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Convergence of the Hesse—Koszul flow on compact
Hessian manifolds

Stéphane Puechmorel and Tat Dat To

Abstract. We study the long time behavior of the Hesse—Koszul flow on compact Hessian mani-
folds. When the first affine Chern class is negative, we prove that the flow converges to the unique
Hesse—Einstein metric. We also derive a convergence result for a twisted Hesse—Koszul flow on
any compact Hessian manifold. These results give alternative proofs for the existence of the unique
Hesse—Einstein metric by Cheng—Yau and Caffarelli—Viaclovsky as well as the real Calabi theorem
by Cheng—Yau, Delano¢ and Caffarelli—Viaclovsky.

1. Introduction

An affine manifold is a real manifold M which admits a flat, torsion-free connection V
on its tangent bundle. A Riemannian metric g on an affine manifold (M, V) is called a
Hessian metric if g can be locally expressed by g = Vdg. We then say (M, V, g) is a
Hessian manifold. We consider the Monge—Ampere operator:

82
MA(p) = det(Vdg) = det( 4 ) 1)
ox!dx’
where {x!, ..., x"} is an affine coordinate system with respect to V. It was observed by

Cheng—Yau [10] that this is a natural operator on affine manifolds since it is invariant
under affine coordinate transformations. In particular, it is very similar to the complex
Monge—Ampere operator since the (real) Monge—Ampere measure i1, = +/det(g;;)d xIA
-+« A dx" is well defined. We refer the interested readers to [8, 10, 14,22-25,37,44] and
references therein for more details on Hessian manifolds.

Hessian manifolds and real Monge—Ampere equations play a central role in many
fields, varying from mathematical physics to statistics. They appear as large complex lim-
its of Calabi—Yau manifolds, which is in the framework of the Strominger—Yau—Zaslow
[39] and the Kontsevich—Soibelman [21] conjectures (see also [3, 16, 17,32]).

Recently, Hessian manifolds have been interpreted as particular parameter spaces of
statistical models in which the Fisher-Rao metric is a Hessian metric (cf. [1, 2, 4, 28]).
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Studying geometric structures of Hessian manifolds thus could lead to many applications
in statistics.
In [10], Cheng—Yau study the real Monge—Ampere equation

det(g + Vdy) = ™/ det g, )

with either A = 0 or A > 0. When A = 0, solving this equation provides a solution to
the real Calabi problem (cf. [10]): given n € ¢¢ (M), it shows that there is a metric § =
g + Vdg for some ¢ € C*°(M) such that k(g) = n, where k(g) is the second Koszul
form (see Definition 2). When A > 0, solving this equation allows one to construct the
Hesse—FEinstein metric ¢ = g + Vdg, i.e. k(g) = —Ag which is a canonical metric on
Hessian manifolds. Hesse—Einstein metrics in Hessian geometry can be seen as the real
version of the Kidhler—Einstein metrics in Kihler geometry (cf. [10,31,33,37]).

Assuming that M is a special manifold, Cheng—Yau [10] solved (2) with A = 0 using
the continuity method. Delanoé then removed this condition in [12] but still relied on [10]
for higher derivative estimates. In [10], the authors also solved (2) with A > 0 by lifting this
equation to M + iR” and using methods from complex geometry. Caffarelli—Viaclovsky
[8] then generalized these previous works solving (2) assuming a minimal regularity for
f. They used the continuity method for A = 0 and the viscosity method for A > 0. We
also refer to [20] for a recent variational approach with optimal transport point of view.

In this note, we give an alternative approach using a geometric flow, namely the
Hesse—Koszul flow. This flow has been defined and studied by Mirghafouri—-Malek [34]
on compact Hessian manifolds. Given any compact Hessian manifold (M, V, go = Vd )
we define the evolution equation

@
ot

where 8(g) = —2k(g), with k the second Koszul form for (V, g) (see Definition 2). Along
the flow, the evolved metric g remains Hessian, which is why we call it the Hesse—Koszul
flow.

Similarly to the Kihler—Ricci flow, we can rewrite the flow as a scalar equation,
namely the parabolic Monge—Ampere equation:

el det(g(t) + Vdo)
—¢ =log—————~
ot det go

= —Bij(g). gli=0 = go: 3)

+/ ¢ =0, “

where ¢ is the unknown function and g(¢) only depends on #, g¢ and the first affine Chern
class c{ (M) (see Definition 6).

In [34], the authors proved the short time existence and the uniqueness of the flow on
compact Hessian manifolds. When ¢ is independent of ¢, they showed that the flow has a
long time existence. In this paper, we study the characterization of the maximal existence
time and the long time behavior of the flow.

Our first goal is to prove that the maximal time for the existence of a smooth solution
is a cohomological constant like that of the Kidhler—Ricci flow (see for instance [9, 38,41,
42,46)):
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Theorem 1. Let (M, V, g) be a compact Hessian manifold. Then the Hesse—Koszul flow
has a unique smooth solution g(t) on the maximal time interval [0,T), where

T =sup{t > 0| [go] — tc{(M) > 0}. 5)

For the proof we adapt some Kihler—Ricci flow techniques to our case. There is indeed
a natural connection between the Hessian and Kihler geometries, as first observed by
Dombrowski [13]: the tangent bundle over a Hessian manifold admits a Kihler metric
induced by the Hessian metric.

Our second goal is to prove that the flow converges to a Hesse—Einstein metric, assum-
ing that the first affine Chern class is negative. This gives an alternative proof for the result
in [8, 10] on the existence of Hesse—Einstein metrics:

Theorem 2. Let M be a compact Hessian manifold. Assume that c{ (M) < O; then start-
ing from any Hessian metric g¢, the normalized Hesse—Koszul flow

dgij
ot
exists for all time and converges in C* to a Hesse—Einstein metric g satisfying

B(8x) = —goo- (6)

Moreover, g is the unique solution to the Hesse—Einstein equation (6).

=—pij(g) — g

Finally, we give another proof for a real version of Calabi’s conjecture due to [8, 10,
12]. We follow Cao’s approach (cf. [9]) to the Calabi conjecture to study the Hesse—Koszul
flow twisted by n € ¢ (M):

Theorem 3. Let M be a compact Hessian manifold. The flow

3gij

o = —Bij(®) + 1. gli=o=2¢. @)
exists for all time and C *°-converges to a metric goo which is the unique solution to
B(go0) = 1. ®)

The long time existence is due to [34]. For the proof of the convergence, we derive
uniform a priori estimates by adapting some Kihler—Ricci flow techniques to our case,
and by using a new approach based on [36] to prove the C? estimate.

