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Helical magnetic fields and semi-classical asymptotics
of the lowest eigenvalue

Bernard Helffer and Ayman Kachmar

Abstract. We study the three-dimensional Neumann magnetic Laplacian in the presence of a semi-
classical parameter and a non-uniform magnetic field with constant intensity. We determine a sharp
two term asymptotics for the lowest eigenvalue, where the second term involves a quantity related to
the magnetic field and the geometry of the domain. In the special case of the unit ball and a helical
magnetic field, the concentration takes place on two symmetric points of the unit sphere.

1. Main results

Let 2 C R3 be an open and bounded set with a smooth boundary 9<2. Let us consider a
smooth magnetic field B : Q — R3 (so B should be closed) which will always be assumed
to satisfy

VxeQ, [B(x)| =0, (1.1)

where b > 0 is a constant. Without loss of generality, we assume from now on that b = 1.
Let A(x) be a magnetic potential such that

curl A = B. (1.2)

We are interested in the analysis of the lowest eigenvalue A; (A, &) of the Neumann real-
ization of the Schrodinger operator in €2 with magnetic field

3
Pli=App =D (hDy, + 4, (). (1.3)
j=1

We introduce the following assumptions.
Assumption 1.1. The set of boundary points where B is tangent to 022, i.e.
I':={x €9Q|B-N(x) =0}, (1.4)
is a regular submanifold of 02:

knp(x) :=|dT (B-N)(x)| #0, Vxel. (1.5)

2020 Mathematics Subject Classification. Primary 35P15; Secondary 35Q56.
Keywords. Magnetic Laplacian, Neumann boundary condition, semi-classical analysis.


https://creativecommons.org/licenses/by/4.0/

B. Helffer and A. Kachmar 858

Here d7 is the differential defined on functions on 92 and N(x) is the unit inward normal
of Q.

Assumption 1.2. The set of points where B is tangent to T is finite.

These assumptions are rather generic and for instance satisfied for ellipsoids, when B
is constant. When |B| is constant, the above assumptions hold for the sphere with a helical
magnetic field (see Section 3).

Let us introduce the constant yo p involving the “magnetic curvature” in (1.5), which
is defined by

Yo 1= inf yo(x), (1.6)
xel’
where

1/3

Top(x) == 27230088 e () [ (1 = (1 = 80) | T(x) - B(x)|?) (1.7)

Here T(x) is the oriented, unit tangent vector to I at the point x, 8¢ € ]0, 1[ and Dy > 0
are spectral quantities relative to the de Gennes and Montgomery operators which will be
introduced in (4.2) and (4.4).

When B is constant, the lowest eigenvalue is expected to have the following asymptotic

expansion [9,20]
AY(B) ~ > eih/e.
Jj=6
The first terms of the foregoing expansion have been obtained by Helffer-Morame [17]
and Pan [25].

Theorem 1.3 (Helffer—Morame [17]). Let us assume that B is constant. Then, if Q and
B satisfy Assumptions 1.1 and 1.2, there exists n > 0 such that the lowest eigenvalue
AIIV(A, h) satisfies as h — 0

AN (AL h) = Ooh + Posh? + O(h3T). (1.8)

The aim of this paper is to prove that Theorem 1.3 also holds under the weaker assump-
tion that |B| is constant.

Theorem 1.4. If Assumptions 1.1 and 1.2 hold, and if |B| is constant, then the asymptotics
in (1.8) holds for the lowest eigenvalue /\{V (A, h).

An interesting example of a non-constant magnetic field but with a constant intensity
is the helical magnetic field occurring in the theory of liquid crystals. Up to the action of
an orthogonal matrix, it can be expressed as follows [27]

1 1
B=curln, = —tn;, n; = (— cos(txs), — Sin(‘L'X3),O). (1.9)
T T

Here v > 0 is a given constant. In this situation (B = —tn;), [27] derived an upper bound
on the eigenvalue A’lv (A, h), which is consistent with Theorem 1.4. Our contribution is
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valid for a more general class of magnetic fields with constant intensity and also determ-
ines the asymptotically matching lower bound of the lowest eigenvalue.

Discussion and applications

The inspection of the eigenvalue A{V (A, h) is vital in understanding the transition between
superconducting and normal states in the Ginzburg—Landau model [5]. In this context, the
magnetic field is typically constant. Accurate estimates of the lowest eigenvalue /\{V (A, h)
under constant magnetic fields [16, 17] led to a precise understanding of the transition
between superconducting and normal states [4, 10].

Non-homogeneous magnetic fields with constant intensity are encountered in the
Landau—de Gennes theory of liquid crystals, which is the analog of the Ginzburg—Landau
theory of superconductivity. Here a transition between smectic and nematic phases occurs.
Our main result, Theorem 1.4, yields an accurate estimate of the lowest eigenvalue
)Ulv (A, h) for magnetic fields with constant intensity, and by analogy with [4], we expect it
to yield a precise description of the transition between surface smectic and nematic states
(see [24)).

At the threshold of the phase transition, both superconductive and smectic states nuc-
leate on the surface of the domain (near the curve I' introduced in (3.3)). The paper [26]
contains a nice discussion of this interesting analogy. The analysis of 3D surface super-
conductivity is the subject of the papers [7, 8,25], while surface smectics are rigorously
studied in [6, 18]. It would be interesting to complete this analysis by providing more
accurate estimates at the threshold, where the linear analysis (such as the one in this paper)
becomes handy.

The analysis in this paper concerns the lowest eigenvalue. In the presence of a con-
stant magnetic field, and a “single well” assumption (i.e. the minimum in (1.6) is non-
degenerate and attained at a unique point), accurate estimates of the low-lying eigenvalues
were obtained recently in [20]. In our setting of a non-homogeneous magnetic field, the
example of the ball under the helical magnetic field suggests the presence of multiple
wells (see Remark 3.5).

The interaction between magnetic fields and 3D domains is interesting in other situ-
ations. In particular, for the Robin problem, we observe pure magnetic wells on the surface
of the domain [11], and in the case of a constant magnetic field, strong diamagnetism does
not hold for the ball [22].

Organization and outline of the proof

The proof of Theorem 1.4 is split into two parts. In the first part, we establish a lower
bound of the lowest eigenvalue, by comparing the quadratic form via a simpler form
related to a new model operator. Comparing with the constant magnetic field in [17],
we prove that the model operator in our setting is a perturbation of the one considered
in[17].
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The second part of the proof is devoted to an upper bound of the lowest eigenvalue,
already studied for B in (1.9) [27], but we revisit it since our formulation is not the same
as [27]. The upper bound follows after computing the quadratic form of a suitable trial
state, having the same structure as the constant magnetic field case in [17,25]. However,
there are additional terms in the computations due to the varying magnetic field, which
require a careful handling.

The model operator takes into consideration two phenomena. First, after decomposing
our domain into small cells and working in a small cell near the domain’s boundary, we
have to express the integrals in a flat geometry, which requires a careful expansion of
the Riemannian metric in particular. This part is essentially the same as for the constant
magnetic field case in [17].

Then, we have to express the magnetic potential in adapted coordinates, in each small
cell, and apply a Taylor expansion and a gauge transformation to obtain a “normal”
form, i.e. a simpler effective magnetic potential. In this part, we deviate from the con-
stant magnetic field situation and find additional terms in the effective magnetic potential.
Interestingly, we can still show that the analysis with this magnetic potential is somehow
independent of those additional terms and treat the new model as a perturbation of the
model with a constant magnetic field.

The paper is organized as follows. In Section 2 we introduce the adapted coordinates in
a small “boundary” cell. In Section 3, we analyze the case of the unit ball with the “helical”
magnetic field occurring in liquid crystals and verify that Assumptions 1.1 and 1.2 hold.
Interestingly, after computing the energy in (1.6), we notice that this example shows a
phenomenon of multiple “wells” induced by the “magnetic” geometry.

In Section 4, we review two standard 1D operators that we need in defining the quant-
ities appearing in (1.6) and the statement in Theorem 1.4. Then, in Section 5, we introduce
a new model, specific to our case of a varying magnetic field with a constant intensity, and
analyze it through a perturbation argument.

With the model in Section 5, we can adjust the proof in [17] and prove Theorem 1.4.
The first step is to localize the ground states near the boundary, which is the content of
Section 6. Then, the approximation of the quadratic form and the magnetic potential are
the subject of Section 7, which allows us, in the subsequent Section 8, to obtain a lower
bound on the lowest eigenvalue.

Finally, Section 9 is devoted to the computation of the energy of a trial state, which
yields an upper bound of the lowest eigenvalue, and thereby completes the proof of The-
orem |.4.

2. Adapted coordinates
We recall a rather standard choice of coordinates in the neighborhood of T", which straight-

ens the boundary d<2 locally. For every p € €2, recall that N(p) denotes the inward
normal vector to 9€2.
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2.1. Description of the coordinates

Let go be the Riemannian metric on R3, which induces a Riemannian metric G on 9%.
Given two vector fields X, Y of R3, we denote by

X Y=(XY):=goXY).

Consider a moving direct frame (V(m), T(m), N(m))mer along " such that
e T(m) is an oriented unit tangent vector of I';

*  V(m) := T(m) x N(m), hence determining an oriented normal to the curve I" in the
tangent space to 0€2.

Form e T', let A,, be the geodesic that passes through m and is normal to I'. Let xo € I". In
some neighborhood Ny, C €2 of xo, we can introduce new coordinates (r, s, ¢) as follows:

* Forx € Ny,, p(x) € 0RQ is defined by dist(x, p(x)) = t(x) := dist(x, IQ);

* For x € Ny,, y(x) € T is defined by distyq(p(x), y(x)) = distyqe(p(x), I'), where
distyq denotes the (geodesic) distance in 0€2;

» I is parameterized by arc-length s so that s = s¢ defines xo, and for x € Ny, s = s(x)
defines y(x);

» For x € Ny,, the geodesic A () passing through p(x) is parameterized by arclength
r, so that r = 0 defines y(x) and r = r(x) defines p(x).

