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A rigorous framework for the mean field limit
of multilayer neural networks

Phan-Minh Nguyen and Huy Tuan Pham

Abstract. We develop a mathematically rigorous framework for multilayer neural networks in
the mean field regime. As the network’s widths increase, the network’s learning trajectory is
shown to be well captured by a meaningful and dynamically nonlinear limit (the mean field
limit), which is characterized by a system of ODEs. Our framework applies to a broad range of
network architectures, learning dynamics and network initializations. Central to the framework
is the new idea of a neuronal embedding, which comprises of a non-evolving probability space
that allows to embed neural networks of arbitrary widths. Using our framework, we prove sev-
eral properties of large-width multilayer neural networks. Firstly we show that independent and
identically distributed initializations cause strong degeneracy effects on the network’s learning
trajectory when the network’s depth is at least four. Secondly we obtain several global con-
vergence guarantees for feedforward multilayer networks under a number of different setups.
These include two-layer and three-layer networks with independent and identically distributed
initializations, and multilayer networks of arbitrary depths with a special type of correlated
initializations that is motivated by the new concept of bidirectional diversity. Unlike previous
works that rely on convexity, our results admit non-convex losses and hinge on a certain uni-
versal approximation property, which is a distinctive feature of infinite-width neural networks
and it is shown to hold throughout the training process. Aside from being the first known results
for global convergence of multilayer networks in the mean field regime, they demonstrate flex-
ibility of our framework and incorporate several new ideas and insights that depart from the
conventional convex optimization wisdom.
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1. Introduction

A major outstanding theoretical challenge in deep learning is the understanding of the
learning dynamics of multilayer neural networks. A precise characterization of the
learning trajectory is typically hard, primarily due to the highly nonlinear and complex
structure of deep learning architectures, which departs from convex optimization even
when the loss function is convex. Recent progresses tackle this challenge with one
simplification: they consider networks whose widths are very large, ideally approach-
ing infinity. In particular, under suitable conditions, as the width increases, the net-
work’s behavior during training is expected to be captured by a meaningful limit.

One such type of analysis exploits exchangeability of neurons. Recent works [9,
22,32,34] show that under a suitable scaling limit, the learning dynamics of wide two-
layer neural networks can be captured by a Wasserstein gradient flow of a probability
measure over weights. In this limit, which is usually referred to as the mean field
(MF) limit, the network weights evolve nonlinearly with time. The MF scaling of
two-layer networks requires a certain normalization to be applied to the last layer,
together with a learning rate that compensates for this normalization. The MF limit
under the Wasserstein gradient flow formulation has led to a fruitful line of research
that explains and uncovers interesting properties of two-layer networks, such as their
optimization efficacy. Let us delve into a few further high-level details of the two-layer
case, before discussing the interesting challenge in the multilayer case.

1.1. Two-layer MF network: a brief overview

Let us informally present a sampled subset of interesting results from this line of
works. To fix ideas, we consider the usual two-layer neural network:

Oy2-layer.xIW / D
1

n

nX
iD1

w2;i �.hw1;i ; xi/:
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Here x 2 Rd is the input, � WR ! R is a nonlinear activation function, and W D
¹w1;i ; w2;iºi2Œn� is the set of weights with w1;i 2 Rd and w2;i 2 R, for i 2 Œn�, the
set of integers from 1 and n. This network has n neurons; n is also referred to as the
width of the network. The scaling factor 1=n is special to the MF scaling in two-layer
networks and we will see its role shortly.

An “infinite-width” representation. One key idea in this line of work is to introduce
the following representation:

Oy2-layer.xI�/ D

Z
w2�.hw1; xi/�.dw1; dw2/;

where � is a probability measure on RdC1. It is easy to see that by choosing � D
1
n

Pn
iD1 ıw1;i ;w2;i

the empirical measure over the weightsW , we have Oy2-layer.xI�/D

Oy2-layer.xIW /. This identification is possible thanks to the previously mentioned scal-
ing factor n.

One way to rationalize this representation is as follows: there is a special symme-
try in the two-layer neural network, in which

Oy2-layer.xIW / D Oy2-layer
�
xI
®
w1;….i/; w2;….i/

¯
i2Œn�

�
for any permutation… on the set of integers Œn�. The representation via� is a neat way
to factor out this symmetry and capture the exchangeability of neurons. Of course, one
is not restricted to only empirical measures for�. Therefore, this representation allows
one to reason about two-layer neural networks with arbitrary widths. In other words,
it gives us the ability to take the infinite-width limit n ! 1. This is an important
observation that is central to this line of work.

The learning dynamics at infinite width: the MF limit. We are interested in under-
standing the learning dynamics of the network in the infinite-width limit. Consider
the continuous-time gradient descent learning rule (with respect to W ) for the loss `:

d

dt
W.t/ D �nrW EZ Œ`.Y; Oy2-layer.X IW.t///�:

Here t denotes the time andZ D .X;Y / a random variable that represents the training
data. Note that the scaling factor n compensates for the previously mentioned factor
1=n and therefore allows the learning update to be on the “correct” order. To see this,
we rewrite the learning rule:

d

dt
w1;i .t/ D �EZ

�
@2`.Y; Oy2-layer.X IW.t/// � w2;i .t/�

0.hw1;i .t/; Xi/X
�
;

d

dt
w2;i .t/ D �EZ

�
@2`.Y; Oy2-layer.X IW.t/// � �.hw1;i .t/; Xi/

�
;
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where @2` is the derivative of ` with respect to the second variable. In this form of the
learning rule, one sees that if w1;i .t/ and w2;i .t/ all have magnitudes on order O.1/
independent of n, then so are their updates d

dt
w1;i .t/ and d

dt
w2;i .t/. Hence, if they

are initialized to be on this order, one can expect to see the same order of weights and
weight movements at any finite time t . This is a feature of the MF scaling.

Suppose that the initialization is sampled .w1;i .0/; w2;i .0// � �0 independently
for each i 2 Œn�, for a probability measure �0 on RdC1. We would like to study the
empirical measure over the weights W.t/:

�nt D
1

n

nX
iD1

ıw1;i .t/;w2;i .t/:

At t D 0, it is a standard result that �n0 ! �0 weakly as n!1, under suitable regu-
larity conditions. We are interested in a similar statement for any time t . To that end,
we recall the “infinite-width” representation Oy2-layer.xI�/ and introduce the following
distributional dynamics in the Wasserstein space of probability measures on RdC1:

@t�t .w1; w2/ D div
�
�t .w1; w2/r.w1;w2/‰.w1; w2I�t /

�
;

in which ‰.w1; w2I�/ D EZ Œ@2`.Y; Oy2-layer.X I�// � w2�.hw1; Xi/� and the initial-
ization is �0. This dynamics is a Wasserstein gradient flow. Prior works [9, 22] prove
the following type of result.

Theorem 1.1 (Two-layer MF network with distributional representation, n ! 1,
informal and simplified). Under suitable regularity conditions, for any finite con-
stant T , as n!1, �nt ! �t weakly and uniformly over t 2 Œ0; T �.

The precise statement includes a quantitative convergence rate and more realistic
learning rules, such as discrete-time stochastic gradient descent and other variations.
Theorem 1.1 formalizes the notion of an infinite-width limit: we call �t the MF limit.

An application of the MF limit: proving global convergence. Theorem 1.1 conveys
an interesting message: one can study the width-n neural network by analyzing the
MF limit �t . One success story is the study of optimization efficacy. In particular, [9]
proves the following type of result.

Theorem 1.2 (Two-layer MF network with distributional representation, t ! 1,
informal and simplified). Suppose that the support of �0 is RdC1 (i.e., it has full
support at initialization) and the loss ` is convex in the second variable. Under suit-
able regularity and convergence conditions, as t !1,

�t ! inf
�

EZ Œ`.Y; Oy2-layer.X I�//�:
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This global convergence result affirms positively the message that taking n!1
under the MF limit can lead to meaningful learning. Similar global convergence
results have been established for different types of learning rules and, in special
occasions, with quantitative convergence rates. To understand the significance of this
result, we note a remarkable feature of the MF limit �t : it represents a genuinely
nonlinear dynamics. To contrast the situation, other works (e.g., [8, 17]) show that
under a different scaling, in the infinite-width limit, the neural network is equivalent
to a parameterized model which is linear in its parameter. In that scaling regime, the
learning dynamics hence simplifies into a linear dynamics, and consequently it is rel-
atively clear how to attain global convergence using the usual convex optimization
wisdom. The MF limit is distinct in this sense, but it also comes with a nontrivial
problem: insights from convex optimization may no longer apply. This is indeed the
case in the proof of the global convergence results of [9, 22].

We refer to [5, 24] for further overview discussions on two-layer MF neural net-
works. See also Section 9 for a partial list of works.

1.2. Multilayer MF network: the challenge and our contributions

Recall that an important milestone is to find a representation that allows to interpo-
late to an infinite-width limit. For two-layer networks, by exploiting exchangeability
among neurons, one can achieve this goal and use the representation to successfully
analyze properties of the neural networks in the infinite-width limit. In multilayer net-
works, exchangeability is, however, not a priori obvious and hence poses a highly
non-trivial challenge. In particular, the presence of intermediate layers exhibits multi-
ple symmetry groups with intertwined actions on the model. To illustrate the point, let
us consider a simple three-layer fully-connected neural network which assumes the
following form (modulo scaling factors):

Oy3-layer.x/ D

n2X
iD1

w3;i �
� n1X
jD1

w2;ij �.hw1;j ; xi/
�
;

for a set of parameters ¹w3;i ; w2;ij ; w1;j ºi2Œn2�; j2Œn1�. In the matrix notation,

Oy3-layer.x/ D w
>
3 �.W2�.W1x//:

Under any two permutations …1W Œn1�! Œn1� and …2W Œn2�! Œn2�, we recognize

Oy3-layer.x/ D w
>
3 …
>
2 �.…2W2…

>
1 �.…1W1x//:

The fact that the weight matrixW2 in the middle layer is under the simultaneous influ-
ence of both actions …1 and …2 is what makes the three-layer case specifically and
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the multilayer case in general different from the two-layer case, more challenging and
at the same time also a highly interesting problem. With this blocker on the strategy
to extend the two-layer case, even the goal of obtaining a representation that captures
networks with arbitrary widths becomes less approachable. Indeed, prior attempts in
[4,23,35] arrive at quite complex solutions or require a certain strong assumption that
leads to undesirable properties (see Section 9), and yet these attempts already have to
do away with the Wasserstein gradient flow formulation.

In short, finding a suitable formulation that is amenable to the infinite-width limit-
taking procedure, simultaneous at all layers, requires innovation beyond the Wasser-
stein gradient flow idea of the two-layer case. The formulation should faithfully des-
cribe settings where nonlinear and meaningful learning trajectories take place. To
compound the difficulty, a useful formulation should lend a way to analyze properties
of multilayer neural networks in the infinite-width limit, for instance, how well these
networks could be optimized despite the strong presence of nonlinearity and the lack
of convexity. These are the considerations one ought to keep in mind when tackling
the challenge.

This work responses to this challenge with the proposal of a mathematically rig-
orous framework for the MF limit of multilayer neural networks. The framework is
built on an innovative idea of a neuronal embedding. More importantly, using this
framework, we prove several properties of multilayer networks, which incorporate
new insights and ideas. Specifically, our key contributions can be summarized as
follows.

In Sections 2, 3 and 4, we develop a framework for the MF limit of multilayer
neural networks under stochastic gradient descent (SGD) training and suitable scal-
ings. We introduce the concept of a neuronal embedding, which comprises of a non-
evolving probability space that can embed neural networks of arbitrary widths. In this
framework, the MF limit is described by a system of ordinary differential equations
(ODEs), which govern the evolutions of different functions that represent the weights
at different layers and are adapted to the given neuronal embedding. The complete
framework is described in Section 2 and the well-posedness of the MF limit is proven
in Section 3. Our main result in this thread is stated in Section 4, where the MF limit
is proven to track closely characteristics of a wide multilayer network under SGD
training, with quantitative bounds on the required widths.

In fact, our framework is quite general, admits a broad variety of initialization
schemes (including, but not limited to, independent and identically distributed (i.i.d.)
initializations) and operates in Hilbert spaces. This allows for firstly describing the
MF behavior for generic multilayer setups (including fully-connected and convo-
lutional networks in Euclidean spaces that are common in practice), and secondly
obtaining dimension-free quantitative bounds.
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In Section 5, using the neuronal embedding framework, we uncover strong degen-
eracy properties caused by i.i.d. initializations. Specifically, we prove that with at least
four layers, the MF limits, and hence the neural networks, are substantially simplified
under i.i.d. initializations: at an intermediate layer, each weight evolves as a function
of only time, its own initialization and the initial biases associated with its connected
neurons. An implication is that when the initial biases are constant, different inter-
mediate layers evolve independently of each other. Remarkably, for common neural
network architectures, all weights (or biases) at each intermediate layer then evolve
by translation: they differ from their respective initializations by the same determin-
istic amount, and the effective number of parameters at each intermediate layer thus
collapses to only one.

Our framework allows to study the optimization efficacy of multilayer neural net-
works trained under SGD in the infinite-width limit.

In particular, in Section 6, we prove convergence to the global optimum for two-
layer and three-layer networks under i.i.d. initializations, with suitable regularity con-
ditions and convergence assumptions. Some of these assumptions are mild and natural
in neural network learning. The key convergence assumption in this section turns out
to be necessary for global convergence to hold, i.e., it is impossible to attain global
convergence if this convergence assumption fails.

In Section 7, avoiding the degeneracy effect of i.i.d. initializations, we prove
global convergence for multilayer networks of arbitrary depths under a special type of
correlated initializations and a similar set of assumptions. Here we introduce the new
concept of bidirectional diversity.

In Section 8, we also establish global convergence in the above settings under
Morse–Sard conditions that are usually assumed in the literature for MF two-layer
networks. This demonstrates flexibility of our framework: it can handle situations
where the two-layer Wasserstein gradient flow formulation works, as well as situations
where such formulation finds difficulty.

Two novel features that our global convergence results have in common are firstly
the role of a certain universal approximation property which is natural for nonlinear
neural networks, and secondly the admission of non-convex losses. Importantly, the
universal approximation property is shown to hold at any finite training time (but not
necessarily at infinite time) via topological invariance arguments. These new insights
signal the departure from conventional wisdoms of convex optimization.

The idea of bidirectional diversity that we introduce in Section 7 strikes directly
to the universal approximation insight. Roughly speaking, it helps “propagating” the
universal approximation property from the first layer to the second last layer. This is to
be contrasted with i.i.d.-initialized networks: universal approximation at the first layer
suffices when there are few layers, but as the number of layers increases, due to degen-
eracy by i.i.d. initializations, the middle layers become a bottleneck that generally
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prohibits universal approximation to be propagated. Bidirectional diversity aims to
break this bottleneck.

We defer a more technical discussion on the related literature to Section 9. Proofs
of several intermediate results are deferred to the appendices. Readers who are inter-
ested in global convergence of networks with more than three layers may skip directly
to Sections 7 and 8, which we have made relatively self-contained with minimal ref-
erences to the previous sections.

1.3. Notations

For an integer n, we use Œn� to denote the set ¹1; : : : ; nº. We shall use h � ; � i and j � j to
indicate, respectively, the inner product and its induced norm for a Hilbert space, and
j � j to indicate the absolute value for R. We use �alg.U / to denote the sigma-algebra
generated by a random variable U . We write cl.S/ to denote the closure of a set S in
a topological space. We use K to denote a generic absolute constant that may change
from line to line. For a probability space .�;F ; P /, we will suppress the presence of
the sigma-algebra F wherever unimportant. Given two events E and E 0, we say that E 0

occurs with probability at least 1 � ı on the event E and write P .E 0I E/ � 1 � ı if
P ..:E 0/ \ E/ � ı.

2. A general framework

In this section, we describe our setup of a general multilayer neural network with a
generalized (stochastic) learning dynamics. In particular, it covers several common
neural network architectures as well as the SGD training dynamics. We then describe
the corresponding MF limit.

2.1. Multilayer neural network and generalized learning dynamics

We consider the following generalized neural network with L layers:

Oy.k; x/ � Oy.xIW.k// D �LC1.HL.k; x; 1//; (2.1)

in which we define HL.k; x; 1/ recursively:

H1.k; x; j1/ � H1.x; j1IW.k// D �1.w1.k; j1/; x/; j1 2 Œn1�;

Hi .k; x; ji / � Hi .x; ji IW.k//

D
1

ni�1

ni�1X
ji�1D1

�i .wi .k; ji�1; ji /;bi .k; ji /;Hi�1.k; x; ji�1//;

ji 2 Œni �; i D 2; : : : ; L:
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The above equations describe the forward pass in the neural network. We explain the
quantities in the following:

• x 2 X is the input, and X is the input space.

• k 2 N�0 is the (discrete) time.

• W.k/ D ¹w1.k; �/;wi .k; � ; �/; bi .k; �/; i D 2; : : : ; Lº is the collection of neural
network parameters (weights and biases) at time k.

• w1WN�0 � Œn1�!W1 is the weight of the first layer (which also includes the bias).
Similarly for i D 2; : : : ;L, wi WN�0 � Œni�1�� Œni �!Wi and bi WN�0 � Œni �!Bi
are the weight and bias of the i -th layer. Here ni is the number of neurons at the
i -th layer, Wi and Bi are separable Hilbert spaces, and we take nL D 1.

• �1WW1 �X!H1, �i WWi �Bi �Hi�1!Hi for i D 2; : : : ;L, �LC1WHL!
OY ,

where again Hi and OY are separable Hilbert spaces.

In other words, the network Oy.k; x/ is a state-dependent mapping that takes x as input
and it is dependent on the state W.k/, which is allowed to vary with time k.

The network is trained by the following (discrete-time) stochastic learning dynam-
ics. At each time k, we draw independently a data sample z.k/ D .x.k/; y.k// � P ,
where P is the data distribution on X � Y and y.k/ 2 Y , a separable Hilbert space.
Given an initialization W.0/, we update W.k/ into W.k C 1/ as follows:

w1.k C 1; j1/ D w1.k; j1/ � ��w
1 .k�/�

w
1 .k; z.k/; j1/ for all j1 2 Œn1�;

wi .k C 1; ji�1; ji / D wi .k; ji�1; ji / � ��w
i .k�/�

w
i .k; z.k/; ji�1; ji /;

bi .k C 1; ji / D bi .k; ji / � ��b
i .k�/�

b
i .k; z.k/; ji /

for all ji�1 2 Œni�1�; ji 2 Œni �; i D 2; : : : ; L:

Here � 2 R>0 is the learning rate, and �w
i and �b

i are mappings from R to R, repre-
senting the different learning rate schedules for each of the weights and biases. Note
that we allow the learning rate schedules to take non-positive values.

To define the updates �w
i and �b

i requires additional definitions. Firstly, for z D
.x; y/, we define

�H
L.k; z; 1/ � �

H
L.z; 1IW.k// D �H

L .y; Oy.k; x/;HL.k; x; 1//:

Then we define recursively

�w
i .k; z; ji�1; ji / � �

w
i .z; ji�1; ji IW.k//

D �w
i

�
�H
i .k; z; ji /;wi .k; ji�1; ji /;bi .k; ji /;

Hi .k; x; ji /;Hi�1.k; x; ji�1/
�
;
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�b
i .k; z; ji / � �

b
i .z; ji IW.k//

D
1

ni�1

ni�1X
ji�1D1

�b
i

�
�H
i .k; z; ji /;wi .k; ji�1; ji /;bi .k; ji /;

Hi .k; x; ji /;Hi�1.k; x; ji�1/
�
;

�H
i�1.k; z; ji�1/ � �

H
i�1.z; ji�1IW.k//

D
1

ni

niX
jiD1

�H
i�1

�
�H
i .k; z; ji /;wi .k; ji�1; ji /;bi .k; ji /;

Hi .k; x; ji /;Hi�1.k; x; ji�1/
�
; i DL; : : : ; 2;

�w
1 .k; z; j1/ � �

w
1 .z; j1IW.k// D �w

1 .�
H
1 .k; z; ji /;w1.k; j1/; x/;

in which the functions are

�H
L W Y � OY �HL !

OHL;

�w
i W
OHi �Wi � Bi �Hi �Hi�1 !Wi ;

�b
i W
OHi �Wi � Bi �Hi �Hi�1 ! Bi ;

�H
i�1 W

OHi �Wi � Bi �Hi �Hi�1 !
OHi�1; i D L; : : : ; 2;

�w
1 W
OH1 �W1 �X!W1;

for separable Hilbert spaces OHi . Note that the above equations describe the backward
pass in the neural network.

The introduced framework is quite general, while certain assumptions can be fur-
ther relaxed. We observe that several common network architectures and training
processes can be cast as special cases.

Example 2.1 (Fully-connected networks). We describe the simple setting of a fully-
connected network with 1-dimensional output and an activation function 'i WR! R

at the i -th layer. Specifically, the network output assumes the form

Oy.xIW/ D
1

nL�1

D
wL; 'L�1

�
bL�1 C

1

nL�2
WL�1'L�2

�
� � �'1

�
W1

h x
1

i���E
C bL;

in which x2Rd , WD¹wL;WL�1; : : : ;W1;bL; : : : ;b2º, wL2RnL�1 , Wi 2Rni�ni�1 ,
with n0 D d C 1, nL D 1 and bi 2 Rni . This case fits into our framework with
X D Rd , W1 D RdC1, H1 D R and Wi D Bi D Hi D Y D OY D R for 2 � i � L.
We also have

�1.w; x/ D hw1Wd ; xi C wdC1;

�i .w; b; h/ D w'i�1.h/C b; 2 � i � L;

�LC1.h/ D h:
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Consider the regularized loss function

Loss.WI z/ D L.y; Oy.xIW//C
1

n1

n1X
j1D1

ˆ1.w1;j1
/C

1

nL�1

nL�1X
jL�1D1

ˆL.wL;jL�1
/

C

L�1X
iD2

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

ˆi .wi;ji�1ji
/
�
C

LX
iD2

� 1
ni

niX
jiD1

‰i .bi;ji
/
�
;

where LWR�R! R�0, ˆi WR! R�0 for i � 1, ˆ1WRdC1! R�0, ‰i WR! R�0,
w1;j1

is the j1-th row of W1, wi;ji�1ji
is the .ji�1; ji /-th entry of Wi for 2 � i �

L� 1,wL;jL�1
is the jL�1-th entry of wL, and bi;ji

is the ji -th entry of bi . If we train
the network by SGD with respect to this loss, then OHi D R and

�H
L .y; Oy; h/ D @2L.y; Oy/;

�w
i .�;w; b; g; h/ D �'i�1.h/Cˆ

0
i .w/;

�b
i .�;w; b; g; h/ D �C‰

0
i .b/;

�H
i�1.�;w; b; g; h/ D �w'

0
i�1.h/; 2 � i � L;

�w
1 .�;w; x/ D �

h x
1

i
Crˆ1.w/:

Observe that when there is no regularization (i.e., no ˆi and ‰i ), �w
i .�;w; b; g; h/ is

independent of w and b, and the same holds for �b
i and �w

1 .

Example 2.2 (Convolutional networks). Our framework can also describe networks
that are not of the fully-connected type. For illustration, we consider the first two
layers of a convolutional network with an activation 'WR! R and pooling operation
pool. �/; a description of the complete network (which may contain fully-connected
layers) can be done in a similar fashion to Example 2.1. Here X D .Rp�p/nc , where
in the context of a square image input, p is the number of pixels per row and nc is
the number of channels (which is 3 for RGB images and 1 for gray-scale images). We
take W1 D Rf1�f1�nc � R and W2 D Rf2�f2 , where f1 and f2 are the filter sizes,
B2 D R, H1 D Rp1�p1 and H2 D Rp2�p2 . Then

�1..w; b/; x/ D w � x C b1p1
;

�2.w; b; h/ D w � pool.'.h//C b1p2
;

where � denotes (strided) convolution and 1pi
is an all-one matrix in Rpi�pi . The

dimensions p1 and p2 are determined by the actual convolution operation, its stride
size, its padding type and the input size. In this context, n1 and n2 are the numbers of
filters at the first and second layer, respectively. One can also specify the forms of �w

i ,
�b
i and �H

i upon the choice of a loss function, with SGD training.
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The examples of fully-connected and convolutional neural networks serve as the
main motivation to study the generalized neural network model as described. In both
of these examples, the spaces are finite-dimensional Euclidean spaces, while in the
generalized model, the spaces are allowed to be infinite-dimensional. Similarly, while
SGD with respect to a loss function is the typical choice of learning dynamics for
these examples, in our framework, the learning dynamics is more general. We shall
see that the key ideas hold regardless of the specific details. In particular, the ultimate
goal is to understand the properties of W.k/ in the limit of large ni and small �, via a
limiting object that is well-defined and has an explicit form. To this end, we introduce
the mean field limit in the next section.

2.2. Mean field limit

We now describe the mean field (MF) limit. Given a probability space .�;F ; P / DQL
iD1.�i ;Fi ; Pi / with �L D ¹1º, we independently sample Ci � Pi , 1 � i � L.

