4:(Z,X)=kB

Indeed, forall Z € {—B, B}?, forall X € {—1,1}¢,and forall k € {0,...,d} with the
same parity as d, it holds that

%, = BY;  for <Xk elements j € [1,d],

Z X =k-B & " ~ ik
Zj = —BX; for %= elements j € [1.d].
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Setting Dy 5 = {Z € {—B, B}¢ : (,X) = k - B}, it thus holds that

> %= Y BXIE =BY)- Y BXIE =-B%)

ZEDk_x EEDk’; ZEDk'jg

= B[Card(? S Dk,; . Ej = B;C}) — Card(Z S Dk’; : Zj = —ij)]fj
d—1 d—1\1.-
o) ()l
2 2
We now end the proof of Proposition 3.2 when d is odd. Combining (24) with (22),

we obtain for d odd J1
Y z= B( i ))~c

ZEA} 2

and the choice of B yields

_ 2ty —1_(d—1 _
E[Z|X=x]=72t‘;—_13(u) Y PE=FX=x)F
2 Fe{-1,1}4

=E[X | X =x].
Since for all j € [1,d] it holds that
E[X; | X = x] = sgn[x;].
we obtain for d odd
E[Z|X=x]=E[Z|X =x]=E[X | X =x] = f(x),

which proves Proposition 3.2 when d is odd. From now on, we assume that d is even.
Combining (24) with (23), we obtain

DESTIGREEIEDS g

EGA;C* 2

Now, observe that for 7 € {—B, B}¢ and ¥ € {—1, 1}¢ it holds that (Z, ¥) = 0 if and
only if Z; = BX; for exactly d /2 subscripts j € [1,d], and Z; = —BX for exactly
d /2 subscripts j € [1,d]. We thus have

> % =BX -Cad({Z € {-B.B}* : (.5) = 0and %, = BY,})
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and for j > 2 it holds that
> % =BY|Card({Z € {-B. B} : (F.F) = 0.7 = BF.%; = BY,))
}4 ~ ~ ~ ~ ~ ~ ~
(7,%)=0 — Card({Z € {-B, B} (2,%)=0,%; = BX1,Zj = —ij})]
f[(423)- ()
= d “\d4 Xj-
-2 51

‘We thus obtain

~ B(4)% ifj =1,
%= -1 d—2 i d
Tedx B[( ¢ )+ (%—2) — (g% ifj e [2.4].
The choice it @
B = L2 ‘2°
2y —1 (d —2)!I(d —2)
then yields
E[Z; | X =x]
«—1)B (d T~ v —
(2251—})3(") Z;’Ee{—],l}d HP(X =X X =x) ifj =1,

2

«— 1B (d—2)!(d— ~ - ~ e
Creopl . DD S e GPE =F [ X =) if j e [2.d],

_ 2(;—_21) D Fel—1.1)d HPX =X X =x) ifj=1,
Z%e{—l,l}d )’EjP(f =X|X =x) if j € [2,d].

Thus, itholds E[Z; | X = x] = Y ze(_y.1p¢ P(X =X | X = x)X; forall j € [1.4],
and

EZ|X=x]= ) PX=FX=x)F=E[X|X=x]=f().
Xe{—1,1}4
B.3. Asymptotic analysis of the value K; defined in (15)

Lemma B.1. The value K4 defined in (15) behaves asymptotically in d as

~ JEVa.

d d—oo \ 2

In particular, it holds Kg < vd for d large enough.
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The proof relies on Stirling’s approximation. We first deal with the case where d
is odd. In this case, Stirling’s approximation yields

NCDIE

Kg=2 T
_ _ -1
() [y

The right-hand side of this asymptotic equivalence is equal to /7/2+d — 1. We thus

obtain
~ S/ 24d.
oo
We now assume that d is even. in this case, Stirling’s approximation yields

24-1(4 — )14y

Ra= a2
_ 1 1
gy (2 () [ ()]

The right-hand side of this asymptotic equivalence is equal to

eij;«/g(d —2)_%61% = %ﬁexp(—%log(l - 3)) il %\/E

which ends the proof.