In this way, we observe that @, defined by
Nyg 3 X > Dy (x) 1= (r(x),s(x),7(x)) e R x R x Ry 2.1

is a local diffeomorphism which straightens N,. We pick a sufficiently small €p > 0 such
that

(r.5.1) € (—€o,€0) X (—€0 + 0,50 + €0) X (0,€0) = x = D (r,5.1) (2.2)

is a diffeomorphism, whose image is a neighborhood of xo € I" parameterized by (r, s, ).
Within these coordinates, t = 0 means that we are on 0€2, and r = ¢ = 0 means we are
on the curve I'. Moreover, s € (—eg + Sg, S0 + €9) marks a point m on I', r € (—e¢g, €9)
marks a point p € 92 on the geodesic passing through m and orthogonal to T, and finally
¢t marks a point in 2 lying on the normal to 92 passing through p (see Figure 1). We can
then compute

a7 B-N)(x)| = [3;(B-N)|;—| (x€T). 2.3)

It is convenient to express the magnetic field along I" as follows
B(x) = sin T (x) + cos V(x) (x = ®'(0,5,0) € ), (2.4)
where 6 = 0(s) € [-7, 5] is the angle defined by

6 = arcsin (B(x) - T(x)). (2.5)
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Vir®)

Figure 1. The point x € 2, its projection p(x) on €2 and the inward normal vector N(p(x)) of 92
at p(x). The point y(x) is the geodesic projection of p(x) on I" and (T(y(x)), V(y(x))) is a direct
frame in the tangent plane to <2 at y(x). Note that, if p(x) € T, then p(x) = y(x) and N(p(x)) is
orthogonal to T(y(x)), V(y(x)).

2.2. The metric in the new coordinates

Let us consider an arbitrary point xo € I' and a neighborhood Ny, C Q of x¢ such that
the adapted coordinates introduced in (2.1) and (2.2) are valid. Modulo a translation, we
can center the coordinates at x¢ so that (r = 0,s = 0,¢ = 0) are the coordinates of xg
in the new frame. In the sequel, we follow closely the presentation of [17, Sec. 8] mainly
following the first chapter of [2] (see also the volume two of Spivak’s book [29]).

We label the new coordinates as follows

(1, ¥2,¥3) = (1,8,1), (2.6)
and the Riemannian metric go becomes [17, (8.26)]
go=dys®dys+ Y [Gij—2y3Kij + yiLij]dy; ® dy;, (2.7)
1<i,j<2

where

e G := lei,jsz Gijdy; ® dyj is the first fundamental form on 9€2;

e K:= lei’jsz Ki;dy; ® dy; is the second fundamental form on 0€2;
* L:=3}, j<» Lijdy; ® dyj is the third fundamental form on 9.
The matrix g of the metric g takes the form

g1 g2 O
g:=(gij<i,j<3= |81 g2 O (2.8)
0 0 1
whose inverse is
gll g12 0

21 22

oq
o

g =E"N=ijx3= g
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We will express these matrices in a more pleasant form involving, in particular, the cur-
vatures on the boundary. To that end, let s — y(s) be an arc-length parameterization of I"
near xo, so that |y (s)| = 1, y(0) = x¢ and T(y(s)) = p(s). We can introduce the geodesic
and normal curvatures at y(s), kg (y(s)) and k, (y(s)), as follows

P(s) = —kg (Y(9))V(r(5)) + kn(y())N(y(5)). (2.9)

The choice of our coordinates (r, s) ensures that the metric G is diagonal on 02 [17,
Lem. 8.2]

G=dr®dr +a(r,s)ds ® ds, (2.10)
with
a(r,s) =1 =2k, (y(s))r + O, a(0,5) =1, (2.11)
and 3
o
—(0,5) =0.
a5 (09

Then, with (2.6), we have for the determinant of the matrix of g (see [17, (8.29) and
(3.30)D),

gl = a(r,s) —2t[a(r, s)Ki1(r.s) + Kana(r.s)] + t?e3(r, s, 1), (2.12)

and

.. -1
(8" =ij=2 = (1 0 ) + 2t ( Knlns) o Kialr, s)) + 1R,

0 a'(rs) a 'K (r,s) a2 Kxa(r.s)

where €3 and R are smooth functions.

2.3. The operator and quadratic form

We continue to work in the setting of Section 2.2. We introduce the following neighbor-
hood of x
Vg = @5 (Vo)

where (recall (2.6))
I7x0 = {(yl, V2, ¥3) € (—€g, €9) X (—€0, €0) % (0, 60)}. (2.13)
Given a function u : Vy, — C, we assign to it the function u : V,, — C defined by
i(y1.y2.y3) = u(®L (1. y2. y3)). (2.14)

By the considerations in Section 2.2 on the Riemannian metric, if u € L2(Vy,, dx), then
it € L*(Vy,. |g]'/?dy) and

/V‘u(x)]zdxzfv ()| 1g1"2dy. (2.15)

0 *0
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Moreover, assuming u supported in Vy,, we have the quadratic form formula [17, (8.27)]

qx () :=/ |(hV — iAyu|” dx

0

= /§ [|(hDy3 - XB)TZP + Z gij(hDyi — 1:1:)1,7 '(hDyj—_gj)ﬁ:th/zdy,
o 1<i,j<2

(2.16)

where the new magnetic potential A= (le , ffz, 53) is assigned to A = (A1, 4,, A3) by
the relation

Aldxl + Adez + A3dX3 = /T]dy] + /Tzdyz + /Tg,dy:;, (217)
and after performing a (local) gauge transformation, we may assume that
1‘?3 = 0.

The operator P;(l in (1.3) can be expressed in the new coordinates as follows [17, (8.28)]
h =2 h o0 T
PA z(hDy3_A3) +_|g| |g|(hDy3_A3)
2i dy3

+1gl™? > (hDy; — A))|g|'?g" (hDy, — A).

1<i,j<2

3. Helical magnetic fields

3.1. Preliminaries

Let T > 0 and consider the magnetic potential

1 1
A(x) = n(x) := (— cos(txz), — sin(txs3), O), 3.1
T T
which generates the magnetic field
B(x) = curlA(x) = —tA(x) (3.2)

with constant intensity
|B(x)‘ =1.

We will verify that Assumptions C1-C2 hold for this particular magnetic field in the case
where 2 is the unit ball. In particular, with in mind that Yo g and ypp are introduced
in (1.6) and (1.7) respectively and that §¢ € ]0, 1] and Dy > O will be introduced in (4.2)
and in (4.4) (there is no need in this subsection to know more about them) we will find
that

Do = 272356852 C(z, 89),



Helical magnetic fields and semi-classical asymptotics of the lowest eigenvalue 865

and for 7 < 79, the equality,
(x €T | Fos(x) = 272308y*} = {(0.£1,0)},

where 7 is a constant and C(z, &) is explicitly computed (see Proposition 3.4).
The inward normal of Q = {x € R3 | |x| < 1} along 9% is

N(x) = —x (|x| = 1).

The restriction of the magnetic field B to the boundary is then tangent to d2 on the fol-
lowing set

= {x €I | x-Alx) = 0}. 3.3)
3.2. T is a regular curve
For |x| = 1, the equation x - A(x) = 0 reads as follows

x1 cos(tx3) + xp sin(tx3) = 0. (3.4)
Proposition 3.1. The set I' introduced in (3.3) is a C regular curve.
Proof. The proof follows by constructing an atlas on I,

{(¢;.U :=(=11)), 1 <i <4}

which turns T" to a C * regular curve.

Let us introduce the charts (¢1, U) and (¢, U) which cover T" \ {(0, 0, +1)}. These
charts are obtained by expressing x; and x5 in (3.4) in terms of x3 € (—1, 1), provided
that (x1, x2, x3) # (0,0, £1). We write fora € | — 7, 7]

x1 =4/l =x%cosa, xp=,/1—x3sina.
Then (3.4) becomes, for x% <1,
cos(txz —a) =0 3.5)

which in turn yields
b4
a:rx_v,—5+kn, keZ.

In this way, we get two branches of I" parameterized by x3 and defined as follows

x1 = /1 — x3sin(tx3)
seELDmabs) =], __ / — x3cos(tx3) |°

X3

x1 = —y/1 — x2sin(rx3)
x3 € (=1, 1) > ca(x3) := = A %2 cos(zx3)

X3
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Both of the foregoing branches represent regular curves. Furthermore, ¢; and ¢, can be
extended by continuity to the interval [—1, 1], yielding a continuous representation of all .

Now we introduce the charts (c3, U) and (¢4, U) that cover the points (0,0, +1). In a
neighborhood of (x1, x3, x3) = (0,0, +1), we parameterize a branch of I with respect to

p = {/x? + x2 as follows

X1 = pcosa, x; = psina, x3=+1—p2.

With this in hand, (3.5) continues to hold for x3 # 0 and we can write again @ = 7x3 —
5 + km for some k € Z. Consequently, we get two regular branches of I" defined as
follows

x1 = psin(zy/1—p?)
Xz = —pcos(ty/1—p?) |,
X3 = m
xy = —psin(r /T p?)
pe (=11 cslp) = | x2=peosty1—p?) |. =
X3 = m

pe (=11 es(p):

3.3. Explicit formulas in adapted coordinates

Note that ¢ := ¢ and ¢, parameterize all of T" \ {(0,0, £1)}. By symmetry considerations,
we will compute, on ¢((—1, 1)) only,

|d"B-N)| =7[d"(A-N)| and [B-T|=rt]A-T|. (3.6)

First we note that N = —x on 92 and introduce the arc-length parameter
X3
st = [ Je G| da
0
of x3 — ¢(x3), which satisfies

14 12(1 —x3)?

2
I —x3

s'(x3) = |/(x3)| =
Clearly, x3 € (—1, 1) can be expressed in terms of the arc-length parameter as x3 = x3(s)
with
1—- x%

d
m(xs) 1= %(S(xa)) = TF (-2 (3.7

The arc-length parameterization is now given by

y(s) := e(x3(s)).
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and consequently, with ¢ = ¢;, we have

—y/1 — x3sin(rx3)
N(y)=—-y) =] [1_ x2 cos(tx3) with x3 = x3(s), (3.8)

and

T

d
T(y(s)) = 7=
T3

% + Tﬂcos(rm)

=m(x3) | xacos(zxs) 2
= + 74/1 — x5 sin(rx3)

1

We also introduce the normal vector to I on y(s),

1
V(y(s)) = T(y(s)) xN(y(s)) = | V2
V3

2
x3 cos(tx3) 2 . 2
—=2==" —1Xx34/1 — x5 sin(rx3) — /1 — x5 cos(rx3)
A 1-x3
=m(x3) | _xisinexs) | oo V1 —x3cos(txs) — /1 — xZsin(x3)
/1-x2 3 3 3 3 3

(1 —x3)

We are now ready to prove that our magnetic field B satisfies the condition in Assump-
tion 1.2.