From here onwards, we hide the sigma-algebras F , Fi wherever unimportant. In the
following, we use ECi

to denote the expectation with respect to the random variable
Ci � Pi and ci to denote a dummy variable ci 2 �i . The space .�; P / is key to
our MF formulation and is referred to as the neuronal ensemble. The choice of the
neuronal ensemble provides a bridge between the earlier described neural network and
the MF limit; this connection shall be established later in Section 4. For the moment
we treat the MF limit as an independent object from the neural network.

Given the neuronal ensemble, we obtain the MF limit as follows. It entails the
following quantity:

Oy.t; x/ � Oy.xIW.t// D �LC1.HL.t; x; 1//;

in which HL.t; x; 1/ is computed recursively:

H1.t; x; c1/ � H1.x; c1IW.t// D �1.w1.t; c1/; x/ for all c1 2 �1;

Hi .t; x; ci / � Hi .x; ci IW.t//

D ECi�1
Œ�i .wi .t; Ci�1; ci /; bi .t; ci /;Hi�1.t; x; Ci�1//�

for all ci 2 �i ; i D 2; : : : ; L:

This corresponds to the forward pass of the neural network. We note the similarity
with the corresponding quantities of the neural network:

• x 2 X is the input and t 2 R�0 is the (continuous) time.

• W.t/ D ¹w1.t; �/; wi .t; � ; �/; bi .t; �/; i D 2; : : : ; Lº is the collection of the MF
parameters at time t .
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• w1WR�0 � �1 ! W1, and for i D 2; : : : ; L, wi WR�0 � �i�1 � �i ! Wi and
bi WR�0 ��i ! Bi .

In correspondence with the neural network’s learning dynamics for W.k/, the MF
limit also entails a continuous-time evolution dynamics forW.t/. This dynamics takes
the form of a system of ODEs, which we refer to as the MF ODEs, given an initial-
ization W.0/:

@

@t
w1.t; c1/ D ��

w
1 .t/EZ Œ�

w
1 .t; Z; c1/� for all c1 2 �1;

@

@t
wi .t; ci�1; ci / D ��

w
i .t/EZ Œ�

w
i .t; Z; ci�1; ci /�;

@

@t
bi .t; ci / D ��

b
i .t/EZ Œ�

b
i .t; Z; ci /� for all ci�1 2 �i�1; ci 2 �i ;

for i D 2; : : : ; L; where EZ denotes the expectation with respect to the data Z D
.X; Y / � P , and the update quantities are defined by the following recursion:

�HL .t; z; 1/ � �
H
L .z; 1IW.t// D �

H
L .y; Oy.t; x/;HL.t; x; 1//;

�wi .t; z; ci�1; ci / � �
w
i .z; ci�1; ci IW.t//

D �w
i

�
�Hi .t; z; ci /; wi .t; ci�1; ci /; bi .t; ci /;

Hi .t; x; ci /;Hi�1.t; x; ci�1/
�
;

�bi .t; z; ci / � �
b
i .z; ci IW.t//

D ECi�1

�
�b
i

�
�Hi .t; z; ci /; wi .t; Ci�1; ci /; bi .t; ci /;

Hi .t; x; ci /;Hi�1.t; x; Ci�1/
��
;

�Hi�1.t; z; ci�1/ � �
H
i�1.z; ci�1IW.t//

D ECi

�
�H
i�1

�
�Hi .t; z; Ci /; wi .t; ci�1; Ci /; bi .t; Ci /;

Hi .t; x; Ci /;Hi�1.t; x; ci�1/
��
; i D L; : : : ; 2;

�w1 .t; z; c1/ � �
w
1 .z; c1IW.t// D �

w
1 .�

H
1 .t; z; c1/; w1.t; c1/; x/:

This recursion corresponds to the backward pass of the neural network.

Remark 2.3. The definition of a MF limit model Oy.t; x/ based on the neuronal
ensemble .�;P / gives a way to define a large class of neural networks that encapsu-
lates networks of arbitrary sizes. More specifically, let us writeW D ¹w1;wi ; bi W i D
2; : : : ; Lº in place of W.t/ and Oy.xIW;�;P / in place of Oy.t; x/ to ignore the time t
and make explicit the dependency on the neuronal ensemble. Similarly, here let us
also write WD ¹w1;wi ;bi W i D 2; : : : ;Lº in place of W.k/ and Oy.xIW; n1; : : : ; nL/

in place of Oy.k; x/. Then, by defining the class NN1 D ¹ Oy. � IW;�;P /ºW;�;P that is
indexed by .W;�;P / while fixing other parameters (such as the number of layers L),
one sees that any finite-sized neural network Oy. � IW; n1; : : : ; nL/ belongs to NN1.
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This correspondence can be seen by the following identification: � D
QL
iD1�i with

�i D Œni �, P D
QL
iD1 Pi , with Pi a uniform measure on Œni �, and

wi .ji�1; ji / D wi .ji�1; ji / for all ji�1 2 �i�1 D Œni�1�; ji 2 �i D Œni �;

bi .ji / D bi .ji / for all ji 2 �i D Œni �;

w1.j1/ D w1.j1/ for all j1 2 �1 D Œn1�;

for 2 � i � L. In particular, there exists Oy. � IW;�;P / 2 NN1 such that

Oy. � IW;�;P / D Oy. � IW; n1; : : : ; nL/:

More generally one may observe that a similar correspondence holds for both the
forward pass and the backward pass, for example,

Hi .x; ji IW;�;P / D Hi .x; ji IW; n1; : : : ; nL/;

�Hi .z; ji IW;�;P / D �
H
i .z; ji IW; n1; : : : ; nL/ for all ji 2 �i D Œni �;

where the quantities are rewritten forms of Hi .t; x; ci /, �Hi .t; z; ci /, Hi .k; x; ji /

and�H
i .k; z; ci /, respectively. As such, roughly speaking, the dynamics of any finite-

sized neural network can be identified with a MF dynamics, modulo the differences in
time discretization and stochastic sampling of the data. The same observation is made
in [13], which instead studies it from the function space approximation perspective.

2.3. Preliminaries

We describe several preliminaries that are necessary for the next steps. First we con-
sider several structural assumptions.

Assumption 2.4. The learning rate schedules are bounded and Lipschitz:

max
1�i�L

j�w
i .t/j; max

2�i�L
j�b
i .t/j � K;

max
1�i�L

j�w
i .t/ � �

w
i .t
0/j; max

2�i�L
j�b
i .t/ � �

b
i .t
0/j � Kjt � t 0j:

Assumption 2.5 (Forward pass assumptions). The function �1 satisfies

j�1.w; x/ � �1.w
0; x/j � Kjw � w0j;

for all w;w0 2W1 and for P -almost every x. For i D 2; : : : ; L, �i satisfies

j�i .w; b; h/j � K.1C jwj C jbj/;

j�i .w; b; h/ � �i .w
0; b0; h0/j � K.1C jwj C jw0j C jbj C jb0j/jh � h0j

CK.jw � w0j C jb � b0j/;
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for all w;w0 2Wi , b; b0 2 Bi , and h; h0 2 Hi�1. Finally, �LC1 satisfies

j�LC1.h/ � �LC1.h
0/j � Kjh � h0j;

for all h; h0 2 HL.

Assumption 2.6 (Backward pass assumptions). The function �w
1 satisfies

j�w
1 .�;w; x/j � K.1C j�j/;

j�w
1 .�;w; x/ � �

w
1 .�

0; w0; x/j � K.j� ��0j C jw � w0j/;

for all w; w0 2 W1, �; �0 2 OH1 and for P -almost every x. For i D 2; : : : ; L, �w
i

and �b
i satisfy the following growth bounds:

max.j�w
i .�;w; b; g; h/j; j�

b
i .�;w; b; g; h/j/ � K.1C j�j/;

as well as the following perturbation bounds:

max
�
j�w
i .�;w; b; g; h/ � �

w
i .�

0; w0; b0; g0; h0/j;

j�b
i .�;w; b; g; h/ � �

b
i .�

0; w0; b0; g0; h0/j
�

� K.1C j�j C j�0j/jh � h0j CK.j� ��0j C jw � w0j C jb � b0j C jg � g0j/:

For i D 2; : : : ; L, �H
i�1 satisfies the growth bound

j�H
i�1.�;w; b; g; h/j � K.1C j�j/.1C jwj C jbj/;

and the perturbation bound

j�H
i�1.�;w; b; g; h/ � �

H
i�1.�

0; w0; b0; g0; h0/j

� K.1C jwj C jw0j C jbj C jb0j/j� ��0j

CK.1C j�j C j�0j/.jw � w0j C jb � b0j/

CK.1C j�j C j�0j/.1C jwj C jw0j C jbj C jb0j/.jg � g0j C jh � h0j/:

Finally, �H
L satisfies

j�H
L .y; Oy; h/j � K; j�

H
L .y; Oy; h/ � �

H
L .y; Oy

0; h0/j � K.jh � h0j C j Oy � Oy0j/;

for P -almost every y.

Remark 2.7. We remark that these assumptions can be relaxed, e.g., �i .w; b; h/may
be allowed to grow super-linearly with the variables, at the expense of suitable addi-
tional assumptions.1 Here we pay attention to a simpler setting, which covers neural
network setups of interest that are relevant to Sections 6 and 7.

1Indeed, this has been done in our previous iterate of the paper, posted on arXiv.
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We also equip the neural network and its MF limit with several norms. In particu-
lar, we define, for the neural network parameters,

9wi9t D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�t
jwi .bs=�c; ji�1; ji /j50

�1=50
;

9bi9t D
� 1
ni

niX
jiD1

sup
s�t
jbi .bs=�c; ji /j50

�1=50
; i D 2; : : : ; L;

9w19t D
� 1
n1

n1X
j1D1

sup
s�t
jw1.bs=�c; j1/j50

�1=50
:

We also introduce the notation:

9W9t D max
�

max
1�i�L

9wi9t ; max
2�i�L

9bi 9t
�
:

We also have similarly for the MF limit:

9wi9t D E
�

sup
s�t
jwi .s; Ci�1; Ci /j

50
�1=50

;

9bi9t D E
�

sup
s�t
jbi .s; Ci /j

50
�1=50

; i D 2; : : : ; L;

9w19t D E
�

sup
s�t
jw1.s; C1/j

50
�1=50

;

as well as
9W 9t D max

�
max
1�i�L

9wi9t ; max
2�i�L

9bi 9t
�
:

For convenience, let us define the quantities:

maxwt .W / D max
2�i�L

sup
s�t
jwi .s; Ci�1; Ci /j;

maxbt .W / D max
2�i�L

sup
s�t
jbi .s; Ci /j;

which are random variables. Note that maxwt .W / does not involve w1.
For a set of MF parameters W , we define

kW kt D max
�

max
1�i�L

kwikt ; max
2�i�L

kbikt
�
;

kwikt D E
�

sup
s�t
jwi .s; Ci�1; Ci /j

2
�1=2

;

kbikt D E
�

sup
s�t
jbi .s; Ci /j

2
�1=2

; i D 2; : : : ; L;

kw1kt D E
�

sup
s�t
jw1.s; C1/j

2
�1=2

:
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Note that this defines a norm on the space of MF parameters. As such, we can define
the following distance for two sets of MF parameters W and W 0:

kW �W 0kt D max
�

max
1�i�L

kwi � w
0
ikt ; max

2�i�L
kbi � b

0
ikt

�
;

kwi � w
0
ikt D E

�
sup
s�t
jwi .s; Ci�1; Ci / � w

0
i .s; Ci�1; Ci /j

2
�1=2

;

kbi � b
0
ikt D E

�
sup
s�t
jbi .s; Ci / � b

0
i .s; Ci /j

2
�1=2

; i D 2; : : : ; L;

kw1 � w
0
1kt D E

�
sup
s�t
jw1.s; C1/ � w

0
1.s; C1/j

2
�1=2

:

3. Existence and uniqueness of the solution of the MF ODEs

We study the well-posedness of the solution of the MF ODEs introduced in Sec-
tion 2.2. For this purpose specifically, we consider the following sub-Gaussian norm
for wi , i � 2:

JwiK ;t D
p
50 sup

m�1

1
p
m

E
�

sup
s�t
jwi .s; Ci�1; Ci /j

m
�1=m

; i D 2; : : : ; L;

and accordingly we define

JW K ;t D max
�

max
2�i�L

JwiK ;t ; max
2�i�L

9bi9t ;9w19t /:

The factor
p
50 is taken for convenience to guarantee that JwiK ;t � 9wi9t and

hence JW K ;t � 9W 9t .
Denote by WT the space of MF parametersW such that kW kT <1. Given a ter-

minal time T � 0 and an initializationW.0/, we define the mapping F that associates
W 0 2WT with

F.W 0/.t; c1; : : : ; cL/ D
®
Fw1 .W

0/.t; c1/; F
w
2 .W

0/.t; c1; c2/; F
b
2 .W

0/.t; c2/;

: : : ; FwL .W
0/.t; cL�1; cL/; F

b
L .W

0/.t; cL/
¯
;

in which

Fw1 .W
0/.t; c1/ D w1.0; c1/ �

Z t

0

�w
1 .s/EZ Œ�

w
1 .Z; c1IW

0.s//� ds;

Fwi .W
0/.t; ci�1; ci / D wi .0; ci�1; ci / �

Z t

0

�w
i .s/EZ Œ�

w
i .Z; ci�1; ci IW

0.s//� ds;

F bi .W
0/.t; ci / D bi .0; ci / �

Z t

0

�b
i .s/EZ Œ�

b
i .Z; ci IW

0.s//� ds; i D 2; : : : ; L:
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Observe that at initialization F.W 0/.0; � ; : : : ; �/ D W.0/, whereas the quantities in
the above time integrals are computed with respect to W 0. In the following, when
referring to a solution W to the MF ODEs on Œ0; T �, we mean an element of WT

satisfying F.W / D W . We say that W is a solution to the MF ODEs on t 2 Œ0;1/ if
its restriction to Œ0; T � is a solution to the MF ODEs on Œ0; T � for all T > 0.

Theorem 3.1. Assume the initializationW.0/ of the MF ODEs satisfies JW K ;0 �K.
Then under Assumptions 2.4–2.6, there exists a unique solution to the MF ODEs on
t 2 Œ0;1/.

The rest of this section is devoted to the proof of this theorem. To prove the theo-
rem, we first collect a useful a priori estimate.

Lemma 3.2. Under Assumptions 2.4 and 2.6, given an initialization W.0/, a solu-
tion W to the MF ODEs, if exists, must satisfy that for any t 2 Œ0;1/,

9W 9t ; max
1�i�L

E
�

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci IW.s//j
50
�1=50

� K�L.1C t�L/.1C 9W 9�L

0 /;

where �L D KL for some constant K > 1 sufficiently large.
A similar result holds for J �K ;t norm. Under Assumptions 2.4 and 2.6, given an

initialization W.0/, for any t 2 Œ0;1/, there exists K0.t/ � 1 of the form

K0.t/ D K
�L.1C t�L/.1C JW K�L

 ;0/;

where �L D KL for some constant K > 1 sufficiently large, such that the following
holds. A solution W to the MF ODEs, if exists, must satisfy that for any t 2 Œ0;1/,
9W 9t � JW K ;t � K0.t/. Furthermore, by assuming JW K ;0 <1, for any B � 0,

P .maxwt .W / � K0.t/B/ � 2Le
1�K1B

2

;

for some universal constant K1 > 0.

Recall the bounds in Lemma 3.2 are given by K0.t/, which is a function of the
initialization W.0/ and non-decreasing with t . These a priori bounds lead us to con-
sider the following spaces, given an initializationW.0/ and an arbitrary terminal time
T > 0:

• The space WT of MF parameters

W 0 D ¹W 0.t/ºt�T D
®
w01.t; �/; w

0
i .t; � ; �/; b

0
i .t; �/; i D 2; : : : ; L

¯
t�T

such that
9W 09T � K0.T /:
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• The space W0
T � WT of MF parameters W 0 2 WT such that

JW 0K ;T � K0.T /;

P
�
maxwT .W

0/ � K0.T /B
�
� 2Le1�K1B

2

for all B � 0;

and W 0.0/ D W.0/ (and hence every elements W 0 in W0
T share the same initial-

izationW.0/). It is easy to see that W0
T �WT is valid since 9W 09T � JW 0K ;T .

We equip these spaces with the metric .W 0; W 00/ 7! kW 0 �W 00kT . By Lemma 3.2,
we know that any solution W to the MF ODEs, if exists, must belong to W0

T .
The proof of Theorem 3.1 follows from a Picard-type iteration. It is easy to see

that a solution to the MF ODEs is a fixed point of F and vice versa. Also note that by
the same argument of Lemma 3.2, one can prove the following.

Lemma 3.3. Under Assumptions 2.4 and 2.6, for any W 0 2 W0
T , F.W 0/ 2 W0

T .

We have the following key result.

Lemma 3.4. For a givenB�0, consider two collections of MF parametersW 0;W 00 2
WT such that

P
�
maxwT .W

0/ � K0.T /B
�
� 2Le1�K1B

2

;

P
�
maxwT .W

00/ � K0.T /B
�
� 2Le1�K1B

2

:

Under Assumptions 2.4–2.6, for any t � T ,

kF.W 0/�F.W 00/kt � .KK0.T //
2LC2

Z t

0

�
.1CB/kW 0�W 00ksC

p
Le�K1B

2=2
�
ds:

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. We perform a Picard-type iteration argument. For an arbitrary
finite T � 0 and W 0; W 00 2 W0

T , from Lemma 3.4, we have

kF.W 0/ � F.W 00/kt

� .KK0.T //
2LC2

�
.1C B/

Z t

0

kW 0 �W 00ks ds C T
p
Le�K1B

2=2
�

� k1.1C B/

Z t

0

kW 0 �W 00ks ds C k2 e
�k3B

2

;

for any B > 0. By Lemma 3.3, F maps W0
T to W0

T . As such, we can iterate this
inequality to obtain

kF .m/.W 0/ � F .m/.W 00/kT

� k1.1C B/

Z T

0

kF .m�1/.W 0/ � F .m�1/.W 00/kT2
dT2 C k2 e

�k3B
2
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� k21.1C B/
2

Z T

0

Z T2

0

kF .m�2/.W 0/ � F .m�2/.W 00/kT3
I.T2 � T / dT3dT2

C k2

2X
`D1

.T k1k2.1C B//
`�1

`Š
e�k3B

2

:::

� km1 .1CB/
m

Z T

0

Z T2

0

� � �

Z Tm

0

kW 0�W 00kTmC1
I.Tm�� � ��T2�T / dTmC1 � � � dT2

C k2

mX
`D1

.T k1k2.1C B//
`�1

`Š
e�k3B

2

�
1

mŠ
Tmkm1 .1C B/

m
kW 0 �W 00kT C k2 e

Tk1k2.1CB/�k3B
2

�
1

mŠ
Tmkm1 .1C

p
m/mkW 0 �W 00kT C k2 e

Tk1k2.1C
p
m/�k3m;

where we choose B D
p
m in the last display. Note that since 9W 90 <1, K0.T /

and hence k1; k2 are finite for finite T . By substituting W 00 D F.W 0/, we obtain
1X
mD1

kF .mC1/.W 0/ � F .m/.W 0/kT D

1X
mD1

kF .m/.W 00/ � F .m/.W 0/kT <1:

Hence, asm!1, F .m/.W 0/ converges in k � kT to a limitW 2WT , which is a fixed
point of F . By Lemma 3.2, W belongs to W0

T .
The uniqueness of the fixed point comes from the above estimate, since if W 0

and W 00 are fixed points of F , then they are both in W0
T , and

kW 0 �W 00kT D kF
.m/.W 0/ � F .m/.W 00/kT

�
1

mŠ
Tmkm1 .1C

p
m/mkW 0 �W 00kT C k2 e

Tk1k2.1C
p
m/�k3m;

and one can take m arbitrarily large. This proves that the solution exists and is unique
on t 2 Œ0; T �. Since T is arbitrary, we have existence and uniqueness of the solution
to the MF ODEs on the time interval Œ0;1/.

The proofs of the lemmas are in Appendix B.

4. Main result: connection between neural network and MF limit

4.1. Neuronal embedding and the coupling procedure

Neuronal embedding. To formalize a connection between the neural network and its
MF limit, we consider their initializations. In practical scenarios, to set the initial
parameters W.0/ of the neural network, one typically randomizes W.0/ according
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to some distributional law �. We note that since the neural network is defined with
respect to a set of finite integers n D ¹n1; : : : ; nLº that represents its size, so is �. In
the context of infinite-width limits of neural networks, we would like to accommodate
a sequence of neural networks of diverging sizes n (where n1; : : : ; nL�1 !1 and
nL D 1). As such, it is useful to also consider a family Init of initialization laws, each
of which is indexed by the set of finite integers n D ¹n1; : : : ; nLº (with nL D 1):

Init D
®
� W � is the initialization law of a neural network of size n D ¹n1; : : : ; nLº;
n1; : : : ; nL 2 N>0; nL D 1

¯
:

We make the following crucial definitions.

Definition 4.1 (Unit neuronal embedding). Given an initialization law � of a neural
network of size nD¹n1; : : : ;nLº (where nLD1), we call .�;P;¹w0i ºi2ŒL�;¹b

0
i º2�i�L/

a unit neuronal embedding for this neural network if there exists a sampling rule
xPn D

QL
iD1
xPni

such that the following hold:

(1) .�; P / D
QL
iD1.�i ; Pi / is a product space and �L D ¹1º. We recall that

.�;P / is called a neuronal ensemble.

(2) xPni
is a distribution over �ni

i whose marginals are given by Pi . Note it is not
necessary that xPni

is factored as a product of Pi ’s.

(3) The deterministic functions w01 W �1 ! W1, w0i W �i�1 � �i ! Wi and
b0i W�i ! Bi , 2 � i � L are such that if – with an abuse of notations – we
sample .Ci .ji //i2ŒL�;ji2Œni � �

xPn, then

Law
�
w01.C1.j1//; w

0
i .Ci�1.ji�1/; Ci .ji //; b

0
i .Ci .ji //;

j1 2 Œn1�; ji 2 Œni �; i D 2; : : : ; L
�
D �:

Definition 4.2 (Neuronal embedding). Given a family of initialization laws Init, we
call .�;P; ¹w0i ºi2ŒL�; ¹b

0
i º2�i�L/ a neuronal embedding for Init if it is a unit neuronal

embedding for any law � in Init.

On one hand, we concern chiefly with the notion of a neuronal embedding, which
carries the idea of infinite-width limits. On the other hand, the unit neuronal embed-
ding – as a standalone notion – is useful when one is to obtain a quantitative (finite-
width) result, such as Theorem 4.7 and Corollary 4.9 below. Note also that if the
family Init contains only one initialization law, then a unit neuronal embedding for
this law is obviously a neuronal embedding for Init. We shall thus routinely refer to
a unit neuronal embedding as a neuronal embedding, whenever there is no risk of
confusion.

�-independence. An important aspect of the neuronal embedding is the sampling
rule xPn. The product structure xPn D

QL
iD1
xPni

implies layer-wise independence. At
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each layer i 2 ŒL�, a canonical example of a sampling rule is one in which the samples
are i.i.d., i.e., xPni

DPi � � � � �Pi (ni -time product). In fact, we shall require a weaker
condition, given in the following.

Definition 4.3 (�-independence). We say that .X1; : : : ; Xn/ 2 �n0 are �-independent
if for all 1-bounded functions f that maps from �0 to a separable Hilbert space, for
any i 2 Œn�, almost surely,ˇ̌

EŒf .Xi / j ¹Xi 0 ; i
0 < iº� � EŒf .Xi /�

ˇ̌
� �:

Assumption 4.4 ( N�-independence for neuronal embedding). Let N�D .�1; : : : ; �L�1/,
where �i D n�0:501i . For the neuronal embedding in Definition 4.2 (or Definition 4.1),
for each index n in the family Init, the sampling rule xPn satisfies that .Ci .ji //ji2Œni � �

xPni
are �i�1-independent for all i 2 ŒL� 1�. In this case, we say the neuronal embed-

ding satisfies N�-independence.

It is easy to see that in the canonical example where xPni
D Pi � � � � � Pi for all

i 2 ŒL� 1� and all indices n from Init, the above assumption is trivially satisfied; that
is, any n independent random variables are n�c-independent with c D1.

Remark 4.5. When Init contains more than one law, if a neuronal embedding exists,
then Init must satisfy a certain consistency property. For instance, under the canonical
example where xPni

D Pi � � � � � Pi for all i 2 ŒL � 1� and all indices n from Init, if
a neuronal embedding with this sampling rule exists, then the following must hold.
Suppose that � indexed by ¹n1; : : : ; nLº and �0 indexed by ¹n01; : : : ; n

0
Lº are elements

of Init such that n1 � n01; : : : ; nL�1 � n
0
L�1, and suppose that

Law
�
w01.0; j1/;w

0
i .0; ji�1; ji /;b

0
i .0; ji / W ji 2 Œn

0
i �; i D 1; : : : ; L

�
D �0:

Then we must have that

Law
�
w01.0; j1/;w

0
i .0; ji�1; ji /;b

0
i .0; ji / W ji 2 Si ; i D 1; : : : ; L

�
D �;

for any collection of L sets Si , i D 1; : : : ; L, where each Si is a subset of Œn0i � with
size jSi j D ni .

