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Small-time local stabilization of the two-dimensional
incompressible Navier-Stokes equations

Shengquan Xiang

Abstract. We construct explicit time-varying feedback laws that locally stabilize the two-dimen-
sional internal controlled incompressible Navier—Stokes equations in arbitrarily small time. We also
obtain quantitative rapid stabilization via stationary feedback laws, as well as quantitative null-
controllability with explicit controls having eCIT costs.

1. Introduction

Let Q be a bounded connected open set in R? with smooth boundary. Let the controlled
domain w C 2 be a nonempty open subset. We are interested in the stabilization and
null-controllability of the incompressible Navier—Stokes system with internal control,

ye—Ay+(-V)y+Vp=1l,f inQ,
divy =0 in 2, (1.1)
y=0 on 02,

where the state y(z, -) and the control term f(z, -) belong to the space # C L?(Q2)2. In
this paper we adapt the standard incompressible fluid mechanics framework,

H o= {y e L?(Q)?:divy=0inQ, y-n =Oon3§2}

with [[yllge = [|yllL2(q) for y € K,
Vi={y € Hy(Q)?} with [[ylly == [[VyllL2(q) fory €V,
Vo :={y € Hy(Q)? :divy =0in Q} with |[y|ly, == [Vyl 2 for y € Vs,

satisfying Vo <> V <> H < L?(Q)? < V' < V! . Here, in order to simplify the pre-
sentation, we have taken the viscosity coefficient as 1.

When dealing with stabilization problems, the control term f is regarded as a feedback
control governed by some “feedback application” that depends on current states and time,
Ut y):

flt.x) = Ut y(t,x)), (1.2)
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where the application U is the so-called time-varying feedback law,
U:RxH — K,
(t:y) = U@ y).

The closed-loop system associated to the preceding feedback law U is the evolution sys-
tem (1.1)—(1.3). A stationary feedback law is such an application that only depends on J¢.
A T-periodic feedback law is a time-varying feedback law that is periodic with respect to
time, i.e. U(T +t;y) = U(t; y).

A proper feedback law U, roughly speaking, is some time-varying feedback law such
that, for every s € R, and for every yo € J as initial state at time s, i.e. y(s,x) = yo(x),
the closed-loop system (1.1)—(1.3) admits a unique solution. For the closed-loop system
with some proper feedback law we can define a “flow”, ®(z, s; yo), as the state at time ¢
of the solution of (1.1)—(1.3) with initial state y (s, x) = yo(x).

The controllability of Navier—Stokes equations has been extensively studied in the
last decades. Let us mention, for example, [20,29,31,33,45,49] for references on local
controllability and [1, 19,23, 24] for global controllability results. In order to study local
controllability of nonlinear systems, it is classical to first study linearized control sys-
tems and expect nonlinear results via perturbation. In [30], based on this linearization
approach and the global Carleman estimate method introduced by Fursikov—Imanuvilov
[34], Ferndndez-Cara—Guerrero—-Imanuvilov—Puel have proved the local exact controlla-
bility of the incompressible Navier—Stokes equations. This strategy also leads to the local
exact controllability of the compressible Navier—Stokes equations [29]. We also refer to
[20,22] on local controllability with reduced control terms (i.e. the control terms have at
least one vanishing component): for these systems one cannot directly obtain the desired
controllability properties by considering the linearized systems around equilibrium points.
Instead, one can construct some trajectory that starts from some equilibrium point and
ends at the same point. In some circumstances it turns out that the linearized system
around such a trajectory is indeed controllable, which further yields the local control-
lability of the nonlinear system: this is the so-called “return method”. First introduced
by Coron for asymptotic stabilization problems [16], this method has been successfully
applied to a large class of nonlinear control systems, including incompressible Euler equa-
tions [17,35], the one-dimensional isentropic Euler equations [36], and the Navier—Stokes
equations [19,23,24]. We refer to [37] for a heuristic introduction on this method.

Concerning global controllability much less is known. One of the main difficulties is
due to the fact that generally a linear result does not imply any global property. How-
ever, in some circumstances the “return method” together with scaling arguments yields
global results; for instance, this is the case for the global controllability of Navier—Stokes
equations on Riemannian manifolds [19]. Due to this main challenge, many global con-
trollability problems still remain open, among which one of the most widely known
problems is the “Lions’ problem”: whether we will be able to globally control Navier—
Stokes equations via boundary control in arbitrarily small time. By far probably the best
known contributions to this open problem are given by [23,24].

(1.3)
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The study of local exponential stabilization of Navier—Stokes equations is fruitful.
Notably, based on the Riccati method, different types of local exponential stabilization
results have been achieved: stabilization around equilibrium points or stabilization around
other trajectories, using either internal feedback laws or boundary feedback laws. For
example, we refer to [4,7] for local exponential stabilization with finite-dimensional inter-
nal feedback laws, to [5,32,48] for exponential stabilization with boundary feedback laws,
and to [6, 11,47] for stabilization around trajectories.

To the best of our knowledge, results on quantitative rapid stabilization or even finite-
time stabilization of Navier—Stokes equations are extremely limited; we refer to [28] for a
detailed review of these quantitative rapid stabilization problems. Recently, the author has
introduced a method to stabilize the multidimensional heat equation in finite time [52],
which is based on various techniques including spectral inequalities, Lyapunov function-
als, and piecewise feedback laws. The main idea of the quantitative stabilization is on
the construction of a Lyapunov functional such that spectral inequalities can be naturally
adapted, leading to some quantitative estimates. Then this quantitative decay property,
together with piecewise arguments, yields finite-time stabilization and small-time null-
controllability:

spectral inequality + Lyapunov functional = quantitative rapid stabilization,
quantitative rapid stabilization + piecewise feedback law => finite-time stabilization,
finite-time stabilization = constructive small-time null-controllability.
Inspired by [52], in this paper we have proved the following theorems concerning
quantitative rapid stabilization, constructive small-time null-controllability with cost esti-

mates, and finite-time stabilization for the two-dimensional incompressible internal con-
trolled Navier—Stokes equations.

