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Trialitarian triples
Demba Barry and Jean-Pierre Tignol

Abstract. Trialitarian triples are triples of central simple algebras of degree 8 with orthogonal invo-
lution that provide a convenient structure for the representation of trialitarian algebraic groups as
automorphism groups. This paper explicitly describes the canonical “trialitarian” isomorphisms
between the spin groups of the algebras with involution involved in a trialitarian triple, using a
rationally defined shift operator that cyclically permutes the algebras. The construction relies on
compositions of quadratic spaces of dimension 8, which yield all the trialitarian triples of split alge-
bras. No restriction on the characteristic of the base field is needed.
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1. Introduction

Trialitarian triples were introduced by Knus et al. [13, §42.A] to provide the groundwork
for the study of algebraic groups of trialitarian type D4 as automorphism groups of triali-
tarian algebras. They consist in three central simple algebras of degree 8 with orthogonal
involution (A,04), (B,0B), (C,o¢) over afield F of characteristic different from 2 related
by the property that the Clifford algebra of (A4, 64) is isomorphic to the direct product of
(B,op) and (C, o¢). Trialitarian algebras over F are defined in [13, §43] as algebras with
orthogonal involution of degree 8 over a cubic étale F-algebra that are isomorphic after
scalar extension of F to the direct product of the algebras in a trialitarian triple.

The main goal of this work is to elucidate the trialitarian isomorphisms that arise
canonically between the spin groups of algebras with quadratic pair involved in a tri-
alitarian triple and also between the groups of projective similitudes of these algebras,
see [13, (42.5)]. The basic tool is a shift operator d of period 3 on trialitarian triples,
which accounts for all the trialitarian features of the theory. The cohomological approach
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in [13, (42.3)] reveals the existence of d but does not provide any explicit description. By
contrast, the definition of d in Section 4.3 below is entirely explicit and cohomology-free,
and the definition of the trialitarian isomorphisms follows easily in Section 4.4. A note-
worthy feature of our discussion is that the restriction on the characteristic of the base field
is made obsolete thanks to the ground-breaking paper [7] of Dolphin—Quéguiner-Mathieu,
in which a canonical quadratic pair is defined on Clifford algebras (and where the cohomo-
logical approach to the definition of 9 in arbitrary characteristic is given [7, Th. 4.11]).!
Thus, all the structures considered in this paper are (unless explicitly mentioned) over
fields of arbitrary characteristic.

To prepare for the discussion of trialitarian triples in Section 4, we found it necessary
to consider first trialitarian triples of split algebras. These triples arise from compositions
of quadratic spaces, which are studied in Section 3. Compositions of quadratic spaces pro-
vide a new perspective on the classical theory of composition algebras by triplicating their
underlying vector space. They also demonstrate more diversity, because—in contrast with
compositions arising from composition algebras—the three quadratic spaces involved in
a composition need not be isometric; this accounts for the interpretation in Section 4.5 of
the mod 2 cohomological invariants of Sping, since compositions of quadratic spaces of
dimension 8 are torsors under Sping.

Compositions of three different quadratic spaces of equal dimension have been con-
sidered earlier, for instance in Knus’ monograph [12, V(7.2)], in [13, (35.18)] and in the
papers [3, 5.3] and [2, §3] by Alsaody—Gille and Alsaody respectively. However, the shift
operator d on compositions of quadratic spaces, briefly mentioned in [13, (35.18)], seems
to have been mostly ignored so far. By attaching to every composition on quadratic spaces
(01,4q1), V2, q2), (V3,q3) two cyclic derivatives, which are compositions on (V3, ¢2),
(V3,43), (V1,4q1) and on (V3, q3), (V1,4q1), (V2, g2) respectively, the shift operator pro-
vides the model for the operator d on trialitarian triples.

Compositions of quadratic spaces of dimension 8 also afford a broader view of the
classical principle of triality for similitudes of the underlying vector space of an octonion
algebra, as discussed by Springer—Veldkamp [19, §3.2], and also of the local version of
this principle in characteristic 2 described by Elduque [8, §3, §5], see Corollaries 4.24
and 4.25. Automorphisms of the compositions of quadratic spaces arising from compo-
sition algebras are by definition the related triples of isometries defined in [19, §3.6],
[8, §1] and [3, §3] (see Remark 3.18); they are closely related to autotopies of the alge-
bra, which form the structure group defined for alternative algebras by Petersson [15], see
Sections 3.5 and 4.6.

The first section reviews background information on Clifford groups and their Lie
algebras, notably on extended Clifford groups, which play a central role in subsequent
sections.

More detail on the contents of this work can be found in the introduction of each
section.

!Prior to [7], examples of trialitarian triples in characteristic 2 were given by Knus—Villa [14].
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2. Clifford groups and Lie algebras

The purpose of the first subsections of this section is to recall succinctly the Clifford
groups of even-dimensional quadratic spaces and their twisted analogues (in the sense of
Galois cohomology), which are defined in arbitrary characteristic through central simple
algebras with quadratic pair. Most of the material is taken from [13], but we incorporate a
few complements that are made possible by the definition of canonical quadratic pairs on
Clifford algebras by Dolphin—Quéguiner-Mathieu [7].

A detailed discussion of the corresponding Lie algebras is given in Sections 2.4 and
2.5. For a central simple algebra with quadratic pair 2, we emphasize the difference
between the Lie algebra o(2) of the orthogonal group and the Lie algebra pgo(2) of the
group of projective similitudes, which are canonically isomorphic when the characteristic
is different from 2 but contain different information in characteristic 2.

The last subsection provides a major tool for the definition of homomorphisms

C(A) — A

from the Clifford algebra of a central simple algebra with quadratic pair 2 to a central
simple algebra with quadratic pair 2. These homomorphisms are shown to be uniquely
determined by Lie algebra homomorphisms pgo(2) — pgo(2'); see Theorem 2.21.

2.1. Quadratic forms and quadratic pairs

Let (V, q) be a (finite-dimensional) quadratic space over F. The polar formb:V x V — F
is defined by

b(x,y) =q(x+y)—qx)—q(y) forx,yeV.
We only consider quadratic spaces whose polar form b is nonsingular. This restriction
entails that dim V is even if char F = 2, for b is then an alternating form. Nonsingularity
of b allows us to define the adjoint involution o on End V' by the condition

b(x,a(y)) = b(Gb(a)(x),y) fora e EndV and x,y € V.

Moreover, we may identify V' ® V with End V' by mapping x ® y € V ® V to the oper-
ator z — xb(y, z). Under the identification V ® V = End V, the involution 0 and the
(reduced) trace Trd are given by

op(x®y)=y®x and Trd(x ® y) =b(x,y) forx,y eV,
see [13, §5.A]. Moreover, fora € End V and x, y € V we have
ao(x®y)=a(x)®y and (x®y)oa =x ®op(a)(y).

The identification V' ® V = End V, which depends on the choice of the nonsingular polar
form b, will be used repeatedly in the sequel. It will be referred to as a standard identifi-
cation.
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Let
Sym(op) = {a € EndV | op(a) = a}.

To the quadratic form g on V' we further associate a linear form f, on Sym(o}) defined
by the condition
fa(x®x) =¢q(x) forxeV,

see [13, (5.11)]. Linearizing this condition yields f,(x ® y + 0p(x ® y)) = b(x, y) for
x,y €V, hence
f,(a + op(a)) =Trd(a) fora € EndV.

The pair (0p, f,) determines the quadratic form ¢ up to a scalar factor by [13, (5.11)],
which is sufficient to define the orthogonal group O(g) of isometries of (V, ¢), as well
as the group of similitudes GO(g) and the group of projective similitudes PGO(g), as
follows:

O(g) = {a € EndV | q(a(x)) =¢q(x) forall x € V}
={a € EndV | op(a)a = 1 and f,(asa™") = f,(s) forall s € Sym(0})},
GO(g) = {a €EndV | there exists i € F* such that q(a (x)) = ug(x) forall x € V}
= {a € EndV | op(a)a € F* and fq(asafl) = f,(s) forall s € Sym(ob)},
PGO(q) = GO(q)/ F™.

In the equivalent definitions of GO(q), the scalar p such that g(a(x)) = pgq(x) for all
x € Vis op(a)a. Itis called the multiplier of the similitude a.

Isometries and similitudes are also defined between different quadratic spaces: if (V,q)
and (V, q) are quadratic spaces over a field F, a similitude u: (V, q) — (v, q) is a linear
bijection V — V for which there exists a scalar u € F* such that §(u(x)) = ug(x) for
all x € V. The scalar pu is called the multiplier of the similitude, and similitudes with
multiplier 1 are called isometries. Abusing notation, for every linear bijection u: V' — 1%
we write

Int(u): End V — End V  for the mapa > uoaou .

It is readily verified that for every similitude u the isomorphism Int(u) restricts to group
isomorphisms

0(g9) = 0(§), GO(¢q) — GO(§), PGO(g) — PGO(§).

The groups O(g), GO(g) and PGO(gq) are groups of rational points of algebraic groups
(i.e., smooth affine algebraic group schemes) which are denoted respectively by O(g),
GO(g) and PGO(q), see [13, §23]. As pointed out in [13], twisted forms (in the sense of
Galois cohomology) of these groups can be defined through a notion of quadratic pair on
central simple algebras, which is recalled next.

Let A be a central simple algebra over an arbitrary field F. An F-linear involution o
on A is said to be orthogonal (resp. symplectic) if after scalar extension to a splitting field
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of A it is adjoint to a symmetric nonalternating (resp. to an alternating) bilinear form. For
any involution o on A we write

Sym(o) = {a € A|o(a) = a}.
Definition 2.1. A quadratic pair (o, T) on a central simple algebra A consists of an invo-
lution o on A and a linear map f: Sym(o) — F subject to the following conditions:
(i) o is orthogonal if char F' # 2 and symplectic if char F = 2;
(i) f(x +o(x)) = Trdg(x) for x € A, where Trdy is the reduced trace.

The map T is called the semitrace of the quadratic pair (o, {). This terminology is moti-
vated by the observation that when char F' # 2 every x € Sym(o) can be written as
X = %(x + 0(x)), hence f(x) = % Trd4 (x). Thus, the semitrace of a quadratic pair (o, )
is uniquely determined by the orthogonal involution ¢ if char F' # 2.

To simplify notation, when possible without confusion we use a single letter to denote
a central simple algebra with quadratic pair, and write

A= (A4,0,f).
The twisted forms of orthogonal groups are defined as follows: for 2 as above,
o) = {a € A|o(a)a =1andf(asa™) = f(s) forall s € Sym(a)},
GO®) = {a € A|o(a)a € F*and f(asa™!) = f(s) forall s € Sym(a)},
PGO(2l) = GO(X)/F*.

The group of similitudes GO(2) can be alternatively defined as the group of elements
a € A* such that Int(a) is an automorphism of 2. Therefore, by the Skolem—Noether
theorem the group PGO(2) can be identified with the group of automorphisms of 2.
The groups O(2), GO(A) and PGO(A) are groups of rational points of algebraic groups
denoted respectively by O(2), GO() and PGO(2), see [13, §23].

For a € GO(), the scalar o (a)a € F* is called the multiplier of the similitude a. We
write ((a) = o(a)a and thus obtain a group homomorphism

w:GO) — F*

whose kernel is O(2). Thus, for every quadratic space (V, ¢) we have by definition

O(End V,0p.1,) = O(q),
GO(End V, 05, f,) = GO(q).
PGO(End V, 03. f,) = PGO(q).

The following statement is given without detailed proof in [13, (12.36)].

Proposition 2.2. Let (V, q) and (17 q) be quadratic spaces over an arbitrary field F. If
u:(V,q) — (V q) is a similitude, then Int(u) is an isomorphism of algebras with quadratic
pair

Int(u): (End V. 03, f,) — (End V, 03, f ).
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Conversely, every isomorphism (End V, 0p, ) = (End v, 03, T 5) has the form Int(u) for
some similitude u: (V,q) — (17 q) uniquely determined up to a scalar factor.

Proof. Observe that for every linear bijection u: V — V there exists a map u: V — v
such that
b(fi(x),7) = b(x,u”"(§)) forallx e Vandj eV,

since the polar forms » and b are nonsingular. Under the standard identifications End V =
V®VandEndV =V ® V afforded by b and b, we have

Int(u)(x ® y) = u(x) @ ui(y) forallx,y e V.
If u is a similitude with multiplier y, then i = u~'u, hence Int(u) o 0 = o3 o Int(u) and
fq(lnt(u)(x ® x)) = /L_lc](u(x)) =q(x) =f,(x®x) forallxeV.

Since Sym(op) is spanned by elements of the form x ® x, it follows that Int(u) is an
isomorphism of algebras with quadratic pair.

For the converse, note that the Skolem—Noether theorem shows that every F-algebra
isomorphism End V/ Z End V has the form Int(u) for some linear bijection u: V — V.t
Int(u) is an isomorphism of algebras with quadratic pair, then Int(u)(x ® x) € Sym(oy)
forevery x € V, hence #i = ™ 'u for some p € F*. Since f4(Int(u)(x ® x)) = f,(x ® x)
for all x € V, it follows that G(u(x)) = ug(x) for all x € V, hence u is a similitude.

To complete the proof, suppose that u, u’: (V, q) — (V, q) are similitudes such that
Int(x) = Int(u’). Then Int(u~'u’) = Idy, hence u~'u’ lies in the center of End V/, which
is F. Therefore, u and u’ differ by a scalar factor. ]

2.2. Clifford algebras

For any quadratic space (V, q) over F we let C(V, q) denote the Clifford algebra of
(V,q) and Cy(V, q) its even Clifford algebra. We will only consider even-dimensional
quadratic spaces; if dim V' = 2m, then the algebra C(V, q) is central simple of degree 2"
and Cy(V, q) is semisimple with center a quadratic étale F-algebra Z given by the dis-
criminant or Arf invariant of g, see [17, Ch. 9]. In most cases considered through this text,
the algebra Z is split, i.e., Z >~ F x F. We may then define a polarization of (V, q) as
follows:

Definition 2.3. If (V, ¢g) is an even-dimensional quadratic space with trivial discriminant
or Arf invariant, a polarization of (V, q) is a designation of the primitive central idem-
potents of Co(V, q) as z4 and z_. Given a polarization of (V, q), we let C(V, q) =
Co(V,q)z4 and C_(V,q) = Co(V,q)z—, so

Co(V.q) = C4+(V,q) x C_(V,q).

Each even-dimensional quadratic space of trivial discriminant or Arf invariant thus has
two possible polarizations.
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The algebra C(V, g) carries an involution 7 such that t(x) = x for all x € V. This
involution preserves Co(V, ¢) and restricts to an involution o on Co(V, g). The type of
the involutions t and 7y is determined in [13, (8.4)] as follows:

e If dim V = 2 mod 4 the involution 7y does not leave Z fixed; we will not need to
consider this case.

e IfdimV =4 mod 8§, then the involutions t and 7y are symplectic. When Z >~ F x F,

this means that 7 restricts to symplectic involutions on each of the simple components
of Co(V, q).

e IfdimV = 0 mod 8 and char F # 2, then the involutions 7 and 7 are orthogonal.
* IfdimV = 0 mod 8 and char F = 2, then the involutions t and t are symplectic.

Following Dolphin—Quéguiner-Mathieu [7, Prop. 6.2], a canonical quadratic pair (z, g)
can be defined on C(V, ¢) when”> dim V = 0 mod 8 by associating to t the following
semitrace:

a(s) = Trdc(v,q)(ee’s) € F for s € Sym(7),

where e, ¢/ € V are arbitrary vectors such that b(e, e’) = 1. If char F # 2, then for any
such vectors e, e’ and for every s € Sym(t) we have

Trdc(v,q)(e€’s) = Trdc(v,q)(t(e€’s)) = Trde(y,q)(se’e) = Trdey,q)(€’es).
Therefore,
Trdc(v,g)(e€'s) = L Trdc(y,q) ((ee’ + €'e)s) = 1 Trde,q)(s).

as expected.

Likewise, Dolphin—Quéguiner-Mathieu show in [7, Prop. 3.6] that a canonical quad-
ratic pair (79, go) can be defined on Cy(V, g) when dim V' = 0 mod 8 by associating to g
the following semitrace:

go(s) = Trdc,(v,q)(e€’s) € Z for s € Sym(ty),
where e, ¢’ € V are arbitrary vectors such that b(e,e’) = 1.If Z ~ F x F, then
CO(Vv q) = C+(V» q) X C—(V’ q)

for the central simple F-algebras C4(V, q), C—(V, q) defined in Definition 2.3, and the
quadratic pair (t9, go) defined above is a pair of quadratic pairs (74, g+) on C1(V,q) and
(t—.g-) on C_(V,q). B

Every similitude of quadratic spaces u: (V,q) — (V, g) with multiplier i defines an
F-isomorphism Co(u): Co(V.q) — Co(V . §) such that

Co)(x-y) = p~u(x)-u(y) forx,yeV.

2Dolphin-Quéguiner-Mathieu only assume dim V' even, dim V > 6, but they restrict to char F = 2.
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It is clear from the definition that Co(u) preserves the canonical involutions 7y and 7y on
Co(V,q) and Co(V, g). If dim V' = 0 mod 8, then Co(u) also preserves the semitraces
go and §o. To see this, observe that the images u(e), u(e’) of vectors e, ¢’ € V such
that b(e, e’) = 1 satisfy b(u(e),u(e')) = . We may therefore use 1~ 'u(e) and u(e’) to
compute the semitrace go: for s € Sym(zp),

§0(Co)(s)) = Trdg 7 (1™ u(eu() Cou)(s)).

Now, ulu(e)u(e’) = Co(u)(ee’), hence by substituting in the preceding equation and
using the property that algebra isomorphisms preserve reduced traces, we obtain

go(CO(“)(S)) = Trdco(ﬁ,q) (CO(“)(ee/s)) = CO(”)(TrdCo(V,q)(ee/s)) = CO(“)(QO(S))-

Thus, Cy(u) is an isomorphism of algebras with involution

Co(u): (Co(V, ). 1) — (Co(V,§), %)

and an isomorphism of algebras with quadratic pair if dim V' = dim V =0 mod 8

Co(u): (Co(V.q). 70.80) — (Co(V.4). %o, o)

Among auto-similitudes u € GO(g) we may distinguish proper similitudes by consid-
ering the restriction of Co(u) to the center Z of Cy(V, g): the similitude u is said to be
proper if Co(u) fixes Z and improper if Co(u) restricts to the nontrivial F -automorphism
of Z, see [13, §13.A]. The proper similitudes form a subgroup GO (g) of index 2 in
GO(g), and we let

0%(¢q) = 0(q) NGO*(q), PGO™(q) =GO (¢q)/F*.

Twisted forms. Following ideas of Jacobson and Tits, an analogue of the even Clifford
algebra for a central simple algebra with quadratic pair A = (A4, o, ) of even degree is
defined in [13, §8.B]. The Clifford algebra C(2) is obtained by a functorial construction
such that for every quadratic space (V, g) of even dimension, the identification End V' =
V ® V setup in Section 2.1 yields an identification

C(EndV,0p.7,) = Co(V.q).

This property implies that C(2) is a semisimple algebra with center a quadratic étale
F -algebra given by the discriminant of the quadratic pair (o, ).

Definition 2.4. If the discriminant of (o, ) is trivial, a polarization of 2 is a designation
of the primitive central idempotents of C(2) as z4 and z_. A polarization induces the
labeling of the simple components of C(2) as C4(A) = C(A)z4+ and C_(A) = C(A)z_,
o)

C) = CH(A) x C_(A).
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The algebra C(2) comes equipped with a canonical linear map
c:A— C)

whose image generates C(2) as an F-algebra. In the split case A = End V, the map c is
given by multiplication in C(V, g):

cVeV—CV,q), xQ@yrHx-y.

The algebra C () carries a canonical involution g characterized by the condition that
a(c(a)) = c(o(a)) for a € A. If deg A = 0 mod 8, Dolphin—Quéguiner-Mathieu show
that a canonical quadratic pair (g, 1) is defined on C(20) by associating to o the following
semitrace: N

f(s) = Trdc ) (c(a)s) for s € Sym(o),

where a € A is any element such that Trd4(a) = 1, see [7, Def. 3.3]. These constructions
are compatible with the corresponding definitions in the split case, in the sense that for
every even-dimensional quadratic space (V, ¢) the standard identification EndV =V ® V
of Section 2.1 yields identifications of algebras with involution or quadratic pair:

(C(End V,op, fq),g) = (CO(V, q), ro) if dimV = 0 mod 4,
(C(EndV.0p.F,).0.T) = (Co(V.q). 0. g0) ifdimV =0 mod 8.

By functoriality of the Clifford algebra construction, every isomorphism of algebras
with quadratic pair ¢: 2 = 9 induces an isomorphism of algebras with involution or with
quadratic pair

Cp): (CA).0) = (CA),5) or (CEA).o.f) = (CA.G.T)

such that
C(p)(c(a)) = c(p(a)) fora € A.

As in the split case, we may distinguish between proper and improper similitudes:
every similitude u € GO(2) induces an F-automorphism Int(u) of 2, hence an F-auto-
morphism C(Int(u)) of C(). The similitude u is said to be proper if C(Int(u)) leaves
the center of C(2) elementwise fixed; otherwise it is said to be improper. This defi-
nition agrees with the previous definition of proper similitude in the case where 2 =
(End 'V, 03, f,) for a quadratic space (V, g), because C(Int(u)) = Co(u) for every simili-
tude u € GO(gq), see [13, (13.1)].

Proper similitudes form a subgroup GO™ () of index 1 or 2 in GO(2(), and we let

Ot (2A) = O(A) NGO (A), PGO™T(A) =GO+ (A)/F*.

These groups are groups of rational points of linear algebraic groups O™ (2), GO™ (2I)
and PGO™ (), which are the connected components of the identity in O(2), GO(2) and
PGO(), see [13, §23.B].
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2.3. Clifford groups

Let (V, q) be a quadratic space of even dimension. The multiplicative group of Co(V, q)
acts on C(V, q) by conjugation. The special Clifford group T (q) is defined in [ 13, p. 349]
as the normalizer of the subspace V. Thus, for every commutative F-algebra R, letting
VR =V ®F R,

TH@)(R) ={§ € Co(V.R | §-Vr-§" = Vg

For £ € T " (¢)(R), the map
Int(§)|vz: VR = Vr

is a proper isometry. The map carrying & to Int(§)|y, is a morphism of algebraic groups x
known as the vector representation, which fits in an exact sequence

1 -5 Gm—>Ttq) 207 (q) — 1,

where Gy, is the multiplicative group, see [13, p. 349].
Mapping £ € T (g)(R) to 79(£)£ defines a morphism

& I'"(qg) - Gn.

Its kernel is the Spin group Spin(g). It is an algebraic group to which we may restrict the
vector representation to obtain the following exact sequence:

1 = p, — Spin(q) > 0T (q) — 1,
where u, is the algebraic group scheme defined by
wo(R) ={pe R|p*=1} forevery commutative F-algebra R.

Note that p, is not smooth if char F' = 2.

Extended Clifford groups. Let Z be the center of Cqy(V, q). Henceforth, we assume
dim V' = 0 mod 4, so the canonical involution g acts trivially on Z.

Let Sim(7p) be the group of similitudes of (Co(V, q), o), whose rational points over
any commutative F-algebra R is

Sim(7o)(R) = {§ € Co(V. @)k | To(§)§ € Z§}.
The multiplier map & +— 7o(£)£& is a morphism
w:Sim(zo) = Rz/r (Gm),

where Rz (Gy) is the corestriction (or Weil’s restriction of scalars) of the multiplicative
group. Mapping x € C(V,q) g and & € Sim(7g)(R) to 7o(§)x& defines an action of Sim(ty)
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on C(V, q) (on the right). The extended Clifford group R (q) is defined’ as the normalizer
of V. Thus, for every commutative F-algebra R,

2(q)(R) = {§ € Sim(wo)(R) | 7(§) - VR - § = Vi}.

We proceed to show that T *(g) is a subgroup of € (g) by reformulating the condition that

w0()-Vr-§ = Vr.

Let ¢: Z — Z denote the nontrivial F-automorphism of Z. Note that xz = t(z)x for
allx e Vandz € Z.

Lemma 2.5. Let R be a commutative F -algebra. For § € Sim(t9)(R) andu € GL(V)(R)
the following are equivalent:

@ t(&)xE =op(u)(x) forall x € Vg;
(b) u(y) = u(u(§)EyE™" forally € Vg.
When these conditions hold, then u € GO (¢)(R), Co(u) = Int(£§) and

p() = Nz/r(p(8)).
Proof. Suppose (a) holds. Squaring each side of the equation yields
To(§)xpu(§)x§ = q(ab(u)(x)) for all x € Vg
hence, since o(§)xu(€)xE = 10(E)X2E0(1(8)) = 4(INZ, (4 (E)),
q(ob(u)(x)) = Nz/F (ﬁ(é))q(x) for all x € Vpg.

It follows that 05 (1) € GO(¢q)(R) and p(op (1)) =Nz, F (1(§)), hence also u € GO(q)(R)
and p(u) = Nz/r (u(§)).
On the other hand, multiplying each side of (a) on the left by & and on the right by £~
yields
B(E)x = Eop(u)(x)E

Letting y = op(u)(x), we have u(y) = p(u)x. By substituting in the last displayed equa-
tion we obtain

) p@u(y) = Eyg "
As u(u) = Nz (1(§)), condition (b) follows.
Now, suppose (b) holds. Squaring each side of the equation yields

q(u(y) = (p@)p@Ey*™" = Nzyr(1(§))q(y) forall y € Vg,

3For a more general definition covering the case where dim V' = 2 mod 4, see [13, §13.B].
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hence u € GO(q)(R) and p(u) = Nz;F(1(§)). On the other hand, multiplying each side
of (b) by 79(§) on the left and by & on the right yields

0 u(y)§ = Nzyr(1u(§))y = p(u)y forally € Vg.