Proposition 3.2. Let B be the magnetic field introduced in (3.2). For all x € T, we have

(1 —x3)

V14 72(1—x3)2

|B(x) - T(x)| =

In particular, B satisfies Assumption 1.2.

Proof. 1t is straightforward to compute

|A(x) - T(x)| = %(} cos(tx3)Ty + sin(rx3)T2|) = - , (3.9)

1+ 72(1 — x3)?

which holds for all =1 < x3 < 1 and x = ¢(x3). Similarly, we can compute |A(x) - T(x)|
for all x = c3(x3) € I', and get that (3.9) holds globally on I, since I" is a regular
curve. Finally, B(x) is orthogonal to T(x) if and only if x2 = 1, thereby Assumption 1.2
holds. ]
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Figure 2. The curve I' and the geodesic A, (5) passing through y(s).

Our next task is to show that our magnetic field satisfies the condition in Assump-
tion 1.1.

Proposition 3.3. Ler B be the magnetic field introduced in (3.2). For all x € T, we have

Kknp(x) = \/1 +12(1 - x3(s)2)2. (3.10)
In particular, B satisfies the condition in Assumption 1.1.

Proof. By Proposition 3.1, I' is a regular curve. So all we need to verify that B satisfies
Assumption 1.1, is to derive (3.10) and observe that it yields k, g(x) 7# 0 everywhere
along the curve I'.

Consider x = ¢1(x3) with x3 = x3(s), i.e., x = y(s). At the point y(s), the geodesic
A, () normal to the curve I is the great circle (of center 0 and radius 1) in the (V(y(s)),
N(y(s))) plane. A point P = P(r,s) on A, (5) can be described by the corresponding vector
p(r,s) = OP as follows

p(r,s) = —cosrN(y(s)) — sinrV(y(s)),

where r is the angle between p and —N; hence r is an arc-length parameter of A, (), and
forr =0, p(r,s) = y(s). Now, we can introduce the coordinates (r, s, ¢) in a neighborhood
of y(sp) as follows (see Figure 2)

x(r,s,t) = —(cosr + t)N(y(s)) — sin rV(y(s)). (3.1D)
For x = y(s), we would like to compute k, g(x) = |dT (B - N)|. We will show that
kn8(x) = |0, (B -N)|,=t=0 and end up with the computation of |0, (B - N)|,=;—o.
Notice that, by (3.8), we have
x3(r,s,t) = —(cosr + t)N3 (y(s)) —sinrVs ()/(s))
= (cosr + 1)x3(s) — sinrm(x3(s))7(1 — x3(s)?),
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and we observe that by (3.11),

ox
hid = _ . 12
or |,—r=o V()/(S)) 12
In particular we have
% = —r(l — xg(s))m()q(s)).
ar r=t=0

Now, using (3.7) and (3.8), we get from (3.1) that

22
3_A.N| o tdox) (3.13)

1+ 72(1 —x3)?

Moreover, by (3.12) we have

ad
NG5 0)], Ly = Vo)

and

r=t=0 =

d
A- 8—rN(x(r, S, t))| % cos (rx3 (s)) Vi + % sin (‘L’X3 (s)) Vs

1 (3.14)

T4/1 4 12(1 — x3)?

Summing up, we deduce from (3.13) and (3.14) that

1
19, (A - N)|r=1=0| = ;\/1 + 72(1 - x3)%.

We also observe that dg(A - N)|,=r=¢ = 0 and we get

}dT(A-N){()/(s)) = %\/1 + 72(1 — x2)2,

on each branch (including the end points). Inserting this into (3.6), we get the identity
in (3.10). [

We return to the function in (1.7) and give its expression in coordinates. We deduce
from (3.9) and (3.10):

(1 —x3) )1/3

V147201 —x3)2
forall x = (+,/1 — x2sin(rx3), F/1 — x3 cos(rx3), x3) with —1 < x3 < 1.

Pop(x) = 272300513 (1 + 2(1 — x2)?) 3(1 —(1—8)
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Consequently, we can compute the quantity appearing in the two terms asymptotics
by computing infyer Yo p(x) and determining where the infimum is attained.

Proposition 3.4. Let

1 1 12
T0 = E (\/m — 1) .
The following holds:
(D) If0 < t < 19, then
£1/3
inf Pos(x) = 272/358,/° (1 + T2)1/3(1 -(1- 50)m)
= Yo,8(0, £1,0).

) If t > 19, then

1/3
. - _ ~4—2/3~ ¢1/3 2\1/3 _ _ TO—
;glt Yop(x) =2 Vody" (1 4+ 1) (1 (1—260) a1+ t§)1/6)’

and the minimum is attained on the points

(:I: t—osinr l—T—O,:F Ecosr l—r—o, 1—2)

V < V T V ¢ V 7y T

(:l: T—Osinr l—T—O,:I: T—Ocosr\/l—T—o,—\/l—r—o).
V ¢ V T V ¢ T T

Remark 3.5. In the case where 2 = B(0, 1) is the unit ball and the magnetic field is
constant, B = (0,0, 1), we have I' = {x? + xZ = 1, x3 = 0} and yo,(x) is constant
on I'. Proposition 3.4 shows a quite different phenomenon when only the intensity of
B is constant, [B| = 1. In fact, o (x) is no more constant along I" and may have two
symmetric minimum points, (0, 1, 0), which is the signature of an interesting double
well tunnel effect [19] related to the magnetic geometry of the problem.

and

Proof of Proposition 3.4. Letus introduce v =t(1 —x3) € [0, 7] and j1o = 1 — 8 € (0. 1).
Then

~ 2/3A 1/3

Fo(x) = 2720085 (f ()7,

f) =1+v%—povy1+ 02

We have to minimize f(v) on [0, t]. Notice that

where

1 4 20?2

f/(v) =2v— MOW,
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and the equation f”’(v) = 0 has a unique positive solution, which is the solution of

2
2 _ Ho

4
v +U = .
4(1—pd)

This solution is given by

o = 1 Ho
)= —
V2
L+ 1= pud 1=

and observe that f/(v) < 0for0 < v < tg and f'(v) > 0 for v > 7. Then, for T < 7,
min_f(v) = f(7).
vel0,1]

while for T > 19,

min_f(v) = f (o). "
velo,t]

4. One-dimensional models
The aim of this section is to recall the now standard properties of two important models.

4.1. The de Gennes model

We refer to [1, 15] for the proof of these now standard properties which are presented
below. For £ € R, we consider the harmonic oscillator on R4 :

H(§) := D} + (1 —§)°, (4.1)

with Neumann boundary condition at 0. We denote by w(§) its lowest eigenvalue. &
(&) admits a unique minimum at a point & which in addition is non-degenerate. This
leads to introduce the spectral constants, ®¢ and 8p:

O = ggﬂgﬂ(é) = p(€), o = 1" (%), 4.2)

where £ = /.
Moreover % < ®p < land that 0 < §g < 1. © is called the de Gennes constant.
If o € L?(R ) denotes the positive and normalized ground state of H (&),

f (t — &0)|po(0) 2t = 0,
R+

which amounts to saying, via the Feynman—Hellmann formula, that ' (&) = 0. We also
introduce the regularized resolvent Ry € £(L?(R,)) as follows

Rott { (H(£) — ©0) 'u ifu L g, @3

if u || @o.
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4.2. The Montgomery model

Here we refer to [14, 28]. In Theorem 1.3, the constant Do > 0 is related to the Mont-
gomery model [23] whose spectral analysis has a long story including recently (see [13]
and references therein). For p € R, we introduce, in LZ(R), the operator

S(p) = D} + (r — p)’,
and denote its lowest eigenvalue by uM"(p). Then
Do := inf M (p) = 1M (o). (4.4)
pER

where pg € R is the unique minimum of ™", which has been later shown to be non

degenerate [12]. Finally, the normalized positive ground state o € L?(R) of S(po) be-
longs to the Schwartz space S(R) and is an even function.

5. Model operator for non-uniform magnetic fields

Given real parameters 7, {, y and 6, we consider the operator

Pg’;’:,"; = (hD; —sin 0t — cos O(ns + {r)z‘)2

r2\2
+ (hDS + cos Ot —sinB(ns + {r)t + )/7)

+h2D2, 5.1)

on R? x R (actually in a neighborhood of (0, 0, 0)). Let us fix a positive constant M.
We assume that
n,¢yel[-M,M]. (5.2)

We note, when n = ¢ = 0, we recover the model studied in [17, Sec. 11]. Our aim
is to compare this situation with that when n = { = 0. Our main result on this model
is Proposition 5.5 below, which is useful in our derivation of the lower bound matching
with the asymptotics in Theorem 1.4. The lower bound in this proposition is uniform
with respect to the various parameters appearing in (5.1) provided (5.2) holds and % is
sufficiently small.

Let us look at this model more carefully. We proceed essentially like in the case n =
¢ = 0. We do the following scaling

r=hif, s=hi5 =hii.
After division by £, this leads to (forgetting the hats)

Plhynbé' — (l’l%Dr —sinft — h% cosBt(ns + fr))z
5 2
+ (h# Dy + cos b1 + hty S b sinbi (s + ¢r) + D}

onR xR x RT.



Helical magnetic fields and semi-classical asymptotics of the lowest eigenvalue 873

Hence we have

h, h,
o (PEIS) = ha (P13,

Unlike the case where n = { = 0, we can no more perform a partial Fourier transform in
the s-variable. But we can rewrite this operator as in the following lemma.

Lemma 5.1. It holds,

. i Lok,
PIIE = DY+ (t —ho Ly y0)> + h3 (Ly7g)?,

where
Li.y9 =sin0D, — cos@(%r2 + Ds>,
ngg :=cos6D, + sm9( 24+ D ) — WS (Cr + ns)t.
Note that to compare with the case considered in [17] (n = ¢ = 0) we can write

Lg % = Lyyp — he (Cr + ns)t, (5.3)

LOOO

where Ly, 9 := L, e

Proof of Lemma 5.1. Let Plhye = Plhl?go Then (see [17, (11.4)])

Pl o= D2+ (t —htLyy0)* +hi(Laye)*
With p = (s + ¢r)t, we have

PP = Pl + h3[ = 2(1% p) Lay,s — hé (cos O(D, p) + sin6(Ds p) + (h* p)*].
Finally, we observe by (5.3),

(LBTE)? = (La,y0)* — 2015 p)Lasyg — h (cos O(D, p) +sin O(Dyp)) + (hs p)*. m

When n = ¢ = 0, this is the operator studied in [17], modulo a Fourier transformation
with respect to the s variable. Let us recall the following important result [17, Lem. 13.4]
corresponding to the case (7, {) = (0, 0).