Theorem 1.1 (Quantitative rapid stabilization). There exists an effectively computable
constant Co > 0 such that for any A > 0 we can construct an explicit stationary feed-
back law Fy: H — H, such that the closed-loop system (1.1)—(1.2) with the feedback law
U(t; y) = F,y is locally exponentially stable:
10255 y0) ¢ + [ F2D(t.5: y0) 17 < 2C2e>Y e 4E) ]y o
Vs € R, Vt €[5, +00),

forany ||yollse < Cyle=C2VE,

Theorem 1.2 (Constructive null-controllability with cost estimates). There exists an effec-
tively computable constant C3 > 0 such that, for any T € (0, 1) and for any ||yollg <

C
e~ T, we can Jfind an explicit control f |[o,11(t, X) satisfying

c
| £t x)|lLoo,7:e) < €T [[yollse.

such that the unique solution of the controlled system (1.1) with initial state y(0, x) =
Yo(x) and the control f|[o 1) verifies y(T,x) = 0.
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Theorem 1.3 (Small-time local stabilization with explicit feedback laws). Forany T > 0,
we find an effectively computable constant AT and construct an explicit T -periodic proper
feedback law U satisfying

U@ »)llge < min{1,2]|y[| %} Vy e #, Vi R,

that stabilizes system (1.1)—(1.3) in finite time:

(1) (2T stabilization) ®Q2T +¢t,t;y0) =0Vt € R, V| yolle < Ar.

(i)  (Uniform stability) For every § > O there exists an effectively computable n > 0
such that

Ulollge =m) = (191,15 y0)|l3e <8 Vi’ € R, Vi € (1, +00)).

As we mentioned above, this stabilization method is a combination of spectral inequal-

ities, Lyapunov functionals, and piecewise feedback laws. Here, for the reader’s conve-
nience, we briefly comment on the use of these tools in this work.

For some given operator, the spectral inequalities are some quantitative estimates
of the linear combinations of low-frequency eigenfunctions. Usually, these techni-
cal results are achieved upon elliptic-type operators using local Carleman estimates.
Since the seminal works of Jerison—Lebeau—Robbiano [41,42], this type of quantita-
tive property has been extensively investigated in the literature; related works include
but are not limited to [3,9,12—14]. In this paper, in particular we have used the spectral
inequality on Stokes operators that is given by Chaves-Silva and Lebeau in [14, The-
orem 3.1] (see Section 2.1 for more details).

Generally speaking, the Lyapunov functional method aims to find artfully chosen
energy and multipliers to characterize the variation of energy from a global point of
view. They have been heavily adapted to the study of stabilities and stabilization of
systems, including hyperbolic systems of conservation laws [8, 38, 53], wave equa-
tions [44], and parabolic equations [27], among others. The Lyapunov functional in
this paper is highly inspired by the one introduced in [52]: the idea is to separate low
frequency and high frequency with different weights. We refer to Section 3 for the
precise choice of such Lyapunov functions in this work.

Different from stationary feedback laws, a piecewise (in time) feedback law is some
time-varying feedback law: sometimes we do not know how to stabilize a system
with stationary feedback laws, and instead we construct time-varying feedback laws
to stabilize the system. In [25], together with the backstepping method, an “infinite-
piece” piecewise feedback law has been introduced by Coron—Nguyen to stabilize the
one-dimensional heat equation in finite time. In Section 5 we have adapted similar
piecewise feedback laws to achieve finite-time stabilization.

Finally, let us comment on the advantages of this stabilization method and the novelties

of Theorems 1.1-1.3.
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* The designed feedback laws that lead to quantitative stabilization are simple and

explicit compared with some other stabilization techniques. For instance, in order to
use the well-known Riccati method it is required to first solve some algebraic nonlin-
ear Riccati equations. As we can see in Theorem 1.1, with the help of some precise
feedback laws we are able to achieve quantitative rapid stabilization of Navier—Stokes
equations.
We believe that this explicit approach can be applied to various models. Indeed,
recently, Alphonse—Martin [2] have successfully constructed this type of feedback law
on quantitative rapid stabilization of a large class of diffusive equations from thick
control supports.

* Quantitative rapid stabilization, together with piecewise continuous feedback laws,

leads to finite-time stabilization of linear models. As a direct consequence, it also
provides a constructive approach to obtain null-controllability results without using
Lions’ Hilbert uniqueness method [44]. Moreover, this approach also gives explicit
control cost (which is even optimal in many cases).
The optimal cost is a type of characterization of the cost leading to null-controllability,
namely some uniform Ce®/T*-type upper bounds on the observability inequality con-
stant for T € (0, 1). Let us refer to, for example, the recent work of Beauchard—Pravda-
Starov [10, Theorem 2.1], where the authors have provided an abstract characterization
of such bounds for a large class of degenerate parabolic equations. We also refer to the
work of Miller [46] and the references therein on this interesting topic.

* The closed-loop feedback stabilization is stable under perturbation in many circum-

stances; for example, let us mention [21,39,40,48]. To be more precise, if a linearized
system with some feedback law is exponentially stable, then we may expect the non-
linear system with the same feedback law to be locally exponentially stable. Thanks
to this advantage of stabilization, the quantitative rapid stabilization and finite-time
stabilization results on linear models can be directly generalized to several nonlinear
models. For instance, to the best of our knowledge, Theorem 1.3 is the first finite-time
stabilization result on Navier—Stokes equations.
Similar to linear systems, this constructive process automatically leads to the local
null-controllability of nonlinear models with explicit cost estimates. For example, in
Theorem 1.2 we have provided a constructive proof of the small-time null-controll-
ability of Navier—Stokes equations with ¢€/ 7 -type cost.