Coupling procedure. To proceed, we perform the following coupling procedure:

(1) Given a family of initialization laws Init, let .�; P; ¹w0i ºi2ŒL�; ¹b
0
i º2�i�L/ be

a neuronal embedding of Init.

(2) We form the MF ODEs’ initialization W.0/ by setting w1.0; �/ D w01. �/,
wi .0; � ; �/ D w0i . � ; �/ and bi .0; �/ D b0i . �/ for 2 � i � L. With this initial-
ization, we obtain the MF limit’s trajectory W.t/, for t 2 R�0, according to
the neuronal ensemble .�;P /.
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(3) Given n D ¹n1; : : : ; nLº, we find a sampling rule xPn D
QL
iD1
xPni

. For each
i 2 ŒL�, we sample .Ci .j1/; : : : ;Ci .jni

//� xPni
. We then form the neural net-

work initialization W.0/ by setting w1.0;j1/Dw01.C1.j1//, wi .0;ji�1;ji /D
w0i .Ci�1.ji�1/; Ci .ji // and bi .0; ji / D b0i .Ci .ji // for j1 2 Œn1�, ji 2 Œni �,
2 � i � L. With this initialization, we obtain the neural network’s trajec-
tory W.k/ for k 2 N�0, with the data z.k/ being generated independently of
Ci .ji /’s and hence of W.0/.

Hence, we see that the connection is formalized on the basis of the initialization,
and in particular, the neuronal ensemble .�; P /. Note that W.t/ is a deterministic
trajectory for t 2R�0 and it is independent of ¹n1; : : : ; nLº, whereas W.k/ is random
for all k 2 N�0 due to the randomness of Ci .ji / and the generation of the training
data z.k/. We define a measure of closeness between W.bt=�c/ and W.t/ for the
whole interval t 2 Œ0; T �:

DT .W;W/ D max.I1; I2; I3/; (4.1)

in which

I1 D max
2�i�L

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
t�T

jwi .bt=�c; ji�1; ji /

� wi .t; Ci�1.ji�1/; Ci .ji //j
2
�1=2

;

I2 D max
2�i�L

� 1
ni

niX
jiD1

sup
t�T

jbi .bt=�c; ji / � bi .t; Ci .ji //j2
�1=2

;

I3 D
� 1
n1

n1X
j1D1

sup
t�T

jw1.bt=�c; j1/ � w1.t; C1.j1//j2
�1=2

:

Note that, by definition, DT .W;W/ is a random quantity due to the randomness of
¹Ci .ji /ºi2ŒL� and ¹W.bt=�c/ºt2Œ0;T �.

The idea of the coupling procedure is closely related to the “propagation of chaos”
argument [36]. Here, instead of playing the role of a proof technique, the coupling
serves as a vehicle to establish the connection between the neural network’s trajectory
and the MF trajectory on the basis of the neuronal embedding.

4.2. Main theorem

Let us consider an assumption on the initialization.

Assumption 4.6 (Initialization). The functionsw0i and b0i of the neuronal embedding
satisfy

max
2�i�L

sup
m�1

1
p
m

EŒjw0i .Ci�1; Ci /j
m�1=m � K;
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max
2�i�L

sup
m�1

1
p
m

EŒjb0i .Ci /j
m�1=m � K;

sup
m�1

1
p
m

EŒjw01.C1/j
m�1=m � K:

As such, following the coupling procedure, the initialization W.0/ of the MF ODEs
satisfies 9W 90 � K <1.

We are now ready to state the main theorem.

Theorem 4.7. Given a family Init of initialization laws and a tuple of positive integers
¹n1; : : : ;nLºwith nLD 1, perform the coupling procedure as described in Section 4.1.
Under Assumptions 2.4–2.6, 4.4 and 4.6, there exist constants c1 2 .0; 0:5/ and c2 2
.0; 1=52/ such that for any ı > 0, L � 1 and T 2 �N�0, the following holds. There
exist n� D n�.T;L; c1; c2/� 1 and �� D ��.T;L; c1; c2/� 1 such that for any integer
nmin � n

� and any � 2 .0; ��/,

P

�
DT .W;W/ � K.n

�c1

min C�
c1/

r
log
�1
ı
n2maxCe

��
� 2ıCKLnmax exp.�Knc2

min/:

Here nmin D min1�j�L�1 nj and nmax D max1�j�L nj .

Roughly speaking, with ni D ‚.n/ for i 2 ŒL � 1� and � � 1= log.n/, we have
W.bt=�c/ � W.t/ for all t 2 Œ0; T � and large n. We note that the exponents c1 and c2
are independent of the terminal time T and the number of layers L. It is an interesting
task to derive explicit constant values for c1 and c2, which we have not done given
the complex dependency of these exponents on other hidden constants in our current
analysis.

Remark 4.8. Under the stronger assumption of boundedness of the initial weight
distributions at all except the first layer, in our work’s previous preprint, we show that
a similar result to Theorem 4.7 holds with c1 D 0:5. Therein an even stronger result
is achieved, in which we define DT .W;W/ via L1 distance, instead of L2 distance
as done in equation (4.1).

The theorem gives a connection between W.bt=�c/, which involves finitely many
neurons, and the MF limit W.t/, whose description is independent of the number of
neurons. It lends a way to extract properties of the neural network in the many-neurons
limit.

Corollary 4.9. Consider any test function  WHi ! S which is K-Lipschitz and K-
bounded, i.e.,

j .h/ �  .h0/j � Kjh � h0j; j .h/j � K;

where S is a separable Hilbert space. Under the same setting of Theorem 4.7, for
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any ı > 0, we have, with probability at least 1 � 3ı �KLnmax exp.�Knc2

min/,

sup
t�T

ˇ̌̌ 1
ni

niX
jiD1

EZ Œ .Hi .bt=�c;X;ji //��EZECi
Œ .Hi .t;X;Ci //�

ˇ̌̌
D QO.n

�c1

min C �
c1/;

where QO hides the dependency on T , L and ı as well as the logarithmic factors
log nmax and log.1=�/. Furthermore, for any test function  W Y � OY ! S which is
K-Lipschitz in the second variable, uniformly in the first variable,

sup
t�T

ˇ̌
EZ Œ .Y; Oy.bt=�c; X//� � EZ Œ .Y; Oy.t; X//�

ˇ̌
D QO.n

�c1

min C �
c1/;

with probability at least 1 � 2ı �KLnmax exp.�Knc2

min/.

As per Remark 4.5, we note that the statements in Theorem 4.7 and Corollary 4.9
have explicit quantitative dependence on the hidden widths ni , and hence one may
consider Init that contains only one initialization law.

We observe that while the MF trajectory W.t/ is defined as per the choice of the
neuronal embedding .�;P; ¹w0i ºi2ŒL�; ¹b

0
i º2�i�L/, which may not be unique. On the

other hand, the neural network’s trajectory W.t/ depends on the randomization of
the initial parameters W.0/ according to an initialization law from the family Init (as
well as the data z.t/) and hence it is independent of this choice. Another corollary of
Theorem 4.7 is that given the same family Init, the MF trajectory is insensitive to the
choice of the neuronal embedding of Init.

Corollary 4.10. Consider a family Init of initialization laws such that it contains
a sequence of indices ¹¹n1.n/; : : : ; nL.n/º W n 2 Nº, in which nmin.n/ ! 1 and
n�cmin.n/ lognmax.n/! 0 as n!1 for any c > 0, with nmin.n/ D min1�i�L�1 ni .n/
and nmax.n/ D max1�i�L�1 ni .n/.

Let W.t/ and OW .t/ be two MF trajectories associated with two choices of neu-
ronal embeddings of Init, say .�; P; ¹w0i ºi2ŒL�; ¹b

0
i º2�i�L/ and . O�; OP ; ¹ Ow0i ºi2ŒL�;

¹ Ob0i º2�i�L/, respectively. Suppose that both neuronal embeddings satisfy Assump-
tions 4.4 and 4.6. Let us also assume Assumptions 2.4–2.6.

For any T 2 R�0 and any set of positive integers ¹n1; : : : ; nLº with nL D 1, if
we independently sample Ui .ji / � Pi and OUi .ji / � OPi for ji 2 Œni � and i 2 ŒL�,
then Law.W.n1; : : : ; nL; T // D Law. OW.n1; : : : ; nL; T //, where W.n1; : : : ; nL; T /

denotes the following collection on W.t/:

W.n1; : : : ; nL; T / D
®
w1.t; U1.j1//; wi .t; Ui�1.ji�1/; Ui .ji //; bi .t; Ui .ji // W

ji 2 Œni �; i 2 ŒL�; t 2 Œ0; T �
¯
;

and OW.n1; : : : ; nL; T / denotes a similar collection on OW .t/.
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In the caseLD2, by looking at the induced distribution of .w1.t;C1/;w2.t;C1;1//
over C1 � P1, we immediately recover the distributional equation in [22] describing
the MF limit.

Corollary 4.11. Assume the same setting as Theorem 4.7, and let us consider LD 2.
For simplicity, let us disregard the bias of the second layer by considering �b

2. �/ D 0

and b2.0; �/D 0. Assume W1 D Rd1 , W2 D Rd2 for some integers d1; d2 > 0. Let �t
denote the law of .w1.t; C1/; w2.t; C1; 1// over C1 � P1. Then �t satisfies the fol-
lowing distributional partial differential equation in the weak sense:

@t�t .u1; u2/ D divŒ�t .u1; u2/G.u1; u2I �t /�;

in which

G.u1; u2I �t / D

�
�w
1 .t/EZ Œ�

w
1 .u1; u2IZ; �t /�

�w
2 .t/EZ Œ�

w
2 .u1; u2IZ; �t /�

�
;

and we define

H 2.xI �t / D

Z
�2.u2; 0; �1.u1; x// d�t .u1; u2/;

Oy.xI �t / D �3.H2.xI �t //;

�H2 .zI �t / D �
H
2 .y; Oy.xI �t /;H 2.xI �t //;

�w2 .u1; u2I z; �t / D �
w
2 .�

H
2 .zI �t /; u2; 0;H 2.xI �t /; �1.u1; x//;

�H1 .u1; u2I z; �t / D �
H
1 .�

H
2 .zI �t /; u2; 0;H 2.xI �t /; �1.u1; x//;

�w1 .u1; u2I z; �t / D �
w
1 .�

H
1 .u1; u2I z; �t /; u1; x/:

In particular, for any ı > 0 and anyK-Lipschitz andK-bounded test function WW1 �

W2 ! S, where S is a separable Hilbert space,

sup
t�T

ˇ̌̌ 1
n1

n1X
j1D1

 .w1.bt=�c; j1/;w2.bt=�c; j1; 1// �
Z
 .u1; u2/ d�t .u1; u2/

ˇ̌̌
D QO.n

�c1

1 C �c1/:

with probability at least 1 � 3ı �Kn1 exp.�Knc2

1 /, where QO hides the dependency
on T and ı as well as the logarithmic factors log n1 and log.1=�/. Similarly, for any
test function  WY � OY ! S which is K-Lipschitz in the second variable, uniformly
in the first variable,

sup
t�T

ˇ̌
EZ Œ .Y; Oy.bt=�c; X//� � EZ Œ .Y; Oy.X I �t //�

ˇ̌
D QO.n

�c1

1 C �c1/;

with probability at least 1 � 3ı �Kn1 exp.�Knc2

1 /.
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4.3. Proof of Theorem 4.7

We construct an auxiliary trajectory, which we call the particle ODEs:

@

@t
Qw1.t; j1/ D ��

w
1 .t/EZ Œ�

w
1 .Z; j1I

QW .t//� for all j1 2 Œn1�;

@

@t
Qwi .t; ji�1; ji / D ��

w
i .t/EZ Œ�

w
i .Z; ji�1; ji I

QW .t//�;

@

@t
Qbi .t; ji / D ��

b
i .t/EZ Œ�

b
i .Z; ji I

QW .t//� for all ji�1 2 Œni�1�; ji 2 Œni �;

for i D 2; : : : ; L; in which QW .t/ D ¹ Qw1.t; �/; Qwi .t; � ; �/; Qbi .t; �/; i D 2; : : : ; Lº, and
t 2 R�0. We specify the initialization QW .0/ as follows: Qw1.0; j1/ D w01.C1.j1//,
Qwi .0;ji�1; ji /Dw

0
i .Ci�1.ji�1/;Ci .ji // and Qbi .0;ji /D b0i .Ci .ji //. That is, it shares

the same initialization with the neural network one W.0/, and hence it is coupled
with the neural network and the MF ODEs. Roughly speaking, the particle ODEs are
continuous-time trajectories of finitely many neurons, averaged over the data distribu-
tion. We note that QW .t/ is random for all t 2 R�0 due to the randomness of Ci .ji /’s.

The existence and uniqueness of the solution to the particle ODEs follows from
the same proof as in Theorem 3.1, which we shall not repeat here.2 We equip QW .t/
with the norms

9 Qwi9t D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�t
j Qwi .s; ji�1; ji /j

50
�1=50

;

9 Qbi9t D
� 1
ni

niX
jiD1

sup
s�t
j Qbi .s; ji /j

50
�1=50

; i D 2; : : : ; L;

9 Qw19t D
� 1
n1

n1X
j1D1

sup
s�t
j Qw1.s; j1/j

50
�1=50

:

as well as
9 QW 9t D max

�
max
1�i�L

9 Qwi9t ; max
2�i�L

9 Qbi 9t
�
:

One can also define the measures DT .W; QW / and DT . QW;W/ similar to equation (4.1):

DT .W; QW / D max.I1; I2; I3/;

DT . QW ;W/ D max.I4; I5; I6/;

2On a more technical note, we can view the particle ODEs as a new system of MF ODEs
whose neuronal ensemble .�new; Pnew/ D

QL
iD1.�i;new; Pi;new/ takes the following specific

form: �i;new D ¹Ci .1/; : : : ; Ci .ni /º and Pi;new is a uniform probability measure on �i;new. In
light of this view, the existence and uniqueness of the solution to the particle ODEs follows
from Theorem 3.1.
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in which

I1 D max
2�i�L

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jwi .t; Ci�1.ji�1/; Ci .ji // � Qwi .t; ji�1; ji /j
2
�1=2

;

I2 D max
2�i�L

� 1
ni

niX
jiD1

sup
t�T

jbi .t; Ci .ji // � Qbi .t; ji /j
2
�1=2

;

I3 D
� 1
n1

n1X
j1D1

sup
t�T

jw1.t; C1.j1// � Qw1.t; j1/j
2
�1=2

;

I4 D max
2�i�L

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jwi .bt=�c; ji�1; ji / � Qwi .t; ji�1; ji /j2
�1=2

;

I5 D max
2�i�L

� 1
ni

niX
jiD1

sup
t�T

jbi .bt=�c; ji / � Qbi .t; ji /j2
�1=2

;

I6 D
� 1
n1

n1X
j1D1

sup
t�T

jw1.bt=�c; j1/ � Qw1.t; j1/j2
�1=2

:

We have the following results.

Theorem 4.12. Under the same setting as Theorem 4.7, there exist constants c1 2
.0; 0:5/ and c2 2 .0; 1=52/ such that for any ı > 0, L � 1 and T � 1, the following
holds. There exists n� D n�.T; L; c1; c2/ � 1 such that for any nmin � n

�,

P

�
DT .W; QW / � Kn

�c1

min

r
log
�1
ı
n2max C e

��
� ı CKLnmax exp.�Knc2

min/:

Here nmin D min1�j�L�1 nj and nmax D max1�j�L nj .

Theorem 4.13. Under the same setting as Theorem 4.7, there exist constants c1 2
.0; 0:5/ and c2 2 .0; 1=52/ such that for any ı > 0, L � 1 and T � 1, the following
holds. There exists �� D ��.T; L; c1; c2/ � 1 such that for any � 2 .0; ��/,

P

�
DT . QW ;W/ � K�c1

r
log
�1
ı
n2max C e

��
� ı CKLnmax exp.�Knc2

min/:

Here nmin D min1�j�L�1 nj and nmax D max1�j�L nj .

Proof of Theorem 4.7. Using the fact

DT .W;W/ � DT .W; QW /CDT . QW ;W/;

the thesis is immediate from Theorems 4.12 and 4.13.
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4.4. Proof of Theorems 4.12 and 4.13

The proof of Theorem 4.12 rests in the following proposition, which is essentially a
version of Theorem 4.12 with an extra boundedness condition at initialization.

Proposition 4.14. Under the same setting as Theorem 4.7, for a given B > 0, further
assume that

ess-supmaxw0 .W / D ess-sup max
2�i�L

jw0i .Ci�1; Ci /j � B;

ess-supmaxb0.W / D ess-sup max
2�i�L

jb0i .Ci /j � B:

Then for any ı > 0, with probability at least 1 � ı �KLnmax exp.�Kn1=52min /,

DT .W; QW / �

s
1

nmin
log
�2TL
ı

n2max C e
�

exp.K NK.1C T
NK/.1C B//;

in which nmin D min1�j�L�1 nj , nmax D max1�j�L nj , and NK is a constant that
depends on L such that NK � KL for some sufficiently large constant K.

Similar to Proposition 4.14, the following proposition is essentially a version of
Theorem 4.13 with an extra boundedness condition at initialization.

Proposition 4.15. Under the same setting as Theorem 4.7, for a given B > 0, further
assume that

ess-supmaxw0 .W / D ess-sup max
2�i�L

jw0i .Ci�1; Ci /j � B;

ess-supmaxb0.W / D ess-sup max
2�i�L

jb0i .Ci /j � B:

Then for any ı > 0 and � < 1, with probability at least 1� ı�KLnmax exp.�Kn1=52min /,

DT . QW ;W/ �

r
� log

�2L
ı
n2max C e

�
exp.K NK.1C T

NK/.1C B//;

in which nmin D min1�j�L�1 nj , nmax D max1�j�L nj , and NK is a constant that
depends on L such that NK � KL for some sufficiently large constant K.

The following proposition bridges the last two propositions with their respective
theorems.

Proposition 4.16. Assume the same setting as Theorem 4.7. Let W .t/ D ¹w1.t; �/;
wi .t; � ; �/; bi .t; �/; i D 2; : : : ;Lº be the MF ODEs’ solution for which its initialization
W .0/ is a truncated version of W.0/, for a given B > 0:

w1.0; c1/ D w
0
1.c1/; wi .0; ci�1; ci / D TruncB.w0i .ci�1; ci //;

bi .0; ci / D TruncB.b0i .ci //;
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for 2 � i � L, where TruncB.u/ D uI.juj � B/C Bsign.u/I.juj > B/. Then

kW �W kT � K exp.�KB2 CK NK.1C T
NK/.1C B//;

for NK a constant that depends on L such that NK � KL for some sufficiently large
constant K. Similarly, let QW and W be the particle ODEs’ solution and the neural
network’s dynamics with a similarly truncated initialization:

Qw1.0; j1/ D w1.0; j1/ D w01.C1.j1//;
Qwi .0; ji�1; ji / D wi .0; ji�1; ji / D TruncB.w0i .Ci�1.ji�1/; Ci .ji ///;

Qbi .0; ji / D bi .0; ji / D TruncB.b0i .Ci .ji ///:

Then, with probability at least 1 �KLnmax exp.�Ke�KB
2
n
1=52
min /,

k QW � QW kT ; kW �WkT � K exp.�KB2 CK NK.1C T
NK/.1C B//:

Here nmax D max.n1; : : : ; nL/, nmin D min.n1; : : : ; nL�1/,

kW �Wkt D max
�

max
2�i�L

kwi � wikt ; max
2�i�L

kbi � bikt ; kw1 � w1kt
�
;

kwi�wikt D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�t
jwi .bs=�c;ji�1;ji /�wi .bs=�c;ji�1;ji /j2

�1=2
;

kbi � bikt D
� 1
ni

niX
jiD1

sup
s�t
jbi .bs=�c; ji / � bi .bs=�c; ji /j2

�1=2
; i D 2; : : : ; L;

kw1 � w1kt D
� 1
n1

n1X
j1D1

sup
s�t
jw1.bs=�c; j1/ � w1.bs=�c; j1/j2

�1=2
;

and k QW � QW kt is defined similarly.

We can now prove Theorems 4.12 and 4.13.

Proof of Theorem 4.12. Let KT D K
NK.1C T

NK/. For a given B > 0, let W and QW
be the initialization-truncated versions of W and QW , respectively, as per Proposi-
tion 4.16. Then Proposition 4.14 states that for any ı > 0, with probability at least
1 � ı �KLnmax exp.�Kn1=52min /,

DT .W ; QW / �

s
1

nmin
log
�2TL
ı

n2max C e
�
eKT .1CB/:

In addition, by Proposition 4.16, the following holds:

k QW � QW kT ; kW �W kT � Ke
�KB2CKT .1CB/
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with probability at least 1 �KLnmax exp.�Ke�KB
2
n
1=52
min /. Also notice that

DT .W; QW / � DT .W ; QW /C kW �W kT C k QW � QW kT :

As such,

DT .W; QW / �

�s
1

nmin
log
�2TL
ı

n2max C e
�
C e�KB

2

�
eKT .1CB/;

with probability at least 1 � ı �KLnmax exp.�Ke�KB
2
n
1=52
min /, for any fixed B > 0.

Then upon choosing B D c0
p

lognmin for some suitable constant c0 > 0 independent
of T , it is easy to see that there exist constants c1 2 .0; 0:5/ and c2 2 .0; 1=52/ inde-
pendent of T and some n� D n�.T; L; c1; c2/ � 1 such that for any nmin � n

�, we
have

P

�
DT .W; QW / � Kn

�c1

min

r
log
�1
ı
n2max C e

��
� ı CKLnmax exp.�Knc2

min/:

Proof of Theorem 4.13. This comes from Propositions 4.15 and 4.16, similar to the
proof of Theorem 4.12.

Let us mention again the correspondence between Theorem 4.12 and Proposi-
tion 4.14, and that between Theorem 4.13 and Proposition 4.15. The truncation at
initialization allows for technical feasibility and it is then bridged by Proposition 4.16.
The proofs of Propositions 4.14 and 4.15 are necessarily lengthy, so let us defer them
(as well as missing proofs of other results) to Appendix C. Let us describe briefly the
argument for Proposition 4.14. Recall thatwi .0;Ci�1.ji�1/;Ci .ji //D Qwi .0;ji�1; ji /
at initialization t D 0, and hence one hopes to prove

wi .t; Ci�1.ji�1/; Ci .ji // � Qwi .t; ji�1; ji /

at any finite t . In other words, we would like to show

EZ Œ�
w
i .Z; Ci�1.ji�1/; Ci .ji /IW.t//� � EZ Œ�

w
i .Z; ji�1; ji I

QW .t//�:

Both of these quantities share very similar structures. Roughly speaking, the left-hand
side involves quantities that assume the form of an expectation ECr

Œg.Cr/� and the
right-hand side correspondingly involves quantities of the form of an empirical aver-
age .1=nr/ �

Pnr

jrD1
g.Cr.jr//, for some function g. An invocation of concentration

of measure bounds links the two sides, and if done correctly over the training horizon
(i.e., over t � T ), the depth of the network (i.e., over index i � L) and the width at
each layer (i.e., over neuron ji � ni ), it gives the desired estimation. One also rec-
ognizes that the neural network W is essentially a time discretization version of QW
where the learning rate � plays the role of the discretization level. A martingale-type
argument then suffices to prove Proposition 4.15 for small �.
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5. Simplifications under independent and identically distributed
initialization

In this section, we prove that the MF limit under an independent and identically dis-
tributed (i.i.d.) initialization degenerates to a simple structured dynamics. Let us first
state the definition of i.i.d. initializations.

Definition 5.1. An initialization law � for a neural network of size ¹n1; : : : ; nLº is
called .�1w; : : : ; �

L
w ; �

2
b ; : : : ; �

L
b /-i.i.d. initialization (or i.i.d. initialization, for brevity),

where �iw is a probability measure over Wi and �ib is a probability measure over Bi ,
if it satisfies the following:

• ¹w1.0; j1/ºj12Œn1� are generated i.i.d. according to �1w,

• for each iD2; : : : ;L, ¹wi .0;ji�1; ji /ºji�12Œni�1�;ji2Œni � are generated i.i.d. accord-
ing to �iw, and ¹bi .0; ji /ºji2Œni � are generated i.i.d. according to �ib,

• all these generations are independent of each other, and �Lb is a single point mass.

Observe that, given .�1w; : : : ; �
L
w ; �

2
b ; : : : ; �

L
b /, one can build a family Init of i.i.d.

initialization laws that contains any index tuple ¹n1; : : : ; nLº.

