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Global regularity of 2D Navier–Stokes free boundary
with small viscosity contrast

Francisco Gancedo and Eduardo García-Juárez

Abstract. This paper studies the dynamics of two incompressible immiscible fluids in two dimen-
sions modeled by the inhomogeneous Navier–Stokes equations. We prove that if initially the vis-
cosity contrast is small then there is global-in-time regularity. This result has been proved recently
in Paicu and Zhang [Comm. Math. Phys. 376 (2020)] for H5=2 Sobolev regularity of the inter-
face. Here we provide a new approach which allows us to obtain preservation of the natural C 1C


Hölder regularity of the interface for all 0 < 
 < 1. Our proof is direct and allows for low Sobolev
regularity of the initial velocity without any extra technicalities. It uses new quantitative harmonic
analysis bounds for C 
 norms of even singular integral operators on characteristic functions of
C 1C
 domains [Gancedo and García-Juárez, J. Funct. Anal. 283 (2022)].

1. Introduction

In this paper we consider incompressible flows in the whole space R2,

r � u D 0; (1.1)

of inhomogeneous fluids
@t�C u � r� D 0; (1.2)

driven by the Navier–Stokes equations

�Dtu D r � .�Du � I2P /: (INS)

Above, u, �, � and P are the velocity field, the density, viscosity and pressure of the
fluids. The operator Dt is the total derivative

Dtu D @tuC u � ru;

the tensor Du denotes the symmetric part of the gradient

Du D ruCru�; Diju D @iuj C @jui ;
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and I2 is the identity matrix in R2. The viscosity depends smoothly on the density, � D
Q�.�/ with Q� smooth, so that in particular it is also preserved along trajectories,

@t�C u � r� D 0: (1.3)

We deal with a moving fluid occupying a bounded domain D.t/ � R2 and a second fluid
occupying the complement of it D.t/c D R2 nD.t/. They evolve with the velocity field
through the particle trajectories8<:

dX

dt
.y; t/ D u.X.y; t/; t/;

X.y; 0/ D y:

(1.4)

The fluids are immiscible, having different characteristics, principally different densities
and viscosities, so that

.u; �; �; P /.x; t/ D

´
.uin; �in; �in; P in/.x; t/; x 2 D.t/;

.uout; �out; �out; P out/.x; t/; x 2 D.t/c D R2 nD.t/:
(1.5)

A main interest is the dynamics and the regularity of the common boundary between
the fluids @D.t/. The system is assumed to have initial finite kinetic energyZ

R2

�.x; 0/ju.x; 0/j2dx <1;

providing the physically relevant scenario. The classical free boundary physical conditions
without capillarity [15],

ŒŒu�� D 0 on @D.t/; (1.6)

ŒŒ�Du � I2P ��n D 0 on @D.t/; (1.7)

are recovered by considering equations (1.1)–(1.3) in a weak sense, together with the
regularity obtained for the solution [20].

1.1. Previous results

Free boundary Navier–Stokes problems have a long history in mathematical science.
The one-fluid case (vacuum–fluid interaction where �out D 0 D �out) was first consid-
ered, where global-in-time existence with gravity for near planar initial data was proved.
Recently, low-regularity results for inhomogeneous Navier–Stokes equations in the whole
space have given new approaches for the two-fluid case (fluid–fluid interaction). They con-
sider � > 0, giving global regularity for different scenarios. We describe first the classical
vacuum–fluid case and later the fluid–fluid interaction.

The first study of the free boundary Navier–Stokes equations goes back to [37], where
fluid–vacuum interaction was studied for closed contours with no gravity (g D 0) using
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Hölder spaces with the appropriate parabolic scale [38,39]. Local well-posedness in Sobo-
lev spaces was given next for the horizontally flat geometry, where the fluid lies essentially
on top of a fixed bottom with nonslip boundary condition and below vacuum [2]. See [1]
for similar results in Lp Sobolev spaces.

The long time behavior of solutions was studied in [2], giving existence up to time T
depending on the size of the initial, near horizontally flat, data. The first global-in-time
existence result for small initial data was given for the surface tension case [3]. This result
was extended to the case without surface tension [40,41]. After those results, sharp decay
rates of the solution were given in the case of surface tension for asymptotically flat [4]
and horizontally periodic geometries [32]. More recently, the results were extended with
different approaches without the help of surface tension for both geometries [22, 23]. See
the recent paper [10], where global well-posedness is shown for this free boundary value
problem with the initial domain the half-space and the initial velocity small with respect
to a scaling-invariant norm. Contrarily, large size initial data produce finite-time singular-
ities. The Navier–Stokes free boundary blows up in finite time for the two-dimensional
vacuum–fluid interaction case [7]. The result considers closed contours producing splash
singularities (particle collision on the evolving boundary) in finite time. See [9] for the
extension of the blow-up to the three-dimensional case.

The techniques in [37] were extended to the case of two fluids to study the global-
in-time well-posedness of problems for small initial velocity [16]. See [35], where the
low-regularity case is considered. In [42], decay estimates are obtained for the internal
waves case with gravity.

A different approach to studying the interface evolution between immiscible fluids
is to use inhomogeneous Navier–Stokes for low-regularity solutions. Parabolicity can be
exploited to gain enough regularity for the velocity in the two-fluid case even when the
functions defining the fluid properties are given as in (1.5). The approaches with no vis-
cosity jump (� D 1) are explained first. In two dimensions, there is global regularity for
the system (1.1)–(1.2)–(INS) for general smooth positive initial density [27]. In the three-
dimensional case, global regularity for large initial data is open as it contains Navier–
Stokes as a particular case [18]. If 0 � �.x; 0/ 2 L1 is allowed and

p
�.x; 0/u.x; 0/ 2

L2.Rd /, d D 2; 3, there exist global-in-time weak solutions satisfyingZ
�.x; t/ju.x; t/j2 dx C 2

Z t

0

Z
jru.x; s/j2 dx ds �

Z
�.x; 0/ju.x; 0/j2 dx;

with � 2 L1..0; T / � Rd /, �u 2 L1.0; T IL2.Rd // and u 2 L2.0; T I PH 1.Rd // [36].
Throughout the paper, we will use the convention that spaces with a dot denote their homo-
geneous counterpart. Considering fluids of different constant densities, domains evolving
by the fluid velocity were proved to preserve their volume [31]. On the other hand, the
propagation of regularity for the free boundary @D.t/ was proposed as a challenging open
question in the same book (1996, P. L. Lions’ density patch problem).

Recently, global regularity results in two dimensions, and with smallness assumptions
in three dimensions, have been obtained for low-regularity positive density and constant
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viscosity. Global well-posedness was shown for initial discontinuous densities with suffi-
ciently small jumps and small initial velocities [11,12]. The case of more regular velocity
was considered in [25]. Finally, in [34] the smallness conditions of the density jump were
removed. After the results above, global-in-time regularity for fluids of different den-
sities (density patch problem) has been studied. Persistence of C 2C
 regularity of the
free boundary results was shown in two dimensions for 0 < 
 < 1, using paradifferential
calculus and striated regularity techniques. The works consider positive densities with a
small jump first [29] and later without the smallness assumption [30]. Using the approach
in [11], propagation of C 1C
 regularity was given for a small density jump and small
initial velocity [14]. The size restriction was removed in [20], providing global-in-time
regularity for C 1C
 two-dimensional contours. This approach does not use paradifferen-
tial calculus but bootstrapping arguments, getting propagation of regularity from weak
solutions to C 1C
 . It uses an elliptic approach inspired by previous results obtained for
two-dimensional Boussinesq temperature fronts [19]. See [28] for the three-dimensional
extension with high regularity and smallness in velocity and density jump. In the bounded
or periodic case, a new approach has been used to allow the case of possibly vanishing
density, with no restriction on the jump size, no gravity and constant viscosity [13]. In this
density-zero scenario, the interface evolution would be driven by a Stokes/Navier–Stokes
interaction, dealing with a linear Stokes flow for one of the fluids.

For the more singular case of variable viscosity, with density merely bounded, under
the additional assumptions that u0 2 H 1.T2/ and sufficiently small viscosity variation
in L1, the weak solutions constructed in [31] satisfy that u 2 L1.0; T IH 1/,

p
�ut 2

L2.0;T IL2/, �;�2L1.0;T IL1/ for all T >0 [17]. However, uniqueness and regularity
of these solutions was not known, unless the initial density and viscosity satisfy certain
smoothness (at least slightly more than continuity, see [6] and the references therein).
Recently, [33] global-in-time regularity for positive density and small viscosity jump is
obtained in R2 under the additional assumption of certain striated regularity for the initial
viscosity. In particular, they showed global-in-time propagation of the H 5=2 regularity of
the moving interface for the density and viscosity patch problem. The strategy of the proof
uses paradifferential calculus together with striated regularity estimates. The approach is
in the spirit of the global regularity result for the two-dimensional vortex patch problem
shown in [8].

