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Entire downward solitons to the scalar curvature flow in
Minkowski space

Pierre Bayard

Abstract. We investigate existence and uniqueness in Minkowski space of entire downward trans-
lating solitons with prescribed values at infinity, for a scalar curvature flow equation. The radial case
translates into an ordinary differential equation and the general case into a fully non-linear elliptic
PDE on R”.

1. Introduction

The Minkowski space R™! is R**1 with the metric
dxi+- +dxp —dxi,,.

A smooth function u: R" — R is spacelike if | Du(x)| < 1 for all x € R”. This alterna-
tively means that its graph M is a spacelike hypersurface of R™!. In the natural chart
(x1,...,Xxn), the metric of M is

8ij = 5,']' — aiu 8ju
and the second fundamental form is
1
hy = 2
Y 1= Dup Y
Since the inverse of the metric is

i d;u dju
LV ! J

8 =%t T pup

the shape operator of M is given by

n

P 1 ' 0iu Ogu \ .5

k=1
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Let us denote by #[u] the (normalized) kth elementary symmetric function of the prin-
cipal curvatures A1, ..., A, of the graph of u,

k\(n —k)!

Hic[u] = pr

Gk(/ll, e ,/Xn).
We are interested in the scalar curvature S[u], which is linked to J;[u] by
S[u] = —n(n — 1) Ha[u],

and more specifically in the entire scalar curvature flow,
u 1
——F———=+ Hu]2 =H, 2
V1 —|Dul?

where H > 0 is a given function. This equation expresses the evolution of a spacelike
hypersurface with normal velocity given by the square root of its scalar curvature (up to a
negative multiplicative constant), with a forcing term. In the paper we will suppose n > 2
since the case n = 2 is very different from the PDE point of view: it corresponds to the
evolution of a surface by its Gauss curvature, which translates into an equation of Monge—
Ampere type. It is well known that equation (2) is parabolic on the set of admissible
functions

{u :R" — R of class C? such that [Du| < 1, #;[u] > 0, #,[u] > 0 on R"},
and that the Maclaurin inequality
1
Holu] = Ho[u]? 3)

holds on that set. Translating solitons are solutions of (2) moving by vertical translations,
i.e. such that # = a for some constant @ € R: they are solutions of the so-called soliton
equation

Ja[u]z = H + (4)

a
V1—1Du?’

Conversely, a solution u: R” — R of (4) gives a solution of the flow (2) by setting
u(x,t) :==u(x) + at.

Entire translating solitons thus readily furnish natural examples of solutions for the entire
parabolic problem (2). It is moreover plausible that an entire solution of (2) necessarily
converges to a translating soliton if the initial hypersurface has bounded curvature and is
such that supg. |Du| < 1: this was proved for the mean curvature flow in [1], if H is a
constant. So the study of the soliton equation (4) is certainly important for the study of
the entire flow (2). We are especially interested here in the existence and uniqueness of
entire solutions of (4), and in their asymptotic properties. Since we are seeking admissible
solutions (in order to apply elliptic methods), we need to suppose

H +a>0.
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Let us note that for a solution u of (4) and A > 0, the function u (x) := Au(x/A) satisfies
a/i

V1—=[Du;?’

where H; (x) = 1 H(x/1). The study of (4) thus reduces to the three cases a = 1, —1 or

0. The case a = 0 corresponds to the prescribed scalar curvature equation and was studied
in [3-6,21]. We focus here on the case a = —1, which is the downward soliton equation

1
V1= Dul?’

with H > 1. We first prove that if H is a radial function, the downward soliton equation
admits an entire radial solution, unique up to the addition of a constant; we will moreover
specify its asymptotic behavior:

J(]z[ux]% =H, +

Joru)? = H — )

Theorem 1. Let C > 1 be a constant and let H: [0, +00) — R be a non-decreasing
function such that x € R" — H(|x|) € R is smooth,

inf H>1 and H(r) =25 C. (6)
[0,+00)
Then there exists a radial admissible function u:R" — R, a solution of (5) in R". It is

strictly convex and such that

|x|—+o00 1
|Du(x)| —— /1 — roeh
Assuming moreover that
r—+o00 B i
Hor) ™2 c( 0(r2)>’ @

it satisfies

1 -2
u(x) = ‘/I_I/CZM_E‘/”” log |x| + co + o(1) 8)

for some constant ¢y € R. In particular, the radial admissible solution is unique up to the
addition of a constant.

We then consider the Dirichlet problem for the downward soliton equation, with con-
stant prescribed curvature and boundary values, in uniformly convex domains:
Theorem 2. Let Q2 C R” be a bounded open set with smooth boundary, uniformly convex,
and let C > 1 and uy € R be constant. The Dirichlet problem
1 1
Hou]?2 =C — —— in Q,

V1 —|Dul? )

U =1uy on 092,

has a unique admissible solution.
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We finally prove that the downward soliton equation with constant curvature C > 1
admits entire admissible solutions, with prescribed asymptotic values at infinity. Let us set

C=+1-1/C2,

consider the sphere
Se ={xeR":|x| =C},
and fix f:Sg — R of class C2.
Theorem 3. There exists a unique admissible solution u: R" — R of

1

V1 —|Dul?

[x]—>+400 ~ 1 n—2 ~ X
u(x) C|x|—a‘/ _ log|x|+f<Cm)+0(l). a1

Similar results concerning the entire soliton equation for the mean curvature flow in
Minkowski space were proved in [8, 16—19].

Ja[u]z = C — (10)

such that

Remark 1. (1) It may be proved that the second fundamental form of the graph of a
radial solution in Theorem 1 decays as 1/r at infinity, and more specifically that

1 1
H1[u] ~400 AnVC2Z — 1; and  Hau] ~4o0 Bn(C? — 1)r_2

for some constants «;,, 8, > 0 depending only on the dimension #. In particular,
a radial soliton satisfies the pinching condition

adey[u] < Ha[u]? < BIey[u] (12)

for some constants «, 8 > 0. Such a pinching on the curvatures of the initial data
was used in [2, 7] for the study of the euclidean scalar curvature flow. We do not
know whether (12) holds for the more general solitons obtained in Theorem 3.