In the following, we construct a canonical MF limit under i.i.d. initialization and
show that the MF dynamics can be significantly simplified. Our plan is as follows:

(1) We first construct a sequence (in increasing M ) of neuronal embeddings,
which we call canonical neuronal embeddings. In particular, each of these
– indexed by M – allows to embed i.i.d.-initialized neural networks of sizes
at mostM . Each canonical neuronal embedding is associated with a MF limit,
which we call a canonical MF limit.

(2) We present a dynamics which is shown to be the infinite-M limit of the canon-
ical MF limits. This dynamics displays the simplifying properties that we wish
to show. In particular, the dynamics of i.i.d.-initialized neural networks of
large widths are well-approximated by the infinite-M limit, and asymptoti-
cally displays the same simplifying properties.

This plan streamlines our studies of i.i.d.-initialized networks in the infinite-width
limit. As we shall see, the construction of the canonical neuronal embedding is quite
natural due to the cap at finite M . More importantly, on one hand, the fact that the
canonical MF limit tracks closely the neural network of size less than M demon-
strates flexibility of Theorem 4.7 from Section 4, in that its applicability is not limited
to abstract infinite-width limits. On the other hand, the fact that the simplifying prop-
erties are shown in the infinite-M limit demonstrates the advantage of working with
these abstract infinite-width dynamics: they reveal properties that are virtually invisi-
ble at the finite-width level.
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5.1. Neuronal embedding construction and main results

5.1.1. Canonical neuronal embeddings and canonical MF limits. We describe the
construction in three steps with a given positive integer M and a set of measures
.�1w; : : : ; �

L
w ; �

2
b ; : : : ; �

L
b /.

Step 1. We first give a description of a � -finite measure space. Consider a probability
space .ƒ;P0/ of the random processes W1-valued p1.�1/, Wi -valued qi .�i�1; �i / and
Bi -valued pi .�i / for 2 � i � L. These processes are indexed by �i 2 N>0 and satisfy
the following property. Let m1; : : : ; mL�1 be L � 1 arbitrary finite positive integers
and, with these integers, let ¹� .ki /

i 2N>0 W ki 2 Œmi �; i D 1; : : : ;L� 1º be an arbitrary
collection. LetmL D 1 and � .1/L D 1. For each i D 1; : : : ;L, let Si be the set of unique
elements in ¹� .ki /

i W ki 2 Œmi �º. Similarly, for each i D 2; : : : ; L, let Ri be the set of
unique pairs in ¹.� .ki�1/

i�1
; � .ki /
i / W ki�1 2 Œmi�1�;ki 2 Œmi �º. The space .ƒ;P0/ satisfies

that ¹pi .�i /W �i 2 Si ; i D 1; : : : ; Lº and ¹qi .�i�1; �i /W .�i�1; �i / 2 Ri ; i D 2; : : : ; Lº
are all mutually independent. In addition, we also have

Law.p1.�1// D �1w; Law.pi .�i // D �ib; Law.qi .� 0i�1; �
0
i // D �

i
w

for any �1 2 S1, �i 2 Si and .� 0i�1; �
0
i / 2 Ri , for i D 2; : : : ; L. Such a space .ƒ;P0/

exists by Kolmogorov’s extension theorem.

Step 2. With this space, given the integer M , for each i 2 ŒL � 1�, we define �Mi D
ƒ�ŒM � equipped with the product measurePMi DP0�Unif.ŒM �/, where Unif.ŒM �/

is the uniform measure over the finite set ŒM �. We also let�ML D¹1º andPML D I�M
L

.
We construct�M D

QL
iD1�

M
i , equipped with the product measurePMD

QL
iD1P

M
i .

The space .�M ; PM / gives a canonical neuronal ensemble.

Step 3. Let �i D ƒ �N>0 and observe �Mi � �i for any M . We define the deter-
ministic functions w01 W�1 ! W1, w0i W�i�1 ��i ! Wi and b0i W�i ! Bi , for i D
2; : : : ; L:

w01..�1; �1// D p1.�1/.�1/; (5.1)

w0i ..�i�1; �i�1/; .�i ; �i // D qi .�i�1; �i /.�i /; i D 2; : : : ; L � 1; (5.2)

w0L..�L�1; �L�1/; 1/ D qL.�L�1; 1/.�L�1/; (5.3)

b0i ..�i ; �i // D pi .�i /.�i /; i D 2; : : : ; L � 1; (5.4)

b0L.1/ D pL.1/: (5.5)

These functions, together with .�M ; PM / , give a canonical neuronal embedding.
Per Section 2.2, given this neuronal embedding, one obtains a canonical MF limit
WM .t/ D ¹wM1 .t; �/; w

M
i .t; � ; �/; b

M
i .t; �/; i D 2; : : : ; Lº, defined on .�M ; PM /,

with initializationWM .0/D ¹w01 ;w
0
i ; b

0
i W i D 2; : : : ;Lº. With .C1; : : : ; CL/ � PM ,
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one observes that

Law
�
w01.C1/; w

0
2.C1; C2/; b

0
2.C2/; : : : ; w

0
L.CL�1; 1/; b

0
L.1/

�
D �1w �

LY
iD2

�iw � �
i
b:

We also consider the sampling rule xPMn , defined, for each n D .n1; : : : ; nL/ with
ni �M for i 2 ŒL � 1� and nL D 1, by independently sampling ¹Ci .ji /ºji2Œni � from
.PMi /ni conditioned on that ¹�i .ji /ºji2Œni � are all distinct, for each i 2 ŒL�, where
Ci .ji / D .�i .ji /; �i .ji //.

The constructed embedding indeed gives a valid neuronal embedding for neural
networks of sizes at most M .

Proposition 5.2. For nD¹n1; : : : ;nLºwith ni �M and nLD1, the space .�M ;PM /
together with the functions .¹w0i ºi2ŒL�;¹b

0
i º2�i�L/ form a neuronal embedding for the

neural network of size n under .�1w; : : : ; �
L
w ; �

2
b ; : : : ; �

L
b /-i.i.d. initialization, in which

the associated sampling rule is xPMn . Furthermore, xPMn is .2nmax=M/-independent,
where nmax D max.n1; : : : ; nL/.

The proof of the proposition is deferred to Appendix D. This result, together with
Theorem 4.7, suggests that for largeM , the canonical MF limit tracks closely the tra-
jectory of an i.i.d.-initialized neural network, as long as its (large) size is much smaller
than M . Equivalently an i.i.d.-initialized large neural network can be closely tracked
by any canonical MF limit with sufficiently largeM . This motivates the studies of the
canonical MF limits in the limit M !1, which display simplified structures.

5.1.2. Infinite-M limit of canonical MF limits. Recall that the space .�M ; PM /
depends onM and only gives an embedding of networks whose widths are at mostM .
More specifically, while the space .ƒ; P0/ is independent of M and �M can be
extended to infiniteM , the measure PM would become an improper probability mea-
sure for infinite M . Nevertheless, one can still define a dynamics that is independent
of M .

Let W �.t/ D ¹w�1 .t; �/; w
�
i .t; �/; b

�
i .t; �/; i D 2; : : : ; Lº be a dynamics to be

described shortly, which we shall prove to be the “infinite-M ” limit of WM . The
full description is lengthy and is deferred to Appendix D.1; let us give a snapshot
description for L � 5 and i D 3; : : : ; L � 2:

@

@t
w�i .t; ui ; vi�1; vi / D ��

w
i .t/EZ Œ�

w�
i .t; Z; ui ; vi�1; vi /�;

@

@t
b�i .t; vi / D ��

b
i .t/EZ Œ�

b�
i .t; Z/�;

for all ui 2 supp.�iw/, vi 2 supp.�ib/, with the initialization w�i .0; ui ; � ; �/ D ui and
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b�i .0; vi / D vi . Here the quantities are defined by

H�i .t; x; vi / D

Z
�i
�
w�i .t; ui ; vi�1; vi /; b

�
i .t; vi /;H

�
i�1.t; x; vi�1/

�
� �iw.dui /�

i�1
b .dvi�1/;

�w�i .t; z; ui ; vi�1; vi / D �
w
i

�
�H�i .t; z; vi /; w

�
i .t; ui ; vi�1; vi /; b

�
i .t; vi /;

H�i .t; x; vi /;H
�
i�1.t; x; vi�1/

�
;

�b�i .t; z; vi / D

Z
�b
i

�
�H�i .t; z; vi /; w

�
i .t; ui ; vi�1; vi /; b

�
i .t; vi /;

H�i .t; x; vi /;H
�
i�1.t; x; vi�1/

�
��iw.dui /�

i�1
b .dvi�1/;

�H�i�1.t; z; vi�1/ D

Z
�H
i�1

�
�H�i .t; z; vi /; w

�
i .t; ui ; vi�1; vi /; b

�
i .t; vi /;

H�i .t; x; vi /;H
�
i�1.t; x; vi�1/

�
� �iw.dui /�

i
b.dvi /:

The existence and uniqueness of such dynamics follow similarly to the proof of The-
orem 3.1. We state the main result of this section, which shows that the dynamicsW �

is the infinite-M limit of WM . (Again we refer to Appendix D.1, specifically Theo-
rem D.1, for the complete statement of this theorem.)

Theorem 5.3 (Snapshot statement). Given .�1w; : : : ; �
L
w ; �

2
b ; : : : ; �

L
b / and an inte-

gerM , construct the canonical neuronal ensemble .�M ; PM /, the random variables
.C1; : : : ; CL/ � P

M D
QL
iD1 P

M
i and the canonical MF limit WM as described in

Section 5.1.1. Also construct the dynamics W � described in Section 5.1.2. Define the
following:

w1i .t; ci�1; ci / D w
�
i .t; w

0
i .ci�1; ci /; b

0
i�1.ci�1/; b

0
i .ci //;

b1i .t; ci / D b
�
i .t; b

0
i .ci // for all ci 2 �i D ƒ �N>0; i D 3; : : : ; L � 2:

We also let W1.t/ D ¹w11 .t; �/;w
1
i .t; � ; �/; b

1
i .t; �/; i D 2; : : : ; Lº. Let us consider

hWM
�W1it D max

�
max
1�i�L

hwMi � w
1
i it ; max

2�i�L
hbMi � b

1
i it

�
;

hwMi � w
1
i it D E

�
jwMi .t; Ci�1; Ci / � w

1
i .t; Ci�1; Ci /j

2
�1=2

;

hbMi � b
1
i it D E

�
jbMi .t; Ci / � b

1
i .t; Ci /j

2
�1=2

:

Then, under Assumptions 2.4–2.6 and 4.6, for any T � 0 and L � 2,

sup
t�T

hWM
�W1it �

KT;L

M 0:499
;

for sufficiently large M D M.T; L/, where KT;L is a constant that depends on T
and L. Furthermore, for L � 4 and 2 � i � L � 2,

sup
t�T

E
�
jHi .X; Ci IW

M .t// �H�i .t; X; b
0
i .Ci //j

2
�1=2
�

KT;L

M 0:499
:
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We give a sketch of the proof in Section 5.2. We now discuss the implications
of Theorem 5.3, and in particular, the simplifying properties induced by i.i.d. ini-
tializations. The complete proofs of this theorem and its corollaries are deferred to
Appendix D.

Tracking i.i.d.-initialized neural nets via W �. For large M , the canonical MF limit
WM is well approximated by W � (and equivalently by W1 as defined in Theo-
rem 5.3), while we recall from Theorem 4.7 that WM tracks closely the trajectory W
of a large-width i.i.d.-initialized neural network. As such, viewing the bridge through
WM as an intermediate step and taking M !1, one can track W via W �. To be
precise, by combining Proposition 5.2 and Corollary 4.9 with Theorem 5.3, we imme-
diately obtain the following result.

Corollary 5.4. Under Assumptions 2.4–2.6 and for a set of probability measures
.�1w; : : : ; �

L
w ; �

2
b ; : : : ; �

L
b / such that

max
1�i�L

sup
m�1

1
p
m

�Z
jujm�iw.du/

�1=m
�K; max

2�i�L
sup
m�1

1
p
m

�Z
jvjm�ib.dv/

�1=m
�K;

there exist constants c1 2 .0;0:5/ and c2 2 .0;1=52/ such that the following statements
hold.

Consider any positive integerL�2 and a tuple of positive integers nD¹n1; : : : ;nLº
with nLD1. Let nmin D min1�j�L�1 nj and nmax D max1�j�L nj . Consider a neu-
ral network (2.1) of size n under .�1w; : : : ; �

L
w ; �

2
b ; : : : ; �

L
b /-i.i.d. initialization, and

let W be its trajectory. Also construct the dynamics W �, as well as the associated
quantities, described in Section 5.1.2. Then for any ı > 0 and T 2 �N�0, there exist
n� D n�.T; L; c1; c2/ � 1 and �� D ��.T; L; c1; c2/ � 1 such that if nmin � n

� and
the learning rate � 2 .0; ��/, for 3 � i � L� 2, for any K-Lipschitz and K-bounded
test function  WHi ! S (where S is a separable Hilbert space), for any ı > 0, we
have, with probability at least 1 � 3ı �KLnmax exp.�Knc2

min/,

sup
t�T

ˇ̌̌̌
1

ni

niX
jiD1

EZ Œ .Hi .bt=�c; X; ji //� � EZ
h Z

 .H�i .t; X; v//�
i
b.dv/

iˇ̌̌̌
D QO.n

�c1

min C �
c1/;

where QO hides the dependency on T , L and ı as well as the logarithmic factors
log nmax and log.1=�/. A similar statement holds for i D 1; 2; L � 1; L. In addition,
for any test function  W Y � OY ! S which is K-Lipschitz in the second variable,
uniformly in the first variable,

sup
t�T

ˇ̌
EZ Œ .Y; Oy.bt=�c; X//� � EZ Œ .Y; Oy

�.t; X//�
ˇ̌
D QO.n

�c1

min C �
c1/;

with probability at least 1 � 2ı �KLnmax exp.�Knc2

min/.
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Degeneracy of the dynamics. By looking closely at W �, we observe a simplify-
ing property. By Theorem 5.3, under i.i.d. initialization, for each intermediate layer
i D 3; : : : ; L� 2, the weight w1i .t; Ci�1; Ci / is a function of only the time t , its own
initialization w0i .Ci�1; Ci / and the initializations of the adjacent biases b0i�1.Ci�1/
and b0i .Ci /, and the bias b1i .t; Ci / is a function of only the time t and its own initial-
ization b0i .Ci /. When we further assume constant initial biases (i.e., b0i .Ci /D Bi is a
constant almost surely for all i � 2), w1i .t; Ci�1; Ci / is a function of only the time t
and its own initialization, and b1i .t; Ci / is almost surely only a function of time t ,
regardless of Ci . Consequently, in this scenario, because the initialization is indepen-
dent across layers, the weights of intermediate layers remain mutually independent at
all time, for depth L � 5, in the infinite-width limit.

The theorem in fact further asserts that degeneracy can already be observed for
L � 4. In particular, for 2 � i � L � 2, if the initial bias b0i . �/ D Bi is a constant,
then

E
�
jHi .X; Ci IW

M .t// �H�i .t; X;Bi /j
2
�1=2
�

KT;L

M 0:499
:

Note thatH�i .t;X;Bi / is independent of Ci . This suggests that at any training time t ,
the neurons of each intermediate layer i compute the same function of the data input
x 7!H�i .t; x;Bi / in the infinite-width limit. This is formalized directly for the neural
network W in the following.

Corollary 5.5. Consider the same setting as Corollary 5.4 with L � 4. For 2 � i �
L� 2, supposing that b0i .Ci / D Bi is a constant almost surely, then we have, for any
t � T , with probability at least 1 � 3ı �KLnmax exp.�Knc2

min/,� 1
ni

niX
jiD1

EZ
�
jHi .bt=�c; X; ji / �H

�
i .t; X;Bi /j

2
��1=2

D QO.n
�c1

min C �
c1/:

Thus, by Markov’s inequality, if one is to pick at random a neuron ji 2 Œni � at
layer i from the neural network W at the training step bt=�c, for 2 � i � L � 2,
then with high probability, this neuron would compute the function x 7!H�i .t; x;Bi /

which is independent of the index ji .

Collapse to effectively one parameter per layer. Further consideration to standard
neural network architectures reveals a stronger simplifying property. The next conse-
quence of Theorem 5.3 is that with i.i.d. initialization and constant initial biases, for
each intermediate layer i D 3; : : : ; L � 2, the weight w1i .t; ci�1; ci / translates by a
quantity that is independent of ci�1 and ci , provided that �w

i satisfies a certain condi-
tion. This condition holds for unregularized standard fully-connected or convolutional
neural networks (see Examples 2.1–2.2). So, for these networks, in the infinite-width
limit, with i.i.d. initialization and constant initial biases, the dynamics of the weight
at each intermediate layer reduces to a single deterministic translation parameter.
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Corollary 5.6. Under the same setting as Theorem 5.3 with L � 5, assume that
b0i .Ci / D Bi is a constant almost surely for all i � 2. Further assume that for each
i 2 ¹3; : : : ; L � 2º, there exists a function N�w

i that satisfies

�w
i .�;w; b; g; h/ D N�

w
i .�; b; g; h/;

i.e., �w
i does not depend on the second variable. Then there are differentiable functions

w#
i .t/ such that for 3 � i � L � 2, almost surely, for any t � 0,

w1i .t; Ci�1; Ci / � w
1
i .0; Ci�1; Ci / D w

#
i .t/:

5.2. Proof sketch of Theorem 5.3

Sketch of proof for Theorem 5.3. We will use KT;L to denote a generic constant that
depends on T and L and may change from line to line. The main argument exploits
the construction in Section 5.1.1 of the canonical neuronal embedding in a suitable
way. To illustrate the idea, consider

Di .t/ D E
�
jHi .X; Ci IW

1.t// �H�i .t; X; b
0
i .Ci //j

2
�
:

We aim to show that for t � T ,

Di .t/ �
KT;L

M
:

For brevity, define

g.ui ; vi�1; vi / D �i
�
w�i .t; ui ; vi�1; vi /; b

�
i .t; vi /;H

�
i�1.t; x; vi�1/

�
:

We recall w0i .Ci�1; Ci / D qi .�i�1; �i /.�i /, b0i .Ci / D pi .�i /.�i / and b0i�1.Ci�1/ D
pi�1.�i�1/.�i�1/ from the construction (5.1)–(5.5). To make use of the canonical
neuronal embedding’s construction, we consider a decomposition of the following
squared quantity:

ECi

�ˇ̌
ECi�1

Œg.w0i .Ci�1; Ci /; b
0
i�1.Ci�1/; b

0
i .Ci //�

ˇ̌2�
(a)
D E�i�1;�i�1;�

0
i�1

;�0
i�1

;�i ;�i

�˝
g
�
qi .�i�1; �i /.�i /;pi�1.�i�1/.�i�1/;pi .�i /.�i /

�
;

g
�
qi .�

0
i�1; �i /.�i /;pi�1.�

0
i�1/.�

0
i�1/;pi .�i /.�i /

�˛�
(b)
D E�i�1;�

0
i�1

h
I�i�1D�

0
i�1

Z
hg.ui ; vi�1; vi /; g.ui ; v

0
i�1; vi /i�

i�1
b .dvi�1/�

i�1
b .dv0i�1/

� �ib.dvi /�
i
w.dui /

C I�i�1¤�
0
i�1

Z
hg.ui ; vi�1; vi /; g.u

0
i ; v
0
i�1; vi /i�

i�1
b .dvi�1/�

i�1
b .dv0i�1/

� �ib.dvi /�
i
w.dui /�

i
w.du

0
i /
i
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D
1

M

Z
hg.ui ; vi�1; vi /; g.ui ; v

0
i�1; vi /i�

i�1
b .dvi�1/�

i�1
b .dv0i�1/�

i
b.dvi /�

i
w.dui /

C
M � 1

M

Z ˇ̌̌ Z
g.ui ; vi�1; vi /�

i
w.dui /�

i�1
b .dvi�1/

ˇ̌̌2
�ib.dvi /;

where in (a), .� 0i�1; �
0
i�1/ � Unif.ŒM �/ � P0 is an independent copy of .�i�1; �i�1/

and it is independent of .�i ;�i /, and (b) follows by the construction of pi�1, pi and qi .
We also notice that

ECi

hD
ECi�1

�
g
�
w0i .Ci�1; Ci /; b

0
i�1.Ci�1/; b

0
i .Ci /

��
;Z

g.ui ; vi�1; b
0
i .Ci //�

i
w.dui /�

i�1
b .dvi�1/

Ei
D

Z ˇ̌̌ Z
g.ui ; vi�1; vi /�

i
w.dui /�

i�1
b .dvi�1/

ˇ̌̌2
�ib.dvi /:

Putting the last two displays together, one easily arrives at the following:

ECi

�ˇ̌
ECi�1

�
g
�
w0i .Ci�1; Ci /; b

0
i�1.Ci�1/; b

0
i .Ci /

��
�H�i .t; X; b

0
i .Ci //

ˇ̌2�
D ECi

hˇ̌̌
ECi�1

�
g
�
w0i .Ci�1; Ci /; b

0
i�1.Ci�1/; b

0
i .Ci /

��
�

Z
g.ui ; vi�1; b

0
i .Ci //�

i
w.dui /�

i�1
b .dvi�1/

ˇ̌̌2i
�
K

M

Z
jg.ui ; vi�1; vi /j

2�iw.dui /�
i�1
b .dvi�1/�

i
b.dvi / �

KT;L

M
:

This illustrates the main use of the canonical neuronal embedding’s construction. Now
from Assumption 2.5, one can show that

E
�ˇ̌

ECi�1

�
g
�
w0i .Ci�1; Ci /; b

0
i�1.Ci�1/; b

0
i .Ci /

��
�Hi .X; Ci IW

1.t//
ˇ̌2�

� KT;LDi�1.t/:

Therefore,

Di .t/ �
KT;L

M
CKT;LDi�1.t/:

One arrives at the claim from this relation.
The rest of the proof involves similar estimates and Gronwall’s inequality. Let us

quickly describe the steps for completeness. Similar to the above argument, for

DH
i .t/ D E

�ˇ̌
�Hi .Z; Ci IW

1.t// ��H�i .t; Z; b0i .Ci //
ˇ̌2�
;

we can show that for t � T ,

DH
i .t/ � KT;L

log1=2M
M

:
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With the previous two claims, one easily shows:

Dw
i .t/ � KT;L

log1=2M
M

; Db
i .t/ � KT;L

log1=2M
M

;

where we define

Dw
i .t/ D E

�ˇ̌
�wi .Z; Ci�1; Ci IW

1.t//

��w�i .t; Z;w0i .Ci�1; Ci /; b
0
i�1.Ci�1/; b

0
i .Ci //

ˇ̌2�
;

Db
i .t/ D E

�
j�bi .Z; Ci IW

1.t// ��b�i .t; Z; b
0
i .Ci //

ˇ̌2�
:

The next step is to show that for 2 � i � L, any t � T and any B � 0,

E
�ˇ̌

EZ
�
�wi .Z; Ci�1; Ci IW

M .t// ��wi .Z; Ci�1; Ci IW
1.t//

�ˇ̌2�1=2
� KT;L..1C B/hW

M
�W1it C e

�KB2

/:

With this, we then arrive at the following:

E
�ˇ̌
�wi .Z; Ci�1; Ci IW

M .t// ��w�i .t; Z;w0i .Ci�1; Ci /; b
0
i�1.Ci�1/; b

0
i .Ci //

ˇ̌2�1=2
� jDw

i .t/j
1=2
C E

�ˇ̌
�wi .Z; Ci�1; Ci IW

M .t// ��wi .Z; Ci�1; Ci IW
1.t//

ˇ̌2�1=2
� KT;L

� log1=4M
M 1=2

C .1C B/hWM
�W1it C e

�KB2
�
:

A similar result holds for �bi . Hence, we obtain that for all t � T ,

hWM
�W1it � KT;L

Z t

0

� log1=4M
M 1=2

C .1C B/hWM
�W1it C e

�KB2
�
ds:

Since hWM �W1i0 D 0, Gronwall’s inequality implies that

sup
t�T

hWM
�W1it �KT;L inf

B>0

h� log1=4M
M 1=2

C e�KB
2
�
eKT;L.1CB/

i
�KT;L

1

M 0:499
;

for sufficiently large M . This proves the main statement in Theorem 5.3; the other
statement follows easily.