B.4. Proof of Proposition 3.3

The proof is similar to the one we made in the Coordinate Local case (Proposi-
tion 2.4). However, in the Coordinate Global case, for all j € [1, d] the (Z })i are
bounded random variables, which will enable us to use Hoeffding’s inequality instead
of Lemma A.5 and Bernstein’s inequality.

Writing
tenl= )" af+ Y a-qf
Jjm;=0 Jmj=1
we have
1o 1 ; 1 ¢ i
EEM — 1| =§Z ZZ >1 ZP;ZZJ<T .
jmj= z—l jﬂj=l i=1
=T ; =T ;

We first study 77, ;. For j satisfying n; = 0, it holds that

E[Z]] = E[E[Z} | X']] = E[sgn[X]]] = E[sgn[o£}]] =0,
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where we have used Proposition 3.2 and the fact that the distribution of the random
variable & J’ is symmetric. Thus, Hoeffding’s inequality yields

“ nt?
— i i

Ty, = P(;(Zj -E[Z]]) = nr) < exp(—ﬁ).

We now study 75 ;. Let j € [1,d] such that n; = 1. It holds that

Ty, = P(%Xn:(zj’i —E[Z}]) + % i]E[Z}] < r)

i=1 i=1
1 i 1
= _Z —E[-Z}]) > E[Z]]— 7).

n p—

Proposition 3.2 gives
]E[Zjl] = E[sgn[le]] = E[sgn[Qj + og}]] > E[sgn[a + Uéjl]],
and we have proved in Appendix A.4 that the following holds:
]E[sgn[a + 051]] > ZQ(JE ﬂ) —1,
o

where ® denotes the standard Gaussian cumulative distribution function. Thus, if a >
20, it holds that Efsgn[a + 0£}]] > C; with C; = 2®(2/c) — 1, and

n

1 - - C,—1)?
Ty, < IP’(; Z(—Z} —IE[—Z}]) > Cy — r) < exp(—%)

i=1

according to Hoeffding’s inequality if C; — t > 0. This yields

1 . d—|S| nt |S| n(Cy —1)?
Zlpt — _ Linsil] - 7
E|:S|7I n|] = P exp( 2B2) + exp 2B2 :

The proof of the second statement of Proposition 3.3 is straightforward.

B.5. Proof of Proposition 3.4

The beginning of the proof is similar to the proof of Proposition 3.3. It holds that

B[ L -] =1 ¥ (Zzwf) ZP(%I_XZ;Z;U),

Jmj=0 Jﬂj=1

=Ty.; =T
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with

nt?
T,; < exp( 232),

and
I,; < ]P’( Z ]) > E[sgn[a +0§]]] )

Moreover, we have proved in Appendix A.6 that E[sgn[a + 051]] > 2p(2)a/o for
a/o < 2. Thus, if T < 2p(2)a/o, Hoeffding’s inequality yields

1 ‘ 1 ; 2 2 2 2 _ 2
L= P(; > (-zi-E[-Z}) > %)“ _,) < eXp(_n( P( ;c;/za 7) )

i=1

B.6. Proof of Proposition 3.6

Fori =1,...,d, define the vector w; € {O,l}d byw;j=1if j =i, w;; =0if j #i
and define P, as the multivariate distribution of the random vector X = aw; + 0§.
Fori # j, it holds that

[n(Po;) = n(Po;)| = |wi —wj| =2.
The private Fano method ([ 19, Proposition 2]) thus yields

inf inf sup E, pen 17 —n|
0€Qa 1€T gee (s,a) o™

1 _M[ ]_log@)}
22{1 dlog(d) yeBm(Rd);(%()) og(d) |

with
Boo(RY) = {y € Lo(R?) | [¥]lo0 < 1}

01 = [ y@Pu (0 =P = [y fuy ) = T,

where f,, is the density of P, and f=(1/d) Z?:l Jow;- We have

d
> (9w; (1))
i=1

d

= 3( [, 7000 = Fenax) ([, v~ T ar)

d
= [y [ (000 = 7N = 700 )y av .
i=1
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Let p denote the density of the random vector o£. If y belongs to Boo (R¢) then it
also belongs to L,(R%, dgq) and, moreover, ||y lL,rde,ap) < 1. We can write

d
> " (¢0; (1))
i=1

d —_— f—
_ fo) — F@) o) =TT
- Lol L2 Ty oo [pwes

= (V. KY) LR ,d p)»
where

K:Ly(R?,d p) — Lo(R?.d p)

d — —
— Jor = f . ‘fw,‘(J’)_f(y)) =) d
Ve (; i ) 50) y(»)p(y)dy.