This paper is organized as follows: in Section 2 some preliminary results concerning
well-posedness of Navier—Stokes equations, spectral inequalities of Stokes operators, as
well as the related control problems are introduced; then Sections 3-5 are devoted to the
proofs of Theorems 1.1-1.3.
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2. Preliminary

2.1. Functional framework

We refer to the book by Chemin [15] for the functional analysis framework, standard
energy estimates, and well-posedness results concerning incompressible Navier—Stokes
equations, and the book by Coron [18] for an excellent introduction to the related control
problems. In the text, if there is no confusion, sometimes we simply denote L?(2)? by
L?(2) or even L2,

(1) Leray projection and spectral decomposition. According to Helmholtz decom-
position, for any u € L2(Q2)? there exist unique v € # and Vp € L?(R2)? such that
u = v + V p, which defines the (orthogonal) Leray projection P on L?(2)?:
P:L2(Q)* — K,
u—Pu=u—-Vp.
Notice that for any f € ¥,

IP(o Hllae = Mo f 2@z = 1 2@z = 1/ 15,

which allows us to estimate the control term via || f||z2 (or equivalently || f || ).
Let {e;}$2, C Vi be the orthonormal basis of # given by the eigenvectors of the

Stokes operator

—Ae; + Vp; =1i¢; inQ,

dive; =0 in ,

e, =0 on 92,
with0 <11 <1 <13<:--<71,;, <---and lim; s 77 = +00. Let # be the low-
frequency subspace of #, and Py be its orthogonal projection,

Hy = Vect{ei}fil C V.
In terms of the above eigenvectors, Leray projection can be extended to V',

P:V -V,

ur>Pu:=u—-Vp,

2
loc

(), and V p belongs to V2 as the polar space of Vs,
VO = {f eV (fiv)yxy =0Vv e Vo).

where p € L

More precisely,
o0
Pu = Z(u,ei)vxvei eV foru e V',
i=1
N
Pyu = Z(u,ei)vxvei €V, foru e 'V,

i=1
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o0
Pru = Z (u,ej)yxye; €V forue?V,
i=N+1

o0
Pu = Z(u,ei)Lz(mzei e}  forue L*(Q)2,
i=1
which satisfies

(u, v)yxey = (U, V), = (Pu,v)y iy, Yu eV, VveV,.

Furthermore, the related #-norm, Vs-norm, and V. -norm can be characterized by

o0
D ol e 2l = [Pulfe = IPul}, < [ul}. foru e L*(Q)*,
i=1

o0

Yol e a@pel’n = [Puly, = [Pul} < [ul3  foru eV,

i=1

oo

2_—1 2 2 2
Z|(u,e,~)vxv/| T = ||P””V,’, = ||”||v; < lull5» forue %8
i=1

In particular, by recalling the definitions of Py, P 1Jv" and the [|-||y, -norm we have
”V””iz(g) = ”VPN””%Q(Q) + ”VP]{/_MH%Q(Q) foru € Vs.

(2) Spectral inequalities. For any A > 0, we denote by N (A) the number of the eigenval-
ues that are smaller than or equal to A, i.e. Ty(x) < A < Tx(1)+1, and define the symmetric

matrix Jy): N
Iney = (i e)r2wp); - (2.1

Proposition 2.1 (Spectral inequalities). There exists an effectively computable constant

C1 > 1 which only depends on (2, w) and is independent of A > 0, such that, for any

A > O and for any Exy = (a1,az2,...,an4)) € RN®) the following inequality holds:
Efon /N ENGy = Cile OV Eny 13-

Proof. This is a Lebeau—Robbiano-type spectral inequality on Stokes operators, which is
proved by Chaves-Silva—Lebeau in [ 14, Theorem 3.1]: there exists some C > 0 such that

2
Cecﬁ/ (Z aiei(x)) dx > Z aiz.
@ i <A T <A
Let us denote max{1, C} by C;. By letting N represent N, we get

N
D aiei

i=1

2
ERINEN = ) aiei ¢)r2wpdj = > Cle YA En 3.

1<i,j<N

L2(w)?
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Or equivalently, the preceding positive quadratic form can be expressed as

Clec‘*ﬁ/(IP’N(,Uy)2 dx > / (]PN(A)y)2 dx Vyed. |
o Q

(3) Nonlinear terms. Next we define the bilinear map @, as well as the trilinear func-
tional B:

Q:VxYV >V,
(u,v) — div(u ® v),

Bu,v,w) = (Qu,v),w)yxy Yu,v,weV.

Proposition 2.2 (Nonlinear estimates). There exists a constant co such that for any u, v,
and w in 'V, we have the estimates

Bu,u,w) = (- Vu,w)yyxy  ifueVy,
Bu,v,w)+ Bu,w,v) =0 ifu eV,

1 1 1 1
|B(u. v, w)| < collull M1l L2 Vull L2 VUl L Vw2

2.2. Open loop controlled (inhomogeneous) Navier—Stokes systems

The open loop controlled equation is indeed an inhomogeneous equation with a force
term located in the controlled domain. A general inhomogeneous equation (without any
restriction on force terms) is represented by

ye—Ay+(y-V)y+Vp= f(t,x), (t,x)€ (t1,12) X R,

divy(t,x) =0, (t,x) € (11, 12) x 2, 2.2)
y(t,x) =0, (t,x) € (t1,12) X 32, '
y(t1,x) = yo(x), x €,

where 7, can be taken as +o0o. We are interested in Leray’s weak solutions [43]: for
any yg € # and any f € Lﬁ)c(tl, t>; V"), the solution of equation (2.2) is some y €
C([t1,t2]; #) N L2 (t1,t2: V) such that, for any test function ¢ in C([t1, t2]; Vo), the

loc
vector field y satisfies the condition

(D), () = o $(O)) e + / (AG(s) + 3 (5). y(5)) vy v, ds
4 / (v(5) ® y(5). V() 2(ays ds