Main result

In this paper we prove global-in-time well-posedness for the two-dimensional density and
viscosity patch problem. We study the evolution of two fluids with different densities and
viscosities evolving according to inhomogeneous Navier–Stokes (1.1)–(1.3). The initial
density and viscosity functions are bounded from below and from above as follows:

0 < �m � �0.x/ � �
M ; 0 < �m � �0.x/ � �

M :
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The initial interface between the fluids is assumed to be a closed C 1C
 regular curve in
the plane. Specifically, we prove the following result.

Theorem 1.1. Let D0 � R2 be a bounded domain whose boundary @D0 is non-self-
intersecting and of class C 1C
 , 0 < 
 < 1. Let �in

0 2 C

 . xD0/, �out

0 2 C

 .R2 nD0/, with

�out
0 � �

1, where �1 2 RC, and �D Q�.�/ with Q� smooth. Let the initial density be given
by

�0.x/ D �
in
0 .x/1D0.x/C �

out
0 .x/1Dc

0
.x/ > 0;

where 1D0 is the characteristic function of D0, and let u0 2 Lr \H 
C", 0 < " < min¹
;
1� 
º < 1, 1 < r < min¹ 2

2�
C"
; 2
1C

º be a divergence-free vector field. Then there exists

ı > 0 such that if 


1 � �0
N�





L1
� ı; with N� D

�m C �M

2
; (1.8)

there exists a unique global solution .u; �; �/ of (1.1)–(1.3) with u.x; 0/ D u0.x/,
�.x; 0/ D �0.x/ and �.x; 0/ D �0.x/ such that

u 2 C.RCIH

C"/ \ L1.RCIW

1;1/ \ L1.RCIC
1C
 .D.t// [ C 1C
 .R2 nD.t///;

@D 2 C.RCIC
1C
 /;

where D.t/ D X.D0; t /, with X the particle trajectories (1.4) associated to the velocity
field and

�.x; t/ D �in.x; t/1D.t/.x/C �
out.x; t/1D.t/c .x/; �.X.y; t/; t/ D �0.y/:

Moreover, for any t � 0,

k
p
�uk2

L2
.t/C

Z t

0

k
p
�Duk2

L2
d� � k

p
�0u0k

2
L2
;

t1�
�"kruk2
L2
C

Z t

0

�1�
�"k
p
�Dtuk

2
L2
� C.k

p
�0u0kL2 ; �

m; aM ; ı/ku0k
2
PH
C"

;

t2�
�"kDtuk
2
L2
C

Z t

0

�2�
�"krDtuk
2
L2
� C.k

p
�0u0kL2 ; a

m; aM ; ı/ku0k
2
PH
C"

;

and Z t

0

krukL1 d� C

Z t

0

kruk PC 
 .D.t//[ PC 
 .R2nD.t// d� � C;

with C D C.am; ka0kC 
 . xD0/\C 
 .R2nD0/
; kaout � a1kL2 ; ı; ku0kLr ; ku0kH
C"/, and a �

�; �.

Given that � D Q�.�/, throughout the paper we will use the notation �in D Q�.�in/,
�out D Q�.�out/, �1 D Q�.�1/, and we will have �.X.y; t/; t/ D �0.y/ D Q�.�0.y//, and
therefore

�.x; t/ D �in.x; t/1D.t/.x/C �
out.x; t/1D.t/c .x/:
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The first part of the proof consists in getting a priori estimates which are sharp in Sobolev
regularity for the initial velocity to propagate C 1C
 regularity. This is achieved by intro-
ducing time weights and interpolation. Then a key step in the proof will be to obtain the
L1-in-time Lipschitz-in-space estimate for the velocity. This is difficult as the gradient of
the velocity is given implicitly by a higher-order Riesz transform applied to a discontinu-
ous function on the moving interface. That is, this function depends itself on the gradient
of the velocity multiplied by the viscosity jump scalar (2.34). We will overcome this diffi-
culty by propagating further regularity on each domain separately. As part of the argument,
we will use the following new quantitative estimate. Consider higher-order Riesz trans-
form operators of even order 2l , l � 1, given by

R.f /.x/ D lim
"!0

Z
jx�yj>"

K.x � y/f .y/ dy; (1.9)

where

K.x/ D
P2l .x/

jxjnC2l
; (1.10)

and P2l .x/ is a homogeneous polynomial of degree 2l in R2. Then we have the following
result.

Theorem 1.2 ([21]). Assume D � R2 is a bounded domain of class C 1C
 , 0 < 
 < 1.
Then the Calderón–Zygmund operator (1.9) with kernel (1.10) applied to the characteris-
tic function of D, 1D , defines a piecewise C 
 function,

R.1D/ 2 C

 . xD/ [ C 
 .R2 nD/:

Moreover, it satisfies the bound

kR.1D/k PC 
 . xD/[ PC 
 .R2nD/ � CP .kDk� C kDkLip/kDk PC 1C
 :

Above, k � k� measures the arc-chord condition of the boundary of the domain, k � kLip

is the Lipschitz norm, k � k PC 1C
 is the homogeneous Hölder norm and P is a polynomial
function. If we denote y.˛/, ˛ 2 Œ0; 2�/ D T , the parametrization of the boundary @D,
these quantities are defined as follows

kDk� WD sup
˛¤ˇ

j˛ � ˇj

jy.˛/ � y.ˇ/j
;

kDkLip WD sup
˛¤ˇ

jy.˛/ � y.ˇ/j

j˛ � ˇj
;

kDk PC 1C� WD sup
˛¤ˇ

jy0.˛/ � y0.ˇ/j

j˛ � ˇj�
:

Remark 1.3. By the boundary condition (1.7), one cannot expect to obtain global-in-
space further regularity than ru 2 L1.R2/. Indeed, if we denote by � and n the tangent
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and normal vectors to the boundary, we have

ŒŒ�Diju � Pıij ��nj D 0)

´
ŒŒ�n �Du � n�� D ŒŒP ��;

ŒŒ�� �Du � n�� D 0I

thus, if ru were continuous, then we would obtain ŒŒ��� D 0.

Outline of the paper. The rest of the paper is structured as follows. The proof of the main
Theorem 1.1 is divided into existence and uniqueness. For the existence, we proceed to
obtain the necessary a priori estimates. We separate the process into six steps, bootstrap-
ping the regularity obtained from one to the next. Steps 1–3 consist of energy estimates
with time weights, which allow us to obtain high regularity for the velocity despite the
low regularity of the density, viscosity and initial velocity. Step 4 bounds the crucial L1-
in-time Lipschitz regularity of the velocity in terms of the higher Hölder regularity on
each side, which is studied in Step 5. The previous steps are combined with quantitative
estimates of even singular integral operators acting on C 1C
 domains in Step 6. This con-
cludes the proof of existence. Next, the uniqueness of solutions is shown. The proof is
done in Lagrangian variables, due to the discontinuity jumps of the density and viscosity
across the fluid interface.

2. Proof of Theorem 1.1

2.1. Existence

The proof of existence follows a standard mollifier and compactness argument (see e.g.
[13, 33]). Once the initial data are smoothed out, we show the a priori estimates for the
corresponding unique smooth solution. TheL1-in-time Lipschitz-in-space estimate for the
velocity implies that the solution exists globally in time. The fact that all these estimates
will be uniform in the mollifying parameter gives the necessary compactness to pass to
the limit. We proceed to obtain the a priori estimates.