Letting x = u(y), we have 0 (u)(x) = p(u)y, hence by substituting in the last displayed
equation we obtain (a).

To complete the proof, we compute Cy (1) using (b). For x, y € Vg, taking into account
that u(u) = Nz;r((§)) we find

Cou)(xy) = p() " tu)u(y) = @) e(pw@)ExE ™ (p1(§))ere™" = Exys™"

Since £ € Co(V, q)R, it follows that Cy(u) restricts to the identity on Zg, hence u is a
proper similitude. u

For £ € £(g)(R), the map x + 79(§)x§ is an invertible linear operator on Vg. If
u € GL(V)(R) is the image of this operator under op, then condition (a) of Lemma 2.5
holds for this u. We write u = yo(£), so xo(§) € GO™ (¢)(R) is equivalently defined by
any of the two equations

0(§)xE = 0p(x0())(x) and  xo(§)(x) = (p(§))éxE™" forallx € Ve (2.1)

The map yo is a morphism
X0:2(q) =~ GO (g).

Lemma 2.5 yields
Intlg) = Coo yo € Aut(Co(V, q)) and Nz/pop=poxo:R2(q) > Gm (22)

Proposition 2.6. The special Clifford group T (q) is a subgroup of R(q). More pre-
cisely,

I (q) = 1" (Gm) C 2(q).

Moreover, xol|p+,) = - X I'*(q) = O7(q), hence xo and x coincide on Spin(q).

Proof. As pointed out in the definition of Spin(g) above, for every commutative F-
algebra R the multiplier p(§) of any § € I'*(g)(R) lies in R*. Therefore, Lemma 2.5
shows that £VgE™! = Vg implies 7o(§)VrE = Vg, hence T T(¢)(R) C R(¢)(R). Con-
versely, if £ € (¢g)(R) and n(§) € R*, Lemma 2.5 shows that 79(§) VgE = Vg implies
EVRE™! = Vg, hence £ € T T(¢)(R). Therefore I' T (¢)(R) is the subgroup of elements in
2 (¢)(R) whose multiplier lies in R*.

Moreover, for £ € T ¥ (¢q)(R) we have x(£)(x) = x£~" and yo(§)(x) = p(§)Ex™
for all x € Vg, hence B

x0(§) = p(&)x(€). =



Trialitarian triples 951

Twisted forms. Twisted forms of I' " (¢) and R (¢) are defined in [13, §13.B and §23.B]
by using a Clifford bimodule B(2[) associated to any central simple algebra of even degree
with quadratic pair & = (A4, o, T). This bimodule is defined in [13, (9.5)] in such a way
that for every even-dimensional quadratic space (V, ¢) the standard identification End V' =
V ® V yields

B(EndV,0p,f,) =V & C1(V,q),

where C;(V, q) is the odd part of the Clifford algebra C(V, q). The left action * and the
right action - of C(2) on B(2) are given in the split case by

Ex(x@n)=x®(¢n and (x®n)-§=xQ (1§

for&£ € Co(V,q),ne€ C1(V,q) and x € V. The bimodule B(2) also carries a left A-module
structure and a canonical left A-module homomorphism b: A — B(2) (for which we use
the exponential notation) given in the split case by

ax®n) =a(x)®n and (x®y)b=x®er®C1(V,q)

fora €e EndV,x,y € Vandn € C(V,q).

The multiplicative group of C(20) acts on B(2[) on the right as follows: n+> £~ % - £
for £ € C(A)* and n € B(A). The Clifford group T (N) is the normalizer of the subspace
AP < B(), hence for every commutative F-algebra R

T (R) = {§ € CAR | £ x Al £ = A4}

On the same model, when deg A = 0 mod 4, we define* the extended Clifford group ()
as the normalizer of A? under the action on B(2l) of the group of similitudes of the canon-
ical involution o by

E>(—>a()xn-§).
Thus, letting Z denote the center of C(20),

QEA)(R) = {§ € CAk | c(€)f € ZZand g (§) x A” - = 4}
for every commutative F-algebra R. Let u denote the multiplier map
wRA) = Rz/p(Gm). § (6§
and define morphisms
T (@A) - 0T (@) and  yo: R(A) — GOT(A)

by
E1x1PE= g6 and o(®) %17 £ = xo (&),

4 An alternative definition, which also covers the case where deg A = 2 mod 4, is given in [13, §23.B].
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see [13, (13.11) and (13.29)]. In the split case where (o, T) = (0p, f4) for some quadratic
space (V, g), the standard identification yields

[(EndV, 05,1, = I't(g) and Q(EndV, op,T4) = R(q),

and the maps y and y, are identical respectively to the vector representation and to the
map yo defined in (2.1). We next show that they satisfy analogues of (2.2) and Proposi-
tion 2.6.

Proposition 2.7. Let 2l = (A, 0,T) be an F -algebra with quadratic pair of degree divisi-
ble by 4. The Clifford group T (W) is a subgroup of X (N). More precisely,

T() =p " (Gm) C ().
Moreover, Rz (Gm) C () and X0|Rz/p(Gm) = Nz/r:Rz/F(Gm) = Gm,
Int|gay = C oIntoyo € Aut(C(X)) and Nz op=po xo: (A = G,

and
Xolrey = - x: T (W) — OF ().

Proof. The first part is proved in [13, (13.25)]. (Alternatively, it follows from Proposi-
tion 2.6 by Galois descent from a Galois splitting field of A.)

Let R be a commutative F-algebra. For z € Z} we have 0(z) = z and z * 1 =1b.
t(z), hence z € (A)(R) with xo(z) = Nz;F(z). The rest follows from Proposition 2.6
by scalar extension to a splitting field of A. |

Define y': () — PGO™ (2) by composing xo with the canonical map GO™ () —
PGO™ (). Recall from [13, p. 352] the following commutative diagram with exact rows,
whose vertical maps are canonical:

1 Gm re) —*-ot@ ——1
l J l 2.3)
| —— Rz/r (Gum) Q) — 5 PGOT(A) — > 1

The exact rows of this diagram show that I' (%) and (2) are connected, since Gy,
o+ (), R, /F(Gm) and PGO™ (%) are connected.
In the next proposition, we write RIZ /F (Gm) for the kernel of the norm map

Nz/r:Rz/F(Gm) — Gn.

Proposition 2.8. Let A = (A, 0, T) be an algebra with quadratic pair of degree divisible
by 4. The following sequence is exact:

1= RYp(Gm) — () 2% GOT(2) — 1.



Trialitarian triples 953

Proof. Since ker yo C ker y/, it follows from the exactness of the lower row in (2.3) that
ker o C Rz;Fr(Gm). Moreover, the following diagram is commutative with exact rows:

| —— Rz/F(Gm) Q@) —~ L PGOT () —— 1
szl Xol ‘
1 Gm GOt (W) —— PGOT(A) —— 1

Since we already know that ker yo C Rz;r (Gu), it follows that ker o = RIZ /F (Gm)-

As GO™ () is smooth, to prove that o is onto it suffices by [13, (22.3)] to see that
xo defines a surjective map on the group of rational points over an algebraic closure. This
is clear from the last commutative diagram above, because the norm Nz, is surjective
when F is algebraically closed. u

As in the split case, we define the Spin group
Spin(2) = ker(: T (A) — Gm) = ker(u: R(A) - Rz/r (Gm))
and we have an exact sequence (see [13, p. 352]):
1 - p, — Spin() 5 O () — 1.
We may also restrict the map y’ to Spin(2() to obtain a morphism
x:Spin(2A) — PGO™ ().

This morphism is surjective since the vector representation y is surjective and the canoni-
cal map O () — PGO™ () is surjective. Its kernel is

Rz/F(Gm) NSpin(A) = Rz,Fr(1,),

hence the following sequence is exact:

1 = RzF(uy) — Spin(2) 5> PGO (A) — 1. (2.4)

The last proposition refers to the canonical quadratic pair (o, i) on C() defined
by Dolphin—Quéguiner-Mathieu (see Section 2.2). Assuming deg A = 0 mod 8, we write
€ () for the Clifford algebra of U with its canonical quadratic pair:

CRH = (C@).a.1).

Proposition 2.9. Let A = (A, 0,T) be an algebra with quadratic pair. If deg A = 0 mod 8,
then (A) C GO (C(A)).

Proof. Let R be acommutative F'-algebra and let £ € 2 ()(R). Since o () e GO(A)(R),
it follows that Int(yo(£)) is an automorphism of g, hence C(Int(yo(£))) is an auto-
morphism of €(2)g. But Proposition 2.7 shows that C(Int(yo(£))) = Int(§), hence £ €
GO(C(M))(R). We thus see that (A) C GO(C(A)). Since L (A) is connected, it actu-
ally lies in the connected component GO (€(20)). |
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2.4. Lie algebras of orthogonal groups

Throughout this subsection, A is a central simple algebra of even degree n = 2m over an
arbitrary field F', and (o, T) is a quadratic pair on A. We discuss several Lie algebras related
to the algebra with quadratic pair 2L = (A4, 0, T), and obtain different results depending on
whether the characteristic is 2 or not. The discrepancies derive from the observation that
the Lie algebra of the algebraic group scheme u, is F' when char F = 2, whereas it
vanishes when char F' # 2.

The bracket [a, b] = ab — ba turns A into a Lie algebra denoted by £(A4). As usual,
fora € A weletad,: A — A denote the linear operator defined by

adg(x) = [a,x] forx € A.

The following are subalgebras of £(A) associated with the quadratic pair (o, f); they
are the Lie algebras of the algebraic group schemes O(2l) and GO(2) respectively, see
[13, §23.B]:

o(A) = Alt(o) ={a—o0o(a)|ac A}
go(A) ={ge€A|o(g)+g e Fand f([g.s]) = 0forall s € Sym(o)}.
Note that o(2l) depends only on ¢ and not on {. Clearly, F C go(2). We let
pgo(2) = go(A)/F

and define

fr:go(A) — F by j1(g) =0(g) +g.
This map is the differential of the multiplier morphism p: GO() — Gy, hence it is a Lie
algebra homomorphism.

Proposition 2.10. Let £ € A be such that T(s) = Trdq(£s) for all s € Sym(c). Then
go(¥) = {g € A|adg oo =0 oad, and (f oadg)(s) = 0forall s € Sym(o)}

= {g € A | Trdg(gs) = (0(g) +g)T(s)foralls € Sym(o)}
— o() + LF 2.5)

and the following sequence is exact:
0= o(2) — go(M) 5 F — 0. (2.6)
Moreover,
dimo(A) = dimpgo(A) = m2m —1) and dimgo(N) =m2m —1) + 1.

If char F # 2, the inclusion o(2) — gqo(N) is split by the map %(Id —0):go(A) — o(A),
and it induces a canonical isomorphism

() = pgo(2A).
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If char F = 2, the map [t induces a map pgo(N) — F for which we also use the notation
[, and the map o(A) — pgo(N) induced by the inclusion o(A) — go(A) fits into an
exact sequence

0—>F—>D(?[)—>pg0(91)ﬁ>F—>0.
Proof. Forg,x € A,

(adg 0 0 — 0 0ady)(x) = [g.0(x)] —0([g.x]) = [g + o (g). 0 (x)].

Therefore, adg 00 = 0 o adg if and only if g + 0(g) € F, and the definition of go(2)
readily yields

go(A) = {g € A|adg o0 =0 cady and (foadg)(s) = Oforalls € Sym(a)}.

Now, suppose g € A satisfies 0(g) + g € F,and let u = 0(g) + g. For s € Sym(o)
we have

Trds(gs) = f(gs + 0(gs)) = f(gs +50(g))
=f(gs +s(u—g) =T(g.s]) + uf(). 2.7

Therefore, Trd4(gs) = uT(s) for g € go(A) and s € Sym(o), hence
go(A) C {g € A | Trdg(gs) = (o(g) + g)f(s) foralls € Sym(o)}.

To prove the reverse inclusion, suppose g € A satisfies Trd4(gs) = (o(g) + &) T(s)
for all s € Sym(o). We first show that o(g) + g € F.If x € A is such that Trd4(x) = 1,
then

flo(x) +x) =1,

hence the hypothesis on g yields Trd4(g(o(x) + x)) = o(g) + g, which shows that
o(g) + g € F. Letting u = 0(g) + g, we have by (2.7) above Trd4(gs) = T([g, s]) +
17 (s) for all s € Sym(o). On the other hand, Trd4(gs) = u T(s) by the hypothesis on g,
hence f([g, s]) = 0, proving g € go().

The first two equations in (2.5) are thus proved. The second one shows that £ € go(2)
since Trd4 (£s) = f(s) for all s € Sym(o) and o (£) + £ = 1. This last equation also reads
1(£) = 1, hence the map fi1: go(¥) — F is onto. The second characterization of go(2l)
in (2.5) also shows that

ker(fi: go(N) - F) = {g € A | Trdyg(gs) = Oforalls Sym(o)},

which means that ker(/t) is the orthogonal complement of Sym(o) for the bilinear form
Trd4 (X Y). This orthogonal complement is known to be Alt(a) by [13, (2.3)]. As o(U) =
Alt(o), it follows that o(2) C go() and the sequence (2.6) is exact.

From the above observations it follows that

o(A) +LF C go(A).
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We use dimension count to show that this inclusion is an equality, completing the proof
of (2.5). Note that £ ¢ o() since o(A) = ker(t) whereas [t(€) = 1. Therefore,

dim (o(2) + £F) = 1 + dim o(Y).

On the other hand, the exact sequence (2.6) yields dim go(2) = 1 + dim o(2), hence the
proof of (2.5) is complete. Since dim Alt(o) = m(2m — 1) by [13, (2.6)], we obtain

dimo(A) =m(2m —1) and dimgo(A) =mQ2m—1)+1.

It follows that dim pgo(2) = m(2m — 1) because pgo(A) = go(A)/F.

If char F # 2, then we may take { = % in the discussion above, so go(A) = o(A) & F
and pgo(A) ~ o(2A) canonically.

If char F = 2, then F' C Alt(o) because the involution o is symplectic, and the map
[1:go(A) — F vanishes on F. Therefore, £t induces a map pgo(N) — F whose kernel is
the image of o(2l). |

When the algebra A is split, we may represent it as A = End V' for some F-vector
space V' of dimension . The quadratic pair (o, f) is then the quadratic pair (03, f,) adjoint
to a nonsingular quadratic form g on V' (see Section 2.1), and we write simply go(g) for
go(End V. 0p,1,).

Proposition 2.11. Let g € EndV and p € F. We have g € go(q) and j1(g) = p if and
only if
b(g(u),u) = uqu) foralluelV. (2.8)

Proof. We use the standard identification V' ® V = End V set up in Section 2.1. For
s =u ®@u € Sym(ap) we have gs = g(u) ® u, hence Trd(gs) = b(g(u), u). On the other
hand f,(s) = q(u), hence if g € go(g) and /1(g) = p then the second characterization of
go(End V, 0p,1,) in (2.5) shows that (2.8) holds.

Conversely, if (2.8) holds, then Trd(gs) = u f,(s) for all s € Sym(op) of the form
s =u ®uwithu € V. Applying thisto s = (u + v) ® (u + v) withu, v € V yields

Trd(gu ®@v+v@u) = puf,u@v+vQu) = puTrdu @ v),

hence b(g(u), v) + b(u, g(v)) = ub(u, v). Since o3 is the adjoint involution of b, it
follows that 05(g) + g = . We thus see that Trd(gs) = (0p(g) + g) f,(s) for all s €
Sym(op), which proves g € go(q) by the second characterization of go(End V, 0y, f,)
in (2.5). .

Returning to the general case, where the algebra A is not necessarily split, let C(2)
denote the Clifford algebra of 2 = (A4, o, f), and write c: A — C(2) for the canonical
map. Every g € go(2) defines a derivation 6 of C(2) such that

8g(c(a)) = c([g.a]) fora € A; (2.9)
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this can be checked directly from the definition of C () or by viewing the map g > §,
as the differential of the morphism GO(2) — Aut(C(2)) defined on rational points by
mapping g € GO() to C(Int(g)). The derivation 8§, is uniquely determined by (2.9),
because c(A) generates A as an associative algebra.

Recall from [13, §8.C] that c¢(A) is a Lie subalgebra of £(C(2)). By [13, p. 351],
¢(A) is the Lie algebra of the algebraic group I' (%), whose group of rational points is the
Clifford group I'(2), hence we call it the Clifford Lie algebra of 2 and write

y () = c(4) C £(C)).
The kernel of the map c: A — y () is ker(f) C Sym(o) by [13, (8.14)], hence
dimy () =mQ2m —1) + 1.

Let g be the canonical involution on C(2), which is characterized by the condition
that o (c(a)) = c(o(a)) fora € A. We have

o(c(a)) +c(a) = c(o(a) +a) = (0(a) + a) = Trdg(a),
hence o (£) + & € F for £ € y(2), and we may define a Lie algebra homomorphism
ay@) — F by u(§) = a(§) +§.
50 i(c(a)) = Trdy(a) fora € A. We let spin(2) denote the kernel
spin(A) = ker 1 = {c(a) | Trdg(a) = 0} C y(2),

which is the Lie algebra of the algebraic group Spin(2l) defined in Section 2.3. By defini-
tion of spin (), the following sequence is exact:

0 — spin(@) — y(A) > F — 0,

and therefore
dimspin(A) = m2m —1). (2.10)

Recall from [13, (8.15)] the Lie homomorphism
xy@) — o), c(a)~>a—o(a)foracA,
which fits in the following exact sequence
0— F — p(@) % o@) — 0. @.11)

That sequence is the Lie algebra version of the following exact sequence of algebraic
groups from [13, p. 352]:

1= Gm—>TE) 50T > 1.
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We let
so(A) = )'((spin(?l)) = {a —o(a) | Trdg(a) = 0} C o(Y).

If char F # 2, then o(2) = Skew(0), hence every a € o() satisfies Trdg(a) = 0 and

a= %a - 0(%61), hence

so(A) = o(N).

Moreover, in y () we have F N spin(A) = 0 because (1(A) = 2A for A € F, hence the
restriction of x is an isomorphism

7 spin(A) = o(N). (2.12)
By contrast, if char F = 2 we may define a map
Trp: o(A) — F by Trp(a — o (a)) = Trda(a),

because Trd4 (Sym(c)) = 0. (The map Trp is the pfaffian trace, see [13, (2.13)].) For a,
b € A we have

[a—0(a).b—0o()] =[a—0(a).b]—o([a—o(a)b]),

hence
T ([« ~ 0(@). b~ o)) = it ([a —0(a). b)) = 0.

Therefore, Trp is a Lie algebra homomorphism. Note also that F' C spin(2l) because
(X)) =21 = 0 for A € F. Therefore, there is a commutative diagram with exact rows

and columns:
0 0

00— spin(A) —— y(A) —— F —— 0

0 s0(2) o) 2 F 0

0 0

2.5. Extended Clifford Lie algebras

Throughout this subsection A is a central simple algebra of degree n = 2m over an arbi-
trary field F, and we assume m is even. Let (o, f) be a quadratic pair on A, and let
A = (A, 0, 7). Recall from Section 2.3 the Clifford bimodule B(2l) with its canonical left
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A-module homomorphism b: A — B(2). We write Z for the center of C(2) and : for the
nontrivial F-automorphism of Z.

Since the left A-module action on B(2) commutes with the left and right C()-
module actions, the condition g (§) * AII’2 £ = All’e in the definition of the extended Clifford
group R (%) is equivalent to o (§) % 17 - £ € A%. The Lie algebra of 2 () is therefore as
follows:

Definition 2.12. The extended Clifford Lie algebra of U is
) ={€C o) +EcZandg(E) x1° +17 £ € 4%}

It is shown in [13, p. 352] that the algebraic group scheme $2(2l) is smooth, because
Rz,r(Gm) and PGO™ () are smooth and the lower row of the diagram (2.3) is exact.
Since dim Rz, r (Gm) = 2 and dim PGO™ (A) = m(2m — 1), it follows that

dim Q(Y) = dime (A) = m2m — 1) + 2.

For £ € () we write
f§) = o6) +£ € Z.

Since the map b is injective, for each £ € @ () there is a uniquely determined element
Xo0(§) € A such that
a(®) %17+ 17 € = jo(®)".

Thus, letting F[£] denote the algebra of dual numbers, where £2 = 0, we have
ol +e8) %12 (1 +£8) = (1 +£30(8))" for & € 0 (2).
This shows that ¥ is the differential of yo: 2(2) — GO™ ().

For the next statement, recall from (2.9) that every g € go(¥) defines a derivation 4
of C () such that 8¢ (c(a)) = c([g,a]) foralla € A.

Proposition 2.13. The Lie algebra o (V) is a subalgebra of £(C(N)) containing Z and
y (), and xo, pu are Lie algebra homomorphisms

Yor@(A) — go(A) and @A) — Z.
Moreover, yo(z) = Trz,p(z) € F forz € Z,

adg = 835y and  [(fo(§)) = Trz/r (1(§)) forE € o),

and

X0(§) = p(§) + 1 (&) for§ e y(QD).

Proof. That @(2) is a Lie subalgebra of £(C()) and Yo,  are Lie algebra homomor-
phisms is clear because @ () is the Lie algebra of () and o, / are the differentials
of o and p: 2 (A) — Rz, (Gm) respectively.
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Over the algebra F[e] of dual numbers, Proposition 2.7 yields
Int(1 + €§) = C(Int (Xo(l + 8?;:))) for £ € ().

Hence for § e o(NA) anda € 4

(1 +e§)c(@)(1— &) = c((1 + ejo(§))a(l —efo(8)))-

Comparing the coefficients of ¢ yields [£, c(a)] = c¢([x0(£),a]). Therefore, the derivations
adg and 8¢ coincide on ¢(A), hence adg = 8, (¢) because c(A4) generates C(2[) as an
associative algebra.

The other equations similarly follow by taking the differentials of xo(z) = Nz,F ()

forz € Z*, ju(x0(§)) = Nz (1u(§)) for § € () and yo(§) = pn(§)x(§) for § € I'(A)
(see Proposition 2.7). [

Corollary 2.14. [fchar F # 2, then o (%) = y(A) + Z.

Proof. If char F # 2, then Z N y(A) = F, while Proposition 2.13 shows that y () + Z C
® (). Dimension count then shows that @ (%) = y(A) + Z. |

Note that Z C y (%) if char F =2 (see [13, (8.27)]), hence y (N) + Z =y (A) S 0 (A)
in that case.

The following Lie algebra versions of the commutative diagram (2.3) and of Proposi-
tion 2.8 can be derived from their algebraic group scheme versions. We give a direct proof
instead.

Proposition 2.15. Let Z° = ker(Tr: Z — F) and let 7': @ (A) — pgo(A) be defined by
X () = yo(§) + F for & € @(N). The following sequence is exact:

0= Z° > () X% qo(2) — 0. 2.13)

The following diagram is commutative with exact rows and canonical vertical maps:

00— F —— p(A) —X 5 o(20) 0

T

0——Z —— () — pgo(A) —— 0

Moreover,
y() = {é e | p@) e F} and spin(A) = ker(ju: @ (A) — Z).

Proof. We first show Z° = ker jo. The inclusion Z° C ker y¢ follows from Proposi-
tion 2.13. To prove the reverse inclusion, let £ € ker y¢. Proposition 2.13 yields [¢, c(a)] =
0 for all @ € A. As c(A) generates C(2), we conclude that £ € Z. But then Proposi-
tion 2.13 shows that yo(§) = Trz,r (£), hence & € Z°.
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Dimension count now shows that yg is surjective, hence (2.13) is an exact sequence.

The upper sequence of diagram (2.14) is (2.11). We have just seen that yg is surjective,
hence y’ also is surjective. By Proposition 2.13, its kernel contains Z. Dimension count
then yields ker ¥’ = Z, hence the lower sequence of the diagram is exact. Commutativity
of the diagram follows from Proposition 2.13, since [1(§) € F for £ € y ().

This last observation shows that y () lies in the kernel of the map

o) —>Z/F, £ uE) + F.

We have to prove that y (2) = ker x. To see this, it suffices to show that x is onto, because
dimy () = (dimew((A)) — 1 anddim(Z/F) = 1.

If char F' # 2, surjectivity is clear because ji(z) = 2z forall z € Z. If char F = 2, we
pick an element £ € go() such that j1(£) = 1. Since Xo is onto, we may find £ € w ()
such that y¢(§) = £. Then by Proposition 2.13 we have Trz,r (ft(§)) = 1, hence 1(§) ¢ F.
This shows x is onto. B B

To complete the proof, it suffices to observe that spin(2) = ker(i: y(A) — F) by
definition. N |

When char F = 2 we have j1(Z) = 0, hence Z C spin() and we may define a Lie
algebra homomorphism S: pgo(A) — Z by

S(g+F) = fu(§) forany & € (%) such that y'(§) = g + F.

Corollary 2.16. If char F # 2, then y' yields an isomorphism spin(2) 5 pgo().
If char F = 2, the restriction of y' fits in the exact sequence

0—> Z — spin(A) LN pgo(A) i Z — 0.