+ / (F(5). $()) e, dis 2.3

1

for every t € [t1, 12].
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Theorem 2.3 (Leray theorem on well-posedness and stability of the solutions). For any
yo € # and any f € L2 (t1,t2; L?(Q)?), the Cauchy problem (2.2) admits a unique solu-
tion. This unique solution is also in Hkl)C (t1,t2; V%). Moreover, there exists some constant

Cy independent of t; and t, such that this unique solution satisfies

t

1
Sl + [ 7Ly, ds. @24

1

1 t
S CB+ [ 196013 ds
51

A

t t
1y (2, %) 15 +/ IVy (s, )72 ds < 1yoll 7 + Cof 1£SIIZ2 ds. 2.5)
131 151

foranyt € [t1, 5]

Furthermore, the Leray solutions are stable in the following sense. Let y (resp. z)
be the Leray solution associated with yq (resp. zg) in # and f (resp. g) in the space
L2 (t1, +00; L2(R)?). Then for w := y — z and for any t € (f1, +00) we have

t t
lw (@)% + / [Vw(s, x)|12, ds < (||wo||§g + Co f I(f =) s)]2, ds) exp(Cs E2(1)),
131 5]
E(t) = min{[lyol|% + Co [} I f()|22 ds. |zol% + Co [y, 18() 112, ds}.

Actually, Theorem 2.3 even holds for f in Lﬁ)c(t 1, +oo; V'), for which the related

inequalities are governed by the L2('V))-norm of f and the constant Cy can be taken
as L.

2.3. Time-varying feedback laws, closed-loop systems, and finite-time stabilization

In this section we recall the precise definition of time-varying feedback laws, as well as
the related closed-loop solutions.

Definition 2.4 (Closed-loop systems). Lets; € R and s, € R be given such that s; < s5.
Let the time-varying feedback law on the interval [sy, s3] be an application

{U:[sl,SZ]XJf—’%v (2.6)

(t;y) = Ut y).

Let t; € [s1, 2], t2 € (t1,52], and yo € H. A solution on [t1, f5] to the Cauchy problem
associated to the closed-loop system (1.1)—(1.2) with (2.6) for initial data y, at time #; is
some y: [t1, ;] — H such that

t€(t1,t) = f(t,x) = 1,U(t; y(t) € L2(t1, 125 L*(R)?),

where y is a Leray solution of (2.2), with initial data yq at time #; and the above force
term f(¢, x).

Definition 2.5 (Proper feedback laws). Let s; € R and s, € R be given such that s; < s,.
A proper feedback law on [s1, 2] is an application U of type (2.6) such that, for every
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t1 € [s1, 52], for every t, € (t1, 52], and for every yo € J, there exists a unique solution on
[t1, 12] to the Cauchy problem associated to the closed-loop system (1.1)—(1.2) with (2.6)
for initial data y, at time #; according to Definition 2.4.

A proper feedback law is an application U of type (1.3) such that, for every s; € R
and for every s, € R satisfying 51 < s5, the feedback law restricted to [sq, s2] X K is a
proper feedback law on [s1, s3].

For a proper feedback law, one can define the flow ®: A x H — H associated to this
feedback law, with A = {(¢, s);¢ > s}: D(z, s; yo) is the value at time ¢ of the solution y
to the closed-loop system (1.1)—(1.3) which is equal to yq at time s.

Definition 2.6 (Finite-time local stabilization of Navier—Stokes equations). Let 7 > 0. A
T -periodic proper feedback law U locally stabilizes the two-dimensional Navier—Stokes
equations in finite time if, for some ¢ > 0, the flow ® of the closed-loop system (1.1)—(1.3)
verifies

(1) (2T stabilization) ®Q2T +1,t;y9) =0Vt € R, V|| yollge <,
(i)  (Uniform stability) For every § > 0, there exists n > 0 such that

(lyollze <m) = (19, 1": yo)llge <8 Vi’ € R, Vi € (1, +00)).

2.4. Well-posedness of closed-loop systems

Finally, we present well-posedness results concerning closed-loop systems with stationary
Lipschitz feedback laws. Concerning linear feedback laws one has the following well-
posedness result.

Theorem 2.7. Let T > 0. Let vector functions {@; }7_, € # and bounded linear operators
{iYi—: H — R be given. For any yo € ¥, the Cauchy problem

yi—Ay+(y-V)y+Vp= lw(zli(Y)(Pi)v (t.x) € (0.T) x L,
i=1

divy =0, (t,x) € (0,T) x Q,
y(t,x) =0, (t,x) € (0,T) x 0,
Y(0,x) = yo(x), x e Q,

admits a unique solution.

As we will consider finite-time stabilization problems we also introduce “cutoff”-
type feedback laws. For any r € (0, 1/2] we find some smooth cutoff function y, €
C>®(R*; [0, 1]) satisfying

() = 1 ifxe]0,r], 27
xr o ifxe [2r, +00), .
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and further define the related Lipschitz operator K,: H — H as

Kr(y) =y -xrUlylge) Yyedd, (2.8)

satisfying, for some constant L, depending on r,

K () llge < min{1, ||y},
| Kr(y) = Kr(@)llse < Lrlly —zllge Yy, zeH.

Theorem 2.8. Let T > 0. Let r € (0,1/2]. Let vector functions {¢; }7_, € # and bounded
linear operators {1;}!_,: H — R be given. For any yg € H, the Cauchy problem

yi— Ay +(y-V)y + Vp = 1wJ<r(Zz,-(y>¢,-), (t.x) € (0.T) x 2,

i=1

divy =0, (t,x) € (0,T) x Q,
y(t,x) =0, (t,x) € (0,T) x 32,
y(0,x) = yo(x), xeQ,

admits a unique solution.

Thanks to Theorems 2.7 and 2.8, both the closed-loop systems with linear feedback
laws and the closed-loop systems with Lipschitz nonlinear feedback laws are well posed.
We sketch the proofs of these theorems in the following.