Step 1: p�u 2 L1.0; T IL2/;p�Du 2 L2.0; T IL2/.
We first obtain the L2 energy balance

1

2

d

dt

Z
R2

�juj2 dx D �

Z
R2

�@jui .@jui C @iuj / dx

D �2

Z
R2

�
�
.@1u1/

2
C .@2u2/

2
C
1

2
.@1u2 C @2u1/

2
�
dx

D �
1

2
k
p
�DukL2 ;

which after integration in time reads

k
p
�uk2

L2
.t/C

Z t

0

k
p
�Duk2

L2
.�/ d� � k

p
�0u0k

2
L2
: (2.1)
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Step 2: t
1�
�"
2 ru 2 L1.0; T IL2/; t

1�
�"
2 Dtu 2 L

2.0; T IL2/.
To obtain the result with low-regularity initial data, we use an interpolation argument

and time-weighted energy estimates [34]. Consider the linearized problem

�.vt C u � rv/ D r � .�Dv � I2P /;

�t D �u � r�:

It holds that

k
p
�vk2

L2
.t/C

Z t

0

k
p
�Dvk2

L2
.�/ d� � k

p
�0v0k

2
L2
: (2.2)

Next we take the inner product of (INS) with Dtv WD vt C u � rv and then integrate by
parts to obtain Z

R2

�jDtvj
2 dx D �

Z
R2

@jDtvi .�Dij v � Pıij / dx:

By the commutator
ŒDt ; @j �f D �@ju � rf

and the incompressibility condition, it follows thatZ
R2

�jDtvj
2 dx

D �

Z
R2

Dt@j vi .�Dij v � Pıij / dx �

Z
R2

@juk@kvi .�Dij v � Pıij / dx

D �

Z
R2

Dt@j vi�Dij v dx �

Z
R2

@juk@kvi .�Dij v � Pıij / dx:

Noticing that Dt� D 0, we introduce a time weight t followed by integration in time,

t

2
k
p
�Dvk2

L2
.t/C

Z t

0

�k
p
�Dtvk

2
L2
.�/ d�

D
1

2

Z t

0

k
p
�Dvk2

L2
d� �

Z t

0

�

Z
R2

�@juk@kviDij v dx d�

C

Z t

0

�

Z
R2

@iuk@kviP dx d�: (2.3)

We take the divergence of (INS) to obtain the following expression for the pressure:

P D .��/�1r � .�Dtv/ � r � r � .��/
�1.�Dv/: (2.4)

Substituting (2.4) in (2.3) we have

t

2
k
p
�Dvk2

L2
.t/C

Z t

0

�k
p
�Dtvk

2
L2
.�/ d�

D
1

2

Z t

0

k
p
�Dvk2

L2
d� C I1 C I2 C I3; (2.5)
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where

I1 D �

Z t

0

�

Z
R2

�@juk@kviDij v dx d�;

I2 D

Z t

0

�

Z
R2

@iuk@kvi .��/
�1
r � .�Dtv/ dx d�;

I3 D �

Z t

0

�

Z
R2

@iuk@kvir � r � .��/
�1.�Dv/ dx d�:

We need estimates for the gradient of v in terms ofDtv. Notice that the following identity
holds:

r � .�Dv/ D N��v Cr � .�Dv � N�Dv/;

where N� can be taken as N� D .�M C �m/=2. Then

rv D
1

N�
r��1Pr � .�Dv/ � r��1Pr �

���
N�
� 1

�
Dv
�
;

where P denotes the Leray projector,

Pf D f � r��1r � f:

Therefore, given condition (1.8), the boundedness of singular integrals in Lq , 1 < q <1,
gives

krvkLp � c.ı/kr�
�1Pr � .�Dv/kLp ; 2 � p � max

° 2

1 � 
 � "
;

2


 � "

±
: (2.6)

Applying the Leray projector to (INS) we find the relationship between Du and Dtu:

P .�Dtv/ D Pr � .�Dv/: (2.7)

Recalling the following Gagliardo–Nirenberg inequality in R2,

kf kLp � ckf k
2
p

L2
krf k

1� 2p

L2
; (2.8)

followed by (2.7), one can find from (2.6) that

krvkLp � c.ı/k�Dvk
2
p

L2
krr��1P .�Dtv/k

1� 2p

L2
� c.ı/k�Dvk

2
p

L2
k�Dtvk

1� 2p

L2
: (2.9)

In particular,
krvkL4 � c.ı/k�Dvk1=2

L2
k�Dtvk

1=2

L2
: (2.10)

Thus, the terms I1 and I3 are readily bounded as

I1 C I3 � c

Z t

0

�krukL2krvkL4kDvkL4 d�

�
1

4

Z t

0

�k
p
�Dtvk

2
L2
d� C c.ı/

Z t

0

�kruk2
L2
k
p
�Dvk2

L2
d�:
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Then, denoting by H1 the Hardy space, we get for I2 (2.5) the estimate

I2 � c

Z t

0

�k@iuk@kvikH1k.��/�1r � .�Dtv/kBMO d�:

Since for each i the term @iu � rvi is the product of a divergence-free function and a
curl-free one, we can apply the div-curl lemma to get

k@iuk@kvikH1 � CkrukL2krvkL2 ;

which together with the embedding PH 1 ,! BMO gives

I2 � c

Z t

0

�krukL2krvkL2k�DtvkL2 d�

�
1

4

Z t

0

�k
p
�Dtvk

2
L2
d� C c

Z t

0

�kruk2
L2
kDvk2

L2
d�:

Therefore, we have that (2.5) becomes

tk
p
�Dvk2

L2
.t/C

Z t

0

�k
p
�Dtvk

2
L2
.�/ d�

� k
p
�0v0k

2
L2
C c.�m; ı/

Z t

0

�k
p
�Dvk2

L2
k
p
�Duk2

L2
d�:

Grönwall’s lemma followed by (2.1) yields the balance

tk
p
�Dvk2

L2
C

Z t

0

�k
p
�Dtvk

2
L2
.t/ d� � c.�m; ı; k

p
�0u0kL2/k

p
�0v0k

2
L2
: (2.11)

We can repeat the steps above without the time weight to obtain

k
p
�Dvk2

L2
C

Z t

0

k
p
�Dtvk

2
L2
.�/ d� � c.�m; ı; k

p
�0u0kL2/k

p
�0Dv0k

2
L2
: (2.12)

Thus, the linear operator T v0 D rv satisfies the bounds kT v0kL2 � ckrv0kL2 and
kT v0kL2 � ct

� 12 kv0kL2 , and hence we conclude that

krukL2 � c.�
m; ı; k�0u0kL2/t

�1C
C"
2 kv0k PH
C" :

Using Stein’s interpolation theorem similarly to [34] for the terms with time integrals, we
close the balance in PH 
C",

t1�
�"kruk2
L2
C

Z t

0

�1�
�"k
p
�Dtuk

2
L2
.�/ d�

� c.�m; ı; k
p
�0u0kL2/ku0k

2
PH
C"

: (2.13)

Notice that we can combine (2.11) and (2.13) to obtain

max¹t1�
�"; tºkruk2
L2
C

Z t

0

max¹�1�
�"; �ºk
p
�Dtuk

2
L2
.�/ d� � C: (2.14)

We will need further time decay. We use the following theorem:
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Theorem 2.1 ([24]). For 1 < r < 2, and 0 < ˛ < 1, let u0 2 Lr \H˛ , a0 � a1 2 L2

and 0 < am < a0 2 L
1 with a � �; �. Then, under the assumption of small viscosity

contrast, the inhomogeneous Navier–Stokes with initial data .�0; �0; u0/ has a global
weak solution and there exists a constant C˛ which depends on k�0 � �1kL2 , ku0kLr
and ku0kH˛ , such that there hold

ku.t/k2
L2
� C˛.t C e/

� 2rC1;

kru.t/k2
L2
� C˛.t C e/

� 2rC";Z 1
0

t1��.t C e/�C
2
r �1�"kutk

2
L2
C kP div.�Du/k2

L2

C k.I2 � P / div.�Du/ � rP k2
L2
dt � C˛;

with any 0 < " < 1 and 0 < � < ˛.

Notice that by (2.9) and Young’s inequality we have

kDtuk
2
L2
� c.kutk

2
L2
C kuk2

L2
kruk4

L2
/:

Hence by (2.13), the estimates in Theorem 2.1 above and (2.1) it is possible to getZ t

0

max¹�1�
�"; �
2
r �"ºkDtuk

2
L2
.�/ d� � C;

with C D C.am; aM ; ka0 � a1kL2 ; ı; ku0kLr ; ku0kH
C"/. Thus, since 2=r � " > 1, we
can improve (2.14) for large times,

max¹t1�
�"; t
2
r �"ºkruk2

L2
C

Z t

0

max¹�1�
�"; �
2
r �"ºk

p
�Dtuk

2
L2
.�/ d� � C: (2.15)

Step 3: t1�

C"
2 Dtu 2 L

1.0; T IL2/, t1�

C"
2 rDtu 2 L

2.0; T IL2/, u 2 C.RCIH 
C"/.
We proceed to obtain higher-regularity estimates for Dtu. We take Dt in (INS) and

then the inner product with Dtu to obtainZ
R2

Dtu � �D
2
t udx D

Z
R2

Dtu �Dtr � .�Du/ dx �

Z
R2

Dtu �DtrP dx;

which after multiplication by the time weight t2�
�" gives

1

2

d

dt

�
t2�
�"

Z
R2

�jDtuj
2 dx

�
D
2 � 
 � "