Proof. If char F # 2 we saw in (2.12) that y yields an isomorphism spin(2) ~ o(2), and
in Proposition 2.10 we saw that the canonical map is an isomorphism o(2[) 5 pgo(2),
hence y’ is an isomorphism spin(2) ~ pgo(2).

For the rest of the proof, assume char F = 2. Since y": @ (%) — pgo() is onto and
spin(2A) = ker /1 by Proposition 2.15, it is clear from the definition of S that ker S =
1 (spin(A)). As S(pgo(A)) C Z, it follows that

dim pgo () — dim y'(spin(A)) < 2. (2.15)

On the other hand we have Z C spin() because 1(Z) = 0, and Z C ker ¥ by Propo-
sition 2.15, hence
dim ' (spin(¥W)) < dimspin(A) — 2. (2.16)

Asdimpgo(A) =m(2m — 1) = dimspin(A) by Proposition 2.10 and (2.10), the inequal-
ities (2.15) and (2.16) cannot be strict. Therefore, Z = ker 7’ = S(pgo(2l)) and the
corollary is proved. ]
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Finally, we consider the case where m is divisible by 4; then C(2) carries a canonical
quadratic pair (g, ) defined by Dolphin—Quéguiner-Mathieu: see the end of Section 2.2.
As in Proposition 2.9, we let

CA) = (CAW),a.1).
Proposition 2.17. Ifdeg A = 0 mod 8, then o (A) C go(C(A)).

Proof. The definition of w () entails that o (§) + & € Z for all £ € w (), hence it suffices
to prove f([§, s]) = 0 for § € () and s € Sym(a). By the definition of {, this amounts
to showing that if @ € A is such that Trd4(a) = 1, then

Trdcy (c(a)[£.s]) =0 for§ € w(Y) and s € Sym(o).
For this, observe that

Trdcy (c(a)(Es — s§)) = Trdee ((Ec(a) — c(a)§)s).

Now, by Proposition 2.13 we have [£, c(a)] = c([x0(§),a]). As Trdq([o(£),a]) =0, it
follows that c([xo(£),a]) € spin(A). Now, spin(A) C Alt(o) by [7, Lemma 3.2], hence

Trdcqan (c([X0(§).a])s) =0 forall s € Sym(o). n

Remark 2.18. When char F' = 2, the Lie algebra £(A) has an additional structure given
by the squaring map a + a2, which turns it into a restricted Lie algebra. It can be ver-
ified that the Lie algebras o(2), so(2), go(A), pgo(A), y(A), spin(A), o (A) are all
restricted (i.e., preserved under the squaring map), and the maps ft, (&, ¥, Trp, jo, S are
homomorphisms of restricted Lie algebras (i.e., commute with the gquaring map). The
proof is omitted, as the restricted Lie algebra structure will not be used in this work.

2.6. Homomorphisms from Clifford algebras

Throughout this subsection, 2l = (A4, o, ) is an algebra with quadratic pair of degree 2m
over an arbitrary field F. We assume m = 0 mod 4 and the discriminant of (o, ) is trivial,
which implies that the Clifford algebra C () decomposes as an algebra with quadratic pair
into a direct product of two central simple F-algebras with quadratic pair of degree 2" ~!.
We further choose a polarization of 2 (see Definition 2.4), which provides a designation
of the primitive central idempotents of C(2) as z4+ and z_. The simple components of
C () are then
Ci(A)=CA)z4+ and C_(A)=C(A)z_.

We write 4: C(UA) — C4(A) and 7_: C(A) — C_(AN) for the projections:
ni(§) =z, 7 (§) =6z for§ e C(A),

and let
Q) = (C),a.1).
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Given another central simple F-algebra with quadratic pair 2" = (A’, 0/, {') of degree
2m=1 we define a homomorphism of algebras with quadratic pair

e:CA) - A 2.17)
to be an F-algebra homomorphism ¢: C(2) — A’ such that
poo=0d"o¢p and ¢(f(s)) = f'(¢(s)) forall s € Sym(o).

Since we assume dim A" = % dim C (), such a homomorphism factors through one of
the projections 74 or 7w—, and maps the center Z of C () to F. It readily follows that ¢
defines a morphism GO(€(2)) — GO(’) and maps go(C(A)) to go(A’).

Definition 2.19. We say that ¢ has the + sign if it factors through 74 (i.e., ¢(z4) = 1
and ¢(z_) = 0), and that ¢ has the — sign if it factors through 7_ (i.e., ¢(z4+) = 0 and

p(z-) =1).

Since R (A) € GO (€(A)) by Proposition 2.9, we may restrict ¢ to £ (2[) to obtain
the following commutative diagram with exact rows, where = is the sign of ¢:

| — Rz/p (Gm) —— 2(A) — X PGO* (A) —— 1

n{ wl al (2.18)

1 Gm GOt () —— PGOT () —— 1

We also consider the corresponding diagram with exact rows involving the differentials:

07— () — s pgo(A) —— 0

ﬂil wl QJ 2.19)

0—— F —— go(W') —— pgo(A') ——0

Since ¢ o g = ¢’ o g, it follows that ¢ o 1 = pogonR(A), hence ¢ maps Spin(A)
to O (). Restricting the morphism ¢ to Spin(2[), we obtain from (2.18) the following
commutative diagram of algebraic group schemes with exact rows:

1 —— Rzr (y) —— Spin() —— PGO™ () —— 1

1 Ly o) ——PGOT(A) —— 1

Our goal in the rest of this subsection is to show that the map 6 in (2.19) determines
the homomorphism ¢ in (2.17) uniquely.
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Definition 2.20. Given ¢ as in (2.17), of sign =, the Lie algebra homomorphism
6:pgo(2A) — pgo(A)

in diagram (2.19) is said to be induced by ¢. Changing the perspective, a Lie algebra
homomorphism 6: pgo(2) — pgo(A') is said to be liftable if it is induced by some homo-
morphism of algebras with quadratic pair ¢, which is then called a /ift of 6. If 6 is induced
by a homomorphism ¢, the sign of 6 is defined to be the same as the sign of ¢.

The following theorem shows that the latter definition is not ambiguous:

Theorem 2.21. If a Lie algebra homomorphism 0: pgo(2) — pgo(W') is liftable, then
its lift is unique.

Proof. 1t suffices to prove the theorem after scalar extension. We may therefore assume
A = (End V, 0p, f,) for some hyperbolic quadratic space (V,¢) of dimension 2m. We use
the standard identification V' ® V' = End V' set up in Section 2.1.

Since ¢ is hyperbolic, by decomposing V' into an orthogonal sum of hyperbolic planes
we may find a base (e;, e;)7_, of V' such that

q(ei) = q(e;) = b(ei,ej) = b(ej,ej) =0 foralli,j=1,...,m

and
1 ifi =7,
beepy=1 77
0 ifi # j.
The products e;e;, e,-e]’., elej, e;e}'- fori,j =1,...,mspan V-V C Cy(V,q), hence they

generate Co(V, q) as an F-algebra. Since g(e;) = g(e;) = 0 for all i, we do not need to

/v e ! /P DY —
;¢; among the generators if i = j. Moreover, eje; + ¢je; =b(ej.e;) =1

forall j, hence if i # j

count e;e; nor e

eie; = eileje; +ejej)e; = (ejej)(eje]) + (eie))(eje;)
and similarly
!/ I / / !/ / /N4
e;ei = ei(eje; +ejejle; = (e;ej)(ejer) + (e;€;)(ejei).

These equations show that e;e; and e]e; lie in the subalgebra of Co(V, g) generated by
exeq, ekeé, €]/€€g, e,’ceé for all k # £ in {1, ..., m}. Therefore, these elements generate
Co(V. q).

Consequently, if @1, ¢2: Co(V,q) — A’ are two lifts of a given 6: pgo(Y) — pgo(A’),
it suffices to prove that ¢; and ¢, coincide on exey, exey, e eq, epey for all k # £ in
{1,...,m} to conclude that ¢; = ¢,. This is what we proceed to show.

The condition that ¢; and ¢, induce the same 6 means that ¢1(§) — ¢2(§) € F for all
£ € w(q), hence

o1([61.&]) = @2([61.&])  forall &1, & € (q).
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We apply thisto & = c(u1 ® v1) = u vy and & = c(Uz ® v2) = Uzv3 € Y(q) C W(q)
for uy, uz, vy, v € V. Ifi # j, we have

/ — . . / . — / . . .
leiej.ejej] = eiejeie; —ejejeie;.

Since e; and e; anticommute and ef = 0, the second term on the right side vanishes. In
the first term, we may substitute 1 — e}e; for eje’ and use ejz = 0 to obtain

[e,-ej,e]’-ej] =e;(1 - Q;ej)ej = eje;j.
Similar computations yield for all i # j in {1,...,m}

eie},ejei] = eie]

L leiej.eiej] = ejej, [eie}, eje;] = efe}.

J

Since ¢ and ¢, take the same value on each [£1, &] for &1, & € w(q), it follows that ¢
and ¢, coincide on each e;e;, e;e}, eje; and eje} fori # j, hence 1 = @s. [

Corollary 2.22. Let 0: pgo(U) — pgo(W') be a homomorphism of Lie algebras and let
K be a Galois field extension of F. If Og: pgo(MW)x — pgo(A )k is liftable, then 0 is
liftable.

Proof. Let ¢: C(A)g — A be the lift of Ok, and let p be an element of the Galois group
of K/F. Then

(Idg ®p) © ¢ o (Idc(ay ®p~'): C(A)gx — A
is a lift of (Idygocary ®p) 0 Ok o (Idpgo(am ®p~') = bk, hence, by uniqueness of the lift,

(Ida ®p) 0 ¢ o (Idcqay ®p ") = ¢.

Therefore, ¢|c(ary maps C () to A’; it lifts 0 since ¢ lifts Og. (]

3. Compositions of quadratic spaces

This section introduces the notion of a composition of quadratic spaces. We emphasize
an important feature of compositions, which will be central to the definition of trialitarian
automorphisms in the next section: each composition gives rise to two other compositions
on the quadratic spaces cyclically permuted. Restricting to the case where the quadratic
spaces have the same finite dimension, we show that this dimension is 1, 2, 4 or 8, the
comparatively trivial case of dimension 1 arising only when the characteristic of the base
field is different from 2. In order to prove this fairly classical result along the same lines
asin [18, Cor. 1.12] we set up isomorphisms of algebras with involution or with quadratic
pair involving Clifford algebras. In dimension 8, these isomorphisms will provide in the
next section examples of trialitarian triples of split algebras. In Section 3.3 we investigate
similitudes and isometries of compositions of quadratic spaces, which define algebraic
groups that are close analogues of those attached to quadratic spaces.
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Even though the quadratic spaces in a composition are not necessarily isometric, it
is easy to see that every composition of quadratic spaces is similar to a composition of
isometric quadratic spaces (see Proposition 3.16). The focus in the last two subsections is
on this type of compositions. Using a related notion of composition of pointed quadratic
spaces, we show in Section 3.4 that every composition of isometric quadratic spaces is
isomorphic to its derivatives and also to a composition that is its own derivative, and in
Section 3.5 we discuss compositions of quadratic spaces arising from the classical notion
of composition algebra. To each composition algebra is associated a composition of iso-
metric quadratic spaces, and isotopies of composition algebras are shown in Theorem 3.34
to be similitudes of the associated compositions of quadratic spaces.

Throughout this section, F is an arbitrary field. Unless explicitly specified, there is no
restriction on its characteristic char F.

3.1. Composition maps and their cyclic derivatives

Let (V1,41), (V2.42), (V3,q3) be (finite-dimensional) quadratic spaces over F. Write by,
by, b for the associated polar bilinear forms

bi:Vix Vi = F, bi(xi,yi) = qi(xi +yi) —qi(x;) —qi(y;) fori =1,2,3.

We assume throughout that the forms b1, b,, b3 are nonsingular, hence each dim V; is
even if char F = 2, and we may use the polar forms to identify each V; with its dual V;*.
Bilinear maps V7 x V, — V3 are then identified with tensors in V3 ® V> ® V7, so that for
v; € V; the tensor v3 ® v, ® vy is regarded as the bilinear map

Vi x Vo — V3, (x1,X2) = v3ba(v2, x2)b1 (v1, x1).
Let
V31 V1 - 11 V&V, and 822V3®V2®Vl—>V2®V1®V3

be the isomorphisms that permute the tensor factors cyclically. These maps allow us to
derive bilinear maps V> x V3 — Vi and V3 x V; — V, from a given bilinear map V; x
V> — V3. In our notation, bilinear maps are adorned with the same index as the target
space.

Proposition 3.1. Let x3: V1 x Vo — V3 be a bilinear map, and let 1 = 0(*3) and x, =
02(*3) be the derived maps

*1IV2XV3—>V1, *2ZV3XV1—>V2.

The maps *1 and *, are uniquely determined by the following property: for all x| € Vi,
X € V5, x3 € V3,

bi(x1, x2 *1 x3) = ba(x2, X3 %2 X1) = b3(X3, X1 *3 X2). 3.D
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Proof. Uniqueness is clear because the forms b; and b, are nonsingular. By linearity, it
suffices to prove (3.1) in the case where *3 = v3 ® v, ® v for some vy € Vi, vy € V>,
v3 € V3. Then *x; = v1 ® v3 ® v and *, = V2 ® V1 ® v3, and each of the terms in (3.1)
is equal to by (v1, x1)b2(v2, X2)b3(v3, X3). ]

The bilinear maps of interest in this work satisfy the following multiplicativity condi-
tion:

Definition 3.2. A composition map x3: V1 x V, — V3 is a bilinear map subject to
q3(x1 %3 x2) = q1(x1)g2(x2) for x; € Vj and x5 € V5. (3.2)

Even though this notion makes sense—and is studied for instance in [18, Chap. 14]—
when the dimensions of Vj, V5, and V3 are not the same, we will always assume in the
sequel that dim V; = dim V, = dim V3.

Proposition 3.3. Let x3: V x Vo — V3 be a composition map, with dim V; = dim V, =
dim V3. The derived bilinear maps 1 and x, are composition maps, i.e., for all x; € Vi,
X2 € Vo, x3 € V3,

q1(x2 *1 x3) = q2(x2)g3(x3) and q2(x3 *2 x1) = q3(x3)q1(x1). (3.3)

Moreover, the following relations hold for all x1, y1 € V1, X2, y2 € V3, x3, y3 € V3:

b3(x1 *3 X2, x1 %3 y2) = q1(x1)b2(x2, y2), 3.4
b3(x1 *3 X2, y1 *3 X2) = b1(x1, y1)q2(x2), (3.5)
bi(x2 *1 X3, %2 *1 y3) = q2(x2)b3(x3, y3), (3.6)
b1(x2 *1 X3, y2 *1 x3) = ba(x2, y2)q3(x3), (3.7
ba(x3 *2 X1,x3 *2 y1) = q3(x3)b1(x1, y1), (3.8)
ba(x3 *2 X1, y3 *2 X1) = b3(x3, y3)q1(x1), (3.9)
(x1 %3 x2) *2 X1 = X2q1(x1) and x2 *1 (X1 *3 X2) = x192(x2), (3.10)
(X2 *1 X3) *3 X2 = X3¢2(X2) and x3 %3 (X2 *1 X3) = X2q3(X3), (3.11)
(x3 %2 x1) *1 X3 = xX193(x3) and x1 *3 (X3 *2 X1) = x3q1(x1), (3.12)
(x1 %3 x2) *2 y1 + (V1 *3 X2) *2 X1 = X2b1(x1, 1), (3.13)
X2 k1 (X1 %3 y2) + y2 *1 (X1 *3 X2) = x1b2(x2, y2), (3.14)
(x2 %1 x3) *3 Y2 + (¥2 *1 X3) *3 X2 = x3b2(x2, y2), (3.15)
x3 %2 (X2 %1 y3) + y3 %2 (X2 *1 X3) = x2b3(x3, y3), (3.16)
(3 %2 X1) *1 y3 + (¥3 *2 X1) *1 X3 = x1b3(x3, y3), (3.17)
x1 %3 (X3 %2 ¥1) + y1 *3 (X3 *2 X1) = x3b1(x1, y1). (3.18)

Proof. First, (3.4) and (3.5) are obtained by linearizing (3.2). By (3.1) and (3.4) we have
forx; € Vi and xp, y, € 1

ba((x1 %3 x2) *2 X1, y2) = b3(x1 *3 x2. X1 *3 y2) = q1(x1)b2(x2, y2).
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Since b, is nonsingular, it follows that (x; *3 X2) *2 X1 = X241 (x1). Similarly, (3.1)
and (3.5) yield

bi(y1.x2 #1 (x1 %3 X2)) = b3(y1 *3 X2, X1 *3 X2) = b1(y1,X1)g2(x2) forall y; € Vy,

hence x; *1 (x1 *3 X2) = x1¢2(x2). We thus obtain (3.10); then (3.13), (3.14) follow by
linearization.

The main part of the proof consists in proving (3.3). For this, fix an anisotropic vector
X2 € V. The map ry,: Vi — Vi defined by 7, (x1) = X1 *3 X is injective, for x; %3 x, =0
implies x; = 0 by (3.10). Since dim V; = dim V3 the map ry, is also surjective, hence
every x3 € V3 can be written as x3 = x; *3 X, for some x; € V;. Then by (3.10)

X2 k1 X3 = X3 *1 (Xl *3 X2) = X]Qz()(fz),

hence
q1(x2 %1 x3) = q1(x1)g2(x2)°.

But since x3 = x *3 x5 it follows from (3.2) that g3(x3) = ¢1(x1)g2(x2), hence the right
side of the last displayed equation can be rewritten as ¢ (x2)g3(x3). We have thus proven
q1(x2 *1 x3) = g2(x2)q3(x3) when x5 is anisotropic. Moreover, by (3.10) we have for all
z, €V,

by(x2 %1 X3, 22 %1 x3) = by (x2 %1 (x1 *3 X2), 22 *1 (x1 *3 Xx2))

= @2 (x2)b1(x1, 22 *1 (X1 *3 X2)).
By (3.1) and (3.4),
bl(xl,Zz *1 (X1 *3 Xz)) = b3(x1 *3 22, X1 *3 X2) = q1(x1)b2(22, x2),
hence, as ¢1(x1)g2(x2) = ¢3(x3),
b1(x2 *1 X3, 22 %1 X3) = ba(x2,22)q3(x3). (3.19)

Now, assume X, is isotropic. Pick anisotropic vectors y,, zo € V, such that x, =
Y2 + z2. (If dim V, > 2, we may pick any anisotropic y, orthogonal to x; and let z, =
X2 — ¥2.) By the first part of the proof we have

q1(y2 *1 x3) = q2(y2)g3(x3) and g1(z2 *1 x3) = ¢2(22)g3(x3).
Moreover, (3.19) yields
bi(y2 *1 x3,22 *1 X3) = b2(y2,22)q3(x3).
Therefore,

q1(x2 *1 x3) = q1(y2 *1 x3) + b1 (2 *1 X3, 22 *1 X3) + q1(22 *1 X3)

= q2(¥2)q3(x3) + b2(¥2, 22)q3(x3) + q2(22)q3(x3) = q2(x2)g3(x3).
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Thus, equation g1 (x3 *1 X3) = ¢g2(x2)g3(x3) is proved for all x, € V; and x3 € V3. The
proof of g2 (x3 *2 x1) = g3(x3)q1(x1) for all x3 € V3, x; € V; is similar, using bijectivity
of the map

b Vo= V3

carrying x» to x; *3 xp for x; anisotropic. This completes the proof of (3.3), and (3.6),
(3.7), (3.8), (3.9) follow by linearization.

The same arguments that gave (3.10) from (3.4) and (3.5) yield (3.11) from (3.6)
and (3.7), and also (3.12) from (3.8) and (3.9). The relations (3.15) and (3.16) (resp. (3.17)
and (3.18)) are derived by linearizing (3.11) (resp. (3.12)). [

Remark 3.4. The derived maps of a composition map between quadratic modules of
constant rank 8 over a commutative ring are defined by Alsaody in [2, p. 886] using the
equations (3.1). From the proof of [2, Prop. 3.7], it follows that these derived maps are
composition maps.

Our main object of study in this section is defined next.

Definition 3.5. A composition of quadratic spaces over F is a 4-tuple

€ = ((V1,91), (V2. 42), (V3,43), x3)

where (V1,41), (V2, q2), (V3,¢3) are nonsingular quadratic spaces of the same dimension
over F and x3: V] x V, — V3 is a composition map. We write dim € = n if dim V; =
dimV, = dim V3 = n.

In view of Proposition 3.3, each composition of quadratic spaces € yields derived
compositions of quadratic spaces 3€ and 9%€ defined by

€ = ((V2.92). (V3.43). (V1.q1). *1)

and
€ = ((V3.43). V1. q1). (V2. q2). %2).

The composition maps *; and %, are called the derived composition maps of *3. Since 0
is a cyclic operation of period 3, we have

(0€) = 9%€, 9%(d€) =€ = 9(0%€), 9*(9*¢€) = JeE.

Examples 3.6. (1) Let A be either F', a quadratic étale F-algebra, a quaternion F'-algebra
or an octonion F-algebra, and letng: A — F be (respectively) the squaring map, the norm,
the quaternion (reduced) norm or the octonion norm. Assuming char F # 2if A = F, we
know from the properties of these algebras that multiplication in A defines a composition
of quadratic spaces

€ = ((A.n4). (A.n4). (A, ng). *3).

This particular type of composition is discussed in Section 3.5 in relation with composition
algebras. Note that if A # F the derived composition maps *; and %, are not simply given
by the multiplication in A; see Proposition 3.29.



D. Barry and J.-P. Tignol 970

(2) Let U be an F-vector space of dimension 4 and let U™ be its dual space. Let also
s: /\4 U — F be an F-linear isomorphism. Define

e V1 =U*®U andq,:V; — F the (hyperbolic) quadratic form defined by

q1(p +u) = p(u)

forp €e U* andu € U;
e Vb=U® /\3 U and g,: V, — F the (hyperbolic) quadratic form defined by

2 +8§) =s@nE)

foru e U and € € /\3 U;
« V3=F@®AN°U®A\*U and g3: V3 — F the (hyperbolic) quadratic form defined by

q3(a + & +1n) = s(an— P(§))

fora € F, £ e N*U and e \*U, where P: \>U — A* U is the “divided square”
map uniquely determined by the conditions that P(u; A up) = 0 for uy, u, € U and
that its polar bilinear form satisfies bp (£1, ;) = & A& for &1, &5 € /\2 U.

For ¢ € U*, letalso d,: A\’ U — A U be the linear map such that
dyp(u1 AuaAz) = @u)uz Auz — @u2)uy Aus + @Us)ug Aus
for uy, up, u3. Then the map *3: V; x V, — V3 given by
(@ +u)*3 (' +§) = o) +d(§) +unu' +unt

for u, u’ € U, 9 € U* and § € A\? U is a composition of quadratic spaces of dimen-
sion 8. This follows from straightforward computations left to the reader. (This example is
inspired by the description of the Clifford algebra of a hyperbolic quadratic space in [13,
8.3)1)

The following examples are obtained in relation with a Galois F-algebra L with ele-
mentary abelian Galois group {1, 01, 02, 03}, i.e., an étale biquadratic F-algebra.

(3) Assume char F # 2, and fori = 1, 2, 3 let V; denote the following 1-dimensional
subspace of L:

Vi ={xi € L|0j(x;) = —x; for j #1i}.

Define g;: V; — F by gi(x;) = x?. For x; € V1 and x, € V> we have x1x, € V3 and
(xlxz)2 = x%x%, hence multiplication in L defines a composition map *3: Vi x Vo — V3.
The derived composition maps *; and *, are also given by the multiplication in L.

(4) Let A be a central simple F-algebra of degree 4 containing L. Assume char F' # 2
and F contains an element ¢ such that {2 = —1. Fori = 1, 2, 3, define

Vi — {xi cA | xiﬁ = (Fi(f)x,‘ forall £ € L}.
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The F-vector space V; has dimension 4 and carries a quadratic form ¢; given by ¢; (x;) =
Trdy4 (xi2), where Trdy4 is the reduced trace. It is shown in [16] that the following formula
defines a composition map *3: V; x Vo, — Va:

x1#3 X2 = (1 4+ O)x1x2 + (1 = Oxzxy.
The derived maps are given by similar formulas:
xp3 %1 x3 = (1 + Oxpx3 + (1 = &)xzxy forx, € V, and x3 € V3,
x3 % x1 = (1 +Ox3x; + (1 —&)xy1x3 forxs € Vzand x; € V.

A characteristic 2 version of these composition maps is given in [20].
(5) Compositions of dimension § from central simple algebras with symplectic invo-
lution of degree 8§ are given in a similar way in [4].

3.2. Canonical Clifford maps

Our goal in this subsection is to obtain structural information on the quadratic spaces
for which a composition exists. This information will be derived from algebra homomor-
phisms defined on Clifford and even Clifford algebras.

Throughout this subsection, we fix a composition of quadratic spaces

€ = ((V1,91), (V2. 42), (V3,43), x3)

and we let x; and *, denote the derived composition maps of *3, as per Definition 3.5.
For each x; € V; we may consider two linear maps

le:Vz — V3, X2 = X1 %3 Xp and rleVg; —> Vz, X3 = X3 %2 Xq.
By (3.10) and (3.12) we have
Ly, o1y, =q1(x1)Idy; and 71y, oy, = g1(x1)1dy, .

Therefore, the linear map

a:V7 = End(V, & V3), x1+— ( 0 rxl)
e, 0

extends to an F-algebra homomorphism defined on the Clifford algebra C(V1, q1):
C(a):C(V1,q1) — End(V2 & V3).

