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Global rigid inner forms vs isocrystals

Tasho Kaletha and Olivier Taibi

Abstract. We compare the cohomology of the global Galois gerbes constructed by Kottwitz in
arXiv:1401.5728 and by the first author in [Invent. Math. (2018), 271-369], respectively, and give
applications to the theory of endoscopy.
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1. Introduction

The statement of the refined local and global Arthur—Langlands conjectures for non-quasi-
split reductive groups involves the cohomology of certain Galois gerbes [9], where the
notion of a Galois gerbe is that of [26]. In summary, every such group G is an inner form
of its quasi-split form G*, but it was observed by Vogan [35] that this relationship does
not suffice for the normalization of various objects involved in the statement of the local
Langlands conjecture. The cohomology of a local gerbe is used to provide the necessary
additional data. The cohomology of a global gerbe is used to organize the local data at all
places coherently, so that the local conjecture can be used in global applications.

The gerbes constructed in [20] can be used for this purpose. However, not all local
inner forms can be treated when G* does not have connected center, and not all global
inner forms can be treated when G* does not satisfy the Hasse principle. We shall refer
to the formulation of the local and global conjectures involving the gerbes of [20] as the
isocrystal version. The gerbes constructed in [10, 11] can be used without these technical
hypotheses on G*, but they are at the moment available only in characteristic zero. We
shall refer to the resulting local and global conjectures as the rigid version.

Assume first that the ground field F is a finite extension of @, and that G* has con-
nected center. Then both the isocrystal and the rigid version of the refined local Langlands
conjecture are available for G. It was shown in [12] that these two versions are equivalent.
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Moreover, it was shown that the validity of the isocrystal version for all connected reduc-
tive groups with connected center is equivalent to the validity of the rigid version for all
connected reductive groups without assumption on the center. These results were derived
from a comparison theorem for the cohomology of the two local gerbes.

The current paper provides a comparison theorem for the cohomology of the two
global gerbes. We give two applications to this comparison. First, when the ground field
F is a finite extension of Q and G* has connected center and satisfies the Hasse principle,
so that both the isocrystal version and the rigid version of the global multiplicity formula
are available, it is natural to ask if these two versions are equivalent. A formal argument,
based on the canonicity of global transfer factors, gives an affirmative answer, but sheds
no light on the relation between the normalized local pairings at each place of F. Our
cohomological result allows for this finer comparison.

Second, we generalize [11, Proposition 4.4.1], which states that the product of local
normalized transfer factors equal the canonical adelic transfer factor. In [11] this was
proved under the assumption that there exists a pair of related F-points in the group and
its endoscopic group. While this assumption was also made in [27], where transfer factors
were originally defined, it was later dropped in [21] and replaced with the weaker assump-
tion on the existence of an F-point in the endoscopic group that is related to an A-point
in the group. We use the results of the current paper to show that [11, Proposition 4.4.1] is
valid under this weaker hypothesis.

We hope that the comparison of the cohomology of the two global gerbes will be useful
beyond these applications, in light of Scholze’s recent conjecture [30, Conjecture 9.5] on
the existence of a Weil cohomology theory for varieties over Fp valued in the category of
representations of the global gerbe of [20].

Before we outline the comparison theorem in the global case, let us review it in the
local case. Let F be a finite extension of Q, and I' the absolute Galois group of F.
The local gerbe of [20], which we shall denote by £*° here, is bound by the pro-torus T*°
whose character module is the trivial I'-module Q. The local gerbe of [10], which we shall
denote by &2 here, is bound by the pro-finite algebraic group P whose character mod-
ule is the group of smooth functions I' — Q/Z, endowed with the obvious action of T'.
The map X *(T*°) — X *(P"¢) sending ¢ € Q to the constant function with value ¢ pro-
vides a homomorphism P"¢ — T*° defined over F. One proves that the push-out of &2
along this homomorphism equals &'°. The resulting map of gerbes £"¢ — &1 induces a
map between their cohomology. For example, when 7' is an algebraic torus defined over F,
we obtain a homomorphism of abelian groups H(&'*°, T) — H1(&"¢, T'). Both of these
abelian groups have a description in terms of linear algebra. In the first case, we have the
functorial isomorphism H ! (&€"°, T) — X, (T)r, where X,(T) is the co-character module
of T'. In the second case, we have the functorial isomorphism

X.(T)®Q

1/ ori
H (8 g, T) — T(T)[tor],

where I C Z[I'] is the augmentation ideal, and [tor] refers to the torsion subgroup. Let



Global rigid inner forms vs isocrystals 767

E/F be any finite Galois extension splitting 7. Let N denote the normalized norm map

[E:F]7" Y 0:X(1)®Q— X (1) ® Q.

o€lg/F

Then the map X«(7T)r — %[mﬂ given by A > A — N¥(1) makes the following
diagram commute
HY(E%,T) ——— X.«(T)r

| |

H(&%e, T) —— X8 tor]

We now come to the global case treated in this paper. Let F be a finite extension of Q.
The global gerbe of [20], which we shall denote by &° here, is bound by a pro-torus T,
while the global gerbe of [11], which we shall denote by & here, is bound by a pro-
finite algebraic group P™¢. The description of the character modules is more technical
and we will not discuss it in the introduction. Unlike in the local case, we do not know of
a natural map P"¢ — T, In fact, there is good reason to believe that one cannot expect
a natural map like that to exist. The comparison of the cohomology of the two gerbes
€° and &"¢ proceeds via an intermediary. We define a new pro-torus T™¢ and natural
maps T — T™d < Prig_We prove that the classes in H?(I", T*) and H?(T, P"¢) of
the gerbes &% and &"¢ meet in H?(I", T™¢). This leads to a gerbe &™¢ bound by T ™
and equipped with homomorphisms &% — &™id « gri¢ We then prove that, for every
algebraic torus T defined over F, the two diagrams

H'(E™Y, T) —— Homp (T™, T H'(E™Y, T) —— Homp (T™, T)
H'(€"°,T) —— Homp (T*, T) H' (€%, T) —— Homp (P, T)

are Cartesian and the vertical arrows in the left diagram are surjective.

An analogous discussion holds locally at each place v of F: There are maps of gerbes
giso — gmid g% over F, that are compatible with the analogous global maps via local-
ization maps & — &* x g F,. The Cartesian square relating £1*° to &M shows that there
is a functorial isomorphism from H!(&M9, T) to the group {(A, i) | A € X«(T)r, p €
Xo(T) ® Q, N*(}) = N'(w)}. '

Recalling the comparison map &,* — &5° constructed in [12] and reviewed above,
we now obtain the following triangle

mid
81)

PN 1o

ri is
81} g 8:}50

This triangle does not commute. In order to relate the global comparison results of this
paper, which concern (via the localization maps) the two diagonal arrows, to the local
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comparison results of [12], which concern the bottom horizontal arrow, we need to under-
stand the failure of commutativity.

We construct a canonical splitting ™4 — &15° of the map £15° — &Mid and show that
composing this splitting with 83 ¢ — &Mid equals the bottom horizontal map in (1.0.1),
i.e., the comparison map S,r,ig — 815 of [12]. The non-commutativity of the above trian-
gle is then encoded in the difference between the left diagonal map Sf,ig — &Mid and the
composition

gle _, gmid _, giso _, gmid,

We show that the difference between the two homomorphisms
H' (&M T) — H' (&%, T)

induced by these two maps €3¢ — €™ is given on the linear algebraic side by the map
that sends (A, ) to u — N%(p) € %[tor].

These cohomological results allow us to compare the two isocrystal and rigid versions
of the multiplicity conjecture for discrete automorphic representations. More precisely,
let G* be a quasi-split connected reductive group defined over F and let G be an inner
form of G*. Assuming the existence of the global Langlands group L, as well as the
validity of the rigid version of the refined local Langlands correspondence, we constructed
in [11, Section 4.5] a pairing between the group S, associated to a discrete generic global
parameter ¢ : Ly — LG and the adelic L-packet I1,(G). This pairing is an ingredient
in the conjectural multiplicity formula [16, (12.3)]. Its construction uses the cohomology
of &, but the result is independent of the cohomology classes used.

Assuming that G* has connected center and satisfies the Hasse principle, another such
pairing can be constructed if one assumes the isocrystal version of the refined local Lang-
lands correspondence and uses the cohomology of &%°. This construction does not yet
appear in the literature. It is fairly analogous to that in [11, Section 4.5] and we give the
details in Section 4.6.

As an application of our cohomological results, we show that the two constructions
— using "¢ and €, respectively — produce the same pairing between S, and I1,(G).
More precisely, given an inner twist ¥ : G* — G we fix a cocycle z™4 € Z1(&™id, G*)
that lifts the cocycle o — ¥ o () and use it to produce cocycles zi** € Z1(&"%°, G*)
and z™d € Z1(&€M4, G*). The two global pairings are constructed as products of local
pairings, each normalized by the localization z!*® and Zf,ig, respectively. At each place v,
the local pairings do depend on the choice of z™¢, but the resulting global pairings do
not. Even though conjectural, the local pairings are related by an explicit non-conjectural
factor that is a result of the normalized character identities the pairings are required to
satisfy. This follows from the local comparison results of [12]. However, due to the non-
commutativity of (1.0.1) the local comparison map HY(E5°,G*) — H!(8,% G*) does
not map [z1%°] to [z,*]. Thus the local comparison results of [12] need to be supplemented
with the quantification of the non-commutativity of (1.0.1) discussed above. Combining
these results, we obtain an explicit factor relating the two local pairings at a given place v.
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The global comparison results of this paper imply that the product over all v of these
factors equals 1 and therefore the two global pairings are equal.

Alongside this comparison result, we introduce in this paper a simplification of the
construction of the global gerbe &2 In [11] this construction involved choosing a se-
quence (E;, S;, S‘,-), where E; is an exhaustive tower of finite Galois extensions of F,
S; is an exhaustive tower of finite sets of places of F, and S',- is a set of lifts of S; to
places of E;. Each triple (E;, S;, S',-) was required to satisfy a list of four conditions [11,
Conditions 3.3.1]. In this paper we show that the resulting gerbe depends only on the set
V of lifts to F of the places of F that is defined by V = 1(&1 S;. That is, &"¢ is independent
of the choices of E; and S;. Furthermore, we show that [11, Conditions 3.3.1] for each
triple (E;, S;, S;) are equivalent to one simple condition on V', namely Condition 3.3.1
stating that | J, <y ' is dense in T', where V is the set of all places of F.

2. Definition of some local and global Galois modules

In this section we shall define some modules for the Galois group of a finite Galois exten-
sion of a ground field F that is either a number field or a local field. Taking colimits over
all finite extensions of F we shall obtain modules for the absolute Galois group of a num-
ber field or a local field. These will be the character modules of Tis°, T™id and Prig, We
shall also discuss the transition maps with respect to which we take these colimits — we
call these inflation maps. We shall also discuss localization maps, which relate the global
Galois modules to their local counterparts.

2.1. The local modules

Let F be a local field, F an algebraic closure of F and T the corresponding absolute
Galois group. Let E/ F be a finite Galois subextension of F /F, with Galois group I'g /F-
Let N be natural number. We define the following I'g; p-modules:

(1) My :=Z.
2) Mg“‘]j\, consists of maps f : I'g/p — ﬁZ satisfying ) . f(0) € Z.
3) M;‘%N consists of maps f : I'g/p — ﬁZ/Z satisfying ) f(0) = 0.

The module Mg" is the module X of [20, Section 5], while MggN is the module
X*(ug,r,n) of [10, Section 3.1].
We define I' g p-equivariant maps

Miso e pgmid cre Moe 211
E < Mgy — Mgy (2.1.1)

via the formulas

fiso — Z M), fEe) = — fMY(s) mod Z.

a

Fact 2.1.1. The maps ¢ and c"¢ are surjective. The kernel of ¢ is induced.
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Proof. Immediate. ]
If N is divisible by [E : F], there is a canonical splitting of ¢**° defined by
VIME - MBS, S =M Moy =[EFIT Y (212
The image of 5™ is precisely (Mg'4)".

2.2. Local inflation maps

We continue with the notation of Section 2.1. Let K/ F be another finite Galois extension
with £ C K, M a natural number divisible by N.

We define three maps, which we refer to as inflation maps:

1) M}fo - M }go, given by multiplication by [K : E].

2) Mmi?\, — M}?j}ju, given by fMdK(g) = fmidE (),

3) Mrlg — M;;%M, also given by fieK(g) = fizE(g).

These inflation maps fit into the commutative diagram

i ri
Clso g

E
Ml%o MrEm(]iV M“g

Lo

id rlg
Mg® «—— Mgy, —>M
CK.M K M
Using these inflation maps we can take in each case the colimit over all finite Galois
extensions £/ F and all natural numbers N. Denoting by R[I'] the set of smooth functions

I' — R, we obtain the following:

@Q  if F is non-Archimedean,
M™ =limMg° =17 if F~C,

3Z if F=R

Q[T if F is non-Archimedean,

Mmid:zli_r)nMg‘f‘}V ={Z[MN=2 if F~C,

{f:T>Q|Y,er flo)eZ} ifF=R

Q/z|1] if F is non-Archimedean,
M™:=1im Mi%y = {0 if F~C,

{f T>Q/Z|Y ,er fl0)=0} if F=R

The local comparison maps splice together to maps

ciso
MISO Mm1d Mng
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the left being given by integrating over I with respect to the normalized Haar measure,
and the right being induced by the negative of the natural projection QQ — Q/Z. The map
¢! has a canonical splitting s'° whose image consists of constant functions I' — Q in the
non-Archimedean case (resp. [' — Z in the complex case, resp. [' — %Z in the real case).
In the non-Archimedean case the composition ¢™ o §*° equals the map X *(¢), where
¢ is the map defined in [12, (3.13)], as we see by dualizing Lemma 3.1 loc. cit. In the
Archimedean case we take this equality as the definition of ¢.

. . mid,Vv
2.3. A discussion of M EN

We now describe the I'g 7-module Mg’i‘}\’,v = Homg (M;:"i‘]jv, 7)) and record some of its

properties.
The obvious inclusions Z[I'g/r]— Mg“‘}v — N~1Z[I'g,F] fitinto the exact sequences

0— MPY - NT'Z[Tg/p] =5 N~'Z)Z — 0 2.3.1)
and
0— Z[Tg/p] > M3y > N'Z/Z[Tg/rlo — O. (23.2)

Here the subscript 0 denotes the subset of functions f on I'g,F satisfying the condition
ZGGFE/F f(0) = 0.Infact N~'Z/Z[Tg/F]o equals M"y and the map is just —cj v,
but we do not want to emphasize this here because it distracts.

We can identify Z[I'g,r] with its own dual via the pairing (x, y) = >, x(0)y(0).
Then NZ[T'g, ] dualizes to N ' Z[['g ], the inclusion Z[['g/r] — N~ Z[T'g, r] dual-
izes to the inclusion NZ[I'g ] — Z[I'gF]. For a finite Galois extension K of F' contain-
ing E, the inflation map Z[I'g,r] — Z[I'k,F] dualizes to the map Z[I'x,r] — Z[T'g/F]
given by summing over 'k, g -cosets.

The inclusions Z[Tg/r] — Mg\, — N~'Z[I'g/r] dualize to the inclusions

NZ[Tg/r) - MBS — Z[Tg/F]

and describe M}Em(;\}v as the submodule of Z[I'g, ] givenby NZ[I'g,r] + Z, where Z =
Z[Tg/F]" is the subgroup consisting of constant functions. Note that Z[T'g, r]" coincides
. id, V1T
with [Mg'y '] '
In terms of this description of Mg“(}(,v the exact sequences dual' to (2.3.1) and (2.3.2)
are described as follows. The dual of (2.3.1) is

0— NZ[Tg/p] > MP — Z/NZ — 0,

with the map ng‘}\’,v — Z/NZ given by the natural projection on Z and trivial on

By dual of a short exact sequence 0 — A — B — C — 0 where B is a finite free Z-module we mean
the short exact sequence 0 — Homy (B, Z) — Homy (A, Z) — Homz (C,Q/Z) — 0.
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NZ[Tg,r]. The dual of (2.3.2) is

Z/NZ[TEg/F]

0, 233
Z/NZ (2.3.3)

where now the last map is the natural projection.
The map ¢™*° : MY, — Z defined in (2.1.1) dualizes to the inclusion map

Z=[MZGT - Mg

If [E : F] divides N then its splitting s 7 — M]r;“iji\, defined in (2.1.2) dualizes to
Mg“‘}(,v — Z givenby y > [E : F]71 Y y(0).
The inflation map
P > Mg,
mid,V

dualizes to the map sending yX e M};‘ji’l\/ C Z[Tk/rlto yF € Mgy’ C Z[Tg,r] given
by yE(0) = Xorse 5 (D).

2.4. The global modules

Let F be a number field, E/ F finite Galois extension, S a (finite or infinite) set of places
of F. We denote by Sg the set of places of E above those in S. Let Sz C Sg be a set of
lifts of the places in S to places of E. We recall that of the triple (E/F, S, Sg) one can
require [11, Conditions 3.3.1], which we recall here for convenience.

Conditions 2.4.1. (1) S contains all archimedean places and all places that ramify in E.
(2) Every ideal class of E contains an ideal with support in Sg.
(3) For every place w of E there exists w’ € Sg such that the stabilizers in I'g,r of
w and w’ coincide.
(4) For every o € I'g/F there exists w € SE satisfying ow = w.

For now, only condition (4). will be useful to us, and we will explicitly require it when
it is needed. Starting with Section 3.3, we will make active use of these conditions.
We define the following I' g, r-modules:
1) MEOS := Z[SE]o consists of finitely supported functions f : Sg — Z satisfying
2w f(w)=0.

(2) M™<  consists of finitely supported functions f : Tg/p x S — i 7Z satis-
E,SE [E:F]

fying 3", flo.w) =0, flo.w) € Z, 07 'w ¢ Sg = f(o,w) = 0.
(3) M", consists of finitely supported functions f : Ig/r X Sg — e 7] 7, sat-
E.Sg [E:F]

isfying 3", f(o,w) = 0,3, f(o,w) =0,0"'w ¢ Sg = f(o,w) = 0.
We shall write f° or £ in the first case if we want to be more precise, and use
the analogous notation in the other two cases.
The module M};"S was defined by Tate [34], and later by Kottwitz in [20, Section 6],
where it was denoted by X3. The module M ;gs. was defined in [11], where it was denoted

s

by Mg s, 5:F):
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We define I' g, F-equivariant maps
Mipg £ pgmid e @24.1)
E.S E.Sg E,SE o

by the formulas

fRow) =3 fMow), [ o.w) = —f™(0,w) mod Z,

Proposition 2.4.2. The map c"¢ is surjective.