(2) In Theorem 2, if 2 is a ball then the solution u of the Dirichlet problem is the
restriction of a radial soliton described in Theorem 1.

(3) By the standard elliptic regularity theory the solitons obtained in the three theo-
rems above are automatically smooth (since they are classical solutions of elliptic
equations with smooth coefficients).

(4) The uniqueness properties in the three theorems above are consequences of the
standard maximum principle. For instance, in Theorem 3, if u; and u, are admis-
sible solutions of (10) such that (11) holds, and assuming by contradiction that
u1(x0) < uz(xp) at some point xo € R", we consider u§ := u; + ¢ with e > 0
such that

u§(xo) = ui(xo) + & < uz(xo).



Entire downward solitons to the scalar curvature flow in Minkowski space 1357

Since we have by (11),

|x|—>+o00
W§ —uz)(x) —— >0,
the set {u] < u,} is compact, and the maximum principle implies that u§ = u,
on this set, a contradiction.

(5) In Theorem 3, if the function f is a constant then u is a radial function: (10)—(11)
are indeed invariant by rotations of center O if f is constant, and we have seen
above that an admissible solution is unique (up to the addition of a constant).

(6) More is known on the structure of the entire solitons to the mean curvature flow in
R™1: for example, they are convex and satisfy a splitting theorem, [19, Theorem
1.2]. The question of whether these results extend to the scalar curvature flow is
open.

Let us quote some related papers. Entire mean curvature flow in Minkowski space
was studied in [1,9-11], and the corresponding soliton equation in [8, 16—19]. The scalar
curvature flow in Lorentzian geometry was first studied in [12—14]. We studied in [6] the
entire scalar curvature flow in Minkowski space, for an initial hypersurface at a bounded
distance of a lightcone.

The paper is organized as follows. In Section 2 we study the radial soliton equation
and prove Theorem 1, in Section 3 we solve the Dirichlet problem (Theorem 2) and in
Section 4 we study the entire solitons with prescribed values at infinity proving Theorem
3. A short appendix ends the paper on the asymptotic behavior of the solutions of some
classical ordinary differential equations.

2. Entire radial solitons

Here we prove Theorem | concerning radial solutions of the entire soliton equation: for
radial solutions, the equation reduces to an ordinary differential equation. Let us note that
a radial function u: R” — R of class C? may be written in the form

x|

u(x) = u(0) +/0 y(r)ydr (13)

for some function y: [0, +00) — R of class C ! such that y(0) = 0. With this notation we
have at x € R"\{0},
X XiX;

d;u =y— and Bl-zju = %(8,-]- — _) +

i 1 XiXj
x| |x|?

|x|?’

which yields, at x = (r,0,...,0),r > 0,

Du = (»,0,...,0), D%*u= diag(y’,

S <

0
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and by (1) the following expression for the matrix of the shape operator of M = graph(u),

/

g Yoy y)

1
L dg( 2522
V1—y2? e 1—y2'r r
Equation (5) is thus equivalent to the ordinary differential equation
2 y( ¥y n—2y } ( 1 2
= —r=(H(@) - —) 15
n(l—yz)r{l—szr 2. “ Vi=y? )

on (0, +00) with

(14)

1
—— < H(r).
V1—=y2?
The following proposition together with (13) will thus imply the first part of the theorem:

Proposition 2.1. Under the hypotheses of Theorem 1, there exists y: [0, +o0) — R of
class C', a solution of (15) on (0, +00) and such that

/ 1
li =,/1 ! 17
dm o= 1-g 1

Moreover, y'(0) = H(0) — 1, y/ > 0 on [0, +00) and the matrix 8 defined in (14) is
positive and converges to

It satisfies

$(0) := (H(0) — 1) diag(1,1,...,1)
as r tends to 0.

Before the proof of the proposition, let us observe that, setting v = y2, (15) transforms

to
1—
o= —(n—22 0=V +nr(1—v)(HVT=v —1)%, (18)
r
and, following ideas in [ 18], we consider, for ¢ > 0, the auxiliary equation
1—
v’=_(n—z)”(r_+:)+n(r+s)(1—v)(H(r)v1—v—1)2. (19)

We first solve (19) (Lemma 2.2), then (18) (Lemma 2.3), and afterwards prove Proposition
2.1.

Lemma 2.2. Equation (19) admits a smooth solution v: [0, +00) — R such that v, (0) =
0. It is non-decreasing on [0, +00), such that

0<ve(r)<1-— on (0, +00), (20)

1
H(r)?
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and satisfies
. 1
r_l}rfoo ve(r)=1-— ek
Proof. Equation (19) is of the form v’ = f¢(r, v) with the smooth function fg: (—¢, +00) x

(—o00,1) — R defined by

v(l—v
fe(r,v) = —(n — 2)% +nr+e1—v)(HNHVI—v-1)°. @D
where the function H is extended smoothly to (—¢, +00). The Cauchy-Lipschitz theorem
yields a smooth solution v,: [0, T*) — (—00, 1) such that v, (0) = 0. We moreover choose
T* such that [0, T*) is maximal. Let us note that the differential equation implies that

v2(0) = ne(H(0) — 1)> > 0,

so that v, > 0 near r = 0. Let us prove by contradiction that v, > O on (0, 7*):if rg > 0
is the first value such that v, (ro) = 0 we have v.(rg) < 0 and by the differential equation
again

vy (ro) = n(ro + &)(H(ro) — 1)* > 0,

a contradiction. We show similarly that the second inequality in (20) holds on [0, T*): by
contradiction, if ry > 0 is the first point such that

1

Ve(ro) =1 — W,

the function

r|—>vg(r)—<1 —ﬁ)

is negative on [0, rg) and vanishes at rg; so its derivative is non-negative at ro, which
implies
H'(r
(ro) .
H (ro)?