Proposition 5.2 (Helffer—Morame). For any Cy > 0, § € |0, %[ and M > 0, there exist
positive constants C and hg such that, for all 0 € R, |y| < M, and h € ]0, hy], we have,
forany u € C°(] — Coh®, Coh®[ x R x R})

(Porou. u) = (hOo + h3cM(y.0) — C(h'E + h5* 1)) Ju)|?,
where .
conj . 1y? % 2 i 2 2 gyia
c(y,0):= 3 85 1713 (8o sin” @ + cos~ 8)3 1y,

and P;'_’;)’GO is the operator introduced in (5.1).
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Remark 5.3. The underlying estimate in Proposition 5.2 is in fact

(Plavdu, ) = (O + h3c™i(y,0) — C(h¥ + h**72)) Ju .

; h,n,¢ h,0,0 . . .
We can not directly compare Pl; 8 and P1; o but this can be done by introducing a

©,0,0

170 whose spectrum is just lifted. To achieve this goal we intro-

small perturbation of P
duce forr > 0

1 1
Pl .= D2+ (t —hL1y0)% + (1— K3 (L)%,

where we have modified the coefficient of (Lz,y,g)2 by € = h'/3%7 Heuristically this
leads to a maximal shift of the bottom of the spectrum by @ (h'/3+7). More precisely, we
show by a slight variation of the argument in [17, Lem. 13.3]

Proposition 5.4. For all T €10, 1], for any Cy > 0, § € ]0, %[ and M > 0, there exist
positive constants C and hg such that, for all 0 € R, |y| < M, and h € ]0, hy], we have,
for any u € CZ°(] — Coh®, Coh®[xR x R})

(Pl g1 u) = (O + h3c™(y, 0) — C(h™ 5 + hi + KO+ 12)) 2. (5.4)

Note that the estimate in Proposition 5.2 holds without constraint on the support of the
function in s. This will not be the case for (1, {) # 0.

h,n.¢ h
We now compare (Pl;y,a u,u) and (Pl;y,B,ru’ u) when

u e C(]— o4, Coh® [ x ] — Coh® =¥, ColP 4 [ x RY).

and 7, ¢ satisfies (5.2).
Let us fix

86]}1’%[ and fe]o,é[. (5.5)

The estimates below hold uniformly with respect to u, 8 € R and 7, {, y satisfying (5.2).
Comparing L};Zg and L, y ¢ in (5.3), we find!, forall > 0,

h,n, h,n, - k., 2
(L2 u) = |LESul® = (1= hO)[| Layoul® + (1= A=) [ (LA — Lo ye)u”.

Consequently,
B, 1 1
<P1;y7{9§”’ u) = (D7 + (t = & L1y,0)* + (1 = hY)h3 (Layy0))u, u)
1_ h,n, 2
—h> T” (Lz;z,(g - Ll;y,ﬂ)”” :

This implies (see (5.3) and the condition on the support of u),

h,n, —
(PlI5u ) = (Pl g ) — COp + (R |2, (5.6)

'We use 2ab < ea? 4+ ¢7'b? withe = h%,a = ||nggu|| and b = || L y0ul?.
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where we used (see (5.3))

LY — Lyyg = hV/510((s] + Ir])) = tO(h*~%)

in the support of u.
By (5.4) and (5.6) we have

(PETEu ) > (O + c(y. 0)h1> — C(hF + 15Tz + 1)) Ju?
= C? + ) u)?,

Note that by (5.5) we have
h% +h8+117 +hr+% + h2871: — Q(h%Jrg),

for some ¢ = ¢(8,7) > 0.
Consequently, there exist C, ¢ > 0 and hq such that, Vi € ]0, hg],
(PETE ) > (@ + M (y. 0)h'> — Ch3*S) |ul)> — Ch*S a2,
forany u € C°(] — Ch*=3,Ch3=3 2 x RS).
By coming back to the initial coordinates, we get the following generalization of Pro-
position 5.2.

Proposition 5.5. Let Co, M > 0and § ]%, %[ be given. There exist positive constants C,
ho, and ¢, such that, for all h €10, ho], 8 € R and y, n, ¢ € [-M, M], we have, for any

u € C§°(1— Coh®, Coh[* x RY),
(Pl u) 2 (hOo + h3 ¢ (y.6) = Ch3¥) u|> = Ch3 ¥ ul.

Note here that the last term will be small when considering localized states satisfy-
ing (6.5).

6. Localization of bound states

We recall that the bound states of the operator P;il in (1.3) are localized on the boundary
near the curve where the magnetic field is tangent to the boundary d2. The localization is
related with the analysis of a family of model operators in the half-space [21].
Consider Ri = {(x1.x2,x3) € R3 | x; > 0} and the Neumann realization in Ri of
the operator,
H®) = Dil + D?cz + (Dx; + xjcosv — xp sin V)2,

where v € [-7, 7].

More precisely, H(v) is self-adjoint in L2(R3 ) with the following domain

Dom (H(v)) = {u € L>(RY) | Hw)u € L*>(R3), 0x,u|x,—0 = 0}.
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We denote by
o(v) = inf spec (H(v)).
ve T

272

We gather some properties of the lowest eigenvalue o (v) (see [15,21], [17, Sec. 3.3]):
Proposition 6.1. The following properties hold for the lowest eigenvalue o (v) of H(v):
s Foradlve[-%, 3] 0(-v) =0(v).
e [0,Z] 3 v+ o(v) is monotone increasing and o (0) = Oy.
e o(v) > Ogcos?v + sin’v.
o Asv = 0,0(v) = Oy + /v + O(W?).

Here we recall that ©g and 8¢ are introduced in (4.2).

Let us return to the magnetic field in (1.1). Recall that, for x € Q, p(x) € 0 satisfies
dist(x, 92) = dist (x, p(x)).

and it is uniquely defined when x is sufficiently close to the boundary. For all x € Q, we

introduce v(x) € [-75, 5] by

(B-N)(p(x)) = sinv(x). 6.1

Hence v(x) = 0 implies that B(p(x)) is tangent to 02 at p(x), in other words that x
belongs to I" (see (1.4)). Now we recall the following lower bound related to the operator
P/ established in [17, Thm. 4.3]:

Proposition 6.2. Under Assumption (1.1), there exist constants C, hg > 0 such that, for
all h € (0, ho] and u € H'(Q), we have

/ |(hV — iA)u|* dx 3/ (RWa(x) — CH*/*)|u(x) [ dx.
Q Q

where

1 if dist(x, 0Q2) > 2h3/8,

W) = {O(U(x)) if dist(x, 92) < 2h3/8.

If additionally u € H, (£2), we have for some positive constant Cy the stronger lower
bound

/Q}(hV—iA)ufdxz(h—coh5/4)/9|u|2dx.

Combining the lower bound in Proposition 6.2 with the following leading term expansion
of the lowest eigenvalue (see [17, Thm. 4.4])

AN (A1) = Ogh + o(h), (6.2)

we get decay estimates for the ground states. Let us recall these localization estimates (see
[5, Sec. 9.4] for details).
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Proposition 6.3. Given M > 0, there exists a positive constant o such that, if uy is a
normalized bound state of Py, with eigenvalue A(h) < Mh, then as h — 04,

dist(x, 02
/ (Jun)[* + 57| (Y — i Ayu|*) exp (%)d}c o).  (63)
Q
Furthermore, there exist constants oy, €9 > 0 such that, as h — 0,
2 -1 . 2 oy dr(x)
up(x)|” +h{(hV —iA)uy| )exp | ——— )dx = O(1),
/{dist(x,39)<eo} (I | I " p( h1/4 )

where
dr (x) = distag (p(x).T). (6.4)
and distygq is the geodesic distance on 0SQ.
Hence we have two levels of localization, first a strong one near 02 and then an

additional but weaker one near I'. Along the proof of Theorem 1.4, we will only use (6.3)
and generalizations or consequences of it, as explained in the below remark.

Remark 6.4 (Applications of Proposition 6.3). Let u; be a normalized ground state
of P£~
(1) By (6.2), the hypothesis in Proposition 6.3 holds, hence the ground state u, satis-
fies (6.3) and (6.4).

(2) Pick an arbitrary point xo € I'. In the coordinates introduced in (2.6), where
t(x) =dist(x,02), r(x) = dr(x) and up (x) = up(r,s,t) (see (2.14)), we deduce
from (6.3) the following weaker, but quite useful estimates. For any n > 0,

/~ "ip|? ds dr dt = O(h"'?), (6.5)

Vo

/~ "|(hVr s, — Kty | dr dsdt = O(h'+%), (6.6)
Vo

where 170 = on and A are introduced in (2.13) and (2.17), respectively.

7. Estimating the quadratic form

7.1. A comparison estimate

We fix § and €, satisfying

5 1
— <8d<- and O0<e <. (7.1)
18 3

We also fix Ry > 0, hg > 0, xo € I" and introduce for i € (0, /] the set
On(x0.Ro. 6, €2)
={x € Q:|r(x) —ro| < Roh®, |5(x) —s0| < Roh®, 0 <t(x) <&}, (12)
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where (r(x), s(x), t(x)) are introduced in (2.1) and, since xo € T,

¥ := (ro.50.10) := (r(x0).s(x0).(x0)) = (0.5(x0).0).

For snnphcny, we omit most of the time the reference to § and €.
LetA = (A, i@ VA, i A (2)) be the magnetic potential associated with A via (2.17), with
y=01,Y2,Y3) = (r, s,1) (see (2.6)). We introduce the following magnetic potential

- BA B
NOEDY Pt Y 5{) : (1.3)
B1=2

which is the quadratic Taylor expansion of A at y°. We introduce the quadratic form
associated with the magnetic potential A® as follows

dho = [ (=) (0D~ Tl
Qp(x0,Ro)
+ (14 2rkg (x0))|(hDs — AP Yu|* + |(hDy — AP Yu|?) dr ds d,
where
On(x0. Ro. 8, €2) = {(r,5,1) : max (|r], |s — so]) < Roh®, 0 <t < &2}, (7.4)

and (see (2.9))
kg (xo) is the geodesic curvature of I" at xg.