Finally, we show that our approach can be applied to prove a convergence result for a
parabolic Monge—Ampere equation on compact Riemannian manifolds:

Theorem 4. Let (M, g) be a compact Riemannian manifold and V be the Levi-Civita
connection of g. The normalization ¢ ‘= ¢ — ﬁ /; y © AV of the solution for the flow

det(g(x) + V2¢(t, x)) _
det g(x)

d
Fp(x, 1) = log f(x) ©)
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C>°-converges to a function ¢o. In particular, the limit ¢oo is a solution of the following
Monge—Ampere equation:

det(g + V2¢) = ce’ det(g), (10)

for some constant c.

This flow was studied in [19] where long time existence was proved. We establish fur-
ther the convergence of the flow. Our key ingredient in the proof is a uniform C? estimate
for the normalization of ¢ as in Theorem 3. Moreover, Theorem 4 gives an alternative
proof of the existence of solutions for the Monge—Ampere equation (10) on compact Rie-
mannian manifolds due to [11].

2. Preliminaries

2.1. Affine manifolds, Hessian metric and Koszul forms

Definition 1 ([37]). An affine manifold (M, V) is a differentiable manifold equipped with
a flat, torsion-free connection V.

A Riemannian metric g on an affine manifold (M, V) is called a Hessian metric if g
can be locally expressed by g = V d¢. Then (M, V, g) is called a Hessian manifold.

It is known that a manifold M is affine if and only if M admits an affine atlas such that
transition functions are in the affine group Aff(n) = {® : R” — R", ®(x) = Ax + b}.
Let (M, V, g) be a Hessian manifold; g can be locally expressed by

0%¢
& = axiox7s’
where {x!, ..., x"} is an affine coordinate system with respect to V.

Denote by V the Levi-Civita connection of M,g),y = V — V. Since V and V are
torsion-free, we have

yxY =yrX.
Moreover, the components ¥’ jk of y with respect to affine coordinate systems coincide
with the Christoffel symbols I/ jk of the Levi-Civita connection V.

The tensor Q = Vy is called the Hessian curvature tensor for (g, V). We recall here
some properties of Hessian manifolds.

Proposition 1 ([37]). Let (M, V) be an affine manifold and g a Riemannian metric on
M. Then the following are equivalent:

(1) g is a Hessian metric;

(2) (Vxg)(Y. Z) = (Vyg)(X, Z);

0gij  0gk;
3) 280 _ 28k
) dxk xi’
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4 gyxY.Z2) =g(Y,yxZ);

) Yijk = Vjik-
Proposition 2 ([37]). Let R be the Riemannian curvature of g = Vdp and Q = Vy be
the Hessian curvature tensor for (g, V). Then

1 I*¢ 1 3¢ GE)
D) Qujt = 5577 — 58" e
2 dx*dxJ dx*dx 2 0x'Ix*dxP dxJ dx' x4
() RX.Y) =—lyx.vv]l R jkt =V 'imY" jk = V' kmV™ j1s
) Rijki = 3(Qijrr — Qjik1) = — L¢P (Dikpbjrg — bikpPitq):
3
where ¢ifp 1= (,W.gx% and (pP9) = (¢pg) "

Definition 2. We define the first Koszul form « and the second Koszul form « for (V, g)
(cf. [22,37]) by

VxVol, = a(X)Vol, and « = Va.

It follows from the definition that

a(X) = Tryy, (11
k(g) = %Vd(logdetg), (12)
o)
1 0logdet[gpq] k
% =5 o q VK (13)
1 92 log det[gpq]
= - 14
i 2 Ox'ox/ (14)
In the sequel we shall use the tensor § = —2« instead of « to define the Hesse—Koszul
flow.
We shall use the operator Lg(f) := Tr, Vdf for any Riemannian metric g. In an
affine coordinate system {x', ..., x"} with respect to V, we have
Lg(f) =Trg Vdf —Trydf
= Ag [ —g"y" 0k f. (15)

where V is the Levi-Civita connection of gandy = V —V,and L is an elliptic operator
for which the maximum principle holds.

2.2. Cohomology on affine manifolds and the first affine Chern class

Let (M, V) be an affine manifold. Denote by (A?T*M) ® (AY1T*M) the tensor prod-
uct of vector bundles APT*M and AYT*M. Denote by A4 all smooth sections of
(APT*M) ® (AN1T*M). In an affine coordinate system with respect to V, a (p, ¢)-form
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o in AP-? is expressed by
w = Zwil,,,ip;jlqu (dx" Ao AdXP) @ (dxT A AdxT?)
I J . . . . .
= Zw[p;_]qu P @dx’1 with I, = (i1,...,ip), Jg = (J1.-- ., Jg):
— i i s s I, _ i i
where wy,.7, = Wiy iyiji..j, » AXP = dxX"" Ao Adx'P.

Definition 3. For a € A”*9 and B € A”*, we define the exterior product o A B € AP T4 TS
by

(a/\ﬁ)(Xl, p+r,Y1,... quS)

p q'r's' Z EUSrOl(XU(l), e ,Xg(p); Yr(l), ey Yr(q))

X ,B(Xa(p+l)» cee »Xa(p+r); Yr(q+l), cees Yt(q+s))a (16)

where the sum is taken over all permutations o, t, and &, (resp. ;) is the sign of o
(resp. 7).

Definition 4. We define d’ = d¥ ® I: APY — APT and d" = T ® dV: AP —
AP4+1 where I is the identity operator and dV is the exterior derivative induced by V.

Definition 5 ([10,37]). We define a cohomology group
H*(M) = o € AP9 | d'a = 0, d"a = 0}/d'd" (AF~1K),

Let Q = Q(x)dx! A--- A dx" be a volume form on M . Then the second Koszul form
of 2 is defined by

0?log Q(x) , ; -
KQ = *dxl dx’ .
@ oxtox/ ®
Again we shall use the tensor 8g := —2kq to define the Hesse—Koszul flow. Denote by

ka] € H! (M) the class represented by kq. If Q is another volume form, then there exists
a function f on M such that Q' = e 2, so we have

kg = kg + Vdf.

By definition, we have [kg] = [ka/] € H'(M), so we can define the first affine Chern
class as follows:

Definition 6. We set c{ (M) := —2[kq] = [Ba] € HY(M) to be the first affine Chern
class of M, for any volume form 2.

In particular, if (M, V, g) is a compact Hessian manifold then c{ (M) = —2[k(g)] =
[B(g)], where k(g) is the second Koszul form of (V, g) (see Definition 2).