vg(ro) =2

But the differential equation implies

, n—2 1 1
ve(ro) ro + s( H(r0)2> H(ro)? =

again a contradiction. So (20) holds on (0, T*), and since H < C we deduce that v, €
0,1— é) on (0, 7*), and thus T* = + o0 (since a maximal solution leaves any compact
subset of (—&, +00) x (—00, 1)). We now prove that v, > 0 on [0, +00): by contradiction,
since v.,(0) > 0 there would be a first point r; > 0 such that v,(r1) = 0, and differentiating
(19) we would obtain at ry,

" 61_ &
US(Vl) = (I’l—Z)U(r(T;;Q + n(1 —Ug)(H(rl)\/l — Vg — 1)2

+2n(r1 + &)(1 —ve) (H(ri) V1 —ve — 1) H'(r1) /1 — ve > 0,
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a contradiction since Ué|[0 l would also reach its minimum at r;. Finally, if

[ = riir+noo ve(r) < 1-— ek

it is easy to get from (19) that v.(r) — +oo as r — 4o00. This is impossible since v, is
bounded. ]

We now pass to the limit ¢ — 0 in (19) and obtain a solution of (18):

Lemma 2.3. There exists a sequence €; —; oo 0 such that (ve,)ieN converges smoothly
on compact subsets of (0, +00). The limit v = lim;_, oo Vg, is a solution of (18) on
(0, +00); v > 0 0n (0, +00), and v is such that

1
0< v(r) <1- W on (O, +OO) (22)
and satisfies
. . 1
rlgl}) v(r)=0 and r_l}r_{loov(r) =1- ek (23)

Proof. Let us prove that for all [a, b] C (0, +00) and k € N there exists My € [0, +00)
such that
sup (v (r)] < My (24)
re€la,b]
for all € € (0, 1). Recalling expression (21) of f,: (—¢, +00) X (—o00, 1) — R, we see that
/. and all its partial derivatives are bounded on [a, b] x [0, 1 — 1/C?], independently of
e € (0,1). This gives (24) by induction: for k = 0, v, takes values in [0, 1 — 1/C?] and is

bounded; assuming that v, .. ., vék) are bounded on [a, b], independently of ¢ € (0, 1), so
is vékH): it is indeed obtained after k derivatives of v, = f¢(r, v,), all of whose terms are

bounded. Thus estimates (24) hold, and extracting subsequences and using a diagonal pro-
cess, we may construct a sequence &; —; oo 0 such that (v, );en converges smoothly
on compact subsets of (0, +00). The smooth function v = lim;_, 1 Vg, is obviously a
solution of (18) on (0, +00), is non-decreasing and satisfies

0<v(r)<1- on (0, +00), (25)

H(r)?
since so do the functions vg,. Thus v/ > 0 on (0, +00), and assuming that v’ = 0 at some
point ro > 0, differentiating (18) we would have at ry,

o) = -2 " ) (T - 1)?

0

+ 2nro(1 —v)(H(ro)v'1—v—1)H'(ro)v1—v > 0,

a contradiction since v’ would reach a minimum at ro which implies v”/(r¢) = 0. Thus
v’ > 0 on (0, +00) and (25) implies (22) (also using (18) to show that the last inequality
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in (25) is in fact a strict inequality). Moreover, the limit at infinity in (23) holds since, on
the contrary, the differential equation would imply that v/ — 400, a contradiction with v
bounded. For the limit as r — 0, let us note that (18) with the condition v’ > 0 yields

nr2(H(r)v1—v — 1)2 >((n—2)v>0.
Since the left-hand side tends to O as r tends to 0, so does the function v. n

Proof of Proposition 2.1. Let v: (0, +00) — R be the solution of (18) obtained in the
previous lemma. The function y := /v : (0, +00) — R is C, solves (15) on (0, 4+00)
and obviously satisfies the inequalities in (16) and the limit (17). Setting y(0) = 0 it is
moreover continuous at 0. Let us prove that y is also C! at 0: since the first term in the
left-hand side of (15) is positive we get

0< (%)2 < n”TZ(H(r)M— 1)?

0<Z< [ (HEr)-).
r n—2

The function w = (%)2 is bounded and by (15) satisfies

and thus

w/+nE=@
r r

(26)
with
h(r) = (n —2)r*w? + n(1 — r*w)(HFr)vV1 —r2w — 1)2 hinaid n(H(0) — 1)2.

The unique bounded solution of (26) is

w(r) = (/Or h(s)s" 1 ds)r_”.

w ~o (/Orn(H(O) —1)2"1 ds)r_" = (H(0) — 1)%.

This implies that

We thus have y/r — H(0) — 1 as r tends to 0, which shows that y is differentiable at 0
with y’(0) = H(0) — 1. Moreover, (15) again shows that

y , 1 n—Z(y)2 r—0 n
r

4 —(H(0) - 1)?,

YTt SHO - 1)

and, since y/r — H(0) — 1 and y — 0, yields y’ — H(0) — 1. Thus y is of class C! on
[0, +00). We now prove that y’ > 0 on [0, +00): ¥'(0) = H(0) — 1 > 0 and we saw in
Lemma 2.3 that v/ = 2yy’ > 0 on (0, +00). Finally, the last claim is a direct consequence
of what we proved before. ]
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We now study the asymptotic behavior of the solutions of (15).
Proposition 2.4. Let us assume that
r—>+oo 1
)

The solution y of (15) has the following asymptotic expansion at infinity:

1 1 —-21 1
= 1= @y oE) e

Relation (13) then gives the asymptotic behavior (8) of the solution in Theorem 1, which
achieves the proof of that theorem.