Proof. We can assume that S # @. Let ¢ € M;igSE .Foreacho € T'g/F choose wy € Sg
such that o 1w, € S E. Define f mid a5 follows:
(1) For (o, w) such that o~ w & Sk, f™d(o, w) = 0.
(2) For (o, w) such that 0~ w € Sg but w # wy, choose an arbitrary lift f™4(o, w) €
Qof —f"¢(o,w) € Q/Z.
(3) Finally foro € Tg/p let ™0, wo) = — Yy espwy) S "0 w) € Q.
Then f™d ¢ M;‘“‘;E and cfig( fmid) = frie, n

Fact 2.4.3. The kernel of ¢"® is an induced T'g JF-module.

Proof. After making the change of variables ¢ (0, w) = f(0, cw) we see that this kernel
is given by the set of functions ¢ : I'g,r x Sg — Z satisfying ), ¢(o, w) = 0 and
w ¢ Sg = ¢(o, w) =0, with T'g /F acting by left translation on the first factor. This

I'g/ F-module is isomorphic to IndEE}/ FZ[S]o. L]

For a Z[T'g/F]-module Y denote Ig/r(Y) = ZoerE/F (o — 1)(Y).

Lemma 2.4.4. Assume that for any 0 € U'g/p there exists w € SE such that ow = w.
Consider the functor Fy (resp. I;) from the category of Z|T g g]-modules to the category
of Z-modules which maps Y to Y [Sglo (resp. Y[Sglo, considered as the subgroup of
Y[SE]o consisting of functions supported on SEg). There exists a morphism of functors
o F1 — F> such that for any Z[U'gr]-module Y and any f € Y [SE]o we have

f—ay(f) € lIg/r(Y[SEl).
In particular we have Y [Sg]o = Y [SE]o + Ig,r(Y[SElo) for any Z[T'gr]-module Y .

Proof. For each w € Sg ~ Sk choose gy, € I'g,;F such that o, w € Sg and Uy € Sg
such that 0y, 0y, = ¥y . Let Y be a Z[['g/r]-module and f € Y [Sg]o. Define

ar()=rf+ Y. (ow—D(f(W)sw— f(w)S;,)
weSE \SE
It is supported on Sk. ]

Proposition 2.4.5. Assume that for any o0 € I'gF there exists w € SEg such that ow = w.
The morphism ¢**° of Z[T g p|-modules splits.
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Proof. The Z[T'g,r]-module M}ESOS is the direct limit of its submodules of finite type,
which are free over Z. Thus it is enough to construct for any I'z,r-module X that is a
finitely generated free abelian group, a section sy of the map Hom(X, M mid )FE/F —
Hom(X, My 15" )FE/F induced by ¢, such that sy is functorial in X. Choose a mor-
phism of functors « as in Lemma 2.4.4. Writing Y = Homgz(X, Z) we have a natu-
ral identification of Hom(X, M;OS)FE/F with Y [Sg], VE/F and a natural identification of
Hom(X,MmjdE)FE/F with the set of functions /™9 : g pxSg — [E : F]~'Y satisfying

fmid(o7 w) — 0’
f™o,w) e,

» forany o € I'g/r we have ZweSE

e forany w € Sg we have ZUEFE/F
«  f™id is supported on the set of (o, w) satisfying 0w € Sg.

For f iso ¢ Y [SE]o we define a function
sx (f*) (o, w) : Fe/rp xSg — [E: FI''y

by the formula
sx(f*) (o, w) = [E : F] o (ay (f*) (0™ w)).
It satisfies the three conditions above and thus defines a I'g,p-equivariant map X —
M g‘i‘; : the first and third conditions are clear, the second follows from the equality
SOE

NEsp (e (f) = Ng/p(f™) = [E : F]f*. (24.2)
Thus we have defined a map

sx : Hom (X, MISO )FE/F — Hom (X, M;“‘;E)FE/F

Functoriality in X is clear. The fact that sy is a section of the map induced by ¢**° also
follows from (2.4.2). u

Corollary 2.4.6. Under the assumption of the proposition the map ¢**° is surjective.

2.5. Global inflation maps

We keep the notation of Section 2.4. Let K/ F be a finite Galois extension with £ C K,
S’ a set of places of F containing S, S '« a set of lifts of S’ to places of K such that for
each v € S with lift v € S}(, the image of ¥ in Sg lies in SE
We define three inflation maps. First assume S = S’.
(1) Z[Sglo — Z[Sklo by 5K (u) = [Ky : Ey] f5*E (w), where w € Sg is the
unique place under u € Sk.
2) Mz_“i., — M;{“‘g by f™4K (g, u) = fMbE (g w) provided o 'u € Sk, and
fmid’K(o, u) = 0 otherwise.
(3) M", > M™, by fieK(o,u) = frieE (g, w) provided o~ lu € Sk, and
E.Sg K,Sk

1K (o, u) = 0 otherwise.
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We now drop the assumption S = S’ and extend all maps defined above from Sk to
S by zero outside of Sk.
These maps are well-defined and fit in the following commutative diagram

e
Miso ‘E.s pmid - _SES g i
E.S E.SE E.Sg

[

M I‘SOS’ : « M mldS M;;gs
K, S’ K C K s/ K

The commutativity of the right square is immediate. The commutativity of the left square
follows from the condition that if (o, w) is in the support of fZ then o~ 'w € Sg.

2.6. Localization maps

Continue with the notation of Section 2.4. Fix w € Sg. For each of the three global mod-
ules we define localization maps locy, : f +— fy, as follows:

(1) locy :M}ES‘,’S Mg",deﬁned by fu = f(w).
(2) locy : Mg“g,E — Mg“ z:r)» defined by £, (0) := f(0, w).
(3) locy M;gs — M}; (&5 defined by fi,(0) 1= f(0. w).

These maps fit into the following commutative diagram

Mlso Mmld N Mrig‘
E.Sg E.Sg
iso mid rig
ME MEw,[E F] MEw,[E:F]

The commutativity of the right square is immediate, while that of the left is implied by the
support condition and the assumption w € Sg.

Fact2.6.1. The localization maps are compatible with the local and global inflation maps,
i.e., in the setting of Section 2.5, for ? € {iso, mid, rig} and w € S}( N Sk, the following
diagram commutes.

M. — s M?

E.Sg K, Sy
? ?
MEw,[E:F] MKw,[K:F]

Proof. Immediate. ]
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3. Cohomology

3.1. Preliminary discussion

Let F be a local or global field of characteristic zero. Let F be an algebraic closure of F.
Let T be the Galois group of F/F. Assume given an inverse system (D),en of diago-
nalizable groups defined over F', with surjective transition maps, and an inverse system of
classes in H2(T', D). Let D = l(ln D,,. We endow D,,(F) with the discrete topology and
D(F) = lim D,,(F) with the inverse limit topology. The continuous cohomology groups
H"™(T, D) are then the cohomology groups of the complex of continuous cochains of I"
valued in the topological group D(F). This complex is the inverse limit of the complexes
of continuous cochains of T" valued in the discrete groups D, (F). Therefore [36, Theo-
rem 3.5.8] gives the exact sequences

1 — Rll(iLnHo(F, D,) - HY(I', D) — l(iLnHl(F, D,) — 1

and
17 1 2 : 2
1—- R limH (T, D,) > H*(I', D) — lim H*(T', D,) — 1.

If R! l(ln HY(T', D,,) vanishes, the inverse system of classes in H2(T, D,) gives an ele-
ment of H%(T, D).
Assume now that we have a class § € H?(T, D) and let

l1>D(F)—>&—-T—1

be an extension belonging to the corresponding isomorphism class. To be more precise, &
is a topological group, both maps are continuous group morphisms, the topology on D (F)
induced by the embedding in & coincides with the pro-discrete one defined above, and the
map & — T admits a continuous section (not required to be a group morphism)?. This is
a slight generalization of a well-known interpretation of second cohomology groups (see
[29, Theorem 1.2.4] or [4, Section XIV.4]). Explicitly, start from a continuous 2-cocycle
¢ that we assume to be normalized for simplicity, i.e., the restrictions of £ to I" x {1}
and {1} x T are trivial. We may construct an extension & = D(F) X¢ I' by defining the
topological space & as D(F) x I and defining the multiplication by the formula

(r.0)- (7.7) = (x0(»)§(0. 7). 07)

where x,y € D(F) and 0, 7 € I". We will denote a pair (x, ) as above by x K o to
emphasize that it should be understood as an element of D(F) Xg I'. For simplicity we
will abusively denote D — & instead of D(F) — &. A morphism of extensions & — &’
is a morphism of topological groups making the obvious diagram commute.

2It would be equivalent to require that the continuous bijection &/D — T is a homeomorphism, i.e.,
this condition implies that a continuous section exists: this follows from the same argument as in [29,
Exercise 1.1.4].
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For a linear algebraic group G over F we let & act on G(F) via the map & — I and the
usual action of " on G (F). Following Kottwitz we define the set Z a}lg(Ef, G) to be the set of
those continuous 1-cocycles & — G(F) whose restriction to D(F), which by continuity
factors through some projection D(F) — D, (F) for some n, is given by an algebraic
homomorphism D, — G. In general this homomorphism is only defined over F, but its
G(F)-conjugacy class is invariant under I'. Further, for any central algebraic subgroup
Z C G wedefine Z' (D — &, Z — G) to consist of those elements of Zjlg(S, G) whose
restriction to D takes image in Z. In that case the resulting homomorphism D — Z is

defined over F. Finally, we set

Z(6.G)=Z"(D — &, Z(G) — G).

Realizing & as D(F) X¢ T as above, an element ¢ of Z! (&, G) is concretely described

by a pair (i, c¢) where u : D — Z(G) is the morphism which on F-points gives the
restriction of ¢ to D(F) and ¢ € C'(I', G(F)) is the composition of the section I' — &,
o — 1 X o with ¢. The cocycle condition for ¢ is equivalent to the condition that u be
defined over F and the equality d(c) = p o §. We also define the corresponding cohomol-
ogy sets

H'(D — €.Z - G) C Hy,(€.G) C Hy,

(€.G)

to be the quotients by the action of G(F) by coboundaries, i.e., g sends z € Z;lg(g ,G) to
e > g 1z(e)o.(g), where o, € I is the image of e € &.

A priori the set Hallg(& G) depends on the choice of the particular extension & in its
isomorphism class. Indeed, if &’ is another extension in the same class, then choosing an
isomorphism of extensions i : &' — & provides an isomorphism Z! (&,G) — Z! (&',G)

alg alg
by pulling back along i. The induced isomorphism H,(€, G) — H,, (&', G) depends

al
only on the D-conjugacy class of i. The D-conjugacy classes of autorgilorphisms of the
extension & are parameterized by H!(T, D), by associating to & € Z'(T', D) the auto-
morphism e — a(o,)e of & (see [1, Section XIII.1] for a discussion of morphisms of
extensions in the case of discrete groups, similar arguments work for topological groups).
Therefore, the isomorphism Hallg (€,G) — Hallg(é“ ', G) is well-defined up to the action of
HY (T, D) on Hallg(é’, G) that is given by the formula (z - «)(e) = z(a(0e)e).

Itis thus clear that when H'(T, D) = 1 the set (€, G) is independent of the choice
of extension & in its isomorphism class. In fact, the weaker condition l(in H\(T, D,) =
1 turns out to be sufficient. Indeed, by assumption for any z € Zjlg(S, G) the restric-
tion z|p factors through the projection D — D, for some n and therefore z(«(o,)e) =
Zn(ay(0e))z(e), where z,, : D,, — G composed with D — D, equals z|p, and o, €
ZY(T, D,) is the image of @ € Z! (T, D).

Assume now that D), is another inverse system of diagonalizable groups defined over
F with surjective transition maps and that we are given homomorphisms D) — D,
compatible with the transition maps. These splice to a homomorphism D’ — D, where
D' = 1(21 D). Assume that we are given a class & € H?(T, D’) and let & be the corre-
sponding extension. If £ maps to £ under the homomorphism D’ — D then there exists
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a homomorphism of extensions & — &, as above uniquely determined up to Z!(T', D).
This homomorphism induces a map Hallg(S, G) — Hallg(é?’, G). As above, this map is
well-defined if Lﬂl H\(T,D,) =1.

We have thus seen that the vanishing of R’ Ig_n HY(T, D,) fori = 0, 1 has desirable
consequences. A sufficient condition for the vanishing of both of these is the following:
For any 7 there exists m > n such that the map H' (T, D,,) — H' (T, D,,) is zero.

Fact 3.1.1. Let D — & be an extension of I as considered above, whose isomorphism
class corresponds to £ € H*(T', D). Let G be a linear algebraic group over F and Z a
central subgroup. We have the inflation-restriction exact sequence of pointed sets (abelian
groups if G is abelian)

1> H\(,G) > H'(D - &,Z - G) - Homp (D, Z) - H*(T,G).

where H?(T, G) is considered only when G is abelian and in this case the last arrow is
¢ ok
Proof. See [10, (3.5) and Lemma 3.3]. [

Fact 3.1.2. For any torus T with co-character module Y we have isomorphisms
(Y ® X*(D))" — Homg (Homz(Y,Z), X*(D))" — Homp(D,T),  (3.1.1)

where the second map is the usual duality and the first map is the restriction of the T'-
equivariant isomorphism

Y ® X*(D) — Homgz (Homgz(Y, Z), X*(D))
y®ar (¢ o(ya)

Fact 3.1.3. Let &' — & be a morphism of extensions of T as considered above. For any
algebraic group G and any central algebraic subgroup Z the square

HY (D — &,Z - G) —— Hompg (D, Z)
HY (D' - &',Z— G) —— Hompg (D', Z)
is Cartesian.

Proof. This follows directly from the fact that & is generated by D and the image of &’
which have intersection the image of D’. ]

3.2. Definition of Ti°, T™, and P in the local case

Let F be a local field of characteristic zero, £/ F a finite Galois extension, N a natural
number.



Global rigid inner forms vs isocrystals 779

Let T3° and T}, be the tori with character modules Mg" and M g“‘}v Let Prlg
be the finite multiplicative group with character module M " . The torus T}g" is s1mp1y
G- The finite multiplicative group PE%N was defined in [10, Section 3.1], where it was
denoted by ug,/r .

Let T™° and T™ be the pro-tori obtained as inverse limits of the systems T5° and
Tm‘ £y Tespectively, where the transition maps are induced by the inflation maps deﬁned in
Section 2.2. Let P2 be the pro-finite multiplicative group obtained as the inverse limit of
Pt EN in the same manner. The pro-torus Tis° was denoted by D in [17, Section 3], while
the group P"¢ was denoted by u in [10, Section 3.1].

3.3. Definition of T, ']I‘I';‘id, and P:./ig in the global case

Let F be a global field, E/F a finite Galois extension, S a finite set of places of S,
S E C Sg a set of lifts for the elements of S. Let T“OS and Tml‘; be the tori over F
with character modules M 3°g and Ml‘snld . Let P“g. be the finite multiplicative group
with character module M " g In [11] this was denoted by Py, .- Note thatin [11]
P £.5, Was used to denote

hm P

~
where Pp. $p [E:F] is the finite multiplicative group denoted by P rig E.$ in the present

E,Sg,N

paper. Since for comparison with 2™ we usually impose that this integer N equal [E : F]
in the present paper, we hope that this will not cause confusion.

We now choose as in [11, Section 3.3, p. 306] an exhaustive tower (E;);>o of finite
Galois extensions of F, exhaustive tower of finite sets of places of F, S',- C Si,E; achoice
of lifts of S; to places of E; so that S‘H_l C (S,-)Ei+1 and each (E;/F, S;, S‘,-) satisfies
Conditions 2.4.1. Let V be the set of places of F defined as the inverse limit of the sets S;.
Thus, V is a set of lifts to F of the set V of all places of F. It is natural to ask if it is
possible to formulate a condition on V that is equivalent to the fact that it arises as an
inverse limit of a sequence (E;, S;, S',-) all of whose terms satisfy Conditions 2.4.1. This
is indeed possible. For v € V denote by v € V its unique lift, and by T the stabilizer of
v in I, i.e., the decomposition subgroup at v.

Condition 3.3.1. |,y 'y is dense in T".

Lemma 3.3.2. Let (E;);>0 be an exhaustive tower of finite Galois extensions of F as in
[11, Section 3.3, p. 306].

(1) Let (Si)i>o0 be an exhaustive tower ofﬁmte sets ofplaces of F, S;CS; ,E; a choice
of lifts of S; to places of E; so that Sj41 C (SI)EL+1 and each (E;/F, S;, S;)
satisfies Conditions 2.4.1. Let V be the set of places of F defined as the inverse
limit of the sets Si. Then Condition 3.3.1 holds for V.

(2) If V is a set of lifts to F of the set V of all places of F, and V satisfies Condi-
tion 3.3.1, we can choose a finite increasing sequence (S;)i>o of subsets of V such
that letting S; be the intersection of (S;) E; with the image of Vin VE;, the tower
(Ei, S;, Si)izo satisfies Conditions 2.4.1.
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Proof. If (E;/F, S;, S;) satisfies Conditions 2.4.1 then for any i the image of Uper T
in I'g, /F contains Uye s; r Eio/Fy = I'g,/F by the third point of Conditions 2.4.1. Since
'z, g, 1s a basis of neighbourhoods of 1 in I', this means that Upey s isdensein I
The proof of the converse is similar: since all 'z, are finite any sufficiently large S;
works. ]

In particular, this shows that sets V that satlsfy Condition 3.3.1 do exist. This condition
is however not automatic. Furthermore, two sets V and V' that both satisfy Condition 3.3.1
need not be conjugate under I'. We illustrate both of these points in the following example.

Example 3.3.3. Take F = QQ and let £/ F be the extension generated by all roots of the
polynomial P = X3 — X2 + 1. Then I'g/r =~ S5 and E/F is ramified only at 23, in
fact A := Z[1/23][X]/(P) is finite étale over Z[1/23]: P’ =3X? —2X = (3X —2)X,
X is obviously invertible in 4 and (9X2 —3X — 2)(3X —2) = 27P — 23. Modulo 23
we have P(—1/3) = 0 and P’/(—1/3) # 0 and so P has a root in Q3. In particular all
decomposition subgroups of I'g/r are Abelian. Fix an isomorphism I'g/r 2~ §3. One can
choose V such that every decomposition group is either trivial, or generated by (12), or
generated by (123), and thus (23) does not belong to any decomposition group.