For any w € {0, 1}, f,, € Lo(R%, d p). Note that we can rewrite
[ for = T for =

Ky=Z[<wff,y> wf}

im1 p Ly(R9.,dp) p

This expression implies that K is an operator of finite rank (it is thus a compact
operator), K is self-adjoint, and (Ky, y) > 0 for all y € Lz(Rd ,d p). In particular,
the last point implies that the eigenvalues of K are non-negative. We have

d
sup > (pu; (1) < sup (7 KV, ®e ap)
yeBoo(RY) j=1 eLa®EADNIVIZ g ST
= _sup_ (V. KY) L, (R4, )
WLy ®EAPEIVIZ g o =D)
= _sup_ v, KY) L, rd a
{yeLz(Rd,dp):llylle(Rd‘dﬁfl}
= [IK],

where the last equality follows from the fact that (L,(R?, d p), (-, VLR ,dp)) 1S @
Hilbert space and K is self-adjoint. Since K is also compact and since the eigenvalues
of K are non-negative it follows that

d
sup Z((pwl. ()? < |K|| = max{|A| : A € VP(T)} = max{A : A € VP(T)},
Y€Boo(RY) j—1
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where VP (T) is the set of all the eigenvalues of K. It remains to compute this max-
imum. By definition, A is an eigenvalue of K if A/ — K is not injective. For A # 0,
the Fredholm alternative for compact self-adjoint operators (see, for instance, [26])
implies that A/ — K is not injective if and only if A/ — K is not surjective. Thus, the
non-zero eigenvalues of K are the values of A € R* such that the operator A/ — K is
not surjective. For A € R, let A, be the matrix with coefficients

Jor — fwj—f>
PP Lmiap

(Ap)ij =< —Adij, i.j €[1.d],

where § is the Kronecker delta. The following result proves that if A is a non-zero
eigenvalue of K then it holds Det(A4,) = 0.

Lemma B.2. Let A € R, A # 0. If Det(A)) # 0, then Al — K is surjective.

Proof. To lighten the notation, set (-,)2,5 = (-, "), (r<,ap)- Let A € R, A # 0 and
assume that Det(A4;) # 0. We prove that for all g € L,(R?, d p), there exists y €
L>(R?,d p) such that g = (A] — K)y. Consider g€ L,(R?,d p). Since Det(A) #0,
the matrix A, is invertible and for all v € R there exists £ € R? such that v = A4, &.
In particular, for

v_(<fw1—f > <fwd—f > )T
- - 1g LI ] - 7g ’
P 2,p p 2,p

there exists § € R? such that v = A, £, that is
_ d _

fwi_f _ o fw,‘_f_fa)j_f> C_E
(L ,g>2’ﬁ—<Axs)l—Z< L2t} g

2,p

J=1

foralli € [1,d]. Define

d _
1 1 Jo;, = f
PRI LE T
j=1
We have

(Al = K)y = Ay — Ky

i=1
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5 ) lfwi_f > _ld .<fwi—]7fwj—f> ]fwi—f
¢ ;[“A R N O 0L e e N

=0

= g’
which concludes the proof of the lemma. ]

We now find the values of A for which we have Det(A4,) = 0. To do so, we first
make explicit the coefficients of A, . It holds that

<fw,-_f’ fwj_—f>

4@%>¢ﬁ&@>

PP g dk:1 PP |
Jd&M>Ld«&%
d,§<ﬁ’ 7 2,;7+d2kz=;§ 77 by

Furthermore, due to the independence of the coordinates of the vector &, the scalar
products (fwTk, %)2, 5 can only take two values. More precisely, recall that Py den-

otes the distribution of the random variable 0§ and P, the distribution of the random
variable a + 0§, we get

57
I S

_ {1+ 1P (Po. Pa) i j =i,
5P

1 if j .