The image of the even Clifford algebra Cy(V1, ¢1) lies in the diagonal subalgebra, hence
C (o) restricts to an F-algebra homomorphism

Co(Oé)Z C()(V], q1) —> (End Vz) X (End V3)

We write t; for the involution on C(V7, g1) that leaves every vector in V7 fixed, and 7oy
for the restriction of 7 to Co(V1, q1). We let 0,5, (resp. op,, resp. 0p,) denote the
involution on End(V, & V3) (resp. End V3, resp. End V3) adjoint to b, L b3 (resp. by,
resp. b3).
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Theorem 3.7. The maps C(«) and Co(«) are homomorphisms of algebras with involution

C(a): (C(V1,91).t1) = (End(V2 @ V3). 0b, 155).
Co(O[)I (C()(Vl,ql), ‘[()1) — (End Vz,O’bZ) X (End Vs, 0b3)-

Moreover, dim€ =1, 2, 4 or 8.

Proof. For the first part, it suffices to show that for x; € V7,

o 0 ry _ (0 ry
batbs\y. 0 ) " \ty, o)
This amounts to proving that for x; € V}, x2, yo € Vo and x3, y3 € V3

ba(x3 %2 X1, y2) + b3(x1 %3 X2, y3) = ba(x2, y3 *2 X1) + b3(x3, X1 *3 Y2),

which follows from (3.1).

To determine the various options for dim €, observe that the map C(«) endows V> &
V3 with a structure of left C(V7, ¢1)-module; similarly, V5> and V3 are left modules over
Co(11, q1) through Co(). This observation yields restrictions on the dimensions of 1,
and V73, because the dimension of a left module over a central simple algebra A4 is a mul-
tiple of (deg A)(ind A), where deg A is the degree of A and ind A4 is its (Schur) index.

Let n = dim €. If n is even, then C(V1, q;) is a central simple F-algebra, and V> &
V3 is a left module over C(V1, g1) through C(«), hence (deg C(V1,¢1))(ind C(V1, ¢1))
divides 2n. Since deg C (V1. q1) = 2"/2, it follows that 2/2 divides 2n, hence n = 2, 4
or 8.

If n is odd, the even Clifford algebra Cy(V1, q1) is central simple over F, and V,
is a left module over Cy(V7, q1) through Cy(«), hence (deg Co(V7, ¢1))(ind Co(V71, q1))
divides dim V5. As deg Co(Vi, ¢1) = 2"~D/2 this means that 2*=1/2 ind Co(V1, q1)
divides n. As n is assumed to be odd, we must have n = 1. [

Mimicking the construction above, we attach to the derived compositions 9€ and 32€
linear maps

o Vs = End(Vs ® Vi), xat> ( 0 er)
t, O

and

0
o Vs — End(V; & V), x3+ ( rx3) .
ey 0O

These maps yield homomorphisms

C(@): (C(V2.92).2) — (End(V3 @ V1), 0p, 1, ).

, (3.20)
Co(e'): (Co(V2.q2). 702) — (End V3, 0p,) x (End V1, 0p,)

and
C(Ol//)l (C(V3,Q3), ‘173) — (El’ld(Vl &) Vz),Ule_bz),

, 3.21)
Co(a"): (Co(V3,43). T03) = (End Vi, 05,) x (End V2, 0p,).
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We next take a closer look at compositions of the various degrees. If dim € = 1, then
char F' 5 2 since odd-dimensional quadratic forms are singular in characteristic 2. If ¢,
represents A; € F* and ¢, represents A, € F*, then by multiplicativity g3 represents
A1z € FX, hence also (A11,)~L. Thus in this case there exist A1, A», A3 € F> such that
A]Azl3 = 1and

G (M) @A) gz (Aa),

and (1) L g1 L g» L g3 is a 2-fold Pfister form. We will mostly ignore this easy case.
(See however Example 3.6 (3).)

Proposition 3.8. Ler dim € = 2. There exists a 1-fold Pfister form ne, uniquely deter-
mined up to isometry, and scalars Ay, A, A3 € F* such that A\AzA3 = 1 and

q1 >~ (AM)ne,  q2 = (Aa)ne, g3 =~ (As)ne.

The form ne 1 q1 L q2 L q3 is a 3-fold Pfister form canonically associated to € up to
isometry.

Proof. Since dim V1 = 2, we have q; >~ (A;)ne for some A; € F* and some uniquely
determined 1-fold Pfister form ne. For any anisotropic y, € V5, the map r),: Vi — V3 car-
rying x to X *3 y; is a similitude with multiplier ¢, (y,) by (3.2), hence g3 >~ (2 (2))41-
Similarly, for any anisotropic y; € Vj the map £,,: V, — V3 is a similitude with multiplier
q1(»1), hence g3 =~ (¢1(y1))q2. Therefore,

g3 = (Mig2(y2))re  and g2 ~ (q1(y1))g3 = (A1g1(y1)g2(y2))ne.

Now, A1¢g1(y1) is represented by ne since g1 =~ (Aq)ne, hence (A1¢41(y1))ne >~ ne.
Letting Ay = ¢2(y2) and A3 = (A1g2(»2))~!, we then have A;A,A3 = 1 and

q1 = (M)ne, g2 = (Aa)ne, g3 = (A3)ne. "

Proposition 3.9. Let dim € = 4. There exists a 2-fold quadratic Pfister form ne, uniquely
determined up to isometry, and scalars Ay, Ay, Az € F* such that AyAyA3 = 1 and

q1 = (M)ne, g2 = (Aa)ne, g3 = (A3)ne.

The form ne 1 g1 L q2 L g3 is a 4-fold Pfister form canonically associated to € up to
isometry.

Proof. Consider the homomorphisms of algebras with involution induced by Cy():

02! (CO(Vl,ql), 101) — (End V3,0p,) and ¢s: (CO(Vl,ql), ‘L’Ol) — (End V3, 0p,).

If Z is a field, then Cy(V7, ¢1) is simple and its image under ¢, is the centralizer in
End V, of a separable quadratic subfield fixed under oy, . But the restriction of o3, to such
a centralizer is an orthogonal involution (see [13, (4.12)]), whereas t¢; is symplectic, so
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this case is impossible. Therefore, Z is not a field, which means that the discriminant (or
Arf invariant) of ¢ is trivial. It follows that ¢; is a multiple of some uniquely determined
2-fold Pfister form ne. The same arguments as in the proof of Proposition 3.8 show that
there exist A1, A2, A3 € F* such that g; >~ (A;)ne fori =1, 2, 3. n

Finally, we consider the case where dim € = 8. Recall from Section 2.2 that in this
case the Clifford algebra C (77, ¢1) and the even Clifford algebra Cy (17, g1) carry canon-
ical quadratic pairs. We use for these quadratic pairs the notation (1, g1) and (791, go1)
respectively.

Proposition 3.10. Ler dim € = 8. The canonical maps C(«) and Cy () are isomorphisms
of algebras with quadratic pair

C(a): (C(Vl’ CII)» ‘Clv gl) :) (End(V2 @ V3)’ szLb37 fqu_q:;)’
Co(@): (Co(V1.41). To1, Go1) — (End V2,00, 14,) X (End V3, 0p,,f4,)-

Moreover, there exists a 3-fold quadratic Pfister form ne, uniquely determined up to isom-
etry, and scalars Ay, Ay, A3 € F* such that A\ A3 = 1 and

q1 = (M)ne, g2 = (Aa)ne, g3 = (A3)ne.

The form ne 1L g1 L q» L g3 is a 5-fold Pfister form canonically associated to € up to
isometry.

Proof. In this case we have
dim C(V1,q1) = dimEnd(V, & V3).

Since the algebra C(V7, q1) is simple, it follows that C(«) is an algebra isomorphism,
hence C(V71, ¢q1) is split. Moreover, Cy(w) also is an isomorphism, hence the center of
Co(V1,q1) is isomorphic to F x F, and therefore the discriminant (or Arf invariant) of ¢
is trivial. It follows that g; is a multiple of some uniquely determined 3-fold Pfister form
ne, and the existence of A1, A, A3 € F* such that g; >~ (A;)ne fori = 1, 2, 3 is proved
as in the case where dim € = 2 (see Proposition 3.8).

Since we already know from Theorem 3.7 that C(«) and Co (o) are homomorphisms
of algebras with involution, it only remains to see that these maps also preserve the semi-
traces.

The arguments in each case are similar. For C(«) we have to show that

Tooias (C(ot)(s)) = g1(s) foralls € Sym(ty).

Fix e, e} € Vi such that by(e;, e]) = 1. By definition, g(s) = Trdc(y, 4,)(e1€15).
Since isomorphisms of central simple algebras preserve reduced traces, we have for all
s € Sym(ty)

61(5) = Trdgaavz0vs) (C(@)(e1e5)) = Trdpawzovs) (C@)(ere]) o C(@)(s)).
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Now, C(«)(Sym(z1)) = Sym(0p,15,) because C(«) is an isomorphism of algebras with
involution. Therefore, we may rewrite the equation we have to prove as

Foitas 8 = Trdparevy) (C@)(ere)) os’)  forall s’ € Sym(op,1p,).
Using the standard identification
End(V2 @ V3) = (V28 V3) @ (V2 & V3)

set up in Section 2.1, we see that Sym(0y, | »,) is spanned by elements of the form (x, +
x3) ® (x2 + x3) with x5 € V5 and x3 € V3, and that for s’ = (x5 + x3) ® (x2 + x3)

C(a)(ere}) os' = (C(a)(e1€})(x2 + x3)) ® (x2 + x3)
= (re,le; (x2) + Ley7e; (x3)) ® (x2 + x3).

Therefore, it suffices to show that for all x, € V, and x3 € V3

f42J-q3((x2 +x3) @ (x2 + x3))
= Trdeavaov) (rerley (2) + Lerre) (42)) @ (v2 +33)). - (3.22)

The right side is

(b L b3)((e] *3 x2) *2 €1 + 1 *3 (x3 *2 €]), x2 + x3)

= ba((e] *3 x2) %2 €1, x2) + ba(eq *3 (x3 %2 €]), x3).
Now, by (3.1) and (3.4) we have
ba((€] *3 x2) %2 €1, x2) = bs(e] *3 x2, €1 *3 X2) = by (€], e1)g2(x2)
and, similarly,
bs(er *3 (x3 *2 €]),x3) = ba(x3 %2 €], X3 %2 €1) = q3(x3)b1 (€], €1).
As by(e1,€}) = 1, it follows that
Trdena(va@vs) ((Fey Lo (X2) + LeyTer (x3)) ® (X2 + X3)) = g2(x2) + g3(x3).
On the other hand, by definition of f,, | ,, we have
Faoqs (2 + X3) ® (X2 + x3)) = (92 L g3)(x2 + x3) = g2(x2) + q3(x3).

We have thus checked (3.22).
The proof that Cy(c) also preserves the semitraces is obtained by a slight variation of
the preceding arguments. We have to show that

(fgr- T42) (Co(@) () = Cole)(go1(s)) forall s € Sym(zor).
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Since Cy () is an isomorphism of algebras with involution, this amounts to showing

(F4p (). T4 (s5)) = (Trdena v (re,Ler 55), Trdgna vy (Le, re/lsg)) (3.23)
for all 55 € Sym(op,), s5 € Sym(op,). It suffices to consider s5, s5 of the form x, ®
X2, X3 ® x3 for x, € V,, x3 € V3 under the standard identifications End V, = V>, ® V5,
End V3 = V3 ® V3. For 55 = x2 ® x, we have

/ /
"elze’lsz = ((31 *3 X2) %2 6’1) & X2,
hence
Trdgna v, (relge’lsé) = ba((e] *3 x2) *2 €1, x2) = b3(e] *3 x2, €1 *3 X2) = ga(x2).

On the other hand f, (x> ® x2) = g2(x2) by definition. Likewise, for s5 = x3 ® X3

Trdgna v; (Le, Te/ Sé) = q3(x3) = fq3 (S;,)v
hence (3.23) is proved. [ ]
Remark 3.11. The map Cyp(«) in Proposition 3.10 yields an isomorphism between the
center of Cy(V1,¢1) and F x F, hence also a polarization of (V7, q1) (see Definition 2.3):

the primitive central idempotents z; and z_ of Cy(V7, ¢q1) are such that Co(a)(z4) =
(1,0) and Cy()(z—) = (0, 1), so that Cy(«) induces homomorphisms

C+(Ot)ZCO(V1,ql)—>EndV2 and C_(a):Co(Vl,ql)—>EndV3.

Similarly, the maps Cp(c’) and Co(a”’) of (3.20) and (3.21) attached to € and 9%€ yield
polarizations of (V2, ¢») and (V3, ¢g3), so that

C+ (Ot/)l C()(Vz, qz) — End V3 and C_(Ot/)l C()(Vz, qz) — End V7,

and
Ci(a"):Co(Va,q3) > EndV; and C_(a”):Co(V3,q3) — End V5.

Corollary 3.12. For any composition of quadratic spaces €, the following are equivalent:
(1) g1 >q2>qs;
(i) g1, g2 and g3 are Pfister forms;
(i) q1, g» and g3 represent 1.
Proof. According to Propositions 3.8, 3.9, and 3.10, there exist a quadratic Pfister form
ne and scalars A1, A, A3 such that A1A,A3 = 1 and g7 =~ (A1)ne, g2 >~ (Ax)ne and
q3 =~ {A3)ne. This also holds when dim € = 1, with ne = (1).
(1)=(ii) If g1 ~ g2, then (A As)ne >~ ne, hence (A3)ne >~ ne. Therefore, g3 >~ ne.

(ii)=>(iii) This is clear since Pfister quadratic forms represent 1.
(iii))=(@) Fori = 1, 2, 3, if ¢; represents 1, then ne represents A;, hence

(Ai)ne ~ ne. |
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3.3. Similitudes and isomorphisms

Consider two compositions of quadratic spaces € = ((V1,41), (V2. 42), (V3.43), *3) and
€ = ((V1,41), Va2, G2), (V3,G3), *3) over an arbitrary field F. As in Definition 3.5, we
write *; and %, (resp. %1, *;) for the derived composition maps of *3 (resp. *3).

Definition 3.13. Fori = 1,2, 3,let g;: (V;,q;) — (17, gi) be a similitude with multiplier
u(gi) € F*. The triple (g1, g2, g3) is a similitude of compositions € — € if there exists
A3 € F* such that

A3g3(xy *3 x2) = g1(x1)*382(x2) forall x; € Vi, x3 € V5. (3.24)

Proposition 3.14. If g = (g1, g2, g3) is a similitude € — €, then g = (g2,83,81) isa
similitude € — d€ and 8%g = (g3, g1, g») is a similitude 3*>€ — 3>€. Moreover, the
scalars A1, Az, A3 € F* such that for all x, € Vi, xo € Vo, x3 € V3

A181(x2 *1 x3) = g2(x2)*183(x3),
A2g2(x3 *2 X1) = g3(x3)*281(x1),

A3g3(x1 %3 x2) = g1(x1)¥382(x2)
are related to the multipliers of g1, g2, g3 by
pn(g1) = A2A3,  p(g2) = AzAr.  p(g3) = Aida. (3.25)
Proof. For the first part, we have to prove the existence of A; € F* such that
A1g1(x2 *1 x3) = ga(x2)*1g3(x3) forall x; € V3 and x3 € V3.
Multiplying each side of (3.24) on the left by g5 (x2), we obtain for all x; € V; and x, € V,

A382(x2)%183(X1 *3 X2) = §2(82(x2)) g1 (x1) = 1(82)92(x2) g1 (x1).

If x, is anisotropic, then ry,: V; — Vj is bijective with inverse ¢»(x2)~'£y,, hence every
x3 € V3 can be written as x3 = x1 *3 xo with x; = qz(xz)_lxz *1 x3. Substituting in the
last displayed equation, we obtain for x, € 1/, anisotropic and x3 € V3

g2(x2)%183(x3) = p(g2)A3" g1 (x2 *1 x3).

Since anisotropic vectors span V5, this relation holds for all x, € V, and x3 € V3. There-
fore, (g2, g3, g1) is a similitude of compositions, with scalar A; = ;(g2)A3".

Applying the same arguments to dg instead of g, we see that 3(dg) = 02g is a simil-
itude 3*€ — 92€, with scalar A, = 11(g3)A7". Applying the arguments one more time,
we obtain that g is a similitude € — € with scalar ;L(gl))ugl, hence

Az = p(gAs!

and the proof is complete. ]
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Definition 3.15. In the situation of Proposition 3.14, the triple (11, A2,A3) € F* x F* x
F* is said to be the composition multiplier of the similitude of compositions g: € — €,
and we write

A(g) = (A1, A2, A3),

hence A(dg) = (A2,A3,1) and A(0%g) = (A3, A1, A5). Writing p(g) = A1 4243, we thus
have by (3.25)

Ag) = (p(@)u(g) . p(g)n(g2) " p(g)n(ga)™") and  p(g1)n(g2)m(gs) = p(g)>

Similitudes with composition multiplier (1, 1, 1) are called isomorphisms of composi-
tions.

Proposition 3.16. Every composition of quadratic spaces is similar to a composition of
isometric quadratic spaces.

Proof. Let€ = ((V1,41), (V2,92), (V3,4q3), *3) be an arbitrary composition of quadratic
spaces. Let A; € F* (resp. A, € F*) be a value represented by q; (resp. ¢») and let
A3 = A7'A;' € F*. Then A3 is represented by ¢3; define quadratic forms g1, G2, §3 on
V1, V2, V3 by

Gi1(x1) = AT q(x1),  Ga(x2) = 23" qa(x2),  Gs(x3) = A3 q3(x3)

for x; € V1, xo € V, and x3 € V3. Depending on the dimension of €, Proposition 3.8,
3.9 or 3.10 shows that the forms ¢, g, and g3 are isometric Pfister forms. Define a map
¥3: V1 x Vo — V3 by

X1>T<3)C2 = )&3)(31 %3 xp forx; € V7 and x, € V5.

Straightforward computations show that ¢ = (7, qi), (Va, q2), (Vs, g3), *3) is a compo-
sition, and that (Idy,,Idy,,Idy,): € — € is a similitude of compositions, with composition
multiplier (11, A2, A3). [ ]

Auto-similitudes of compositions of quadratic spaces define algebraic groups which
we discuss next.

For every composition € = ((V1, q1), (V2,q2), (V3, g3), *3), we associate to each
similitude (g1, g2, g3): € — € with multiplier (A1, A,, A3) the 4-tuple (g1, g2, &3, A3),
from which A; and A, can be determined by the relations (3.25). We may thus consider the
group of similitudes of € as the subgroup of GO(g1) x GO(q2) x GO(g3) x F* defined
by the equations

A3ga(xy *3 x2) = g1(x1) *3 g2(x2) forall x; € V1, x3 € V5.

These equations define a closed subgroup of GO(q1) x GO(g2) x GO(g3) x G, hence
an algebraic group scheme, for which we use the notation GO(€). From Proposition 3.14
it follows that d and 92 yield isomorphisms

9:GO(€) - GO(I€) and 9% GO(€) — GO(H*E)
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defined as follows: for every commutative F-algebra R and (g1, g2, ¢3,43) € GO(€)(R),

(g1, 82,83, A3) = (€2.83.841.41) and  9(g1, g2, 3, 43) = (g3, &1, 82, A2),

with
A= p(g2)A3"' and Ay = pu(g)As"
The Lie algebra go(€) of GO(€) consists of 4-tuples
(81.82.83.A3) € go(q1) X g0(g2) X go(g3) X F

satisfying the following condition:

g3(x1 *3 x2)

= g1(x1) *3 X3 + X1 *3 g2(x2) — Azxy %3 xp forallx; € Vi, x, € Vo, (3.26)
The following is the Lie algebra version of Proposition 3.14:

Proposition 3.17. For g = (g1, g2, 3, A3) € go(€), there are scalars Ay, A, € F such
that

(gr) = Az + Az, ji(g2) = Az + A1, ju(g3) = A1+ Az

andfor all X1 € Vl, Xy € V2, X3 € V3

g1(x2 *1 Xx3) = g2(x2) *1 X3 + X2 *1 g3(X3) — A1X2 *1 X3,
82(x3 %2 x1) = g3(X3) *2 X1 + X3 *2 g1(X1) — Aax3 *p X1,

g3(x1 %3 x2) = g1(x1) *3 X2 + X1 %3 g2(X2) — A3x1 *3 X2.
Thus, 3g := (g2.g3.81. A1) lies in go(0€) and 0*>g := (g3.81.82. A2) in go(3%€).
The composition multiplier map Ae yields a morphism of algebraic group schemes
Ae:GO(€) — G3,
defined as follows: for every commutative F'-algebra R and (g1, g2, g3,A3) € GO(€)(R),

de(g1.82.83.23) = (1(g2)A3", m(g1)A3". A3) € R* x R* x R*. (3.27)

Its differential Ae: go(€) - F x F x F is given by

if(g15 82,83, A3) = (ll(gZ) - A35 /’:L(gl) - A'37)"3)~

We let O(€) = ker A¢ and o(€) = ker de, so O(€) is the algebraic group scheme of
automorphisms of € and o(€) is its Lie algebra.

Remark 3.18. For every commutative F-algebra R and (g1, g2, g3, A3) € O(€)(R) we
have A3 = 1 and u(g1) = n(g2) = 1, hence also u(g1) = 1 by (3.25). Thus, (g1, g2, &3)
is a related triple of isometries according to the definition given by Springer—Veldkamp
[19, §3.6], Elduque [8, §1] or Alsaody—Gille [3, §3.1] for some specific compositions of
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quadratic spaces arising from composition algebras. In Section 4.4 below we establish
isomorphisms O(€) ~ Spin(q;) ~ Spin(g2) =~ Spin(g3), which are the analogues of the
isomorphisms given in [19, Prop. 3.6.3], [8, Th. 1.1] and [3, Th. 3.12] in terms of related
triples.

Proposition 3.19. The algebraic group schemes O(€) and GO(€) are smooth, and the
following sequences are exact:

A
1 - 0(€) > GO(€) = G2 — 1 (3.28)
and )
0= o(€) — go(€) 25 F3 > 0. (3.29)

Proof. Step 1: We show that Ag is surjective. Since G2, is smooth, it suffices by [13,
(22.3)] to show that A¢ is surjective on points over an algebraic closure Fy, of F. For

this, we consider the homotheties: if v, vo, vz € F X, then

alg®
vildwy)r, * (Vi qi) Fay = (Vi Gi) Fy,
is a similitude with multiplier viz, and
(v1 Id(Vl)Falg’ 123 Id(VZ)Falg V3 Id(V3)Falg): CFy, = CFy,

is a similitude with multiplier (1)21)31)1_1, V3VV, Loy, VaVy 1). Therefore, the image of the
map Ae in (F;fg)3 contains (vzv3v1_1, V3v1v2_1, vlvzvgl) for all vy, vy, v3 € F;fg. Given

A1, Az, A3 € Fz:](g’ we may find vy, vo, V3 € F;fg such that v% = A3, v% = A1\, and

v = )L1_1V2U3.Then
. 2! 71 = (A1, 42,4
(V2U3V1 , V3V1V, 7, V12V )—( 1, A2,A3),

proving surjectivity of de.
Step 2: We show that A is surjective. For uy, vy € Vi, consider the maps

g1:Vi—= Vi, x1 = uibi(vy,x1) —vib1(u1, x1),
g2 Vo = Vo, X2 (V1 *3 X2) *p Uy,

g3 V3 — V3, X3 = Uy *3 (X3 k) Ul).
For x; € 17,
by(g1(x1). x1) = by(uy. x1)b1(v1,x1) — by (v1. x1)by (U1, x1) =0,

hence g1 € go(q1) with fit(g1) = 0 by Proposition 2.11. Moreover, (3.1), (3.5) and (3.8)
yield for x, € V, and x3 € V3

bz(gz(xz),xz) = b3(v1 * X2, U1 *2 X2) = b1(v1,u1)q2(x2),

b3(g3(x3), x3) = ba(x3 *2 V1, x3 %2 u1) = g3(x3)b1(v1, uy).

Therefore, g> € go(g2) and g3 € go(g3) with /1(g2) = f(g3) = b1(v1, uy).
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Now, for x; € Vj and x, € V, we compute

g3(x1 %3 x2) = uy *3 ((x1 *3 X2) %2 V1)

by using (3.18) twice in succession to interchange first x; and vy, and then x; and uy:

g3(x1 *3 x2) = (uq *3 X2)b1 (v1, x1) — Uy *3 ((V1 *3 x2) *2 x1)
= (uy %3 x2)b1(v1, X1)—(v1 *3 X2)by (U1, x1)+x1 %3 ((V1 %3 X2) %2 1)

= g1(x1) *3 X2 + X1 *3 g2(x2).

It follows that (g1, g2, g3,0) lies in go(€), and the computation of j1(g>) and [i(g;) above
yields
Ae(g1,82,83,0) = (b1(v1,u1),0,0).

Thus, taking u1, vy such that by (vy,u;) = 1, we see that (1,0, 0) lies in the image of X@.
Similarly, we may find g’ € go(9€) and g” € go(92€) such that Age(g’) = Ape(g”) =
(1,0,0). Then 92(g"), d(g") € go(€) satisfy Age(92(g")) = (0,0, 1) and Aye (3(g")) =
(0, 1,0), hence )‘L‘e is surjective.