2
t1�
�"k

p
�Dtuk

2
L2
C I4 C I5 C I6; (2.16)

with
I4 D t

2�
�"

Z
R2

Dtui@jDt .�Diju/ dx;

I5 D �t
2�
�"

Z
R2

Dtui@juk@k.�Diju/ dx;

I6 D �t
2�
�"

Z
R2

Dtu �DtrP dx:
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Integration by parts in I4 provides that

I4 D �t
2�
�"

Z
R2

@jDtui�DtDijudx

D �t2�
�"
Z

R2

@jDtui�.@jDtui C @iDtuj / dx

C t2�
�"
Z

R2

@jDtui�.@juk@kui C @iuk@kuj / dx

� �
t2�
�"

2
k
p
�DDtuk

2
L2
C 2t2�
�"k

p
�DDtukL2kruk

2
L4
;

which by (2.10) (taking v equal to u) gives

I4 � �
t2�
�"

4
k
p
�DDtuk

2
L2
C c.ı/t2�
�"k�Duk2

L2
k�Dtuk

2
L2
:

Integration by parts in term I5 yields

I5 � 2�
M t2�
�"krDtukL2kruk

2
L4
:

The identity
@kfi D @k�

�1@jDijf � r ��
�1@k@if

and the fact that
r �Dtu D ru � ru;

imply that
krDtuk

2
L2
D kDDtuk

2
L2
C kru � ruk2

L2
:

Therefore, applying Young’s inequality we obtain

I5 �
t2�
�"

8
k
p
�DDtuk

2
L2
C c.�m/t2�
�"kruk4

L4
:

so, using (2.10) again, we have

I4 C I5 � �
t2�
�"

8
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"k�Duk2

L2
k�Dtuk

2
L2
: (2.17)

For the I6 term, we first split it as

I6 D �t
2�
�"

Z
R2

Dtu � rDtP dx � t
2�
�"

Z
R2

Dtui@iuk@kP dx

D J1 C J2: (2.18)

We proceed with J2 first. We substitute expression (2.4) for the pressure and integrate by
parts to obtain

J2 D t
2�
�"

Z
R2

@kDtui@iuk.��/
�1
r � r � .�Du/ dx

� t2�
�"
Z

R2

Dtui@iuk@k.��/
�1
r � .�Dtu/ dx

D K1 CK2:
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The first term K1 is bounded as the previous term I5,

K1 �
t2�
�"

64
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"k�Duk2

L2
k�Dtuk

2
L2
:

For the second one, we integrate by parts twice to get

K2 D t
2�
�"

Z
R2

@iul@luiuk@k.��/
�1
r � .�Dtu/ dx

� t2�
�"
Z

R2

@kDtuiuk@i .��/
�1
r � .�Dtu/ dx:

Then,

K2 � ct
2�
�"

�
kruk2

L4
kukL4k�DtukL4 C krDtukL2kukL4k�DtukL4

�
;

so, using (2.8) and (2.10) repeatedly, we can bound it by

K2 � c.ı/t
2�
�"

�
kDtuk

3
2

L2
krDtuk

1
2

L2
kruk

3
2

L2
kuk

1
2

L2

C krDtuk
3
2

L2
kDtuk

1
2

L2
kuk

1
2

L2
kruk

1
2

L2

�
�
t2�
�"

64
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"kDtuk

2
L2
kruk2

L2

�
kuk

2
3

L2
C kuk2

L2

�
;

thus

J2 �
t2�
�"

32
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"kDtuk

2
L2
kruk2

L2
: (2.19)

We proceed with J1 (2.18). After integration by parts, the term J1 can be written as

J1 D t
2�
�"

Z
R2

@iuk@kuiDtP dx

D
d

dt

�
t2�
�"

Z
R2

@iuk@kuiP dx

�
� t2�
�"

Z
R2

Dt .@iuk@kui /P dx

� .2 � 
 � "/t1�
�"
Z

R2

@iuk@kuiP dx

D K3 CK4 CK5: (2.20)

Commuting the time derivative, the term K4 is given by

K4 D �2t
2�
�"

Z
R2

@iDtuk@kuiP dx C 2t
2�
�"

Z
R2

@iuj @juk@kuiP dx

D L1 C L2: (2.21)

The term L1 is bounded as J2 (2.18),

L1 �
t2�
�"

64
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"kDtuk

2
L2
kruk2

L2
:
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Next we substitute the pressure (2.4) in L2 to obtain

L2 � ct
2�
�"

kruk4
L4
C 2t2�
�"

Z
R2

@iuj @juk@kui .��/
�1
r � .�Dtu/ dx:

Then we note that by integrating by parts twice, the second term can be written as

t2�
�"
Z

R2

@iuj @juk@kui .��/
�1
r � .�Dtu/ dx

D
t2�
�"

2

Z
R2

@kuj @jukui@i .��/
�1
r � .�Dtu/ dx;

and therefore it is bounded as the first term in K2 above. We conclude that

L2 �
t2�
�"

64
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"kDtuk

2
L2
kruk2

L2
.1C kuk

2
3

L2
/;

and thus

K4 �
t2�
�"

32
k
p
�DDtuk

2
L2
C c.�m; ı/t2�
�"kDtuk

2
L2
kruk2

L2
: (2.22)

Substitution of expression (2.4) for the pressure inK5 (2.20) and integration by parts gives

K5 D .2 � 
 � "/t
1�
�"

Z
R2

@iuk@kuir � r � .��/
�1.�Dv/ dx

C .2 � 
 � "/t1�
�"
Z

R2

@iukui@k.��/
�1
r � .�Dtv/ dx;

so using (2.10), (2.8),

K5 � c.ı/t
1�
�".kruk2

L2
k�DtukL2 C k�Dtuk

3
2

L2
krukL2kuk

1
2

L2
/

� c.ı/t1�
�".k
p
�Dtuk

2
L2
C kruk4

L2
.1C kuk2

L2
//

� c.ı/t1�
�".k
p
�Dtuk

2
L2
C kruk4

L2
/: (2.23)

Going back to (2.20), bounds (2.22) and (2.23) provide

J1 �
d

dt

�
t2�
�"

Z
R2

@iuk@kuiP dx

�
C
t2�
�"

32
k
p
�DDtuk

2
L2

C c.�m; ı/t2�
�"kDtuk
2
L2
kruk2

L2
C c.ı/t1�
�".kDtuk

2
L2
C kruk4

L2
/:

Recalling the bound for J2 (2.19), we obtain, for I6 (2.18),

I6 �
d

dt

�
t2�
�"

Z
R2

@iuk@kuiP dx

�
C
t2�
�"

16
k
p
�DDtuk

2
L2

C c.�m; ı/t2�
�"kDtuk
2
L2
kruk2

L2
C c.ı/t1�
�".kDtuk

2
L2
C kruk4

L2
/: (2.24)
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Finally, we go back to the balance (2.16) with (2.17) and (2.24):

d

dt

�
t2�
�"

Z
R2

�jDtuj
2 dx

�
C
t2�
�"

8
k
p
�DDtuk

2
L2

� c.ı/t1�
�".kDtuk
2
L2
C kruk4

L2
/C c.�m; ı/t2�
�"kruk2

L2
kDtuk

2
L2

C
d

dt

�
t2�
�"

Z
R2

@iuk@kuiP dx

�
;

and integrate in time to obtain

t2�
�"
Z

R2

�jDtuj
2 dx C

1

8

Z t

0

�2�
�"k
p
�DDtuk

2
L2
d�

� c.�m; �m; ı; k
p
�0u0kL2/ku0k

2
PH
C"
C c.�m; ı/

Z t

0

�2�
�"kruk2
L2
kDtuk

2
L2
d�

C t2�
�"
Z

R2

@iuk@kuiP dx;

where we have used the previous energy estimate (2.13). Notice that the last term on the
right-hand side is like K5 (2.20) but with an additional factor of t on the time weight.
Therefore, from (2.23) and (2.14), we have the bound

t2�
�"
Z

R2

@iuk@kuiP dx

�
t2�
�"

2
k
p
�Dtuk

2
L2
C c.ı/t2�
�"kruk4

L2

�
t2�
�"

2
k
p
�Dtuk

2
L2
C c.�m; ı; k

p
�0u0kL2/ku0k

2
PH
C"

t2�
�"

.max¹t1�
�"; tº/2
;

and thus

t2�
�"
Z

R2

�jDtuj
2 dx C

1

4

Z t

0

�2�
�"k
p
�DDtuk

2
L2
d�

� c.�m; ı/

Z t

0

�2�
�"kruk2
L2
kDtuk

2
L2
d�

C c.�m; �m; ı; k
p
�0u0kL2/ku0k

2
PH
C"

.1Cmin¹t
C"; t�
�"º/:

Grönwall’s lemma then allows us to conclude that

t2�
�"kDtuk
2
L2
C

Z t

0

�2�
�"krDtuk
2
L2
d�

� c.�m; �m; ı; k
p
�0u0kL2/ku0k

2
PH
C"

: (2.25)

Repeating the steps but with the weight t1C
2
r �" in (2.16) and using (2.15) instead of (2.14),

it is analogous to check that the following balance also holds:

t1C
2
r �"kDtuk

2
L2
C

Z t

0

�1C
2
r �"krDtuk

2
L2
d� � C; (2.26)
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and hence

max¹t2�
�"; t1C
2
r �"ºkDtuk

2
L2
C

Z t

0

max¹�2�
�"; �1C
2
r �"ºkrDtuk

2
L2
d� � C; (2.27)

where C D C.am; aM ;ka0 � a1kL2 ; ı;ku0kLr ;ku0kH
C"/, a � �;�. Next, to show that
u 2 C.RCIH 
C"/, we write (INS) as a forced heat equation,

ut ��u D �P .�u � ru/C P ..1 � �/ut /C Pr � ..� � 1/Du/;

and hence the velocity is given by

u D et�u0 C

Z t

0

e.t��/�
�
�P .�u � ru/C P ..1 � �/ut /C Pr � ..� � 1/Du/

�
.�/ d�

D v1 C v2 C v3 C v4: (2.28)

Ladyzhenskaya’s inequality followed by (2.9) gives

k�u � rukL2 � c.ı/kuk
1
2

L2
krukL2kDtuk

1
2

L2
;

so estimates (2.13) and (2.25) provide

kP .�u � ru/kL2 � c.�
m; �m; ı; ku0kH
C"/t�1C

3
4 .
C"/:

Similarly,
kP ..1 � �/ut /kL2 � c.�

m; �m; ı; ku0kH
C"/t�1C

C"
2 :

Hence, by Young’s inequality for convolutions and the decay properties of the heat kernel,
we obtain

kv1kL1T . PH
C"/ � cku0kH
C" ;

kv2 C v3kL1T . PH
C"/

� c.�m; �m; ı; ku0kH
C"/





Z t

0

.t � �/�

C"
2 .��1C


C"
2 C ��1C

4
3 .
C"//






L1T

� c.�m; �m; ı; ku0kH
C"/:

Estimate (2.13), integration by parts and the arguments above give

kv4kL1T . PH
C"/ � c.�
m; ı; ku0kH
C"/





Z t

0

.t � �/�
1C
C"
2 ��

1
2C


C"
2






L1T

� c.�m; ı; ku0kH
C"/:

Therefore, we conclude that

kukL1.RCIH
C"/ � c.�
m; �m; ı; ku0kH
C"/:

The integration in time in (2.28) provides the continuity, following the estimates above.
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Lp-in-time estimates

We summarize here the Lp.0; T / estimates that will be needed in Steps 4 and 5. It should
be noticed that there are different constraints for short and long times. From estimate
(2.15), we get that for 2r=.2C r.1 � "// < p < 2=.2 � 
 � "/,Z t

0

kDtuk
p

L2
d� �

�Z 1

0

�1�
�"kDtuk
2
L2
d�

� p
2
�Z 1

0

�
�
p.1�
�"/

2
2
2�p d�

� 2�p
2

C

�Z t

1

�
2
r �"kDtuk

2
L2
d�

� p
2
�Z t

1

�
�. 2r �"/

p
2�p d�

� 2�p
2

;

and thusZ t

0

kDtuk
p

L2
d�

� C.�m; �m; ı; ku0kLr ; ku0kH
C"/;
2r

2C r.1 � "/
< p <

2

2 � 
 � "
: (2.29)

Similarly, we obtain from (2.27) thatZ t

0

krDtuk
p

L2
d�

� c.�m; �m; ı; k
p
�0u0kL2/ku0k

p

PH
C"
;

2

3
< p <

2

3 � 
 � "
; (2.30)

and from Theorem 2.1 we have

kru.t/kL2 � C.t C e/
� 1rC

"
2 ;

Z t

0

kruk
p

L2
d� � C;

2r

2 � r"
< p � 2: (2.31)

Additionally, we have the estimateZ t

0

krukLp d� � C;
2r

2 � r.1C "/
< p <1: (2.32)

In fact, by interpolation followed by (2.15) and (2.27),Z t

0

krukLp d� � c.ı/

Z t

0

kruk
2
p

L2
kDtuk

1� 2p

L2
d�

� C

�Z 1

0

d�

�
1�


C"
2 �

1
p

C

Z t

1

d�

�
1
rC

1
2�

"
2�

1
p

�
� C: (2.33)

For clarity in notation, in Steps 4 and 5 we will suppress the dependence on the initial
data from the constants.
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Step 4: ru 2 L1.0; T IL1/.
We first use (2.7) to write the gradient of u as

ru D �r��1Pr �
���
N�
� 1

�
Du
�
C
1

N�
r��1P .�Dtu/ D I7 C I8: (2.34)

We proceed first with I8. Sobolev embedding and (2.7) provide that

jI8j � ckr�
�1P .�Dtu/k

W
1; 2
1�


� c.kr��1Pr � .�Du/k
L

2
1�

C krr��1P .�Dtu/k

L
2
1�

/;

thus the boundedness of singular integrals in Lp followed by (2.9), (2.8), gives

jI8j � c.ı/
�
kruk

1�


L2
kDtuk




L2
C kDtuk

1�


L2
krDtuk




L2

�
: (2.35)

Hölder’s inequality with p D 2
.2�
/.1�
/

on the second term yields

jI8j � c.ı/
�
kruk

1�


L2
kDtuk




L2
C kDtuk

2
2�


L2
C krDtuk

2
3�


L2

�
;

so that (2.29)–(2.30) guarantee that theL1.0;T / norm of the last two the terms is bounded
uniformly in T . The L1.0; T / norm of the first term is controlled by (2.33), and hence for
any t > 0, Z t

0

jI8j d� � C: (2.36)

Next, the term I7 is given in index notation by�
r��1Pr �

��
N�
� 1

�
Du
�
i;j
D @i�

�1.ıj;k � @j�
�1@k/@m

���
N�
� 1

�
Dk;mu

�
D .RiRmıj;k �RiRjRkRm/

���
N�
� 1

�
Dk;mu

�
;

where ıj;k denotes the Kronecker delta, Ri the Riesz transform and Einstein’s summation
convention is used. Define the corresponding kernels

Ki;j;k;m.x/ D F �1
��i�m
j�j2

ıj;k �
�i�j �k�m

j�j4

�
.x/;

so that �
r��1Pr �

���
N�
� 1

�
Du
��
i;j

D

Z
D.t/

Ki;j;k;m.x � y/
��in.y/

N�
� 1

�
Dk;mu.y/ dy

C

Z
R2nD.t/

Ki;j;k;m.x � y/
��out.y/

N�
� 1

�
Dk;mu.y/ dy:
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In the following we shall use the notation

r��1Pr � .1D.t/Du/ D

Z
D.t/

K.x � y/ �Du.y/ dy;

so we have

I7 D

Z
D.t/

K.x � y/ �
��in.y/

N�
� 1

�
Du.y/ dy

C

Z
R2nD.t/

K.x � y/ �
��out.y/

N�
� 1

�
Du.y/ dy D I7;1 C I7;2: (2.37)

We focus on I7;1 first. Consider first x 2 D.t/. In the following, whenever x 2 @D.t/ we
will define f .x/ as the limit from inside D.t/. Then,

I7;1 D
1

N�

Z
D.t/

K.x � y/ � .�in.y/ � �in.x//Du.y/ dy

C

��in.x/

N�
� 1

� Z
D.t/

K.x � y/ �Du.y/ dy D J3 C
��in.x/

N�
� 1

�
J4: (2.38)

Therefore,
jJ3j � ck�

in
k PC�.D.t//kDukL

2
��"
;

where
" < � < 
:

By interpolation,

jJ3j � ck�
in
k

�



PC 
 .D.t//
k�in
� N�k

1� �

L1 kDukL

2
��"
;

and applying Young’s inequality we obtainZ t

0

jJ3j d� � ck�
in
k

�



L1t
PC 
 .D.t//

ı
1� �


Z t

0

kDuk
L

2
��"

d�

�

 � �



ık�in

k

�

��

L1t
PC 
 .D.t//

C C
�




�Z t

0

kDuk
L

2
��"

d�

� 

�

:

The last term is bounded in (2.32), thusZ t

0

jJ3j d� � ı

 � �



k�in
k

�

��

L1t
PC 
 .D.t//

C C: (2.39)