We thus obtain
<fwi—f_ fw,-—f_> _JU=)PPoPo) i =i,
PP |y | =Lx%(Po. Pa) if j #i.

Write
1y 5 1,
C = (1 - E)X (Po, Py) and C; = —7X (Po, Py).

The matrix A, has its diagonal elements equal to C; — A and the other coefficients
equal to C,. Operations on the rows and columns of A, yield

1

Det(A4y) = (C1 + (d — 1)Cy — A)(Cy — C — M)~ = —A(2(Po. Pa) — 1)
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Thus, the operator K has only one non-zero eigenvalue and it is equal to y2( Py, P,).
We finally obtain

. . ~ 1 n(e* -1y , log(2)
inf inf sup E_ ,en|7—7 Z—(l—— (Py, P,) — ——
0@y HeT 95@);(:,(1) Q(Py ) | 2 d log(d) X170 Fa log(d)
1 2n(e* —1)% ,
>—1——x“(Po, Py) ),
= (1= e o P

if d > 4. To conclude with the proof of Proposition 3.6, just use Lemma B.3 below.

Lemma B.3. Consider that the measure P! of the noise coordinates has a density
p = exp(—¢), where the potential ¢ is two times continuously differentiable and has
a curvature that is bounded from above by a constant c as in (3). Then it holds that

XZ(PO, P, < exp(c+ (g)z) —1. (25)

If the density p is log-concave, with a potential with curvature bounded above by c
as in (3), then inequality (25) holds without assuming the differentiability of ¢.

Note that Lemma B.3 is sharp in the sense that in the Gaussian case, c+ = 1 holds
and Inequality (25) turns out to be an equality. Note also that log-concavity is actually
not needed in Lemma B.3, since we only require an upper bound on the curvature of
the potential ¢.

Proof. Denote a = a/o. It suffices to show the following inequality,
2 _ p—
/ PE =) < explesd). (26)
R Ppx)
where we recall that p is the density of &;. It holds
2 =
f M dx = / exp(¢(x) —2¢(x — E)) dx.
R p(x) R

As ¢ is two times continuously differentiable, for all x € R, we have by Taylor expan-
sion
C_lz

$(x) —p(x —a@) =ag'(x —a) + e —

and
-2

B(x = 20) — $(x — @) < ~G¢/(x =) + e+ -

By adding the two previous inequalities, we get

¢ (x) —2¢(x — @) < —p(x —2a) + c+a>.
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This gives

Pe-a) o
/JR () dx—/Rexp(qﬁ(x) 26 (x a))dx

< exp(cya?) /R(exp(—qﬁ(x —2a))) dx

= exp(c,a?).

We proved (26). In the case where p is log-concave, it can be suitably approximated

by infinitely differentiable densities, via the use of convolutions with Gaussian ran-

dom variables, which completes the proof of Lemma B.3. ]

Acknowledgments. The authors are most grateful to the Associate Editor and to the
anonymous referees for their suggestions that allowed us to improve some log factors

and for challenging us to extend the framework of our results.

Funding. Cristina Butucea was supported by the French National Research Agency
(ANR) under the grant Labex Ecodec (ANR-11-LABEX-0047).

References

(1]

(2]

(3]

(4]

(5]

(6]

(71

R. Adamczak, A. E. Litvak, A. Pajor, and N. Tomczak-Jaegermann, Quantitative estimates
of the convergence of the empirical covariance matrix in log-concave ensembles. J. Amer.
Math. Soc. 23 (2010), no. 2, 535-561 Zbl 1206.60006 MR 2601042

I. Aden-Ali, H. Ashtiani, and G. Kamath, On the sample complexity of privately learning
unbounded high-dimensional Gaussians. In Proceedings of the 32nd International Con-
ference on Algorithmic Learning Theory, pp. 185-216, Proceedings of Machine Learning
Research 132, PMLR, 2021 MR 4227321