Using the same extension E, we can give an example of two sets V and V' both
satisfying Condition 3.3.1 but which are not in the same I'-orbit. Namely, choose two
places vy, v2 of F such that the decomposition groups in I, r both have order two. Then
we can choose Vg and I'/,’; such that I'g, JFoy = Ig. o/ Foy = FEvz/sz but I'g. o,/ Fus #*
Ig, o/ Fuy» SO that even after conjugating by I'g;F we cannot have I'g, o/ Foy = =TIg. ,/FU for
i = 1 2 simultaneously.

For the rest of the paper we fix v satisfying Condition 3.3.1.

Let T*° be the pro-torus over F obtained as the inverse limits of Tg"s over all pairs
(E, S) as above. In the other two cases the result depends on V. For each finite Galois
extension E/F and each finite set of places S of F we let Sg = {0|g | v € S}. Consider
the pro-torus

mid mid
T = hm T ESp

ig _ rig
and the pro-finite group scheme P LinE s PE, $p Note that

mid mid m1d
M = X*(T3") = lim M7’y
E,S

is identified with the I'-module of functions ¢ : I' x V' — Q continuous in the first variable
and with finite support in the second variable such that forany o € ', ) .y ¢(0,v) =0
and for any Archimedean placev eV, ", er, 907, v) € Z. This identification is obtained
by mapping f € M;“;E to ¢ defined by ¢ (o, v) = f(0,0v). This description is similar
to[11, Lemma 3.4.1].

The set of lifts V being fixed, for v € V we simply denote I', = I'y. Denote F, =
li_n)lE E; where we take the limit over all finite extensions of F in F. This is an algebraic
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closure of F,, strictly smaller than the completion of F for v if v is non-Archimedean. It
is easy to check that the localization maps defined in Section 2.6 induce localization maps
at infinite level

Ty — (T*)g,, T — (TF9p,, and P — (PF)F,

where T (resp. TMd, PJi ¢) denotes the pro-torus (resp. pro-torus, pro-finite group
scheme) over F), defined in Section 3.2 for the local field F,, together with its algebraic
closure Fy, and a subscript F, denotes base change from F to F,. We will denote these
three localization maps by loc,.

3.4. The maps Ts* — T™id  prig

The maps c¢" and ¢!*° defined in the local case in Section 2.1 and in the global case in
Section 2.4 splice together to define Cartier dual maps ¢iso : T*° — T™ and ¢y : PVr.lg —
Tmid
i
Let F be a local or global field.

Proposition 3.4.1. Let T be an algebraic torus defined over F.
(1) The map cigo : T — Tvmid is injective. The homomorphism Hom g (T‘./mid, T)—
Homp (T, T) is surjective.
(2) The map cig - Plr./i‘g — Tg‘id is injective. The homomorphism Homp (T g‘id, T)—

Homp (PIr./lg, T) is surjective.

Proof. In the local case the injectivity claims follow from Fact 2.1.1, while in the global
case they follow from Corollary 2.4.6 and Proposition 2.4.2.

We prove the surjectivity of Hom (Tgﬁd, T) — Hompg (T*°, T). In the local case, it
follows immediately from the existence of the splitting (2.1.2). In the global case, Proposi-

tion 2.4.5 implies that Hom g (Tz_‘i% . T) — Homp (T5%. T) is surjective for any E, Sk.
WO E ’

The surjectivity of Hom g (TVmid, T) — Homp (T*°, T') follows by taking the colimit over
We prove the surjectivity of Hompg (Tm‘d T) — Hom F(P ,T). Consider first the

global case. Let X = X*(T). We claim that ¢ every Z[I']- homomorphlsm [iX—>M] “g
lifts to a homomorphism f : X — M ml‘;
E

X — M'bl“g., that is a homomorphism of Z-modules, but not necessarily I"-equivariant.
SOE

Then o — f - o(f) is a 1-cocycle of T" in Homgz (X, Ker(c;;gg )). By Fact 2.4.3 and
SOFE

Since X is Z-free we can choose a hft f :

[31, Chapter IX, Section 3, Proposition] this is an induced I'-module, so o — f —o( f )
is a coboundary, implying that there exists a ["-equivariant lift f of f. This completes
the proof in the global case. The proof in the local case is the same, but now based on
Fact 2.1.1 in place of Fact 2.4.3. ]

Proposition 3.4.2. In the global case, the map cis : T — T‘Tid splits.
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Proof. We seek a compatible family of splittings of c¢js, : Tgf’ — Tgid‘./ . As we saw
i i»VE;
in the proof of Proposition 2.4.5, giving such a splitting is equivalent to giving, for any

torus T defined over F and split by Ej;, a splitting s; of

(¥ ® M, )T = Hom(Tp¥; .T) — Hom(T™,T) = (Y[Vg]1o)"

where Y = X, (T), which is functorial in 7.

Itis convenienttolet E_; = F.Fork ?0 and v eV choose R@,v /g, representing
FEk/Ek—l/FEk,i)/Ek—l,i)' Forw € Vg, ~ Vg, suchthat wg, , € Vg, ,,letr(k,w) € Ri
be the element such that 7 (k, w) ™ 'w € VEk, and choose v (k,w) € V such that the image of
r(k,w)inI'g, /g, , belongs to the decomposition subgroup for v(k, w)g, . Fori > k > 0
denote V,k ={we Vg |wg, € VEk}. For f € Y[I'/i,k_l] let

() =F+ Y, (rlew) = 1)(f@)su — fW)Sskw)y, )-
weVig1~Vik
It is clear that 7r; x (f') is supported on V,k and that 7t; x (f) — f € I(Y[VE;]o). Define
T (=M jOMjj—10--0T0: Y[VE,-] —> Y[VE,—].

As in [20, Section 8.3] we denote p : Y[Sg;] — Y[Sg,,,] for the inflation map and
J 2 Y[SE; ] = Y[SE;] defined by j(f)(w) = 3, (), ie., j(u) = Suy,. They are
both I'g,,,/F-equivariant and satisfy j o p = [E;4+1 : E;]. It is easy to check that for
S € Y[Vit1k—1] we have

mik(J(f)) ifk <i

J(risna(f) = {j(f) ki

and thus j o ;41 = m; o j. Now 741 p(f) is supported on VEi+1 and satisfies
Jmiv1p(f) = [Eiv1: Ei]mi(f),
and so for w € Vg, , we have

i1 p(f) (W) = [Eiy1 @ Eilmi (f)(wE,). (34.1)

Now we can resume the proof of Proposition 2.4.5 with f = m;(f) for f € (Y[VEg]o)',
defining s; (f) € (Y ® M;idv )T by
i»VE;

Si(f)(o’, w) = {E)El : F]fla(ﬂi(f)(aflw)) ifo~lw e VE,—

otherwise

foro € I'g,/r and w € Vg,. Now (3.4.1) implies that 5; 11 (p(f)) € (Y ® M™¢ )r

. . ; : Ei11,VE,
is the inflation of 5; () € (Y ® M;“dl./ ). TR g
i\VE;
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Remark 3.4.3. Composing such a splitting Tm‘d T with Crig, We obtain a map
Prlg — T, Unfortunately, this splitting is not canomcal since we had to choose sets
of representatives Ry ,,. Therefore we cannot use it to compare ?*° and ?"¢ directly, as in
the local case, which is why mid was introduced.

3.5. Review of the Tate-Nakayama isomorphism

Let E/F be a Galois extension of local fields of characteristic zero, 7' an algebraic torus
defined over F and split over E, Y = X, (T). We have the Tate—Nakayama isomorphism
Hi(Tg/p,Y) — HT2(Tg/p, T(E)) defined by cup product against the fundamental
class in HZ(FE/F, E*). Combining with the inflation H* Te/r.T(E)) — H (T, T) we
obtain the isomorphism

H '(Tg/r,Y) — HYT,T)

and the inclusion ﬁO(FE/F, Y)— H*(I,T).

Given a finite multiplicative group Z defined over F and split over E, we let A =
X*(Z) and AY = Hom(A, Q/Z), and then have the injective map ﬁ_l(FE/F, AY) —
H?(T, Z) denoted by O ,, in [11, Section 3.2].

Ifl - Z - T — T — 1is an exact sequence of diagonalizable groups defined over
F and split over E, where Z is finite and 7" and T are tori, then these maps fit in the
following commutative diagram, which is the local analog of Lemma [11, Lemma 3.2.5]
whose proof is easier and shall be omitted:

H'(Tg/F,Y) % H'(Tg/r,T(E)) —— H'(T, T(F))

l

H'Tgr, Y)i>H (Ce/r,T(E)) —— H' (I, T(F))

Of

A= (Tg/p. AY) H*(T. Z(F))

HO(Tg/p,Y) —— HZ(FE/F,T(E))<—>H2( T(F))

I

H*(Tg/r, T(E)) s H*(T, T(F))

H(Tg/r,Y) ?

Let E/F be a Galois extension of number fields, S a finite set of places of F' con-
taining all Archimedean places and all finite places ramifying in E£/F and such that
every ideal class of E contains an ideal with support in S (i.e., [11, Conditions 3.1.1]).
Given an algebraic torus T defined over F and split over E we let Y = X, (T) and
Y[SE]lo =Y ® Z[SE]o. We have the Tate—Nakayama isomorphism

A (Ce/F.Y[SElD) — HH_Z(FE/Fv T(OE,s))
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defined by cup product against the fundamental class in
H?*(Tgp.Homg, (Z[Sk]o. O%s))

defined in [34]. Combining with the inflation Hi(FE/F, T(Ogs)) — H'(T's, T(Os))
we obtain the isomorphism

FI_I(FE/F,Y) — HI(FS’T(OS))

and the inclusion H*(T'g/r,Y) — H>(s, T(Os)), see [11, Lemma 3.1.9].
Given a finite multiplicative group Z defined over F and split over E, we let A =
X*(Z) and AY = Hom(A, Q/Z), and then have the injective map

A Y(Tg/r, A [SElo) — HA(T, Z)

denoted by O g s in [11, Section 3.2].
Ifl > Z — T — T — 1is an exact sequence of diagonalizable groups defined over
F and split over E, where Z is finite and 7 and T are tori, and the order of Z is an

S-unit, then these maps fit in the following commutative diagram according to Lemma
[11, Lemma 3.2.5]:

=~

A=Y(Tg/r.Y[SEl) —— H'(Ce/F. T(OE,s)) —=— H'(Ts,T(0y))

| |

H='(Tgr, Y[SEl) —— H'(Te/r. T(Og,5)) —— H'(Ts, T(0s))

|

A (Tg/r, AV[SElo)

!

H°(Tg/r,Y[SElo) —* H2(Te/r, T(Og,5))—— H?(T's, T(0s))

| |

H(Tg/r. Y[SElo) —+ H2(Te/r. T(Og,s5)) —— H?(T's, T(0s))

Ofs

H?(Ts.Z(0s))

Consider now a morphism Z — T from a finite multiplicative group Z to a torus T,
not assumed injective. It induces a homomorphism H?(T', Z) — H?(T', T) in the local
case, and H?(I's, Z(0s)) — H?(I's, T(Os)) in the global case. We shall now define a
homomorphism

Hi'(Tgyp, AY) = HP(CgF,Y)

in the local case, and H7'(Tg . AV[SElo) > HR2(TE/F. Y [SE]o) in the global case,
that intertwines the respective Tate—-Nakayama homomorphisms.

We first consider the local case. Let T be the cokernel of Z — T, an algebraic torus
that is a quotient of 7. We consider the complex X*(T) — X*(T) — X*(Z). Given
A X*(Z) — Q/Z we compose to obtain Ap : X*(T) — Q/Z. Since X*(T) is a free
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Z-module there exists a lift A7 : X*(T) — Q whose restriction to X*(T) necessarily
takes image in Z and thus is an element of X« (7"), well-defined modulo X (7). Consider

Nir= > o(r)e X (D"

o€lg/F

If we assume that NA = 0 then we see that N iT belongs to the sublattice Y = X, (T) C
X, (T). This defines a map Hy'(Tg/p, AY) - H2(Tg/p.Y).

In the global case, the definition of H7' (g, p, AY[SElo) = HR(Te/r., Y [SE]0)
is analogous. Now instead of A : A — Q/Z we have A : A x Sg — Q/Z that is a
homomorphism in the first variable, and with Zw A(a, w) = 0. We can choose a lift
Ar: X *(T) x Sg — Q which is also a homomorphism in the first variable and with
D ow iT(x, w) =0, ie., )lT € QY [Sg]o. Again /.XT is well-defined modulo Y [SE]o, and
if NA = 0then NAp € Y[Sg]o.

The fact that these maps are compatible with the Tate—Nakayama homomorphisms
is proved as follows. Define Z’ C T to be the image of Z and write Z — T as the
composition of the surjective homomorphism Z — Z’ and the injective homomorphism
Z' — T.For Z — Z' one applies the functoriality of the Tate—Nakayama homomorphism
for finite multiplicative groups, and for Z’ — T one uses [11, Lemma 3.2.5] and its local
analog.

3.6. The local gerbes §is°, §™mid, griz

Let F be a local field of characteristic zero, E/F a finite Galois extension, N a natural
number.
There is a canonical element é;}" e H?(T, TE"(F )): it is the element that, under the

identification T};O = G, and the invariant map of local class field theory H?(T, F*) =
Q/Z corresponds to [E : F]™!,i.e., the inflation of the canonical class in H?*(Tg/p,EX).
There is also a canonical element &,y € H*(T, Pg%y). It is obtained by taking

—1 € Z, using the identification 7 =H 2(F, u) of [10, Theorem 3.1], and mapping this
class under the map u — ug,r y.

iso

Proposition 3.6.1. The images of the canonical classes §° and E;g N under

(R TEF) — IR TES () < H3(T Py (F)
mid

are equal. We denote this common image by £g" .

Proof. We use Tate—-Nakayama duality to describe the canonical elements. For any alge-
braic torus 7" defined over F and split over E we have the isomorphism

AT/, X«(T)) — H*(Cg/r. T(E))
of [34], which is cup-product with the canonical class, and the inclusion

H*(Tg/p.T(E)) = H*(T. T(F)).
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We apply this with 7 = T};O and T = Tgi‘]j\,. For a finite multiplicative group D we write
X« (D) = Homgz(X*(D),Q/Z). Then we have the injective homomorphism

A Y(Tg/r. X+(D)) - H*(T, D)

denoted by O ,, in [11, Section 3.2]. We apply this with D = PE%N.
‘We now have the following elements:
(1) 1 € Z, representing an element of Z/[E : F|Z = ﬁO(FE/F, 7).

(2) The constant function with value 1 in M;Eni?\’,v, representing an element of

H(Tg/p, MPSY).

E,N
(3) The function g, € % representing an element of A1 (Te/F.—).

The image of the first element is the canonical class S};" e H?(T,T g"), while the image

of the third element is the canonical class Egg yEH 2(T, ngN).
It is clear that the maps Z — M g‘ii’,v — Z identify the first two elements. As for the
second and third element, we consider the exact sequence (2.3.3) that is dual to (2.3.2)

and see that the (—1)-cocycle &, in W lifts to the (—1)-cochain é, in Z[I'g,F],

whose differential, i.e. I'g;r-norm, is the constant function 1 in M g’i(]i(,v. Since the map

MPG = NT'Z/Z[Tgrlo

in (2.3.2) is the negative of ¢"¢, the claim now follows from the functoriality of the Tate—
Nakayama isomorphism and its anticommutativity between degrees —1 and O, i.e., the
discussion of Section 3.5. ]

Since F is local, the cohomology group H (T, T?f‘}v) is finite. Therefore, the sys-
tem of these groups, as £, N varies, trivially satisfies the Mittag—Leffler condition, and
its R! lim vanishes. According to [36, Theorem 3.5.8] we then have H?(T", T™) =

l(ir_n H?*(T, Tg‘i‘}\,). The same argument also holds for T™° and P"¢. We therefore have a

unique class §*° € H?(T, T*°) (resp. §"¢ € H*(T, P"¢)) lifting (£5°) g (resp. (EE%N)E,N).

Corollary 3.6.2. (1) Let K/ E/F be a tower of finite Galois extensions and N |M natural
numbers. The inflation map H?(T, T}?fj‘u(F)) — Hz(r, Tgf\, (F)) maps E?‘C}u to Sj{:‘“}v
and therefore yields a canonical class €™¢ € H?(T, T™d),

(2) The images of the canonical classes £*° and £"¢ under

H?(T, T*(F)) — H*(T,T™(F)) « H*(T, P"(F))

are equal to £™9,
Proof. Both points follow from Proposition 3.6.1 and the compatibility of the canonical
classes for the tori Tgo. ]

i1; 1 mid | _ P—
Lemma 3.6.3. We have R 1(£nH (T, TE’N) =0fori =0,1.
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Proof. 1t is enough to show that for each E, N we can find M such that the map Tg‘“}u —
Tgi‘}v induces the zero map on H!. Let Tg’ y be the cokernel of the injectivé map
Ciso Tgo — Tg‘f‘;v, so that M 1= X*(TE’N) is the group of maps f : I'g/r — %Z
satisfying )" f(0) = 0. The vanishing of H'(T, TEO) implies that H (T, ng‘}v) —
H'(T,Tg y) is injective, so it is enough to prove the statement with T™ replaced by T°.
Choose M = [E : F]N. Then the inflation map M y, — M. ;, can be factored as

o o o
Mgy > Mgy > Mg

where the first map is multiplication by [E : F] and the second map is division by [E : F].
The torus T,‘}’ y Splits over E, so it follows from Hilbert’s Theorem 90 and the inflation-
restriction exact sequence that H (T, T% ) is killed by multiplication by [E : F]. |

We define the gerbes &%, &M, and &"2 to be the extensions of I by T, Tmid,
and Pre, respectively, given by the canonical classes £°°, £Md and £18. According to
Corollary 3.6.2 there exist maps of gerbes

1 Tiso gise r 1
e

| Tmd___,gmd___,T | (3.6.1)
T

1 prig E;ig I 1

These dotted maps are not unique. In both cases, the set of T™¢-conjugacy classes of
such maps is a torsor under H 1 (T, Tmid), which by Lemma 3.6.3 and [36, Theorem 3.5.8]
equals R! l(in HO(T, Tg‘“}v) This group is uncountable by Lemma 3.6.4. Nonetheless, the
discussion of Section 3.1 and Lemma 3.6.3 shows that both the set HalIg (M4, G) and the
maps H, (6, G) < H,j, (8™, G) — H, (6", G) are independent of the choice of
&™id within its isomorphism class and of the dotted maps ¢;js, and c¢yig, and similarly for
HY(T™d  gmid 7 5 G) etc.