The next lemma compares the quadratic forms u q~(2) (u) and u — qﬁ (u) introduced
in (2.16). The errors that will arise are controlled by the following energy

My(u) = 26: h‘"/z/ 1) (luf? + h~ (R — i Au|?)dx, (7.5)
=0 Q
where 7(x) = dist(x, 02). Notice that,
/Q ul> dx < My (u). (7.6a)
/Q ((hY — iAyu|” dx < My(u)h, (7.6b)
fﬂz(x)"(|u|2 + 07 (Y — i Au|?)dx < My)RY? (1 <n<6). (1.60)

Lemma 7.1. There exist constants C, hgy, co > 0 such that, for all h € (0, ho] and u €
H'(Q) satisfying suppu C Qp(xo, Ro), we have

(1= Ch?) gy () = CMy ()h 5+
< qh) < (1+ Ch®)gh, (u) + CMyu)h3 50, (1.7)
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Proof. Let us recall two useful estimates whose proof does not require that the magnetic
field curl A is constant (see [17, Lem. 10.1]):
i) = (1= Ch*)gk, () — C |12 (hDy — Ay
C (¢ )| B3 + 1731+ 1¥e% + Py
— C||(h* + hBe + 1P 4 Py, (7.8)
ghu) < (1+ Ch®)gk o (u) + C |t /2 (D — Ay
+ C (gl ) 7| (¥ + Bt + B e? + Py
+C|(h® + W5+ W% + . (7.9)

1/2

In the sequel we use the notation O (c,h?*) in the following manner
fn = O(cph®t) ifand only if 3¢ > Os.t. fj, = O(cph?Te).

Since we have assumed (7.1), we have
1
min(65, 26 + 1,35 + > 2—28) > =

We can now estimate the error terms appearing in (7.8) and (7.9). We deduce from (7.6a)
that
172 = O(Muh®) = O(Myh3 ),

where we write M}, instead of M}, (u) for the sake of simplicity.
Using again (7.6c) withn = 1,n = 2,n = 4 and n = 6, we get
|2 (hDy — Ayu|? = O(MyR%),
12 1u|)? = O(Muh*+Y,
118 2u)? = O(Muh2+2),
12u)? = O(Myh?).
Consequently,
|62(hDx — Ayu|)® + | (0¥ + B0+ BP0% + Pyu|® = OMpR3Y).  (7.10)

Notice that |A — A@| = O(h%*¥) + O(13) in On(xo. Ro). By the triangle inequality and
(2.16)
Thoy () < C(qa@) + [2%u]?).
So by using (7.6) we get
Gk () = O(Myh).
Consequently, the foregoing estimate and (7.10) yield,

l/2|

() @) 2 (W% + 1Pt 4 2% 4 Py | = O(Myh).

This finishes the proof of (7.7). ]



B. Helffer and A. Kachmar 880

7.2. Normal form

Recall that we have fixed an arbitrary point xo € I' and denoted its coordinates, in the
(r, s, t)-frame, by (0, sg, 0). Let us also recall that the magnetic field B(x() can be ex-
pressed by (2.4).

Performing an appropriate gauge transformation on the set Qh (x0, Rp) introduced
in (7.4), will yield a convenient normal form of the magnetic potential A @ introduced
in (7.3).

Lemma 7.2. There exist positive constants C and C , and for all xy € T, there exist
K,l € [—@ @] and a smooth function p on a neighborhood of Qh (x0, Ro, 8, €2), such
that,

|1§(2)(r,s, 1) —A%(r,s5,t) + Vp(r,s, t)| < C(r3 +12+ |s — s0|3),

where |
AOO(r,s, t) = (lal(r, s),tax(r,s) + EKn,B(Xo)rz,()),

kn B(x0) is introduced in (1.5), and

ai(r,s) =sin6(so) + ({r + k(s — 50)) cos O(so),

ax(r,s) = —cos 6(sp) + reg(xo) cos O(so) + (é’r + k(s — so)) sin 6(sg).
Here 0(sg) is the angle introduced in (2.5) with x = Xxy.

This lemma is an extension of Lemma 9.1 in [17] to the case when the magnetic
field is not necessarily constant. In the constant magnetic field case we have { = 0 and
K = kg (xo), Where k, is the geodesic curvature introduced in (2.9). Note that we do not
try at the moment to explicitly compute & and ¢ in the general case. We plan indeed to
show that the result on the lowest eigenvalue is independent of ¥ and ¢.

Proof of Lemma 7.2. Our goal is to determine the Taylor expansion up to order 1 of the
magnetic field vector and corresponding magnetic field 2-form in the variables (r, s, t),
the Taylor expansion being computed at ¢ = r = 0 and s = 5¢. Up to a translation, we
assume that sg = 0.

Writing the magnetic vector field in (1.2) as

B = b0, + byd; + b3,
the Taylor expansion of order 1 at (0, 0, 0) takes the form
I;I(r,s,t) =cos@ + yir + 815 + o1t + (9(,,2 + 52+ [2),
ba(r,s,t) = sinb + yor + 825 + 02t + 0% + 5% + 12),
by(r.s.1) = y3r + 031 + O + 57 +17),

where 6 = 6(so) and where we used (2.3)—(2.4). Here we have used that by definition of
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the coordinate r, the function (r, s) 53 (r, s, 0) vanishes exactly at order 1 on r = 0.
Note that y3 is k, B(x0), introduced in (1.5).
We now express that on + = 0 the norm of B should be one. In fact

B> = Y gijbib; + b3, (7.11)

1=<i,j=<1

where the coefficients g;; can be computed by (2.7), (2.8) and (2.10).
For t = 0, this reads

(b1(r,5,0)) + a(r, s)(ba(r,5,0))* + (b3(r,5,0))* = 1,

where a(r, s) is introduced in (2.10) and satisfies (2.11). We expand the last formula
around ¢t = r = s = 0. This leads, by taking + = 0 and considering the coefficients of r
and s, to the two identities

Y108 60 + yz5in @ — kg (xo) sin® @ = 0,
81cos + §,sinf = 0.
So it is natural to introduce the new parameters k and ¢ as follows
K = —618in@ + §,cosh, ¢ = —y;sinf + (yz — kg (X0) sin 9) cos 6. (7.12)
So we observe that
81 = —Ksinf, &, =K cosé,
y1 =—C(sinf, 1y, ={cos + kg (xp)sinb.
Hence our “normal” form becomes

bi(r.s.1) = b)(r.s.0) + O(* + 5> +17)

with .
bY(r,s.t) = cos O — (Cr + Ks)sinf + o1t
I;z(r,s, t) =sinf + ({r + K5) cos 0 + kg (xo)r sin 6 + ot
153(r,s,t) = y3r + o03t,

with

Y3 = Kn,B(X()) = 8,(B | N)

Now consider B = curlg 1) A. We have B = |g|1/2(l;1, b, 53) (see [17, (5.13)]), where
g is introduced in (2.8). So we obtain by (2.12),

Bij(r.s.t) = BY(r.s.1) + O(r? + 5> +1?)
with

B2, (r,s5,1) = (1 — kg (xo)r) cos O — ({r + Ks)sin + o1,
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ﬁgl(r, s,t) =sin6 4+ (Cr + Ks) cos O + oat,
fi(l’2(r,s, t) = y3r + ost.
Notice that the condition div(, s s B = 0 reads (atr =t = 0and s = 0) as follows
03 = (kg(x0) —K) cos 6 + {sinb.

We have now to choose a suitable corresponding magnetic potential to B°. We find

A%0 tay(r,s) + %1*
AV(r.s.0) = [ AP [ = | taz(rs) + Jysr® = G107 | = A%(ns.0) + O(2),
g0 0

with
ay(r,s) =sin@ + ({r + K£s) cos 6,
ax(r,s) = —(1 — kg (xo)r) cos 6 + ({r + ks) sin 6.

Moreover curl A® = B in the simply connected domain Q~h (x0, Ro, 8, €2), so we can
find a function p such that A® = A% — V5.
Finally,

db; db;
yi(s) = a—rj(O,s,O) and §;(s) := B_SJ(O’S’O)
are bounded functions. Setting
M; =sup (|y;(s)| 4+ |8;(s)|) and M = max(My, M),
we get from (7.12) that

K] <2M and |¢| <2M + |kg|loo- n

7.3. A second comparison estimate

We use the magnetic potential in Lemma 7.2 to approximate the quadratic form, as we
did in Lemma 7.1. In particular, we approximate the metric by a flat one. Let us intro-
duce the quadratic form corresponding to the magnetic potential in Lemma 7.1 (see [17,
Lem. 10.2]):

qﬁoo(v) = /~ (|thv|2 + (l + ZrKg(xo))|(hDs — Ago)v\2
0 (x0,R0)
+ kD, — ALY |*) dr ds dt, (7.13)

where v € HI(Q~h(x0, Ry)) and Qh(xo, Ry) = Qh(xo, Ry, 8, €3) is the set introduced
in (7.4).

‘We can obtain a further approximation of the quadratic form for functions obeying the
conditions in (7.6).
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Lemma 7.3 (Helffer—Morame). There exist positive constants C, hg, <o such that, for all
h € (0,ho] andu € HY(Q) s.t. suppu C Qp(xo, Ry, 8, €2), we have
oo (1) — CM3 ()h3F < g () < qhon (@) + CMR(0)RSTS,
where My, (u) is introduced in (7.5) and
U= (l - r/cg(xo))l/zue_”}/h.

Proof. We have the following two estimates from [17, Lem. 10.2] (whose proof does not
require that the magnetic field curl A is constant)

i) = ¢Pou (@) — C |12 (hDy — Au|* = C(qho0 (@) | (h¥ + h + h?1 + )|
—C | + b+ %1+ Py,

i) < qPo @) + C |12 (D — A ||” + C(qloo @) 2| (B + b+ 121 + *yu
+C| (B + b+ hPr+ 2y

We can then estimate the remainder terms, using (7.6), as we did in the proof of Lemma
7.1. The only term that was not present satisfies

£2u)|* < My (u)h?,

where we used (7.6¢) with n = 4. [

7.4. An estimate away from the curve I’

Let us now look at the quadratic form, qﬁ (u), when u is supported away from I". We start
with a rough lower bound.