Steps 1 and 2 establish the exactness of the sequences (3.28) and (3.29). Step 2 shows
that the surjective map Ae is separable,” hence O(€) is smooth by [13, (22.13)]. Since
an is also smooth, it follows that GO(€) is smooth by [13, (22.12)]. n

Step 1 of the proof of Proposition 3.19 introduces the subgroup of homotheties of
GO(©): this subgroup H(€) is the image of the closed embedding G2, — GO(€) given
by

(v1,v2,v3) = (v Idy,, v2 Idy,, v3 Idys, v1v2v3_1).
The algebraic group H(€) lies in the center of GO(€), hence we may consider the quo-
tient algebraic group

PGO(€) = GO(€)/ H(E).
This is a smooth algebraic group since GO(€) is smooth. Let also
Z(t) =H(t)NO(E).

This group is the kernel of the canonical map O(€) — PGO(€). For every commutative
F-algebra R,

Z(€)(R) = {(v1.v2.v3,. 1) | v] = v =] = vjvav3 = 1} C R* x R x R x R*,

hence Z(€) is isomorphic to the kernel of the multiplication map m: @, X Ly X fly — i,
carrying (v1, V2, V3) to vy vpv3. It is thus also isomorphic to i, X g, hence it is a smooth
algebraic group if and only if char F' # 2.

SFollowing [13, p. 341], a surjective homomorphism of group schemes is said to be separable if its
differential is a surjective Lie algebra homomorphism.
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Proposition 3.20. The following diagram is commutative with exact rows and columns:

1 1

1 Z(€) 0(€) —— PGO(E) —— 1
1 H(E) GO(€) —— PGO(€) — |
Ae re
G3 _ G3
1 1

Proof. Commutativity of the diagram is clear, and the lower row is exact by definition of
PGO(€). Step 1 of the proof of Proposition 3.19 shows that Ae: H(€) — G2, is surjective,
hence the left column is exact. Moreover, the right column is exact by Proposition 3.19;
therefore it only remains to prove that the canonical map O(€) — PGO(€) is surjec-
tive. Since PGO(€) is smooth, it suffices to consider the group of rational points over
an algebraic closure Fy, of F. We know Ae: H(€) — G2, is surjective, hence for every
g € GO(€)(Fyy) there exists i1 € H(€)(Fyg) such that le(g) = Ae(h). Then gh™! lies
in O(€)(Fy,) and has the same image in PGO(€)(F,) as g, hence the canonical map
O(C)(Fag) — PGO(€)(Fuyg) is surjective. |

Let H(€) and pgo(€) be the Lie algebras of H(€) and PGO(€) respectively. By
definition,

h(E) = {(v1 Idy,, v2 Idy,, v3 Idy,, vi + v2 —v3) | V1, V2, V3 € F} ~FxFXxF.

On the other hand, since H(€) is smooth, the canonical map GO(€) — PGO(€) is sep-
arable by [13, (22.13)], hence its differential is surjective. Therefore,

pgo(€) = go(€)/ h(C).
The following result yields an explicit description of pgo(€) for use in Section 4.3:

Proposition 3.21. Mapping (g1, g2,83,A3)+H(€)epgo(€) to (g1+F,gr+F,g3+F)
€pgo(q1)xpgo(g2) xpgo(qs3) identifies pgo(T) with the subgroup of pgo(q1) X pgo(q2)
x pao(q3) consisting of triples (g1 + F,g> + F, g3 + F) where g1 € go(q1), g2 € go(¢2)
and g3 € go(qs3) satisfy (3.26) for some A3 € F.

Proof. 1t suffices to show that §(€) is the kernel of the map

go(€) — pgo(q1) X pgo(q2) X pgo(q3)
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carrying (g1, &2, g3, A3) to (g1 + F, g2 + F, g3 + F). Clearly, h(€) lies in the kernel of
this map. Conversely, if (g1, g2, €3, A3) lies in the kernel, then there are scalars vy, vy,
v3 € F such that g; = v; Idy; fori =1, 2, 3. Then (3.26) yields A3 = v; + v, — v3, hence
(&1, 82, g3, A3) lies in H(C). "

Remark 3.22. If char F # 2, the upper row of the diagram in Proposition 3.20 shows that
the canonical map o(€) — pgo(€) is an isomorphism, for then Z(€) is smooth and its
Lie algebra is 0. This canonical map is not bijective if char ' = 2, even though o(€) and
pao(€) have the same dimension.

3.4. Compositions of pointed quadratic spaces

Fixing a representation of 1 in a quadratic space yields a new structure:

Definitions 3.23. A pointed quadratic space over an arbitrary field F is a triple (V, g, e)
where (V, ¢q) is a quadratic space with nonsingular polar form over F and e € V is a vector
such that g(e) = 1. Each pointed quadratic space is endowed with a canonical isometry —
of order 2, defined by

X =eb(e,x)—x forxelV,

where b is the polar form of ¢. Isometries of pointed quadratic spaces are required to
preserve the distinguished vector representing 1.
A composition of pointed quadratic spaces over F is a 4-tuple

€ = ((V1.q1.€1), V2,42, €2), (V3. 43, €3). *3) (3.30)

where (V1,41,e1), (Va2,92,€2), (V3,q3,e3) are pointed quadratic spaces over F and the 4-
tuple € := ((V1,91)(V2,92), (V3,43), *3) obtained by forgetting the distinguished vectors
is a composition of quadratic spaces such that

€] %3 €3 = €3.

It follows from the definition that ¢, ¢> and g3 represent 1, hence these forms are
isometric Pfister forms, by Proposition 3.8, 3.9 or 3.10 (depending on the dimension).
Note that (3.10) readily yields

ey k1 e3 =e; and ez xye; = e;.
Therefore, the following are compositions of pointed quadratic spaces:

9€* = ((V2.42.€2). (V3. q3.€3). (V1.q1.€1). %1),
€ = ((V3.q3.€3), (V1.q1. 1), (V2. 42, €2), *2).

Let ©° and €° be compositions of pointed quadratic spaces, and let € and € be the
compositions of quadratic spaces obtained from €* and €* by forgetting the distinguished
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vectors. Every similitude f:€ — € that preserves the distinguished vectors must be an
isometry, because the equations

A1 f1(x2 *1 x3) = fo(x2)*1 f3(x3),

Az fa(xz #2 x1) = f3(x3)*2 f1(x1),

A3 f3(x1 %3 x2) = fi(x1)*3 f2(x2)
for x; € V1, x2 € Vo, x3 € Vaimply Ay = A, = A3 = 1if f(e;) = ¢; fori =1, 2, 3.
Therefore, between compositions of pointed quadratic spaces the only type of maps we
consider are isomorphisms.

Definition 3.24. An isomorphism f:€°* — €* of compositions of pointed quadratic
spaces is an isomorphism f: € — € of compositions of quadratic spaces that maps the
distinguished vectors of €° to the distinguished vectors of €°. The automorphisms of €°
define an algebraic group scheme O(€*), which is a closed subgroup of O(€).

Our goal in this subsection is to show that every composition of pointed quadratic
spaces €° carries a canonical isomorphism A:€® — d€*° and is isomorphic to a com-
position S(€°®) such that dS(€®) = S(€*). For this, we will use the following identities
relating the canonical isometry — and multiplication by the distinguished vectors:

Lemma 3.25. Let €° be a composition of pointed quadratic spaces as in (3.30).

(a) For every X1 € Vi, xo € Vo, x3 € V3,

€1 ¥3 X2 = e1 ¥3 X2, X1 *3 €3 = X1 *3 €2,

X
ey k| X3 = ep k1 X3, X ¥1 €3 = X3 ¥ €3,
X

€3 %3 X1 = e3 %3 X1, X3 %2 €] = X3 *2 €].

(b) For every X1 € Vl, Xy € Vz, X3 € V3,
e1 %3 (X3 %2 X1) = X7 %3 (X3 %2 €1), (X1 *3 X2) *2 €1 = (€1 *3 X2) *2 X7,
€2 *1 (X1 %3 X2) = X3 %1 (X1 *¥3 €2), (X2 %1 X3) *3 €2 = (€2 *1 X3) *3 X2,
e3 %2 (X2 %1 X3) = X3 %2 (X2 *1 €3), (X3 *2 X1) *1 e3 = (€3 *2 X1) *1 X3.
(c) Forevery x; € Vi, xp € V3, x3 € V3,
€2 *1 (61 *3 (€3 *2 Xl)) =X = ((Xl *3 €2) *2 6’1) *1 €3,
e3 %z (e2 %1 (€1 %3 x2)) = X2 = ((x2 %1 €3) *3 €2) %2 €1,
e1 %3 (e3 %2 (e2 %1 x3)) = X3 = ((x3 %2 €1) *1 €3) 3 2.
(d) For every X1 € Vi, xo € Vo, x3 € V3,
X1 %3 %2 = (X2 %1 €3) %3 (€3 %2 x1) = ((e3 %2 X71) *1 (e1 *3 X2)) *3 €2,
X2 #1 X3 = (x3 %2 €1) *1 (e1 %3 x2) = ((e1 %3 X2) *2 (€2 *1 X3)) * €3,

X3 %2 X1 = (X1 %3 €2) %2 (e %1 x3) = ((e2 *1 X3) *3 (€3 %2 X1)) *2 €1.
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Proof. To avoid repetitions, we just prove the first formulas in each case.
(a) By definition,
€1 %3 X3 = e3bs(es, e1 *3 x2) — €1 *3 Xa.
Substituting eq *3 e, for e3 and using b3 (e3, €1 *3 X2) = ba(e3 *3 e1, X2) = ba(eaz, X2)
yields
ey *3 X3 = e 3 (e2ba(e2. x2) — x2) = €1 *3 X3
(b) By (3.18) and (3.12),
e1 *3 (x3 %2 X1) = x3b1(e1,x1) —x1 %3 (x3*2€1) and x3 = ey *3 (x3 *2 €1),
hence
e1 *3 (X3 %2 X1) = (€1b1(6’1,x1) —Xl) *3 (X3 %2 €1) = X7 *3 (X3 %2 €1).
(c) Using (b) and (3.10), we have
ez 1 (e1 %3 (e3 %2 x1)) = ez %1 (X7 *3 (€3 *2 €1)) = €2 *; (X7 *3 €2) = X7.
(d) We compute (x5 *; e3) *3 (e3 *3 x1) by using (3.18) to exchange the factors x5 *;
ez and xq:
(x2 %1 €3) %3 (e3 *2 X1) = e3by(x2 *1 €3,x1) — X1 *3 (€3 *2 (X2 %1 €3)).

Since €3 ko (XZ *1 83) = X2 by (3.1 1) and bl()CZ *1 €3, xl) = b3(€3, X1 *3 X2) by (3.1),
it follows that

(x2 %1 e3) *3 (€3 *2 X1) = e3zbs(e3, X1 *3 X2) — X1 *3 X2 = X *3 X5.
On the other hand, (b) yields
X2 k1 e3 = X2 *1 (€1 *3 €2) = e3 x| (e1 *3 X2),
hence, using (b) again together with (a),
(x2 %1 €3) %3 (e3 %2 x1) = (e2 *1 (e1 *3 X2)) *3 (€3 *2 x1)
= (e3 %2 x1 *1 (e1 %3 X2)) *3 €2
= ((e3 %2 X7) *1 (€1 %3 X2)) *3 €3. m

For a composition of pointed quadratic spaces €° as in (3.30), we define a composition
of pointed quadratic spaces S(€*) as follows:

S(€®) = ((V3,q3.€3), (V3,43.€3). (V3,43 €3), ®3)

where

X ®3y = (ex*x1 X)x3(y x2e1) forx,ye Vi (3.31)
We also define linear maps Aq: Vi — Va, Az: Vo — Vi, As: V3 — V7 as follows: for
X1 € V],X2 (S V2 al’ld.X3 € V3,

Ar(x1) = ez *3 X1, Ax(xz) = ey #3 X2, Az(x3) = ez *1 X3.
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Theorem 3.26. With the notation above,
(a) thetriple A = (A1, Az, A3) is an isomorphism A: €* — 90€°;
(b) the triple (A3, Ay, 1dy,) is an isomorphism S(€°) — €°;
(c) aS(€*) = S(¢e*).

Proof. (a) It is clear that each A; is an isometry of pointed quadratic spaces, so it suffices
to prove Az(x1 *3 x3) = Aq(x1) *1 Az(xp) for x; € V; and x, € V5, which amounts to

ey ¥1 X1 *3 X2 = (e3 %2 X1) *1 (€1 *3 X2).

This readily follows from (d) of Lemma 3.25.
(b) For y € V3 we have A,(y %2 1) = e1 *3 ¥ *2 e; = y, hence by definition

x®3y = As(x) *3 AN (p),

which proves (b).
(c) It suffices to prove

b3(x ®3 y,z) = b3(x,y ®3z) forx,y,ze Vs

For this, we first compute using Lemma 3.25

Yy @3z = (e %1 y) %3 (Z %2 1)
= ((6’3 *p ep %1 ) *1 (€1 ¥3Z *p el)) *3 €
= ((e3 *2 (e2 %1 ¥)) *1 (e1 *3 (z %2 €1))) *3 €2

= ((J *2 €1) *1 z) *3 ex.
Since — and multiplication on the left by e, are isometries, it follows that
b3(x,y ®3z) = bi(ex *1 X, (Y *3 €1) *1 2).
By definition of *p, the right side is
b3((e2 *1 X) *3 (J *2 €1),2) = b3(x ®3 y,2). "

For compositions of (unpointed) isometric spaces, a result similar to Theorem 3.26
easily follows:

Corollary 3.27. For every composition of isometric quadratic spaces €, there is an iso-
morphism € >~ d€. Moreover, € is isomorphic to a composition S(€) such that dS(€) =
S(€).

Proof. Let € = ((V1,q1), (Va,¢2), (V3,q3), *3) be a composition of isometric quadratic
spaces. By Corollary 3.12, we know that ¢, g> and g3 represent 1. We may therefore use
the same constructions as in Theorem 3.26, after choosing e; € V; and e, € V5 such that

gi(e1) = qa2(e2) =1
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and letting e3 = eq *3 €3, for (V1,491,e1), (V2,42,¢€2), (V3,q3,€3), *3) is then a composi-
tion of pointed quadratic spaces. Define the maps Aj: V; — V,, Ay Vo, — Vi3, Az Vi —
V7 as in Theorem 3.26. The proof of that theorem shows that (A, A;, A3) is an isomor-
phism € — €. Moreover, letting

S(€) = ((V3.43). (V3.43). (V3.43), ®3)

with ®3 as in (3.31), we see from the proof of Theorem 3.26 that 3.5 (€) = S(€) and that
(A3, A;', 1dy,) is an isomorphism S(€) — €. "

Note that, in contrast with Theorem 3.26, the constructions in Corollary 3.27 are not
canonical, since they depend on the choice of distinguished vectors.

3.5. Composition algebras

The purpose of this subsection is to briefly review the classical notion of composition
algebras, in order to underline its connections with compositions of quadratic spaces.

Definitions 3.28. A composition algebra over F is a triple A = (A4, g, ¢) where (4, q)
is a (finite-dimensional) quadratic space over F' with nonsingular polar bilinear form and
¢: A x A — Ais abilinear map such that

qg(xoy)=qx)q(y) forallx,y e A.
The definition can be rephrased as follows: the 4-tuple
€(A) = ((4.9). (A, 9).(A.q). ) (3.32)

is a composition of quadratic spaces. Theorem 3.7 shows that the dimension of a com-
position algebra is 1, 2, 4 or 8, with dimension 1 occurring only when char F' # 2, and
Corollary 3.12 shows that ¢ is a Pfister form.

A unital composition algebra® is a 4-tuple

A* = (A,q,e,9),
where (A4, g, e) is a pointed quadratic space and ¢: A x A — A is a bilinear map such that
g(xoy)=¢q(x)g(y) and eox=xoe=x forallx,yeA.
In any unital composition algebra we have e ¢ e = e, hence
€*(A%) = ((4.q.¢).(A.q.e).(4.q.€).0) (3.33)

is a composition of pointed quadratic spaces.

6Unital composition algebras are called Hurwitz algebras in [13], see [13, (33.17)].
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As with more general compositions of quadratic spaces, the multiplication law ¢ of
a composition algebra + induces derived composition maps ¢ and ¢ of (4, q), (4, q),
(A, q), defined by the conditions

b(x,yo1z)=b(xoy,z) and b(xozy,z) =b(x,yoz) forx,y,ze A. (3.34)
We may therefore define derived composition algebras d# and 924 by
A = (A,q,01) and 3%*A = (A,q,07).

Composition algebras #4 such that d.A = A are called symmetric composition algebras.
They are characterized by the condition that

b(x oy, z)=b(x,yoz) forallx,y,ze A

By contrast with compositions of pointed quadratic spaces, the derivation procedure
does not preserve unitality of composition algebras. To make this point clear, we deter-
mine below the derived composition maps of a unital composition algebra, using results
from [19, Ch. 1]. Note that unital composition algebras carry a canonical involutory isom-
etry — derived from their pointed quadratic space structure as in Definitions 3.23.

Proposition 3.29. Let A® = (A, q, e, ©) be a unital composition algebra.

(a) The derived composition maps ¢1 and <, defined in (3.34) are given by
X01y=y0X and x0,y=yox forx,yecA.
(b) For the bilinear map x: A x A — A defined by
X*xy=X0y forx,ye€A,
the triple S(A®) = (A, ¢, %) is a symmetric composition algebra.
Proof. (a) Lemma 1.3.2 in [19] yields b(x, y ¢ z) = b(z, J ¢ x), hence
b(x oy y,z) =b(yox,z) forallx,y,ze A.

Since b is nonsingular, it follows that x ¢, y = y ¢ x.
Since — is an isometry, [19, Lem. 1.3.2] also yields b(x ¢ y,z) = b(J, X ¢ z). Now,
[19, Lem. 1.3.1] shows that x ¢ y = y ¢ X, hence the definition of ¢; yields

b(yox,z)=b(y,zox)=b(Z,xo1y) forallx,y,ze A.

Since b is nonsingular, it follows that x ¢1 y = y © X.

(b) Since ¢(x) = g(x) for all x € A, it is clear that S(A°®) is a composition algebra.
To prove that the derived maps *, *; associated to * are identical to *, it suffices to prove
that b(x x y,z) = b(x,y x z) for all x, y, z € A, which amounts to

b(x¢oy,z)=b(x,yoz) forallx,y,ze A. (3.35)
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From the definition of ¢ in (3.34) and its determination in (a), it follows that
b(xoy,z)=b(x,yo1z)=b(x,zoy) forallx,y,z e A.

Now, z ¢y = y ¢z by [19, Lem. 1.3.1], and — is an isometry, hence the rightmost side
in the last displayed equation is equal to b(x, y ¢ z), which proves (3.35). |

Note that in the context of Proposition 3.29, x ¢1 e = X = e ¢, x forall x € A. Hence
(A,q,e,o1) and (A, g, e, ©2) are not unital composition algebras, unless — = Idy, which
occurs only if dim A = 1.

Symmetric composition algebras S(#4°®) derived from unital composition algebras #4°®
as in Proposition 3.29 are called para-unital composition algebras (para-Hurwitz algebras
in the terminology of [13]). They are characterized by the property that they contain a
para-unit, see [13, (34.8)].

Between algebras, maps that are more general than homomorphisms are considered,
following Albert [1].

Definition 3.30. Let (4, ¢) and (Z , &) be F-algebras (i.e., F-vector spaces with a bilin-
ear multiplication). An isotopy f: (A, ) — (A,9) is atriple /' = (f1. f2. f3) of linear
bijections f;: A — A such that

fr(x 0 y) = fi(x)Sfa(y) forallx,y € A.

An autotopy is an isotopy of an algebra to itself. Under the composition of maps, auto-
topies of an algebra form a group Str(A4, ¢) known as the structure group of (A, ¢). This
group is the set of F-rational points of an algebraic group scheme Str(4, ¢), which is a
closed subgroup of GL(A4) x GL(A4) x GL(A).

For example, in the construction S of Proposition 3.29, which yields the symmetric
composition algebra S(+4°) from the unital composition algebra A®, the algebra (4, *)
is isotopic to (A4, ¢). The following construction, due to Kaplansky [11], shows that the
algebra of every composition algebra is isotopic to the algebra of a unital composition
algebra.

Proposition 3.31. Let A = (A, q, ©) be a composition algebra. There exists a bilinear
map x: A x A — A and a vector e € A for which
(@) (A,q,e, *) is a unital composition algebra, and

(b) there exists an isotopy

S =1, f2, [3):(4,0) = (4, %)

which is also an isomorphism f:€(A) — € (A, q, *) of the associated composi-
tions of quadratic spaces as in (3.32).

Proof. Since 4 is a composition algebra, Corollary 3.12 shows that there exists u € A
such that g(u) = 1. The maps £,,: A — A and r,,;: A — A defined by £,,(x) = u ¢ x and
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ry(x) = x © u are isometries of (A4, q), hence they are invertible. Define x: A x A — A
by
x*y=r; (x)0 L, (y) forx,ye€A,

hence x ¢ y = ry(x) x £, (y) for x, y € A. Itis clear from the definitions that (Idg4, ry, £y,)
is an isotopy (A4, ©) — (A, *) and also a similitude €(A) — €(4, g, *) with multiplier
of the form (A, A2, 1) for some A, A, € F*. Since

w(ly) = p(ry) = qu) =1,

it follows from (3.25) that A; = A, = 1, hence f is an isomorphism of compositions of
quadratic spaces. Moreover for ¢ = u ¢ u we have r,, ' (¢) = u = £;;'(e), hence

exx=u oﬁ,;l(x) = Zu(ﬁ;l(x)) =x= ru(ru_l(x)) = ru_l(x) ouU=xx*e,
hence (A4, ¢, e, *) is a unital composition algebra. ]

Corollary 3.32. Every composition of isometric quadratic spaces is isomorphic to a
composition €(A) as in (3.32) for some unital composition algebra A, and also to a
composition €(8) for some symmetric composition algebra §. Up to isomorphism, there
is a unique composition of hyperbolic quadratic spaces of dimension n, forn = 2, 4 and 8.

Proof. Let€ = ((V1,41), (V2,42), (V3,4q3), *3) be a composition of isometric quadratic
spaces, and let S(€) = ((Vs,¢3), (V3,43). (V3,q3), ®3) be the composition of quadratic
spaces constructed in Corollary 3.27, which is isomorphic to €. Clearly, S(€) = €(S)
for § the composition algebra § = (V3, g3, ®3). This composition algebra is symmetric
since dS(€) = S(€). Now, Proposition 3.31 yields a unital composition algebra A4 =
(V3, g3, e, *) and an isomorphism €(§) ~ €(+A). Thus, € is isomorphic to €(S) and
to T(A).

For n = 2, 4 and 8, there is up to isomorphism a unique unital composition algebra of
dimension n with hyperbolic quadratic form, namely the split quadratic étale algebra, the
split quaternion algebra and the split octonion algebra, see [13, (33.19)]. Therefore, there
is a unique composition of hyperbolic quadratic spaces up to isomorphism. ]

By contrast with the last argument, note that there exist more than one symmetric
composition algebra of dimension 8 with hyperbolic quadratic form, see [13, (34.37)]; but
their associated compositions of quadratic spaces are isomorphic.

Remark 3.33. For quadratic modules over a commutative ring, Alsaody establishes in [2,
Prop. 3.7] the following result closely related to Corollary 3.32: every composition of
quadratic modules of constant rank 8 is isomorphic after a faithfully flat scalar extension
to the composition of quadratic spaces associated to a para-octonion algebra. The proof
uses the same construction as Theorem 3.26.

We next relate isotopies of composition algebras with similitudes of the associated
compositions of quadratic spaces.
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Theorem 3.34. Let A = (A, ¢, ©) and A = (4, G, %) be composition algebras and let
€(A) and ‘6(,%1:) be the associated compositions of quadratic spaces as in (3.32). A triple
f = (f1, f2, f3) of bijective linear maps f;: A — Ais an isotopy (A, ©) — (A, 3) if and
only if it is a similitude f:€(A) — l‘?(e;‘;) with composition multiplier (u( f2), n(f1),1).

Proof. 1t is clear by comparing Definitions 3.13 and 3.30 that similitudes f:€(A) —
€(A) with composition multiplier of the form (A, A5, 1) for some Ay, A, € F* are
isotopies (4, ©) — (A, S). To prove the converse, it suffices to show that for every isotopy

f=(f1. fo. f3): (A, 0) > (4.3)

the maps f; are similitudes. The isotopy condition then shows that f is a similitude of
compositions € (A) — ‘C’(g:() with multiplier of the form (A, A5, 1) forsome A1, A, € F*.
Then (3.25) shows that A; = u(f2) and A, = u(f1).

By Proposition 3.31 we can find a bilinear map *: A x A — A and a vector e € A such
that (A4, ¢, e, %) is a unital composition algebra and there exists an isotopy g: (4, ©) —
(A, *) whose components are isometries of (4, g). The map f o g7 !: (4, ¥) — (4,3) is
then an isotopy, which means that for f o g~V = (h1, ha, hi3)

h3(x x y) = h1(x)Shy(y) forallx,y € A. (3.36)
In particular, it follows that for all x € A
hi(e)Sha(x) = ha(e * x) = h3(x) = h3(x x e) = h1(x)Sha(e).
Since s is a composition algebra, these equations imply
G(h3(x)) = G(h1(e))d(ha(x)) = G(h1(x))G(ha(e)) forallx € A. (3.37)

Corollary 3.12 shows that the form g represents 1; as h3 is bijective, there exist vectors
x € A suchthat G(hs(x)) =1, hence §g(h(e)) and g (ha(e)) belong to F*. Equation (3.37)
yields §(h3(e)) = G(hi1(e))G(ha(e)), hence G(h3(x)) € F*. Define ¢': A — F by

q'(x) = G(h3(e)) " G(h(x)) forx € 4,
s0 ¢'(e) = 1. Since 4 is a composition algebra, we obtain from (3.36)
q(h3(x * y)) = q(hl(x))c](hz(y)) forall x,y € A,
hence by (3.37)
G(h3(x ) = G(h1(e) "G (hale) " G(R3(x))d(h3()
= G(h3(@) "' (h3(x))d (3 ().