Thanks to the canonical splitting s;s, : T™¢ — T of ¢;,, which tautologically maps
gmid to £1° there is also a map of gerbes si, : €™ — &° well-defined up to
ZY (T, T*°). As above, this ambiguity disappears when considering Hal1g groups. If F
is non-Archimedean then the composition sis, © Crig : €78 — &'° is the morphism (3.13)
of [12].

Lemma 3.6.4. The groups H'(T, T™d) = R! 1(1111 HO(T, Tg‘j‘v) and HY(T, T™°) =

R'lim H(T, TEO) are uncountable.
P

Proof. We treat the case of T™9, that of T**° being analogous but simpler. Consider the
Kottwitz homomorphism [19, Section 7]

1= TEY(F)o — TR (F) —> (MEG)F — 0.
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Using that R! lim is right-exact and [28, Proposition 1.1] our claim is equivalent to the
uncountability of R! lim(Mgfi’,v II:‘ . The latter is a system of countable groups, so we
apply [28, Proposition 1.4] and reduce to showing that this system fails the Mittag—Leffler
condition.

We fix a finite Galois extension £/ F and let K traverse a co-final sequence of finite
Galois extensions of F containing E. We also fix N and let M traverse a co-final sequence
of multiples of N. If the image of the inflation map

mid,V\Fr mid,VFr
(MK,M I _)(ME,N I

stabilizes, so would the image of its composition with the norm map for the action of
I'g/F. Recall from Section 2.3 that the inflation map is induced by the map Z[T'gx,r] —
Z|T'g;F] defined to send yKto yE(0) = Y ,.,, X (r). Composing this with the norm
map Z[['g,r] — Z we obtain the norm map Z[T'x/r] — Z, i.e. the map sending yX
to ZreI‘K " y& (). Thus we are studying whether the image of this map, restricted to

M}?‘i/ = MZ[l'k/r] + Z C Z[I'k,F], stabilizes. But the norm map sends M Z[I'k,Fr]

to MZ and Z onto [K : F]Z. Thus, as K and M grow the image of M I?ii’lv in Z shrinks
to {0}. |

3.7. Global canonical classes at finite levels

Let F be a number field, E/F a finite Galois extension, S a finite set of places of F,
SE a set of lifts of the places in S to places of E. We assume that (E, Sg) satisfies
Conditions 2.4.1.

Given a torus 7" over F split over E with cocharacter module Y, the Tate—Nakayama
isomorphism reviewed in Section 3.5 is

ﬁi_z(FE/F, Y[Sglo) — ﬁi(FE/Fv T(Og.s))-

We can apply this to i = 2 and ¥ = Homz(Z[SEg]o, Z). Then the identity element in
Y [Sk]o = Endz(Z[SE]o) maps to Tate’s class H*(Tg F, T};?S(OE,S)), which we shall
denote by Eig‘js (it is denoted by a3 in [34] and [20, Section 6]).

We now consider a finite multiplicative group Z with A = X*(Z) and | A| invertible
away from § and have the injection (introduced as ® g s in [11, Section 3.2])

H™(Tgr, A [SElo) - H?(Ts, Z(0s)).

We have AV[SE]o = Homgz (A4, Maps(Sg, ﬁZ/Z)O) for any N multiple of | A|. Assuming
that |A| divides [E : F], we have

Ng/F )
Homyg, (A,Maps (SE, Z/Z) ) = Homg(4, M;gs ).
0 SO E

1
[E : F]

We can apply this to A = er;g $ in which case the image of the identity is the canon-
SOE

ical class E;;i“gSE v € H?Tg, ngSE (Os)), denoted by éES'E,N in [11, Section 3.3].
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Proposition 3.7.1. The images of §g’ iso g and EEg g N under

H?(Ts, Tis(0s)) — H*(Ts. T’ (05)) < H *(Is, P ng _(05))

are equal.

Proof. This is the global analogue of Proposition 3.6.1, and the proof is analogous, again
based on the discussion in Section 3.5. ]

3.8. Global canonical classes at infinite level

The canonical classes are compatible under the transition maps in all three cases. That is,
the transition maps

(1) H*(T, T};i’s,) — H?(T, T‘“’S),

(2) H?(T, Tmid., ) — H?(T, Tmld. ), and

(3) H(T, Prlg ) — H?(T, Prlg )
identify the canonlcal classes. In the ﬁrst case the compatibility is [20, (8.18)], in the third
case itis [11, Lemma 3.3.5]. The middle case follows by Proposition 3.7.1.

We now want to define a canonical class in each of these three cases. We use the exact
sequence

1 > R! hmH (T, 'JI”SO )—>H (T, T‘SO)—>hmH (T, 'JT‘SO ) — 1

and its analogs in the “mid” and “rig” cases.

Lemma 3.8.1. Assume that for each place w € Vg there exists a place w' € Sg s.t.
Stab(w, g, F) = Stab(w’, Tg/F). Then H'(T, T‘”S) =0.

Proof. We have the Tate—-Nakayama isomorphism

H™ (FE/F,X*(T“O )[VElo) — H(T, T“O
reviewed in Section 3.5. We compute

X(T3°s)[VElo = Homgz (Z[SElo. Z[VE]o).

In the proof of [11, Lemma 3.1.10] a I'g, r-equivariant section Vg — Sg of the natural
inclusion
SE —> VE

was constructed under the assumptions of S that are in place here. Then [20, Lemma
A.11 (3)] shows that the vanishing of H- '(Tg/F, HomZ (Z[SE]o.Z[VE]o)) is implied by
the vanishing, for all intermediate fields E/F'/F, of H~ Y"(Tg/p/, Z[VE]o). That in turn
follows from [20, Lemma 6.1], as discussed in the proof of [20, Lemma 6.5]. [
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According to this Lemma we have a canonical class £ € H?(T, T™*°). For TVmid we
need the following global analogue of Lemma 3.6.3.

Proposition 3.8.2. If K/F is a finite Galois extension containing E and s.t. [E : F]
divides [K : E), then the map

H%FW@)%H(FTM
is zero. For every place v of F, the map
Hl(I‘v,Tm‘d, ) — H (Fv, V]rmld

is also zero.

Proof. The proofs for I and I'y, are the same, so we only treat the first case. Let T? E.S
E

denote the cokernel of the injective morphism T“" — T}‘Em‘; dual to ¢'*°. The vanishing
SWOE

of HY(I, T g"s) implies that (I, T™4 ) — HY(I', T° . ) is injective. It thus suffices
5 E,SE E,SE

to prove the statement with T ™ replaced by T°.

o : mid iso
The character module M ? .Sy of T ESp S equal to the kernel of ME’ Sy Mg’ and
hence is the Z[I'g, r]-module consisting of functions
f:r S ! Z
: X - —
E/F E [E:F]

that satisfy the conditions

Zf(a,w):O, Zf(a,w):O, and o 'w ¢ Sg = f(o,w) =0.

The restriction of the inflation map f™&E . fmid.K 1o pr o ¢ factors as the compo-
SO FE
sition
My s, > My s, = My S
where the first map is just multiplication by [K : E], while the second map is given by
fmidE K E]TY. fmidK Note that, since ™%X takes values in [E : F]~!Z, the
function [K : E]™! - f™dK takes values in [K : F]~'Z and is thus a well-defined element
of MI‘; § On cohomology we obtain the composition
WK
1 o
HIVTS ) — HND T g ) — H' (DTS ).

The second map is just multiplication by [K : E]. Since the torus T;’: $ splits over E the
SO E
inflation map H'(Tg/F, T, ) — H\(T, T7 . ) is an isomorphism, but its source is
SOE SOE
killed by multiplication by [E : F]. |
Corollary 3.8.3. The three abelian groups hm H\(T, Tmld ) hm H'(Ty, Tg‘ds ), and
mld l 1>

R! l(lnH (T, TEi,Si) vanish.



Global rigid inner forms vs isocrystals 791

Proof. This follows immediately Proposition 3.8.2. ]

The vanishing of R! lim H I, Tgig) asserted in Corollary 3.8.3 implies that the

natural map

H(I, TP — lim H2(T, Tgﬂds

is an isomorphism, so we obtain a unique class E"“d e H*(T, Tm‘d) mapping to (Sm'd ), >0-

The case of P¢ is the most delicate, since R!lim H! (F Prlg ) is known not to
vanish by [33, Section 6.3]. Nonetheless, in [11, Section 3.5] a canonical class Srlg
H?(T, Py;) is constructed that maps to the inverse system (SEi, S,-)lzo Its construction is
briefly reviewed in the proof of the following lemma.

As in Section 3.3 we have not recorded the tower (E;, S;, S;); in the notation E
E mid ' Again the reason is that this choice does not matter, as the following lemma shows
Note that to be precise one should also choose a co-final sequence (N;);>¢ as introduced
in the proof of [11, Corollary 3.3.8], but it is clear that increasing S; or replacing N; by a
multiple yields the same objects in the inverse limit.

r1g

Lemma 3.8.4. If two sequences (Ei, S;, S,) lead to the same V', then they lead to the
same class §"I./g € H*(T, P;./lg).

rig

Proof. In order to obtain the statement about the class § we need to review its construc-

tion given in [11, Section 3.5]. First, an element x € H 2(I‘, Py, (A)) is constructed from
the local canonical classes %’”g € H%(Ty, P,fig(ﬁv)), with the help of Shapiro maps Sf :
C%(Ty, P(F,)) = C2(I, P(A,)) (for a suitable choice of continuous section [',\I' — I’
as in [11, Appendix B]). These Shapiro maps can be obtained by splicing finite-level
Shapiro maps S2 : C2(T',, Pg s, (F,)) — C2(T, Py s, (A,)). However, taking another
continuous section yields the same map

H?*(Ty. P(F)) — H*(T, P(A,))

(see Lemma B.4 loc. cit.). From this and the fact that for a given pair (£, S) the projection
to C2(T, Py%(A)) of the 2-cocycle x € C2(T, P:;g (A)) introduced in [11, Section 3.5] is
trivial for any v ¢ S we see that the class x is independent of the chosen tower. Since x
and the inverse system (Sg, Si) uniquely determine & ;g’ the class E;g is itself independent
of the chosen tower. ]

The argument for Sgﬂd is analogous. However, both classes do depend on V = Ig_n Si.

Remark 3.8.5. Let us briefly discuss the choice of V. It is formal to check that the for-
mation of Tlr;g, T;“id and E;g is functorial in (F, F, V), i.e., any isomorphism between
two such triples induces an isomorphism between the corresponding objects. In particular
for € T, denoting V' = (V) we have canonical isomorphisms T;gv: T:;‘f etc. Note
that in this case 7 is uniquely determined by V and V' thanks to the Cebotarev density
theorem.
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Consider for a moment the local case, where F' is a p-adic field. As in the global case
the formation of the gerbe &"¢ is functorial in (F, F). In particular any o € T induces
an automorphism of &%, which stabilizes P"¢ and acts on the quotient "¢/ Pi¢ = T" by
conjugation by o, but the action on P2 is not the obvious one (action of an element of
I" on F-points of a scheme). This is essentially due to the fact that finite extensions of
F in F occur in the definition of P"¢. Thus automorphisms of F induce a priori non-
trivial automorphisms of cohomology groups for £"2, unlike usual Galois cohomology
([31, Section VIL.5, Proposition 3]). This is reflected by the fact that for a connected
reductive group G over F and Z a finite central subgroup, the natural action of I" on the
finite abelian group Y +.tor(Z — G) defined in [10, Section 4] (see Proposition 5.3 loc. cit.)
which is the source of the Tate—Nakayama isomorphism for &2, is not trivial in general.

The existence of non-trivial automorphisms in the local case has a global conse-
quence. Consider a global field F and two arbitrary sets of lifts IV and V' satisfying
Condition 3.3.1. In general there does not seem to be any natural isomorphism between
the corresponding gerbes SEg and 8;% Here “natural” means at least compatible with
localization. For example assume that there is a finite place vo € V' such that for any
v € V ~{vg} the two lifts of v in V and V'’ coincide but the two lifts 7o and ¥g do not
coincide, say with vy = 09 o 7 for some v € I'. Let G be Resg,r SL» for some quadratic
extensipn E /F . Let Z ~ Resg, 2 be the center of G.'We haye an identification of
Hl(PIr./lg — 8;g, Z — G) with the subset of @,y H(Py* — &y, Z — G) consisting
of classes (cy)y such that ¢, is trivial for almost all v and the corresponding characters
Xv: Z(GSC) — C* are such that [ [, x, = 1. Assume that v is not split in £ The natural
isomorphism between H'(P;¥ — €%, Z — G) and Hl(Pgi,]g — 8;15, Z — G) maps yy,
to )y, © T. But in general this ruins the product condition [ ], y, = 1: there is an isomor-
phism Z(GSC) ~7/2x Z/2such that I/ exchanges the two factors, so if yy,(1,1) # 1
then the product condition fails.

We thus see that the dependence of the global gerbe on V is necessitated by the prop-
erties of the local gerbe.

Corollary 3.8.6. The natural maps T'*° — TVmid < Py, map the canonical classes giso
rig mid

and EV to EV .

Proof. This can be checked on finite levels, where it is the content of Proposition 3.7.1. =

3.9. The global gerbes &s°, §™id, gris

The choice of a 2-cocycle in the canonical class £ (resp. é“fid, Sgg) gives an extension

&° (resp. Sg‘id, 8;‘%) of T' by T(F) (resp. TVmid(P:), ng(l*:)). Using these, we define

functors

Hj,(T™ — €%, Z — G), Hy (TP — €3, Z > G), and H' (P, — €5.Z —G),

where G is a linear algebraic group defined over F and Z C G is a central diagonalizable

group. Note that in the first two cases replacing Z by the central torus 7 = Z° has no
effect.
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By the discussion in Section 3.1 these functors are well-defined, independently of the
choice of 2-cocycles:

(1) For Sgg we use the vanishing of H (T, P;g).

(2) For €°, we use the vanishing of H'(T, T§°) for all finite levels.

(3) For Sgid, we use the eventual vanishing of H (T, Tz}i‘é ) at finite levels (Propo-

SOE
sition 3.8.2).

Next we fix morphisms of extensions £'*° — & and & e, SI‘T/‘id extending the mor-
phisms T — TMd and P¥ — TM4, These exist by Proposition 3.7.1. For an affine
algebraic group G defined over F and a central subgroup Z C G we have the cohomol-
ogy pointed sets defined in Section 3.1, and comparison maps between them induced by
¢ and ¢"ig

Hj (T — €%,Z — G) « Hy (T — €', Z — G)
— HI(PV‘.’g — &.5.Z = G). (3.9.1)

The morphisms of extensions &'*° — SVmid and S;g — 81“./““‘1 are well defined only
up to multiplication by H (T, Tmid) According to Corollary 3.8.3 this group equals
R! lim HO(T, Tmld) and thus all maps H (T, Tm‘d) — HI(T, Tmld ) vanish. It follows
that the maps on cohomology (3.9.1) are 1ndependent of the morphlsms of extensions used

to define them.
3.10. The relationship between the cohomology of &'°, §™id and &

In this subsection F is either local or global. We omit the subscript V when F is global in
order to state the following result uniformly.

Corollary 3.10.1. Let G be an algebraic group and T C G a central torus. Then the
squares
HY(T™! — ™4 T — G) —— Homp (T™4, T)

HY (T — &% T — G) —— Homp (T, T)

and
HY(T™d —» gmd T . G) —— Hompg (T™, T)

H'(P"t — &"¢, T — G) —— Homp (P"¢,T)
are Cartesian and the vertical arrows are surjective.

Proof. This follows from Fact 3.1.3 and Proposition 3.4.1. |
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Remark 3.10.2. In the first square, the same is true even if 7 is a diagonalizable central
subgroup of G, since replacing 7' by T° does not change any of the four corners of the
square. In the second square however, the surjectivity does not remain true when 7 is
disconnected. In particular, if Z = T is finite, then the top left corner becomes H (T, G)
and the top right corner becomes zero, while the bottom left corner is usually strictly larger
than H!(T, G), and the bottom right corner is always larger than zero.

Remark 3.10.3. In the first square, we even have a splitting
H'(T™ - ™. T - G) ~ H'(T* — €™, T — G) x Hom(T™!/T*°, T)

by the splitting (2.1.2) in the local case, and by Proposition 3.4.2 in the global case. In the
global case, the splitting is not canonical.

3.11. Localization
In this section v denotes a place of F.

Fact 3.11.1. The image of the local canonical class under the map H?*(T,, TMd) —
H? (T, T;id) induced by loc, coincides with the image of the global canonical class
under the restriction map H?(T, Tl}mid) — HZ%(Ty, TVmid).

Proof. This follows from Propositions 3.7.1, 3.6.1, and [11, Corollary 3.3.8]. [

This implies the existence of the dotted arrow in the commutative diagram

1 —— TM4(F,) 8;;110‘ Iy 1
| |

1 —— Tgﬁd(ﬁv) D: Iy 1

1l — TVmid(F) 0, r, 1

I —— TP(F) gp r 1

Here [y is the pullback of 8“;‘1 via the embedding of 'y, in I" and O, is the pushout of
[; via the map TVmid(ﬁ: ) — Tvmid(ﬁ:v). From this diagram we obtain a localization map

Hg (67, G) — Hy, (€7, GF,)

for any algebraic group G over F. The vanishing of lim H LTy, "[F"E“ids ) shown in Corol-
4 1591

lary 3.8.3 implies that the map Hj, (T, TI‘;‘M) — HY(T, Tz},ids',) is zero for every i > 0.
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Thus, even though the dotted arrow above is not unique, the localization map on cohomol-
ogy that it induces is unique. To be more precise, this argument shows that for any central
torus Z C G we have a localization map

ZY (TP - €04, Z - G) - Z/(T) — €)', Z - G)

which is uniquely determined up to coboundaries taking values in Z (Fy).

Similarly we have localization maps for “iso”. For “rig”, see [11, Section 3.6]. It is
formal to check that the localization maps for “mid”, “iso”, and “rig” are compatible, i.e.,
that the following diagram is commutative.