We proceed with J4. Without loss of generality, let '0.x/ be a defining function for the
domain D0, D0 D ¹x 2 R2 W '0.x/ > 0º (see for example [26, p. 119]), and '.x; t/ D
'0.X

�1.x; t// the corresponding defining function for D.t/. Define �.t/ as the cut-off
radius

�.t/ D min
°�
jr'jinf

kr'k PC 


� 1


; 1
±
; (2.40)



F. Gancedo and E. García-Juárez 1338

where we use the notation
jr'jinf D inf

x2@D
jr'.x/j:

Then, we split J4 as

J4 D

Z
D.t/\¹jx�yj��º

K.x � y/ �Du.y/C

Z
D.t/\¹jx�yj��º

K.x � y/ �Du.y/

D J4;1 C J4;2:

Since the kernel K is even, the second term on the right below is bounded using [5] (see
the geometric lemma) as

jJ4;1j �

ˇ̌̌̌Z
D.t/\¹jx�yj��º

K.x � y/ � .Du.y/ �Du.x// dy

ˇ̌̌̌
C

ˇ̌̌̌
Du.x/ �

Z
D.t/\¹jx�yj��º

K.x � y/ dy

ˇ̌̌̌
� ckruk PC 
 .D.t//

Z �

0

dr

r1�

C c.
/krukL1

� ckruk PC 
 .D.t// C c.
/krukL1 :

The term J4;2 is bounded by

jJ4;2j � c

�Z 1
�.t/

dr

r
2C

2�


� 2�

2

kruk
L
2


D c��
kruk

L
2


:

Thus, joining the bounds for J4;1 and J4;2 we find that

jJ4j � c.
/krukL1 C ckruk PC 
 .D.t// C c�
�

kruk

L
2


;

and going back to (2.38) with the bound (2.39) we haveZ t

0

jI7;1j d� � C C ı

�

 � �



k�in
k

�

��

L1t
PC 
 .D.t//

C c.
/

Z t

0

krukL1 d�

C c

Z t

0

kruk PC 
 .D.t// d� C c

Z t

0

��
kruk
L
2


d�

�
: (2.41)

Notice that if x …D.t/, we can define Qx as a point on the boundary with minimum distance
to x, Qx D arg d.x; @D.t// 2 @D.t/. Then, by adding and subtracting

�in. Qx/ D lim
x!Qx;
x2D.t/

�in.x/

in (2.38) instead of �in.x/,
Du. Qx/ D lim

x!Qx;
x2D.t/

Du.x/
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for the J4;1 term instead of Du.x/, and using the triangle inequality, we obtain the same
bounds for J3 and J4;1. Since the bound for J4;2 holds equally for x …D.t/, we have that
estimate (2.41) holds for any x 2 R2.

The term I7;2 (2.37) is decomposed further: I7;2 D J5 C J6, with

J5 D

Z
.R2nD.t//\¹jx�yj>1º

K.x � y/ �
��out.y/

N�
� 1

�
Du.y/ dy

and

J6 D

Z
.R2nD.t//\¹jx�yj<1º

K.x � y/ �
��out.y/

N�
� 1

�
Du.y/ dy:

At this point, it is direct to bound J5:Z t

0

jJ5j d� � c



�out

N�
� 1





L1

Z t

0

kruk
L
2


d�

� cı

Z t

0

��
kruk
L
2


d�:

The term J6 is handled as I7;1 (2.37) to get the estimateZ t

0

jI7;2j d� � C C ı

�

 � �



k�out

k

�

��

L1t
PC 
 .R2nD.t//

C c.
/

Z t

0

krukL1 d�

C c

Z t

0

kruk PC 
 .R2nD.t// d� C c

Z t

0

��
kruk
L
2


d�

�
:

Going back to (2.37), the above estimate and (2.41) allow us to getZ t

0

jI7j d� � C C ı

�

 � �



k�k

�

��

L1t
PC 
 .D.t//\ PC 
 .R2nD.t//

C c.
/

Z t

0

krukL1 d�

C c

Z t

0

kruk PC 
 .D.t//\ PC 
 .R2nD.t// d� C c

Z t

0

��
kruk
L
2


d�

�
:

Splitting (2.34), the above estimate together with (2.36) providesZ T

0

krukL1 dt � C C
cı

1 � c.
/ı

�
k�k

�

��

L1T
PC 
 .D.t//\ PC 
 .R2nD.t//

C

Z T

0

�.t/�
kruk
L
2


dt

C

Z T

0

kruk PC 
 .D.t//\ PC 
 .R2nD.t// dt

�
: (2.42)

Step 5: ru 2 L1.0; T I PC 
 .D.t// \ PC 
 .R2 nD.t///.
Recalling expression (2.34) for ru, we write

ru.x C h/ � ru.x/ D I9;1 C I9;2 C I10; (2.43)
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where

I9;1 D

Z
D.t/

.K.x C h � y/ �K.x � y//
��in.y/

N�
� 1

�
Du.y/ dy;

I9;2 D

Z
R2nD.t/

.K.x C h � y/ �K.x � y//
��out.y/

N�
� 1

�
Du.y/ dy

and

I10 D
1

N�

�
r��1P .�Dtu/.x C h/ � r�

�1P .�Dtu/.x/
�
:

We deal first with the term I10. Classical Sobolev embedding together with the Gagliardo–
Nirenberg inequality (2.8) gives

jI10j � ckr�
�1P .�Dtu/k

PW
1; 2
1�

jhj


� ckDtuk
L

2
1�

jhj


� ckDtuk
1�


L2
krDtuk




L2
jhj
 ; (2.44)

so repeating the steps for (2.35) we conclude that I10 is uniformly bounded in L1.0; T /.
Next we deal with I9;1 and I9;2. Assume that x and xC h belong toD.t/. We proceed

first with the term I9;1. We decompose I9;1 as

I9;1 D L1 C L2 C L3 C L4 C L5; (2.45)

with

L1 D

Z
D.t/\¹jx�yj<2jhjº

K.x C h � y/

�

����in

N�
� 1

�
Du
�
.y/ �

���in

N�
� 1

�
Du
�
.x C h/

�
dy;

L2 D

Z
D.t/\¹jx�yj<2jhjº

K.x � y/

����in

N�
� 1

�
Du
�
.x/ �

���in

N�
� 1

�
Du
�
.y/

�
dy;

L3 D

Z
D.t/\¹jx�yj<2jhjº

K.x � y/

����in

N�
� 1

�
Du
�
.x C h/ �

���in

N�
� 1

�
Du
�
.x/

�
dy;

L4 D

Z
D.t/\¹jx�yj�2jhjº

.K.x C h � y/ �K.x � y//

�

����in

N�
� 1

�
Du
�
.y/ �

���in

N�
� 1

�
Du
�
.x C h/

�
dy;

L5 D
��in.x C h/

N�
� 1

�
Du.x C h/

Z
D.t/

.K.x C h � y/ �K.x � y// dy:

The terms L1 and L2 are directly bounded by

jL1j C jL2j � c



��in

N�
� 1

�
Du




PC 
 .D.t//

jhj
 :
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Choosing 2jhj � mint2Œ0;T � �.t/, we have (see [5])

jL3j � c



��in

N�
� 1

�
Du




PC 
 .D.t//

jhj
 :

By the mean value theorem we also have

jL4j � c



��in

N�
� 1

�
Du




PC 
 .D.t//

jhj
 :

The termL5 is more singular and we have to use contour dynamics to control it. According
to Theorem 1.2,

jL5j � c



��in

N�
� 1

�
Du




L1.D.t//

P .kD.t/kLip C kD.t/k�/kD.t/k PC 1;
 jhj

 ;

where P is a polynomial. Let z0.˛/ be a C 1;
 parametrization of the initial domain D0,
so that its evolution via the particle trajectories (1.4),

z.˛; t/ D X.z0.˛/; t/;

gives the parametrization of D.t/. Then, since

k@˛zk PC 
 � .k@˛z0kC 
 C 1/
1C

krXkC 
 .D.t//;

we obtain

jL5j � c



��in

N�
� 1

�
Du




L1.D.t//

P .kr'kL1 C jr'j
�1
inf /krXkC 
 .D.t//jhj


 ;

where the constant c only depends on the initial domain. Then we notice that


��in

N�
� 1

�
Du




PC 
 .D.t//

� ck�in
k PC 
 .D.t//krukL1 C cıkruk PC 
 .D.t//:

The same approach is taken to control I9;2 but using the decomposition zL1 � zL5,
where the domain D.t/ is replaced by R2 n D.t/ and using ..�

out

N�
� 1/Du/. Qx/ and

..�
out

N�
� 1/Du/. Qxh/ instead, where Qxh D arg d.x C h; @D.t//. In fact, since for y 2 R2 n

D.t/ one has that jy � Qxj � 2jy � xj, jy � Qxhj � 2jx C h � yj, we obtain

j zL1j C jzL2j � c



��out

N�
� 1

�
Du




PC 
 .R2nD.t//

jhj
 :

The term zL4 is done analogously. For zL3, notice that the only nontrivial case happens
when d.x; @D.t// < 2jhj (otherwise zL3 D 0). Also, since the domain is restricted to a
ball, the integral of the kernel is bounded in the same way ([5]). We thus have

j zL3j � c



��out

N�
� 1

�
Du




PC 
 .R2nD.t//

j Qxh � Qxj


� c




��out

N�
� 1

�
Du




PC 
 .R2nD.t//

jhj
 ;
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where in the last step we use that j Qxh � Qxj � j Qx � .x C h/j C j.x C h/� Qxhj � 6jhj. The
term zL5 follows directly from Theorem 1.2,

j zL5j � c



��out

N�
� 1

�
Du




L1.R2nD.t//

P .kD.t/kLip C kD.t/k�/kD.t/k PC 1;
 jhj

 :

The case x; x C h 2 R2 nD.t/ is done analogously. It yields all the desired estimates to
control the Hölder norm for ru. In order to gather them all, we will denote

PC


D D

PC 
 .D.t// \ PC 
 .R2 nD.t//

for clarity in notation, and analogously for C 
D , to be used in the following. Therefore,
from splitting (2.43) and the above estimates it is possible to get

kruk PC 
D
�

cı

1 � cı
krukL1P .kr'kL1 C jr'j

�1
inf /krXkC 
D

C
c

1 � cı
k�k PC 
D

krukL1 C
c

1 � cı

�
kDtuk

2
2�


L2
C krDtuk

2
3�


L2

�
: (2.46)

Step 6: Closing all estimates.
We now introduce the bound (2.46) back into (2.42) to obtainZ t

0

krukL1 d� � cı
2

Z t

0

krukL1P .kr'kL1 C jr'j
�1
inf /krXkC 
D

d�

C cı

Z t

0

�
kDtuk

2
2�


L2
C krDtuk

2
3�


L2

�
d� C cıec

R t
0 krukL1 d�

C cı

Z t

0

kr'k PC 


jr'jinf
kruk

L
2


d� C C: (2.47)

Above we have used the definition of � (2.40) and that � is transported by the flow:

k�k PC 
D
� k�0k PC 
D

e

R t
0 krukL1 d� :

We denote

y.t/ D

Z t

0

krukL1 d�;

and notice that
krXkL1 � krX0kL1e

y.t/;

kr'kL1 � kr'0kL1e
y.t/;

jr'jinf � jr'0jinfe
�y.t/:

(2.48)

Furthermore, recalling the definition '.x; t/ D '0.X�1.x; t//, we have

r'.X.x; t/; t/ D .rX.x; t//�1r'0.x/;
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r'.X.x; t/; t/ � r'.X.y; t/; t/

jX.x; t/ �X.y; t/j


D
.rX.x; t//�1 � .rX.y; t//�1

jx � yj

r'0.x/

�
jx � yj

jX.x; t/ �X.y; t/j

�

C .rX.y; t//�1

r'0.x/ � r'0.y/

jx � yj


�
jx � yj

jX.x; t/ �X.y; t/j

�

;

and hence,

kr'k PC 
 � .k.rX/
�1
k
2
L1krXk PC 
D

kr'0kL1 C k.rX/
�1
kL1kr'0k PC 
 /krX

�1
k


L1 :

Using (2.48), we conclude that

kr'k PC 
 � c.krXk PC 
D
C 1/ec.
/y.t/: (2.49)

Next, we propagate further regularity,

d

dt
krXkL1 � krukL1krXkL1 ;

d

dt
krXk PC 
D

� krukL1krXk PC 
D
C krXk

1C

L1 kruk PC 
D

;

and substitute estimate (2.46) to obtain

d

dt
krXkC 
D

� krukL1krXkC 
D

C ıkrukL1P .kr'kL1 C jr'j
�1
inf /krXk

1C

L1 krXkC 
D

C ck�k PC 
D
krukL1krXk

1C

L1

C ckrXk
1C

L1

�
kDtuk

2
2�


L2
C krDtuk

2
3�


L2

�
:

We denote

x.t/ D krXkC 
D
;

a.t/ D krukL1 C ıkrukL1P .kr'kL1 C jr'j
�1
inf /krXk

1C

L1 ;

d.t/ D ck�k PC 
D
krukL1krXk

1C

L1 C ckrXk

1C

L1

�
kDtuk

2
2�


L2
C krDtuk

2
3�


L2

�
;

(2.50)

so that the above inequality can be rewritten as

Px.t/ � a.t/x.t/C d.t/;

and after integration,

x.t/ � g.t/C

Z t

0

a.s/x.s/ ds;
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where

g.t/ D x.0/C

Z t

0

d.s/ ds: (2.51)

Hence, applying Grönwall’s lemma, we find that

x.t/ � kgkL1T e
R t
0 a.s/ ds : (2.52)

Next, the terms a.t/ and g.t/ are estimated using (2.48) and (2.29)–(2.30),

kgkL1T � ck�kL1T . PC


D/
y.T /e.1C
/y.T / C C.1C e.1C
/y.T //

� C.1C y.T //ecy.T /

� Cecy.T /;Z t

0

a.s/ ds � y.t/C cıy.t/ecy.t/:

Thus, by (2.52), we have
x.t/ � Cecy.T /ecıy.t/e

cy.t/

: (2.53)

We introduce the bound (2.53) in (2.47), together with (2.29)–(2.32) and(2.48), to get

y.t/ � cı2y.T /ecy.T /ecıy.t/e
cy.t/

C ıCey.T / C C.1C ı/;

that is,
y.T / � ıC1e

C2y.T /eC3ıy.T /e
C4y.T /

C C5:

Assume that

ı � min
°e�2C4C5
2C3C5

;
C5e

�2C2C5�1

2C1

±
: (2.54)

Then we proceed by contradiction. If there exists a first time T such that y.T /D 2C5, we
would then have

2C5 � C5

�C1
C5
ıe2C2C5C1 C 1

�
�
3

2
C5:

Therefore, we conclude that there exists a ı > 0 satisfying (2.54) such that for any T > 0
it holds that

y.T / D

Z T

0

krukL1 dt < 2C5;

and hence, from (2.48), (2.53) and (2.46), for all t > 0,

�.t/
 � Ce�cC1 > 0;

krXkC 
D
� C;Z t

0

kruk PC 
D
d� � C:
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2.2. Uniqueness

As in the case of constant viscosity [11–13], the uniqueness of solutions is proved in
Lagrangian variables. This is due to the low regularity of the density and viscosity, pro-
duced by their jumps across the interface.

We denote by .�0; �0; v;Q/ the solution to (INS) in Lagrangian coordinates,

�0.y/ D �.X.y; t/; t/; �0.y/ D �.X.y; t/; t/;

v.y; t/ D u.X.y; t/; t/; Q.y; t/ D P.X.y; t/; t/;

where X is the flow defined by (1.4). Note that

rX.y; t/ D I2 C

Z t

0

rv.y; �/ d�;

and denote
A.t/ D .rX.�; t //�1:

Then, in Lagrangian variables the operators r, r� are given as follows. If we denote
Qf .y; t/ D f .X.y; t/; t/, then

ru
Qf .y; t/ WD .rf /.X.y; t/; t/ D A�r Qf .y; t/;

ru �
Qf .y; t/ WD .r � f /.X.y; t/; t/ D r � .A Qf .y; t//;

and furthermore, since detA.t/ D 1 due to the incompressibility condition, the following
identity holds for vector fields (see e.g. [11]):

r � .A Qf / D A� W r Qf : (2.55)

Hence, (INS) in y 2 R2, 0 < t < T , is rewritten as

�0@tv D ru � .�0Duv �QI2/;

ru � v D 0:

The equivalence of these formulations is guaranteed assuming thatZ T

0

krvkL1 d� � c < 1: (2.56)

In that case, one can write

A.t/ D

1X
jD0

.�1/j
�Z t

0

rv.�; �/ d�

�j
: (2.57)

Let .�1; �1; u1; P 1; X1/, .�2; �2; u2; P 2; X2/ be two solutions as in Theorem 1.1 for the
same initial data. In Lagrangian coordinates, we denote their difference by

ıv D v2 � v1; ıQ D Q2
�Q1;
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so that