Indeed, local (in time) existence and uniqueness of solutions are based on Leray’s
theorem, Theorem 2.3, concerning energy estimates and the stability of the solutions, and
the Banach fixed point theorem. Let the Lipschitz constant of the feedback law be L. Let
the #-norm of the feedbacks of y € # be bounded by C||y| s; i.e. forall y € #,

H X, ( > (y)<pi) D Lie

i=1 ¥ i=1

) <Clyl. 2.9)
H

We assume that || yo||s = M. For some T small enough, to be fixed later, we consider the
Banach space

Xz = C(0,T]; #) N L*(0, T; Vs),
XF@M) = {y € X7 V%, = V10790 T 1V 20 7212 = 4M7}.
as well as the application
$: X52M) — X5,
y = S8().

where S(y) is the solution of Cauchy problem (2.2) with the initial state yo and force
(control) term f = 1, K, (}_7_, i (¥)¢;). One can check thaAt‘, thanks to Theorem 2.3, the
preceding application is a contraction map on X#(2M ) for T sufficiently small, e.g.

T < min{(4CoC?) ™", (4CoL? exp(4C; M) ™"}
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thus admits a fixed point y which is the unique solution of the closed-loop system. More-
over, since y = §(J) is the solution of the Cauchy problem (2.2) with control f =
1o Kr (37— i (7)¢i), thanks to Theorem 2.3, this solution also belongs to the space
HY0,T;V.).

In the end, some a priori estimates lead to global (in time) solutions. Indeed, suppose that
the solution exists on the time interval [0, T']; then, thanks to the inequalities (2.5) and
(2.9), we know that

2

ds
J

Y Li(y(s,0))ei

i=1

t
< ||yo||§€+c(,c2/0 ly(s. )% ds Vi€ (0.T).

t
Iy (2, )11% < Iyoll% + Co/
0

Therefore, by applying Gronwall’s inequality we get
Iy 215 < e“liyolfe Vi € 0.7).

Since the value of Cy and C are independent of T € (0, +00), we get the required a priori
estimates. This estimate, together with the local (in time) existence of solutions, yields the
global (in time) existence result.

We also emphasize the fact that the Lipschitz condition is crucial in order to guarantee
the uniqueness. Otherwise, one may need to use some other compactness arguments to
prove existence of solutions; see for example [26] for KdV equations.

2.5. On the choice of constants
In this section we fix the values of the constants that will be used later on. In particular,
these constants also correspond to those having appeared in Theorems 1.1 and 1.2.

» For any given A > 0, we define

2

ya = Cre vA) and Uy = % = Clzezc”/I > 1. (2.10)

* By recalling the definition of C; in Proposition 2.1, we further select some C, €
[3Cy, +00) such that for all A > 0,

(1 4+ AC1)eCVA 8(1 + 2)C22CVA | 90y C33CVE < V2 (2.11)

and define
ry = (CaeC2VA)~1, 2.12)
* Then we choose some constant Q > 0 satisfying
2
C1eC12m | CreC20m < oGm iy > 1, (2.13)
and select
Q2
C; = =— (2.14)

32°
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3. Quantitative rapid stabilization

Inspired by the recent work [52] on the stabilization of the heat equations, we directly
define the stationary feedback law

Fry = —vaPyayy Vy ek, (3.1)

and consider the closed-loop system

ye=Ay = -V)y—=Vp—y1,Pyy inQ,
divy =0 in , (3.2)
y=0 on 092,

where, and from now on, we simply denote N(1) by N. Furthermore, the low frequency
system satisfies

d
E(PN)’) =Py (AY) =Pn((y-V)y) = mPn(1uPnYy). (3.3)

Because y lives in #, we can decompose

y(t,x) =Py(t,x) =Y yit)e:,

i=1

00 00
P(lwei) = Z(la,ei,ej)Lz(Q)zej = Z(ei, €j)L2(a))2€j»

j=1 j=1
which further implies
N N N
Py(1,PNny) = IEI’N(lw Zyi(f)ei) = ZZ)’i (1) (€. ej)L2(w)2€)-
i=1 i=1j=1

Furthermore, for y in V, the nonlinear term (y - V)y (which is equivalent to div(y ® y))
belongs to the space V', thus

N
Py ((v-V)y) =Y (- V)y.ei)vxvei:

i=1

moreover,
Pn(Ay) = —itiy,-e,-.
By defining =
() —((y - V)y,e)vxw(t)
Xv) = | 2O | vy = | 7O VR @va |

N (1) —((y-V)y,en)vxv(t)
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_-L'N

we know that the finite-dimensional system Xy (¢) satisfies the ordinary differential equa-
tion
XN(@) = ANXN () —yaIN XN (@) + YN (). (3.4)

Let us consider the following Lyapunov functional on #: for every y € #,

V() = ur(Pny.Pny)rzy + (Pyy. Py ¥z
= I XN13 + Pyy. Py y)La@p- (3.5)
satisfying
”y”IzJZ(Q)Z <V(y) = M/l”y”iz(gz)z Vy e H,
where
N
IXn13 =) y7 = Py, Pny)aoy-
i=1
Let T > 0. Concerning the variation of the value of the above Lyapunov function, at

least when the solution is regular enough, for example y € C ([0, T]; V.) N C°([0,T]; Vi)
and (thus) Py y € C1([0, T]; #x), one has

d d d
VOO = IXN I3+ o (Pyy. PYY) 2@

. d
=2, XD Xy + 2<Pﬁy, E(Pﬁy)>v

!
O'X'VO

d
=2 XG(ANXN —aIN XN + YN) + 2<Pﬁy, Ey>v xVy’

where the value of —X ; Yy is given by

(PN (V- V)Y, Pry)y xv, = (P - V)Y). PN y)vixw,
={(y-V)y.Pny)vxy = By, y.Pny).