Lemma 7.4. Givenc > 0, €2 € (0,1) and p € (0, i), there exist positive constants hyg, ¢
such that, ifu € H'(Q) satisfies

suppu C {x € Q : dist(x,dQ) < ez, dr(x) > ch”},
where dr(x) = distyq(p(x), ') is introduced in (6.4), then
gt w) > (O + 5hﬂ)h/Q [u|? dx.
Proof. If we verify that, for a given constant ¢ > 0,
dr(x) > ch® = 3’ >0, |v(x)} > c'h®, (7.14)

then the proof follows from Proposition 6.2, by using that #%/4 = o(h'**) and the lower
bound from Proposition 6.1,

¥

]
o(v) > O + TO|V|»

in a neighborhood of 0.
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Let us denote by my = minger &, g(x), then m, > 0 by Assumption 1.1, and (7.14)
holds with ¢/ = m4c/2. In fact, if [v(x)| < ¢'h?, we get by (6.1)
|B-N(p(x))| < c'h*,
and it follows from (2.4) that (recall that dr(x) = |r|, see Section 2)
c
mydr(x) < c'h? = m*ih". n
The next proposition is an improvement of Proposition 7.4 since it allows for the
support of u to be closer to the curve T'.

Proposition 7.5. Given ¢ > 0, €, € (0,1) and § € [%, %), there exist positive constants
ho, ¢x, C, co such that, if u € HI(Q) satisfies

suppu C {x € Q : dist(x, Q) < €3, dr(x) > Ch(s}, (7.15)

where dr(x) = distyq(p(x), I') is introduced in (6.4), then
qh(u) > (g + c*hﬁ)h/ uf? dx — CMy(u)h3+50,
Q

where M}, (u) is introduced in (7.5).
Proof.

Step 1. Let us fix constants ¢, Ry > 0, €2 € (0,1),8 € [§,3) and p € (0, 7). We assume
that suppu C Qp(xg, Ro. 6, €2) where x§ € 9€2 with boundary coordinates (rg, so, fo = 0)
satisfies (for /1 small enough) ch® < |ro| = dr (x§) <2ch®? and Q (x5, Ro, 8, €2) is intro-
duced in (7.2).
We denote by
On(xg) = Qn(xg, Ro. 8, €2)

the neighborhood associated with O (x5, Ry, 8, €2) by (7.4). By a translation, we may
assume that sg = 0.

Consider the magnetic potential A®@ introduced in (7.3). We modify the coordinates
(r, s, t) so that, locally near (rg, 0, 0), the metric G in (2.10) is diagonal2 with

el
a(rg,s) =1 and 8—a(r0,s) = =2k (y(s)) + O(h*). (7.16)
r
By Taylor’s formula

a(r,s) =1—2«g (y(s))(r —ro) + (D(h"(r - ro)) + (9((r — ro)z).

2We consider the curve T, defined by s <I>;O1 (ro, s,0), where xo = y(xg) and ®y, is the coordinate
transformation introduced in (2.1). We parameterization 'y, by arc-length s — y;,(s) and define the adapted
coordinates by considering the normal geodesic to I'y, passing through x.
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In Q n(xg), we write
i"g (V(S)) - Kg(xg)| = Chlg,
a(r,s) = 1 =2k (x3)(r — ro) — Ch3 TP,
hDy, — A = (hDy — A?P) — (A —A?).
So we get, as in Lemma 7.1, the existence of C’, ¢p > 0 such that

h,x 4
gh) = (1= Ch¥*P)gLa0 () — €' My i+,

where
h * ~ 2
e = [ (=m0~ A
On(xg)
+ (1 +2(r — ro)Kg(x;))|(hDs - 22(2))M|2 + |(hD, — ;1'1(2))”|2) drdsdt.
Performing a change of variables
(r,s) — ((r —rg)cosw — ssinw, (r —rg) sinw + s cosa))

which amounts to a rotation in the (r, s)- plane (centered at (rO, 0)), we may assume that
the second component of B= curl(ys.1) A= (323, B31, Blz) vanishes at (rg, 0, 0), by
choosing w so that

Ba1(x2) cosw + Baz(xy)sinw = 0.

At the same time, this rotation leaves |B| and the measure dr ds invariant. Then perform-
ing a gauge transformation (see [17, Sec. 16.3]), we may assume that

AD(r,5,1) = A®O(r,5,0) + O(|r —rolt + |s]t + %),

where
5?s2
AR (r,s,t) := B(O)t + B(O)(r —r9) + Eg(r —19)?
0
Here

B := B(r.0,0) = (B, BYY =0, BY)

and ¢Y, &9 are constants.
Similarly to the proof of Lemma 7.1, by writing

hD, —A® = hD, — A0 _ (A® _ x2.0)
Dy = ROy < [y — B + (& - E@u] + |G ~ K]

we get
h,xgy

h, 4
Gz () = (1= h28)qA(f‘f» (u) — C" My (u)h3+s0.

Thus we are left with finding a lower bound of q~ 2.0 (u)
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Note that, since |B| = 1 and by (7.16), the metric satisfies |g| = 1 on xj, we have
by (7.11), [BD]2 + |BD2 = 1.

Moreover, since B - N vanishes linearly on I' = {r = 0}, there exist C; > 0 and C; > 0
such that

1 ~(0 =(0 ~ ~
ool = 1BOP? < Colrol, |IBQ -1 < Corg, 180+ 183 < Ca.

The previous estimates yield a lower bound of qg(zyo) (1) by comparing with a model oper-
ator (after rescaling the variables 7 = h'/3(r —r), § = h'/3s and 7 = h'/?¢). In fact, by
[17, Lem. 16.1], there exists ¢; > 0 such that,

h, *
525,00 = @0+ rlrolh [ ul? dx,
Note that, we can use Lemma 16.1 of [17] under our assumptions on the support of u.

Step 2. We can reduce to the setting of Step 1 and Lemma 7.4 by means of a partition of
unity. In fact, consider an /-dependent partition of unity y3+ x3 =1 on {dist(x, IQ) <e,}
such that

2
4 —
supp 11  {dr(x) = Sh?}. supp 12 € {dr(x) < chh Y [Vil* = O,

i=1
If u € H'(RQ) satisfies (7.15), then
2

gh) =" (g4 Gw) — b ||V x| ).

i=1

where

qﬁ(){lu) > (®¢ + Eh”)h[ |x1u|?> dx by Proposition 7.4,
Q

qf{()(zu)z(l—Ch8+p)(®o+c1h8)h/ ly2u|? dx — My(u)h37S0 by Step 1,
Q

2
th |||V)(,~|u||2 — (g(hz—Zp) — 0(h1+8),

i=1

where in the last step we used that 0 < p < % and % <8< % ]

8. Lower bound

8.1. Another model

The model in (5.1) corresponds to the quadratic form in (7.13) when k¢ (x9) = 0. How-
ever, when kg4 (xg) # 0, the situation is similar to [17, Sec. 15]. The model compatible
with (7.13) can still be reduced to the one in (5.1) with appropriate choices of the para-
meters 7, ¢, y (see (8.10)).
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8.1.1. A new model quadratic form. Let us fix a boundary point xo € I" and denote the
model quadratic form near x( by

U Gm(U) 1= gpoo(u), 8.1)

where g0 is given in (7.13), u € H'(Qp(x0, Ro)) and O}, (x0, Ro) = On(x0. Ro. 8, €2)
is the set introduced in (7.4). Furthermore, we assume that the metric is flat at x¢ and the
coordinates of xg in the (r, s, t) frame are (0, 59 = 0, 0), after performing a translation
with respect to the s variable.

Following the proof of [17, Lem. 15.1], we are led to the analysis of the model quad-
ratic form (see Lemma 8.1)

gt o) = /~ (2Dl + Ju — Lhul? + |LhuP)drdsdi,  (8.2)
0, (x0,R0)

where
h 0 1 2
LT =a1hD; +ayhDs — 3 cos Ok, g(x0)r~,
1 (8.3)
Lg = a;hD, + aihDs + 3 sin 9/(,,’3()60)?2,
and, with 6 = 0(so) the angle defined by (2.5), we introduce the following functions
ai(r,s) = sinf 4 cos8(¢r + Ks),
a(r,s) = —cos O + kg (xg)cos Or + sinO({r + Ks),
ag(r, §) = —cos B —kg(xp)cosOr + sinB({r + Ks),
8.4)
ay(r,s) = cos§ —sinO(Cr + Ks),
a%(r, §) = sin @ + sin Okg (x0)r + cos O(¢r + Ks),
a(r) =14 2kg(xo)r.
We will consider the form g, 0 on the following class of functions
_ 10hy . — —
Dy = {u e H (Q ) . M|(aah)x]0’h8[ =0, M|@hx{h8} = 0}»
where
Q= @" <0, k[, Q" =]— Roh®, Roh®[2.

The precise relation between the model quadratic forms in (8.1) and (8.2) is given in the
following lemma.

Lemma 8.1. Forany§ € (%, %) and t1 > 0, there exists C > 0 such that, for any u € Dy
and h € (0, 1),

(1+ CI?)qp ) = (1= Ch™gp, o) = C (| (B + h™yeu]) + 5 ).
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Proof. The proof follows that of Lemma 15.1 in [17] with some adjustments in the for-
mulas (15.9), (15.16) and (15.17) in [17].
We have indeed
1= (a1)? —(a2)?] < Ch?,

where we used that
a(r)'? =1+ K¢ (xo)r + O(h)

on the support of u, which follows by (8.4).
We also observe that:

1/2

las —ag| + e ay +a%| + |a1/2a1 —a%| < C(r* +s?),

lo'/2a; —sin 0| + |aas + cos 0| < C(r® + s2)1/2. .
Later on, we will choose § and t; in a convenient way (see Remark 8.3).

8.1.2. Linearizing change of variable. In order to reduce to the case k, = 0 and elim-
inate the slightly variable coefficients of D, and D in (7.13), we argue as [17, Sec. 15.2]
by performing a change of variables. The argument does not work in our case in the same
way as [17, Sec. 15.2], but it leads to the fact that for our lower bound the only relevant
parameters are 7) := K — kg and ¢ (see (7.13)).

The below computations are essentially the same as in [17, Sec. 15.2] but we have to
do them carefully in order to capture the correct 7 and ¢ appearing in (5.1).

Let us follow, what this change of variable was doing. We introduce

Kk = Kg(Xp). (8.5)
Let us make the change of variables (r, s) = ®,(p, g) with

r =sinfp + cosfq — E[— cos Op + sin 8¢)?,
2 (8.6)
s = —cosfOp +sinfg — %[sin(Z@)(p2 ¢ + ZCos(ZQ)pq],

where 0 = 0(sg) is the angle defined by (2.5).

The map ®, is a perturbation of a rotation and, by the local inversion theorem, it is
easily seen as a local diffeomorphism sending a fixed neighborhood of (0, 0) onto another
neighborhood of (0, 0).