M. Bafna and J. Ullman, The price of selection in differential privacy. In COLT 2017 —
Proceedings of the 2017 Conference on Learning Theory, pp. 151-168, Proceedings of
Machine Learning Research 65, PMLR, 2017

M. Bagnoli and T. Bergstrom, Log-concave probability and its applications. Econom. The-
ory 26 (2005), no. 2, 445-469 Zbl 1077.60012 MR 2213177

T. B. Berrett and C. Butucea, Locally private non-asymptotic testing of discrete distri-
butions is faster using interactive mechanisms. In NeurIPS 2020 — Advances in Neural
Information Processing Systems 33, pp. 3164-3173, Curran Associates, 2020

S. Biswas, Y. Dong, G. Kamath, and J. Ullmann, Coinpress: Practical private mean and
covariance estimation. In NeurlPS 2020 — Advances in Neural Information Processing
Systems 33, pp. 14475-14485, Curran Associates, 2020

S. Bobkov and M. Ledoux, From Brunn—Minkowski to Brascamp-Lieb and to logarithmic
Sobolev inequalities. Geom. Funct. Anal. 10 (2000), no. 5, 1028-1052 Zbl 0969.26019
MR 1800062


https://doi.org/10.1090/S0894-0347-09-00650-X
https://doi.org/10.1090/S0894-0347-09-00650-X
https://zbmath.org/?q=an:1206.60006
https://mathscinet.ams.org/mathscinet-getitem?mr=2601042
https://mathscinet.ams.org/mathscinet-getitem?mr=4227321
https://doi.org/10.1007/s00199-004-0514-4
https://zbmath.org/?q=an:1077.60012
https://mathscinet.ams.org/mathscinet-getitem?mr=2213177
https://doi.org/10.1007/PL00001645
https://doi.org/10.1007/PL00001645
https://zbmath.org/?q=an:0969.26019
https://mathscinet.ams.org/mathscinet-getitem?mr=1800062

(8]

(91

(10]

(11]

(12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

C. Butucea, A. Dubois, and A. Saumard 48

S. Bobkov and M. Ledoux, One-dimensional empirical measures, order statistics, and
Kantorovich transport distances. Mem. Amer. Math. Soc. 261 (2019), no. 1259

Zbl 1454.60007 MR 4028181

S. Boucheron, G. Lugosi, and P. Massart, Concentration inequalities. Oxford University
Press, Oxford, 2013 Zbl 1279.60005 MR 3185193

C. Butucea, A. Dubois, M. Kroll, and A. Saumard, Local differential privacy: Elbow effect
in optimal density estimation and adaptation over Besov ellipsoids. Bernoulli 26 (2020),
no. 3, 1727-1764 Zbl 1444.62045 MR 4091090

C. Butucea, M. Ndaoud, N. A. Stepanova, and A. B. Tsybakov, Variable selection with
Hamming loss. Ann. Statist. 46 (2018), no. 5, 1837-1875 Zbl 1414.62126 MR 3845003
C. Butucea, A. Rohde, and L. Steinberger, Interactive versus non-interactive locally, dif-
ferentially private estimation: Two elbows for the quadratic functional. Ann. Statist., to
appear.

L. A. Caffarelli, The regularity of mappings with a convex potential. J. Amer. Math. Soc.
5(1992), no. 1, 99-104 Zbl 0753.35031 MR 1124980

L. A. Caffarelli, Monotonicity properties of optimal transportation and the FKG and
related inequalities. Comm. Math. Phys. 214 (2000), no. 3, 547-563 Zbl 0978.60107
MR 1800860

D. Cordero-Erausquin, Some applications of mass transport to Gaussian-type inequalities.
Arch. Ration. Mech. Anal. 161 (2002), no. 3, 257-269 Zbl 0998.60080 MR 1894593

M. Cule and R. Samworth, Theoretical properties of the log-concave maximum likelihood
estimator of a multidimensional density. Electron. J. Stat. 4 (2010), 254-270

Zbl 1329.62183 MR 2645484

A. S. Dalalyan, Theoretical guarantees for approximate sampling from smooth and log-
concave densities. J. R. Stat. Soc. Ser. B. Stat. Methodol. 79 (2017), no. 3, 651-676