6. Convergence to global optimum: two-layer and three-layer
networks with i.i.d. initialization

In this section, we prove several global convergence guarantees for fully-connected
neural networks (without biases) with L � 3 and i.i.d. initializations. A key element
here is a certain universal approximation property that holds at any finite training time.
This is shown using a tool from algebraic topology.
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6.1. Warm-up: the case L D 2

Our first result is that in the case of two-layer fully-connected neural networks, the
MF limit converges to the global optimum under some genericity assumptions on the
initialization distribution. Before we proceed, we specify the two-layer network under
consideration and its training:

Oy.k; x/ D '2.H2.k; x; 1//;

H2.k; x; 1/ D
1

n1

n1X
j1D1

w2.k; j1; 1/'1.hw1.k; j1/; xi/;
(6.1)

in which w1.k; j1/ 2 Rd , x 2 Rd , '1WR! R, w2.k; j1; 1/ 2 R and '2WR! R. We
train the network with SGD with respect to the loss LWR � R! R�0 and the data
z.k/ D .x.k/; y.k// drawn independently at time k:

w2.k C 1; j1; 1/ � w2.k; j1; 1/ D ��@2L.y.k/; Oy.t; x.k///'02.H2.t; x.k/; 1//

� '1.w1.k; j1/; x.k//;
w1.k C 1; j1/ � w1.k; j1/ D ��@2L.y.k/; Oy.t; x.k///'02.H2.t; x.k/; 1//

� w2.k; j1; 1/'01.hw1.k; j1/; x.k/i/x.k/:

Here � 2 R>0 is the learning rate. The corresponding MF ODEs are

@

@t
w2.t; c1; 1/ D �EZ

�
@2L.Y; Oy.t; X//'

0
2.H2.t; X; 1//'1.w1.t; c1/; X/

�
;

@

@t
w1.t; c1/ D �EZ

�
@2L.Y; Oy.t; X//'

0
2.H2.t; X; 1//w2.t; c1; 1/

� '01.hw1.t; c1/; Xi/X
�
;

in which for f1W�1 ! Rd and f2W�1 ! R, we define

Oy.xIf1; f2/ D '2.H2.xIf1; f2//; H2.xIf1; f2/ D EC1
Œf2.C1/'1.hf1.C1/; xi/�;

and Oy.t; x/ and H2.t; x; 1/ are short-hands notations when f1 D w1.t; �/ and f2 D
w2.t; � ; 1/. It is easy to see that this network fits into our framework. In particular,
under the coupling procedure in Section 4.1, our framework allows to study the fol-
lowing initialization scheme:®

.w1.0; j1/;w2.0; j1; 1// j̄12Œn1�
� �0 i.i.d.

for suitable probability measure �0 over Rd �R. In this case, �0 D Law.w1.0; C1/;
w2.0; C1; 1//. To measure the training quality, we consider the population loss

L.f1; f2/ D EZ ŒL.Y; Oy.X If1; f2//�:
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Assumption 6.1. Consider the MF limit corresponding to the network (6.1), such that
they are coupled together by the coupling procedure in Section 4.1. We consider the
following assumptions:

(1) Initialization: The initialization law �0 satisfies

max
�

sup
m�1

1
p
m

EC1
Œjw1.0; C1/j

m�1=m; sup
m�1

1
p
m

EC1
Œjw2.0; C1; 1/j

m�1=m
�
� K:

(2) Diversity: The support of �0 contains the graph of a continuous function
F WRd ! R such that jF.u/j � K for all u 2 Rd .

(3) Regularity: '1 is K-bounded, '01 and '02 are K-bounded and K-Lipschitz, '02
is non-zero everywhere, @2L. � ; �/ is K-Lipschitz in the second variable and
K-bounded,3 and jX j � K with probability 1.

(4) Convergence: There exist limits Nw1 and Nw2 such that as t !1, there exists
a coupling �t of P1 and itself such that

E�t

�
j Nw2.C1/jjw1.t; C

0
1/ � Nw1.C1/j C jw2.t; C

0
1; 1/ � Nw2.C1/j

�
! 0

for .C1; C 01/ � �t . Furthermore, ess-sup j @
@t
w2.t; C1; 1/j ! 0.

(5) Universal approximation: ¹'1.hu; � i/ Wu2Rd º has dense span inL2.PX / (the
space of square integrable functions with respect to the measure PX , which is
the distribution of the input X ).

Notice that if .w1.t; C1/; w2.t; C1; 1// converges to . Nw1.C1/; Nw2.C1// in the
Wasserstein-2 distance as t ! 1, then one can prove the first part of the conver-
gence condition in Assumption 6.1 via the initialization and regularity conditions and
Lemma 3.2.

We state the main result.

Theorem 6.2. Consider the MF limit corresponding to the network (6.1), such that
they are coupled together by the coupling procedure in Section 4.1. Under Assump-
tion 6.1, the following hold:

• Case 1 (convex loss): If L is convex in the second variable, then

lim
t!1

L.W.t// D inf
f1;f2

L.f1; f2/ D inf
Qy

EZ ŒL.Y; Qy.X//�:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0.
If y D y.x/ is a function of x, then L.W.t// D 0 as t !1.

The proof is deferred to Appendix E. We refer the readers to Section 6.2.1 where
we present a high-level proof plan for the three-layer case, which is also applicable to

3We denote by @2L. � ; �/ the partial derivative of L with respect to the second variable.
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the present two-layer case. The following result is straightforward from Theorem 6.2
and Corollary 4.9.

Corollary 6.3. Consider the neural network (6.1). Under the same setting as Theo-
rem 6.2, in Case 1,

lim
t!1

lim
n1!1

lim
�!0

EZ ŒL.Y; Oy.bt=�c; X//� D inf
f1;f2

L.f1; f2/ D inf
Qy

EZ ŒL.Y; Qy.X//�

in probability, and in Case 2, the same holds with the right-hand side being 0.

Let us make a remark on the setting. Examples of suitable '1 include sigmoid/tanh
activation, sinusoids and the Gaussian pdf, whose universal approximation is known
[6, 10] (where we assume the convention that the last entry of the data input x is 1).
Examples of suitable '2 include smoothened leaky-ReLU, sigmoid/tanh and linear
activation. Examples of suitable (and convex) loss L include Huber loss and exponen-
tial loss. Importantly, L needs not be convex. Assumption 6.1 (4) is technical and does
not seem removable. Note that this assumption specifies the mode of convergence and
is not an assumption on the limits Nw1 and Nw2. In particular, the first condition (conver-
gence in moment) of Assumption 6.1 (4) is a common assumption in the literature [9].
See also Section 9 where we further this discussion in the context of prior works.

Regarding the uniform convergence condition ess-sup j @
@t
w2.t; C1; 1/j ! 0 in

Assumption 6.1 (4), there is a converse relation between global convergence and this
condition. Thus, this uniform convergence condition gives a sharp characterization of
global convergence.

Proposition 6.4. Consider the MF limit corresponding to the network (6.1), such
that they are coupled together by the coupling procedure in Section 4.1. Suppose
that the initialization and regularity assumptions (i.e., the first and third assumptions)
of Assumption 6.1 hold, and that L.y; Oy/! 1 as j Oyj ! 1 for each y. Then the
following hold:

• Case 1 (convex loss): If L is convex in the second variable and L.W.t// !

infF L.F / as t !1, then it must be that

sup
c12�1

ˇ̌̌ @
@t
w2.t; c1; 1/

ˇ̌̌
! 0 as t !1:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0,
and y D y.x/ is a function of x. If L.W.t// ! 0 as t ! 1, then the same
conclusion also holds.

Such a converse result was shown in the work [39] for two-layer neural networks.
It is also a special case of Proposition 7.3, which is a similar converse for multilayer
networks; hence, we shall omit the proof of Proposition 6.4.
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6.2. The case L D 3

We now turn to the case of three-layer networks,LD 3. Our development here applies
insights already seen in the case L D 2, most notably the universal approximation
property at the first layer and the topology argument. Our present case is complicated
by the presence of a third layer, which requires extra conditions to ensure that the
same proof technique is applicable. We again stress that, similar to the case L D 2,
here we do not rely critically on any convexity property, and the same proof of global
convergence should extend beyond the specific network architecture to be considered
here (the network (6.2) below).

Before we proceed, we specify the three-layer network under consideration and
its training. We also follow the development for i.i.d. initialization in Section 5; in
particular, we work with the infinite-M MF limit.

Three-layer network. For n D ¹n1; n2º, we consider the following neural network:

Oy.k; x/ D '3.H3.k; x; 1//; (6.2)

H3.k; x; 1/ D
1

n2

n2X
j2D1

w3.k; j2; 1/'2.H2.k; x; j2//;

H2.k; x; j2/ D
1

n1

n1X
j1D1

w2.k; j1; j2/'1.hw1.k; j1/; xi/;

in which x 2 Rd , w1.k; j1/ 2 Rd , w2.k; j1; j2/ 2 R, w3.k; j2; 1/ 2 R, '1WR! R,
'2WR!R, '3WR!R and k 2N�0 indicating the discrete time. We train the network
with SGD with respect to the loss LWR�R!R�0 and the data z.k/D .x.k/; y.k//
drawn independently at time k:

w3.k C 1; j2; 1/ � w3.k; j2; 1/
D ���3.k�/@2L.y.k/; Oy.k; x.k///'03.H3.k; x.k/; 1//'2.H2.k; x.k/; j2//;

w2.k C 1; j1; j2/ � w2.k; j1; j2/ D ���H
2 .k; z.k/; j2/'1.hw1.k; j1/; xi/;

w1.k C 1; j1/ � w1.k; j1/

D ��
� 1
n2

n2X
j2D1

�H
2 .k; z.k/; j2/w2.k; j1; j2/

�
'01.hw1.k; j1/; x.k/i/x.k/;

in which

�H
2 .k; z; j2/ D @2L.y; Oy.k; x//'

0
3.H3.k; x; 1//w3.k; j2; 1/'02.H2.k; x; j2//:

Here � 2 R>0 is the learning rate and �3WR�0 7! R�0 is the learning rate schedule
for the third layer. Note that here we only consider non-negative �3. We consider the
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following .�1; �2; �3/-i.i.d. initialization:

¹w1.0; j1/ºj12Œn1� � �
1 i.i.d.; ¹w2.0; j1; j2/ºj12Œn1�;j22Œn2� � �

2 i.i.d.;

¹w3.0; j2; 1/ºj22Œn2� � �
3 i.i.d.

all independently.

Infinite-M MF limit. Following Section 5.1.2, in the current context of the three-layer
neural network (6.2), we define the dynamics w�1 , w�2 and w�3 as follows:

w�3 .t; u3/ D u3�

Z t

0

�3.s/EZ Œ@2L.Y; Oy
�.s; X//'03.H

�
3 .s; X//'2.H

�
2 .s; X; u3//�ds;

w�2 .t; u1; u2; u3/ D u2 �

Z t

0

EZ Œ�
H�
2 .s; Z; u3/'1.hw

�
1 .s; u1/; Xi/� ds;

w�1 .t; u1/ D u1 �

Z t

0

EZ
h� Z

�H�2 .s; Z; u3/w
�
2 .s; u1; u2; u3/�

2.du2/�
3.du3/

�
� '01.hw

�
1 .s; u1/; Xi/X

i
ds;

for all ui 2 supp.�i /, for i D 1; 2; 3, in which

Oy�.xIf1; f2; f3/ D '3.H
�
3 .xIf1; f2; f3//;

H�3 .xIf1; f2; f3/ D

Z
f3.u3/'2.H

�
2 .x; u3If1; f2//�

3.du3/;

H�2 .x; u3If1; f2/ D

Z
f2.u1; u2; u3/'1.hf1.u1/; xi/�

1.du1/�
2.du2/;

�H�2 .z; u3If1; f2; f3/ D @2L.y; Oy
�.xIf1; f2; f3//'

0
3.H

�
3 .xIf1; f2; f3//f3.u3/

� '02.H
�
2 .x; u3If1; f2//;

and Oy�.t; x/, H�3 .t; x/, H
�
2 .t; x; u3/ and �H�2 .t; z; u3/ are their short-hand nota-

tions when f1 D w�1 .t; �/, f2 D w�2 .t; � ; � ; �/ and f3 D w�3 .t; �/. Let us also define
W �.t/D ¹w�1 .t; �/;w

�
2 .t; � ; � ; �/;w

�
3 .t; �/º. To measure the training quality forW �.t/,

we consider the population loss L.W �.t// in which

L.f1; f2; f3/ D EZ ŒL.Y; Oy
�.X If1; f2; f3//�:

This gives the infinite-M MF limit for the neural network (6.2).

Assumption 6.5. Consider the infinite-M MF limit W �.t/ corresponding to the net-
work (6.2). We consider the following assumptions:

(1) Initialization: The initialization distributions satisfy

sup
m�1

1
p
m

� Z
ju1j

m�1.du1/
�1=m
� K; sup

m�1

1
p
m

� Z
ju2j

m�2.du2/
�1=m
� K;
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sup
m�1

1
p
m

� Z
ju3j

m�3.du3/
�1=m

� K:

(2) Diversity: The support of �1 is Rd .

(3) Regularity: '1 and '2 are K-bounded, '01, '02 and '03 are K-bounded and K-
Lipschitz, '02 and '03 are non-zero everywhere, @2L. � ; �/ isK-Lipschitz in the
second variable and K-bounded, and jX j � K with probability 1.

(4) Convergence: There exist functions Nw1, Nw2 and Nw3 such that as t !1, there
exists a coupling �t of �1 � �2 � �3 and itself such thatZ
.1C j Nw3.u3/j/j Nw3.u3/jj Nw2.u1; u2; u3/jjw

�
1 .t; u

0
1/ � Nw1.u1/j d�t .u; u

0/! 0;Z
.1C j Nw3.u3/j/j Nw3.u3/jjw

�
2 .t; u

0
1; u
0
2; u
0
3/ � Nw2.u1; u2; u3/j d�t .u; u

0/! 0;Z
.1C j Nw3.u3/j/jw

�
3 .t; u

0
3/ � Nw3.u3/j d�t .u; u

0/! 0;

for u D .u1; u2; u3/ and u0 D .u01; u
0
2; u
0
3/. Furthermore,

ess-sup
Ui��

i

ˇ̌̌ @
@t
w�2 .t; U1; U2; U3/

ˇ̌̌
! 0:

(5) Universal approximation: ¹'1.hu; � i/ Wu2Rd º has dense span inL2.PX / (the
space of square integrable functions with respect to the measure PX , which is
the distribution of the input X ).

As a remark, the first part of the convergence assumption follows from the conver-
gence of the tuple .w�1 .t; �/;w

�
2 .t; � ; � ; �/;w

�
3 .t; �// to . Nw1; Nw2; Nw3/ in the Wasserstein-4

distance, i.e.,

inf
�

Z �
jw�1 .t; u

0
1/ � Nw1.u1/j

4
C jw�2 .t; u

0
1; u
0
2; u
0
3/ � Nw2.u1; u2; u3/j

4

C jw�3 .t; u
0
3/ � Nw3.u3/j

4
�
d�.u1; u2; u3; u

0
1; u
0
2; u
0
3/! 0;

where the infimum is over all couplings � of �1 � �2 � �3 and itself. In particular,
one can prove so with the initialization and regularity conditions and Lemma 3.2.

Theorem 6.6. Consider the infinite-M MF limit W �.t/ corresponding to the net-
work (6.2), under Assumption 6.5. Further assume either:

• (untrained third layer)
R

I.u3 ¤ 0/�3.du3/ > 0 and �3. �/ D 0 (and therefore
w�3 .t; u3/ D u3 unchanged at all t � 0), or

• (trained third layer) �3. �/D 1 and the initialization satisfies that L.w01 ;w
0
2 ;w

0
3/ <

EZ ŒL.Y; '3.0//�.
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Then the following hold:

• Case 1 (convex loss): If L is convex in the second variable, then

lim
t!1

L.W �.t// D inf
Qy

EZ ŒL.Y; Qy.X//�:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/D 0 implies L.y; Oy/ D 0.
If y D y.x/ is a function of x, then L.W �.t//! 0 as t !1.

The proof is deferred to Section 6.3. While global convergence is proven via the
infinite-M MF limitW �, it is easy to adapt the proof to prove the same for the canon-
ical MF limits that are described in Section 5.1.1, giving a statement similar to the
two-layer case (Theorem 6.2). By working with the infinite-M limit, specifically com-
bining Theorem 6.6 with Corollary 5.4, we immediately obtain the following result.

Corollary 6.7. Consider the neural network (6.2). Under the same setting as Theo-
rem 6.6, in Case 1,

lim
t!1

lim
n1;n2!1

lim
�!0

EZ ŒL.Y; Oy.bt=�c; X//� D inf
Qy

EZ ŒL.Y; Qy.X//�:

in probability, and in Case 2, the same holds with the right-hand side being 0. Here
n1; n2!1 in such a way that nmin !1 and n�cmin lognmax ! 0 for any c > 0, with
nmin D min¹n1; n2º and nmax D max¹n1; n2º.

Similar to Section 6.1, here we also have a converse relation between global con-
vergence and the essential supremum condition in Assumption 6.5 (4).

Proposition 6.8. Consider the infinite-M MF limit W �.t/ corresponding to the net-
work (6.2). Suppose that the initialization and regularity assumptions (i.e., the first
and third assumptions) of Assumption 6.5 hold, and that L.y; Oy/!1 as j Oyj ! 1
for each y. Further assume that there exists Nw3 such that as t !1, there is a cou-
pling �3t of �3 and itself such thatZ

jw�3 .t; u
0
3/ � Nw3.u3/j d�

3
t .u3; u

0
3/! 0:

Then the following hold:

• Case 1 (convex loss): If L is convex in the second variable and

lim
t!1

L.W �.t// D inf
Qy

EZ ŒL.Y; Qy.X//�;

then it must be that

sup
u12Rd ; u22supp.�2/

EU3��3

hˇ̌̌ @
@t
w�2 .t; u1; u2; U3/

ˇ̌̌i
! 0 as t !1:
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• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0,
and y D y.x/ is a function of x. If L.W �.t//! 0 as t ! 1, then the same
conclusion also holds.

We prove Proposition 6.8 in Appendix E.

6.2.1. High-level idea of the proof. Before we proceed, we give a high-level discus-
sion of the proof of Theorem 6.6. This is meant to provide intuitions and explain the
technical crux, so our discussion may simplify and deviate from the actual proof. Our
first insight is to look at the second layer’s weight w�2 . Recall that

@

@t
w�2 .t; u1; u2; u3/ D �EZ Œ�

H�
2 .Z; u3IW

�.t//'1.hw
�
1 .t; u1/; Xi/�:

At convergence time t D 1, we expect to have zero movement and hence, denoting
NW D ¹ Nw1; Nw2; Nw3º:

EZ Œ�
H�
2 .Z; u3I NW /'1.h Nw1.u1/; Xi/� D 0

for u1 2 supp.�1/, u3 2 supp.�3/. Suppose for the moment that we are allowed to
make an additional (strong) assumption on the limit Nw1, that is, supp. Nw1.U1// D Rd

for U1 � �1. This implies that the universal approximation property, described in
Assumption 6.5 (5), holds at t D 1; more specifically, it implies ¹'1.h Nw1.u1/; � i/ W
u1 2 supp.�1/º has dense span in L2.PX /. This yields

EZ Œ�
H�
2 .Z; u3I NW / j X D x� D 0

for P -almost every x. Recalling the definition of �H�2 , one can then easily show that

EZ Œ@2L.Y; Oy
�.xI NW // j X D x� D 0:

Global convergence follows immediately; for example, in Case 2 of Theorem 6.6, this
is equivalent to that @2L.y.x/; Oy�.xI NW //D 0 and hence L.y.x/; Oy�.xI NW //D 0 for
P -almost every x. In short, the gradient flow structure of the dynamics ofw�2 provides
a seamless way to obtain global convergence. Furthermore, there is no critical reliance
on convexity.

However, this plan of attack has a potential flaw in the strong assumption that
supp. Nw1.U1// D Rd , i.e., the universal approximation property holds at convergence
time. Indeed, there are setups where it is desirable that supp. Nw1.U1// ¤ Rd , see
[7, 22]; for instance, in the case where the neural network is to learn some “sparse and
spiky” solution, and hence the weight distribution at convergence time, if successfully
trained, cannot have full support. On the other hand, one can entirely expect that if
supp.w�1 .0;U1//DRd initially at tD0, then supp.w�1 .t;U1//DRd at any finite t�0.
The crux of our proof is to show the latter without assuming supp. Nw1.U1// D Rd .
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This is done via an algebraic topology argument, in which the mapping .t; u/ 7!
M.t; u/ that maps from .t; w�1 .0; u1// D .t; u1/ to w�1 .t; u1/ is shown to preserve a
homotopic structure through time.

6.3. Proof of Theorem 6.6

First, using an algebraic topology argument, we show that if w�1 .0; U1/ D U1 � �
1

has full support, then so does w�1 .t; U1/ at any time t . Note that the following result
holds beyond the setting of Theorem 6.6.

Lemma 6.9. Assume L D 3 and W1 D Rd (for some positive integer d ), along with
Assumptions 2.4–2.6 and 4.6. Under a .�1w; �

2
w; �

3
w/-i.i.d. initialization, consider the

infinite-M limit of the canonical MF limits as described in Section 5.1.2, and in
particular the dynamics ¹w�i ºiD1;2;3. Here we disregard the biases by considering
�b
2. �/ D �

b
3. �/ D 0 and b2.0; �/ D b3.0; �/ D 0. Assume that

�w
2 .�;w; b; g; h/ D N�

w
2 .�; g; h/;

for some function N�w
2 , i.e., �w

2 does not depend on the second and third variables.
Suppose that the support of �1w is W1. Then for all finite time t , the support of
LawU1��1

w
.w�1 .t; U1// is W1.

Proof. Specialized to the current setting, w�1 and w�2 satisfy

@

@t
w�1 .t; u1/

D ��w
1 .t/EZ

h
�w
1

� Z
h.t; Z; u1; u2; u3/�

2
w.du2/�

3
w.du3/; w

�
1 .t; u1/; X

�i
;

@

@t
w�2 .t; u1; u2; u3/ D ��

w
2 .t/EZ Œg.t; Z; u1; u3/�;

for all u1 2 supp.�1w/, u2 2 supp.�2w/ and u3 2 supp.�3w/, where

g.t; z; u1; u3/ D N�
w
2

�
�H�2 .t; z; u3/;H

�
2 .t; x; u3/;H

�
1 .t; x; u1/

�
;

h.t; z; u1; u2; u3/ D �
H
1

�
�H�2 .t; z; u3/; w

�
2 .t; u1; u2; u3/; 0;

H�2 .t; x; u3/;H
�
1 .t; x; u1/

�
D �H

1

�
�H�2 .t; z; u3/; u2 �

Z t

0

�w
2 .s/EZ Œg.s; Z; u1; u3/� ds; 0;

H�2 .t; x; u3/;H
�
1 .t; x; u1/

�
:

Here we have shortened the notations to remove dependency on the biases:

w�2 .t; u1; u2; u3/ � w
�
2 .t; u1; u2; u3; 0/; �H�2 .t; z; u3/ � �

H�
2 .t; z; u3; 0/;

H�2 .t; x; u3/ � H
�
2 .t; x; u3; 0/:
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We recall the initialization

w�1 .0; u1/ D u1; w�2 .0; � ; u2; �/ D u2; w�2 .0; u3; �/ D u3:

In the following, we defineKt to be a generic constant that changes with t and which
is finite with finite t . We proceed in several steps.

Step 1. We study the function h. We have, from Assumptions 2.6 and 2.4,

j�w�3 .t; z; � ; �/j � K.1C j�H�3 .t; z/j/ � K;

jw�3 .t; u3; �/j � jw
�
3 .0; u3; �/j CKt D ju3j CKt ;

j�H�2 .t; z; u3/j � K.1C j�
H�
3 .t; z/j/.1C jw�3 .t; u3; �/j/ � Kt .1C ju3j/:

Consequently, by Assumption 2.6,

jg.t; z; u1; u3/j � K.1C j�
H�
2 .t; z; u3/j/ � Kt .1C ju3j/;

jg.t; z; u1; u3/ � g.t; z; u
0
1; u3/j

� K.1C j�H�2 .t; z; u3/j/jH
�
1 .t; x; u1/ �H

�
1 .t; x; u

0
1/j

� Kt .1C ju3j/jH
�
1 .t; x; u1/ �H

�
1 .t; x; u

0
1/j;

for all u1 2 supp.�1w/ and u3 2 supp.�3w/. Using these bounds and Assumption 2.6,
we obtain

jh.t; z; u1; u2; u3/ � h.t; z; u
0
1; u2; u3/j

� K.1C j�H�2 .t; z; u3/j/

Z t

0

EZ Œjg.s;Z; u1; u3/ � g.s;Z; u
0
1; u3/j� ds

CK.1C j�H�2 .t; z; u3/j/
�
1C ju2j C

Z t

0

EZ Œjg.s;Z; u1; u3/j� ds
�

�
ˇ̌
H�1 .t; x; u1/ �H

�
1 .t; x; u

0
1/
ˇ̌

� Kt .1C ju2j
2
C ju3j

2/ sup
s�t
jH�1 .s; x; u1/ �H

�
1 .s; x; u

0
1/j;

as well as that

jh.t; z; u1; u2; u3/j � K.1C j�
H�
2 .t; z; u3/j/

�

�
1C ju2j C

Z t

0

EZ Œjg.s;Z; u1; u3/j� ds
�

� Kt .1C ju2j
2
C ju3j

2/:

These are the desired bounds for h.