Therefore,
g (x*xy)=q'(x)q'(y) forallx,y € A.
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Thus, (4, ¢, e, *) is a unital composition algebra, just like (A4, ¢, e, *). But the quadratic
form in a unital composition algebra is uniquely determined as the “generic norm” of the
algebra (see [13, (33.9)] or [19, Cor. 1.2.4]), hence ¢’ = ¢, which means that

4(h3(x)) = G(ha(e))g(x) forallx € A.

Thus, h3: (4,q9) — (/T ,q) is a similitude with multiplier g(%3(e)). Equation (3.37) then
yields

G(h1(x)) = G(ha(e)) ' G(h3(e))q(x) and  §(ha(x)) = (h1(e)) ™ G(h3(e))q(x),

hence ki and &, also are similitudes. Now, f = h o g and all the components of g are
isometries, hence all the components of f are similitudes. ]

Note that the construction in the proof of Theorem 3.34 is functorial: it also applies to
isotopies f: (AR, <) — (AR, <) for R any commutative F-algebra. Therefore, in the case
where A = 4 Theorem 3.34 has the following group scheme interpretation:

Corollary 3.35. For any composition algebra 4 = (A, q, ©), let A': GO(€(A)) — Gp
be the third component of the composition multiplier map Ae4): GO(€(A)) — G3, and
let ':Str(A, o) — G2, be the map defined on rational points by mapping every auto-
topy (f1, f2, f3) to the pair of multipliers (u( f1), u(f2)). The algebraic group scheme
Str(A, ¢) is smooth and fits in the following exact sequences:

1 Str(A, 0) > GO(E(A)) 2> Gy — 1

and )
1 - O(€(A)) — Str(4, 0) > G2 — 1.

Proof. Theorem 3.34 identifies Str(A4, ¢) as the kernel of A’. Proposition 3.19 shows that
Ae(4) is a separable morphism, hence A’ also is separable, and it follows by [13, (22.13)]
that Str(A, ¢) is smooth. Theorem 3.34 also shows that the kernel of 1’ is the kernel of
the restriction of Ae(4) to Str(4, ¢), which is O(€()) by definition. To complete the
proof, observe that 1’ is surjective because Ae(4) is surjective. ]

We next turn to automorphisms of an algebra (A4, ¢), which are linear bijections
f:A— Asuchthat f(x ©y) = f(x) o f(y) forall x, y € A. They form an algebraic
group scheme Aut(A4, ¢), which can be viewed as a closed subgroup of Str(A4, ¢) since
every automorphism f yields an autotopy ( f, f, f) of (4, ¢). To relate the condition that
f1 = f2 = f3 in an autotopy (f1, f2, f3) with the shift isomorphism d: GO(€(A)) —
GO(0E(A)), we view O(€(s)), O(I€(+4)) and O(32€(A)) as subgroups of GL(A4) x
GL(A) x GL(A) and define

0(€(A)) = O(€(4)) NO(IC(A)) N O(D*C(A)).

The shift isomorphism 9 clearly restricts to an automorphism of O(€(A)).
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Proposition 3.36. For every composition algebra A = (A, q, ©), the group Aut(A, o) is
the subgroup of O(€(A)) fixed under 0.

Proof. Let R be a commutative F-algebra. For every automorphism f of (A4, ¢)g the
triple (f, f, f) is an autotopy of (A4, ¢)g, hence by Theorem 3.34 a similitude of € (A)g
with composition multiplier (u(f), w(f), 1). The relations (3.25) between composition
multipliers and the multipliers of the components of similitudes yield w(f) = u(f)?,
hence u(f) = 1 and (f, f, f) is an automorphism of € () g. By Proposition 3.14 we
then see that (£, £, f) is also an automorphism of € (+4) and of 92€ (), hence

(f. f. ) € O(E(A))(R),

and this triple is fixed under 9.
On the other hand, if ( f1, f>, f3) € O(€(A))(R) is fixed under 9, then f1 = f> = f3,
hence f; is an automorphism of (A4, ¢)g because ( f1, f2, f3) € O(€(A))(R). |

When 4 = (4, ¢, ¢) is a symmetric composition algebra, then d€(A) = €(A) by
definition, hence O(€(A)) = O(€(+4A)) and Proposition 3.36 shows that Aut(4, o) is the
subgroup of O(€(+4)) fixed under . When dim A = 8, an alternative description is given
in [6, Th. 6.6]: Aut(A, ¢) is shown to be isomorphic to the subgroup of PGO™ (¢) fixed
under an outer automorphism of order 3, which is the analogue of 0.

For a unital composition algebra A°®* = (4, g, e, ©¢) with associated para-unital sym-
metric composition algebra S(A®) = (4, ¢, *) as in Proposition 3.29, it follows from
functoriality of the S construction that Aut(A4, ¢) C Aut(A4, ). The reverse inclusion holds
when dim A > 4 by [13, (34.4)]. However, the group Aut(A, ¢) can also be described as
follows:

Proposition 3.37. Let A®* = (A, q, e, ©) be a unital composition algebra, and let €°*(A®)
be the associated composition of pointed quadratic spaces as in (3.33). There is a canon-
ical identification Aut(A4, ©) = O(€*(A*)).

Proof. Let R be acommutative F-algebra. Every automorphism f € Aut(4, ¢)(R) leaves
e fixed, hence the triple (f, f, f) is an automorphism of €°(A4®) g. Therefore, mapping f
to (f, f, f) defines an embedding Aut(A4, ¢) C O(€*(A®)).

For the reverse inclusion, let ( f1, f2, f3) € O(€*(A®))(R). Substituting e for x or for
¥ in the equation

frxoy) = fix)o fo(y) forallx,ye A
yields f3(y) = f2(y) and f3(x) = fi(x) forall x, y € A, hence f3 € Aut(4,¢)(R). =

4. Trialitarian triples

The focus in this section is on central simple algebras with quadratic pair of degree 8 over
an arbitrary field F. Altering slightly the definition in [13, §42.A] (and extending it to
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characteristic 2), we define a trialitarian triple over F to be a 4-tuple (!)

7= ((Al’alvfl)’ (AZ’O—vaZ)’ (A3»03,f3)»<ﬂ0)

where (4;, 0;, f;) is a central simple F-algebra with quadratic pair of degree 8 fori = 1,
2, 3, and ¢y is an isomorphism of algebras with quadratic pair

o (C(A1,01,11),0,.1,) = (A2.02.1,) x (43,03, T3).

To simplify notation, we denote by a single letter algebras with quadratic pair, as in Sec-
tion 2, and write ¥; = (4;,0;, ;) and C(A,) = (C(?Il),gl,il).

If 7 = (9}1, Ay, As, Qo) is also a trialitarian triple, an isomorphism of trialitarian
triples y: T — Tisa triple y = (y1, ¥2, y3) of isomorphisms of algebras with quadratic
pair

v, > A i =1,2,3,

such that the following diagram commutes:

C(Aq) —25 Ay x Asg

C(yl)l J/yz Xy3

G(ﬁi]) &) 512 X 513

We show in Section 4.1 that every composition € of quadratic spaces of dimension 8
yields a trialitarian triple End(®€), and that every trialitarian triple of split algebras has the
form End(®€) for some composition € of dimension 8. In Section 4.2 we discuss the group
scheme of automorphisms of a trialitarian triple 7 : we show that Aut(7") is smooth (hence
an algebraic group) and introduce algebraic groups O(7), GO(T), PGO(7), extending
to the context of trialitarian triples the group schemes O(€), GO(€), PGO(€) defined
in Section 3.3 for a composition € of quadratic spaces. A main result of the section is the
construction of derived trialitarian triples in Section 4.3: to each trialitarian triple 7~ we
canonically associate trialitarian triples 37" and 927, in such a way that for split trialitarian
triples End(€)

0End(€) = End(0€) and 9% End(€) = End(3%€).
This construction is used in Section 4.4 to define for each trialitarian triple
T - (9113 912’ 913» @0)

isomorphisms
O(T) ~ Spin(A;) ~ Spin(A,) ~ Spin(A3)

and
PGO(T) ~ PGO™"(2;) ~ PGO™ () ~ PGO™ (23),
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which we call the trialitarian isomorphisms canonically attached to the trialitarian triple
T . The trialitarian isomorphisms Spin(2(;) =~ Spin(2,) ~ Spin(23) restrict on the cen-
ters to isomorphisms Rz, /r(p,) =~ Rz,/r(jt2) >~ Rz,/F (p,) that do not preserve the
subgroups , C Rz, /F(p,): see Proposition 4.21. In the particular case where 2; =
A, = A3 (where Ay = A, = Aj is split, since the sum of the Brauer classes of Ay, A»
and A3 vanishes in the Brauer group of F, see [13, (42.7)]), the trialitarian isomorphisms
are therefore outer automorphisms. The close connection between trialitarian automor-
phisms of PGO;‘ and symmetric compositions is discussed in [6].

We return in Section 4.5 to the study of compositions of quadratic spaces, building on
the theory of trialitarian triples developed in the previous subsections to obtain a few more
results about the 8-dimensional case. Specifically, we establish criteria for the similarity
or the isomorphism of compositions of quadratic spaces, which yield an analogue of the
classical principle of triality, and we give an explicit description of the cohomological
invariants of Sping.

In the final Section 4.6 we show that the constructions of Section 4.2 readily yield a
canonical isomorphism between the structure group of a composition algebra of dimen-
sion 8 and the extended Clifford group of its quadratic form.

4.1. The trialitarian triple of a composition of quadratic spaces

Let € = ((V1,41), (V2,92), (V3,q3), *3) be a composition of quadratic spaces of dimen-
sion 8 over F. Recall from Proposition 3.10 the isomorphism of algebras with quadratic
pair

C@:(CVi.q1).71.61) = (End(V2 @ V3).0b, 185 Tg, 14, )
induced by the map

a:x1 €V~ ( 0 rx‘) € End(V, @ 13)
Ly, O

where £y, : Vo — V3 carries xo € V3 to x1 %3 x5 € V3 and ry,: V3 — V, carries x3 € V3
to x3 % x1 € V5. Its restriction to the even Clifford algebra also is an isomorphism of
algebras with quadratic pair

C()(Ol)l (Co(Vl,ql), 701, 901) :) (End(Vz),O'bz,fqz) X (End(V3),ob3,qu ),

see Proposition 3.10. Therefore, the following is a trialitarian triple:

End(€) = ((End(Vl),abl,fql ) (End(Vz),obz, T ) (End(l/g,),cfb3,fq3 ) Co(a)).

We next show that the construction of trialitarian triples from compositions of quad-
ratic spaces is functorial. 5

Let € = (Vi.41). (V2.42). (V3.¢3). *3) and € = ((V1.41). (V2. G2). (V5. G3). %3) be
compositions of quadratic spaces of dimension 8. Recall that for every linear isomorphism
gi'Vi — V;, we define

Int(g;): End(V;) — End(V;) by f > gio fogi .
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Proposition 4.1. For every similitude (g1, g2, g3): € — €, the triple

Int(g1, g2, £3) := (Int(g1), Int(g2), Int(g3)): End(€) — End(€)

is an isomorphism of trialitarian triples. Moreover, for every isomorphism of trialitarian
triples (Y1, v2,v3): End(€) — End(€), there exists a similitude (g1, g2, g3): € — € such
that

(1, v2,v3) = Int(g1, g2, €3)-

Proof. Suppose that (g1, g2, 83): € — € is a similitude. For i = 1, 2, 3, Int(g;) is an
isomorphism of algebras with quadratic pairs

Int(g;): (End(Vi),obi,fqi ) > (Eﬂd(f/'i),ﬂgi,fq,- )
Note that under the identification C(End(V1), 0p,, f,,) = Co(V1,q1) the isomorphism
induced by Int(gy) is the isomorphism Co(g1): Co(V1,4q1) — Co(Vl, g1) such that
Co(g)(x1y1) = pui' g1(x)gi1(y1) forxi, y1 € W1,

where 11 is the multiplier of g;. Therefore, in order to show that (Int(g1), Int(g>),Int(g3))
is an isomorphism of trialitarian triples End(€) — End(€), we have to show that the
following diagram commutes:

C
C()(Vl, ql) M End(Vz) X End(V3)
co(gl)l llnl(gz)xlm(ga) 4.0
~ Co(a ~ ~
C()(Vl, q~1) M End(Vz) X End(V3)

Let (A1, A2, A3) be the composition multiplier of (g1, g2, g3). For x1, y; € V1 we have

V4 0
Co(@ © Colgn)(x1 - y1) = i7" (rg‘ o o )
0 egl(xl)rgl(J’l)
and
garx by, 85! 0
(Int(g2) x Int(g3)) o Co(a)(xy - yp) = [ °2 7 152 )
0 g3€x1ry1g3

By Proposition 3.14, (g3, g1, g2) is a similitude of 9%€, hence for x; € V; and x; € V5

garx by, (x2) = g2((y1 *3 x2) %2 x1) = A5 g3(y1 *3 x2) *2 g1(x1)
=215"25"(g1(01) *3 g2(x2)) *2 g1(x1).
Since AxA3 = i by (3.25), it follows that garx, £y, = 7 7g,(x1)le1(31)&2- Similarly,
g3€x1ry1 = ggl(xl)rgl(yl)g:;’

hence diagram (4.1) commutes. The first part of the proposition is thus proved.
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Now, assume (y1, V2, ¥3): End(€) — End(‘é) is an isomorphism of trialitarian triples.
Each y; is an isomorphism

yi: (End(Vi), 00, f,,) = (End(V)), 05 . f7,);

Proposition 2.2 shows that y; = Int(g;) for some similitude g;: (V;, ¢;) — (I7,~, gi). We
may then also consider the isomorphism

Int (‘%2 ;) :End(V> @ V3) — End(V> @ V3),
3

which makes the following diagram, where the vertical maps are the diagonal embeddings,

commute:

Int(g2)XInt(g3)
—

End(V>) x End(V3) End(V,) x End(V3)

End(V> @ V3) End(V> & V3)

From the hypothesis that (y1, y2, ¥3) is an isomorphism of trialitarian triples, it follows
that the diagram (4.1) commutes. Write w1 for the multiplier of g; and consider the linear
map

~ ~ 0 r (x1)
/3: Vi — End(V, & V3), x;+— ( _ i
Hq IKgl(xl) 0

For %, € V5 and X3 € V3, we have by (3.10) and (3.12)

w1t (g1(x1)%3%2) %281 (x1) = 7' G1(g1(x1)) %2
and

11t g1 (o) F3(X3%21(x1)) = 111 (g1(x1)) %3
Since 7" (G1(g1(x1))) = q1(x1), it follows that B(x1)* = q1(x1) Id, ¢, for x1 € V1.
Therefore, 8 induces an F-algebra homomorphism

C(B):C(V1,q1) — End(Va @ V3).

Since C(V7, q1) is a simple algebra, dimension count shows that C(f) is an isomorphism.
For x1, y1 € V1,

-1
HyT L 0
CB)(x1y1) = ( 1 "ei(x)te1 (1)

_ = Co(a)(Co(g1)(x1¥1)).
0 M 1E4£>’1()€1)”2>’1(Y1)) ( )

hence C(B)|c,vi,41) = Co(@) o Co(g1). Since the diagram (4.1) commutes, it follows
that

0
C(/g)lco(Vl,ql) = Int (802 83) ° C(a)|C0(V1,111)'
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Therefore, Int( %} ;3) o C(a) o C(B)~! is an automorphism of End(I72 &) 173) whose re-

striction to C(B)(Co(V1, q1)) is the identity. This automorphism is inner by the Skolem—
Noether theorem. Since C(8)(Co(V1,¢q1)) = End(V2) x End(V3) we must have

Int (52 ), C(a)o C(B)™" =1Int 2 0 for some v, v3 € F*,
0 g3 0 V3

hence
g 0 _(v2 O vy 0
Int ( 0 83) o C(a)(xy) = (0 v3) C(B)(x1) ( 0 3! for x; € V1,

which means that

0 g2’"x1g3_1 _ 0 Vzl);lrgl(xl)
g3lx, 85" 0 vy s py g ) 0

The equation g3¢, g2_1 = v2_1v3u1_1€g1(xl) implies that for x, € 1,
g3(x1 %3 x2) = vy apy g1 (x1) %322 (x2).
Therefore, (g1, g2, g3) is a similitude € — . ]

We next show that every trialitarian triple of split algebras has the form End(€) for
some composition € of quadratic spaces of dimension 8.

Theorem 4.2. Let T = (Ay, Ay, A3, @o) be a trialitarian triple over an arbitrary field
F, where ; = (A;,0;,F;) fori =1, 2, 3. If A1, Ay and As are split, then there is a
composition € of quadratic spaces of dimension 8 over F such that T ~ End(€). The
composition € is uniquely determined up to similitude.

Proof. Fori =1, 2, 3, let A; = End(V;) for some F-vector space V; of dimension 8.
Let also ¢; be a quadratic form on V; to which (o3, f;) is adjoint. The map ¢y is thus an
isomorphism of algebras with quadratic pairs (with the notation of Section 2.2):

00 (Co(V1.41). To1. go1) — (End V2,03, ,,) X (End V3, 0p,. ).

The idea of the proof is to extend ¢q (after scaling ¢, and ¢, or g3 if necessary) into an
isomorphism of algebras with involution preserving the Z /27.-grading:

@: (C(thl)v Tl) :) (End(VZ 7 V3)s0b2Lb3)'

For x; € V1, we then have ¢(x1) = (1{21 rf,l ) for some maps £y, : Vo—Vzandry,: V3 — Va.
The last part of the proof consists in showing that (x;, x2) — £, (x2) is a composition
map.

First, we extend ¢ into an F'-algebra isomorphism ¢. Since ¢; is determined only up
to a scalar factor, we may assume ¢; represents 1 and pick e; € V; such that ¢ (eq) = 1.
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The inner automorphism Int(e; ) of the full Clifford algebra C(V},q1) preserves Co(V1,41)
and is of order 2. It transfers under the isomorphism @q to an automorphism of End(13) x
End(V3) that interchanges the two factors. Viewing End(V3) x End(V3) as a subalgebra
diagonally embedded in End(V, & V3), we may find an inner automorphism of End(V, &
V3) which restricts to ¢o o Int(e;) o 95! by (a slight generalization of) the Skolem—
Noether Theorem, see [5, Prop. 1, p. A VII1.253]. This inner automorphism is conjugation
by an operator of the form (2 '6') since it interchanges (Id(;’Z g) and (8101?,3 ) Since
o o Int(e1) o g ! has order 2, it follows that uu’ = u'u € F*, hence Int( 0¥ ") has
the same restriction to End(V3) x End(V3) as Int(g lg ) Representing C(V1, ¢1) and

End(V, & V3) as (generalized) crossed products

C(V1.q1) = Co(V1,q1) ® e1Co(V1,q1),
End(V; @ V3) = (End(V2) x End(V3)) & (2 ”01) (End(V2) x End(V3)),

we may extend g to an isomorphism of F-algebras
Q: C(Vl,ql) — End(V2 b V3)

by mapping e; to (2 ”61 ) Let t; be the involution on C(V1, g1) that fixes every vector
in V; and let 7’ = @ o 7y 0 ¢! be the corresponding involution on End(V, @ V3). The
restriction of 7; to Cy(V7, ¢1) is the canonical involution 7¢;, and ¢g o 791 = (02 X 03) ©
@0, hence 7’ restricts to 0, and o3 on End(V3) and End(V3). This means that

(El’ld(Vz (&%) V3), ’L'/) € (End(Vz),Uz) H (EHd(V3),O3),

i.e., that v/ is adjoint to a symmetric bilinear form that is the orthogonal sum of a multiple
of b, and a multiple of b3. Scaling ¢, or ¢3, we may assume 7’ = 0p, |5, is the adjoint
involution of by L b3.

Under the isomorphism ¢, the odd part C;(V1, q1) = e1Co(V1, q1) is mapped to the
odd part of End(V; @ V3) for the checkerboard grading, hence for each x; € V7 there exist
Lx, € Hom(V,, V3) and ry, € Hom(V3, V) such that

(p(xl) = (ZO rxl) € End(Vz (&%) V3)
X1 0

Our next goal is to show that £, : Vo — V3 is a similitude with multiplier ¢; (x1). Since
T1(x1) = x1, it follows that ¢ (x1) is 0, | »,-symmetric, hence for all x5, y, € V> and x3,
y3€V3

0 rx1 Xa Va2 . X2 0 rxl V2
(2 5) ) () -em (G2 9

This means that for all x5, y, € V5 and x3, y3 € V3,

by (rx, (x3), y2) = b3(x3,€x,(y2)) and  b3(lx,(x2), y2) = b2(x2.7x,(¥3)). (4.2)
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Moreover, the relations x% = ¢1(x1) and x1y; + y1x1 = b1(x1, y1) yield for all xy,
Y1 € Vl

gxlrxl = rxlle = ql(xl) and €x1ry1 + €y1rx1 = rxleyl + rylexl = b1(X1,y1)- 4.3)

Recall that the two components ¢4+ of ¢ are homomorphisms of algebras with quad-
ratic pair

¢+ (CoVi,q1). o1, § ) = Az, -1 (Co(Vi,q1), w1, F ) — As.
As observed in Definition 2.20, ¢4+ (@ (g1)) C go(g2) and ¢_(@(q1)) C go(g3), hence
¢+(x1y1) € go(g2) and  @_(x1y1) € go(g3) forall xy, y1 € V1.
The definition of ¢ yields ¢4 (x1y1) = rx, £y, and p_(x1y1) = €4, 7y, , hence by (4.3)
f(@+ (x131)) = @4 (x131) + @4 (y1x1) = b1(x1, y1)
and
f(o-(x1y1)) = o-(x1y1) + 9—(y1x1) = b1 (x1. y1).

Since ry, £y, € go(q2) and £, 1y, € go(gs), it follows from Proposition 2.11 that for x,
Y1 € Vi, xp € Vo and x3 € V3

bg(rxlﬁyl (Xz),Xz) =b1(x1, yl)Q2(X2) and b3(€xll‘yl (X3),X3) :bl(xl ,yl)Q3(X3). 4.4

If x; € V7 is nonzero, there exists y; € V7 such that b1 (x1, y;) = 1. From (4.2) and (4.3)
we derive for all x, € V>

b3 (€, (x2), Lx 1y, x, (X2)) = ba(rx; Uxy (x2), 1y, Ux, (X2)) = q1(x1)b2 (%2, 7y, £, (X2)).
But (4.4) yields
b3(€x1 (xz),ﬁxlrylﬁxl(xz)) = q3(€xl(x2)) and bz(xz,rylﬁxl (xz)) = ¢2(x2),
hence
q3(€x, (x2)) = q1(x1)q2(x2) forall x; € Vy, x5 € V, with xy # 0.
This equation obviously also holds for x; = 0. Therefore, defining
#3: V1 x Vo — Va3 by X1 %3x2 =4y, (x2) forx; € Vjandx; € Vs,
we see that *3 is a composition of (V1, q1), (V2,¢2) and (V3, g3). Let also
X3 %3 X1 = ry,(x3) forxs € Vzandx; € V.

From (4.2) it follows that by (x3 *2 X1, X2) = b3(x3, X1 *3 X) for x; € Vi, x € V5 and
x3 € V3, hence Proposition 3.1 shows that *, is the derived composition of (V3, g3),
(V1,4q1) and (V3, g2). Therefore, g9 = Co(a) for a: V7 — End(V, @ V3) mapping x; € V;
to (521 rf)l ) We thus see that 7 = End(€) for € = ((V1,q1), (V2, q2), (V3, g3), *3).
Proposition 4.1 shows that the composition € is uniquely determined up to similitude. m
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4.2. Similitudes of trialitarian triples
Throughout this subsection, we fix a trialitarian triple

T = Uy, U, As, @)

with A; = (A1, 04, ;) a central simple algebra with quadratic pair of degree 8 over an
arbitrary field F for i = 1, 2, 3. The algebraic group scheme Aut(7") of automorphisms
of T is defined as follows: for any commutative F-algebra R, the group Aut(7")(R) con-
sists of the triples (y1, y2, v3) € Aut(21)(R) x Aut(2,)(R) x Aut(A3)(R) that make the
following square commute:

CU )R —2 Az x Asg

C(Vl)l l)’z Xy3 4.5)

CU )R —2 Az x Asg

Thus,
Aut(T) C Aut(2;) x Aut(As) x Aut(A5).

Now, recall from [13, §23.B] that the map Int: GO(2;) — Aut(?;) defines an isomor-
phism PGO(%;) 5 Aut(%;). Therefore, we may consider the inverse image of Aut(7")
under the surjective morphism of algebraic group schemes

Int: GO(2;) x GO(2,) x GO(A3) — Aut(2A;) x Aut(A) x Aut(23).
Definition 4.3. The algebraic group scheme of similitudes of the trialitarian triple 7 is
GO(T) = Int™! (Aut(‘T)) C GO(¥U;) x GO(A3) x GO(A3).

From this definition, it follows that the map Int restricts to a surjective morphism of alge-
braic group schemes (see [13, (22.4)])

Int: GO(T) — Aut(7).