Proof. Let us first prove that

1 1 —-21 1
y = \1- G =y ols): 29

Let us consider the function z such that

1 ! ! 29)
= - — ——2z.
Y cz r
We observe that it is a solution of an equation of the form
7= Az>+ B (30)
with A and B such that
. nC? 1
and
lim B(r) = By = "2 /1— 2 32
rggo (r)y= O—W -z (32)
To see this, let us write (15) in the form
vy, S \2 2
21_y2—nr (H(r)\/l—y —1) —(n—=2)y~. (33)

By a direct computation using (29) and since z/r — 0 (by (17)), the left-hand side of
(33) may be written in the form

ryy’

2
1—y2

=o1Z' + B
with @y — —2C2,/1 — &5 and f; — 0. Similarly, since

Hi)/T—y2—1= (c2 1—i+o(1))§+0(r12), (34)

C2
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the right-hand side of (33) is of the form

nr? (H)WT=y2 = 1)" = (1 =2)y” = a2’ + f2

with 0 — nC*(1 — &5) and f, — —(n — 2)(1 — &5). Equations (30), (31) and (32)
follow. Proposition A.2 in the appendix then implies that

lim z(r) = \/”_
oo 2V A0 - c?

which gives (28). We now prove (27). Let us consider the function « such that

n—21
_E c2 roor2

By (28), @/r — 0 as r tends to infinity. Let us see that « is a solution of an equation of
the form

o +aa =b, (35)

with a — a¢ > 0 and b bounded; it will imply that « is bounded by Proposition A.3 in the
appendix, which will finish the proof of (27). To see that (35) holds, we write (15) in the
form

2 ’
212 A (HOVT P - 1) - - 27). @)

The left-hand side of (36) may be written

r2yy’ 2y L2y s,
2 :-1 _yza + 1_yz(r y +a);
since
2y 1
and
r’y + o n- 2 -
Y B n C2
it is of the form
2 12y = 1 + ca, (37)
1—y2
with ¢; — —2C 2, /1 — =5 and ¢, bounded. For the right-hand side of (36), using the

following improvement of the expansion (34),
1 I\\ z 1
—y2 _ = 2 —_— — — —_—
HWWI=y2 -1 =(c*\1- 5 +0())2 +0(5)
with

cVw T7
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bounded, it is easy to show that
2 1
nr3(Hr) 1= y2—1)% = (n — 2)(1 . E)r +esa+ 0(1),
where ¢z — 2/n(n —2)(C? — 1), and

1
rn—2)y? = (n — 2)(1 _ E)r +o(1),

so that

r(nrz(H(r)\/l —y2— 1)2—(11 —2)y2) = c300 + C4 (38)
with ¢3 — 24/n(n — 2)(C? — 1) and ¢4 bounded. Equation (36) with (37) and (38) implies
(35), and the result. [

3. The Dirichlet problem

We consider here the Dirichlet problem with constant curvature and boundary values (9),
and prove Theorem 2. We may suppose that the boundary condition is uy = 0.

3.1. Method of resolution

We use the method of continuity: we consider, for o € [0, 1], the family of Dirichlet prob-
lems

Jou? =C - —2—— inQ,

V1 —|Dul? (39)
u=20 on 0%2,

and set
S :={o €[0.1]: Ju € C*°(Q) an admissible solution of (39)}.

(1) S # @: by [3,4,21] the Dirichlet problem (39) with ¢ = 0 admits a smooth admis-
sible solution.

(2) S is open in [0, 1]: this is a consequence of the ellipticity of #, at an admissible
function and the linear theory.

(3) S isclosed in [0, 1] if the following a priori estimates hold: there exist @ € (0, 1)
and controlled constants M € R™, 6 € (0,1) and § > 0 such that

lulloe <M, sup|Du|<1-06 (40)
Q
and
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for all the admissible solutions of (39). The constants M, 6 and § are assumed to
be locally independent of ¢: if o € (0, 1] is given, M, 6 and § are independent of &
in some neighborhood of 0y, and only depend on €2, C, n and oy. These estimates
indeed imply that S is closed in [0, 1]: if (0,)nen € ST converges to g € (0, 1],
and u,, is an admissible solution of (39) with ¢ = g, the estimates (40) allow us
to suppose that (i, ),en converges to a spacelike function u in C2(2), which is
a solution of (39) with 0 = 0p; moreover, the a priori estimate (41) implies that u
is admissible, since, passing to the limit in the Maclaurin inequality (3) for u,, we
obtain
Jer[u] = Halu]? > 82 > 0.

Finally, v is smooth, by the standard elliptic regularity theory. This implies that
o9 belongs to S

So § = [0, 1] and the Dirichlet problem (9) ((39) with ¢ = 1) admits a smooth admis-
sible solution.
Let us note that an estimate of the form F#,[u] > § for an admissible solution of (39)

is equivalent to an estimate
1

/
mfc/g (42)

for some constant C’ strictly smaller than C, since by (39),

1 C—Vs
H>[u] > 8 if and only if < f (43)

J1—|Dul2 ™~ o©
Note also that (42) yields the gradient estimate required in (40). We will thus focus below
on the proof of the gradient estimate (42) and afterwards on the estimate of the second
derivatives (the C° estimate is trivial). The C%** estimate will then follow from the Evans,
Krylov and Safonov estimates [15].

3.2. The gradient estimate

We prove here the gradient estimate (42) in two steps: we first prove that the gradient
cannot attain its maximum at a point interior to the domain, and then deal with the estimate
at the boundary.

3.2.1. Maximum principle for the gradient. We first show that the maximum of

1

V1 —|Dul?

is attained at the boundary of €2, i.e. that

Sup v = sup v. (44)
Q 0Q



P. Bayard 1366

We will do computations on the hypersurface M = graph(u), and use the usual index
notation and summation convention for tensors. We will denote, for F = 36’27 considered
as a function of the shape operator (h;), i

pi o OF

S = W((h;),-,,) and FY = g'*F/;
J

they are tensors on M. Denoting by €2 41 the last vector of the canonical basis of R
and by N the upward unit normal to M, we have

v=—(ed,;,N) (45)
and

ep,1 =T+ VN, (46)
where T := —Vu € TM is the opposite of the intrinsic gradient of ¥ on M. In particular,
we have the formula

v2 =1+ |Vul 47)
Let us denote by i ,k =1,...,n the components of the vector T in some frame. Differ-

entiating (45) twice we get the formulas
vi = 1"y (48)
and
vij = —(Fhiis; + tE i), (49)

where we use a semicolon to denote the covariant derivative of tensors on M. Let us also
recall the Gauss formula u;; = vh;;, which may be written here as

k _ k
1, = —vhj. (50)