According to Theorems 2.3 and 2.7, the solution y indeed lives in the space H'(0, T;
v)n CO([O, T); )N L%(0,T; V). This further implies that
« Ayand (y-V)y belong to L2(0,T; V'),
* the finite-dimensional projection Yy is in L%(0,T; RN ),
e L(Xy)isin L2(0, T;RV),
+ Xy isin CO([0, T];RY),
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o L(Pyy)isin L2(0,T; Hy),

. %(]P’I{;y) and %y live in L2(0, T; V7).

Consequently, the preceding equations hold in the distribution sense in L' (0, T').
Moreover, on the one hand, thanks to Propositions 2.1 and 2.2, as well as the choice

of y, and p,, we have

2 X5 Xy
= 21 X (AN — yiIN)XN + 202 X YN
< 2372 (CreC YT Xy I3 = 20l VPN Y12 2 + 2121 B(0. ¥, Pr )|
< “2AlIX N3 —2pa ”VPN.)/”iZ(Q) +2uncollyllLz @ IVylza I VPN y L2 @)
= _2HAM|XN||§ =2/ ||V]P’Ny||22(sz) +2upcollylliz() ||VJ’||12}(Q)-

On the other hand,

d
2<P1¢y’ Ey>v,,xv/,

= 2(Pyy, Ay = (v - V)Y = valoPny — VD)y,xv,
= 2Py y. V)ve — 2Py Y. LoPN ) 1202 — 2(( - V) Y. Py y) vy xv,

o0
=2 > uy? —2nPyy. loPyy)r2@e — 2B(). 5. Pyy)
i=N+1

o0
<=2 > uy?+2nlPyyleelloPyyliae) + 280, y.Pyy)
i=N+1

3 ipLyp2 1 L2 L2 vi 2
= _EA”PNy”LZ(Q) - EHV]PNy”LZ(Q) + )L”PN.V”LZ(Q) + T”XNHZ
+2¢0ly 2@ 1 VY 720y
1 1
= _EA”P]{]_J]”%,Z(Q) - E ”V]PI{J_y”iZ(Q) + /L)L)L”XN”% + 2C0||y||L2(Q) ||vy||i2(g)-
Combining the preceding three inequalities, we further derive that
d
—(V(y(z
(V)
< <20 M XN 13 = 202 I VBN Y22 + 2tac0ll ¥ 2@y 1V 31220

1 1
- EA’”PIJ\;y”iZ(Q) - E”V]Pﬁy”%}(g) + Al XN “% + ZCOHyHLz(Q)”VyHiZ(Q)
1 1
= _/L/V\”XN “% - E/\”}P]{/_y”%}(g) - EHV)}”iZ(Q) + 4/'LAC0||y||L2(Q)||Vy||i2(g2)
< (-2 v _Livype 4 Vyl?
= L2(Q L2(Q
5 )VOO) = SIVyza(g) + 4uacollylizz@ VY 22 ()
A , 1 i
= (<5)VOO) = 195120 (5 = 4acoV 20 @) (3.6)
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Keep in mind that the continuous function V(y(t)) € W1(0, T) and that inequality
(3.6) holds almost everywhere, with both sides being L!(0, T'). Inspired by the above
formula, at first by ignoring the first term in the right-hand side of (3.6), we know that the
value of min{V (y(t)), (814¢o) "2} decreases with respect to time. Therefore, if V(y(0)) <
(8415.c0)~2 then the value of V(y(t)) is always strictly smaller than (8uco)~2. As a
consequence, in the preceding inequality one can next ignore the second term involving
Vy, which results in the fact that the Lyapunov functional V(y(¢)) decays exponentially
with decay rate A /2.

More precisely, by the choice of r; from (2.11)—(2.12), for any initial data yy € H
satisfying || yollz2(q) < ra, we have

V(y0) < pallyollaiqy < mari < Opaco)™> < Bpuaco) 2,

which, combined with the fact (due to inequality (3.6)) that for almost every ¢ in (0, T'),

d
I (min{V(y(1)), (81aco)2}) <0,

implies that the continuous function min{V(y(t)), (8yt5.co) ™2} is always smaller than
(9pco)™2. Hence V(y(t)) is always smaller than (9u;co)~2, which, combined with
inequality (3.6), yields that for almost every ¢ in (0, T),

L woon = (S,
Therefore, the continuous function V(y(¢)) verifies
V@) = eV (0) Ve e[0Tl
Consequently,
Iy < VO(©) < € FV30) < e 3 w0122
< C2e2YEeE | 3(0) 22 -

Therefore, for any initial data yo € # satisfying | yo||z2(q) < 71, the unique solution
decays exponentially,

i
Iy lz2@) < Cye€1V%e Ny )2 vt € [0, +00),

_A
172y (D) ll2@) < 121y Ollz2@) < ACZ2CYAe™ 3 y(O)llr2@) Vi € [0, +00).
which can be quantified in the following theorem.

Theorem 3.1 (Local stabilization with linear feedback laws). For any A > 0, for any
lvollge < ra, and for any s € R, the Cauchy problem
Ve—=Ay+ (- V)y+Vp=-—yloFy, (t,x)€]s, +o0) x Q,
divy =0, (t,x) €[s,+00) X Q,
y(t,x) =0, (t,x) €[5, +00) x 0L2,
y(s,x) = yo(x), xXeQ,

3.7
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has a unique solution in C°([s, +00); #) N Lﬁ)c (s, +00; Vi ). Moreover, this unique solu-

tion verifies

1y (@)l < C1eC Ve 3¢9yl Vi € [s, +00), (3.8)
1F3y ()llze < C2eCY e 5 |1yl Vi € [s, +00). (3.9)

Nonlinear feedback laws. Actually, a similar result also holds for nonlinear feedback
laws K, (#,y) provided by equations (2.7)—(2.8) and (3.1). From the preceding theorem
we observe that for initial state ||yo|g < r/%, the unique solution y(¢) of the Cauchy
problem (3.7) satisfies

VA Cz«/er
A

_ A
e 1 yoll 2@y < Cae
=r, Vtels,+00). (3.10)

172y OlL2@) < Cre©?