Step 2. We show that for an arbitrary T � 0, w�1 W Œ0; T � �W1 !W1 is continuous.
Now, by using the bound for the function h in Step 1 and Assumptions 2.5 and 2.6,
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for u1; u01 2W1, we haveˇ̌̌ d
dt
.w�1 .t; u1/ � w

�
1 .t; u

0
1//
ˇ̌̌

D

ˇ̌̌
�w
1 .t/EZ

h
�w
1

� Z
h.t; Z; u01; u2; u3/�

2
w.du2/�

3
w.du3/; w

�
1 .t; u

0
1/; X

�
� �w

1

� Z
h.t; Z; u1; u2; u3/�

2
w.du2/�

3
w.du3/; w

�
1 .t; u1/; X

�iˇ̌̌
� Kjw�1 .t; u1/ � w

�
1 .t; u

0
1/j CKt

�
1C

Z
ju2j

2�2w.du2/C

Z
ju3j

2�3w.du3/
�

� EZ
�

sup
s�t
jH�1 .s; x; u1/ �H

�
1 .s; x; u

0
1/j
�

� Kjw�1 .t; u1/ � w
�
1 .t; u

0
1/j CKtEZ

�
sup
s�t
jH�1 .s; x; u1/ �H

�
1 .s; x; u

0
1/j
�

D Kjw�1 .t; u1/ � w
�
1 .t; u

0
1/j CKtEZ

�
sup
s�t
j�1.w

�
1 .s; u1/; X/ � �1.w

�
1 .s; u

0
1/; X/j

�
� Kt sup

s�t
jw�1 .s; u1/ � w

�
1 .s; u

0
1/j:

By Gronwall’s inequality,

sup
s�t
jw�1 .s; u1/ � w

�
1 .s; u

0
1/j � e

Kt t jw�1 .0; u1/ � w
�
1 .0; u

0
1/j D e

Kt t ju1 � u
0
1j:

Furthermore, by Assumptions 2.4 and 2.6, for t 0 � t ,

jw�1 .t; u1/ � w
�
1 .t
0; u1/j

�

Z t

t 0

ˇ̌̌
�w
1 .s/EZ

h
�w
1

� Z
h.s;Z; u1; u2; u3/�

2
w.du2/�

3
w.du3/; w

�
1 .s; u1/; X

�iˇ̌̌
ds

� K

Z t

t 0
EZ

h
1C

Z
jh.s;Z; u1; u2; u3/j�

2
w.du2/�

3
w.du3/

i
ds

� Kt

�
1C

Z
ju2j

2�2w.du2/C

Z
ju3j

2�3w.du3/
�
jt � t 0j

� Kt jt � t
0
j:

This shows that w�1 defines a continuous function w�1 W Œ0; T � �W1 !W1.

Step 3. Consider the sphere Sd which is a compactification of Rd . We can extend w�1
to a functionM W Œ0;T ��Sd ! Sd fixing the point at infinity, which remains a contin-
uous map since jM.t; u1/� u1j D jM.t; u1/�M.0;u1/j �KT t . LetMt WRd ! Rd

be defined by Mt .u1/ D M.t; u1/. We claim that Mt is surjective for all finite t .
Indeed, if Mt fails to be surjective for some t , then for some p 2 Sd , Mt W Sd !

Sd n ¹pº ! Sd is homotopic to the constant map, but M then gives a homotopy
from the identity map M0 on the sphere to a constant map, which is a contradic-
tion as the sphere Sd is not contractible. Hence, w�1 .t; �/ is surjective for all finite t .
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Now let U1 � �1w, which has full support, and consider w�1 .t; U1/. Let us assume
that w�1 .t; U1/ does not have full support at some time t , which implies there is an
open ball B in Rd for which P .w�1 .t; U1/ 2 B/ D 0. Due to surjectivity and con-
tinuity of u1 7! w�1 .t; u1/, there is an open set U such that w�1 .t; u1/ 2 B for all
u1 2 U . Then P .U1 2 U/D 0, contradicting the assumption that U1 has full support.
Therefore, w�1 .t; U1/ must have full support at all t � 0.

With this lemma, we are ready to prove Theorem 6.6. We recall the setting of
Theorem 6.6, and in particular, the neural network (6.2).

Proof of Theorem 6.6. Let Ui � �i , i D 1; 2; 3 independently. It is easy to check that
Assumptions 2.4–2.6, as well as the conditions of Lemma 6.9, hold. Therefore, by
Lemma 6.9, the support of Law.w�1 .t; U1// is Rd at all t . We recall from the conver-
gence assumption the limits Nw1, Nw2 and Nw3, and we shall first prove . Nw1; Nw2; Nw3/ is
a global minimizer of L in Case 1 and L. Nw1; Nw2; Nw3/ D 0 in Case 2.

By the convergence assumption, we have that for any � > 0, there exists T .�/ such
that for all t � T .�/ and almost surely,

� � jEZ Œ�
H�
2 .t; Z; U3/'1.hw

�
1 .t; U1/; Xi/�j

D jhEZ Œ�
H�
2 .t; Z; U3/ j X D x�; '1.hw

�
1 .t; U1/; xi/iL2.PX /

j:

Since Law.w�1 .t; U1// has full support, we obtain that for u in a dense subset of Rd ,

ess-supjhEZ Œ�H�2 .t; Z; U3/ j X D x�; '1.hu; xi/iL2.PX /
j � �:

By continuity of u 7! '1.hu; � i/ inL2.PX /, we extend the above to all u 2Rd . Recall
the couplings �t in Assumption 6.5 (4), since '1 is bounded,

E.U3;U
0
3
/��t

�ˇ̌˝
EZ Œj�

H�
2 .t; Z; U3/ ��

H�
2 .Z;U 03I Nw1; Nw2; Nw3/j j X D x�;

'1.hu; xi/
˛
L2.PX /

ˇ̌�
� KE�t

Œj�H�2 .t; Z; U3/ ��
H�
2 .Z;U 03I Nw1; Nw2; Nw3/j�

� KE�t

�
.1C j Nw3.U3/j/

�
jw�3 .t; U

0
3/ � Nw3.U3/j C j Nw3.U3/j jw

�
2 .t; U

0
1; U

0
2; U

0
3/

� Nw2.U1; U2; U3/j C j Nw3.U2/j j Nw2.U1; U2; U3/j jw
�
1 .t; U

0
1/ � Nw1.U1/j

��
;

where the last step is by the regularity assumption, similar to the calculation in the
proof of Theorem 6.2. Recall that the right-hand side converges to 0 as t !1. We
thus obtain that for all u 2 Rd ,

EU3
ŒjhEZ Œ�

H�
2 .Z;U3I Nw1; Nw2; Nw3/ j X D x�; '1.hu; xi/iL2.PX /

j� D 0;

which yields that for all u 2 Rd and almost surely,

jhEZ Œ�
H�
2 .Z;U3I Nw1; Nw2; Nw3/ j X D x�; '1.hu; xi/iL2.PX /

j D 0:
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Here we note that, by the regularity assumption,

jEZ Œ�
H�
2 .Z;U3I Nw1; Nw2; Nw3/ j X D x�j � Kj Nw3.U3/j;

and so EZ Œ�H�2 .Z;u3I Nw1; Nw2; Nw3/ jX D x� is inL2.PX / for almost every u3. Since
¹'1.hu; � i/ W u 2 Rd º has dense span in L2.PX /, we have

EZ Œ�
H�
2 .Z; u3I Nw1; Nw2; Nw3/ j X D x� D 0

for PX -almost every x and almost every u3, and hence

EZ Œ@2L.Y; Oy
�.X I Nw1; Nw2; Nw3// j X D x�

� '03.H
�
3 .xI Nw1; Nw2; Nw3// Nw3.u3/'

0
2.H

�
2 .x; u3I Nw1; Nw2// D 0:

We note that our assumptions guarantee that P . Nw3.U3/ ¤ 0/ is positive:

• In the case
R

I.u3 ¤ 0/�3.du3/ > 0 and �3. �/ D 0, it is obvious that

P . Nw3.U3/ ¤ 0/ > 0:

• In the case L.w01 ; w
0
2 ; w

0
3/ < EZ ŒL.Y; '3.0//�, it can be easily checked that

L.w�1 .t; �/; w
�
2 .t; � ; � ; �/; w

�
3 .t; �// � L.w�1 .t

0; �/; w�2 .t
0; � ; � ; �/; w�3 .t

0; �//;

for t � t 0. This is in fact a standard property of gradient flows. In particular, setting
t 0 D 0 and taking t !1, it is easy to see that

L. Nw1; Nw2; Nw3/ � L.w01 ; w
0
2 ; w

0
3/ < EZ ŒL.Y; '3.0//�:

If P . Nw3.U3/ D 0/ D 1, then L. Nw1; Nw2; Nw3/ D EZ ŒL.Y; '3.0//�, a contradiction.

Then since '02 and '03 are strictly non-zero, we have

EZ Œ@2L.Y; Oy
�.X I Nw1; Nw2; Nw3// j X D x� D 0

for PX -almost every x.
In Case 1, since L convex in the second variable, it follows that for any measurable

function Qy.x/,

L.y; Qy.x// �L.y; Oy.xI Nw1; Nw2; Nw3//

� @2L.y; Oy.xI Nw1; Nw2; Nw3//. Qy.x/ � Oy.xI Nw1; Nw2; Nw3//:

Taking the expectation, we get EZ ŒL.Y; Qy.X//� � L. Nw1; Nw2; Nw3/, i.e., . Nw1; Nw2; Nw3/
is a global minimizer of L.

In Case 2, since y is a function of x, we obtain @2L.y; Oy.xI Nw1; Nw2; Nw3//D 0 and
hence L.y; Oy.xI Nw1; Nw2; Nw3// D 0 for PX -almost every x.
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Finally, to connect L. Nw1; Nw2; Nw3/ with L.W �.t// in the limit t !1, we have

jL.W �.t// � L. Nw1; Nw2; Nw3/j

D jEZ ŒL.Y; Oy
�.t; X// �L.Y; Oy�.X I Nw1; Nw2; Nw3//�j

� KEZ Œj Oy
�.t; X/ � Oy�.X I Nw1; Nw2; Nw3/j�

� KE�t

�
jw�3 .t; U

0
3/� Nw3.U3/j C j Nw3.U3/j jw

�
2 .t; U

0
1; U

0
2; U

0
3/� Nw2.U1; U2; U3/j

C j Nw3.U3/j j Nw2.U1; U2; U3/j jw
�
1 .t; U

0
1/ � Nw1.U1/j

�
;

which tends to 0 as t !1. This completes the proof.

7. Convergence to global optimum: multilayer networks with
correlated initializations

In Section 6, we proved that global convergence is guaranteed for networks with
L � 3 and i.i.d. initializations. Underlying these results is a universal approxima-
tion property that holds throughout the course of training, and this is shown for quite
general data distributions. Recall from Section 5 that i.i.d. initializations cause a cer-
tain degenerate behavior in the network with L � 4. In particular, by Corollary 5.5,
neurons at intermediate layers collapse to the same function of the input and therefore
are not expected to span the space of functions of the input L2.PX /. In other words,
these intermediate layers become a bottleneck that hinders universal approximation
in the context of more than three layers and general data distributions.

To attain meaningful training, this suggests a departure from i.i.d. initializations.
In particular, we propose a correlated initialization scheme that resolves the aforemen-
tioned bottleneck problem. To be precise, the key idea lies in the new concept of bidi-
rectional diversity. A similar concept has been encountered in Section 6; for instance,
diversity in the two-layer case in Section 6.1 refers to the full support condition of the
first layer’s weight distribution in the Euclidean space, implied at initialization t D 0
by Assumption 6.1 (2) and shown to hold at any finite time t by Lemma E.1. Here
bidirectional diversity furthers this idea to the multilayer case with arbitrary depths.
Firstly, it is realized in function spaces that are naturally described by our neuronal
embedding framework. Secondly, it is bidirectional: roughly speaking, for interme-
diate layers, diversity holds in both the forward and backward passes. The effect of
bidirectional diversity is that a certain universal approximation property, at any finite
training time t , is propagated from the first layer to the second to last one. Importantly,
the proposed correlated initialization only ensures bidirectional diversity at initializa-
tion t D 0, but it is the learning dynamics that automatically maintains bidirectional
diversity at any finite t . This fact is again shown by a topological invariance argument.
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In the following, we first describe the multilayer fully-connected neural network
under consideration and its corresponding MF limit. We then describe the proposed
correlated initialization, and state and prove the global convergence guarantee.

7.1. Multilayer fully-connected neural network

We consider the following L-layer fully-connected network:

Oy.xIW.k// D 'L.HL.x; 1IW.k///; (7.1)

Hi .x; ji IW.k// D
1

ni�1

ni�1X
ji�1D1

wi .k; ji�1; ji /'i�1.Hi�1.x; ji�1IW.k///;

H1.x; j1IW.k// D hw1.k; j1/; xi;

for i D L; : : : ; 2, in which x 2 Rd is the input, W.k/ D ¹w1.k; �/;wi .k; � ; �/ W i D
2; : : : ;Lº is the weight with w1.k;j1/ 2Rd , wi .k;ji�1; ji / 2R, and 'i WR!R is the
activation. Here the network has widths ¹niºi�L with nL D 1. We train the network
with stochastic gradient descent (SGD) with respect to the loss LWR�R! R�0 and
the data z.k/D .x.k/;y.k// 2Rd �R drawn independently at time k from a training
distribution P . Given an initialization W.0/, we update W.k/ according to

wi .k C 1; ji�1; ji / D wi .k; ji�1; ji / � ��i .t�/�w
i .z.k/; ji�1; ji IW.k//;

w1.k C 1; j1/ D w1.k; j1/ � ��1.t�/�w
1 .z.k/; j1IW.k//;

for i D L; : : : ; 2, in which ji 2 Œni �, � 2 R>0 is the learning rate, �i WR�0 7! R�0 is
the learning rate schedule for wi , and for z D .x; y/ and i D L; : : : ; 2, we define

�H
L.z; 1IW.k// D @2L.y; Oy.xIW.k///'0L.HL.x; 1IW.k///;

�H
i�1.z; ji�1IW.k// D

1

ni

niX
jiD1

�H
i .z; ji IW.k//wi .k; ji�1; ji /

� '0i�1.Hi�1.x; ji�1IW.k///;

�w
i .z; ji�1; ji IW.k// D �H

i .z; ji IW.k//'i�1.Hi�1.x; ji�1IW.k///;

�w
1 .z; j1IW.k// D �H

1 .z; j1IW.k//x:

In short, for an initialization W.0/, we obtain a SGD trajectory W.k/ of an L-layer
network with size ¹niºi�L. We also note that this neural network fits into the frame-
work in Section 2.

7.2. Mean field limit

Given a neuronal ensemble .�; P / D
QL
iD1.�i ; Pi / (in which �L D ¹1º), the MF

limit that is associated with the network (7.1) is described by the continuous-time
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evolution of W.t/ D ¹w1.t; �/; wi .t; � ; �/ W i D 2; : : : ; Lº, given by the following MF
ODEs:

@

@t
wi .t; ci�1; ci / D ��i .t/EZ Œ�

w
i .Z; ci�1; ci IW.t//�; i D 2; : : : ; L;

@

@t
w1.t; c1/ D ��1.t/EZ Œ�

w
1 .Z; c1IW.t//�;

where w1WR�0 � �1 ! Rd and wi WR�0 � �i�1 � �i ! R. Here we define, for
i D L; : : : ; 2, the forward quantities

Oy.xIW.t// D 'L.HL.x; 1IW.t///;

Hi .x; ci IW.t// D ECi�1
Œwi .t; Ci�1; ci /'i�1.Hi�1.x; Ci�1IW.t///�;

H1.x; c1IW.t// D hw1.t; c1/; xi;

and the backward quantities

�HL .z; 1IW.t// D @2L.y; Oy.xIW.t///'
0
L.HL.x; 1IW.t///;

�Hi�1.z; ci�1IW.t// D ECi
Œ�Hi .z; Ci IW.t//wi .t; ci�1; Ci /

� '0i�1.Hi�1.x; ci�1IW.t///�;

�wi .z; ci�1; ci IW.t// D �
H
i .z; ci IW.t//'i�1.Hi�1.x; ci�1IW.t///;

�w1 .z; c1IW.t// D �
H
1 .z; c1IW.t//x:

As a reminder, the data Z D .X; Y / � P and Ci � Pi . To recap, given a neuronal
ensemble .�;P /, for each initialization W.0/, we have defined a MF limit W.t/.

7.3. Global convergence and bidirectional diversity

We begin the study of global convergence of the network (7.1) with an analysis of its
MF limit, which is the focus of this subsection. To measure the learning quality, we
consider the loss averaged over the data Z � P :

L.F / D EZ ŒL.Y; Oy.X IF //�;

where F D¹fi W i D 1; : : : ;Lº a set of measurable functions f1W�1!Rd , fi W�i�1 �
�i ! R for i D 2; : : : ; L.

Recall that in our framework, the finite-sized neural network is formally con-
nected with its MF limit via a neuronal embedding. Here without making explicit
this connection, one can study the MF limit that is defined on the basis of a given
neuronal embedding .�; P; ¹w0i ºi�L/, where w01 W�1 ! Rd , w0i W�i�1 � �i ! R

for i D 2; : : : ; L. In particular, we make the following assumptions.
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Assumption 7.1. Consider a neuronal embedding .�; P; ¹w0i ºi�L/, recalling � DQL
iD1�i and P D

QL
iD1 Pi with �L D ¹1º. Consider the MF limit associated with

the neuronal ensemble .�; P / with initialization W.0/ such that w1.0; �/ D w01. �/

and wi .0; � ; �/ D w0i . � ; �/. We make the following assumptions:

(1) Initialization: The functions ¹w0i ºi�L satisfy

sup
m�1

1
p
m

EŒjw01.C1/j
m�1=m � K; sup

m�1

1
p
m

EŒjw0i .Ci�1; Ci /j
m�1=m � K;

for i D 2; : : : ; L.

(2) Diversity: The functions ¹w0i ºi�L satisfy

supp.w01.C1/; w
0
2.C1; �// D Rd � L2.P2/;

supp.w0i . � ; Ci /; w
0
iC1.Ci ; �// D L

2.Pi�1/ � L
2.PiC1/

for i D 2; : : : ; L � 1. (Remark: we write w0i . � ; Ci / to denote the random
mapping c 7! w0i .c; Ci /, and similar for w0iC1.Ci ; �/.)

(3) Regularity: We assume the following:

• 'i isK-bounded for 1 � i � L� 1, '0i isK-bounded andK-Lipschitz for
1 � i � L, and '0L is non-zero everywhere,

• @2L. � ; �/ is K-Lipschitz in the second variable and K-bounded,

• jX j � K with probability 1,

• the learning rate schedule �i isK-bounded andK-Lipschitz for 1� i �L.

(4) Convergence: There exist a coupling �t of
QL
iD1 Pi and itself such that, for

i D 2; : : : ; L,

E�t

h
jwi .t; C

0
i�1; C

0
i / � Nwi .Ci�1; Ci /j

YL

jDiC1
j Nwj .Cj�1; Cj /j

i
! 0;

E�t

h
jw1.t; C

0
1/ � Nw1.C1/j

YL

jD2
j Nwj .Cj�1; Cj /j

i
! 0;

as t !1, where .C1; : : : ; CL; C 01; : : : ; C
0
L/ � �t . Furthermore,

ess-sup
ˇ̌̌ @
@t
wL.t; CL�1; 1/

ˇ̌̌
! 0:

(Here we take
QL
jDiC1 D 1 for i D L.)

(5) Universal approximation: The set ¹'1.hu; � i/ W u 2 Rd º has dense span in
L2.PX / (the space of square integrable functions with respect to the mea-
sure PX , which is the distribution of the input X ). Furthermore, for each
i D 2; : : : ; L � 1, 'i is non-obstructive in the sense that the set ¹'i ı f W
f 2 L2.PX /º has dense span in L2.PX /.
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It is easy to see that this set of assumptions satisfies Assumptions 2.4–2.6 and 4.6.
As a consequence, by Theorem 3.1, there exists a unique solutionW to the MF ODEs
on t 2 Œ0;1/.

Theorem 7.2. Consider a neuronal embedding .�;P; ¹w0i ºi�L/ and the MF limit as
in Assumption 7.1. Assume �L. �/ D 1.

• Case 1 (convex loss): If L is convex in the second variable, then

lim
t!1

L.W.t// D inf
F

L.F / D inf
QyWRd!R

EZ ŒL.Y; Qy.X//�:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0.
If y D y.x/ is a function of x, then L.W.t//! 0 as t !1.

The assumptions here are similar to those made in Theorems 6.2 and 6.6 of
Section 6. Similar to the settings of Section 6, the regularity assumption can be sat-
isfied for several common setups and loss functions; for example, this holds when
'i is sigmoid or tanh for i � L � 1, 'L is the identity, and L is the Huber loss.
The convergence assumption here is also similar to the convergence assumption in
Assumption 6.1 or Assumption 6.5. In particular, the first part of the convergence
assumption is essentially a Wasserstein-type convergence; it follows from the con-
vergence of .wi .t//LiD1 to . Nwi /LiD1 in an appropriate Wasserstein distance. The fifth
assumption is again natural and can be satisfied by common activations. For example,
'i can be tanh for i D 1; : : : ;L� 1. Indeed, whenever ¹'i .hu; � i/ W u 2Rd º has dense
span in L2.PX /, 'i is non-obstructive since

span.¹'i .hu; � i/ W u 2 Rd º/ � span.¹'i ı f W f 2 L2.PX /º/:

The diversity assumption is new. It refers to an initialization scheme that introduces
correlation among the weights. In particular, i.i.d. initializations do not satisfy this
assumption for L � 3.

The second assumption is the counterpart of the diversity assumption made in
Theorems 6.2 and 6.6, but there is a special difference. In Section 6, the diversity
assumption refers to a full support condition of only the first layer’s initial weight,
which is in the Euclidean space. Here our diversity assumption refers to a particular
full support condition for all layers. At a closer look, the condition is in the func-
tion space and reflects certain bidirectional diversity. In particular, this assumption
implies both w0i . � ; Ci / and w0i .Ci�1; �/ have full supports in L2.Pi�1/ and L2.Pi /,
respectively (which we shall refer to as forward diversity and backward diversity,
respectively).

High-level idea of the proof. The proof proceeds with several insights that have al-
ready appeared in Section 6. The novelty of our present analysis lies in the use of the
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aforementioned bidirectional diversity. To clarify the point, let us give a brief high-
level idea of the proof. At time t sufficiently large, we expect to haveˇ̌̌ @
@t
wL.t; cL�1; 1/

ˇ̌̌
D jEZ Œ@2L.Y; Oy.X IW.t///'

0
L.HL.X; 1IW.t///'L�1.HL�1.X; cL�1IW.t///�j�0

for PL�1-almost every cL�1. If the set of mappings x 7! HL�1.x; cL�1IW.t//, in-
dexed by cL�1, is diverse in the sense that supp.HL�1. � ; CL�1IW.t/// D L2.PX /,
then, since 'L�1 is non-obstructive, we obtain

EZ Œ@2L.Y; Oy.X IW.t/// j X D x�'
0
L.HL.x; 1IW.t/// � 0;

and consequently
EZ Œ@2L.Y; Oy.X IW.t/// j X D x� � 0

for PX -almost every x. The desired conclusion then follows.
Hence, the crux of the proof is to show that supp.HL�1. � ;CL�1IW.t///DL2.PX /.

In fact, we show that this holds for any finite time t � 0. This follows if we can prove
the forward diversity property of the weights, in which wi .t; � ; Ci / has full support
in L2.Pi�1/ for any t � 0 and 2 � i � L � 1, and a similar property for w1.t; C1/.
Interestingly, to that end, we actually show that bidirectional diversity, and hence both
forward diversity and backward diversity, holds at any time t � 0, even though we only
need forward diversity for our purpose. The full proof is deferred to Section 7.5.

A converse for global convergence. Similar to Section 6, we also have a converse rela-
tion between global convergence and the essential supremum condition in Assump-
tion 7.1 (4). The proof is presented in Appendix F.

Proposition 7.3. Consider the MF limit corresponding to the network (7.1), such that
they are coupled together by the coupling procedure in Section 4.1 with a neuronal
embedding .�; P; ¹w0i ºi�L/. Suppose that the initialization and regularity assump-
tions (i.e., the first and third assumptions) of Assumption 7.1 hold, and that L.y; Oy/!

1 as j Oyj ! 1 for each y. Further assume �L. �/ D 1. Then the following hold:

• Case 1 (convex loss): If L is convex in the second variable and L.W.t// !

infF L.F / as t !1, then it must be that

sup
cL�12�L�1

j
@

@t
wL.t; CL�1; 1/j ! 0 as t !1:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0,
and y D y.x/ is a function of x. If L.W.t// ! 0 as t ! 1, then the same
conclusion also holds.
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7.4. Connection to the network (7.1)

Theorem 7.2 concerns with the global convergence of the MF limit. To make the con-
nection with a finite-width neural network (7.1), we recall the neuronal embedding
.�; P; ¹w0i ºi�L/, as well as the coupling procedure in Section 4.1. We, however,
present a twist to the procedure, that is, we choose first the neuronal embedding
.�;P; ¹w0i ºi�L/ and then perform the following two steps:

(1) We form the MF limitW.t/ (for t 2R�0) associated with the neuronal ensem-
ble .�;P / by setting the initializationW.0/ tow1.0; �/Dw01. �/,wi .0; � ; �/D
w0i . � ; �/ and running the MF ODEs.