Since the tensor /;;.x is symmetric in all the indices (the Codazzi equations), we thus have
Fijvij = —lkFijhij;k + vFijhfhki.
Since F = C — ov, we have
FYhjjx = —ovg,

which yields
Fvij = otfve + vF7 hkhy. (51)

Since the second term in the right-hand side is positive, it is not possible that simultane-
ously vy =0and F iy, 7 < 0, and v cannot achieve its maximum at a point interior to the
domain €2; property (44) follows.
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3.2.2. Boundary estimate of the gradient. We will construct upper and lower barriers at
the boundary for the Dirichlet problems (39). The construction will rely on the following
results concerning radial solutions:

Lemma 3.1. For all o € [0, 1], there exists a function y,: [0, +00) — R of class C', a
solution of
2 ! -2 2
A B (. (52)
n(l—y2)r\t1—y2 2 r 1—y2

on (0, +00) and such that

2
Yo (0) =0 and 0<y, < 1—%. (53)

) 02
r_lgl}rloo Yo(r) = \ 1 - 2 (54)

Moreover, y,. > 0 on [0, +00), and y,(0) = C — o foro € (0,1].

It satisfies

Proof. The case 0 = 0 corresponds to the radial prescribed scalar curvature equation and
has the trivial solution (corresponding to an hyperboloid)

yolr) = ——=—.
r2+ é
We thus assume that o € (0, 1]. Let y be the solution of (15) with H = C /o (Proposition
2.1 with the constant C /o instead of C and H = C /o), and set, for r € [0, +00), y5(r) :=
y(or). Itis clearly a solution of (52). The other properties of y, directly follow from the
properties of y. ]

Lemma 3.2. If 0,0’ € [0, 1] are such that 0 < o', the functions y, and y, defined in
Lemma 3.1 are such that
Vo > Vo on (0, +00). (55)

Moreover, for all R > 0 there exists a constant co = co(n, C, R) > 0 such that

o2
I— m > yo(R) = 0 (56)

Proof. We first prove (55). Using Lemma 3.1 we see that

forallo € (0,1].

Yo(0) = yo:(0) and y,(0) > y.,(0),
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so that (55) holds in a neighborhood of 0. By contradiction, if (55) does not hold on
(0, 4+00) there exists a first point » > 0 such that

Yo(r) = yor(r). (57)
Since yg > yor on (0, r), we also have
Yo (r) = yoi (r). (58)

Conditions (57), (58) and the differential equation (52) satisfied by y, and y,s readily
imply that 0 > ¢”, a contradiction. We now prove (56). Let us fix R > 0. Since y,, > 0 on
(0, 400), we directly have from (52) that

n—2ys(R)
I—y,(R2 -V n R~
Since y5(R) > y1(R) (by (55)), (56) holds with ¢ := /%2218 .

We now estimate the gradient on the boundary of the domain:
Proposition 3.3. There exists a positive controlled constant C' < C such that

o2
Du| <4/l - — 59
salg)| ul < e (59)
for all the admissible solutions of the Dirichlet problems (39). The constant C' only
depends on 2, C and n.

Proof. Since  is uniformly convex we may find uniform constants R, R~ > 0 and, for
each boundary point xo € 9€2, two balls B(xar ., R%) and B(xy, R™) tangent to 92 at xo
and satisfying

B(xg,RT) C Q C B(xy,R"); (60)

x(')" , Xy € R” stand for the centers and RT, R~ for the radii of the balls. We consider, for
a fixed xo € 92, the radial functions

|x7x6t| R*
+ — —
Vg (x) —/0 yo(r)dr /O Yo (r)dr

of center xoi; by construction, vf,t are solutions of the prescribed curvature equation (39)

on R” and vanish on 8B(xgt, R*). In particular, they are upper and lower barriers of u
at xo: since u vanishes on Q2 and by (60), we have v > u > v on 9 and v} (x) =
v, (x0) = u(xo), and thus v} > u > v, on Q by the comparison principle. Denoting by
0; the derivative with respect to the inner unit normal to d2 at xg, this implies that

5 vg (x0) = d5u(x0) > 5705 (x0).
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Using (56) we deduce that

0> dzu(xo) > —yo(R7) > _\/1_(6':00)2

and (59) follows with C’ = C — ¢q since u is constant on the boundary. The constant C’
depends on 2, C and R™. [

3.2.3. Global gradient estimate. We readily deduce from the last proposition and (44)
the global bound (42) of the gradient:

Proposition 3.4. There exists a controlled constant C' < C such that
v<C'/o (61)

for all the admissible solutions of the Dirichlet problems (39). The constant C’ only
depends on 2, C and n.

Recall that this estimate also implies the required estimate (41) (see (43)).

3.3. The C?2 estimate

3.3.1. Maximum principle for the second derivatives. The estimate relies on the C?
estimate of Urbas [21]. We assume that estimate (4 1) holds (it is equivalent to (61)), which
implies that the largest principal curvature A; of the graph of u is bounded below, since
we have

1
A1 2%1 Z]fzz

as a consequence of the admissibility of u. The aim is to bound A; from above. Let us
write the prescribed curvature equation (39) in the form

F=vy (62)

1
with F = #; and = C — ov. The method in [21] consists in applying the maximum
principle for the test function

W(x.6) =1 hikig (63)

L,J

defined for x € M and & € Ty M such that || = 1, with n = exp(®P), where ®: Q — R is
a spacelike strictly convex function and 8 > 0 is a constant to be chosen sufficiently large.
In [21] the function v in the right-hand side of (62) does not depend on the gradient of the
unknown function u; here ¥ depends on the gradient, and we have to ensure that the third
derivatives of ¥ which appear on differentiating (62) twice may still be controlled; this is
the aim of the following lemma:
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Lemma 3.5. Assume that W reaches its maximum at (xo,e1) € TM. We have the estimate

where ¢ is a controlled constant and A1 is the largest principal curvature of the graph of
u at xg.

Note that the corresponding estimate used in [21] (for ¥ independent of the gradient
but arbitrarily given) is ¥11/A1 > —c(1 + A1) (see [21, inequality (2.8)]).