Zbl 1411.62030 MR 3641401

C. R. Doss and J. A. Wellner, Global rates of convergence of the MLEs of log-concave
and s-concave densities. Ann. Statist. 44 (2016), no. 3, 954-981 Zbl 1338.62101

MR 3485950

J. C. Duchi, M. I. Jordan, and M. J. Wainwright, Minimax optimal procedures for locally
private estimation. J. Amer. Statist. Assoc. 113 (2018), no. 521, 182-201 Zbl 1398.62021
MR 3803452

A. Durmus and E. Moulines, Nonasymptotic convergence analysis for the unadjusted
Langevin algorithm. Ann. Appl. Probab. 27 (2017), no. 3, 1551-1587 Zbl 1377.65007
MR 3678479

C. Dwork, K. Kenthapadi, F. McSherry, I. Mironov, and M. Naor, Our data, ourselves:
Privacy via distributed noise generation. In EUROCRYPT 2006 — Advances in cryptology,
pp- 486503, Lecture Notes in Comput. Sci. 4004, Springer, Berlin, 2006

Zbl 1140.94336 MR 2423560

C. Dwork, F. McSherry, K. Nissim, and A. Smith, Calibrating noise to sensitivity in private
data analysis. In Theory of cryptography, pp. 265-284, Lecture Notes in Comput. Sci.
3876, Springer, Berlin, 2006 Zbl 1112.94027 MR 2241676


https://doi.org/10.1090/memo/1259
https://doi.org/10.1090/memo/1259
https://zbmath.org/?q=an:1454.60007
https://mathscinet.ams.org/mathscinet-getitem?mr=4028181
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://zbmath.org/?q=an:1279.60005
https://mathscinet.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.3150/19-BEJ1165
https://doi.org/10.3150/19-BEJ1165
https://zbmath.org/?q=an:1444.62045
https://mathscinet.ams.org/mathscinet-getitem?mr=4091090
https://doi.org/10.1214/17-AOS1572
https://doi.org/10.1214/17-AOS1572
https://zbmath.org/?q=an:1414.62126
https://mathscinet.ams.org/mathscinet-getitem?mr=3845003
https://doi.org/10.2307/2152752
https://zbmath.org/?q=an:0753.35031
https://mathscinet.ams.org/mathscinet-getitem?mr=1124980
https://doi.org/10.1007/s002200000257
https://doi.org/10.1007/s002200000257
https://zbmath.org/?q=an:0978.60107
https://mathscinet.ams.org/mathscinet-getitem?mr=1800860
https://doi.org/10.1007/s002050100185
https://zbmath.org/?q=an:0998.60080
https://mathscinet.ams.org/mathscinet-getitem?mr=1894593
https://doi.org/10.1214/09-EJS505
https://doi.org/10.1214/09-EJS505
https://zbmath.org/?q=an:1329.62183
https://mathscinet.ams.org/mathscinet-getitem?mr=2645484
https://doi.org/10.1111/rssb.12183
https://doi.org/10.1111/rssb.12183
https://zbmath.org/?q=an:1411.62030
https://mathscinet.ams.org/mathscinet-getitem?mr=3641401
https://doi.org/10.1214/15-AOS1394
https://doi.org/10.1214/15-AOS1394
https://zbmath.org/?q=an:1338.62101
https://mathscinet.ams.org/mathscinet-getitem?mr=3485950
https://doi.org/10.1080/01621459.2017.1389735
https://doi.org/10.1080/01621459.2017.1389735
https://zbmath.org/?q=an:1398.62021
https://mathscinet.ams.org/mathscinet-getitem?mr=3803452
https://doi.org/10.1214/16-AAP1238
https://doi.org/10.1214/16-AAP1238
https://zbmath.org/?q=an:1377.65007
https://mathscinet.ams.org/mathscinet-getitem?mr=3678479
https://doi.org/10.1007/11761679_29
https://doi.org/10.1007/11761679_29
https://zbmath.org/?q=an:1140.94336
https://mathscinet.ams.org/mathscinet-getitem?mr=2423560
https://doi.org/10.1007/11681878_14
https://doi.org/10.1007/11681878_14
https://zbmath.org/?q=an:1112.94027
https://mathscinet.ams.org/mathscinet-getitem?mr=2241676