(2) We independently sampleCi .ji /�Pi for i D 1; : : : ;L and ji D 1; : : : ;ni . We
then form the neural network initialization W.0/with w1.0;j1/Dw01.C1.j1//
and wi .0; ji�1; ji / D w0i .Ci�1.ji�1/; Ci .ji // for ji 2 Œni �. We obtain the
network’s trajectory W.k/ for k 2 N�0 for the network (7.1), with the data
z.k/ generated independently of ¹Ci .ji /ºi�L and hence W.0/.

That is, instead of starting with a given initialization law of W.0/ as done in Sec-
tion 4.1, here we first start with a chosen neuronal embedding. We then form the MF
limitW.t/ and the neural network initialization W.0/, and hence the dynamics W.k/,
based on this neuronal embedding. In other words, the initialization law of W.0/ is
deduced from the chosen neuronal embedding. Obviously this procedure ensures that
N�-independence is satisfied (Assumption 4.4).

In summary, in the present context, the neuronal embedding forms the basis on
which the finite-width neural network is realized. Furthermore, the neural network and
its MF limit are coupled. Then, using Theorem 7.2 and Corollary 4.9, one can obtain
the following result on the optimization efficiency of the neural network with SGD.

Corollary 7.4. Consider the neural network (6.2) as described by the coupling proce-
dure with the aforementioned twist. Under the same setting as Theorem 7.2, in Case 1,

lim
t!1

lim
¹ni ºi�L

lim
�!0

EZ ŒL.Y; Oy.X IW.bt=�c///� D inf
F

L.F / D inf
Qy

EZ ŒL.Y; Qy.X//�

in probability, where the limit of the widths is such that nmin!1 and n�cmin lognmax!

0 for any c > 0, with nmin D min¹ni W 1 � i � L � 1º and nmax D max¹ni W 1 � i �
L � 1º. In Case 2, the same holds with the right-hand side being 0.

7.5. Proof of Theorem 7.2

Proof of Theorem 7.2. We divide the proof into several steps.

Step 1: Diversity of the weights. We will first show that supp.w1.t; C1// D Rd and
supp.wi .t; � ; Ci // D L2.Pi�1/ for i D 2; : : : ; L � 1 and for any t � 0. We do so
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by showing a stronger statement, that the following bidirectional diversity condition
holds at any finite training time:

supp.w1.t; C1/; w2.t; C1; �// D Rd � L2.P2/;

supp.wi .t; � ; Ci /; wiC1.t; Ci ; �// D L2.Pi�1/ � L2.PiC1/; i D 2; : : : ; L � 1;

for any t � 0.
We prove the first statement. Given a MF trajectory .W.t//t�0 and u1 2 Rd ,

u2 2 L
2.P2/, we consider the following flow on Rd � L2.P2/:

@

@t
aC2 .t; c2Iu/ D ��2.t/EZ Œ�

H
2 .Z; c2IW.t//'1.ha

C
1 .t Iu/;Xi/�;

@

@t
aC1 .t Iu/ D ��1.t/EZ

�
EC2

Œ�H2 .Z; C2IW.t//a
C
2 .t; C2Iu/�

� '01.ha
C
1 .t Iu/;Xi/X

�
; (7.2)

for u D .u1; u2/, with the initialization aC1 .0I u/ D u1 and aC2 .0; c2I u/ D u2.c2/.
Existence and uniqueness of .aC1 ; a

C
2 / follows similarly to Theorem 3.1. We next

prove, for all finite T > 0 and uC D .uC1 ; u
C
2 / 2 Rd �L2.P2/, that there exists u� D

.u�1 ; u
�
2 / 2 Rd � L2.P2/ such that

aC1 .T Iu
�/ D uC1 ; aC2 .T; � Iu

�/ D uC2 :

We consider the following auxiliary dynamics on Rd � L2.P2/:

@

@t
a�2 .t; c2Iu/ D �2.T � t /EZ Œ�

H
2 .Z; c2IW.T � t //'1.ha

�
1 .t Iu/;Xi/�;

@

@t
a�1 .t Iu/ D �1.T � t /EZ

�
EC2

Œ�H2 .Z; C2IW.T � t //a
�
2 .t; C2Iu/�

� '01.ha
�
1 .t Iu/;Xi/X

�
;

initialized at a�1 .0Iu/Du1 and a�2 .0;c2Iu/Du2.c2/ for uD .u1; u2/ 2Rd �L2.P2/.
Existence and uniqueness of .a�1 ; a

�
2 / follow similarly to Theorem 3.1. Observe that

the pair
Qa�1 .t/ D a

�
1 .T � t Iu

C/; Qa�2 .t; c2/ D a
�
2 .T � t; c2Iu

C/

solves the system

@

@t
Qa�2 .t; c2/ D �

@

@t
a�2 .T � t; c2Iu

C/

D ��2.t/EZ Œ�
H
2 .Z; c2IW.t//'1.h Qa

�
1 .t/; Xi/�;

@

@t
Qa�1 .t/ D �

@

@t
a�1 .T � t Iu

C/

D ��1.t/EZ ŒEC2
Œ�H2 .Z; C2IW.t// Qa

�
2 .t; C2/�'

0
1.h Qa

�
1 .t/; Xi/X�;
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initialized at Qa�2 .0; c2/D a
�
2 .T; c2Iu

C/ and Qa�1 .0/D a
�
1 .T Iu

C/. Thus, by uniqueness
of the solution to the ODE (7.2), . Qa�1 ; Qa

�
2 / forms a solution of the ODE (7.2) initialized

at
Qa�1 .0/ D a

�
1 .T Iu

C/; Qa�2 .0; c2/ D a
�
2 .T; c2Iu

C/:

In particular, the solution . Qa�1 ; Qa
�
2 / of the ODE (7.2) with this initialization satisfies

Qa�1 .T / D a
�
1 .0Iu

C/ D uC1 ; Qa�2 .T; �/ D a
�
2 .0; � Iu

C/ D uC2 :

Let u�1 D a
�
1 .T I u

C/ and u�2 D a
�
2 .T; � I u

C/. Then we have aC1 .T I u
�/ D uC1 and

aC2 .T; � Iu
�/ D uC2 , as desired.

Using this, by continuity of the map u 7! .aC1 .T I u/; a
C
2 .T; � I u//, for every

� > 0, there exists a neighborhood U of u� such that for any u 2 U , we have that
j.aC1 .T Iu/; a

C
2 .T; � Iu// � u

Cj � �. Notice that the MF trajectory W.t/ satisfies

w1.t; c1/ D a
C
1 .t Iw1.0; c1/; w2.0; c1; �//;

w2.t; c1; �/ D a
C
2 .t; � Iw1.0; c1/; w2.0; c1; �//:

Then, since .w1.0; C1/; w2.0; C1; �// has full support in Rd � L2.P2/, for any finite
T > 0, we have that .w1.T;C1/;w2.T;C1; �// has full support in Rd �L2.P2/, prov-
ing the first statement.

The other statements can be proven similarly by considering the following pairs
of flows on L2.Pi�1/ � L2.PiC1/, for u D .u1; u2/ 2 L2.Pi�1/ � L2.PiC1/:

@

@t
aCi .t; ci�1Iu/

D ��i .t/EZ Œ�
a
i .Z; a

C

i .t; � Iu/; a
C

iC1.t; � Iu/IW.t//'i�1.Hi�1.X; ci�1IW.t///�;

@

@t
aCiC1.t; ciC1Iu/

D ��iC1.t/EZ Œ�
H
iC1.Z; ciC1IW.t//'i .H

a
i .Z; a

C

i .t; � Iu/IW.t///�;

initialized at aCi .0; ci�1Iu/ D u1.ci�1/ and aCiC1.0; ciC1Iu/ D u2.ciC1/, and

@

@t
a�i .t; ci�1Iu/ D �i .T � t /EZ

�
�ai .Z; a

�
i .t; � Iu/; a

�
iC1.t; � Iu/IW.T � t //

� 'i�1.Hi�1.X; ci�1IW.T � t ///
�
;

@

@t
a�iC1.t; ciC1Iu/ D �iC1.T � t /EZ

�
�HiC1.Z; ciC1IW.T � t //

� 'i .H
a
i .Z; a

�
i .t; � Iu/IW.T � t ///

�
;

initialized at a�i .0; ci�1I u/ D u1.ci�1/ and a�iC1.0; ciC1I u/ D u2.ciC1/, in which
we define, for f 2 L2.Pi�1/ and g 2 L2.PiC1/,

�ai .z; f; gIW.t// D ECiC1
Œ�HiC1.z; CiC1IW.t//g.CiC1/'

0
i .H

a
i .z; f IW.t///�;

H a
i .z; f IW.t// D ECi�1

Œf .Ci�1/'i�1.Hi�1.x; Ci�1IW.t///�:
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Step 2: Diversity of the pre-activations. We will show that supp.Hi . � ; Ci IW.t/// D
L2.PX / for any t � 0, for i D 2; : : : ; L � 1 by induction.

Firstly, consider the base case i D 2. Recall that

H2.x; c2IW.t// D EC1
Œw2.t; C1; c2/'1.hw1.t; C1/; xi/� � H2.t; x; w2.t; � ; c2//:

Observe that the set cl.¹H2.t; � ; f / W f 2 L
2.P1/º/ is a closed linear subspace of

L2.PX /. Hence, this set is equal to L2.PX / if it has dense span in L2.PX /, which
we show now. Indeed, suppose that for some g 2 L2.PX / such that jgj ¤ 0, we have
EZ Œg.X/H2.t; X; f /� D 0 for all f 2 L2.P1/. Equivalently,

EC1
Œf .C1/EZ Œg.X/'1.hw1.t; C1/; Xi/�� D 0;

for all f 2 L2.P1/. As such, for P1-almost every c1,

EZ Œg.X/'1.hw1.t; c1/; Xi/� D 0:

Since supp.w1.t; C1// D Rd and the mapping u 7! '1.hu; xi/ is continuous, by
the universal approximation assumption for '1, we obtain g.x/ D 0 for PX -almost
every x, which is a contradiction. We have therefore proved that cl.¹H2.t; � ; f / W

f 2 L2.P1/º/ D L2.PX /. Note that, since f 7! H2.t; x; f / is continuous, and
supp.w2.t; � ;C2//D L2.P1/, we have supp.H2. � ;C2IW.t///D L2.PX /, as desired.

Now let us assume that supp.Hi�1. � ; Ci�1IW.t/// D L2.PX / for some i � 3
(the induction hypothesis). We would like to show supp.Hi . � ; Ci IW.t///D L2.PX /.
This is similar to the base case. In particular, recall that

Hi .x; ci IW.t// D ECi�1
Œwi .t; Ci�1; ci /'i�1.Hi�1.x; Ci�1IW.t///�

� Hi .t; x; wi .t; � ; ci //:

Now suppose that for some g 2 L2.PX /, jgj ¤ 0, we have EZ Œg.X/Hi .t;X;f /�D 0

for all f 2 L2.Pi�1/. Then, for Pi�1-almost every ci�1,

EZ Œg.X/'i�1.Hi�1.X; ci�1IW.t///� D 0:

Recall the induction hypothesis supp.Hi�1. � ; Ci�1IW.t///D L2.PX /. Since 'i�1 is
non-obstructive and continuous, we obtain g.x/ D 0 for PX -almost every x, which
is a contradiction. Therefore, the set cl.¹Hi .t; � ; f /W f 2 L

2.Pi�1/º/ has dense span
in L2.PX /, and again, this implies it is equal to L2.PX /. Since f 7! Hi .t; x; f /

is continuous and supp.wi .t; � ; Ci // D L2.Pi�1/, we have supp.Hi . � ; Ci IW.t/// D
L2.PX /.

Step 3: Concluding. Let

EZ Œ@2L.Y; Oy.X IW.t/// j X D x�'
0
L.HL.x; 1IW.t/// D H .x;W.t//:
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From the last step, we have supp.HL�1. � ; CL�1IW.t/// D L2.PX / for any t � 0.
Recall that

@

@t
wL.t; cL�1; 1/ D �EZ ŒH .X;W.t//'L�1.HL�1.X; cL�1IW.t///�:

By the convergence assumption, for any � > 0, there exists T .�/ > 0 such that for any
t � T .�/, and for PL�1-almost every cL�1,

jEZ ŒH .X;W.t//'L�1.HL�1.X; cL�1IW.t///�j � �:

We claim that H .x; W.t//! H .x; ¹ Nwiºi�L/ in L1.PX / as t !1. Assuming this
claim and recalling that 'L�1 is K-bounded by the regularity assumption, we then
have that for some T 0.�/ � T .�/, and for any t � T 0.�/,

ess-supjEZ ŒH .X; ¹ Nwiºi�L/'L�1.HL�1.X; CL�1IW.t///�j

� KEZ ŒjH .X; ¹ Nwiºi�L/ �H .X;W.t//j�

C ess-supjEZ ŒH .X;W.t//'L�1.HL�1.X; CL�1IW.t///�j � K�:

Since supp.HL�1. � ; CL�1IW.t/// D L2.PX / and 'L�1 is continuous,

jEZ ŒH .X; ¹ Nwiºi�L/f .X/�j � K� for all f 2 S;

for S D ¹'L�1 ı g W g 2 L2.PX /º. Since � > 0 is arbitrary,

jEZ ŒH .X; ¹ Nwiºi�L/f .X/�j D 0 for all f 2 S:

Furthermore, since 'L�1 is non-obstructive, S has dense span in L2.PX /. Therefore,
H .x; ¹ Nwiºi�L/ D 0 for PX -almost every x. Since '0L is non-zero everywhere,

EZ Œ@2L.Y; Oy.X I ¹ Nwiºi�L// j X D x� D 0

for PX -almost every x.
In Case 1, due to convexity of L, for any measurable function Qy,

L.y; Qy.x//�L.y; Oy.xI ¹ Nwiºi�L//� @2L.y; Oy.x;¹ Nwiºi�L//. Qy.x/� Oy.x;¹ Nwiºi�L//:

Taking expectation, we get EZ ŒL.Y; Qy.X//� � L.¹ Nwiºi�L/.
In Case 2, we have that @2L.y.x/; Oy.xI ¹ Nwiºi�L// D 0, and therefore it follows

that L.y.x/; Oy.xI ¹ Nwiºi�L// D 0, for PX -almost every x, since y is a function of x.
This gives a result on L.¹ Nwiºi�L/, conditional on the claim that H .x; W.t//!

H .x; ¹ Nwiºi�L/ inL1.PX / as t!1. We now prove the claim. Recall the coupling �t
in Assumption 7.1.4. In the following, we let .C1; : : : ; CL; C 01; : : : ; C

0
L/ � �t . For

brevity, we denote

ıi .t; x; ci ; c
0
i / D jHi .x; c

0
i IW.t// �Hi .x; ci I ¹ Nwiºi�L/j:
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First observe that by the regularity assumption, for 2 � i � L,

ıi .t; x; ci ; c
0
i / � KECi�1;C

0
i�1

�
jwi .t; C

0
i�1; c

0
i / � Nwi .Ci�1; ci /j

C j Nwi .Ci�1; ci /jıi�1.t; x; Ci�1; C
0
i�1/

�
;

ı1.t; x; c1; c
0
1/ � Kjw1.t; c

0
1/ � Nw1.c1/j:

This gives

EZ ŒjH .X;W.t// �H .X; ¹ Nwiºi�L/j� � KEZ ŒıL.t; X; 1; 1/�

� KL
LX
iD2

E
h
jwi .t; C

0
i�1; C

0
i / � Nwi .Ci�1; Ci /j

LY
jDiC1

j Nwj .Cj�1; Cj /j
i

CKLE
h
jw1.t; C

0
1/ � Nw1.C1/j

LY
jD2

j Nwj .Cj�1; Cj /j
i
:

By the convergence assumption, the right-hand side tends to 0 as t !1. This proves
the claim.

Finally, let us connect L.W.t// with L.¹ Nwiºi�L/:

jL.W.t// � L.¹ Nwiºi�L/j D jEZ ŒL.Y; Oy.X IW.t/// �L.Y; Oy.X I ¹ Nwiºi�L//�j

� KEZ Œj Oy.X IW.t// � Oy.X I ¹ Nwiºi�L/j�

� KEZ ŒıL.t; X; 1; 1/�;

which again tends to 0 as t !1. This concludes the proof.

8. Convergence to global optimum under Morse–Sard assumptions

In this section, we show that global convergence is guaranteed under a different set
of convergence assumptions, namely, convergence in moments of the MF limit and
certain Morse–Sard assumptions. This generalizes the global convergence mechanism
of [9] for two-layer networks to settings where the loss L is not necessarily convex
and the depth L � 2.

8.1. The two-layer case

Consider the two-layer setting of Section 6.1. We make the following assumption.

Assumption 8.1. There exist limits xw1 and xw2 such that the following hold:

(1) (Wasserstein-type convergence.) There exists a coupling �t of P1 and itself
such that

E�t
Œj xw2.C1/j jw1.t; C

0
1/ � xw1.C1/j C jw2.t; C

0
1; 1/ � xw2.C1/j�! 0

as t !1, where .C1; C 01/ � �t .
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(2) (Morse–Sard in the limit.) With xW D ¹ xw1; xw2º, the mapping

u1 7! xF .u1/ WD jEZ Œ@2L.Y; Oy.X I xW //'
0
2.H2.X; 1I

xW //'1.hu1; Xi/�j
2

satisfies the following property. As r ! 1, Qu1 7! xF .r Qu1/ converges uni-
formly in C 1.Sd�1/ to a function xF1W Sd�1 ! R, where Sd�1 D ¹ Qu1 2

Rd W j Qu1j D 1º. Furthermore, for any stationary point u�1 of xF with xF .u�1/ > 0,
and for any ı0 > 0, there exists ı 2 .0; ı0/ so that for Sı the connected com-
ponent of the set ¹u W xF .u/ > xF .u�1/ � ıº that contains u�1 , there is � > 0

such that jr xF .u/j > � for all u 2 @cl.Sı/, the boundary of the closure of Sı .
Similarly, for any stationary point Qu�1 of xF1 with xF1. Qu�1/ > 0 and for any
ı0 > 0, there exists ı 2 .0; ı0/ so that for QSı the connected component of the
set ¹ Qu 2 Sd�1 W xF1. Qu/ > xF1. Qu�1/� ıº that contains Qu�1 , there is � > 0 such
that jr xF1. Qu/j > � for all Qu 2 @cl. QSı/.

The convergence condition in the above assumption is actually the first part of
Assumption 6.1 (4), and hence the remark for Assumption 6.1 (4) applies; i.e., one
can deduce this condition from the convergence of .w1.t; �/; w2.t; � ; 1// to . xw1; xw2/
as t !1 in the Wasserstein-2 distance.

Theorem 8.2. Consider the MF limit corresponding to the network (6.1), such that
they are coupled together by the coupling procedure in Section 4.1. Under Assump-
tions 6.1 (1)–(3) and (5), and 8.1, the following hold:

• Case 1 (convex loss): If L is convex in the second variable, then

lim
t!1

L.W.t// D inf
f1;f2

L.f1; f2/ D inf
Qy

EZ ŒL.Y; Qy.X//�:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0.
If y D y.x/ is a function of x, then L.W.t// D 0 as t !1.

Let us make a comparison with the two-layer setting in Section 6.1, and in par-
ticular, Assumption 6.1. We see that the convergence assumption in Assumption 6.1
is replaced by Assumption 8.1. More specifically the uniform convergence condi-
tion of @

@t
w2.t; C1; 1/ in Assumption 6.1 is replaced by the Morse–Sard condition of

Assumption 8.1.
Similar to the proof of Theorem 6.2 in Section 6.1, the role of the Morse–Sard

condition is – together with the full support property supp.Law.w1.t; C1///D Rd by
Lemma E.1 – to affirm that

xF .u1/ D jEZ Œ@2L.Y; Oy.X I xW //'
0
2.H2.X; 1I

xW //'1.hu1; Xi/�j
2
D 0

for all u1 2 Rd , after which universal approximation is invoked to yield the desired
global convergence. The main idea is the following: should the above not hold, there
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exists a region of u1 where xF .u1/ > 0. Since supp.Law.w1.t; C1/// D Rd , at any
time t , for a non-negligible mass on C1, w1.t; C1/ fully occupies the region. The
Morse–Sard condition ensures that the interaction over time between the two layers
w1.t;C1/ andw2.t;C1; 1/ in this region would however force the dynamics to diverge
so long as xF .u1/ > 0.

The proof of Theorem 8.2 is deferred to Appendix G. We also refer to Section 9
for further discussions. In the following, we extend this result to the multilayer case
and present its proof.

8.2. The multilayer case

One can obtain a multilayer analogue of Theorem 8.2. The key idea behind the Morse–
Sard condition is similar to the two-layer case. Here the advantage of our framework
becomes clearer since it easily accommodates the idea in the multilayer setup.

Recall the setting of Section 7. We make the following assumption which is a
direct analogue of Assumption 8.1 in the two-layer case.

Assumption 8.3. There exist limits ¹ xwiºi�L such that the following hold:

(1) (Wasserstein-type convergence.) There exist couplings �t of
QL
iD1 Pi and

itself such that

E�t

h
jw1.t; C

0
1/ � xw1.C1/j

2
YL

jD2
j xwj .Cj�1; Cj /j

2
i
! 0;

E�t

h
jwi .t; C

0
i�1; C

0
i / � xwi .Ci�1; Ci /j

2
YL

jDiC1
j xwj .Cj�1; Cj /j

2
i
! 0;

for i D 2; : : : ; L as t !1, where .C1; : : : ; CL; C 01; : : : ; C
0
L/ � �t .

(2) (Morse–Sard in the limit.) With xW D ¹ xwiºi�L, the mapping

uL�1 2 L
2.PL�2/ 7! xF .uL�1/;

defined by

xF .uL�1/ WD
ˇ̌
EZ

�
@2L.Y; y.X I xW //'

0
L.HL.X; 1I

xW //

� 'L�1.huL�1;HL�2.X; � I xW /iL2.PL�2/
/
�ˇ̌2
;

satisfies the following property. As r ! 1, QuL�1 7! xF .r QuL�1/ converges
uniformly inC 1.S.L2.PL�2/// to a function xF1WS.L2.PL�2//!R, where
S.L2.PL�2//D ¹u 2L2.PL�2/ W jujL2.PL�2/

D 1º. Furthermore, for any sta-
tionary point u�L�1 of xF and for any ı0 > 0, there exists ı 2 .0; ı0/ so that
for Sı the connected component of the set ¹u W xF .u/ > xF .u�L�1/ � ıº that
contains u�L�1, there is � > 0 such that jr xF .u/j > � for all u 2 @cl.Sı/, the
boundary of the closure of Sı . Similarly, for any stationary point Qu�L�1 of xF1
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and for any ı0 > 0, there exists ı 2 .0; ı0/ so that for Sı the connected com-
ponent of the set ¹u W xF .u/ > xF1. Qu�L�1/� ıºwhich contains r Qu�L�1 for all r
sufficiently large, there is � > 0 such that jr xF .u/j > � for all u 2 @cl.Sı/.

The convergence condition in the above assumption is actually the first part of
Assumption 7.1 (4), and hence the remark for Assumption 7.1 (4) applies; i.e., one can
deduce this condition from the convergence of .wi .t//LiD1 to . Nwi /LiD1 in an appropriate
Wasserstein distance. We now state the theorem. The proof is deferred to Section 8.3.

Theorem 8.4. Consider a neuronal embedding .�; P; ¹w0i ºi�L/ and the MF limit
described in Section 7, and in particular, under Assumptions 7.1 (1)–(3) and (5),
and 8.3. Assume �L. �/ D �L�1. �/ D 1.

• Case 1 (convex loss): If L is convex in the second variable, then

lim
t!1

L.W.t// D inf
F

L.F / D inf
QyWRd!R

EZ ŒL.Y; Qy.X//�:

• Case 2 (generic non-negative loss): Suppose @2L.y; Oy/ D 0 implies L.y; Oy/ D 0.
If y D y.x/ is a function of x, then L.W.t//! 0 as t !1.