Let [o] € HY(M); we say that [«] is positive (resp. semi-positive) and denote [«] > 0
(resp. [a] > 0) if there exists @’ € [«] such that &’ > 0 (resp. @’ > 0). Then we have the
following theorem due to Shima [37] (see also Delanog [12]).
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Theorem 5. Let (M, V, g) be a compact Hessian manifold and o and k be the first and
the second Koszul forms respectively. Then we have

0 /Trg/chng | d Vg > 0.
M M

(i1) IffM Trg k dVg = 0 then the Levi-Civita connection v of g coincides with V.

In particular, the first affine Chern class c{ (M) cannot be positive.

3. Maximal existence time for the flow on compact manifolds

Let (M, V, g) be a compact Hessian manifold of dimension . Consider the Hesse—Koszul
flow

gij
B—;J =2k(g), &li=0 = go- (17)
For our convenience, we shall write the Hesse—Koszul flow as
8_;] =—p(g). &li=0 = go. (18)
where 8 = —2« represents the first affine Chern class. In this section we prove that the

maximal existence time for the Hesse—Koszul flow is a cohomological constant. It only
depends on the first affine Chern class. Define

T =sup{t > 0| [go] — tc{(M) > 0}: (19)
then the main result of this section is the following:

Theorem 6. Let (M, V, g) be a compact Hessian manifold. Then the Hesse—Koszul flow
has a unique smooth solution g(t) on the maximal time interval [0,T).

We follow the approach developed in Kihler geometry to establish a similar result for
the Kihler—Ricci flow (cf. [9,38,41,42,46]).

3.1. Reduction to a parabolic Monge-Ampére equation

Fix any T’ < T. Our goal is to show that there exists a solution for the flow (18) on
[0, T7). The key ingredient is that we can rewrite the Hesse—Koszul flow (18) as a parabolic
Monge—-Ampere equation.

Since [go] — T"c§ (M) > 0, there exists a Hessian metric g’ € [go] — T'c{(M); then
%(g’ — go) € —c{(M). Therefore,

. t 1
gt)=go+ F(g’ —go0) = F((T, —1)go +1g)

is also a Hessian metric for all ¢ € [0, T']. Fix Q¢, a smooth positive volume form on M.
Since Bgq, € c{(M), there exists a function f € C°°(M) such that

1 !
F(g — o) = —Ba, + Vdf.
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Then we define Q = e//2Q, which is a smooth positive volume form satisfying

1
Ba = _F(g, — go0)-
By abuse of notation, we shall write 2 as the local density as well, i.e.
Q =Q(x)dx! A+ Adx",

and Q2 := Q?(x) is the square of the density. Then we have the following:

Lemma 1. A smooth family of Hessian metric g, on [0, T') is the solution of the Hesse—
Koszul flow (18) if and only if the parabolic equation
0 det(g; + Vdo)

—¢ = log

o — oz &t +Vdp >0, ¢li==0 (20

has a smooth solution ¢(t), t € [0, T') such that g, = &; + Vdo(t).

Proof. If ¢(t) satisfies equation (20), then we set g(¢) = g(¢) + Vdg(t). By a straight-
forward computation, we get

0 d
ey = o+ Va10g CED = po i g o) = ). @D

Since g(0) = go, we infer that g(¢) is a solution of (18).
For the “only if” assertion, given g(¢) a solution of (18), we define for any 7 € [0, T"),

o detg(s)
(p(t):/olog o2 ds.

Then we get
ad . det g(¢) .
EW) =log———: 9(0) = 0. (22)
We now prove that g(¢) = g(t) + Vde(t) on [0, T"). Since
) det g(7)
Vdg(t) = Vdlog ——— = pa — B(g(®).

we obtain

i
5, 80— §(1) = Vdo(t)) = —p(g(1)) + Ba + B(g(t)) — Pa = 0. (23)

Att = 0 we have g(0) — £(0) — Vdp(0) = 0,s0 g(¢t) — g(t) — Vde(t) =0on [0,T) x
M, as required. u

The uniqueness in Theorem 6 now follows from the following comparison principle
for parabolic Monge—Ampere equations:
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Proposition 3. Let (g(1))sefo,s7 be a smooth family of Riemannian metrics on M. Sup-
pose that ¢, € C([0, S] x M) satisfy g(t) + Vdo(t) > 0, g(t) + Vdy (t) > 0 and

dop det(g + Vdo)
WSIOgT—F(l,X,fﬂ), 24

0 det(g + Vd
W og e(g+2 V) _ g

o 3 t.x.9), (25)

where F(t, x,s) is a smooth function with %—f > —A. Then

sup (9 —y) <e*S maX{sup(qu —Yo); 0}. (26)
[0,S]xM X

Proof. The proof follows from the maximum principle. Fix ¢ > 0 and define u(¢, x) =
e (¢ — ) — et. Suppose that u achieves its maximum at (fo, xo) € [0, S] x M. We
assume that #y > 0, otherwise we are done. At (g, x¢), we have u > 0 and Vdu > 0,
hence

—2e (@ —) + M@ —) = e >0

and Vdg < Vdy. Therefore, at (#g, xo) we have
¢ =¥ <—F(t,2,¢) + F(t,x, V),
and ¢ — ¥ > A(p — V), so
F(to, x0, ¥ (t0. X0)) + AV (t0. X0) > F(to. X0, ¢(t0. X0)) + Ag(to, xo).

Since dF/ds > —A, s — F(-,-, ) is increasing, we get ¢(t9, Xo) < ¥ (fo, Xo). Therefore,
u(t,x) < u(ty, xo) < 0. Letting ¢ — 0 gives

sup_(p =) = e max{sup(po — ¥1); 0}, @7)
[0,S]xM X

as required. ]

3.2. CY and C! estimates

We now assume that the solution ¢ of the parabolic Monge—Ampere equation (20) exists
on [0, Tp,) for 0 < T, < T < T. We shall establish uniform estimates for ¢ on [0, T},).
The estimates for ¢ and ¢ follow from the maximum principle.

Lemma 2. There is a uniform constant C > 0 such that supy, |¢(¢)| < C for all t €

Proof. For the upper bound of ¢ we apply the maximum principle to H = ¢ — Ag for

detg
A=14+ sup log——,
[0, T ]xM Q2
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where g(1) = go + 77 (¢’ — go)- For any s € [0, T;,), suppose that

fo, Xgo) = max o,
@(fo, xo0) [O’S]XMQO

with (fg, x0) € [0, 5] x M. If t; > 0, then using the fact that (¢;; (f9, xo)) < 0, we have
o det(g + Vdo)
o< — = 1 _ -
~ ot o8 Q2

so a contradiction. Hence 7o = 0 and we get the upper bound for ¢.
Similarly, we use the same argument for K = ¢ + Bt, where

A <log

B—1— inf log28
=1— in 0g ——,
[0,Tm]xM g Q2

to get the lower bound of ¢. ]
We shall use the following evolution equation for B(g) := Tre B(g) = g/ Bij (g).