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

[33]

[34]

(35]

(36]

(37

(38]

Phase transitions for support recovery under local differential privacy 49

O. Guédon, Concentration phenomena in high dimensional geometry. Journées MAS
(2012), pp. 47-60, ESAIM Proc. 44, EDP Sci., Les Ulis, 2014 Zbl 1358.52013

MR 3178607

Q. Han, Set structured global empirical risk minimizers are rate optimal in general dimen-
sions. Ann. Statist. 49 (2021), no. 5, 2642-2671 Zbl 1478.62081 MR 4338378

E. Hillion, O. Johnson, and A. Saumard, An extremal property of the normal distribution,
with a discrete analog. Statist. Probab. Lett. 145 (2019), 181-186 Zbl 1414.62052

MR 3873905

F. Hirsch and G. Lacombe, Elements of functional analysis. Grad. Texts in Math. 192,
Springer, New York, 1999 Zbl 0924.46001 MR 1678925

M. C. Jones and A. Noufaily, Log-location-scale-log-concave distributions for survival
and reliability analysis. Electron. J. Stat. 9 (2015), no. 2, 2732-2750 Zbl 1329.62409
MR 3435809

M. Ledoux, The concentration of measure phenomenon. Math. Surveys Monogr. 89,
American Mathematical Society, Providence, RI, 2001 Zbl 0995.60002 MR 1849347

E. L. Lehmann and J. P. Romano, Testing statistical hypotheses. Springer Texts Statist.,
Springer, New York, 2005 Zbl 1076.62018 MR 2135927

M. Ndaoud, Sharp optimal recovery in the two component Gaussian mixture model. Ann.
Statist. 50 (2022), no. 4, 2096-2126 Zbl 07610764 MR 4474484

M. Ndaoud and A. B. Tsybakov, Optimal variable selection and adaptive noisy compressed
sensing. IEEE Trans. Inform. Theory 66 (2020), no. 4, 2517-2532 Zbl 1448.94081

MR 4087700

L. Paninski, Log-concavity results on gaussian process methods for supervised and unsu-
pervised learning. In NIPS 2004 — Advances in Neural Information Processing Systems 17,
pp- 1025-1032, MIT Press, Cambridge, MA, 2004

A. Rohde and L. Steinberger, Geometrizing rates of convergence under local differential
privacy constraints. Ann. Statist. 48 (2020), no. 5, 2646-2670 Zbl 1457.62396

MR 4152116

A. Saumard and J. A. Wellner, Log-concavity and strong log-concavity: A review. Stat.
Surv. 8 (2014), 45-114 Zbl 1360.62055 MR 3290441

T. Steinke and J. Ullman, Tight lower bounds for differentially private selection. In FOCS
2017 — 58th Annual IEEE Symposium on Foundations of Computer Science, pp. 552-563,
IEEE Computer Soc., Los Alamitos, CA, 2017 MR 3734260

A. B. Tsybakov, Introduction to nonparametric estimation. Springer Ser. Statist., Springer,
New York, 2009 Zbl 1176.62032 MR 2724359

J. Ullman, Tight lower bounds for locally differentially private selection. 2018,
arXiv:1802.02638

L. Wasserman and S. Zhou, A statistical framework for differential privacy. J. Amer.
Statist. Assoc. 105 (2010), no. 489, 375-389 Zbl 1364.62011 MR 2656057