Then, for 4 small enough, @" := | — Roh®, Roh?[? is transformed by @ to the set
(,‘Zf)‘ satisfying:

Ql = o1(@") c 1 — Ryh®, RyhS[ x| — RyhS, RyA1T.

Let us write
D, =c11Dy +c12Ds, Dy =c21D;y + c22Ds.
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We can express the functions c¢;; in terms of the (p, g) variables, by using (8.6). In fact,
we introduce ¢;; (7, s) = ¢ (p, q), and observe that

d

n(p.q) = é = sin 0 4 k cos f(—cos Op + sinbq);

y ds .

¢12(p,q) = % = —cosf — K(Sln(29)p + COS(29)q);
d

é1(p.q) = é = cos 6 — ksinf(—cos Op + sin Hq);
0

éan(p.q) = £ = sin — k(— sin(26)g + cos(26) p).

Then we return back to the (r, s) variables, by using (8.6). Noticing that, as (p,q) — (0,0),
r=sinfp 4 cosfq + O(p* +¢*), s=—cosfp +sinfg + O(p>+4?), 8.7

we get
c11(r,s) = sin @ + k cos s + O(r? + s?);

c12(r.s) = —cos @ — k(cos Or — sinOs) + O(r? + 5?);
c21(r,8) = cos 8 — k sinfs + O(r? + s2);
c22(r, s) = sin 0 + k(sin Or + cos 0s) + O(r% + 52).
Let us now control the measure in the change of variable. By an easy computation, we get:
drds = dydpdq, &1(p.q) =1+ k(sin@p + cos0q) + O(p* + ¢*).
By using (8.7), a1 (r, s) = @1(p, q) satisfies
loy — 1 —kr| < C(r? + 5?),

where r = r(p, q) is defined in (8.6).
Similarly to Lemma 8.1 we get also that one can go from the control of q,}:lao(u) to the
control of the new quadratic form®

qp 1 (u) = /Qh (R|Deul® + |tu — M{'ul” + |MJu|?)& dp dq dt,
5
with
Qh = @l x10.1°[,
M} = hDy + h((k —Kk)s + {r)Dg — %cosex,,,l,(xo)(sin Op + cos 0q)2,
M2} = hDg — h((k —Kk)s + {r)Dp + % sin Ok, g (xo)(sin Bp + cos 0q)?,

where (r,s) = (sinfp + cos g, —cos Op + sin Hq).

3We express L’I’ and Lg (see (8.3)) in terms of the (p, ¢) variables introduced in (8.6) and neglect the
terms of order O (r? + 52) = O(p? + ¢?).
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More precisely, we have the following comparison lemma (see Lemma 8.1 and [17,
Lem. 15.4]).

Lemma 8.2. For any 11 > 0, there exists C > 0 such that, for any u € Dy,
28y h iy, b 28 T 2 65—t 2
(14 Ch?)gp o) = (1 = Ch™)gp, 1 @) — C ([ (B + H*)ru|” + R~ [u]?),
where i = u o (D;l is associated with u by the transformation ®,.

By a unitary transformation, and after control of a commutator, we can reduce to a flat
measure (dp dq instead of &1 dp dq) and obtain the new quadratic form defined as follows

qn ,(v) = /Qh [P2|Dsv|* + [tv — M{v|* + |MJv|*] dp dq dt. (8.8)
0
with v associated to u by v = 6{}/212. In fact, we have [17, (15.29)]

(1 + Ch ) g 1 (i) + CH*|ul* = gl , (). (8.9)

Let us consider the new model associated with the quadratic form in (8.8). We first
observe that the result depends only on k¥ — k and on . The proof is moreover uniform
with respect to these parameters. As a consequence, if ® = &, was the transforma-
tion introduced in (8.5), the inverse (for k = 0) @51, more explicitly the transformation
(p.q)— (F =sinfBp + cosfq, § = —cosOp + sinHq) will bring us (in the new variables
(7,5, 1)) to the initial model with k, replaced by 0, and K replaced by K — kg (x¢). This
can also be done by explicit computations.

Doing the transformations backwards, we are led to a magnetic Laplacian computed
with a trivial metric kg = 0 but with a new magnetic potential

ay(r,s)"" = sinf + cos O(¢r + (K — kg (x0))s),
ax(r,s)"" = —cos 6 +sinO(¢r + (K — kg (x0))s).

So the new model is not as simple as in the uniform magnetic field case (where K = k)
but it is the model in (5.1), which we have studied in the previous section with

N =K—kg(xo0), ¥ = knp(xo). (8.10)

In fact, since v is supported in Qh, we have,
h.,
a2 () = (Pgilifv,v), 8.11)

where P(fl;’)zg is the operator in (5.1).

Remark 8.3. We will choose 7; in such a manner that % <11 < 66— %. This choice is
possible when § satisfies % <6< %
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8.1.3. Conclusion. We can now write a lower bound for the quadratic form qi’oo (u) in
(7.13), assuming that u € H'(Q}(xo, Ro)) and Op(xo. Ro) is the set introduced in (7.4).

Let 2 <8 <1 and 1 <1 <68 — 3. Collecting Lemmas 8.1, 8.2, (8.9), (8.11) and

Proposition 5.5, we get the existence of positive constants C and ¢, such that
glioo0) = (RO + hi ™ (6. Ky (x0)) — Chi+50) u|?
— Ch3*0||ru|? — C | (W + h™)ru? (8.12)

where ¢ (y, #) is introduced in Proposition 5.2 with § = 0(so) the angle in (2.5).

8.2. The general case

We return now to the proof of the asymptotics of the lowest eigenvalue, A (A, /), of the
operator P;i’ in (1.3). Under Assumptions 1.1 and 1.2, we will prove the following lower
bound:

AV (AL = ©oh + Pophi + O3 H), (8.13)

for some constant 1, > 0, where ¥ g is introduced in (1.6).
Let 1, be a normalized ground state of P!, i.e.

A AR = gl un) = (Y = iA)uy |,
Consider % << % and the following neighborhood of the curve T,
Il = {x e Q:dist(x,9Q) < h°, distya(x,T) < h3/2}.
In terms of the (7, s, ) coordinates introduced in Section 2.1,
Fg‘ ={0<t<h® h'?<r<nd?.
Let yp € CC°°(I‘§’; [0, 1]) be a smooth function such that
xp =1 on Fgl,o = {x e Q :dist(x,9Q) < %hs, distyo(x,T') < %h‘g/z}
and

\Vanl = O(h%/?).

We introduce the function

Whp = XhUh-
By Proposition 6.3, the eigenfunction uj, is exponentially small outside Fg‘, since by our
choice of § we have 1%/2 > h'/* and h® > h'/2. So we have

AN (A R) = qh(up) = gl (wp) + O®),  lupll = [wpll + OG®).  (8.14)
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Consider now a partition of unity of R3
STl =1 Y |IVxP <oo. suppy; Cj+[-1.1]%
jEeZ3 jEZ3
and introduce the following functions
whj = 28w, g8 () = 1 (h0x).
We can decompose the quadratic form qﬁ(wh) as follows
gh(wp) = > qh(wn;) + Oh*), (8.15)
JE€En
where
Fn=1j € Z° :supp y;5 N Q # 0}
Let C; > 0 be a fixed constant that we will choose later to be sufficiently large. We will

estimate the energy qi’(wh, j) when the support of wy, ; is near the curve I', or away
from T, independently. So we introduce the sets of indices

g =1{j € $n : dist(supp xy,5.T) < Clh‘s},
gi = {J € g : dist(supp 1,5, 1) = C1h"}.
By Proposition 7.5,
4
> akwa) = 3 (O + exh w7 = CHSTOMy(w;).  (8.16)
jed} jed;

where My, (w; p,) is introduced in (7.5). Notice that

6
Mitwy) = 372 [ 0G0 (tganl® + 207 |1 69 = 1Ay

n=0

+ 20|V G ) | Tunl?) dx.

Since Y |y;nl? < 1and Y [V(x;nxn)|? = O(h~2%), Proposition 6.3 together with (6.5)
and (6.6) yield
> My(wjp) = O().

JE€EL
Consequently, we infer from (8.16),
4
3 dhwn,) = ©oh + c*h1+5)( > lhwn ||2) —C'hiT., (8.17)
j€d? j€d?

For j € gl;, we estimate qi’ (wp, ;) by collecting (8.12) and the estimates in Lemmas 7.1
and 7.3. We start by picking Ry > 0 and xé € I', so that

suppwy,.; C On(x])
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where Qy, (x({ ) is introduced in (7.2). Eventually, we find

nj 4 *

D akwn) = D (Ooh + h3c (6, k60 m(x)))) 1w, > — Ch3+e,

j€d, jed),
for some constant ¢, > 0, where _

9]' = Q(Sé)
and (0, s({ , 0) denote the coordinates of x({ in the (r, s, t)-frame (see Section 2 and equa-
tion (2.2)). Note that we used Proposition 6.3 to control the term > jed) lfwp, | appear-
ing in (8.12); in fact Zjeg}L ltwn, ;12 = O(h).
Since ¢“(6;, kn,(x7)) is bounded from below by 7,8 (see (1.6)), we get

~ 4
> @) = (Ooh + Poph*?) D llwp;|I> = Ch3tex, (8.18)
i€d) i€d}

Inserting (8.17) and (8.18) into (8.15), and using (8.14), we deduce the lower bound
in (8.13), since = < § < 1.

9. Upper bound

Fortunately, the same quasi-mode constructed in [17, Sec. 12] (see also [27] for a different
formulation) yields an upper bound of the lowest eigenvalue A; (A, ) matching with the
asymptotics in Theorem 1.4. More precisely, under Assumptions 1.1 and 1.2, we will
prove that:

AN (A, h) < Ooh + Pophs + O3, ©.1)

for some constant n* > 0, where ¥ g is introduced in (1.6).

However, while computing the energy of the quasi-mode, we observe additional terms
(not present in [17]) due to the non-homogeneity of the magnetic field. These terms are
treated in Section 9.2.

9.1. The quasi-mode

The construction of the quasi-mode in [17] is quite lengthy and involves many auxiliary
functions related to the de Gennes and Montgomery models (see (4.1) and (4.4)). We
present here the definition of the quasi-mode along with a useful result from [17, Sec. 12].