H} (€%, G) «—— H} (674, G) — H}(E.G)

| | i

HY(65°.G) ¢—— H} (€M, G) —— HJ(E)%.G)

Lemma 3.11.2. Let G be a connected reductive group over F and Z a central torus in
G. Choose a model G of G over Op[1/N] for some integer N > 0. For any

z€ ZHT™ - &% 7 - G),

there exists a finite Galois extension E/F and a finite set S of places of F containing
all Archimedean places and all finite places dividing N or ramifying in E, such that for
all v € V ~ S the localization loc,(z) € ZN (T2 — &5°, Z — G) is the product of an
element inflated from Z! (T'e;/F,» G(OE,)) with an element inflated from a co-boundary
Ty, — Z(Fp).

Proof. The restriction of z to Tis° is defined over F since Z is central, and factors through
TE‘,’S for some pair (E, S) where E is a finite Galois extension of F and S satisfies the
conditions of [34]. Up to enlarging S we can assume that Z — G comes from a closed
embedding Z — G where Z is the canonical model over O r s of the torus Z, and that the
restriction of z : TE"S — Z comes from a (uniquely determined) morphism T“O - Z.

Let £2°¢ o e Z2(Tg /F> TE"S (OE,s)) be arepresentative of the canonical class. Consider a
finite Galois extension E’/ F containing £ and S’ C V finite, containing S and satisfying
Tate’s conditions. Let & be the extension of I'g//r by T“ S((9E/ s) built using S“"

have a well-defined map
Z (Tgs(Op.s) — €.Z(Op.s) = G(Op.5))
BY(Tgyr, Z(OF,s1))
- ZY(T™ - &"°,Z — G)/B' (T, Z(F))

which exists because the images of 5‘50 (by inflation) and of £1%° (by T'*® — T};OS) in
H?(T, TE?S) coincide, and is uniquely determined because H (T, TEOLS‘) = 0. By conti-
nuity of z, up to enlarging E’ and S’ the class of z modulo B!(T", Z(F)) belongs to the
image of this map.
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Now for any v € V ~ S’ we have a commutative diagram

ZN (T (0pr 51)—>€,Z(OF: s)—>G(Op 57)) 1 1
BI(FE’/F’Z(OE’,S’)) —Z (FE;/FU»Q((DE;))/B (FEI’)/FU’Z((DE;))

| |

ZY(T* — &*°,Z — G)/B" (I Z(F))»ZY (T — 830, Z — G)/B(I'y. Z(Fy))

The top horizontal map exists because H2(I'g; JF,» T 25" (O f;)) =0andis uniquely deter-
mined because

H' (T, TEs(OFy)) = 0.

Commutativity follows from H (T, TEOS) =0. n

Remark 3.11.3. This is much easier than [33, Proposition 6.1.1] (see also [11, Sec-
tion 3.9]) thanks to vanishing of H! at finite level. A similar ramification property could
be proved for “mid” using Proposition 3.8.2, with an extra step.

3.12. The cohomology of & and B(G)

Let F be a local or global field. For E a finite Galois extension of F, Kottwitz intro-
duced in [20] an extension 8};" (simply denoted &(E/F) loc. cit.) of I'g;r by T}ZEO(E ),
where Tg° is the protorus lim . T2";. Note that the transition maps are surjective mor-
phisms having connected kernel between tori split by E, so that they induce surjective
maps between groups of E-points.
For a linear algebraic group G defined over F', he defined the pointed set
B(G) := lim Hy, (€. G(E))
E

in Section 10 loc. cit. The transition maps exist thanks to the compatibility of canonical
classes with inflation maps T}g" — TE", and are well defined thanks to the vanishing of
HI(FK/F, T};O(K)). Define Z}lg(@so, G(E)) as the quotient of Z;lg(é?isf’, G(E)) by the
following equivalence relation: z ~ z” if and only if there exists t € TZ°(E) such that
Z'(w) = z(twt™') for all w € 8};". Note that z(twt™) = z(t)z(w)ow (z(t))~! where
ow € I'g/F is the image of w, so that we have a surjective map

Z),(6%.G(E)) — H}, (65, G(E)).

alg alg

The inflation maps are well defined at the level of Z! and letting

B(G) := lignzglg(e};O, G(E)),
E

we obtain a pointed set mapping onto B(G).

Lemma 3.12.1. The natural map E(G) — Z;lg(giso, G), defined similarly to the infla-
tion maps, is an isomorphism. In particular we have a natural isomorphism B(G) —
Hallg(giso, G).
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Proof. Surjectivity is essentially the first part of the proof of Lemma 3.11.2. Injectivity is
clear. ]

Note that since the inflation maps T };" —- T }150 do not have connected kernel, there is
no reason why there should exists £%° € Z2(T", T°(F)) such that for some E # F its
image in Z2(I", T*°(F)) belongs to Z>(T'g/r, TE°(E)).

It is not difficult to check that the isomorphisms in Lemma 3.12.1 are compatible with
localization. In fact this is the second step of the proof of Lemma 3.11.2.

3.13. A Tate-Nakayama description of Hallg(gnvlid’ T)

The main goal of this subsection is to describe the failure of commutativity of (1.0.1). For
this, we shall give a linear algebraic description of the group HalI g(8 V‘?‘id, T) for an algebraic
torus 7', both in the local and in the global case. The local description will be used to give
a precise formula for the failure of commutativity of (1.0.1). The global description will
be used to show that this failure of commutativity satisfies a product formula.

We first begin with the local case. Let F be local. Let T be an algebraic torus defined
over F and write Y = X.(T). In all three cases we have the inflation-restriction exact
sequence of Fact 3.1.1

| - H'(T,T) - H,(6,T) — Homp (D, T) — -

with D being one of T™d, T, or P'e, We have the Tate—-Nakayama isomorphism
Yror — HY(T, T) and the isomorphism

(Y ® X*(D))" — Homp (D, T)

of Fact 3.1.2. Compatible with these two isomorphisms is a third isomorphism whose
target is Hallg(g, T). In the case of & its source is YT according to [20, (13.2)]. In the
case of §"¢ its source is the torsion subgroup of ¥ ® Q/7Y according to [10, Section 4].
We shall write Y*° := Y and Y"¢ := (Y ® Q/1Y)[tor] and see both of these as functors
from the category of tori to the category of I'-modules.

Define

ym= YT =) | A e Yr, peY ®Q, N'() = N},

where N! is the normalized norm map, i.e. N! = [E : F]! ZUGFE/F o for any finite

Galois extension E/ F splitting 7. We have a natural map Y™¢ — Y (1, u) — A.

Fact 3.13.1. The right square in the commutative diagram

0 YF,lor Ymid (Y R Mmid)l"

R

0 YF,tor Yiso (Y ® Miso)r
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is Cartesian. Here Y™ — (Y @ M™Y)T maps (A, pn) 10y, 0(n) ® 0 € Y ® Q[I'],
YiSO s (Y ® MiSO)F

is given by N via the natural embedding M™ C Q, and (Y @ M™HT — (Y @ M)l
is idy ® ¢!, i.e., via the isomorphisms (3.1.1) it is the “pre-composition by cis,” map
Hom(T ™4, T) — Hom(T*°, T).

Remark 3.13.2. Note that the I"-invariant map
Y ®Mmid Y ®Miso

given by idy ® ¢'*° has the I'-equivariant splitting idy ® s"°. This gives a canonical iso-

morphism between Y™ and Y *° @ ker(idy ® ¢™*°)T.
Proposition 3.13.3. There exists a unique isomorphism Y™ — H_} (€™, T) that is

functorial in T and fits into the commutative diagrams

Yrjo————Ymd— (Y ® Q[l"])F

| | |
HY [, T) —— Hallg(é’mid, T) —— Hompg (T™¢, T')

and
Y mid Y iso

| |
Hallg(gmid’ T) SN Hl(giso’ T)

Proof. This follows from Fact 3.13.1 and Corollary 3.10.1 which realize both ¥ ™ and
H,, (™9, T) as fiber products, and from the functoriality of the isomorphisms ¥™*° —
H}, (€%, T), Homp (T™, T) - (Y ® Q)F, and Homp (T™, T) — (Y @ Q[ID". =

Corollary 3.13.4. Let Z C T be a subtorus defined over F. The isomorphism Y ™4(T) —
Hallg(é’mid, T) identifies

Y"Y(Z > T):={QA.w) |2 eYr(T), p€Y(Z)®Q, N'() = Ni(n)} c Y™ (T)
with HY(T™d — gmid 7 . T),
Proposition 3.13.5. For any torus T over F, the composition

S0 ~_ 1
Y - Halg

(giso’ T) — I_Il(gmid7 T) ~ Ymid

where the middle map is pullback along s : €™ — &°, maps A € Y™ 10 (A, NI(1)).
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Proof. The image of A is of the form (A, jt) since sig, © Ciso = idgiso up to Z1(T, T*°). We
can compute ¢ € ¥ ® Q as the image of A by the composition

P2 (v @ Q) ~ ¥ ®Q

Yiso (Y ® Q
where the last map is evaluation at 1 € I ]

Proposition 3.13.6. The composition

ymd =g

e (€™, T) > H'(P"8,T) = Y™,

where the middle map is induced by a map of gerbes cyig as in (3.6.1), is given by (A, 1) —
A— U

Proof. This composition, as well as the map (A, u) — A — u, are functorial homomor-
phisms that fit into the commutative diagram with exact rows

00— YF,lor Ymid Y ® Q
0 —— Yror yrie 80

where the right vertical map is u +— —p + Y. If T is induced, thatis if T 2~ Resy,rGL;
for some finite étale F-algebra A, then Y1, ~ H!(T', T) = 0 by Shapiro’s lemma and
Hilbert’s theorem 90 and so our two maps ¥ ™4 — Y€ are equal in this case. In general we
realize T as a quotient of an induced torus T, by realizing Y as a quotient of an induced
Z[I'g;F]-module Y for some finite Galois extension E/F.Let K = ker(Y —Y). To
conclude it is enough to show that ¥ ™¢ — ymid jg surjective. Let (X, ) € Y™, choose
X € Yr lifting A and fip € ¥ ® Q lifting ;1. Then e := N'(X) — N%(fo) € (K ® Q)T and
thus N'(e) = e. Setting /i = fio + &, we obtain that (1, &) € Y™ lifts (A, w). n

Recall that in the non-Archimedean case, the morphism of extensions sis, © Crig : € rig
& equals [12, (3.13)] up to Z! (T, T'*°). Note that Proposition 3.2 loc. cit. (as well as
its Archimedean analogue) follows from Propositions 3.13.5 and 3.13.6 above. This is not
surprising since the proof of Proposition 3.13.6 is very similar to that of Proposition 3.2
loc. cit. For later use in Section 4 we also record the following consequence.

Corollary 3.13.7. Consider the two homomorphisms H} (8™, T) — H(&"¢, T) ob-

tained by pulling back along

alg

(1) A homomorphism cg : grig _, gmid
(2) The composition of a morphism sis, © Crig : €7 — &° with ¢is, 1 §1° — &MY,

Their difference, when pre-composed with the Tate—-Nakayama isomorphism

ymd 5 H

alg(gmid’ T)



T. Kaletha and O. Taibi 800

and post-composed with the inverse of the Tate—Nakayama isomorphism
Y™ — H' (€, T),

is given by the map
Y™ s yte (A, p) > pw— NY().

Proof. This follows immediately from Propositions 3.13.5 and 3.13.6 and the equality
Ni(uw) = NU(R). "

Now turn to the global case: Let F be global. Let T be a torus defined over F' and
Z C T a subtorus defined over F. As before we write ¥ = X (T). Denote Y };"S =
Y[S E]o)}‘ agd Y0 = li_n)ls Yp's. For K/ F afinite Galois extension containing E define
J YR — Yg%by
J(HW) =" fw) forve Vg,

weVg
wHv

It turns out that this map is an isomorphism. Choose a section s of Vx — Vg whose
image contains Vi, then by [11, Lemma 3.1.7] the unique right inverse s, : Y [Vg]o —
Y[s(VE)]o C Y[Vk]o to Y[Vk]o — Y[VE]o induces a well-defined map ! : Y“O — Y‘“’
which does not depend on the choice of s (in fact V is irrelevant here) and of course is
injective. It is also surjective thanks to Lemma 2.4.4, and so j is an isomorphism with
inverse !. Denote
Yiso — li_n)lYlizgo — @Y}«:SO-
E E

By [20, Lemma 4.1] we have a Tate-Nakayama isomorphism Y* ~ H! (8 iso T). Note
that [20, Lemma 8.4] also shows a posteriori that the maps j are 1somorphlsms For any
(E, S) such that E splits T and S satisfies Tate’s axioms the following diagram is com-
mutative:

NEg/F

0—— (Y[SEJo) . Yo (Y[S£lo)"

l | |

0 ——— HY(F.T) —— HJ},(6™,T) —— Hom(T ™, T)

where the left vertical arrow is the usual Tate—Nakayama map and the right vertical arrow
is the obvious map. For a subtorus Z of T defined over F denote Y7 = X.(T) and
Yz = X«(Z) and let

Y"Z - T, = {(A,u) | A e YEs(T), pe(Mp ® Y2)L,

Z )k(o w) Z/L(O w)}
o€lg/F
mid e 1; mid .
YV (Z—>T) .—h_r)nY (Z—)T)E’SE
E.S
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where the transition maps are given by ! = j~! on A and using the inflation maps defined

in Section 2.5 on . It is easy to see that one could also define Y;ﬂd (Z — T) as the set of
pairs (A, ) with A € Y(T) and u € (MI'/.‘rlid ® Yz)' satisfying the above relation at any
level E. More concretely, using the description of MI'/.nid given in Section 3.3 we may also
see 1 as a function V' — Q ® Yz with finite support such that ), .y, u(v) = 0 and for
any Archimedean place v of F, N/ (1(v)) € Yz.

Fact 3.13.8. The right square below is Cartesian

0—— Y (1) ——=YINZ - T) —— (MJ* @ Yz)"

T |

0 Yiso(T) Yiso(Z N T) (Miso ® YZ)I‘

tor

Proof. This follows directly from the definition. ]

Remark 3.13.9. Using the same argument as in the proof of Proposition 3.4.2 one can
show that the natural transformation YII./“id — Y5° admits a splitting, but as we already
observed in Remark 3.4.3 this splitting is not canonical.

As in the local case we simply write YI‘./“id(T) for YI‘./“id(T —T).
Proposition 3.13.10. There is a unique functorial isomorphism
YIUT) — H, (83, T)
that fits into the commutative diagrams

Yiso Y‘Tid (MIr}nid ® Y)F

tor

J | l

HY(I, T) —— H'(E%9, T) —— Homp (T, T)

Cll’ld
mid iso
I s
Y Y

H1(8$id, T) —— HY(&",T).
Proof. Analogous to the proof of Proposition 3.13.3, but with Fact 3.13.1 now replaced
by its global analog Fact 3.13.8. ]

Corollary 3.13.11. Let Z CT be a subtorus defined over F. The isomorphism Y;/nid(T) —
Hallg(agid, T) identifies Y;./“id(z — T) with H;Ig(é:;id, Z —T).
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Corollary 3.13.12. For Z — T an injective map between tori over F both maps
HY (TP - €0, Z - T) - H(TY - €%, Z - T) > H'(I,T/Z)
are surjective.
Proof. By Corollary 3.10.1 the map
HY (TP — €39, Z - T) > H'(T™ - €%,Z - T)
is surjective, and it is clear that the map
HY T - &% 7 5 T)~Y(Z > T) > YT/Z)ow~ H' I\ T/ Z)
is surjective. u

Corollary 3.13.13. For G a connected reductive group over F and Z a central torus in
G both maps

HY (T — sgid, Z—>G)—> HY(T™ - &%, Z - G) > H'(I,G/Z)

are surjective.
Proof. Lemma A.1 in [11] reduces this to the previous Corollary. ]

Proposition 3.13.14. Let v € S. Denote by w its lift in Sg. Denote Y™ = Y ™(Tx, ) for
simplicity. The composition
mid 1, emid locy 1, emid  ymid
YE,S‘E — H (81'/ T) — H (&), T) ~ Y™,
where the middle localization map was defined in Section 3.11 and the last map is the
inverse of the Tate—Nakayama isomorphism in Proposition 3.13.3, sends (A, L) € Y;jmg
. SOE
10 (Ay, by) € Y™ where

A= Y oo 'w). py = p(lw).
Tgy/r \TE/F

Proof. The element A, € Y, is the image of the pair (A,, iy) under the natural map
Y,j“id — Y1, . Therefore the formula for A, follows from the commutativity of

locy

(€51 T) — Hyj, (6", T) —— ¥,

| |

Vi —— H, (6%, T) == HJ, (€50, T) —— Y}

and the formula for the bottom horizontal map described in [20, Section 7.7].
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Analogously, the element p, € ¥ ® Q is the image of the pair (4, i) under the
natural map ¥"4(7) — Y ® Q. The formula for s, follows from the commutativity of

. . loc . .
d 1 d v 1 d d
Y;“SE _— Halg(é”g‘ ,T)— Halg(é“,‘j“ ,T) —— Y™

| | |

(M;;ni?é V) —— HomF(Tlr/'mdv T) e, Homp (T", T) —— Y ® Q
SO E

and the formula for u, follows from the formula for the bottom horizontal map obtained

by composing the localization map M™4 — M™d described in Section 2.6 with
' E.Sk Eu.E:F]
the evaluation at 1 map Mg‘;d,[E:F] — ﬁz — Q. ]

Although we will not need it in the paper, there is a global analogue of Proposi-
tion 3.13.6.

Proposition 3.13.15. For any torus T defined over F, the composition
Y;id - H;lg(é;;;id, T)— HI(P;g, T) — Y%,

where the middle map is induced by a map of gerbes cyig as discussed in Section 3.9, is
given by (A, 1) —> A — .

Proof. The proof is similar to the local case (Proposition 3.13.6), except that we cannot
take L = Lo + & since ¢ is not supported on V, but thanks to Lemma 2.4.4 we may find
¢ € (K ® Q)[V]o such that N%(&’) = ¢ and set Ji = Jig + €. Details are left to the reader.

|

4. The global multiplicity formula

4.1. An obstruction

Let G* be a quasi-split connected reductive group over a global field F, ¥ : G* — G an
inner twist. We consider a strongly regular semi-simple element § € G(A) with the prop-
erty that there is an element of G*(F') stably conjugate to §. In this situation, Langlands
has defined a cohomological obstruction to the existence of an F-point in the G(A)-
conjugacy class of §. We shall now review its definition and properties, following material
from [18,27]. We will then reinterpret this obstruction in terms of the global gerbes.