Proof of Lemma 3.5. By definition of W the vector e, is a principal direction of M cor-
responding to the largest principal curvature A; at x¢o. Let us assume that e, e5, ..., e, is
an orthonormal basis of Ty, M formed by principal directions. By (49) and since /g1 =
hi1;x (Codazzi equations), we have

‘Wll = —0V11 = O'(lkhll;k + Z;]clhkl). (64)

We estimate the first term in the right-hand side: the condition expressing that W reaches
an extremum at (xg, e1) is
ni | M
pl 4 2t
n h11
fori = 1,...,n (see details in [21]). Since 7; /7 is bounded (the gradient is supposed to
be controlled), we get

=0

[hi1] < cBrq (65)

for a controlled constant ¢. We then note that by (50) the last term of (64) is
thhiy = —vhS ey = —vad. (66)

Formula (64) with the estimates (65) and (66) implies the lemma (7 = —Vu and v =
V1 + |Vu|? are under control since so is the gradient). (]

With this lemma, we may follow the lines of the C? estimate in [21] and obtain the
C? estimate in our case as well, without any relevant modification: the final key estimate
[21, (2.16)] is replaced here by

- CZ,B)LI

0= THM - = — —c(f+ 1)
n n

with f1 = 8021 /2 /31, and we obtain a bound for n A, by fixing 8 > 1 large such that
— > 2c.

n

Remark 2. As in [21] this estimate may also be carried out if 7 is a function such that
n=00ndR and n > 0in . We will use this fact for the interior C2 estimate in Section
4, required in the construction of entire solutions.
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3.3.2. Boundary estimate of the second derivatives. The C? estimate at the boundary
is a consequence of the C? boundary estimate in [4], since the estimate in that paper is
not affected if the right-hand term in the prescribed curvature equation J¢,, = H depends
on the gradient of u. More precisely, the prescribed curvature equation is written in [4] in
the form

> AY(Du)(D*u)rs = f(x. Du) (67)
1,J
with |
fx.p) = (”—),(1 — PP 2 H), (68)

where A’ (Du) and (D?u); are the minors of indices the m-tuples I, J of, respectively,

UiUj
gy + )
( i+ 1 —|Dul?/ij

and the hessian D?u. It appears that the C 2 boundary estimate in that paper is independent
of the special form (68) and only requires that f is bounded below by a controlled positive
constant and that f and its first derivatives are bounded functions on the set Q x B(0, 1 —
9), where 8 € (0, 1) is a constant such that supg |Du| < 1 — 6. We need here to estimate
solutions of (67) with

o 2
X, — (1 - —_—
fep) = s (1= ¥ (C —)
where o belongs to (0, 1]. We have by (61) that

| m
f(x, Du) = ﬁgw( -C'y?

for a solution u of the Dirichlet problem (39), and the right-hand term may be bounded
below independently of o on some neighborhood of a fixed og € (0, 1], e.g. on (0¢/2, 1].
Moreover, f and its derivatives are clearly bounded on Q x B(0, /1 — 1/C?2). So the
C? boundary estimate in [4] applies here and gives the required estimate.

3.3.3. Global C? estimate. Gathering the results obtained above we get the following
C? estimate on Q:

Proposition 3.6. Let us fix og € (0, 1]. There exists a controlled constant C" such that

sup |D?%u| < C” (69)

for all the admissible solutions of the Dirichlet problems (39) with o € (0¢/2, 1]. The
constant C" only depends on Q, C, C’, n and oy.
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4. Entire solitons of prescribed values at infinity: Proof of Theorem 3

4.1. The method of resolution

We will first construct lower and upper barriers u, u: R” — R with u strictly convex,
u < u, and such that

u(x). () =C‘|x|—$\/”n;zlog|x|+f(5|§—|) +o(1) (70)

as |x| tends to infinity. They will be defined as the supremum and infimum of families
of radial solutions of (10). Let ®: R” — R be a strictly convex smooth function such
that u < ® < . We consider the uniformly convex domains Q,, :== ®~!(—o0, m), and a
sequence (U )meN of smooth admissible solutions of the Dirichlet problems

1
— Q.
V1—|Dul? (71)

Uu=m on 092,

Holu]? = C -

whose existence (and uniqueness) is granted by Theorem 2. We have
U SUm < U (72)

on £2,,. We need the following interior a priori estimates of the gradient and the higher
derivatives of u,,: if K C R” is a compact subset,

1

sup ———— < Cg < C, (73)
K +/1—|Duy|?
and, foralli € N,

sup Y [0%upm| < C(K. i) (74)

la|=i

for constants Cx and C(K, i) independent of m € N. With these estimates at hand, the
Arzela—Ascoli theorem and a diagonal process give an entire spacelike smooth function
u:R" — R, a solution of (10) between the barriers, thus satisfying the asymptotic condi-
tion (11).

4.2. The construction of the barriers

The ideas of the construction rely on the papers [19,20] concerning the mean curvature
operator J¢;. Since the proofs are identical for the scalar curvature operator #,, we only
recall the definitions and refer to these papers for details (such a construction was also
used for H#, in [5,6]): We extend f to R”\{0} by setting f(Cx) = f(Cx/|x|). Let M
be a constant such that

| f(Cx)— f(Cy)—dfg,(Cx—Cy)| < M|Cx—Cy|
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forall x,y € S*~1 and set

p1(Cy) = Df(Cy) +2MCy,
p2(Cy) == Df(Cy)—2MCy.

Let us consider the radial solution ¥: R” — R of (10) such that

() = Cle - -

o2 p log |x| + o(1)

as | x| tends to 400 (Theorem 1). We set

z(x,Cy) = f(Cy)— pi(Cy)-Cy + ¢ (x + p1(Cy))

and
2(x,Cy) = f(Cy)— p2(Cy) - Cy + ¥ (x + p2(Cy)).