Proposition 4. The trace B of B evolves as
9 - -
5B =LeB+ 1Bl (28)
where |,3|§ = g''g/* B, Bri. Therefore, we have the lower bound
B>—Ce™,
where C = —infys B(0) — n.

Proof. 1t follows from the flow that

9 . .
—g =g @, q1)g"

ot
= —¢"' (—Bu)g"
= pY. (29)
where (g¥) = (g7 1. Taking the trace of both sides of the flow (18) we get
9.8 = B. (30)

Combining (30), (29) and B;; = 0;0; log det[gy;] yields
3B = g’'9;0; (g 018x1) — 9:87" Bij
= g/'9:0;(B—n) — :¢"" By

= Lg/g - ﬂjiﬂij
=L¢B— g g/*BriBij
= LB+ |BIZ, 31)

as required. ]
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Lemma 3. There is a uniform constant C such that
sup [@(1)| = C
M

forallt € [0, Tpy).
As a consequence, we have e€ Q2 < detg(t) < e€Q2, so C'Vdetgy < detg(t) <
C’' det g for some constant C' depending only on gy and 2.

Proof. We first have
d . .
E‘/’ = Lg¢ —Trg Ba,

since g = _Tl(g’ — go) and g(t) = go — tPq, where Ly = Trg Vd. Therefore, we have

d . .
(5 = Le)(T" =D)¢) = =4 — (I = 1) Trg P, (32)
We also have 3
(5, ~Le)o=¢+Trg(g =) = ¢—Tre g —n. (33)
Let H = (T’ —t)¢ + ¢ + nt; then combining identities above gives
0 . N
(5 - Lg>H = Tro (—(T" — t)Ba + &) = Trg g7/ > 0. (34)

The maximum principle then implies that the minimum of H is at t = 0. Therefore,

det
(T' = 1)¢(1) +nt > T'¢(0) > T'inflog —2° > _CT",
M Q2
sousing Lemma2and T/ —¢ > T’ — T, > 0 gives
inf@(t) > —C
info(r) >
forallz € [0, T}y,).
For the upper bound of ¢ we observe that
09 = —Trg B(g) = —B(2). (35)
It follows from Proposition 4 that, along the flow, B satisfies
J 3 2
P = LB+ 1B, (36)

and so . )
inf > inf -
inf /3(’)—‘1{} ) = -C

for all ¢ € [0, T;;;). Combining with (35) gives a uniform upper bound for ¢ for all ¢ €
[0, T;,), as required. |
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3.3. C?2 estimate

Our goal in this section is to prove the following estimate:

Theorem 7. There exists a constant C > 0 which depends only on gy such that

supTrg, g < C
M

forallt €10, T).
Moreover, there exists a constant C' depending only on g such that

1
80 <g(t)=<C'go

forallt € [0, Tpy).

1396

(37

We first prove the following estimate for the trace of the metric along the Hesse—
Koszul flow, which can be seen as a real version of that of the Kidhler—Ricci flow due to

Cao [9] (see [38,42] for details).

Lemma 4. Let gg be a fixed Hessian metric on M. There exists a uniform constant Cy
depending only on the metric go such that the solution g(t) of the Hesse—Koszul flow

satisfies
(% —Lg)logTrgOg < Co Trg go. (38)
Proof. At a point x( we take affine coordinates {x!, ..., x"} with respect to V, such that
(80)ij (x0) = 8i; and 9k (g0)ij (x0) = 0. At xo, for Ly = Trg Vd, we have
Lg(Trg, g) = g7 8:0; (gk gr1)
= g"¢6'0:0; g11 + 27 30,80 g1 (39)
Observe that
gi’Biajglélgkz > —Co Trg, g Trg o,
for a constant Cy > 0 depending only on go. We also have
%Trgo g = g4 dxds log det(g)
=g/ gt 0k01gji — g7 g7 gk 0k i1 18pq
=g/ k19,0, gk — 877 g7 gk 9k gij 018pqg- (40)
This implies that
(0 — Lg) Trg, g < CoTrg, g Trg g0 — gjpgqig(l)kakgijalgpqv (41)
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hence

(0; — Lg)logTrg, g

k
. . gq akTI’g gaqTrg g
< CoT (— ip gtiglky, g1 3 0 0£). @2
= Co rgg0+Trg0g 878" 8y 0i8kj018pq + Trgog (42)
‘We now claim that the second term satisfies
Ik
. i 1k g akTI‘g galTI‘g g
— gl g?igh 0;8k;j018&pq + Trz,o p 0° <. 43)
Indeed, since
g6 877 g% Aiji Aipg = 0,
where 9 T
k 1Igy &
Ajjk = 0i8kj — &ij Trg—oog’
we get
. . . 8k Tr ga Trg, &
0<g?g®™glioig;018pq + g 88"  ij & e
Trgo g
o 05 Trg, g
—2gl’g”’g‘1kgl 3kg'l&
0 p9k8i Trg, g
. . P s dg Tr
_ kliq. k 1 k 1lgy 80g 1Igy &
= g/Pg" g 0igkj018pq + 81" 80 il T2 g
; 04 Tre, &
) 118‘ qka 79 “"&o
8o 9j18 kgzl—Trgog
k
ip qk i g1 0k Trg, g0q Trgy 8
= g’"g" gy 0i8kj018pq +
0 0i8kj018pq Trg, g
: 0g Tre, g
_Zgllquakgl q Y )
0 ' Trg, g
Therefore, we have
k
0 < /7 6% 1% 1 01,91 8pg + 81" 0k Trg, g0q Trgy &
' Trg, &
; 04 Tre, &
—2g4 g7 0y giy 5= (44)
Tre, 8
Since gli 0k gi1 = 0k Trg, § — €10k gl = 0k Trg, g, hence
k
0< gjpgqig(l)kaigkj 318pq — 87" 0k Trgy g0q Trg, g’ (45)

Trg, 8

as required. The desired inequality now follows from (42) and (43). ]
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Proof of Theorem 7. Tt follows from Lemma 4 that

ad
(8_ - Lg) log Trg, g < Co Trg go. (46)
t
hence 3
(5 = Le ) (ogTrgy g + Colt(1) = 9(1) =n1)) < 0. (47)
t

Using the maximum principle, the function
H =logTrg, g + Co(tp(t) — @(t) —nt)
achieves its maximum at ¢ = 0. Hence
log Trg, g = C1 — CoCo(t (1) — ¢(t) — nt).