https://zbmath.org/?q=an:1358.52013
https://mathscinet.ams.org/mathscinet-getitem?mr=3178607
https://doi.org/10.1214/21-aos2049
https://doi.org/10.1214/21-aos2049
https://zbmath.org/?q=an:1478.62081
https://mathscinet.ams.org/mathscinet-getitem?mr=4338378
https://doi.org/10.1016/j.spl.2018.08.018
https://doi.org/10.1016/j.spl.2018.08.018
https://zbmath.org/?q=an:1414.62052
https://mathscinet.ams.org/mathscinet-getitem?mr=3873905
https://doi.org/10.1007/978-1-4612-1444-1
https://zbmath.org/?q=an:0924.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=1678925
https://doi.org/10.1214/15-EJS1089
https://doi.org/10.1214/15-EJS1089
https://zbmath.org/?q=an:1329.62409
https://mathscinet.ams.org/mathscinet-getitem?mr=3435809
https://doi.org/10.1090/surv/089
https://zbmath.org/?q=an:0995.60002
https://mathscinet.ams.org/mathscinet-getitem?mr=1849347
https://zbmath.org/?q=an:1076.62018
https://mathscinet.ams.org/mathscinet-getitem?mr=2135927
https://doi.org/10.1214/22-aos2178
https://zbmath.org/?q=an:07610764
https://mathscinet.ams.org/mathscinet-getitem?mr=4474484
https://doi.org/10.1109/TIT.2020.2965738
https://doi.org/10.1109/TIT.2020.2965738
https://zbmath.org/?q=an:1448.94081
https://mathscinet.ams.org/mathscinet-getitem?mr=4087700
https://doi.org/10.1214/19-AOS1901
https://doi.org/10.1214/19-AOS1901
https://zbmath.org/?q=an:1457.62396
https://mathscinet.ams.org/mathscinet-getitem?mr=4152116
https://doi.org/10.1214/14-SS107
https://zbmath.org/?q=an:1360.62055
https://mathscinet.ams.org/mathscinet-getitem?mr=3290441
https://doi.org/10.1109/FOCS.2017.57
https://mathscinet.ams.org/mathscinet-getitem?mr=3734260
https://doi.org/10.1007/b13794
https://zbmath.org/?q=an:1176.62032
https://mathscinet.ams.org/mathscinet-getitem?mr=2724359
https://arxiv.org/abs/1802.02638
https://doi.org/10.1198/jasa.2009.tm08651
https://zbmath.org/?q=an:1364.62011
https://mathscinet.ams.org/mathscinet-getitem?mr=2656057

C. Butucea, A. Dubois, and A. Saumard 50

Received 24 November 2020; revised 24 June 2022.

Cristina Butucea
CREST, ENSAE Paris, IP Paris, 5, avenue Henry le Chatelier, 91120 Palaiseau, France;
cristina.butucea@ensae.fr

Amandine Dubois
CREST, ENSAI, Campus de Ker-Lann, Rue Blaise Pascal, BP 37203, 35172 Bruz, France;
amandine.dubois @ensai.fr

Adrien Saumard
CREST, ENSAI, Campus de Ker-Lann, Rue Blaise Pascal, BP 37203, 35172 Bruz, France;
adrien.saumard @ensai.fr


mailto:cristina.butucea@ensae.fr
mailto:amandine.dubois@ensai.fr
mailto:adrien.saumard@ensai.fr

	1. Introduction
	1.1. Differential privacy
	1.2. Motivation
	1.3. Strongly log-concave distributions
	1.4. Minimax framework
	1.5. Related work
	1.6. Description of results

	2. Coordinate local non-interactive privacy mechanisms
	2.1. Lower bound
	2.2. Privacy mechanism
	2.3. Upper bounds

	3. Coordinate global non-interactive privacy mechanisms
	3.1. Privacy mechanism
	3.2. Upper bounds
	3.3. Lower bound

	A. Proofs of Section 2
	A.1. Some auxiliary results for the proof of the lower bound
	A.2. Proof of Theorem 2.1
	A.3. Some auxiliary results for the upper bounds
	A.4. Proof of Proposition 2.4
	A.5. Proof of Corollary 2.5
	A.6. Proof of Proposition 2.6
	A.7. Proof of Corollary 2.7

	B. Proofs of Section 3
	B.1. Proof of Proposition 3.1
	B.2. Proof of Proposition 3.2
	B.3. Asymptotic analysis of the value K_{d} defined in (15)
	B.4. Proof of Proposition 3.3
	B.5. Proof of Proposition 3.4
	B.6. Proof of Proposition 3.6

	References