They satisfy the following properties: for all x, y € S"~1,

- ~ ~ 1
S(Cx)=z(rx,Cy)—Cr +
C? n

and

~ ~ ~ 1
f(Cx)<z(rx,Cy)—Cr+ —
C? n

as r — o0 (see [19]). Setting, for x € R”,

u(x) = sup z(x,Cy)
yesSn—1
and
u(x) = inf ZzZ(x, éy),
yeSn-1
we obtain barriers u, #: R” — R, with u strictly convex, so that ¥ < u (by the maximum
principle) and (70) holds. Note finally that we may assume that ¥ < # on R”, since oth-
erwise there would exist x € R” and y;, y, € S*~! so that z(x, éyl) = Z(x, éyz); we
would then have z(., C y1) =z(., C y2) on R” (by the strong maximum principle) and the
function
u=z(,Cy) =2(,Cy2)

would be a solution of (10)—(11) in Theorem 3.

4.3. The a priori estimates

The interior C° estimate is trivial by (72). We will focus below on the interior gradient
and C? estimates. The higher-order estimates will then follow from the Evans—Krylov and
Schauder estimates.
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4.3.1. The interior gradient estimate. Let K C R” be a fixed compact subset. We aim
to obtain a bound
supv < Cg (75)
K

for a controlled constant Cx < C, for all the solutions of the sequence of Dirichlet prob-
lems (71) with m > mg sufficiently large. We construct a smooth auxiliary function
v B r — R defined on a closed ball B R which contains K, which is strictly convex,
spacelike and such that

1
Cy = <cC, (76)
1 —supg, [DY[?
Y <u—358 inK and ¥ > u ondBg, (77)

for some constant 8o > 0. For the construction of ¥, let us fix §o > 0 and R such that

K C ERO,andset, for C == /1 — 1/C2,
Y(x) =—Ag+ C1+|x|?

with
Ao = —infu + C+/1 + R2 + §o.
BRO

We then have

inf u — sup ¥ = Jo,

BRry ERO
which in particular implies

u—1vy >4

on K. We moreover have, for all R > R,

~ R ~
sup [DyY|=C—n < C
Br V1 + R?

and, since

¥(x) = Clx| + 0(1) and a(x) = Clx| - %,/” ; 2 log x| + O(1)
as |x| tends to infinity, ¥ > u# on R"\ Bg if R is chosen sufficiently large. For such an
R > R, the spacelike function : Bgr — R is such that (76) and (77) hold. It is moreover
strictly convex.

We consider a solution u of (71) with m large enough so that Bg C Q,,. Let us con-
sider the test function
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with
n= -y (78)

where A > 0 is a constant to be chosen later. The function ¢ is non-negative on the compact
set {u > ¥}, vanishes on {# = ¥}, and thus reaches a maximum at a point x¢ belonging
to {u > 1 }. The aim is to prove

v(xo) = C’ (79)

for some controlled constant C’ < C. Such a bound will indeed imply that ¢(xo) < ¢ for
some other controlled constant ¢, and thus that ¢ < ¢ on K since infg n > 84, this will

in turn imply that
1

C—v

=

on K,

o
o:kl o

and thus will give an estimate of the form (75). We thus focus on obtaining (79). We keep
the notation introduced in Section 3.2.1. Since ¢ reaches its maximum at x¢, we have

(logp); =0 and FY(logg)ij <0 (80)
at that point. Since
Ni Vi
1 | = — ,
(log ¢); . too,
the first condition reads .
=N (81)
Using this equality, we further compute
Nij Wil Vij ViVj Nij Vij
l o= — — = — s
(log )i n n? +C—v+(C—v)2 n +C—v

and the second condition in (80) reads
.. |
Fljvij —i—(C—v)—F”r]ij <0. (82)
n
By (51) (with o = 1) and since F¥h¥hy; > 0, we have

t* 0k

Fijvij > tkvk =——(C —v).
n
Inequality (82) thus implies
FUT],'J' Slknk, (83)
and, since v is bounded by C,
FUnii <cA—y)4t (84)

Here and below, we use the letter ¢ to denote a generic controlled constant (i.e. a controlled
constant which may change during the computations). We now estimate the left-hand side
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of (84). Let us take an orthonormal basis (eq, ez, ..., ;) formed by principal directions
of the graph of u at x¢. Using (78), (81) and the fact that v; = A;u; (by (48)), we obtain
g Vi Aiu; ' (85)

u—1y C—v

Let us consider
J={i:(I—u?>yu;} and J ={i:(1—o)uf < Yiu;},
where o > 0 is a small constant such that

1—a>sup|Dy, (86)
Br

which will be chosen later. We may assume that J is not empty, since on the contrary we
would have
(1 —a)|u;| <|y¥i| foralli =1,...,n

which would imply (recall (47))
V1= VuP < Yy < 2Dy
T (1-a) T (l-a)?

and thus
5 1 1
v

<
1—ﬁ|DW|2 l—ﬁsupgRlDWIz

i.e. recalling (76), the required estimate (79) if « is chosen sufficiently small.
Using (85), we obtain that, for all i € J,

(C

hi=—A _w)( Z_:) < —A%a 87)
is negative. We compute
FUnij = A — )4 (Fuyj — F7 )
+ A4 - 1)(u—w)A 2FY (ui — i) — V) (83)
Since u;; = vh;;, we have -
Filu; = vF > 0, (89)

To estimate the term F¥/; 7 we will use the formula

ZaleU—OZ Dy, DuU+ZO“Zax aXﬂ )(eg5ei)a
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where 01,; = Zk# Ar and eg, a = 1,...,n denotes the canonical basis of R”. A proof
may be found in [21]. Since v is bounded by C and since |{e2, ¢;)| < v and the derivatives
of i are under control, it implies that

> o1t < (o2 + o1). (90)

Now we may assume that o, < 1 (since on the contrary, estimate (79) would be a direct
consequence of the partial differential equation (71)), which implies by the Maclaurin
inequality (3) that
n—1
2n
This inequality together with (90) implies the estimate

02 < 402 =<

01.

iy _1
FUWU < co, 20’1 1)
for a controlled constant ¢. So (88), (89) and (91) imply that

Filny > A —y)*coy o + @(u —9)" 20yt Y o — )2 (92)