Since ¢ and ¢ are uniformly bounded, we infer that Trg, g is uniformly bounded from
above, as required. The second assertion follows from the next lemma and the fact that
C~ gy < detg(t) < C detgg (cf. Lemma 3). |

Lemma S. If g1 and g, are two metrics on a compact Riemannian manifold M, then

detgo\1/n 1 det g2 —1
<-T < ( ) T =, 48
(detgl) = Igy 82 = det g, (Trg, 1) (48)

In particular; if there exists a constant C > 0 such that C ™' det g, < det g, < C det g,
we have

Trg, 82 < C1 & Trg, g1 = G
& C3lg1 < g2 < Cagy,

where, for each equivalent relation, C; depends only on C and C; with j # i.

Proof. Let0 < Ay <--- < A, be the eigenvalues of g, with respect to g; (at a given point
in M). The assertion is now

1 1 n—1
n o _ ‘ —
(A1...An) sn;A,gxl...xn(;Aj) . (49)
The left-hand side inequality is nothing but the arithmetic-geometric mean inequality. For
the second one, we can assume that A1 ... A, = 1; then

1\"! 1

as required. The second claim is straightforward from the first one. ]
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3.4. Higher estimates and proof of Theorem 6

We now can use the Evans—Krylov theorem and Schauder estimates to get C¥ estimates
forallk >0

Proposition 5. For any k € N, there exists a uniform constant Cy > 0 such that

le@lickary = Cr
forallt € [0, Tpy).

Proof. Since the Monge—Ampere flow is a fully nonlinear parabolic equation with con-
cave operator, the C 2% estimate for ¢ follows from the Evans—Krylov theorem [26] (see
also [27,30]).
Let D be any first-order differential operator with constant coefficients. Differentiating
(20), we get
0
(5; — Lew) Do = Dlog(@?). (50)
Since |¢| + |@| + |Vde| and [Vd¢], are under control, || D¢||co is under control. Apply-
ing the parabolic Schauder estimates [27, 30] we infer that | D¢| c2.e is under control.
Applying D to (50) we obtain
0 o 02Dg
= — L) D% = D2log(@%) + Y Dg/F =2
(8t g ) D¢ 2@+ > Dg FEI:
where the parabolic C® norm of the right-hand side is under control by the argument
above. Using again the parabolic Schauder estimates, we obtain a uniform bound for D2¢.
Iterating this procedure we complete the proof of Proposition 5. ]

61V

Proof of Theorem 6. It follows from the Arzela—Ascoli theorem and Proposition 5 that
given any sequence f; — T, there exists a subsequence 7, and a smooth function ¢7,,
such that ¢;, — ¢r,, in Ck(M, go) for all k > 0. It follows from Lemma 3 that sup, |¢| <
C for all ¢ € [0, T),) for some uniform constant C, so ¢(z) — Ct is nonincreasing in .
Since ¢ is uniformly bounded in [0, T3,), ¢(¢) — Ct converges as t — T, to a function
which is necessarily equal to ¢r,,. Therefore, the limit ¢r,, is unique and so ¢(t) — ¢7,
in C*¥(M, g¢) forall k > 0.

Therefore, the metric g(t) = &(¢) + Vde converges smoothly to the tensor gr,, =
gr, + Vdor, . Moreover, it follows from Theorem 7 that g(t) > Cgo for all ¢ € [0, T3,),
so gT,, 1s positive definite, i.e. a Riemannian metric. Therefore, the flow can be extended
to t = T,,, which is a contradiction of our assumption that T, is the maximal time of
existence. This implies that 7, = T, as required. ]

4. Hesse-Koszul flow and Hesse-Einstein metrics

We consider the case when ¢§ (M) < 0. Then by Theorem 6, the Hesse—Koszul flow exists
for all time. Since the class [g(¢)] = [go] — tc$ (M) becomes unbounded as ¢ — oo, we
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cannot study the convergence of the flow. Therefore, we need to rescale the flow in time
by ¢ = log(s + 1), where s is the time variable for the original flow. Then we get the
normalized Hesse—Koszul flow:

d
8—§' ——B(e)—g gli=o = Lo (52)

This flow also exists for all time and the class [g(¢)] satisfies

d
E[g(l)] =—c{ (M) —[g@®)]. [g(0)] = [gol. (53)

Therefore, we have
[g()] =e"[go] + (1 —e ") (M)],

which yields the following theorem.

Theorem 8. Assume that c§{ (M) < 0; then starting from any Hessian metric g, the flow
(52) exists for all time and converges in C* to a Hesse—Einstein metric goo satisfying

B(goo) = —&oo- (54
Moreover, g is the unique solution to the Hesse—Einstein equation (54).

The existence and uniqueness of a solution to (54) was proved by Cheng—Yau [10] and
Caffarelli—Viaclovsky [8]. Our result gives another proof of this result using the parabolic
approach.

Since c¢§ (M) < 0, there exists a Hessian metric g such that its affine Kéhler form
& € —c§(M). Fix a volume form €2 such that locally @ = Q(x)dx! A --- A dx" with

2

T 1022 () = ().

By the same argument as Lemma 1, we can rewrite the normalized Hesse—Einstein flow
as the parabolic Monge—Ampere equation

0 det(g + Vdo)
¢ =log—= o — .
where g(t,x) = e 'go(x) + (1 — ") g(x).
We now establish a priori estimates for ¢ which are independent of 7. We follow the
same strategy as for the Kédhler—Ricci flow.

§+Vde>0, ¢li—o=0, (55)

Lemma 6. There exists a uniform constant C > 0 such that on [0, 00) x M,
Ml =C;
2 lg®)] = Ct+ De™;
(3) there exists a function g € C°(M) such that

lp(t) = pool < Ce™/2;

4) CT1Q < /detg(t) < CQ.
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Proof. The first estimate is derived straightforwardly from the maximum principle applied
to ¢. For (2), we use the maximal principle for the function H = (¢! — 1)¢ — ¢ — nt.
Taking the derivative in time on the two sides of the flow, we get

J . , - —tay
5,9 = Lew@ + Trg(—e "got+e7'8) —¢. (56)
where L, is the elliptic operator Trg Vd. In addition, we have
0 . - . - —t\ A
(5 - Lg(t))‘p =@ —Trgr)(g(t) —2(1)) =@ —n + Trgy(e ' go + (1 —e™)g). (57)

Therefore, we have

9 , )
(E - Lg(z))(etfﬂ) = Trg((—=go + &) (58)
and
9 , A
(5, ~ Lew) @ + 9 +n0) = Trg( & (59

Combining all the above, we get

0
(5 — Lg(t)>H = —Trg(,) go < 0.