Its kernel is the algebraic group of homotheties H(7) = G2, which lies in the center of
GO(7). We may therefore consider the quotient

PGO(T7) = GO(T)/H(T) C PGO(YU;) x PGO(A,) x PGO(A3),
and the map Int yields an isomorphism
Int: PGO(7) = Aut(7).

Our goal in this subsection is to define a subgroup O(7") C GO(T") on the same model
as the subgroup O(€) of the group GO(€) of similitudes of a composition of quadratic
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spaces, so that when 7 = End(€) for some composition € of quadratic spaces of dimen-
sion 8 we may identify

O(T) =0(¢), GO([T)=GO() and PGO(T)=PGO(?);

see Proposition 4.10. Moreover, for an arbitrary trialitarian triple 7, we relate GO(7") to
the extended Clifford group 2 (%) to obtain canonical isomorphisms

Spin(¥;) = O(7) and PGO(T) = PGO™ (%),

see Theorems 4.4 and 4.12.

A key tool is the following construction: let ¢: €(A;) — A, and p_: C(A;) — A3
be the two components of the isomorphism @o: €(A;) — A, x A3, which is part of the
structure of 7. Recall from (2.18) that ¢4 and ¢_ restrict to morphisms

0 R(A;) - GOT(Ay) and ¢_: (A — GO (As).

Combine ¢, and ¢_ with the morphism yo: (%) — GO™ () of Section 2.3 to obtain
a morphism
Y (A - GO(T) (4.6)

as follows: for every commutative F-algebra R and £ € £ (2;)(R), let

Y7 (§) = (X0(5). 9+ (§). - (§)) € GOT (A (R) x GOT (A2)(R) x GO™ (A3)(R).

Proposition 2.7 shows that C(Int(y¢(£¢))) = Int(§), hence

9o 0 C(Int(x0(§))) 0 0g " = Int(po(§)) = Int(py (§)) x Int(p—(£)).

which means that (Int(yo(§)), Int(¢+(§)), Int(p—(§))) lies in Aut(7)(R), and therefore
Y (§) € GO(T)(R). Note that ¥4 is injective, since (¢4 (§), p—(£)) = @o(&) and ¢y is
an isomorphism.

We first use the map 5 to prove:

Theorem 4.4. Projection on the first component g : PGO(T) — PGO(,) defines an
isomorphism

PGO(T) = PGO™ (2,).

Proof. Let R be a commutative F-algebra and (y1, y2, y3) € Aut(7)(R). Since ¢ is an
isomorphism, y, and y3 are uniquely determined by y; and commutativity of the dia-
gram (4.5). Therefore, mg is injective. Moreover, commutativity of the diagram (4.5)
shows that C(y;) leaves the center of C(2;) fixed, which means that y; lies in the
connected component of the identity Aut™ (2,)(R). It follows that the image of 7 lies
in PGO™ ().

To complete the proof, we show that 74 is surjective on PGO™(2[;). Since PGO™ (%)
is smooth, it suffices to consider rational points over an algebraic closure Fy, of F, by [13,
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(22.3)]. Recall from Proposition 2.8 that y, is surjective. For every g; € GO™ (A1) (Fag)s
we may therefore find £ € @ (U ) (Fag) such that yo(£) = g1. Then Y7 (§) e GO(T) (Fay),
and its image V7 (£) in PGO(T)(Fyy) satisfies

w7 (V7 (§)) = g1 Fye-

We have thus found an element in PGO(T)(Fy,) that maps under 7g to any given

g1 Fa]‘g e PGO™ (A1) (Fay), hence mg is surjective. L]

Corollary 4.5. The algebraic group schemes GO(T) and PGO(T") are smooth and con-
nected.

Proof. That PGO(T") is smooth and connected readily follows from the theorem, since
PGO™ () is smooth and connected by [13, §23.B]. Then GO(T) is also smooth and
connected because PGO(7) = GO(T)/ H(T") with H(7") smooth and connected, see [13,
(22.12)]. L]

We next use {5 to determine the structure of GO(7). Let Z1 ~ F x F denote the cen-
ter of C(21), and recall that Rz, r (Gm) lies in the center of £ (2) (see (2.3)). For every
commutative F-algebra R and z € (Z)%, Proposition 2.7 yields yo(z) = Nz,/r(2),
while ¢4 (2), ¢—(z) € R*. Therefore,

Y7(2) = (Nz,/F(2). 94+(2). 9-(2)) € R* x R* x R* = H(T)(R). (47

Proposition 4.6. The morphism g and the inclusion i: H(T) — GO(T") combine with
the multiplication in GO(T") into a surjective morphism of algebraic group schemes

vy x i Q) x H(T) — GO(T).

This morphism fits in the exact sequence

1= Rz,/r(Gm) — 2 x HT) 225 GO(T) - 1

where Rz, /r(Gm) is embedded into the product canonically in the first factor and by the
inversion followed by Vg in the second.

Proof. 1tis clear from the definition of the embedding of Rz, (Gm) that Rz, ;r (Gp) C
ker(4 x i). To prove the reverse inclusion, consider an arbitrary commutative F-algebra
R and pick £ € (U;)(R) and v = (vq, vz, v3) € H(T)(R) such that Y7 (§) -v =1 in
GO(T)(R), i.e.,

X0 =vi' er(®)=vy' and ¢_(§) =v3l.

The last two equations show that ¢o(§) = (v;', v3!) in (A2)R X (A3)R. Since @ is an
isomorphism, it follows that £ lies in (Z1)%, hence (£, v) belongs to the image of (Z1)%.

forv = y7(§)7".
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To complete the proof, it remains to show that {4 X i is surjective. Since GO(J") is
smooth by Corollary 4.5, it suffices to consider the groups of rational points over an alge-
braic closure [y, of F. Let g = (g1, g2, 83) € GO(T)(Fag). Note that gy, g and g3 are
proper similitudes, because GO(J") is connected by Corollary 4.5. We know from Propo-
sition 2.8 that yo: (%) — GO (A,) is surjective, hence we may find £ € (A1) (Fag)
such that y¢(§) = g1. Then

Y7 (€) = (81.83. 83)

for some g5 € GOT(U,)(Fye) and g5 € GO™ (A3)(Fuy). As g and Y (£) belong to
GO(T)(Fayg), the following diagrams commute:

C(A1)Fy, SLLEN (A2) Fyy X (A3)Fy,

c (Int(gl))l llm(gz)ﬂnt(gz»)

C(A1)F,, SN (A2) Fy, X (A3)F,,

C(U1)Fy, 2, (A2) Fyy X (A3) Fy,

C (Int(gl))l J/Int(gﬁ)XInt(gé)

C(%II)Falg L (AZ)Falg X (A3)Falg

Therefore, Int(g,) = Int(g5) and Int(g3) = Int(g}), which implies that g, = g5v, and

g3 = g4v3 for some vy, V3 € Fd’l‘é With v = (1, v, v3) € H(T)(Fag) we then have

Yr(§) v =(81.82v2.85v3) = (81.82.83) = g.
Surjectivity of ¥q x i follows. ]

Corollary 4.7. Let m: H(T) — Gy, denote the multiplication map carrying (v, vz, v3)
to v1vav3. There is a morphism pg: GO(T) — Gy, uniquely determined by the condition
that the following diagram commutes:

Q) x HT) — " L Go(T)

(Mm /

Proof. Proposition 4.6 identifies GO(T") as a quotient of £ () x H(T) by Rz,/F (Gm),
hence to prove the existence and uniqueness of pg it suffices to show that (i o y¢) and
m coincide on the images of Rz,/r (Gm) in £(77) by inclusion and in H(7") by y5. For
every commutative F-algebra R and z € (Z1)} we have yo(z) = Nz, ,r(z) by Proposi-
tion 2.7, hence

(Lo x0)(z) = Nz, r(2)*
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On the other hand Nz, ,r(z) = ¢4 (z)p—(z), hence
(m o Y7)(2) = m(Nz,/r(2),0+(2),9-(2)) = Nz,/r(2)*.
Thus, (i o xo) and m coincide on the images of Rz, /r (Gm). |

Definition 4.8. The morphism A7: GO(T) — GJ is defined as follows: for every com-
mutative F-algebra R and g = (g1, g2, g3) € GO(T)(R), set

A7 (g) = (o7 (@p(g) ™ pr(@i(g2) ™" pr(g)n(gs)™") € R x R* x R*.
From the definition of pg, it follows that for v = (vq, v3, v3) € H(T)(R)
pr (v) = m(v) = vivavs,

hence
Ar(v) = (vav3vt vzvvy vy ). (4.8)

The definition of ps also yields pg (Vg (£)) = n(xo(§)) for & € L(A1)(R). Letting
wAy) > Rz, /F (Gm)
denote the multiplier map, we have by Proposition 2.7

1w(xo(®) = Nz, /r (1(5)) = o+ (1(®)) - o-(1(5)).

As @ is an isomorphism of algebras with quadratic pair, we also have

(04 (1(®). - (1)) = @o(1(§)) = ((p+(5)). (9 ())). (4.9)

Therefore, the definition of A yields

A (W7 () = (1, k(20®) 10+ () w(xo®)u(e-()")
(L (0= (©). e+ (©)))- (4.10)

Definition 4.9. Let
O(T) = ker(A+:GO(T) — G2).

As in the proof of Proposition 3.19, it follows from (4.8) that the map A¢: H(T) — GJ,
hence also A7: GO(T) — G, is surjective. Therefore, the following sequence is exact:

A
1-0(T)—GO[) 5 G -1

Now, let Z(7") be the kernel of the canonical map O(7) — PGO(T"), which is the
composition of the inclusion O(9") C GO(T") and the canonical epimorphism GO(7) —
PGO(T). Thus, letting m be the multiplication map (v, v2, V3) > V123,

Z(T)=H@T)NOT) =ker(m: py X oy X g = fp) = fy X fLy.



D. Barry and J.-P. Tignol 1006

The same arguments as in Proposition 3.20 yield the following commutative diagram with
exact rows and columns:

1 1
1 Z(7) O(T) —— PGO(T) — 1
1 H(T) GO(T) —— PGO(T) —— 1 4.11)
Ag Ag
G3 ___ G3
1 1

Now, we show that the definitions above are compatible with the corresponding defi-
nitions for compositions of quadratic spaces in Section 3.3.

Proposition 4.10. For € any composition of quadratic spaces of dimension 8 and T =
End(€), canonical isomorphisms yield identifications

H(E) = H(T), O(€) =0(T), GO(€)=GO(T), PGO(E) = PGO(T).

Moreover, the following diagram commutes:

GO(t) =—=GO(7)
lel l)t? 4.12)

Proof. Let R be a commutative F-algebra. For every (g1, g2, g3, A3) € GO(€)(R) the
triple (g1, g2, g3) lies in GO(J)(R), as seen in the first part of the proof of Proposi-
tion 4.1. Since A3 is uniquely determined by g1, g» and g3, mapping (g1, g2, €3, A3)
to (g1, g2, g3) defines an injective map GO(€) — GO(T). Proposition 4.1 also shows
that for F,, an algebraic closure of F the map GO(€)(Fug) — GO(T)(Fug) is sur-
jective. This is sufficient to prove that the map GO(€) — GO(T) is surjective, since
GO(7) is smooth by Corollary 4.5. We have thus obtained a canonical isomorphism
GO(t) 5 GO(7). This isomorphism maps H(€) to H(7), hence it induces an iso-
morphism PGO(€) — PGO(T).

In order to prove that the isomorphism GO(€) = GO(T") also maps O(€) to O(T),
it suffices to prove that the diagram (4.12) is commutative. For this, we use the description
of GO(Y") in Proposition 4.6 as a quotient of the product of € (2;) and H(7). It is clear



Trialitarian triples 1007

from (4.8) that A and A4 coincide on the image of H(€) = H(7) in GO(€) = GO(T).
Therefore, it suffices to consider the image of €2 (2;) under V5.

Let€ = ((VI’CII)’ (VZ’ 92)’ (V37‘I3), *3)7 SO0 Yo = Co(a)a Al = End Vl and Q(?Il) =
R2(g1). Let R be a commutative F-algebra and let £ € £ (g1)(R). To simplify notation,

write g1 = x0(§) € GO (q1)(R), g2 = C1(@)(§) € GO™(¢2)(R) and g3 = C_(@)(£) €
GO™(¢3)(R), s0

V7 (§) = (21,82, 83).

Now, (4.9) yields
Co(@) (1 () = (n(g2), 1(g3)).

and by (2.1), we have
g1(x1) = L(E(S))le“;‘_l for every x; € Vig.

By taking the image of each side of the last equation under C (o), we obtain

( 0 rg1<x1>) _ (/L(gz) 0 ) (gz 0) ( 0 rxl) (gz‘1 0 )
egl(xl) O O /'L(gZ) O g3 Exl 0 0 g;I
This equation yields

rgi(x1)8&3 = M(g3)garx, and  {g (x)g2 = u(g2)g3lx, forall x; € Vig,

which means that for all x; € Vig, xo € Vog and x3 € Vag

g3(x3) *2 g1(x1) = n(g3)ga(x3 *2 x1) and g1(x1) *3 g2(x2) = wu(g2)g3(x1 *3 x2).

These equations show that (g1, g2, g3, £(g2)) € GO(€)(R), hence by (3.25)

Ae(vr(§)) = (1, 1(g3), 1(82))-
Therefore, Ae (V7 (§)) = A7 (Y7 (€)) by (4.10), and the proof is complete. |

Corollary 4.11. For every trialitarian triple T, the algebraic group scheme O(T) is
smooth.

Proof. Over an algebraic closure Fy, of F the trialitarian triple 7 is split, hence by The-
orem 4.2 we may find a composition € of quadratic spaces of dimension 8 over Fyj, such
that 7F,, ~ End(€). Then O(7F,,) is isomorphic to O(€), which is smooth by Proposi-
tion 3.19, hence O(7) is smooth by [13, (21.10)]. n

The final result in this subsection elucidates the structure of O(7").

Theorem 4.12. For every trialitarian triple T, the morphism g restricts to an isomor-
phism
Yy :Spin(U;) — O(T).
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Proof. When defining Y5, we already observed that this morphism is injective. Recall
from Section 2.3 that Spin(2l, ) is the kernel of j1: (%) — Rz, /r (Gm). Therefore, (4.9)
and (4.10) show that ¥4 map Spin(2[;) to O(’J?).

To prove that Y7 maps Spin(2,) onto O(7), it suffices to consider the groups of
rational points over an algebraic closure Fy, of F', because we know by Corollary 4.11
that O(7") is smooth. Proposition 4.6 shows that

Vg x i Q(T)(Fag) X H(T)(Fag) = GO(T)(Fag)
is surjective, hence for any g € O(7")(Fug) we may find £ € (7)) (Fa,) and
v = (v1,v2,v3) € H(T)(Fayg)

such that ¥ (&) - v = g. Taking the image of each side under Ag and using (4.8) and
(4.10), we obtain

(1,42, 43) - (v2v3v1_1, v3v1v2_1, v1v2v3_1) =(1,1,1)

for some A5, Az € Fa’l‘g, hence v; = vpv3. Therefore, v = Y4 (z) for z € (Zl)}f-alg such that
©o(z) = (v2,v3), and Yg(£z) = g. Since A5 (g) = (1,1, 1), (4.9) and (4.10) show that
(§z) = 1, hence £z € Spin(Ay)(Fay). Thus, Y7 maps Spin(2;) onto O(T). |

Corollary 4.13. The following diagram, in which the vertical maps are isomorphisms, is
commutative with exact rows:

1 — Rz, /r (f5) — Spin(2;) —— PGO™ (A;) —— 1
Wl wl Tnf @.13)
| —Z(T) ———— O(T) ——— PGO(T) — 1

Proof. The upper sequence is (2.4), and the lower sequence is from (4.11). Commutativity
of the right square follows from the definition of y’ as the composition of yo with the
canonical map GO™ (2[;) — PGO™ (), and bijectivity of the vertical maps is proved in
Theorems 4.4 and 4.12. |

4.3. Derived trialitarian triples

To every trialitarian triple 7 = (2, A5, A3, pp) we attach in this subsection two derived
trialitarian triples

AT = (Ap, A3, Ay, 9)) and T = (As, Ay, A, @)
in such a way that for every composition € of quadratic spaces of dimension 8

9End(€) = End(0€) and 0?End(€) = End(3%¢).
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The two components of the isomorphisms
0:C(A) —> A3 x Ay and @5 C(Az) — Ay x A
are determined as lifts (in the sense of Definition 2.20) of Lie algebra homomorphisms

0% :pgo(2Az) — pgo(A3) and 6 :pgo(As) — pgo(Ay),
0 :pao(Az) — pao(A1) and 6”:pgo(As) — pgo(As).

Our main result is the following:

Theorem 4.14. Let T = (A4, WA», A5, o) be a trialitarian triple over an arbitrary field F,
and let

0+:pgo(Ay) — pgo(Az) and O_:pgo(A;) — pgo(As)

denote the Lie algebra homomorphisms induced (as per Definition 2.20) by the two com-

ponents of gg:
§0+I6:+(911) —> 912 and QD_IG:_(Qll) — 913.

The homomorphisms 0 and 0_ are isomorphisms, and the following Lie algebra homo-
morphisms are liftable:

0, =0_00;", 0. =07", 0, =0"" 0/=0,00""
Moreover, 0 and 0" on one hand, and ') and 8" on the other hand, are of opposite signs
(see Definition 2.20).

Corollary 2.22 shows that we may extend scalars to a Galois extension of F in order
to show that a Lie algebra homomorphism is liftable. We may thus reduce to split triali-
tarian triples, i.e., triples of the form End(€). We investigate this case first. The proof of
Theorem 4.14 will quickly follow after (4.17).

Let

€ = ((V1.91). (V2.42). (V3. q3). *3)

be a composition of quadratic spaces of dimension 8 over an arbitrary field F. Recall
from Proposition 3.21 that the Lie algebra pgo(€) can be described as a subalgebra of

pgo(q1) X pgo(q2) x pgo(gs). Let
71:pgo(C) — pgo(q1),  m2:pgo(€) — pgo(q2).  m3:pgo(C) — pgo(gs)
denote the projections on the three components, and let
0+:pgo(q1) — pgo(g2) and 0-:pgo(q1) — pgo(qs)
be the Lie algebra homomorphisms induced by the two components of Co(«),

Ci(a):Cy(V1,91) — End(V,) and C_(a):C-(V1,q91) — End(V3).
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Lemma 4.15. The following diagram, where all the maps are isomorphisms, is commu-

tative:
0+

pgo(q1) pgo(q2)

(4.14)

pgo(gs)

Proof. First, observe that 7y is the differential of the morphism 7gnqe) under the iden-
tification PGO(€) = PGO(End(€)) of Proposition 4.10. The morphism mgpqce) is an
isomorphism by Theorem 4.4, hence 7 is an isomorphism. Similarly, 5 is the differen-
tial of the isomorphism obtained by the composition

TENd(IC)

a
PGO(€) - PGO(0€) — PGO™ (¢2),
hence 75 is an isomorphism. Likewise, i3 is an isomorphism.
Now, recall from (2.19) that 64 and 6_ are defined by the following commutative

diagrams, where C4 (o) and C_(«) are obtained by composing C4+(«) and C_(«) with
the canonical homomorphisms go(g2) — pgo(gz) or go(gz) — pgo(g3):

©(q1) —— pao(qr) ©(q1) —— pao(qr)
pgo(q2) pgo(g3)
Therefore, L
Ci@)=0r0y and C_(a)=06_07%. (4.15)

Next, define a Lie algebra homomorphism

Ye:@(q1) — pgo(C)

by composing the differential IﬁEnd(f): ®(q1) — go(C€) of the morphism Yguace) of Sec-
tion 4.2 with the canonical map go(€) — pgo(€). Explicitly,

Pe(€) = (Xo§) + F. C1()(€) + F, C(@)(§) + F) for§ € w(q1),

or, since Proposition 2.15 shows that ' (§) = yo(§) + F,

Pe @) = (1'(¢). Cr@)(©). C-()(©)) forf € w(qn).
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It follows from the definitions that the following diagrams are commutative:

©(q1) —— pao(g) ©(q1) —— pgo(g)
- Ve . Ve
C+(a)J \ Tm C(Q)J, \ Tm
pgo(g2) <—— pgo(€) pgo(g3) <— pgo(€)

Therefore,

Ci(@) =moWe, j =moWe, C_(a)=m30We.
Substituting in (4.15) yields
mpoWe =601 0moWe and 6_om o We = 3 0 We.

We know from Proposition 2.15 that y’ is surjective, hence We also is surjective since
1 is an isomorphism. Therefore, the last displayed equations yield 7, = 64+ o 71 and
w3 = 0_ o my, proving the commutativity of diagram (4.14). Bijectivity of 64 and 6_
follows, since 64 = mp oy ' and 6— = m3 0yl n

We next apply Lemma 4.15 to the derived compositions 9€ and 3>€. Recall the trial-
itarian triples obtained from (3.20) and (3.21):

End(9€) = ((End(V2). 0p,.f,,). (End(V3), 0s,. f ;). (End(V1), 0p,.1,,). Co(@))

and

End(9°€) = ((End(V3), 0s,.,,). (End(V1), 03,, T, ). (End(V2). 0p,. T, ). Co(e")).
Let
0’ :pgo(q2) — pgolgs) and 6”:pgo(g2) — pgo(qr)
be the Lie algebra isomorphisms induced by C (o) and C_(«’) respectively, and
61 :pgo(g3) — pgo(q1) and 6”:pgo(gs) — pgo(q2)
those induced by C4 (") and C_ (). Let also

71:pgo(d€) — pgo(qz).  m5:pgo(d€) — pgo(gs). 75 pgo(d€) — pgolqr)
and
7] :pgo(9°€) — pgo(gs). 75:pgo(d°€) — pgo(q1). 5:pgo(d°€) — pgo(qz)

be the projections on the various components of pgo(d€) and pgo(d>€). Lemma 4.15
yields

ro_ r—1 ro_ r—1 "o_ _n n—1 "o _n n—1
0y, =mpom , 0_=myom , Oy =myom{ , 0 =myom; . (4.16)
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Proposition 4.16. The following equations hold:
0, =0_007", 0. =07", 0/ =0"", 0/ =0,00""

Proof. The switch maps 9 fit in the following commutative diagrams:

pgo () pgo(d€) pgo(C) pgo(dT)

go(%/ \0@2)

pgo(3*©) pgo(9>€)

and
pgo(®) pgo(dC)

pgo(q3)

"
K

pgo(9*€)
Substituting 7] = 7y 09% 75 = n300%, 7y =mod* and 7] = w300, W) =m 09,
ny = mp 0 din (4.16) yields
0, =msomy', 0. =mon;', 0] =mon;', 0/ =monil
The proposition follows by Lemma 4.15. ]

The maps 6+, 6., 0/ thus fit in the following commutative diagram, in which all the
maps are isomorphisms:

0+
/—N
pao(q1) o pgo(q2)
(4.17)
o,

pgo(gs)
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Proof of Theorem 4.14. Corollary 2.22 shows that it suffices to prove the claim after a
Galois scalar extension that splits the trialitarian triple 7. We may thus assume that
T = End(€) for some composition € of quadratic spaces of dimension 8. Then Propo-
sition 4.16 shows that 6_ o 9;1 and 9;1 (resp. 6~! and 64 o =) are the Lie algebra
homomorphisms induced by the isomorphisms C4(«’) and C_(’) (resp. C+(a”) and
C_(a")) of the trialitarian triple End(d€) (resp. End(9%€)), hence they are liftable by
definition. Moreover, 6_ o 9;1 and 9;1 (resp. 0=, 6, o 1) are of opposite signs, hence
the proof is complete. ]

Definition 4.17. Given any trialitarian triple 7 = (%, A5, A3, o) with Lie algebra iso-
morphisms

O4+:pgo(Ay1) — pgo(Az) and 6O_:pgo(Ay) — pgo(A3)

induced by the components ¢4: C(2;) — Ay and p_: C(A1) — A3 of ¢y, the pair of
opposite Lie algebra isomorphisms

(0, 0) = (0—007%,07Y)  (resp. (0,6”) = (02,04 0 1))
lifts by Theorem 4.14 to an isomorphism
0o: C(An) —> Az x Ay (resp. gg: C(Az) — Ay x As)
that defines a trialitarian triple
AT = (Ap, A3, Ay, @p)  (resp. 02T = (As, Ay, A, ¢7)).

The trialitarian triples 7" and 327 are called the derived trialitarian triples of T .

Note that 6/ o Gjr_l =0/ and 9;_1 = 6", hence 3(37") = 0>T . Similarly, 0?(37") =
7 = 0(3%7) and 92(3%7) = 37T

From the proof of Theorem 4.14, it is clear that for every composition € of quadratic
spaces of dimension 8,

dEnd(€) = End(0€) and 9% End(€) = End(3%€).
We next establish the functoriality of the d operation.
Proposition 4.18. If y = (y1,72,y3): T — T is an isomorphism of trialitarian triples,

then 0y := (y2, y3, y1) Is an isomorphism of trialitarian triples 0T — 7.