We shall first assume that G satisfies the Hasse principle, as the obstruction takes a
more transparent form in that case.

The condition on § is that there exists §* € G*(F) and g € G*(A) so that § =
V(g8*g™"). Let T* be the centralizer of §*. Let u € C'(I', G*(F)) be a lift of the ele-
ment of Z (T, G:d(F )) corresponding to V. For o € T the element g~ u(o)o(g) lies
in T*(A). Its image in T*(A)/T*(F) is independent of the choice of u and this gives
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a l-cocycle I' — T*(A)/T*(F). Its cohomology class is independent of the choice of
g and will be denoted by obs(8) € H(T', T*(A)/T*(F)). Denote by T the centralizer
of § in G4, a maximal torus defined over A (but generally not over F'). The composition
¥ o Ad(g) induced an isomorphism @3+ s : T — T of tori over A which does not depend
on the choice of g.

Let 8’ € G(A) be stably conjugate to §. That is, there exists g € G(A) s.t. §' = g6g™ 1.
We can define inv(§, §’) € H'(I', T(A)) just as in the local case, namely as the class
of 0 = g 'o(g), and inv(8,§') = inv(§, §”) if §' and §” are conjugate in G(A). Under
the isomorphism H (T, T(A)) = @, H' (T, T(F,)) the class inv(8, §') corresponds to
>, inv(8y, 8,) where inv(8y, 8,) € HY(Ty, T(Fy)) is the class of o > hy 1o (hy) for any
hy € G(Fy) such that 8, = h,8,h;" (we may take h, = gy).

Lemma 4.1.1. (1) For h € G(A) we have obs(h$h™!) = obs(8).

(2) The class obs(8) is independent of the choice of §* in the following sense. If §** €
G*(F) is another choice then there exists h € G*(F) for which h§**h™' = §*, then the
isomorphism @g«= sx : T** — T* induced by Ad(h) is defined over F, it does not depend
on the choice of h and it identifies the two versions of obs(8) obtained from §** and §*,
respectively.

(3) If 8’ € G(A) is stably conjugate to § € G(A), then

obs(8') = obs(8) - ¢35 (inv (3. 8")).

Proof. The first claim is immediate. For the second, the version of the obstruction obtained
from §** is represented by the 1-cocycle

h~'g~ u(o)o(gh) = Ad(h™") (g™ u(0)o(g)) - h~ o (h),

and h~ o (h) lies in Z}(T, T**(F)). The third claim follows from a similar direct com-
putation. |

Proposition 4.1.2. The class obs(§) vanishes if and only if the G(A)-conjugacy class of
8 contains an F-point.

Proof. If the G(A)-conjugacy class of § contains an F-point, Lemma 4.1.1 allows us to
replace 8 by that F-point without changing obs(§). Then g can be chosen in G*(F) and
so g lu(o)o(g) € T*(F), showing that obs(§) vanishes.

Conversely, if the class of g~ u(0)o(g) in H' (I, T*(A)/T*(F)) is trivial there
exists € T*(A) s.t. (g¢)  u(o)o(gr) € T*(F) for all 0 € I'. We may replace g by
gt and drop ¢ from the notation. Now z(0) := ¥ (g~ 'u(o)o(g)u(o)™") is an element
of ZY(T, G(F)) whose image in Z'(I', G(A)) is cohomologically trivial, namely the
coboundary of ¥ (g). By the Hasse principle for G there exists 1 € G*(F) s.t.

¥ ((eh ™) u(o)o(gh™Hu(o)™") = 1.

This means ¥ (gh~!) € G(A). Therefore 8 = ¥ (gh~")~18y(gh™!) lies in the G(A)-
conjugacy class of §. At the same time, §' = ¥ (hé*h™1) € G(F). |
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We now drop the condition that G satisfies the Hasse principle. Then it turns out that
HY(T, T*(A)/T*(F)) is not a suitable home for the obstruction any more. By work
of Kneser, Harder, and Chernousov, G does satisfy the Hasse principle. This will lead
to a slight modification of H'(T, T*(A)/TX(F)) that will serve as a replacement for
H'(T,T*(A)/T*(F)).

Lemma 4.1.3. Let §* € G*(F). There exists g € G*(A) s.t. § = Y (g8*g™") if and only
if there exists gi. € GX(A) 5.t. § = Y(gs.8*g2)).

Proof. This is not immediate because the map G*(A) — G*(A) need not be surjective.
However, letting 7* be the centralizer of §*, we have G2 (A) - T*(A) = G*(A). Indeed,
letting E be a sufficiently large finite Galois extension of F, for almost all places w of E
we have

GX(0g,) T*(Og,) = G*(Og,)
by [15, (3.3.4)]. .

Let gi. € GX(A) be so that § = ¥ (g..8*g2!). Let u, € C(T', GX(F)) be a lift of
the element of Z (T, G:d(F)). For o € T the element g 'u.(0)0(gs) lies in T.5(A).
Its image in 75 (A)/T,:(F) is independent of the choice of u, and is a 1-cocycle. Its

cohomology class is independent of the choice of g, and will be denoted by
obsy(8) € H' (T, T2 (A)/ TE(F)).

As we shall remark below, obsg(8) is a refinement of the element obs(8) defined above.
We can also refine the invariant inv(§,8") € H(T, T(A)) of two stably conjugate 8,8’ €
G(A) to an element invy(8,8') € H (T, Tie(A)) whose class is represented by o >
g lo(gs) for any g € G (A) conjugating 8 to 8 (the existence of such an element
gsc is explained [18, Section 6.2]). Then we have

Lemma 4.1.4. (1) For h € Gy.(A) we have obsg.(h8h™!) = obs(8).

(2) The class obsy.(8) is independent of the choice of §* in the following sense. If
§** € G*(F) is another choice then the isomorphism @gs« g+ : TX* — T} defined as in
Lemma 4.1.1 identifies the two versions of obs.(8) obtained from §** and §*, respectively.

(3) If 8’ € G(A) is stably conjugate to § € G(A) then
0bsg(8') = obsg(8) - <,0(;k1,5 (invy (8, 8)).
Proof. The same as for Lemma 4.1.1. ]

Proposition 4.1.5. The class obs.(8) vanishes if and only if the Gy (A)-conjugacy class
of & contains an F-point.

Proof. The same as for Proposition 4.1.2, but now the assumption that G, satisfies the
Hasse principle is automatically satisfied by the work of Kneser, Harder, and Chernousov
[5-7,14]. (]
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We now define

(1) A to be the image of ker(H ' (', T*(A)) — H'(I', T*(A))) under the natural map

> 7 sc

H'(T.TE(A)) - H' (L. T(A)/ TE(F)) “.1.1)

(2) K(T/F)P to be the quotient of H'(T, T*(A)/ T*(F)) by A
(3) obs(8) = obs(8)se + A C HY(T, T (A)/T. - *(F)), or equivalently the image of
obs(8)s. in K(T/F)P.

Remark 4.1.6. Note that A lies in the kernel of the map
H'(T.TI(A)/TL(F)) — H'(D.T*(A)/T*(F))

and obsg.(§) maps to the element that we denoted by obs(§) when the Hasse principle
holds. Thus, the new definition of obs(§) is a refinement of the old definition. When the
Hasse principle holds the following lemma shows that A is precisely the kernel of this
map, so the two definitions agree.

Lemma 4.1.7. Assume that G* satisfies the Hasse principle. Then A is equal to the kernel
of the map

HY (0. TE(A)/TH(F)) — H' (T.T*(A)/T*(F)).

Note that G satisfies the Hasse principle if and only if G * satisfies the Hasse principle,
by [16, (4.2.2)] (by [5] the assumption on Eg factors may be removed).

Proof. It remains to prove that the kernel of the map
HY (T, TE(A)/TA(F)) - H'(I.T*(A)/T*(F))

contains A. First we assume that the derived subgroup G}
Denote D = G*/G;
exact.

5oy of G* is simply connected.

der = T*/Tg. The following diagram is commutative and its rows are

D(A) ———— HY(I, T} (A)) ——— HY(I, T*(A))

l | l

(D(R)/D(F))" —— H(I, TE(R)/ T2(F)) — H'(I. T*A)/T*(F))

> Tsc

By [16, Lemma 4.3.1 (b)], in which the case of Eg factors does not need to be excluded
by [5], the torus D also satisfies the Hasse principle, i.e., the map

D(4) — (D(A)/D(F))"

is surjective.

In general, without assuming that G, is simply connected, we choose a z-extension
G* — G* with kernel an induced torus S and 6:er simply connected. By [16, Lemma
43.2(b)] G* also satisfies the Hasse principle. Let 7* be the preimage of T* in G*.
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Because S is induced both H(I, S(F)) and H' (', S(A)/S(F)) vanish and so the short
exact sequence
158 —>T*>T*—1

yields injective maps
HY(I.T*(A)) — HY(T.T*(A))
HY (T, T*(A)/T*(F)) = H' (T, T*(A)/T*(F))

and so the lemma for G* implies it for G*. |

Proposition 4.1.8. The element obs(8) depends only on the G(A)-conjugacy class of 8. It
is independent of the choice of §*. It vanishes if and only if the G(A)-conjugacy class of
8 contains an F-point.

Proof. The independence of §* is immediate from the second point in Lemma 4.1.4. For
the other two statements we note that all elements in the G(A)-conjugacy class of § are
Gy (A)-conjugate to each other by Lemma 4.1.3. Therefore the set of G (A)-conjugacy
classes inside of the G(A)-conjugacy class of § is in bijection with the set

S =ker (H'(T, Tw(A)) - H' (T, G (A))) Nker (H' (T, Tie(A)) - H' (T, T(A))).

namely via §’ < invg. (8, §’).

Note that S may only be a subset, and not a subgroup, of H!(T, Ti.(A)). The third
point in Lemma 4.1.4 and Proposition 4.1.5 reduce the outstanding two statements of this
proposition to showing that the image of (p(;}’ 5(S) under (4.1.1) equals A.

Let S* be the subgroup

ker (H'(T, Te(A)) — H'(T, T(A))),

so that A is the image of gog_*l’s (S*) under (4.1.1). Evidently S C S* and our goal is to
show that the images of ga(;}’ 5(S) and (pg;kl, 5(5™) under (4.1.1) coincide. The abelian group
H' (T, Ty (A)) is isomorphic to b, H 1(Ty, Te.(Fy)) and this isomorphism translates the
subgroup S* to @ S, where S is the analogous subgroup at the place v, and it translates
the set S to €, Sy, where S, is the analogous set at the place v. Each S, is a pointed
set and the symbol €D, has the same meaning as for groups, so that B, S, consists
of tuples of elements indexed by v, and in each tuple all but finitely many terms are
neutral. When v is finite H'(T'y, Gs(F,)) = {1} by Kneser’s theorem, so that S, = S,
Let S5, = @yj00 Sy and Seo = D0 Sv- We may have S & S5, Since the group

ker (H'(T, T2 (F)) - H' (T, T*(F)))

maps to go(;kl 5(8™) and vanishes under (4.1.1) it will be enough to show that it maps
surjectively onto

055 (S%) = ker (H' (Too, 5 (Foo)) = H' (Too. T* (Fio))).
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For this we consider the commutative diagram

HY (D, TE(F) > T*(F)) ————— ker (H' (. T2 (F)) > H' (T, T*(F)))

> 7 sc > 7 sc

l |

H'(Too, T (Foo) = T*(Foo)) — ker (H' (Too. T (Foo)) = H'(Too. T*(Fo)))

The horizontal maps are the connecting homomorphisms in the corresponding long exact
sequences for the cohomology of complexes of tori. They are surjective. Applying restric-
tion of scalars F//Q to T* and T,; we can reduce the base field to Q and then use [21,
Lemma C.5.A] to see that the image of the left vertical map is dense. Since the target of
the right vertical map is finite the proof is complete. ]

We now assume again that G satisfies the Hasse principle. It is clear from the defini-

tions that if G = G™ then obs(8) is simply the image of inv(§*, §) under
HY (D, T*(A)) - H' (0. T*(A)/T*(F)).

When G # G* then inv(§*, §) doesn’t make sense. However, using the cohomology of
the global gerbe £*° we can make sense of it. More precisely, we need the versions
of &° with A-coefficients and A/ F -coefficients. These are denoted by &,(K/F) and
&1(K/F) respectively in [20, Section 1.5]. Here K/F is any sufficiently large finite
Galois extension. We shall write Hallg(Sis", T(A)) for 1_ir_)nK Hallg(E;i;O(K/F), T*(Ag))
and Hj, (€°, T*(A)/T*(F)) for lim H, (E7°(K/F), T*(Ag)/T*(K)).

Assume that the element of Z!(T, G¥) corresponding to ¥ has a lift

Ziso c Zl

bas(giso7 G*)

Define inv[z!*°](§*, §) to be the class in Hallg(SiSO, T*(A)) of the 1-cocycle

e > g 1 2%(e)oe(g).
Fact4.1.9. The image in Hallg(gis", T*(A)/T*(F)) of inv[z"*°](8*, 6) lies in the subgroup
HY(T, T*(A)/ T*(F)) and equals obs(8).
Proof. Immediate from the fact that z*° takes values in 7* (F). |
This image can be computed in terms of Tate—Nakayama isomorphisms.

Proposition 4.1.10. Denote Y = X, (T*). The compositions
Hyjo(65°.T*(8)) = D Hjo(6,°. T) = P Y/1L,(Y) > Y/IY.

veV veV

where the isomorphism is Kottwitz’ local Tate—Nakayama isomorphism and the last map
is “sum over all places”, and

Hy,(65°. T*(A)) > H' (L, T*(A)/T*(F)) ~ (Y/IY)[tor] C Y/IY

where the isomorphism is the Tate—Nakayama isomorphism defined in [34], are equal.
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Proof. This is a special case of a more general compatibility. In [20] Kottwitz defined a
generalization

H'(&°, T*(A)/T*(F)) ~Y/IY
of Tate’s isomorphism, and proved local-global compatibility ((6.6) loc. cit.): the compo-
sitions

H),(65°. T*(R)) > P Hy (6. T*) ~ P Y/1,(Y) > Y/IY
veV veV
and

H, (65 T*(A)) — H,)

g (EX.T*(A)/T*(F)) >~ 1/1Y

are equal. ]

4.2. Global transfer factors

We continue with ¢ : G* — G from the previous subsection. Let (H, #, s, n) be an
endoscopic datum for G and (Hq, 1) a z-pair as in [21, Section 2.2]. We assume that for
every place v of F there exists a pair of related strongly G-regular elements y({"lv € H(Fy)
and 8o,y € G(Fy).

Lemma 4.2.1. Under this assumption there exists a pair of related strongly G-regular
elements yH € H(F) and 8y € G(A).

Proof. The assumption is equivalent to the following one: for every place v of F, there
exists a maximal torus Ty, of Hf, and an admissible embedding Tx,, — GF,, i.e.,
an isomorphism of 7y, with a maximal torus of G, as in [21, Lemma 3.3.B]. Note
that this assumption is automatically satisfied at every place v such that Gf, is quasi-
split, by essentially the same argument as in the proof of this lemma. By [2, Exp. XIV,
Theorem 6.1] the functor X parametrizing maximal tori in H is representable by a smooth
affine scheme X over H and X is rational, in particular it satisfies weak approximation.
Let S be the finite set of places v such that G, is not quasi-split. For any v € S the H (F)-
conjugacy class of Ty is a neighborhood of Ty, in X (F,) (for the natural topology).
Therefore there exists a maximal torus Tz of H, that is an element of X (F), such that for
every v € S the maximal tori (Tg)F, and Tq , of HF, are conjugate under H (F).

Take any G-regular semisimple y({f € Ty (F). Since G* is quasi-split over F there
exists a strongly regular §§ € G*(F) that is related to yH . We have arranged that for any
place v of F, there exists a strongly regular element 8o, of G(F,) that is stably conjugate
to 85 ,» and we are left to show that we may take o, € G(OF,) for almost all places v,
where G is any model of G over Of[1/N] for some integer N > 0.

3Let N be the normalizer of the universal maximal torus, i.e., N is the obvious subgroup scheme of
H xp X — X. Then the morphism of X-schemes H xr X — X xg X which on points maps (g, T)
to (Ad(g)7T, T) is a right N-torsor for the étale topology by [2, Exp. XIV, Theorems 3.9 and 3.18]. In
particular this morphism, like N — X, is smooth. So for a given maximal torus Tp,, of H, the morphism
Hf, — X, mapping g to Ad(g)TH,, is smooth, and the induced map of analytic manifolds (in the sense
of [32, Part II, Chapter I11]) is submersive.
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We can find N > 0 and models G* and G over O [1/N] s.t. Y extends to a map over
O[1/N], where O is the ring of integers of the maximal extension of F unramified at all
places prime to N. For a place v prime to N the element of Z!(T',, G*) corresponding
to ¥ lies in Z1(T'y/1,, G*(Oy)), so there is an element g, € G*(0,) s.t. ¥ o Ad(gy) is
an isomorphism defined over Of,. We let 8o, = ¥ (g,85g, ') € G(OF,). For the finitely
many places v that are not prime to N we choose o, € G(Fy) to be stably conjugate
to ¥ (89) € G(F). That is, there is g, € G*(F,) s.t. §, = ¥ (gvS0gy ). The resulting
collection &y of local elements lies in G(A). |

Under that assumption an adelic transfer factor AA()/H 1. §) is defined for all pairs of
strongly G-regular elements y /' € H;(A) and § € G(A). It is defined in [27, Section 6.3]
and [21, Section 7.3] without the prime decoration, and is discussed in [22, Section 5.4]
with the prime decoration.