Then the maximum principle implies that H = (e — 1)¢ — ¢ —nt < 0. Since ¢ is bounded
by (1), we get ¢ < C(t + 1)e™".
For the lower bound of ¢ we apply the maximum principle to

G = (¢' + B)¢ + By + nBt,

where B satisfies Bg > g. By a direct computation we get

0 A A
(5~ Le)G = Trew(~go + & + B&) > 0.

The maximum principle thus implies that G > 0, hence ¢ > —C(¢ + 1)e". For (3),
taking s > f and x € M, and using (2), we get

/tsgb(f,x)dr

S s
< c/ (1+1)e " < c/ e 2dt =2C(e7? —e7%?). (60)
t

t

(s, x) — ot x)| =

Therefore, ¢(¢) converges uniformly to a continuous function ¢,. Then letting s — oo
yields (3).
Finally, we use (1) and (2) for

det[g(r)] _ .
log gz —¢te

to get (4). ]
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Proposition 6. There exists a constant C such that
C™'go < g(1) < Cgo, on[0,00)x M.
Proof. 1t follows from Lemma 6 (3) that there exists a uniform constant C such that
C'detgy < detg < C det go. (61)

Then using Lemma 5 it suffices to derive a uniform upper bound for Trg, g.
We now apply the maximum principle to K = log Trg, § — B¢, where B is chosen
hereafter. It follows from the proof of Lemma 4 that

0
(E—Lg>logTrg0g <CoTrg go—1, (62)

where Cy only depends on gg. Please note that here the constant 1 appears in the right-
hand side because of the normalization of the flow. Therefore,

d .
(5~ Le)K = CoTre g0 — 1 - Bg + BTrg(g — g0)

Jat
= (Co— B) Trg go— B¢ + Bn — 1. (63)
Choosing B = Cy + 1, we have
d )
(E—Lg)Kg—Trggo—(co+1)<p+(co+1)n—1. (64)

Suppose that K admits a maximum at (¢g, xo) with zo > 0; then at this point
—Trg g0 — (Co+ D¢+ (Co+ )n —1>0.

Since ¢ is uniformly bounded by Lemma 6, we have Try go < C; at (fp, xo) for some
uniform constant C; > 0. Using Lemma 5 and (61), we get Trg, g(t9, Xo) < C,. By our
assumption, K < K(#, x¢); hence

log Trg, g(t, x) < log Trg, g(to, x0) — (Co + 1)(@(t, x) — (o, X))
< C2 — (Co + D)(p(t, x) — ¢(to, X)). (65)

Since ¢ is uniformly bounded by Lemma 6, this implies that
Trg, g < C, (66)
as required. ]

We can now use the Evans—Krylov and Schauder estimates as in Proposition 5 to get
C* estimates for all k > 0.
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Proposition 7. Forany k € N, there exists a uniform constant Cy, > 0 such that on [0, 00),

lellcrary < Ck-

Proof of Theorem 8. Now we can complete the proof of Theorem 8. It follows from
Lemma 6 that ¢(¢) converges uniformly exponentially fast to ¢oo. Since we have all uni-
form C¥ estimates by Proposition 7, we infer that ¢(¢) converges to @oo in C®, S0 @uo is
smooth.

In addition, we have |¢| < C(1 + #)e™" (cf. Lemma 6), hence ¢ converges to 0 in C®.

It follows that
det(goo)

Q2
Applying 0;0; to both sides gives B;j(8o0) = —(BQ)ij — (¥0)ij = —(80)ij; hence goo
satisfies

log

— @Yoo = 0.

B(8x) = —goo- (67)

Finally, the uniqueness follows from the maximum principle. Indeed, suppose g and g»
are two Hesse—Einstein metrics in —c$(M). Then g, = g1 + Vd¢ for some function
¢ € C®(M),so f(g2) =—g> = B(g1) — Vd¢. Therefore, we have

det(g; + Vdo)

Vd log dote;

= Vde¢, (68)

SO

det vd
log det(g1 + Vd¢) _ 6+ C. (69)
det g4

By considering this equality at the maximum xo of ¢ + C we have

det(g1 + Vd9) _

¢+ C =log <0, (70)
det gy

so ¢ + C < 0. Similarly, we have ¢ + C > 0so¢ + C = 0, hence g1 = g». [

5. Hesse-Koszul flow and the real Calabi theorem

In this section we study the Hesse—Koszul flow twisted by n € c{ (M),

9
a—f =—B(g) +n gli=o0o = go- (71)

Our goal is to prove the following convergence result:

Theorem 9. The flow (71) exists for all time and converges in C* to a metric goo satis-
fying
B(gc) = 1. (72)

Moreover, g is the unique solution to (72).
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In [34], the author proved the long time existence by proving a priori estimates possi-
bly depending on time. In this section we derive uniform a priori estimates that allow us
to prove the smooth convergence in Theorem 9.

5.1. Reduction to a parabolic Monge—Ampere equation

Since n and B(go) belong to the first affine Chern class, there exists f € C°°(M) such
that

n = B(go) + Vdf.
Therefore, if we let
g =go+ Vdo,
where ¢ € C°([0,00) x M) and ¢(0, -) = 0, the flow becomes

d
Vd(5:0) = —B(e) +1
= —B(g) + B(go) + Vdf

det(g)
+ Vdf

det(go)

det(go + Vdo)
— )+ ). 73)

det(go)

The maximum principle on compact manifolds implies that solving (71) is equivalent to
solving the parabolic Monge—Ampere equation

9 o det(go + Vdo)
3 T ' T det(eo)

We start with the following observation:

= Vd log

=Vd (log

+f g+ Vde>0, ¢|;==0. (74)

Lemma 7. We have the following:

(1) There exists a uniform constant Cy such that
lollcoemy < C1 forallt € [0, 00).

(2) There exists a uniform constant C such that on [0, c0),

C5 ! det(go) < det(g) < C; det(go). (75)
Proof. Taking the derivative both sides of (74) with respect to ¢t we get
9, .
5% = Lg@)¢- (76)

Then the first estimate follows from the maximum principle and the second estimate fol-
lows from the first one and the fact that

det(g) = s det(go). |

Although the uniform estimate for ¢ is quite straightforward to obtain, it is important
for the C° estimate and the proof of convergence of the flow.
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5.1.1. C? estimate. We now prove a uniform C° estimate using the following parabolic
Aleksandrov-Bakelman—Pucci (ABP)-type maximum principle due to Tso [45].