Proof. Let (64, 6-) (resp. (§+, 5_)) be the pair of liftable homomorphisms attached to 7
(resp. 7). The hypothesis that y is an isomorphism means that

y200. =0,0y1 and yso0f_=0_oy.
It then follows that

y30(0-067") =6-0y1067' = (608 Yoy, and y1o67' =60y,
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Since (/- 0 07", 67") and (6- o 5;1, 5;1) are the pairs of liftable homomorphisms at-
tached to 97 and 9T respectively, it follows that ()2, y3, ¥1) is an isomorphism 07 — 7.
n

For the next corollary, observe that each trialitarian triple 7 = (2, 2, A3, ) yields
a polarization of 2 in the sense of Definition 2.4: the primitive idempotents in the center
of C(;) are designated as z;4 and z;_ according to the following convention:

@o(z1+) = (1,0) and ¢o(z1-) = (0, 1),

so that the two components of ¢ are ¢: €4 () = 9, and o_:C_(Ay) = 5. Simi-
larly, the maps ¢, and @ of the derived trialitarian triples 37" and 97 yield polarizations
of A, and A5 so that

(p(/)(22+) = (1’0)7 (p(/)(Zz_) = (07 1)7 ¢g(23+) = (1»0)’ w(/)/(z?:—) = (07 1)7
just as in the case of compositions of quadratic spaces: see Remark 3.11.

Corollary 4.19. Let T = (Uq, Ay, A3, @o) and T = (511, 512, §I3, @o) be trialitarian
triples. There are canonical one-to-one correspondences between the following sets:

~

(i)  isomorphisms of trialitarian triples T — T ;

(i) isomorphisms of algebras viith quadratic pair Ny, — 511 preserving the polar-
izations induced by T and T ;

(iii)) isomorphisms of algebras wit/i quadratic pair Ay — A, preserving the polar-
izations induced by 0T and 0T ;

(iv) isomorphisms of algebras with c’]vuadratic pair A3z — 933 preserving the polar-
izations induced by 0*T and 3*T .

Proof. By definition, an isomorphism y: 7 — Tisa triple (1, y2, y3) where each y; is
an isomorphism 2; — ; and the following square commutes:

C(Aq) —2 Ay x Asg
C(Vl)l J/szys (4.18)
@(511) L 512 X 513

Commutativity of this square implies that y; preserves the polarizations of 2; and A,
induced by 7 and 7.

Conversely, if y1: 20 — 9, is an isomorphism of algebras with quadratic pair preserv-
ing polarizations, then there are isomorphisms y,: A, — 9, and y3: Az — Ay uniquely
determined by the condition that the square (4.18) commute. The triple (y1, ¥2, ¥3) is then
an isomorphism 7 — 7. Thus, the sets described in (i) and (ii) are in bijection under
the map carrying y = (y1, Y2, ¥3) to y1. Similarly, the set in (iii) is in bijection with the
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set of 1som0rph1sms T — T, hence by Proposition 4.18, with the set of 1som0rph1sms
T — T :to each isomorphism y: 7 — T corresponds the second component y,: 2, — ?Iz
L1kew1se, mapping y to y3 defines a one-to-one correspondence between (i) and (iv). =

In the particular case where T =7, Corollary 4.19 yields isomorphisms between the
group of automorphisms of 7 and the groups of polarization-preserving automorphisms
of Ay, A, and A3, which are PGO™ (A ), PGO™ (A,) and PGO™ (A3). We discuss this
case in detail in the next subsection.

4.4. Trialitarian isomorphisms

Throughout this subsection, we fix a trialitarian triple
T - (?llv 9”[25 9137 §00)

We show how to attach to 7 canonical isomorphisms, which we call trialitarian isomor-
phisms:

Spin(20;) ~ Spin(2,) ~ Spin(2A3) and PGO™(A;) ~ PGO™ (A,) ~ PGO™ (U3).
Proposition 4.18 shows that the switch map d yields an isomorphism
9: GO(T) — GO(IT).
This isomorphism maps H(7") to H(d7"), hence it induces a switch isomorphism
0: PGO(T) — PGO(J7).

The following proposition shows that d also maps O(7") to O(9T):

Proposition 4.20. The following diagram is commutative:

GO(T) —2= GO®OT)

| [por

G — ¢}
Proof. When 7 = End(€) for some composition € of quadratic spaces of dimension 8,
then GO(T) = GO(€) and GO(dT) = GO(I€) by Proposition 4.10, and commutativ-
ity of the diagram is clear from (4.12). Commutativity for an arbitrary trialitarian triple
follows by scalar extension to a splitting field. |

Recall from Corollary 4.13 the diagram (4.13) relating Spin(2(;) and PGO™ (2;) to
O(7) and PGO(T"). Substituting 07 for 7 in that diagram, we obtain another commuta-
tive diagram, which involves 2, and 97 instead of 2[; and 7. We may connect this new
diagram to (4.13) by means of the shift map to obtain the following commutative diagram



D. Barry and J.-P. Tignol 1016

with exact rows, where all the vertical maps are isomorphisms and Z, denotes the center

of C(Ay):

1 — Rz, /F (i) — Spin(¥,) —— PGO* (2;) — 1

v Y7 ”TT

1 Z(7) o) PGO([T) ——1
a a Bl

1 Z2.(07) 0(0T) —— PGO(0T) —— 1
Yar Vo ﬂaTl

1 — Ry, (1y) —— Spin(Az) —%— PGO™ () — 1
Define
T7:Spin(Y;) = Spin(Y,) and Oz:PGOT (A;) = PGOT (Ay)

by composing the vertical isomorphisms: X5 = 1/f3_71 odoyg and OF = myy 0od o 71}1.

Forgetting the two central lines of the last diagram, we obtain a commutative diagram with

exact rows:

| — Rz, p(jty) — Spin(2;) —— PGO™ (2A;) — 1

Efl E‘_Tj{ ®Tl
/

1 — Rz, /p(jty) — Spin(2,) —— PGO™ () —— 1

Applying the construction above to 97 and 3*7 instead of T, we obtain isomorphisms
Sag: Spin(2Az) = Spin(A3) and a24: Spin(A3) — Spin(A;) such that Ty2q 0 Sye o
¥4 = Id, which make the following diagram with exact rows commute:

| — 5 Ry, (iy) —— Spin(2;) —*— PGO™ (2A;) — 1
g g Chy

| —— Ry, (iy) —— Spin(2s) —*—s PGO™ (3A,) — 1
Sag Sag O

| —— Ry r(iy) —— Spin(2Az) —*—s PGO™ (A3) — 1
Zpq Tyg Oy

| — Rz, /p(jty) — Spin(2;) —— PGO™ (2A;) —— 1

| l |
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Letting 77;: PGO(7) — PGO™ () denote the projection on the i-th component, we
have
m =77, mp=mrod, 73 =mpgod

hence the following diagram, in which all the maps are isomorphisms, is commutative:

PGO™ (2,) o7 PGO™ (2,)
\ /
PGO(T)
4.1
Opq Oa7 (*19)
3
PGO™ (2U3)

Similarly, defining v;: Spin(2;) — O(7) fori =1, 2, 3 by
Vi=vr. Y2=03"ovsr, Y3 =09"70Ypg,

we obtain the following commutative diagram similar to (4.19), where all the maps are
isomorphisms:

Spin(¥,) = Spin(2,)
K %
o(7)
2327 Zog
¥3
Spin(23)

Restricting to the central subgroups, we also obtain a commutative diagram of isomor-
phisms:
Ty

Rz,/F(py) Rz,/r (1)

Y1 ¥2

Zs2q Za7

Rz,/r(1y)
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The action of the trialitarian isomorphism X5 on Rz ;r(jt,) is easy to determine
from the definition of Y5 :

Proposition 4.21. Fori =1, 2, 3, let z;+ and z;_ denote the primitive idempotents of Z;
(according to the polarization). Then for every commutative F-algebra R and a4, a— € R
such thata+ =a% =1,

Tr(ayziy +a-z1-) = a-zo4 +aya—zr—, (4.20)
Yor(ayzat +a-z2-) = a-z34 +aya_z3—, (4.21)
Ygpg(atzsy +a—z3-) =a_z1+ +aya_z;—. (4.22)

Proof. From (4.7) it follows that Y5 (a+z1+ + a—z1—) = (a+a—,a+,a—), hence

doyg(atziy +a-z1-) = (a4,a—,ara-) = Yyr(a—z24 + aya—zr-).

Equation (4.20) follows, since Xg = 1//8_91 o d o Y. Equations (4.21) and (4.22) are
proved similarly. ]

Proposition 4.21 shows that X4 does not map the subgroup u, of Rz, ;r(jt,) to the
subgroup i, of Rz,,F (f,); this is a characteristic feature of trialitarian isomorphisms.

4.5. Compositions of 8-dimensional quadratic spaces

Let € = (V1.41). (V2.42). (V3.43). *3) and € = (V1.G1). (V2.G2). (V3.§3). %3) denote
compositions of quadratic spaces of dimension 8 over F throughout this subsection.
Recall from Remark 3.11 that € and € induce polarizations of (V1, ¢1) and (171, q1)
respectively. Our goal is to establish criteria for the existence of a similitude or an isomor-
phism between € and C.

Theorem 4.22. For every similitude g;: ,q1) = (171 ,q1) preserving the polarizations
induced by € and C, there exist similitudes g2:(Va,q2) — (V2 G») and g3: (V3,q3) —
(V3, G3) such that the triple (g1, g2, g3) is a similitude € — €. The similitudes g2 and g3
are uniquely determined up to a scalar factor.

Proof. The similitude g; defines an isomorphism of algebras with quadratic pair
Int(g1): (End V1, 0p,,f,4,) — (End Vi, o5, Ta.);

see Proposition 2.2. Since g1 preserves the polarizations of (V7,¢1) and (171 ,q1), it follows

that Int(g) preserves the polarizations of (End Vi,0p,,f,4,) and (End 1. g, f4,) induced

by the trialitarian triples End(€) and End(‘€) respectively, hence Corollary 4.19 yields
uniquely determined isomorphisms

v2: (End V3, 0y, fqz) — (End Vs, 03, T4,)

and
y3: (End V3, 0p,, F4,) — (End V3, g, 4,)
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such that (Int(g1), ¥2, y3) is an isomorphism End(€) — End(g). Proposition 2.2 shows
that there exist similitudes g,: (V2, g2) — (Va, Gz2) and g3: (V3,4q3) — (Vs, G3), uniquely
determined up to a scalar factor, such that y, = Int(g,) and y3 = Int(g3). It follows from
Proposition 4.1 that (g1, g2, g3) is a similitude € — C. ]

Corollary 4.23. Let ne and ng denote the 3-fold Pfister forms associated to € and e by
Proposition 3.10. The following conditions are equivalent:

(i) € is similar to e;

(i) ne ~=ng.
Proof. Recall that g1 ~ (A1)ne and §; ~ (L)ng for some A1, Il € F*.If € is similar
to €, then ¢ is similar to §;, hence ne =~ ng because similar Pfister forms are isometric.
Conversely, if ne >~ ng, then there is a similitude g1: (V1,41) — (V1,¢1). Composing g1

with an improper isometry if necessary, we may assume g; preserves the polarizations of
(V1,41) and (V1, ¢1). Then Theorem 4.22 yields a similitude € — €. |

In the particular case where € = €, Theorem 4.22 is a direct generalization of the
principle of triality discussed by Springer—Veldkamp [19, Th. 3.2.1], as follows:

Corollary 4.24. For every proper similitude g, € GO™ (q1), there exist similitudes g, in
GO(q2) and g3 in GO(g3) such that

gl(X2 *1 X3) = gZ(XZ) *1 g3(X3) fO}" all X2 € V2 and X3 € V3.
Proof. Theorem 4.22 yields similitudes g5 € GO(g2) and g5 € GO(g3) such that the triple
(g1.85. 85) lies in GO(€)(F). Letting Ae(g1. 85, 85) = (A1, A2, A3), we have by Propo-
sition 3.14
A1g1(x2 %1 x3) = g5(x2) %1 g5(x3) forall x, € V5 and x5 € V3.
Then g, = A7' g5 and g3 = g} satisfy the requirement. [
In the special case where 1 is the multiplication in an octonion algebra, Corollary 4.24

is (the main part of) [19, Th. 3.2.1].
Corollary 4.24 also has a “local” version:

Corollary 4.25. For every g1 € go(q1), there exist g, € go(q2) and gz € go(q3) such
that
g1(x2 *1 X3)
= g2(x2) *1 x3 + x2 %1 g3(x3) + f(g1)X2 *1 X3 forall xo € V5 and x3 € V3.

Proof. Lemma 4.15 shows that projection on the first component 7;: pgo(€) — pgo(q1)
is bijective, hence there exist g5 € go(g2) and g5 € go(gs) such that (g, + F, g5 + F,
g5 + F) lies in pgo(€), which means that there exists A3 € F such that

g/3(x1 *3 XZ) :gl(xl) *3 X2 + X1 *3 g’z(xz) —)&3X1 %3 xo forall x; € V] and x5 € V5.



D. Barry and J.-P. Tignol 1020

By Proposition 3.17, there also exists A1 € F such that
g1(x2 %1 x3) = g5(x2) *1 X3 + X2 %1 g5(x3) —A1x2 %1 x3 forall x, € V5 and x5 € V3.
Then g» = g5 — A1 and g3 = g5 + f1(g1) satisfy the required condition. |

Specializing *; to be the multiplication in an octonion algebra (resp. the multiplication
in a symmetric composition algebra of dimension 8) yields Elduque’s Principle of Local
Triality [8, Th. 3.2] (resp. [8, Th. 5.2]).

By contrast with similitudes in Theorem 4.22, isometries (V1,q1) — (171, ¢1) do not
necessarily extend to isomorphisms € — € since (Vi, ¢i) may not be isometric to (17,- ,qi)
fori =2, 3. Nevertheless, we will obtain in Theorem 4.29 below an isomorphism criterion
for compositions of quadratic spaces by using the following construction of similitudes.

For € as above, define a new composition of quadratic spaces €’ as follows:

€ = ((V2.92). (V1.q1), (V3.q3), *3)

where
Xp %3 X1 = X1 %3 X2 forx, € Vo and x1 € V.

To every anisotropic vector u3 € V3, we associate the map
-1
Pus(x3) = u3q3(u3)” b3(uz, x3) —x3 forxz € Vi.
Computation shows that p,, is an isometry fixing u3.

Proposition 4.26. For every anisotropic vector us € Vs, the triples ({y5,Tys, Pus): € — €’
and (ryy, Lus, puy): €' — € are similitudes with composition multiplier (1, 1, g3(u3)).

Proof. Since p(ry,) = w(ly;) = g3(us), to prove (£y;, ru,, Pu,) is a similitude with com-
position multiplier (1, 1, g3(u3)) it suffices to show

q3(U3) puy (X1 *3 X2) = Lyy(x1) *g rus(x2) forallx; € Vi, xp € V5.

Likewise, to prove (ry,,u,, Pus) is a similitude with composition multiplier (1, 1, g3(u3))
it suffices to show

q3(U3) pus (2 %5 x1) = ryuy(x2) %3 Lyy(x1)  forall x; € Vo, x1 € V7.
Each of these equations amounts to
uzbz(us, x1 %3 X2) — (x1 %3 X2)q3(u3) = (x2 *1 u3) *3 (U3 *2 X1).
By (3.18), we may rewrite the right side as
(x2 %1 u3) *3 (U3 %2 X1) = u3by (xz *1 u3,x1) — x1 %3 (U3 *2 (X2 %1 U3z)).

Since by (xp *1 U3z, x1) = b3(us, x1 *3 x2) by (3.1), and u3 *5 (x2 *1 u3z) = x2g3(u3)
by (3.11), the proposition follows. ]
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Proposition 4.26 allows us to describe the group
G(€) = Le(GO(E)(F)) C F* x F* x F*

of composition multipliers of auto-similitudes of €. In the next corollary, we write G (n¢)
for the group of multipliers of similitudes of the Pfister form associated to €, which is
also the set of represented values of this form because Pfister forms are round (see [9,
Cor. 9.9)).

Corollary 4.27. G(€) = {(A1,A2,A3) € F* X F* X F* | A1 = A, = A3 mod G(ne)}.

Proof. If (A1,A2,A3) = Ae(g1, g2, g3, A3) for some (g1, g2, 23, A3) € GO(€)(F), then
by definition of Ae (see (3.27))

A= p(g2)A3" and A = p(g)Az'

Since q; and g, are multiples of ne, multipliers of similitudes of g; and of g, lie in
G(ne), hence A{A; € G(ne) and AxA3 € G(ne). Therefore, Ay = A, = A3 mod G(ne).
For the converse, we first establish:

Claim: (1,1,v) € G(€) for every v € G(nge). To see this, pick any anisotropic vector
us € V3, and let vz € V3 be the image of M3Q3(M3)_1 under any similitude of (V3, ¢3)
with multiplier v, so that g3(v3) = vg3(u3)~!. By Proposition 4.26, the composition of
maps (7y;, Lvs, Pus) © (Lus, Fus, Puy) is an auto-similitude of € with multiplier

(1,1.93(v3)) (1. 1. g3(u3)) = (1. 1,v).

This proves the claim.

Since for the derived composition € we have nge >~ ne, it follows that (1,1,v) €
G(9€) for every v € G(ne), hence (v,1,1) € G(€) for every v € G(ne).

Now, suppose (A1, A2, A3) € F* x F* x F* is such that 11A5 ', ;143 € G(ne).
The previous observations show

AL LD, (1, 1,A5103) € G(e).

Moreover, (A; Idy,, A2 Idy,, A2 Idy;, A2) € GO(€)(F) is a similitude with composition
multiplier (A5, A2, A2). Therefore, the group G(€) also contains the product

(A]),El, 1, 1) . (1, 1,).;1)\3) . (Az,/\z,/\z) = (11,12,13). |

Remark 4.28. Proposition 4.26 and Corollary 4.27 also hold, with the same proof, for
compositions of quadratic spaces of dimension 2 or 4.

Theorem 4.29. The compositions € and € are isomorphic if and only if (V;, q;) and
(Vi, qi) are isometric fori = 1, 2 and 3.

Proof. If g = (g1,82,83): € — € is an isomorphism, then from the relations between
the multipliers of g1, g2, g3 and the composition multiplier A(g) in (3.25) it follows that
g1, g2 and g3 are isometries, hence (V;, q;) ~ (V;, ;) forall i.
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For the converse, assume (V;, ¢;) is isometric to (17,~, gi) fori =1, 2, 3, and pick
an isometry g1: (V1,¢1) — (171, g1). Composing it with an improper isometry if needed,
we may assume g; preserves the polarizations induced by € and €. Theorem 4.22 then
yields a similitude g = (g1, g2, £3): € — C. Let A(g) = (A1, A2, A3). From the rela-
tions (3.25) between A(g) and the multipliers of g1, g2, g3 it follows that u(g1) = AzA3,
hence A;A3 = 1 since g is an isometry. The triple (g1, A2g2, g3) also is a similitude
€ — ‘g, and

Mg, A282.83) = A(g) - (A2, 45" A2) = (A1 A2, 1, 1) = (uu(g3). 1. 1).

Since (173 ,q3) >~ (V3,q3), the multiplier u(g3) is the multiplier of a similitude of g3, hence
also of ne. Corollary 4.27 then shows that there exists an auto-similitude (g/, g5, g5) of €
such that A(g/, g5, 85) = (11(g3) ™!, 1,1). Then (g1 © g}, 1282 © g5, g3 © g5) is a similitude
€ — € with composition multiplier (1, 1, 1), i.e., it is an isomorphism. ]

Corollary 4.23 and Theorem 4.29 can be given a cohomological interpretation: over
a separable closure of F', Corollary 3.32 (or Theorem 4.29) shows that all the composi-
tions of quadratic spaces of dimension 8 are isomorphic. Therefore, if €y is a composition
of hyperbolic quadratic spaces of dimension 8 over F (such as the composition associ-
ated to the split para-octonion algebra or the composition in Examples 3.6 (2)), standard
arguments of nonabelian Galois cohomology (see for instance [13, §29]) yield canonical
bijections

isomorphism classes of compositions of

1
H (F’ 0(%o) ) N quadratic spaces of dimension n over F

and

similarity classes of compositions of

1
H (F’ GO(BO)) N quadratic spaces of dimension n over F

because O(€p) (resp. GO(€y)) is the group of automorphisms (resp. auto-similitudes)
of €y. Since by Proposition 4.10 the group PGO(€)y) is the automorphism group of the
trialitarian triple End(€)), there is an additional canonical bijection

H! (F , PGO(‘€0)) <~ ‘ isomorphism classes of trialitarian triples over F ‘

Now, Corollary 4.23 yields a bijection between H ! (F, GO(€y)) and the set of isom-
etry classes of 3-fold quadratic Pfister forms. Similarly, Theorem 4.29 yields a bijection
between H ! (F,O(€)) and the set of triples of quadratic forms (g1.¢2.4q3) up to isometry,
subject to the condition that there exists a 3-fold quadratic Pfister form n such that ¢y, ¢»,
g3 are similar to n and the orthogonal sumn L g; L g L g3 is a 5-fold quadratic Pfister
form. This can also be viewed as a description of H ! (F, Sping) for Sping the spin group
of 8-dimensional hyperbolic quadratic forms, because Theorem 4.12 yields a canonical
isomorphism Sping ~ O(€). We may use this description to give an interpretation of the
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mod 2 cohomological invariants of Sping determined by Garibaldi in [10, §18.1] under
the hypothesis that char F' # 2, as follows: for n = 3, 4, 5, let ¢, denote the Elman—Lam
cohomological invariant of n-fold Pfister forms, defined by

en({(L—ar) ..o (Lo=an)) = (@) U+ U (an) € H"(F.piy),

where (a;) € H'(F, u,) is the cohomology class corresponding to the square class of
a; € F* by Kummer theory, see [9, §16]. For every triple (¢1, g2, ¢3) as above, the coho-
mology classes

es(n), es(n Lqy), es(nLqs), es(n Lqs), es(n LgiLgslgs)

define cohomological invariants, which distinguish these triples up to isometry. According
to [10, §18.1], these invariants generate the H*(F, Z/27)-module of mod 2 invariants of
Sping. Note that these invariants are not independent: since

(nlg)L(mlg)Ll(mlgs)=2nLl(nlqgLgzlgs)
andn L q; L g» L g3 is a 5-fold Pfister form, it follows that

ea(n L g1) +es(n L qo) + ea(n L g3) = ea(2n) = (=1) U es(n).

4.6. The structure group of 8-dimensional composition algebras

Let A = (A, ¢, ©) be a composition algebra of dimension 8. Recall from Definition 3.30
the structure group Str(A, ¢), which is the group of autotopies of (A4, ¢). Corollary 3.35
identifies Str(A, ¢) with a subgroup of GO(€ (A)), for € (A) the composition of quadratic
spaces associated to «# as in (3.32).

In the trialitarian triple 7 = End(€(+4)) we have 2 = A, = A3 = (End 4, 0p, ).
Mimicking the construction in Section 4.2, we obtain a morphism

Vo R(Az) - GO(I*E)
as in (4.6). We use it to define a morphism of algebraic groups
Va:R(q) > GO(E(4))

by specializing to the case where 7 = End(€(+4)) the map d o g2q5: 2 (Az) — GO(T),
where d is the shift map. Thus, for any commutative F-algebra R and £ € (g)(R),

YA = (C+@")(E). C-(@")(§). x0(§))

(viewing GO(€(A)) as a subgroup of GO(q) x GO(¢g) x GO(g), as in the proof of
Proposition 4.10), where C(a”) are the canonical Clifford maps attached to 9%€ (),
see (3.21).

Theorem 4.30. The map 4 is an isomorphism (q) 5 Str(4, o).
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Proof. The map V4 is injective because C(«”) is an isomorphism
C(A,q) - End(A & A),

and the computation of A4 o ¥4 in (4.10) together with Corollary 3.35 shows that 14
maps 2(q) to Str(4, o).

To complete the proof, we show that for any commutative F-algebra R the group
Str(A4, ¢)(R) is the image of £(g)(R) under V4. Let (g1, g2, g3) be an autotopy of
(A, ©) g, which means that

g3(x1 0 x2) = g1(x1) © g2(x2) forall x1, x2 € Ap.
By Proposition 3.14 it follows that for all x1, x2, x3 € Ag
n(g2)g1(x2 01 x3) = g2(x2) ©1 &3(x3) and  u(g1)g2(x3 02 x1) = g3(x3) 02 g1(x1).
Equivalently,

/"L(gZ)gl OFx; = rg3()C3) ° g2 and I‘L(gl)gZ o ZX3 = Kg3()€3) ° g1,

which can be reformulated as an equation in End(A & A) as follows:

()5 06 D B ) s
loss) O 0 wE))\0 g@)\& 0)L0 g

Since C (&) is an isomorphism, there exists £ € Co(A, ¢) g such that Co(a”)(§) = (g1, g2).
Then Co(a”)(1(§)) = (1(g1), i(g2)), and (4.23) yields

C(a")(g3(x3)) = C(Ol”)(t(&(é))é'X3$_l) for all x3 € Ag.

Since C () is an isomorphism, it follows from Lemma 2.5 that 7o(§)x3& = 05(g3)(x3)
for all x3 € AR, hence § € R(g)(R) and g3 = yo(§). Thus, (g1,82,.83) = V4(§). =

Recall from Proposition 2.8 the exact sequence
1> Ry (Gm) > 2(q) 2> GO¥(q) > 1. (4.24)

Since the discriminant of ¢ is trivial, we have Z ~ F x F, hence RIZ / F(Gm) ~ G and
the Galois cohomology exact sequence derived from (4.24) takes the form

1 - F* = Q(¢q)(F) - GO'(q) — 1.

Substituting Str(4, ¢)(F) for & (¢)(F), we recover the exact sequence obtained by Peters-
son [15, (4.13)] for +4 an octonion algebra.
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