Now we replace the linear feedback law F), by K, (¥3y) (see equation (2.8)), which

satisfies
K, (Fay) L2 (@) < min{l, \/2||Y||L2(Q)}~ (3.11)

Indeed, if || 7} y[|L2(q) < 271, then since the operator norm || F, || < y; < r;l, we have

19 (Fan) iz < 1F33 2@ < (27l Faylize < 2rl Bl lw

< 2lyllz2@)-

If | F3yllL2(q) > 271, then by the definition of K, we know that K, (¥3y) = 0, which
completes the proof of condition (3.11).

Finally, we show that for ||yl < r/% the solution of the closed-loop system with
feedback law K, (¥, ) also decays exponentially. Indeed, it suffices to prove that the
solution y verifies

Ky (Fay () = Fry(t) Vi €ls, +00),

which, by recalling the definition of K, in (2.7)—(2.8), is true according to (3.10),
%35 (Ollz2@) < C2eSY* I yollL2() < C262VAr2 =1y Vi €[5, +00).

Theorem 3.2 (Local stabilization with nonlinear Lipschitz feedback laws). For any A > 0,
Sfor any ||yollg < r/%, and for any s € R the Cauchy problem

Ve—=Ay+(y-V)y +Vp=—ymluK, (Fiy), (1, x)€ls,+oo)xQ,
divy =0, (t,x) € [s,+00) x 2,
y(t,x) =0, (t,x) € [s,+00) x 9L2,
y(s,x) = yo(x), x € Q,

(3.12)
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has a unique solution in C°([s, +00); #) N Lﬁ)c (s, +00; Vi ). Moreover, this unique solu-

tion verifies
_ A
1y @)l < CreY2e= 3¢9 yg 5 Vi € [s, +00),

1F2y (O]l < C2eSY e 393015 Vit € [s, +00).

4. Quantitative null-controllability with cost estimates

In this section we construct feedback laws (controls) that yield solutions that decay to zero
in finite time.

Theorem 4.1. There exists C3 > 0 such that, forany T € (0, 1), for any yo € K satisfying
lvollze < e~ T we construct an explicit control f(t,x) for the controlled system (1.1) such
that the unique solution with initial data y (0, x) = yo(x) verifies y(T, x) = 0. Moreover,

c
| £t X)L, < eT |lyollse-

Proof. For the ease of presentation, we only consider the case when 1/T = 2"° with
no € N*. The other cases can be treated via time transition, i.e. if T € (2_’”_1, 27
then we simply let the feedback law U(¢; y) := 0 on the time interval [2~~!, T]. More
precisely, we consider the following partition of [0, T'] and piecewise feedback laws:

1
T, = 2—"0(1 - 27) Ly = [Tn, Tas1)s A = 022200FM  foranyn > 0; (4.1)
for any n > 0 we consider the control (feedback law) as ¥, , on interval I, “4.2)

where we recall that the exact value of Q is given in Section 2.5, equation (2.13).

Control design.

Step 1. Let the constant R > 0 be sufficiently small to be fixed later on. First, for
lvollzz < R, on the interval Iy we consider the closed-loop system (1.1)—
(1.2) with feedback law U := ¥}, and initial data y (0, x) = yo(x). Assuming
that Rt < r,,, then according to Theorem 3.1 the closed-loop system has a
unique solution y|j that decays exponentially with decay rate Ao/4.

Step 2. Next, we consider the closed-loop system with feedback law %, and
y(T1,x) := y(T1,x) on I;. Again we assume ||y (7)|| < ry, to find a unique
solution | 7, that is exponentially stable.

Step 3. By continuing this procedure on I, and by always assuming ||y (T;,)|| < ra,,
we find a stable solution y|z,.

Step 4. We denote this constructed solution J|j9,7) € C°([0, T); #) by y|jo,7)-

Step 5. For some sufficiently small R we prove that || y(7, )| is indeed smaller than
7y, for every n € N, and show that the solution tends to zero as y(T) =
lim;7- y(¢) = 0.
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Step 6. Eventually, thanks to Step 5, y|[o,7] is the unique solution of the Cauchy prob-
lem (2.2) with the control term f given by f|;, == 3, »|1, for alln > 0,
which satisfies y(T') = 0.

Step 7. We calculate precise cost estimates.
First we assume that for every I, the value ||y (7,)||z2 is smaller than ry,, which,

together with Theorem 3.1, implies that the solution y|;, verifies

n n Q2 n n

1y O)llL2@) < C1e€1¥ " e T2 T (T L2y Vi€ L, (43)
no+n _ 0% o2(ng+n

152, (Ol L2@) < CoeG20% " e~ T2 T (T |12y Vi€,  (44)

Consequently, for every n > 1 the value of y(7},) is dominated by

n—1
_ M n—(ng+k+1)
T ) < (Hcleclv*ke Famcr )||YO||L2(Q)
k=0
n—1

C;02n0+k _Q722n0+k
_ (1‘[ C1eC1020™ =5 )||yo||L2(sz)
k=0

nl 0? +k 0? +k
7271[) _72}10
< (1‘[w = )||J’0||L2(sz)

k=0
nl 702 sno+k
- (H o )||y0||L2(Q)
k=0
702
- exp(—HZ"O(Z" _ 1)) yollzz()- (4.5)

Observe that the above inequality also holds for » = 0. Furthermore, for any n > 1 and
for any ¢ € I, the control term is bounded by

no+n SQZ —
%2, 7Ol 2@y < C26“22%° " | 9(T) |12 (@) < exP(‘ﬂznﬁn 1>||)’0||L2(52)- (4.6)

Clearly, the right-hand sides of inequalities (4.5) and (4.6) tend to 0 as n tends to oo.
Therefore, it suffices to prove the assumption [y (7,)|| 2 < ra, to close the “bootstrap”
and to conclude the null-controllability. By recalling the definitions of A,, r5,, and O we
know that

_Qiz + +n, _ —
e 6a ono+n < (C2€C2Q2n0 n) 1 _ (CzeCZ«/An) 1 _ ra, Vn € N.