Inequalities (84) and (92) yield

A=1 Y o1iw; =) < c(o1 + 07— )

1
and thus, since 022 < coy and u — V¥ is bounded,

(A=1)) 01w —¥i)* < coy

2

for a further controlled constant ¢. For i € J we have (u; — w,-)z > u; o? and 01, > 01

(since then A; < 0 by (87)), and thus
(A—1a? Zulz <c. (93)
ieJ
Note also that (1 — a)|u;| < |¢;]| foralli € J’, which gives
Yl oYy s WP < Dy 99)
ieJ' (1= 7 (I =) (1—0)?
From (93) and (94) we deduce

c 1
\v/ 2< 2
N vy S T

1Dy,
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and since |Vu|? = v? — 1 that
1

c
(A—1)a2)1_m|1)1/f|2' ©3)

v2§<1+

Let C’, C” be constants such that

1
Cy = <C"<C(C'<C.

V1= supg, [DY?
Choosing o = a(C") sufficiently small so that
1

\/1 ~ ey SUPE, | DYI?

< CN,

we deduce from (95) that

v? < (1 + T _cl)az)c”z.

We afterwards choose A = A(«, ¢, C’, C”) sufficiently large so that

1+ ——)c” <c”
(A - 1a?

This implies v < C’, which is the required estimate (79), and the interior C'! estimate (75)
follows.

4.3.2. The interior C? estimate. Here again, the estimate relies on the C 2 estimate of
Urbas [21]. We need first to construct an auxiliary smooth spacelike function ¥,: Bg — R
defined on a large ball Bg containing K, strictly convex and such that

Yp>u+1 onkK (96)

and
Yo <u ondBg. 97)

Let us fix Ry such that K C Bg, and a constant C’ smaller than C, and consider, for

C’ = /1 —1/C", the function
~2
Ya(x) = A+ 1+ C"|x|?

on R”, where A is a large constant such that (96) holds. Since
¥2(x) ~ C'lx| and  u(x) ~ Clx|

as |x| tends to infinity, with C’ < C, (97) also holds if R is sufficiently large. We then
follow the lines of the C? estimate in [21]: we set

773:’502—”7
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and apply the maximum principle to the function W introduced in (63), with that new
definition of 7, on the set {1, > u} (which is compact by (97)). The estimate in Lemma 3.5
permits us to carry out the method in [21], without any modification: 721, is controlled at
a point where W reaches its maximum, which implies that W is bounded by a controlled
constant; see Section 3.3.1 and especially Remark 2 in that section. Using (96) we deduce
an upper bound of D?u on K by a controlled constant.

A. Auxiliary results on classical ODEs

We gather here auxiliary results concerning the asymptotic behavior of solutions of some
classical ODEs. Although these results are elementary and probably well known, since we
do not find them in the literature, we include the proofs.

Proposition A.1. (1) Assume that z: (rg, +00) — R is a positive solution of
z = Aoz? + Bo, (98)

with Ay, Bo constants such that Ag < 0 and By > 0. Then

| B
lim z(r) = _=0
r—-+o0 Ao

(2) Forallrg>0and zy > 0, equation (98) admits a unique solution z: [rg, +00) = R
such that z(rg) = zo, it is positive on (rg, +00).

Proof. (1) Assuming that z # —%g (the contrary result is obvious), we have
J dz dz 1 1
r = = —_
Aoz? + By _Bo _ [_Be _Bo
2 A_OAO zZ A_o z + A_o
and thus
By
27\ "4, B
—0‘ =C exp(2‘/—A—OA0(r — ro)) (99)
z+ —%g 0

for some constant C > 0. Letting r tend to 400, the right-hand term tends to 0, and thus

Z — _&
Ag r—>+oo
0,
zZ+ Bo

—

which gives the result.
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(2) Equation (99) yields

__Bo
B 2
r=— -2+ D (100)

Ao 1 - Cexp(2y/~22 4o(r — ro)

for some constant C € R. Conversely, (100) with

2 Ao

C=1-
zZo +

T A

defines a solution z: [rg, +00) — R of (98) such that z(rg) = z¢. Since z is increasing if
zg € [0, \/:) (this indeed corresponds to C € [—1,0)), decreasing if zy > \/: (this
corresponds to C € (0, 1)) and constant if zg = \/: (i.e. for C = 0), it follows from
the positive sign of the initial condition zq or of the hmlt at infinity that it is positive on
(ro, +00). L]

Proposition A.2. Assume that z: (0, +00) — R is a positive solution of
7/ = Az?> + B,
where A, B: (0, +00) — R are continuous functions such that
r—>+o00 r—>+00
A(r) —— Ao <0 and B(r) —— By > 0.
Then
By

I 2
Am 20 =4,

Proof. Let us fix constants Ay, A, B, B> such that
Ay <Ayg< A, <0 and 0< By < By < B».
For r > ry sufficiently large,
A1z 4+ By <7 < Ayz% + B,.
Let us consider z; and z, solutions of
2 =A1z22 + By and 7z, = Az + B,

such that
z1(ro) = z2(ro) = z(ro)

(by Proposition A.1, 2.). By comparison we have

z1 <z <z in(rg, +00)
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and thus, by Proposition A.1 (1),

liminfz > liminfz; = /| ——

. . B,
limsupz <limsupz; = ,/——.
\ A4z

We finally take the limits A, A, — Ao and By, B, — By to obtain the result.

and

Proposition A.3. If y:[rg, +00) — R is a solution of
y +ay =b,
where a, b: [rg, +00) — R are continuous functions such that
0<apg<a and |b] <|b]oo < 400
for some constant ag, then y is bounded on [ry, +00):

[Ylloo = C(y(ro). ao. [Iblloo)-

Proof. Setting, for r > ro,
,
A(r) :/ a(t)dt
ro

we have

y(r) = (y(ro) + /r b(u)ed®™ du)eA(’).

We have A(r) > 0 and
A(u) — A(r) < —ao(r —u)

if ro < u < r, which implies that

ly()] = ly(ro)l + ”b”oo/ em U= gy

ro
[15]l0o

a().

< ly(ro)| +

1381
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