Theorem 10. Letu € C?'((0,T) x U) with u < 0 on the parabolic boundary dp ((0, T)x
U) and let
Ay ={(t,x) 1u(t,x) =0, 3§ < Md™' u(t,x)+E(y—x)>u(x,s)VyeU,s < t},

where M = maxu(t, x) > 0 and d is the diameter of U. Then

1/(n+1)
M < cnd"/<"+1>(/ |u, det(u;;)| dx dz) , (77)
Ay

where C,, depends only on n.

Proposition 8. There exists a uniform constant C > 0 such that

éllcory < C.

where

1
=@ — —————— dv,
@ @ VolgO(M)/M(p g0
and
Volg, (M) :=/ dVg,.
M

Proof. We first remark that the set Fop = {u € C*°(M) : go + Vdu > 0, supy u = 0} is

relatively compact in L' (X, ) with pu = f% d Vg, (see for instance [18, Theorem
M 80

3.2.12]). Therefore, there exists a constant C depending only on M and g¢ such that

supgp < [ pdp + C,
M M

hence ¢ < C.

For the uniform lower bound of ¢, we follow an idea by the second author jointly with
Phong in [36] to use the parabolic ABP estimate due to Tso (Theorem 10). Now fix any
T < oo, and set for each ¢,

L= min ¢ = ¢(tg, x
o' Hn, ¢ @(to. xo)
for some (29, x¢) € [0, T] x M. We now show that L is bounded from below by a con-
stant independent of 7. We can assume that 7y > 0, otherwise we are already done. Let
(x',...,x™) be affine coordinates for M (with respect to V) centered at xo, By = {x |
|x| < 1}, and define the function

82
p=9+ Z|x|2+ |t —to?
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onUs = By x {t | =8 <2(t —ty) <8}, where § > 0is small. Clearly ¢ attains its minimum
on U at (fg, xo), and ¢ > miny, ¢ + %82 on the parabolic boundary of Us.
Define the set
S = {(x,1) € Us : ¢(x,1) < $(20.10) + 162, |Dxgp(x,1)| < & and
¢(y.5) 2 ¢(x,1) + Dxp(x.1)(y —x) Vy €U, s <t}.  (78)

Then applying Theorem 10 to the function ¥ = —¢ + miny ¢ + % we obtain

c+? < [ (=40) deigy) dx i

for a constant C = C(n) > 0. It follows from Lemma 7 that |¢| and det(¢;;) are uniform
bounded from above, hence

C§*"t2 < 4 / dx dt. (79)
S

Next, by the definition of S, we have ¢(x,t) < L + %. Since we can assume that | L| > §2,
it follows that ¢ < 0 and |¢| > % on S. Therefore,

L
Ccsnt2 < A/ dxdt < A|2—|/ |p(x,1)| dx dt
S S

<4k b (x, )| dx dt. (80)
2 Ju,

On S, we also have

.82 . .
lp| = —¢p = —¢ — IIXI2 —(t —19)> <~ +sup @
M

since supy ¢ > 0. Combining with (80) gives

L

1
[t|<38

81)

dt
L1(M,go)

Since Fy is relatively compact in L!(X, 1), there is a uniform constant C > 0 such that
¢ —supps @121 (m,g,) < C. Therefore, we get
L
certz < 4L H¢ - sup(ﬁ‘
M

1
lt|<1s

dt < A’SB
2

L'(M,go)
from which the desired bound for L follows. [

Remark. Our approach here can be applied to the Kihler—Ricci flow to get a new C°
estimate which is different from the initial approach by Cao [9] for the Kéhler—Ricci flow.
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5.2. CY estimate for elliptic Monge—Ampére equations

We now give another C° estimate for the flow using a uniform C? estimate for the elliptic
Monge—-Ampere equation

det(go + Vd¢) = f det(go). (82)

The idea of the proof comes from that of the C° estimate for the complex Monge—
Ampere equation using the ABP estimate by Blocki [6]. This approach originated in the
work of Cheng—Yau (cf. [5]) and was recently revisited by Blocki [6,7] and Székelyhidi
[40].

We shall use the following ABP-type estimate (cf. [15, Lemma 9.2] and [40, Proposi-
tion 11]).

Proposition 9. Let u:B — R be a smooth function such that u(0) + ¢ < infg u, where B
denotes the unit ball in R". Define the contact set

S = {x eB:|Du(x)| <e/2andu(y) > u(x) + Du(x).(y —x) Vy € B}. (83)
Then there exists a dimensional constant C,, > 0 such that

Cpe" < / det(D?u). (84)
S

Theorem 11. Let (M, V, g) be a compact Hessian manifold of dimension n and ¢ €
C2(M) satisfying

g+ Vdp >0, det(g+ Vdp) = fdetg.
There exists a uniform constant C depending only on || f || L (ar) and go such that
oscyr ¢ :=sup¢p —infop < C.
M M

Proof. By adding some constant, we assume that sup,, ¢ = 0. It suffices to derive a uni-
form bound for I = infys ¢.

We fix affine coordinates (U, x!,...,x") withU = {x e R" : |xi| <1lVi=1,...,n}
for which I is achieved at the origin. Let ¥ = ¢ + &|x|? for some small & > 0. Then on
the unit ball B = {x : |x| < 1}, I = infg ¥ = ¥(0) and ¥ (x) > L + ¢ for x € dB. It
follows from Proposition 9 that

CnEn f/det(l//ij). (85)
S

Since on S we have (;;) = (¢i; + €d;;) > 0 and det(g + Vd¢) = f detg, we infer that
det(v;;) is uniformly bounded from above on S. Therefore,

Cpe" < / det(Yy) < C|S|, (36)
S

where | S| denotes the Lebesgue measure of S.
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By the definition of S, we have ¥/ (0) > ¥ (x) —e/2 and ¥ (x) < I + &/2 < 0. There-
fore,

[K40%
I +¢/2|
Since Fo = {u € C*®(M): go + Vdu > 0, supy u = 0} is relatively compactin L' (X, 1)
with u = # dVg,, we have that ||/ ||,1 is uniformly bounded. Inequalities (86) and
M g
(87) thus give a uniform bound for 7. [

Vol(S) < (87)

We now can apply this theorem to the parabolic Monge—Ampere equation (74).

Another proof for Proposition 8. We rewrite the flow as
det(go + Vdgp) = ¢?~/ det go.

Since ¢ is uniformly bounded (Lemma 7), we can apply Theorem 11 to obtain the uniform
estimate for the oscillation of ¢.

Next we have f M @ d Ve =0, thus infps ¢ < 0 and sups; ¢ > 0. Therefore, the uniform
estimate for the oscillation of ¢ gives a uniform bound for |@|. ]

5.3. Higher-order estimates

We now prove a C? estimate. Note that there is a difficulty here since we only have a
uniform bound for the oscillation of ¢ but not on ¢. To overcome this, we shall use the
maximum principle for a test function which contains ¢ instead of ¢.