Hence, it suffices to find some R > 0 such that

7 2 2 n n
Rr exp<—6—Q42"°(2” - 1)) <&M <p VneN. 4.7
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Thus one can take

02,1 02 c 2
Rr=e 22" =¢ 3T = e_T}, where C3 = % 4.8)

It only remains to estimate the controlling cost. Thanks to (4.6) we know that

/D l2@) < yolle2@) Vi € [T1,T].

Asfort € [0, T7) and the control f'|7,(¢), we have

. C202" Q2o S
172y O)llz2@) < C2622% [yollr2@) < €52 Iyollz2@) < e T vollr2)-

C
In conclusion, for any ||yl g < e~ T, the constructed solution y(t,x) and control f(z,x)
satisfy

[y(t. )2 and [| £, )2 — 07 ast — T,
c
y( )2y and || f(Z, )2 <eT [IyollLz@y Vi €[0,T]. n

Remark 4.2. If we replace the linear feedback laws {¥;, y};2, by {Kr, (F1,¥)}152,
on interval [, then a similar result holds. Indeed, according to Theorem 3.2 it suffices to
find some initial state such that for every n € N the value of || y(7},)| is smaller than rfn.
More precigsgly, inst%ld of taking some Rt > 0 that verifies (4.7), one only needs to find
Ry =e 1T =e~ 1 satisfying

3 70? no (Hn — Q2 onptn 2

Rt exp(—WZ °Q" — 1)) <e 322 <r; VneN

to guarantee that for every n € N we have ||y (Ty) |12 < r/%n.

5. Small-time local stabilization

As in the preceding section, we focus only on the case when 7" = 1/2"° with n¢ an integer.
We also adapt the same construction of 75, and A, given by (4.1) in Section 4.

Theorem 5.1 (Small-time local stabilization of Navier—Stokes equations). Let T = 1/2"°
with ng € N*. The following T -periodic feedback law U(t; y): R x H — FH satisfying
(3.11),

Ulo,ryxse(t;y) = Ky, (Fa,y) Vy e H, Vtel,, ¥Vn €N, (5.1)

is a proper feedback law for system (1.1)—(1.2). Moreover, for some effectively computable
constant A this feedback law stabilizes system (1.1)—(1.2) in finite time:

(i) (2T stabilization) 2T +¢,¢;y0) =0Vt € R, V| yollge < Ar.
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(ii))  (Uniform stability) For every § > 0, there exists an effectively computable 1 > 0
such that

Uollge =m) = (191,15 y0)|l3e <8 Vi’ €R, Vi € (1, +00)).

Proof. We mimic the proof of the finite-time stabilization of the heat equations [25, 52],
as relatively standard; see also [28,50,51] for similar results. The proof is followed by five
steps:
Step 1. The feedback law U is a proper feedback law, i.e. for any yo € # and for any
initial time s € R there exists a unique global (in time) solution.

Step 2. Null-controllability: ®(T, 0; yo) = 0 for any y, satisfying ||yolls < Rr =
2C
e T Moreover,
&} _2C3
[9(.0: yo)llze < eT llyollse  Vlyolle <e™ 7, Ve €[0.T]. (5.2)
Step 3. For any 7 > 0, there exists some &(7) € (0, 77) such that
I®@.s:y0)llse =71 Yyolse <&@, Vs €[0.T), Ve €[s.T].  (5.3)

Step 4. 2T stabilizatiog:c @ (2T, 53 yo) = 0 for any s € [0, T), for any yo satisfying
_23
lvollze < e(e™T) =: Ar.

Step 5. Uniform stability as a direct consequence of Steps 2—4.

Step 1. It suffices to prove that for any s € [0, T), the closed-loop system has a unique
solution on [s, T']. Indeed, thanks to Theorem 2.8 there exists a unique solution on 1, for
any I, that intersects with [s, 7). Hence we find a unique solution y in C([s, T); #) N
leoC (s, T; Vs ). Observe that the control (provided by the related feedback law) is smaller
than 1,i.e. || f(2, %) L2(s,7:2) = VT . Theorem 2.3 implies that the solution y is indeed in
CO([s, T); #) N L2(s, T; V). Finally, thanks to Theorem 2.3 again, the unique solution
¥ never blows up,

1y @03 + 1V2 (0 22 112 < ol + Colt =) Vi € (5. +00).
Step 2. This step is a consequence of Theorem 4.1 and Remark 4.2.

Step 3. Thanks to the fact that || £(¢, x)| s < 1 and Theorem 2.3, there exists T € (0, T)
such that

1O, 5:y0)lloe <7 Vlyollse <7/2, Vs € [T, T), Vi €[5, T].

Observe that the feedback law U on [0, 7~") is composed of finitely many stationary feed-
back laws on intervals {,, }, while, thanks to Theorem 3.2, on each of these intervals /,, the
system is locally exponentially stable. Consequently, there exists some ¢ = &(7) € (0, 7/2)
such that

1D, 53 y0)ll 2 < 7/2 Vlyollze <e Vsel[0.T), Vi €[s, T].
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C
Step 4 is a trivial combination of Steps 2 and 3 by taking 8(8_2%).

Step 5 follows directly from Steps 2—4. For instance, for § > 0, we can take
. 2C3
81 :=min{e(§),e” T } <§ and 7n:=e(8) <8 <34.
Indeed, for s € [0, T'), and for || yo|/g¢ < 7, thanks to the choice of 71 as £(8;), Step 3 yields

[y@llse = [P, 55 y0)llge <61 Vi €[s, T
Next, thanks to the choice of §1, Steps 3 and 2 lead to

@, 55 y0)llge = |9, T; y(T))llge <8 Vit el[T,2T],
®(2T, s; yo) = (T, T; y(T)) = 0. .
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