9.1.1. Geometry and normal form. Select a point x( € d€2 such that the function in (1.7)
satisfies

¥0.8(x0) = 70,B-

Let us assume that the coordinates of x¢ in the (7, s, t)-frame are (0, s9 = 0, #p). The
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normal form of the effective magnetic potential in Lemma 7.2 now becomes

A% tsinf + t(Cr + Ks)cos O
A% = | A% | = | —tcosO + rtkcos +1({r + &s)sin6 + Lyr? |, 9.2)
A%° 0
where
0 =0(s0), & =kg(s0), ¥ =knn(Xo). 9.3)

9.1.2. Structure of the quasi-mode. Consider two positive constants Cy and § such that

1—58 <é< % Let y be a smooth even function, valued in [0, 1], equal to 1 on [_}T’ %] and

supported in [—%, %]. We set
() = cth™ 2y (Cy ' h ™),

where ¢; = Co_l/z(f]R x(0)2do)'/2, so that xj, is normalized as follows,

/ |20 (s)|Pds = 1.
R

Our quasi-mode, u, is supported in the set Qj(xo, Ro, 8, €2) introduced in (7.2) and is of
the form

u=eP/h(1 —rie)~2, 9.4)
where (r,s,t) — p(r,s,t) is the function from Lemma 7.2 and the function 7 is of the

form
. ipys .rsinf — scos 6
u(r,s, 1) = CXP(— m) ex ( TEO)M(S)U(?J), 9.5)

where £y = /©y is given by (4.2), 6 and « are introduced in (9.3).
The choice of p and v will be specified later* so that, for some constants C, G« >0,
we have [17, (12.8)]

G0 () = (Ooh + Pomh™ + Ch3+) 0] 22 . 9.6)

Here gpz00(v) arises while computing the quadratic form of the quasi-mode in (9.4). It is
defined as follows [17, (12.9)],

Gy = |

RxR

(|hDy — MP)w|* + M%) + |hD,v|?) dr dt, 9.7)
.

where
M (r,t) = sin0(t — h'/%&),

9.8)
MO(r,t) = (l+21<r)1/2(— cos O(t — h'/2&y) 4 k cos Ort — b%(r2 — h2/3p)).
Notice that, by our normalization of y, we have
/ lii(r.s.0)| dr ds dt = V]2 gz, ) 9.9)
R2xR 4+

4p is defined in (9.2). For the definition of v, see (9.10), (9.11), and (9.12).
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9.1.3. Definition of the auxiliary objects. Let us recall the definition of the function v
and the parameter p given in [17, Sec. 12]. The function v depends on / and is selected in
the following form (see [17, (12.14)])

v(r, 1) = h™3 200 (F, 1), (9.10)

where
(F.1) = (W 3r, 71 2).

The function vy is selected as in [17, (12.28)]:
vo(F, 1) = x(Co ' hPT37) x(Co P2 ywy (7, 7). 9.11)

In the sequel, we skip the hats from the notation. The function wy, is defined as follows’
[17,(12.22)]

wi(r 1) = o)y (r) + h'Cp1 () LY(r, DY (r)
+ 1Py (1) (LY(r, D)) Y (r), 9.12)

where @y is the positive normalized ground state of the harmonic oscillator in (4.1),

@1(1) = 2Ro(( — §0)@o0),  @2(t) = 2Ro((t — o)1 — ((t — £0)@1. Po)@o)

and Ry is the regularized resolvent introduced in (4.3). Notice that ¢g, ¢; and ¢, are
Schwartz functions (i.e. in §(R4), see [3, App. A]). The definition of wy, involves the
differential operator

1
LY(r, D;) = sinD, — 5 cos Oy(r? — p) (9.13)

and a function ¥ € § (R) defined via the ground state /¢ of the Montgomery model in (4.4)
and the following phase function

o(r) = ya(e)(g +5)

where
sin 6 cos 8(1 — &p)

0) = ,
«(®) 8o sin? @ + cos? 6

and 8¢ the constant introduced in (4.2). We define now the function v (r) as follows

vy = () e ewe((5) ).

SFor the convenience of the reader, we will recall the heuristics behind the construction of wy, in
Section 9.1.4.
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where
83>
8o sin 0 + cos2 @’

= (5)

We conclude by mentioning some estimates which follow easily from the definitions of v
and vg in (9.10) and (9.11):

¢ =cos?0 +8ysin?0, d =

and we choose (see (4.4))

0l7 2@,y = 1+ OB,

k.onj, 2 kyn
rt"v|*drdt = O(h3"2) (k,n>0),
/1R><R+ o ) (9.14)

/ |hD,v|?drdt = O(h°?), / |hD;v|? = O(h).
RxRy RxR4

9.1.4. Heuristics on the construction of wj. Starting from the definition of the func-
tion v in (9.11), the quadratic form in (9.6) becomes (after neglecting error terms in the
magnetic potential)

4l oo (V) & hg" (wp),

where

§" (wp) = /Rz (1Dcwn > +|(r — 0 — KO LY(r. D)) wy|* +h3|L(h, DyYwy|*) dr d1,

2
LY(r, D,) is introduced in (9.13) and
1
Lg =coslD, + 3 sin 0y (r? — p).

The construction of wy, is based on minimizing

/ (f (1Dswl? + |(1 — & — KO LY(r, D)) wp|?) dz) dr,
R \JR,
which amounts to finding the lowest eigenvalue of the operator
Th = D2 + (t — &0 — h/SL(r, D,))’.
Writing
T = D2+ (t — £0)? — 2015 — £)°L3(r, D) + 13 (L2, D),
it is natural to search for wy, in the form in (9.12) and satisfying

- 2
hWph — (,uo + ,ulhl/6L(1)(r, D;) + /L;B(L(l)(r, Dr)) )wh ~ 0
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in the following sense (after taking the coefficients of #%/6 to be 0, fori = 0, 1,2)
(D7 + (1 = £0)” — 120) 0 = 0.
(D7 + (1 — £0)* — po) @1 = [19o.
(D7 + (1 — &0)* — 1o)92 = pago + L1971

Eventually, this leads to ig = Og, 1 = 0, pp = %/L”(SO) and @g, @1, @2 asin (9.12).

9.2. Energy estimates

We will estimate the following energy arising from Lemma 7.3:
o (i) = / (|(hD, — AY)i ]2 + (1+2r)|(hDy — AY)ii ]2 +|hDyii|*)dr ds dt,
R2xR 4

where A9, 499 are introduced in (9.2).

Actually, qi‘oo (1) is bounded from above by ¢p00(v) modulo error terms, where
qpg00(v) and v are introduced in (9.7) and (9.5) respectively. Due to the non-homogeneity
of the magnetic field, the error terms involve a quantity® introduced in (9.16) which has to
be controlled carefully.

Due to the phase terms in the definition of # in (9.5), we have

g0 (1) = / (1hDyii|? + |(hDs — A%, )il? + [(hD, — A%, yi|?) dr ds d.
R2x

R4
(A??new) ( 102') n (I\é Ccos 9St>
= 00 v ’
Ag?new M K sin Ost

M(r.1) = sin6(t — h'/?&) + ¢ cos Or1,
Mzog (r,t) =010+ 2/cr)1/2( —cosf(t — hl/zéo)

where

and

+ (kcos 6 + ¢ sinO)rt — g(r2 — h2/3p)>.
Since the function s > yj(s) is even, we have

((hDs —ksin@st)u,Mzogu) =0

L2(R2xR,)

and

(i cos Ostu, (hDy — MP$)u) 0.

L2(R2xRy) —

This is A(v) + B(v) appearing in (9.16), which would vanish if the magnetic field were constant.
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Moreover, we have the estimates

H (hDg — Kk sin Ost)i HLZ(R2xR+)

< c/ (W22 + W22 v|? dr dt
RXR+
— (9(h2—28 + h25+1)

I cos Bstull 2@ xm,) < Ch* 2o drdi = O,
RxR 4

Notice that we used (9.14) and also that |s| < Coh? in the support of ii. Consequently, we
get

- 2
g0 (i) < / (|(hDy — MPDV|™ + [MPGv[* + [hD.v|?) dr dr
RXR+
+ O(h*2 4 p2+, (9.15)
Let us now reduce the computations to the potentials M 100 and M200 in (9.8) which amount
to M 10% and Mzog with ¢ = 0. A straightforward computation yields,
004,12 00 12
| (2D, — MI,C)U||L2(R><R+) + 1M e VlIZe mxre
2
= [(hDy — MYV | o g,y + M2V 2@,y + S(A) + B(v)).  (9.16)
where
A(v) 1= ¢ cos? 9””””12,2(RxR+) —2cosORe((hD, — M%), rtv)Lz(RxR+),
B(v) := §sin2 9””””22(Rx]1h) + 2sin6 Re(Mzoov, rtv)Lz(RxR+)
and by (9.14)
Irevlagur,) = OG3),  (hDyv, riv)2gur,) = O0).
So, we end up with estimating
F(v) := ((cos 0M?° + sin 0M7°)v, rtv)Lz(RxR+).
Notice that
cos M0 (r, 1) + sin OMY(r, 1) = cos 6 sin9(1 -1+ 2/cr)2)(t —h'2g)
+ (14 2«r)? cos 9(/{ cosfrt — g(r2 - h2/3p)).
By expanding
1+ Zicr)l/2 =14+«r+00?% (—0),
we observe that, for |r| < r¢ and r sufficiently small,

|cos OMP(r,1) + sin OMJ°(r, 1)| < C(r? + 1% + h*/3),
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so we get by (9.14) and the Cauchy—Schwarz inequality that
F(v) = O(h*'?).
Therefore, A(v) + B(v) = O (h*/?) and we deduce from (9.16) and (9.15) that
@00 () < qlyoo (V) + O(h2725 4 R2H1 4 p3/2), (9.17)
where q}f/[oo (v) is introduced in (9.7).

9.3. Conclusion

Collecting (9.17) and (9.6), we get
- ~ 44 4
qzoo(”) < (®oh + Poh> + Ch3+n)||v”§,2(RxR+) + Ri(v),

where .
Ry(v) = O(h*™25 + h?5+1 4 13/2) = 0(h317)

for some 7] > 0, thanks to the condition % <§ < %
We insert this into Lemma 7.3 with u given in (9.4). Notice that u satisfies (7.6) with

My (1) = O(1). So by Lemma 7.3 and (9.9), we get for some 7, > 0
gh () < (Ooh + Foph’ + Ch3* ™) [v]2, @, 5.)-
Comparing (9.9) and (9.4), we get by (2.15),
lul® = (1+ OE*) V)72 e,

Applying the min-max principle, and noticing that 1 4 2§ > % for % << %, we
finish the proof of (9.1).
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