Lemma 8. There exist uniform positive constants C such that
Trg, g(t,x) < C. (88)
In consequence, there exists a uniform C such that
C7'go < g = Cgo. (89)

Proof. To prove (88) we apply the maximal principle to G = log Tre, g — B¢. It follows
from the proof of Lemma 4 that

ad . Trg, 1
-~ Lg)G = CoTrg go— ¢ + BTry(g e L 90
(31 )G < CoTrg go— @ + BTrg(g g0)+Trg0g 90
where Cy only depends on go. Suppose that n < Cgo and Trg, g > 1 (otherwise we are
done); then choosing B = Co + 1 and using the fact that ¢ is uniformly bounded (cf.
Lemma 7) we have
i

(E—Lg>G < —Trg g0 + C. 1)
Suppose that G admits its maximum at (Zy, xo) at the point (¢9, xo) and assume without
of loss of generality that 7o > 0. Then the maximum principle implies that Try go < C.



Convergence of the Hesse—Koszul flow on compact Hessian manifolds 1409

Again using Lemma 5 gives Trg, g < C. Then for any (¢, x) € [0, 00) x M, we have
log Trg, g(t, x) — B@(t, x) <log C — B@(xo. to); thus (88) follows from the uniform
estimate for ¢ (cf. Proposition 8). ]

Again we can use the Evans—Krylov and Schauder estimates to get C¥ estimates.

Proposition 10. For any k € N, there exists a uniform constant Cy > 0 such that on
[0, 00),
lollcxary < Ck-

5.4. Convergence

We now finish the proof for the convergence of the flow, following the same argument
as in Cao [9]. Set ¥ = ¢ + A for some large constant A > 0 such that ¥ > 0. Then v
satisfies the heat equation

v =g"0;0;. (92)
This is uniformly elliptic by the uniform estimates for g in the previous section. It follows
from a straightforward modification of the Li—Yau Harnack inequality for heat equations
(cf. [29]) that there exist positive constants C;, C,, C3 depending on ellipticity bounds,
such that for 0 < #; < t, we have

5] G,

Sup Y (1) < inf Y (2 -)(E)Q exp(

o G —n). 93)

Using this inequality we infer that there exist positive constants C4 and « so that

oscy Y (t,+) < Cae™™. %94)
Indeed, we define
ug(t,x) = sup Y(s — 1,x) — Y(s — 1 +1,x), (95)
vs (2, x) =;C;(IZX)—xié11{4 ¥(s—1.x), 96)
w(r) = sup V(. x) — inf y(1,x) =:oscar Y (¢.). 7

Then ug and vy satisfy equation (92). Applying inequality (93) with¢#; = 1/2 and t, = 1,
we obtain

supy(s —1,x) —infy(s — 1 x) < C(sup Y(s—1,x)—sup 1//(s,x)), (98)
M M M M
Sll‘llp v(s— %,x) — iAI}Ifl//(s —1x) < C(iAr}pr(s,x) — sﬂlflp v(s— l,x)), (99)

where C > 1 is independent of s. Therefore, we infer that

w(is—1)+ w(s — %) < C(w(s—1) —w(s)),
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)
o(s) < dw(s — 1),
where § = % < 1. By induction we infer that w(z) < Ce™*', where o = —log§, as
required.
It follows from (94) that | (7, x)| < C4e™®! for all x € M, where
Vi=y 1 /wdv = 019
TV T Noly, (M) Jy Ve T 0

hence

C ~
a,(¢ + —4e—‘”) = — Cae <0 (100)
o
and ¢ + %e“” is decreasing in ¢. Since oscys ¢ is uniformly bounded, so is ¢ + %e“”
Thus this function converges to a function ¢,. By the estimates in Proposition 10, the
function ¢ + %e“’” converges in C* to ¢oo. Therefore, ¢(z, x) also converges to @eo.
Now ¢ satisfies

9 1 , det(go + Vd )
— _ dVe, =log ————= . 101
5 ? T Nor, o) /M $dVe =log— e T/ (101)
Letting 1 — oo, we get
det vd
1ogw+f_czo, (102)

det go

where ¢ = lim;_ o W [ag @ dVyg,. It follows that B(goo) = 7, as required, where
goo = g0 + Vd@eo. This completes the proof of Theorem 9.

5.5. Application of the uniform estimate

We finish this section by showing that our method can be used to prove the convergence
of the following parabolic Monge—Ampere equation on a smooth compact Riemannian

manifold:
det(g(x) + V?o(t,x))

det g(x)

9
Fﬁ(x,t) = log Ap — f(x), (103)

with A = 0, where V is the Levi-Civita connection of g and A € R. This flow is studied
by Huisken in [19] where the author shows that the flow (103) has a long time existence
for all A € R. She also proved that when A > 0, the flow converges in C* to a smooth
function. The convergence of the flow for A < 0 is still unknown. In this section, using
our approach for the uniform C? estimate (cf. Proposition 8), we prove that for A = 0 the
normalization of ¢ also converges in C* to a smooth function. In particular, this result
gives an alternative proof of the existence of solutions for the Monge—Ampere equations
on compact Riemannian manifolds due to [11].
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Theorem 12. The normalization of the solution ¢ of the flow (103):

. 1 qv
=9 Vol Ju pavg

converges in C* to a function ¢o. In particular, the limit ¢ is a solution of the following
Monge—Ampere equation:

det(g + V2¢) = ce’ det(g). (104)

Proof. The key ingredient of the convergence is to prove that ¢, ¢ and Tre (g + V2¢) are
uniformly bounded since all higher uniform estimates are derived from that of ¢ and ¢.

The uniform estimate for ¢ is straightforward from the maximum principle since ¢ =
¢ satisfies the heat equation

0
59 =8V, (105)

where § = g + V2¢.

For the uniform bound of ¢ we follow the same argument as in the proof of Proposition
8, using any local coordinates instead of affine coordinates as in the previous proof.

For the uniform estimate for Tr, (g + V¢) we follow the same argument as in Section
5.3. By the same computation as in Lemma 4, using normal coordinates for g, we have

(%—Lg)logTrggf <CoTrz g+ Ci. (106)
where § = g + V2@, Cy depends only on g and C; depends only on f and g. The
constant C; appears when we compute % Try g. Applying the maximum principle for
G =logTry § — (Cp + 1)¢ and following the same argument as in the proof of Lemma
8, we get a uniform bound for Tr, g, as required.

Higher-order estimates now follow from the Evans—Krylov and Schauder estimates.
Finally, the convergence result follows by the same lines as in Section 5.4. ]
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