By the construction in [21, Section 7.3] the factor AA()/HI ,8) is a product of local
transfer factors over all places. Since at each place the local transfer factor is canonical up
to a scalar multiple, their product is also. What makes the global transfer factor completely
canonical is the following property: If y# € H(F) and § € G(A) are related, then

A (yH1.8) = (0bs(8). @i 5. (9)). @.2.1)

To explain the notation, note first that the condition y € H(F) implies the existence
of §* € G*(F) in the G*(A) conjugacy class of ¥ ~!(§), which was assumed in the
definition of obs(d) that was reviewed in Section 4.1. Let T* C G* be the centralizer
of §* and let TH C H be the centralizer of y¥. There is a unique admissible isomor-
phism ¢, u g« : TH — T* sending y¥ to §*. It induces an isomorphism 77 — T via
which we transport s € [Z(ﬁ)/Z(G)]F to an element of [?/Z(G)]F. Then we use the
Tate-Nakayama pairing (—, —) between H (T, T*(A)/T*(F)) and mo([T*/Z(G)]).
Even though the obstruction obs(§) was not just an element of H (T, T.% (A)/ Tx( F)),
but rather a set of elements there, the pairing is well-defined, because s has the property
that its image under the connecting homomorphism

[z(8)/z(6)]" — H'(T, Z(6))

is everywhere locally trivial. The subgroup of [Z (ﬁ )/ Z (é)]r of all elements with this
property is denoted by K(7*/F) and is dual to the quotient K (7*/F)P recalled in Sec-
tion 4.1.

Remark 4.2.2. We need to be careful with the normalizations of the various pairings
we are using. Equation (4.2.1) appears optically compatible with [21, Corollary 7.3.B].
However, the latter is stated for the transfer factor A4 constructed as in [27], rather than
the factor A’ that we are using here, whose construction differs from A by inverting the
element s, see [22, Section 5.1]. The reason for preferring A’ over A is that A itself does
not properly generalize to the twisted setting, see [22].
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Thus now (4.2.1) would seem optically at odds with the A’-version of [21, Corol-
lary 7.3.B], which is the last displayed equation in [22] before Section 5.5 there. This
discrepancy stems from yet another clash of conventions between [27] and [21]. First
we recall that in the twisted setting obs(8) is an element of a hypercohomology group
HY(A/F,T} — T*), while the element « lies in H!(Wp, T —> ?*/Z(@)). The maps
in the two complexes are 1 — 6™ and 1 — 6* respectively, where 6* is the twisting auto-
morphism. In the untwisted setting #* = 1 and the two hypercohomology groups each
break up into direct products

HY (A/F.T; > T") = H'(A/F.TY) ® H*(A/F.T")

and
H'(Wp,T* — T*/Z(G)) = H'(Wp,T*) ® H*(Wr, T*/ Z(G)).

The pairing between the two hypercohomology groups becomes the product of the stan-
dard normalization of the Tate—Nakayama pairing between

HYA/F,T}) and H°(Wr,T*/Z(G))
and the negative of the standard normalization of the Langlands pairing between
H°(A/F,T*) and H'(Wg,T%).

The occurrence of this negative is forced by the anti-commutativity of the cup product.

The reason why the A’-version of [21, Corollary 7.3.B] is compatible with (4.2.1)
is that the projection of the element obs(§) € H'(A/F, T} — T*) constructed in [21]
onto the direct factor H1(A/F, T.¥) is the inverse of the element obs(§) constructed in
Section 4.1 above. For this we direct the reader to [21, pp. 82—-83] and point out that the
element v(o) constructed there is the 1-cocycle that represents our element obs(8) here
(despite the element g there being the inverse of our element g here), yet the class obs(§)
constructed there contains the inverse of v(o). The conventions we have used here are
those used in [27, (3.4)] in the quasi-split case, which are the opposite of those used in
[21, Section 5.3] in the quasi-split case.

Finally, we remark that the same issue occurs with the local and adelic invariant
inv(8,8") used in this paper — it follows the quasi-split convention in [27], and is the oppo-
site of the quasi-split convention in [21], so any equation involving inv(§, §’) in this paper
will contain an inverse when compared to the A’-version of the corresponding equation
of [22], and would thus appear optically identical to the corresponding equation in [21]
for the factor A in place of A’.

4.3. Global transfer factors in terms of isocrystals

In this subsection we assume that Z(G) is connected and G satisfies the Hasse principle.
We will show how the canonical adelic transfer factor reviewed in Section 4.2 can be
written as a product of local transfer factors that are normalized using B(G).
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Let again (H, #, s, n) be an endoscopic datum for G and (H;, 1) a z-pair as in [21,
Section 2.2]. By assumption s € [Z(I-AI)/Z(@)]F and the image of s in Z (T, Z(G)) under
the connecting homomorphism has cohomologically trivial localization at each place of F'.
The Hasse principle for G, reinterpreted as [16, Lemma 11.2.2], implies that the image
of sin Z\(T', Z (@)) is already cohomologically trivial and thus s lifts to an element
stez (I-AI )T, We shall refer to (H, #, s, ) as an isocrystal-refined endoscopic datum.
An isomorphism of such data is required to identify the two elements s%, and not simply
their images s.

By Corollary 3.13.13 we can choose z*° € Z! (€"°, G*) such that y 1o (y) =
Ad(Z,), where Z € Z1(T', G})) is the image of z*°. Let w be a global Whittaker datum for
G*. At each place v of F we now have the normalized local transfer factor A[w,, z] :
H{(Fy)s X G(Fy)s: — C, defined as

Alwy, z5°1(yH1,8) = Alw,] (v, 8%) - (inv[zE1(8*, 8), Pse o (7). (4.3.1)

v

We need to explain the notation. On the left we have yH' e H{(Fy)gand 8 € G(Fy)s. We
choose arbitrarily §* € G*(F,) that is conjugate in G*(F,) to ¥~ 1(8). For A[w,](yH1,6*)
to be non-zero it is necessary that y; be a norm of §, so we make this assumption. Let
T* C G* be the centralizer of §*, a maximal torus of G*. Given any g € G*(F) with
8§ = ¥ (g8*g™"), the element g~ 'z%°(e)0,(g) of G*(F,) belongs to T*(F,), for all e €
8:,50, where o, € I', denotes the image of e under 8:,50 — I'y. For formal reasons the
map e — g~ 1z%°(e)o.(g) is an element of Z;lg(é“,if", T*) and its cohomology class is
independent of the choice of g. We denote by inv([z}°](6*, §) this cohomology class.

The element y# € H(F,), is the image of y1 under H; — H. Letting T C H be
its centralizer, a maximal torus of H, there is a unique admissible isomorphism @g« , & :
T* — TH mapping §* to y# . Its dual, when composed with the canonical embedding
Z(H) — TH  transports s € Z(H)™™ into 7*T. The pairing (—, —) : H, (€5°,T%) x
T*Tv s given by [20, Lemma 8.1].

The transfer factor A[wy] : Hq(Fy)s X G*(Fy)g is the Whittaker normalization of the
factor A’, as defined in [22, (5.5.2)].

Proposition 4.3.1. The function Alw,, z55°] is an absolute transfer factor.

Proof. This is proved in [8, Proposition 2.2.1], under the assumption that the z-pair is
trivial, and with the inverse of the pairing used here. Nonetheless, the proof given there
carries over to this situation with trivial modifications. ]

Proposition 4.3.2. Ler yf' € H{(A) and § € G(A)g. Let V denote the set of all places

of F. For almost all v € V the factor Alwy, ZLS"]()/UH1 ,6y) is equal to 1 and the product

[] Alwo. z5°1(r . 80)
veV

is equal to the canonical adelic transfer factor A’y (yH1,6).
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Proof. The adelic transfer factor was reviewed in Section 4.2. By construction it is a
product of local transfer factors, and so is the product in this proposition. Therefore one
is a scalar multiple of the other. It is enough to show that they give the same value on one
pair (Y1, 8) of related elements. We choose the pair so that y ! € H;(F). The existence
of such an element is assumed in the definition of the global transfer factor. Then we can
choose §* € G(F) related to y 1.

We first claim that almost all factors in the product [, A[w,](y#1, §*) are equal to
1 and the product itself is equal to 1. For this we recall that this factor is the product of
terms &y - Ay - Ary - Arrr, - Arrr, - Ary. The terms g, are the local components of a
global root number of an orthogonal Artin representation of degree 0. Therefore almost
all terms are equal to 1 and their product is equal to 1. For the remaining terms we apply
Theorem 6.4.A and Corollary 6.4.B of [27].

This reduces to showing that almost all factors in the product

[ T(inv[z5°1(8*. 6). @5, (sM)

v

are equal to 1 and this product equals AK()/H 1.8). This follows from Fact 4.1.9 and the
equality

[T (invIzi1(8*. 8). Bse i (s5) = <Zinv[zi;°](5*,8), @;*,yH(s”)>

v

= (inv[z"°](8*, 8), @5+ ,u (s1))
where the pairings in the first term are the local pairings
H (€5, T*(Fy)) x X*(T*T) - C,

the pairing in second term is the pairing

Hy,(85°. T*(A)) x (X*(T*) ® Z[V]) — C.
and that in the third term is

H) (65°. T*(R)/T*(F)) x X*(T*T) > C.
The last equality follows from Proposition 4.1.10. ]

Remark 4.3.3. Every f € €2°(G(A)) has a canonical transfer 1 € €%°(H;(A)), up to
functions having identically vanishing stable orbital integrals. Namely, choose an arbitrary
decomposition A’y = [], A}, of the canonical adelic transfer factor as a product of local
transfer factors, such that at almost all places A/ is unramified. Assume without loss of
generality that f is a decomposable function f = ®, fp. Let £,/ € €X°(H,(Fy)) be
the transfer of £, relative to the factor A’ and let f 71 = ®, f, -1 Each individual local

component va ! depends on the choice of A/, which is well-defined up to a complex
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scalar, but the formula A/, = [], A/, implies that ! is independent of these choices.
Note that, due to the Fundamental Lemma, the function va ! is the unit in the unramified
Hecke algebra for almost all v, and therefore ®,, f, vH‘ is well-defined.

In particular, Proposition 4.3.2 implies that if we take va ! to be the transfer relative to
Alw,, z5°], then ®, va ! will be the canonical adelic transfer. Analogously, [11, Propo-
sition 4.4.1] implies the same statement with A[w,, zifo] replaced by the transfer factor

normalized using &"¢ in place of &'*°.

Remark 4.3.4. According to [23, Section 2.4] the product formula proved in Proposition
4.3.2 generalizes from the case of strongly regular pairs (8, y 1) to the case of (G, H)-
regular pairs, i.e., the assumption of [18, Section 6.10] holds. The reader is encouraged to
consult [3, Section 3.4], where a detailed argument of this claim has been provided.

4.4. Global transfer factors in the rigid setting

In this section we do not assume that the connected reductive group G over F satisfies
the Hasse principle, nor that Z(G) is connected. The analogue of Proposition 4.3.2 in
the rigid setting was proved in [11, Section 4.4], under the assumption that there exists
a pair of related elements y* € H(F) and § € G(F). Note that this is stronger than the
assumption on the existence of pair of related elements y# € H(F) and § € G(A). The
reason this stronger assumption was made in [11, Section 4.4] is that it is also made on
[27, p. 268], where the authors declare that the global adelic transfer factors should vanish
if this stronger assumption is not satisfied.

On the other hand, the constructions in [21] operate under the weaker assumption
on the existence of related elements y € H(F) and § € G(A). It is clear to us that
if the weaker assumption is not satisfied then the endoscopic datum is not needed for
the stabilization of the trace formula and its transfer factors can be declared zero, see
Lemma 4.2.1. However, it is not clear to us that this is true if the stronger assumption is not
satisfied. It could be that a Hasse principle for this assumption holds, but we do not know
if it holds, let alone of any published proof. It may be possible to approach this problem
using the classification of Dynkin diagrams (similar to [24]), after reducing to the case
where G is absolutely simple and simply connected and the endoscopic datum is elliptic.

Instead, we have decided to generalize here the proof of [11, Proposition 4.4.1] by
dropping the stronger assumption and only keeping the weaker assumption. To repli-
cate the proof of Proposition 4.3.2 in the rigid setting, we want an analogue of Propo-
sition 4.1.10. The natural strategy would be to introduce extensions of I" bound by A- and
“A/ F-points” of certain projective limits of finite multiplicative groups over F (analo-
gous to the gerbes &! and &2 of [20]), prove Tate—-Nakayama isomorphisms and local-
global compatibility (analogous to [20, (6.6)]). This is certainly possible and was in fact
mostly done in the preparations to [11]. However, it takes a fair amount of pages to set
up. We have thus chosen an alternative approach here, which uses the result in the “iso”
setting (Proposition 4.1.10) and the comparison with “rig” via “mid” to deduce the result
in the rigid setting (Proposition 4.4.3).
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Lemma 4.4.1. Let T be a torus over F, Z C T a finite multiplicative subgroup. Then the
diagram of Abelian groups

H'(PJE — €%, Z(F) » T(A)) —— @,y H'(P* — €%, Z - T)

| |

Hom(PIr./lg, Z) @,y Hom(P,%, Z)

is Cartesian.

Proof. We have to prove that the map from H ! (PIr./ig - & ;g ,Z(F) — T(A)) to the fiber
product is injective and surjective. Injectivity follows easily from the well-known isomor-
phism
H'(T.TA)) ~ P H' (T, T(F)).
vevV
To prove surjectivity, let

peHom(P¥, Z) and ([z,]) e @D H'(P® — €%, Z > T)
veV

be such that for any v € V, the restriction of z, to Plfig equals p composed with
loc, : Py* — P‘r./lg. Recall from [11, Corollary 3.3.8] that for any v € V' there is 7, €
CY(Ty, P‘r./lg) unique up to Z (T, PIr./lg) = BY(T,. PIr./lg) such that

7%z = (loc, 0 £1%) X d(1).

Let S be a finite set of places of F containing all Archimedean places and such that
[zy] = 1 for v € V ~ S, so that in particular u o loc, is trivial. Recall from Section 3.1
that for any v € V' the cocycle z, may be seen as an element of C 1Ty, T(Fy)) satisfying
d(zy) = p oloc, o £y%. There exists a finite Galois extension £/ F satisfying

* the action of I on X *(Z) factors through I'g F,

» E contains all roots of unity of order dividing the exponent of Z (in particular Z(E) =
Z(F)), and

e forall v € S the cochain z, is inflated from an element of C 1(FE1~, /F,» T(Ey)) and
W o 1 is inflated from an element of C! T'ey/F,» Z(Ey)).

Forve Slet 2 = $1(z, x (wony)) € C'(Tg/p. T(E ®F Fy)) where $! is a Shapiro

corestriction map associated to a section of I'g;r — I'g,, F,\'E,/F as explained in [11,

Appendix B]. We have

[dEM)] = pal&f] in H2(Cp/r, Z(E @F Fy)) ~ H*(Tg,r, Z(Ey))

(Shapiro isomorphism), therefore there exists a, € C'(I'g JF» Z(E ®F Fy)) such that
Zy 1= 250) x d(ay) satisfies d(Zy) = (S;g) (via the embedding Z(E) C Z(E ®F Fy)).
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Forv € V ~ S we have M*([sfv.ig]) = lin H2(Tg/r, Z(E ®F F,)), thanks to
* the Shapiro isomorphism H*(T'g/r. Z(E ®F F,)) ~ H*(Tg,/F,. Z(Ey)),

¢ the compatibility between the local and global canonical classes which implies that
the image of /,L*([égg]) in H?(T'y, Z) equals (1 o locy )« (65°),

o the fact that s o locy : Py® — Z is trivial because [z,] = 1,

* the local analogue of [11, Lemma 3.2.7] (similar proof) which says that the inflation
map H*(Tg,/F,. Z(E)) — H?(Ty, Z) is injective.

SoforveV ~Swecanfind z, € CI(FE/F, Z(E ®F Fy)) satisfying d(Z,) = u*(égg).
Now (Z,)yey represents an element of H ! (P;./ig — & ;g ,Z(F) — T(A)) whose restriction

to PIr./ig is u and mapping to ([zy]). n

Corollary 4.4.2. In the same setting, denote Y = X, (T) and Y = X(T/Z). Then there
is a unique Tate—Nakayama isomorphism between

YUE(Z - T) = {(A,,)v e@ (V/LM)ltor] | Y (A + 1Y) € (Y/IY)[tor]}

veV veV

and H'! (ng — & gg , Z(F) — T(A)) which is compatible with the local Tate—Nakayama
isomorphisms and the identification

Hom(P}¥. 2) = tim ((7/¥)[Vlo) “** ™"
E

Proof. We have an obvious Cartesian diagram
rl”(Z >T)——— Dyer (Y/I (Y))[tor]
i ((7/V)[Vel) """ ——— @y (Y /1N

and comparing with the Cartesian diagram in the previous lemma gives the sought iso-
morphism. u

Proposition 4.4.3. We have a commutative diagram

YR(Z — T) —— H'(PL* — €%, Z(F) > T(A))

| |

(Y/1Y)[tor] ———— HY(T,T(A)/T(F))

where the top horizontal isomorphism was defined in the previous corollary, the bottom
isomorphism was defined in [34], the left vertical map is (Ay)y = Y ey (Av + 1Y) and
the right vertical map is the obvious one.
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Proof. The kernel of the right vertical map is the image of H 1(P;g — 8;g, Z — T)and
by the local and global Tate—Nakayama isomorphisms for “rig” and their compatibility,
we have an embedding ("¢ from the cokernel C"¢ of

H'(P*— €% 7Z—~T)— HI(PIr./ig — €%, Z(F) - T(A))
into (Y/IY)[tor], mapping (Ay)y to Y, oy (Ay + 1Y). To prove that the diagram in the
proposition is commutative we have to show that (¢ coincides with the composition
C" — H' (I T(A)/T(F)) ~ (Y/IY)]tor].

For the rest of this proof we take the inductive limit over all finite multiplicative subgroups

Z of T, as we may since all morphisms in sight are compatible with the transition maps

induced by any inclusion Z C Z’. This has the effect of replacing ¥ by QY .
Lemma4.4.1 and Corollary 4.4.2 admit “iso” and “mid” analogues, with similar proofs

and with ‘
12 = {0 € @ Y/1:(0) | N (Y 20) =0}
veV veV
and
Y29 = {(Gdos (1)0) | Bl € Y, o)y € D QY. "y =0
veV veV
and Vv € V. Ng,/, (Ao — o) = o}

where E/F is any finite Galois extension splitting 7. We also have an embedding (%
(resp. (™) from C*° (resp. C™¢) into (Y /Y )[tor], mapping the class of (1,), (resp.
((Ap)v. W) to X" ey Ay + 1Y . We have natural maps between cokernels

CiSO Cmid N Crig

compatible with (*°, (™4, "¢ thanks to the compatibility of local Tate—Nakayama isomor-
phisms in the three settings. It follows from Proposition 3.4.1 (or a direct argument) that
the natural map Y™¢ — Y is surjective, thus C™¢ — C* is bijective. It is obvious that

1% is surjective, and by Proposition 4.1.10 it coincides with the composition

C* — HY(I,T(A)/T(F)) =~ (Y/IY)[tor].