�0ıvt D ru1 � .�0Du1ıv � ıQI2/Cru2 � .�0Du2v
2
�Q2I2/

� ru1 � .�0Du1v
2
�Q2I2/;

ru1 � ıv D .ru1 � ru2/ � v
2;

ıvjtD0 D 0:

We will now prove that for T > 0 small enough,Z T

0

Z
R2

jrıvj2 dy dt D 0: (2.58)

First, let ıv D w C z, where w is assumed to be the solution to the equation

ru1 � w D .ru1 � ru2/ � v
2
D r � .ıAv2/: (2.59)

Then the equations for z become

�0zt � ru1 � .�0Du1z/ D �ru1ıQCru2 � .�0Du2v
2
�Q2I2/

� ru1 � .�0Du1v
2
�Q2I2/

� �0wt Cru1 � .�0Du1w/;

ru1 � z D 0;

and thus we have

1

2

d

dt
k
p
�0zk

2
L2
C
1

2
k
p
�0Du1zk

2
L2
D

4X
jD1

Ij ; (2.60)

with

I1 D

Z
R2

z �
�
ru2 � .�0Du2v

2/ � ru1 � .�0Du1v
2/
�
dy;

I2 D

Z
R2

z � .ru1Q
2
� ru2Q

2/ dy;

I3 D �

Z
R2

�0wt � z dy;

I4 D

Z
R2

ru1 � .�0Du1w/ � z dy;

where we have used that ru1 � z D 0. We proceed to estimate each of these terms. Notice
first that if v1, v2 satisfy (2.56), then from (2.57) we obtain

kıA.t/kL2 � Ct
1
2 krıvkL2tL2

: (2.61)

Next, we integrate by parts to obtain

jI1j �

Z
R2

�0jrzj
ˇ̌
.ıAA�2 C A1ıA

�/rv2 C ıA.rv2/�A2 C A1.rv
2/�ıA

ˇ̌
dy;
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and therefore
jI1j � CkrzkL2 t

1
2 krv2kL1 t

� 12 kıAkL2 :

Thus, using (2.61) and integrating in time,Z T

0

jI1j dt � Ckrıvk
2
L2TL

2kt
1
2rv2k2

L2TL
1 C

�m

8
krzk2

L2TL
2 :

Similarly, integration by parts and identity (2.55) provide that

I2 D

Z
R2

ıA� W rzQ2 dy:

Now we substitute the pressure by its expression in (2.4) to get

I2 D

Z
R2

ıA� W rz.r � r ���1/.�2Du2/.X2.y// dy

�

Z
R2

ıA� W rz.��1r�/.�2Dtu
2/.X2.y// dy;

and using (2.55) again we integrate by parts back in the second term,

I2 D

Z
R2

ıA� W rz.r � r ���1/.�2Du2/.X2.y// dy

C

Z
R2

ıAz � .r��1r�/.�2Dtu
2/.X2.y//rX2.y/ dy:

Therefore,

jI2j � Ckt
� 12 ıAkL2kt

1
2 .r � r ���1/.�2Du2/kL1krzkL2

C Ckt�
1
2 ıAkL2kt

1
2r��1r � .�2Dtu

2/kL6kzk
2
3

L2
krzk

1
3

L2
;

where we have used (2.8). The Calderon–Zygmund and Young inequalities provideZ T

0

jI2j dt � Ckrıvk
2
L2TL

2kt
1
2 .r � r ���1/.�2Du2/k2

L2TL
1 C

�m

16
krzk2

L2TL
2

C CkrıvkL2T .L2/
kt

1
2 �2Dtu

2
k
L
6
5
T L

6
kzk

2
3

L1T L
2krzk

1
3

L2TL
2

� Ckrıvk2
L2TL

2

�
kt

1
2 .r � r ���1/.�2Du2/k2

L2TL
1 C kt

1
2 �2Dtu

2
k
2

L
6
5
T L

6

�
C
1

4
kzk2

L1T L
2 C

�m

8
krzk2

L2TL
2 :

We are left to show that t
1
2 .r � r � ��1/.�2Du2/ 2 L2.0; T I L1/ and t

1
2Dtu

2 2

L
6
5 .0; T IL6/. The latter follows from (2.8) and the regularity estimates in Theorem 1.1.

For the first, it is enough to define y.T / D
R T
0
�kruk2L1 d� and repeat Steps 4 and 5, by

noticing that instead of (2.35) now we would have

tkruk
L

4
1�

C tkDtuk

L
4
1�

� c.T /;
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which follows by the regularity estimates in Theorem 1.1. The constant c.T / above is
continuous, increasing and such that c.0/ D 0. We are done with I1 and I2. To deal with
I3 and I4, we need to study w first.

Lemma 2.2. Let A.t/ be a matrix-valued function on Œ0; T � �R2 satisfying

detA D 1:

There exists a constant c such that if

kI2 � AkL1T L1 C kAtkL
6
5
T L

6
� c;

then for all functions g in L2.0; T IL2/ satisfying

g D r �R; R 2 L1T L
2; Rt 2 L

6
5

TL
3
2 ;

the equation
r � .Aw/ D g in Œ0; T � �R2

has a solution w in the space

WT D
®
w 2 L1T L

2; rw 2 L2TL
2; wt 2 L

6
5

TL
3
2
¯
;

that satisfies
kwkL1T L2 � CkRkL

1
T L

2 ;

krwkL2TL2
� CkgkL2TL2

;

kwtk
L
6
5
T L

3
2

� CkRkL1T L2 C CkRtkL
6
5
T L

3
2

:

Proof. The proof follows as in [13, Lemma A.2] with minor modifications.

Lemma 2.3. The solution w to (2.59) given by Lemma 2.2 satisfies

kwkL1T L2 C krwkL2TL2
C kwtk

L
6
5
T L

3
2

� c.T /krıvkL2TL2
; (2.62)

where c.T / is a continuous increasing function of T with c.0/ D 0.

Proof. Using (2.9) and the estimates in Theorem 1.1, we have rv 2 L
6
5 .0; T IL6/, and

thus there exists a constant c such that if

krv1kL1TL1
C krv1k

L
6
5
T L

6
� C;

then, by Lemma 2.2 and identity (2.55),

kwkL1T L2 � CkıAv
2
kL1T L

2 ;

krwkL2TL2
� CkıA� W rv2kL2TL2

;

kwtk
L
6
5
T L

3
2

� CkıAv2kL1T L2 C Ck.ıAv
2/tk

L
6
5
T L

3
2

:
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Using Hölder’s inequality and (2.61) repeatedly, we obtain

kıAv2kL1T L2 � Ckt
1
2 v2kL1T L1krıvkL2TL2

� Ckt
1
2 v2k

L1T W
1; 2
1�

krıvkL2TL2

;

kıA� W rv2kL2TL2
� CkrıvkL2TL2

kt
1
2rv2kL2TL1

;

kıAtv
2
k
L
6
5
T L

3
2

� CkıAtkL2TL2
kv2kL3TL6

� CkrıvkL2TL2
kv2kL3TL6

;

kıAv2t k
L
6
5
T L

3
2

� krıv2kL2TL2
kt

1
2 v2t k

L
6
5
T L

6
;

so, by the regularity provided in Theorem 1.1, the proof is concluded.

Now we go back to estimate the terms I3, I4 in (2.60). Hölder’s inequality and Lemma
2.3 provide thatZ T

0

jI3j dt � Ckwtk
L
6
5
T L

3
2

kzkL6TL3
� c.T /krıvkL2TL2

kzk
2
3

L1T L
2krzk

1
3

L2TL
2

� c.T /krıvk2
L2TL

2 C
1

4
kzk2

L1T L
2 C

�m

8
krzk2

L2TL
2

and Z T

0

jI4j dt �
�m

8
krzk2

L2TL
2 C c.T /krıvk

2
L2TL

2 :

Hence, joining the estimates for I1 to I4 and going back to (2.60), we obtain that for small
T > 0,

sup
t2Œ0;T �

kzk2
L2
C

Z T

0

krzk2
L2
dt � c.T /

Z T

0

krıvk2
L2
dt: (2.63)

Recalling that ıv D w C z and the estimate for w (2.62), we obtainZ T

0

krıvk2
L2
dt � c.T /

Z T

0

krıvk2
L2
dt;

and hence we conclude (2.58), i.e. that for T > 0 small enough, krıvkL2TL2 D 0. Plugging
this back into (2.63) and (2.62) allows us to conclude that

v1 � v2 on Œ0; T � �R2:

One can now go back to Eulerian coordinates, while the passage to arbitrary T > 0 follows
from standard connectivity arguments.
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