Therefore (™¢ and ("¢ are also bijective and coincide with the compositions

C'— HYT,T(A)/T(F)) = (Y/IY)]tor]. n

Corollary 4.4.4. Proposition 4.4.1 of [11] holds without the assumption that there exists
a pairs of related elements in Hyi(F)g X G(F ).

Proof. Similar to the proof of Proposition 4.3.2, applying Proposition 4.4.3 to T,: instead
of Proposition 4.1.10 to 7*. Details are left to the reader. ]
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4.5. Isocrystal local Langlands correspondence in the Archimedean case

In order to formulate the isocrystal version of the conjectural multiplicity formula for a
connected reductive group over a number field we will need the isocrystal version of the
refined local Langlands conjecture at all places. In the non-archimedean case this was
formulated in [12]. Fortunately the Archimedean case is similar, and we shall formulate it
here, as well as the comparison between the isocrystal and rigid versions.

The complex case F ~ C is very simple: the group P"2 is trivial and so is &"2. For
any connected reductive group G over F and any tempered parameter ¢ : F* — G the
group Sg defined as in [12, Section 4.1] is canonically isomorphic to G / Ger = C where
C = Z(G)°. Since Z(G) — C is an isogeny, if we fix z1*° € B(G)pas = X«(C) then the
set of characters of S whose restriction to Z(G) is [z°] = 21| 2@ 18 just {°}. Thus
the isocrystal version of the local Langlands correspondence for G is simply the usual
correspondence with the extra datum of an element of X.(C).

We are left to consider the real case F' = R. Recall that the analogue of the mor-
phism of extensions ¢ — &° of [12, (3.13)] is the composition s*° o c"2 as defined
in Section 3.6. Note that the analogue of [12, Proposition 3.2] is a direct consequence
of Propositions 3.13.5 and 3.13.6. Recall that Kottwitz defined a map kg : B(G)pas —
X*(Z (G)F), whose image was characterized in [20, Proposition 13.4] as

{Xlz@yr | x € X*(Z(G)), Nesr(x) € X*(G)},

where we are using the facts that restriction induces an injective map X * (@) —-X*Zz (G))
as well as a surjective map X*(Z(@)) - X* (Z(@)F). The analogue of [12, Proposition
3.3] is that the following diagram commutes, although the horizontal maps are not bijec-
tive in general.

B(G)uus - X*(2(G))

| |

ri 2l A +
H (678, G) —— Hom (710 ((Z(G) x Z(G)3,) "), C*)
Here the left vertical map is induced by s'*° o ¢"i2 : §"¢ — £1°_ the bottom horizontal
map is obtained as the composition of [10, Theorem 4.8 and Proposition 5.3] and the right
vertical map is as in [12, Proposition 3.3], i.e., it is dual to the map

m0((Z(Geo) x Z(6)%) ") = Z(GT) 5.1
(a» (bn)n>0) = ablNC/R(bZ)_l

Note that this maps Ne /g (770(Z(Gse) X Z(G)2,)) to Ne/r(Z(Gaer)). The proof of [12,
Proposition 3.3] applies almost verbatim, replacing “elliptic torus” by “fundamental torus”
and using [20, Lemma 13.2] instead of [17, Proposition 5.3]. Note that the first argument
of the proof, showing that B(.S) maps to B(G )pas, does not hold in the real case but this is
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not necessary if one uses
B(S)G—tas =~ HY(T™ — &,C - 5)

instead of B(S) as in [20, Section 13.5].

For ¢ : Wg — LG a Langlands parameter denote by Sy its centralizer in G and
define its quotient Sg (a complex reductive group) as in [12, Section 4.1]. We can define
nO(SJ) — S(E, similarly to (4.5.1). The proof of [12, Lemma 4.1] does not use anything
specific to the non-Archimedean case, so it still holds.

Now let G* be a quasi-split connected reductive group over F. Fix a Whittaker datum
w. Consider an inner form (G, V) of G*. Let z € B(G )pys ~ Z}lg(TiS" — &%, C — G*)
be a lift of the cocycle T' — Go(F), 0 — ¥~ 1o (). Note that in general such a lift may
not exist.

Theorem 4.5.1. Fix a connected reductive quasi-split group G* over R and a Whit-
taker datum w. There is a unique bijection between isomorphism classes of quadruples
(G, ¥, z, ), where 1 is an irreducible admissible tempered representation of G(R), and
isomorphism classes of pairs (¢, p) where ¢ is a tempered Langlands parameter and p is
an algebraic irreducible representation of S(E, such that

» for given (G, V¥, z) and ¢ the L-packet I1, of isomorphism classes of w such that
(G, ¥, z, ) corresponds to (¢, p) for some p equals the one defined by Langlands
in [25], and

* the endoscopic character relations [12, (4.3)] hold with respect to the transfer fac-
tor (4.3.1).

This correspondence is compatible with the rigid version proved in [10, Section 5.6], in
the same sense as in [12, Section 4.2].

Proof. This is deduced from the rigid version of the local Langlands correspondence
exactly as in [12, Section 4.2]. [

If w, (G, ¥, z) and ¢ are fixed we will denote, for 7w € Iy, (7, )y, w for the character
p of S,E, corresponding to 7.

4.6. Multiplicity formula in the isocrystal setting

We return to considering a global field F' and write V' for its set of places and A for its
adele ring. Let G be a connected reductive F-group which satisfies the Hasse principle,
and whose center is connected. We shall formulate a version of the formula [16, (12.3)]
for the multiplicity of an irreducible admissible representation of G(A) in the discrete
automorphic spectrum of G using Kottwitz’s global set B(G).

Assume the existence of a global Langlands group L, and consider a continuous
semi-simple global tempered parameter ¢ : L — L G. For simplicity we do not consider
more general Arthur parameters (which would involve adding a factor of SL, to LF),
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although they do not present additional difficulty for the following discussion, only requir-
ing a slightly more complicated formulation. Recall from [16, Section 10.2] the group S,
of self-equivalences of ¢ is defined as

{g e G|VxeLr: g o(x)ge(x)"! = z(x) € Z(G)
and Vv € V, 0 = [z,] € H'(LF,, Z(G))}.

Note that z is an element of Z'(Lr, Z (@)) for formal reasons. The Hasse principle,
reinterpreted as [16, (4.2.2)], together with [16, Lemma 11.2.2] imply S, = C, - Z(@),
where

Co=1{geG g p(x)gp(x)™" =1}.

We conclude that, if ¢ is discrete, then the finite group
Sy = 710(Sy/ Z(G))

equals Cw/Z(@)F.

Assume from now on that ¢ is discrete. For each place v we assume the isocrystal
version of the refined local Langlands conjecture, as stated in [12, Section 4.1] when
v is finite, and in Section 4.5 when v is infinite. In particular at each place we have
the L-packet I, . Choose a reductive model G of G over Of[1/N] for some integer
N > 0. For almost all finite places v of F, the L-packet I1,, contains a unique unramified
representation (with respect to G(@(Fy))). Given a collection of 7, € I1,,(G), unram-
ified for almost all v so that the restricted tensor product 7 = ®/, 7, is well-defined, we
now define the class-function (, —) on §, as follows. Let G* be the quasi-split inner
form of G and let ¢ : G* — G be an inner twist. By Corollary 3.13.13 we can choose
80 e Z1 (€°, G*) such that y ~'o () = Ad(Z,), where Z € Z!(T', G)) is the image
of z*°, The choice of ¥ gives an identification £y : G — L G* and hence a parameter
¢* =Ly o ¢ for G*. Choose also a global Whittaker datum w for G*. For each place v
we have the complex number (77, 5*),, i 4, for s* € Cy«. For almost all finite places
v this complex number equals one: this follows from the endoscopic character relations
[12,(4.3)] and Lemma 3.11.2 by the same argument asin [11, Lemma 4.5.1]. Given s € C,,
define

<7t’ S)iso = 1_[ (7Tva Ll//(s))wv,zi,m,wv'
v
Lemma 4.6.1. The complex number (1, s)iso is independent of the choice of w, z'*° and
Y and the map
Cyo = C, s (7 8)iso

is invariant under Z(G)T .

Proof. The parameter ¢ and s induce an elliptic endoscopic datum (H, #, s, n) with
n(H) = Cent(s, G)° and n(#) = ¢(Lr)n(H). Choose a z-extension H; of H and an L-
embedding n; : #H — L H, asin[21, Lemma 2.2.A]. Denote o =mnle: Ly — LH,.
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Fix a maximal compact subgroup Ko, of G(R ®q F). For f(g)dg a smooth bi- K o -finite
compactly supported distribution on G (A), there exists a transfer f’'(h)dh on H(A) in the
sense of [21, (5.5)]. Note that the global transfer factors for (H, #, s, Hy, n1) are canoni-
cal, and functorial under isomorphisms of endoscopic data. As discussed in Remark 4.3.3,
the canonical adelic transfer ' of f satisfies the endoscopic character identities at each
place v with respect to the normalized transfer factor A[w,,, z/%°]. Therefore, taking the

v
product of the local endoscopic character relations [12, (4.3)] at all places, we have

Yo (msdietrn(f(g)dg) = Y wr(f'(hdh)

nell, n’eHw/

and since distributions f(g)dg as above separate elements of 1, this shows that (7, §)iso
does not depend on any choice, and by functoriality of global transfer factors invariant
under translation of s by Z(@)F.

Independence of : Note first that we can replace ¥ by ¥ o Ad(g) and z'*° by
g 1280 (g) for any g € G*(F) without changing the numbers {7y, 8) sio. Let ' : G* —
G be another inner twist. Consider the automorphism § = ¥ ~! o ¥/ of G*. Changing y by
¥ o Ad(g) if necessary we may assume that 6 fixes an F-pinning of G*. For any ¢ € I’
the automorphism 0~ ' (0) is inner and fixes an F-pinning, hence trivial, and we con-
clude that 6 is defined over F. Thus replacing ¥ by ¥’ = v o 0 has the effect of replacing
Ly by Ly o LG, o* by L6 o ¢*, and s* by L6(s*). The functoriality of the refined local
Langlands conjecture [13, Appendix A] implies that (ry, s*) io remains unchanged. =

We thus obtain a function (7, —)iso on 8, = Cy/ Z (G)F that depends only on the Lang-
lands parameter ¢. The conjectural multiplicity formula [16, (12.3)] can now be stated
using that function.

4.7. Comparison between the global pairings

In the last subsection we defined the pairing (7, —)is, under the assumptions that G has
connected center and satisfies the Hasse principle, using the cohomology of &i°. On the
other hand, in [11, Section 4.5] we defined a pairing (7, —) without assumptions on G,
using the cohomology of &"¢. In [11, Section 4.5] we did not discuss the independence of
the pairing defined in [1 1, Proposition 4.5.2] of the choice of ¥. The proof of Lemma 4.6.1
applies verbatim to the rigid version, and the following proposition follows.

Proposition 4.7.1. Assume that the connected reductive group G has connected center
and satisfies the Hasse principle. Then the pairings (1, -)iso and (7, -) are equal.

Using the Galois gerbe 8{/.‘“‘1 introduced in this paper, we can obtain a finer comparison
result. Namely, we can see how the local pairings are related at each place v. This also
implies Proposition 4.7.1, as follows.

Alternate proof of Proposition 4.7.1. By Corollary 3.13.13 (or Remark 3.10.3) we can
choose z™d € Z! (SV‘.“id, Z(G*) — G*) lifting z**°. Up to pre-composing v with an inner
automorphism of G} we can assume that there exists a maximal torus T* of G* such
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that z™¢ € Zl(8$id, Z(G*) — T*).Let (A, ) € Y™I(Z(G*) — T*) be its linear alge-
braic description given by Proposition 3.13.10 and Corollary 3.13.11. Thus there is a
finite level (E, S, Sg) suchthat A € Y[Sg]o/I Y [SEg]o and p € (M;“f‘S,E ® X« (Z(G*)T
satisfy derE/F oMo~ w)) = Y, (o, w). Note that  depends only on Zpyg|pmis €
Hompg (T™9, Z(G*)) and is thus independent of the choice of T*.

Let § € S,. Choose a semi-simple lift s € C,, and furthermore a lift § € S We use
the images z** € Z (6'°, G*) and z"¢ € Z1(€"¢, G*) of z™¢ and a global Whittaker
datum w for G* to write as products over all places the complex numbers (7, 5)i50 =
Hv <7TUa S)Wu,zis"’ w, and <7T’ §>rig = Hv (71'1;, S‘)l/fv,zrig,mv'

By Lemma 4.8.1 below we have

(7, Siso - (. 8) = [ [ (1o 9),
vevV
where for each place v the localization u, € X« (Z(G*)) ® Q of u is given by u(1, v) if
v € S and equals 0 if v ¢ S, according to Proposition 3.13.14. We are thus pairing § with

Yvesy LD =3 e, (1 w) = 0. .
4.8. Comparison between local pairings

In this subsection we will compare the pairings between the local compound L-packet of
a tempered Langlands parameter and the centralizer of that parameter that are guaranteed
to exist by the isocrystal and rigid versions of the refined local Langlands correspondence.
Let G be a connected reductive group defined over a local field F, G* its quasi-split
inner form, ¥ : G* — G an inner twist, ¢ : Ly — G a tempered Langlands parameter.
These local pairings are normalized by choices of elements z/*° € ZL (6'*°,G*) and z"¢ €
Z1 (612, G*) that lift the element Y ~'o(y) € Z1(T, G}, and of a Whittaker datum w
for G*.

When 2% > z¢ under the comparison homomorphism [12, (3.14)] the two pairings
were compared in [12, Section 4.2]. The global setting of Proposition 4.7.1 imposes a
different relationship between z!*® and z"¢ — they are the images of a an element z™d
under the maps ¢'*° and ¢™, respectively. Thus we will now combine the results of [12,
Section 4.2] with the analysis of the non-commutativity of (1.0.1) that was quantified in
Corollary 3.13.7.

Choose an arbitrary maximal torus S C G* such that the class of z™ is in the image of
HY (&MY, Z(G*) — S) — H' (6™, Z(G*) — G*). Let (A, u) € Y™ denote the Tate—
Nakayama element corresponding to [z™¢] under the isomorphism of Proposition 3.13.3.
Thus A € Yp, p € ¥ ® Q, and N¥(1) = N¥(). Since z™9 sends T™ into C := Z(G*),
we have 1 € X«(C) ® Q C Y ® Q, and this is independent of the choice of S.

Denote by p : G — C the surjection dualto C C G.

iso

Lemma 4.8.1. For any semi-simple element s € S;‘ and v € I1,(G) we have
(m, S)w,ziso,m = (/J“v p(s))(r[, é“)1//,zfig,‘cn'

where p(S) is the image of § in [8]+.
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Proof. In the proof we suppress ¥ and w from the notation since they are fixed. The
local pairings are conjectural. However, we know from [12, Section 4.2] that the following
identity is implied by the assumed validity of the isocrystal and rigid versions of the refined
local Langlands conjecture:

(70, 8) zis0 = (7T, $) e

where ¢ € S, is equal to the image of § under the map 7 (Sq‘f) — S, of [12, (4.7)], and x"¢
is the image of z** under the map Z[ (§"°, G*) — Z! ("¢, G*) of [12, (3.14)]. This
reduces the question to comparing (7, t ) 5o With (7, 5) ;iso and (77, §) orie With (77, §) ;rie.
For the first comparison, we use the notation of [12, Section 4.2] and represent §
as (ase, (bn)n) With ag € Gy and b, € Z(G)°, b™'" = b,. Then s = agerhy While t =
agerb1 N/ F (BLE: F1)”~! for E any finite Galois extension of F such that 'z JE acts triv-
iall;//\on Z(G). Thus (7, 8) 4o = (71, 1) 5iso * (NL\NE/F(b[E;F]))Ziso. Now Ng/r(bg.F]) €
Z(G)>T, and the restriction of (77, —) ;i to Z(G)T is the character {[z'°], —), so we obtain

(70,8)zis0 = (70,1) giso - <[Zis<)]’ NE/F(b[E:F]))~

For the second comparison, we remind ourselves that PALET pulled back from zMid yig

1 Trie grie r 1
1 T mid Smid T 1

while x" is pulled back from z™ via

1 Trie grie r 1
1 ']I'iso giso 1"“ 1
1 T mid 8mid T 1

Since the maps on I' are all the identity, both z"¢ and x""¢ map to the same element of
ZY(T,G})), so their difference x"¢ /2" lies in Z1(€"¢, Z(G*)), and in factin Z1(&"¢, Z)
for some finite Z C Z(G*). Then we have

(70, 8) e = (x"8/2"8, (=d)$)(7r, $) e = (x"¢/2"8, p(§))(7r. §) rie.

The first equality is due to [12, Lemma 6.2], where d : S (j‘ A (T, V4 ) is the differential,
and we are using the pairing Z!(T, Z) ® H'(€"¢, Z) — C* of [12, Section 6.2]. The
second equality is due to the commutative diagrams (6.1) and (6.2) in [12], applied to the
torus C = Z(G*), and we are using the pairing between H ("¢, C) and 7o([C]").
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We now combine the comparisons and arrive at

(70, 5) 20 = ([2°°], N/ F (bre: r))(x" /275, p(3))(7m, §) zre.

Recall the Tate—Nakayama element (A, 1) corresponding to z™¢. We can see A € YT as an
element of X *(S F) which via restriction to Z (G)F maps to [z"*°]. For m > 0 a sufficiently
divisible integer we have that Ng,rA = NEg,F p belongs to m~1X,(C), and so

([2*°]. NgsF (big:F))) = (NE/FA blE:F)) = (MNE/F 1. p(m(E:F)))

where we have used the isogeny p|Z((A;)0 :Z(G)* > C.

Consider now the factor (x"¢/z"¢  p(s)). According to Corollary 3.13.7 it equals
(n— N%), p(5)). To evaluate this pairing, choose an integer n > 0 divisible by m[E : F]
so that u € 71X, (C). Note that N¥(1) € n71X,(C) also. Then (x"2/z"¢, p(5)) =
(n(1u — N'()), p(by)). We have

(nNE (W), p(bn)) = (MNE/F (L), i E:F))-

Thus
(7T, S)Ziso == (//L, S“)(T[, .S")Zrig

and the lemma is proved. ]
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