8.3. Proof of Theorem 8.4

Proof of Theorem 8.4. In the following, for f; g 2 L2.PL�2/, let us write hf; gi in
place of hf; giL2.PL�2/

for brevity. Let us define

xHi .x; Ci / D Hi .x; Ci I xW /; xHL.x/ D xHL.x; 1/; Ny.x/ D Oy.xI xW /;

and for uL�1 2 L2.PL�2/,

xGL.uL�1/ D EZ Œ@2L.Y; xy.X//'
0
L.
xHL.X//'L�1.huL�1; xHL�2.X; �/i/�;

xGL�1.uL�1/ D EZ
�
@2L.Y; xy.X//'

0
L.
xHL.X//

� '0L�1.huL�1;
xHL�2.X; �/i/ xHL�2.X; �/

�
;

GL.t; uL�1/ D EZ
�
@2L.Y; Oy.t; X//'

0
L.HL.t; X; 1//

� 'L�1.huL�1;HL�2.t; X; �//i
�
;

GL�1.t; uL�1/ D EZ
�
@2L.Y; Oy.t; X//'

0
L.HL.t; X; 1//

� '0L�1.huL�1;HL�2.t; X; �/i/HL�2.t; X; �/
�
:

Notice that xGL�1.uL�1/;GL�1.t; uL�1/ 2 L2.PL�2/, which follows easily from As-
sumptions 7.1 (3) and 8.3 (1) and Lemma 3.2. Similar to the proof of Theorem 8.2,
with Assumptions 7.1 (3) and 8.3 (1), we obtain that, as t !1,

EŒj xHL.X/ �HL.t; X; 1/j
2�! 0; EŒj Ny.X/ � Oy.t; X/j2�! 0;

EŒj@2L.Y; Oy.t; X// � @2L.Y; xy.X//j
2�! 0;
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and uniformly in uL�1,

jGL�1.t; uL�1/ � xGL�1.uL�1/j
2
! 0; jGL.t; uL�1/ � xGL.uL�1/j

2
! 0:

Consider the limit potential given by

xF .uL�1/ D
1

2
j xGL.uL�1/j

2:

By Assumption 7.1 (3), uL�1 7! xF .uL�1/ is continuous. Notice that

r xF .uL�1/ D
1

2
� 2 xGL.uL�1/r. xGL.uL�1// D xGL.uL�1/ xGL�1.uL�1/:

Let xF1WS.L2.PL�2//! R be defined by xF1. QuL�1/D limr!1
xF .r QuL�1/, which

exists by Assumption 8.3. We shall argue that xF .uL�1/D 0 for all uL�1 2 L2.PL�2/
by contradiction. To that end, let us assume that xF .uL�1/ ¤ 0 for some uL�1. Note
that xF is bounded by a constant, by Assumption 7.1 (3). Thus, either there is a local
maximizer u�L�1 of xF with xF .u�L�1/ > 0 or there is a local maximizer Qu�L�1 of xF1

with xF1. Qu�L�1/ > 0.
First consider the case that xF has a local maximizer u�L�1 with xF .u�L�1/ > 0.

Under Assumption 8.3, there exists ı 2 .0; xF .u�L�1// arbitrarily small so that for Sı
the connected component of the set ¹u W xF .u/ > xF .u�L�1/ � ıº that contains u�L�1,
there is � > 0 such that jr xF .uL�1/j> � for all uL�1 2 @cl.Sı/. Let T0 be sufficiently
large so that for t � T0, we have if uL�1 2 @cl.Sı/, j xGL�1.uL�1/�GL�1.t;uL�1/j �

�=

q
8 xF .u�L�1/, which, similar to the proof of Theorem 8.2, implies

h xGL�1.uL�1/; GL�1.t; uL�1/i >
�2

4 xF .u�L�1/
: (8.1)

Also, we further enlarge T0 so that j xGL.uL�1/ � GL.t; uL�1/j � 1
2

q
xF .u�L�1/ � ı

for t � T0 and any uL�1 2 cl.Sı/, and hence

GL.t; uL�1/ � xGL.uL�1/ �
1

2

q
xF .u�L�1/ � ı >

xGL.uL�1/ �
1

2

q
xF .uL�1/

D xGL.uL�1/ �
1

2
j xGL.uL�1/j; (8.2)

GL.t; uL�1/ � xGL.uL�1/C
1

2

q
xF .u�L�1/ � ı <

xGL.uL�1/C
1

2

q
xF .uL�1/

D xGL.uL�1/C
1

2
j xGL.uL�1/j: (8.3)

Furthermore, notice that

@

@t
xGL.wL�1.t; � ; CL�1//

D �wL.t; CL�1; 1/h xGL�1.wL�1.t; � ; CL�1//; GL�1.t; wL�1.t; � ; CL�1//i: (8.4)
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Let Q�L�1 be the subset of �L�1 consisting of cL�1, where jwL.0; cL; 1/j < 1. As
shown in Step 1 of the proof of Theorem 7.2,for any t � 0, we have

supp.wL�1.t; � ; CL�1/; CL�1 2 Q�L�1/ D L2.PL�2/;

and hence for any open subset B of L2.PL�2/, there exists a positive mass of CL�1 2
Q�L�1 such that wL�1.t; � ; CL�1/ 2 B . In the following, we consider CL�1 2 Q�L�1.
We further divide the argument into two cases: xGL.u�L�1/ > 0 and xGL.u�L�1/ < 0.

Let us consider the case xGL.u�L�1/ > 0. Then we can choose sufficiently small ı
such that xGL.uL�1/ > 0 for all uL�1 2 cl.Sı/. Furthermore, consider the scenario that
there exists T � T0 such that a positive mass of .wL�1.T; � ; CL�1/; wL.T; CL�1; 1//
on CL�1 2 Q�L�1 has wL�1.T; � ; CL�1/ 2 Sı and wL.T; CL�1; 1/ < 0. Note that, by
equation (8.2), if wL�1.t; � ; CL�1/ 2 Sı , then

@

@t
wL.t; CL�1; 1/ D �GL.t; wL�1.T; � ; CL�1//

� �

�
xGL.wL�1.T; � ; CL�1// �

1

2
j xGL.wL�1.T; � ; CL�1//j

�
< 0:

Define T1 D inf¹t � T WwL�1.t; � ; CL�1/ … Sıº. Then t 7! wL.t;CL�1; 1/ is decreas-
ing on t 2 ŒT; T1/. Let us argue that T1 D 1. Indeed, suppose T1 is finite. We
then have, by continuity, that wL�1.T1; � ; CL�1/ 2 @cl.Sı/ and wL.T1; CL�1; 1/ �
wL.T; CL�1; 1/ < 0. As such, @

@t
xGL.wL�1.T1; � ; CL�1// > 0, by equations (8.1)

and (8.4). By continuity, for some  > 0, we have @
@t
xGL.wL�1.T1 C t; � ; CL�1// > 0

for all t 2 Œ0; �. But then

xGL.wL�1.T1 C t; � ; CL�1// � xGL.wL�1.T1; � ; CL�1// �

q
2. xF .u�L�1/ � ı/;

and hencewL�1.T1C t; � ;CL�1/ 2 Sı for all t �  , contradicting the definition of T1.
Therefore, T1 D 1, i.e., for t � T and C1 2 Q�1 with wL�1.T; � ; CL�1/ 2 Sı and
wL.T; CL�1; 1/ < 0, we have wL�1.t; � ; CL�1/ 2 Sı , which implies

GL.t; wL�1.t; � ; CL�1// �
1

2
xGL.wL�1.t; � ; CL�1//

D

r
1

2
xF .wL�1.t; � ; CL�1// �

r
1

2
. xF .u�L�1/ � ı/;

where the first inequality is by equation (8.2) and the fact xGL.uL�1/ > 0 for all uL�1 2
cl.Sı/. In particular, there is a positive mass of .wL�1.T; � ; CL�1/; wL.T; CL�1; 1//

with GL.t; wL�1.t; � ; CL�1// �
q
. xF .u�L�1/ � ı/=2 for all t � T . Noting that

d

dt
EŒL.Y; Oy.t; X//� � �EŒjGL.t; wL�1.t; � ; CL�1//j

2�;

we obtain d
dt

EŒL.Y; Oy.t;X//� being bounded above by a strictly negative constant for
all t � T , which is a contradiction since L is bounded below.
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Next we are considering the scenario that for all t � T0, the probability that
wL�1.t; � ; CL�1/ 2 Sı and wL.t; CL�1; 1/ < 0 on CL�1 2 Q�L�1 is zero. Let us argue
that for any t � T0 and for a.e. CL�1 2 Q�L�1 with wL�1.t; � ; CL�1/ 2 Sı , we have
wL�1.s; � ; CL�1/ 2 Sı for all s 2 ŒT0; t �. Indeed, consider t and CL�1 2 Q�L�1 such
that wL�1.t; � ; CL�1/ 2 Sı and wL�1.T 0; � ; CL�1/ … Sı for some T 0 2 ŒT0; t /. Let
t 0 D sup¹s 2 ŒT 0; t � W wL�1.s; � ; CL�1/ … Sıº < t . By continuity, wL�1.t 0; � ; CL�1/ 2
@cl.Sı/ and so, by equation (8.1),

h xGL�1.wL�1.t
0; � ; CL�1//; GL�1.t

0; wL�1.t
0; � ; CL�1//i >

�2

4 xF .u�L�1/
:

By continuity, there exists t 00 2 .t 0; t / such that for all s 2 Œt 0; t 00�,

h xGL�1.wL�1.s; � ; CL�1//; GL�1.s; wL�1.s; � ; CL�1//i �
�2

100 xF .u�L�1/
:

By definition of t 0, we also have wL�1.s; � ; CL�1/ 2 Sı and thus wL.s; CL�1; 1/ � 0
for any s 2 .t 0; t �. Then, by equation (G.4), @

@t
xGL.wL�1.s; � ; CL�1// � 0 for all s 2

.t 0; t 00� and therefore

xGL.wL�1.t
00; � ; CL�1// � xGL.wL�1.t

0; � ; CL�1// D

q
2. xF .u�L�1/ � ı/;

where the equality follows from wL�1.t
0; � ; CL�1/ 2 @cl.Sı/. However, this contra-

dicts with wL�1.t 00; � ; CL�1/ 2 Sı . Therefore, it holds that for any t � T0 , for a.e.
CL�1 2 Q�L�1 with wL�1.t; � ;CL�1/ 2 Sı , we have wL�1.s; � ;CL�1/ 2 Sı and hence
wL.s;CL�1; 1/� 0 for all s 2 ŒT0; t �. SincewL�1.t; � ;CL�1/ onCL�1 2 Q�L�1 has full
support at any t � 0, we have, for any t0 � T0, that there is a positive mass on CL�1 2
Q�L�1 such that wL�1.t0; � ; CL�1/ 2 Sı and hence, as shown, wL�1.s; � ; CL�1/ 2 Sı
and wL.s; CL�1; 1/ � 0 for all s 2 ŒT0; t0�. Note that we have wL.T0; CL�1; 1/ �
M.T0/ for some finiteM.T0/ > 0 for CL�1 2 Q�L�1 (which follows from the fact that
j
@
@t
wL.t; � ; 1/j � K, by Assumption 6.1 (3) and wL.0; CL�1; 1/ < 1). Also note that

for wL�1.s; � ; CL�1/ 2 Sı and s � T0,

@

@t
wL.s; CL�1; 1/ D �GL.s; wL�1.s; � ; CL�1// � �

1

2
xGL.wL�1.s; � ; CL�1//

D �

r
1

2
xF .wL�1.s; � ; CL�1// � �

r
1

2
. xF .u�L�1/ � ı/

a strictly negative constant, where the first inequality is by equation (8.2) and the fact
that xGL.uL�1/ > 0 for all uL�1 2 cl.Sı/. As such, for any t0 � T0 such that

M.T0/ � .t0 � T0/

r
1

2
. xF .u�L�1/ � ı/ < 0;
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there is a positive mass on CL�1 2 Q�L�1 such that firstly wL.s; CL�1; 1/ � 0 for all
s 2 ŒT0; t0� and secondly there exists t 2 ŒT0; t0� in which

wL.t; CL�1; 1/ �M.T0/ � .t � T0/

r
1

2
. xF .u�L�1/ � ı/ < 0:

We again obtain a contradiction.
The case xGL.u�L�1/ < 0 can be treated similarly, with the use of equation (8.2)

replaced by equation (8.3). Both cases lead to a contradiction, ruling out the possibility
that there is a local maximizer u�L�1 of xF with xF .u�L�1/ > 0.

Next consider the case where xF does not have any local maximizer in L2.PL�2/
but xF1 has a local maximizer Qu�L�1 with xF1. Qu�L�1/ > 0. Under Assumption 8.3,
there exists ı 2 .0; xF1. Qu�L�1// arbitrarily small so that for Sı the connected com-
ponent of the set ¹u W xF .u/ > xF1. Qu�L�1/ � ıº, which contains r Qu�L�1 for all r
sufficiently large, there is � > 0 such that jr xF .u/j > � for all u 2 @cl.Sı/. The rest
of the argument can be repeated as before to yield a contradiction.

In short, we have shown that xF .uL�1/ D 1
2
j xGL.uL�1/j

2 D 0, and equivalently,

EZ Œ@2L.Y; xy.X//'
0
L.
xHL.X//'L�1.huL�1; xHL�2.X; �/i/� D 0

for all uL�1 2 L2.PL�2/. The proof can now be completed similar to the proof of
Theorem 7.2.

9. Further discussions

Having presented our neuronal embedding framework for multilayer MF neural net-
works and proven several results concerning i.i.d. initializations and global conver-
gence under various settings, we now place the discussion of our work in the context
of related works.

9.1. Two-layer neural networks

The MF view on the training dynamics of neural networks has gathered significant
interests in the recent literature, starting with the two-layer case [9, 22, 26, 32, 34].
In this case, it is known that convergence to global optimum is possible for gradient
descent or SGD [9, 22, 32], with a potentially exponential rate [18] and a dimension-
independent width [21]. This line of works has also inspired research into new training
algorithms [27, 31, 38], stability properties of the trained networks [33], other archi-
tectures which are compositions of multiple MF neural networks [12, 20] and MF
neural networks in other machine learning contexts [1,25]. Most works focus on fully-
connected networks on the Euclidean space and utilize certain convexity properties
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to study optimization efficiency. The MF formulation of the two-layer case in these
works enjoys the wealth of the mathematics of optimal transport and gradient flows
in measure spaces [3].

Our work, on the other hand, considers general Hilbert spaces which can be
infinite-dimensional (Section 2) and does not rely critically on convexity (see Theo-
rems 6.2, 6.6, 7.2, 8.2 and 8.4). Our framework departs from the Wasserstein gradient
flow viewpoint, and while being in the early stage of technical foundations, it is
demonstrated to give useful results including and beyond the two-layer case.

9.2. Multilayer neural networks

As mentioned in the introduction, the multilayer case poses a major conceptual chal-
lenge. Prior to our work, several ideas have been proposed independently. The work
in [23] puts forth the idea that a neuron is represented by a stochastic (Markov) kernel
and gives a heuristic derivation, where the MF limit is described by a certain evolution
of measures over the space of stochastic kernels. The work in [4] rigorously derives
the MF limit as an evolution of a measure on paths through layers. In [35], the network
is viewed as a time-dependent function of its initialization and this function simplifies
upon concentrations over the randomness of the initialization. All three works employ
scalings with respect to the widths, in which normalizations are applied at every lay-
ers, not just the last layer, together with compensating learning rates. This thereby
ensures nonlinear evolution at all layers.

Working under the same scalings, our framework gives a new perspective via
a central question: how does one describe an ensemble of an arbitrary number of
neurons? Answering this question, our idea of a neuronal embedding allows one to
describe the MF limit in a clean and rigorous manner. In particular, it avoids extra
assumptions made in [4,35]: unlike our work, [4] assumes untrained first and last lay-
ers and requires non-trivial technical tools; [35] takes an unnatural sequential limit of
the widths and proves a non-quantitative result, whereas we prove a quantitative bound
that essentially requires only the minimum of the widths to be large. An advantage of
our framework comes from the fact that while MF formulations in [4, 35] are specific
to and exploit i.i.d. initializations, our formulation does not, and thereby allows to
study i.i.d. initializations as well as interesting non-i.i.d. initialization schemes. Com-
pared to [23], while a certain step of our analysis takes an inspiration from the idea of
stochastic kernels in [23], our framework circumvents its technical cumbersomeness
and gives a rigorous and clean mathematical treatment.

After our first preprint, the work [14] takes another view on this challenge. In
particular, considering a finite set of training data, [14] encodes each neuron by its
pre-activation values, computed over the entire training data, at initialization. As a
specific interpretation by [14], the pre-activation values at initialization capture a
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certain sense of “features” seen by the neurons. Meanwhile our framework identifies
neuron ji at layer i via the sample Ci .ji / drawn from the space .�i ;Pi / (Section 4.1)
and remains general about this space. One may observe the following connection: a
specific choice of the neuronal embedding can be built over random variables that are
defined by the pre-activation values at initialization. The generality of our framework
maintains freedom over choices of the neuronal embedding, including this specific
choice. For example, when the training data size is infinite, an idealized situation com-
monly assumed in theoretical studies, then if one follows [14], each pre-activation
becomes a function over an infinite domain, instead of a finite-dimensional vector.
This potentially poses technical complications, which can be avoided simply by a
different choice of the neuronal embedding in our framework.

9.3. Degeneracy with i.i.d. initializations

As shown in Section 5, i.i.d. initializations cause strong degeneracy for a network
depth at least four. The work [4] is the first to realize and take advantage of this phe-
nomenon to formulate the MF limit; in particular, the measure on the paths in [4]
admits a product structure, signifying the mutually independent nature of the evolu-
tions of weights at different layers in the infinite width limit. Note, however, that [4]
explicitly exploits this degeneracy phenomenon to formulate the MF limit. In contrast,
our framework is general and upon specializing to the case of i.i.d. initializations, it
allows to derive this phenomenon in greater details and simultaneously remove cer-
tain technical assumptions in [4]. In particular, we remove the technical conditions of
random input and output features and no biases of [4]. In addition, one can use Corol-
lary 5.4 to immediately verify that in the setting of no biases,L� 5 and untrained first
and last layers (�w

1 . �/ D �
w
L. �/ D 0), the weights and activations in the limit satisfy

the McKean–Vlasov equation in [4].
Such degeneracy is generally undesirable. The fact that our framework is not spe-

cific to i.i.d. initializations allows for an escape from this situation. In this aspect,
our framework follows closely the spirit of the work [23], whose MF formulation is
also not specific to i.i.d. initializations. Through the language of stochastic kernels,
[23] envisions a scenario in which evolutions of the weights at different layers are
stochastically coupled. The usefulness of such scenario is realized by our global con-
vergence guarantee for multilayer networks with arbitrary depths in Sections 7 and 8
(Theorems 7.2 and 8.4), with the novel idea of bidirectional diversity for non-i.i.d.
initialization.

9.4. Global convergence

Optimization efficacy has been one major question that sets the MF literature apart
from other theoretical studies of neural networks, where one witnesses new involve-
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ment of sophisticated mathematical tools and insights. As mentioned, the two-layer
case has enjoyed numerous efforts to establish global convergence (see, e.g., [7,9,18,
22,31,32,38,39]). Our work is the first to obtain global convergence guarantees in the
MF regime for the multilayer case.

Two-layer networks: comparison to [9]. Closely relevant to our thread of results is the
work [9]. This work treats the two-layer case under certain convergence and Morse–
Sard assumptions and convex losses. To make a direct comparison with [9], let us first
focus on the two-layer case, and in particular, Theorem 6.2 together with its accom-
panying Assumption 6.1. Several elements in our analysis are inspired by this work;
we also differ in crucial ways. Similar to [9], our proof also hinges on the insight
that a certain diversity property is held throughout the course of training. We assume
a universal approximation property (Assumption 6.1 (5)), which is natural in neural
network learning, and dispense with convexity of the loss, whereas [9] does not utilize
universal approximation and requires convex losses. In our convergence assumption
(Assumption 6.1 (4)) the moment convergence condition is similar to the convergence
assumption in [9]. We differ from [9] fundamentally in the uniform convergence con-
dition ess-sup j @

@t
w2.t; C1; 1/j ! 0 of the second layer’s weight. On one hand, this

condition replaces the Morse–Sard condition in [9], which is difficult to verify in
general. On the other hand, it is a natural assumption to make: as shown in Propo-
sition 6.4, if this uniform convergence condition fails, global convergence cannot
be attained. In short, using the insight on diversity, together with universal approx-
imation, we uncover a new mechanism for global convergence without the need for
convex losses.

Multilayer networks. While [9] is specific to two-layer networks, we further the in-
sight on diversity to the multilayer case, where we introduce the new notion of bidi-
rectional diversity. In the context of two-layer networks, diversity refers to that the
first layer’s weight distribution has full support in the Euclidean space. In the multi-
layer case, this notion no longer resides in the Euclidean space, but it is realized in
function spaces that are naturally described by the neuronal embedding framework.
Moreover, as noted in Section 7.3, it highlights an interesting dynamical mechanism,
in which adjacent layers interact with each other over time in such a way that diversity
is preserved through the depth of the network and at any time, roughly speaking.

Similar to the two-layer case, in place of the Morse–Sard assumption in [9], we
show global convergence under uniform convergence of the gradient update at a cer-
tain layer (Theorems 6.6 and 7.2). Again we note per Propositions 6.8 and 7.3, there
is a converse relation between this uniform convergence and global convergence; if
the former fails, so does the latter.

Several of these insights are utilized in the recent work [14], which proves a
global convergence guarantee for a residual MF neural architecture under the uniform
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convergence assumption of the gradient update. In this architecture, a skip connection
is introduced to route the first layer directly to the second last one. Thanks to this
skip connection, diversity is essentially transferred directly from the first layer to the
second last layer. In short, in [14], diversity is maintained with the help of architec-
tural imposition. In contrast, in our global convergence result for the multilayer case,
diversity is maintained automatically by the training dynamics.

The work [20], which studies a type of composition of many two-layer MF net-
works, and a recent update of [35], which studies the three-layer case, establish condi-
tions of stationary points to be global optima with certain overlapping ideas. However,
they require essentially a certain diversity assumption on the limit point (i.e., at con-
vergence t D1). We do not need to make this assumption: the remark in Section 6.2.1
highlights the dynamical nature of the proof where diversity is assumed at initializa-
tion t D 0 only and proven to hold at any finite training time t <1. As explained
in Section 6.2.1, diversity may not hold at t D1 and global convergence can still be
attained regardless.

Let us mention again that global convergence results in those works are proven
under the convex loss assumption. On the other hand, our results allow for removal of
this assumption and our proofs do not make use of convexity in any crucial way.

Convergence under Morse–Sard assumptions. Our framework is able to give a self-
contained proof of global convergence under the Morse–Sard assumption, without the
aforementioned uniform convergence assumption (Theorems 8.2 and 8.4).

Let us place this discussion in the two-layer context, particularly Theorem 8.2 and
its accompanying Assumption 8.1. Observe that Assumption 8.1 (2) follows immedi-
ately if xF and xF1 satisfy Morse–Sard type regularity, i.e., the sets of regular values
of xF and xF1 are dense (hence the name “Morse–Sard”). Indeed, assume that xF and
xF1 satisfy Morse–Sard type regularity. Let ySı D ¹u W xF .u/ > xF .u�1/ � ıº. In that

case, for any stationary point u�1 of xF with xF .u�1/ > 0, and for any ı0 > 0, there
exists ı 2 .0; ı0/ so that any u 2 @cl. ySı/ satisfies r xF .u/ ¤ 0. Over a bounded con-
nected component Sı of ySı , this immediately implies the existence of � > 0 such
that jr xF .u/j > � for all u 2 @cl.Sı/. Over an unbounded connected component
Sı of ySı , whenever xF .u�1/ � ı is a regular value of xF1, there is � > 0 such that
jr xF .u/j > � for u 2 @cl.Sı/ n B.0; r/ for some r sufficiently large, where B.0; r/ is
the ball around 0 with radius r . Since xF .u�1/ � ı is a regular value of xF , by making
� > 0 smaller if needed, we can guarantee that jr xF .u/j> � for u 2 @cl.Sı/\B.0; r/,
and hence jr xF .u/j > � for all u 2 @cl.Sı/.

Thus our Morse–Sard condition is similar to (and slightly weaker than) the Morse–
Sard assumption of [9]. As stated, it is sufficient for this condition to hold with respect
to the limit xW D ¹ xw1; xw2º. A counterpart statement of the Morse–Sard assumption
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of [9] would impose the condition on a generic class of pairs of functions QW D
¹ Qw1; Qw2º that contains xW and as such trivially imply our assumption.

As explained in Section 8.1, the Morse–Sard condition forces the interaction over
time between the weights of the two layers in a specific way that guarantees global
convergence. This idea was realized by [9] in the language of Wasserstein gradient
flows for a convex loss function L and two-layer neural networks. Here in the two-
layer case, firstly Theorem 8.2 extends the result to generic losses; secondly and more
importantly, it demonstrates that the same idea could be naturally executed in our
framework without the use of Wasserstein gradient flows.

Theorem 8.4 demonstrates further the applicability of our argument to the multi-
layer case, which the Wasserstein gradient flow formulation has difficulty with.

9.5. Empirical findings and other infinite-width scalings

Mathematical ideas aside, one important aspect is how well one can observe the
MF limiting behavior in multilayer networks with finite but large widths, normal-
ized under the MF scaling. This has been demonstrated positively in the work [23]. In
particular, [23] performs experiments on several real-life machine learning tasks and
finds that the evolution curves of certain performance metrics, such as the training loss
and the classification accuracy, are almost insensitive to the widths – provided suffi-
ciently large – and hence they exhibit a limiting behavior. As [23] shows, this occurs
as soon as the widths are on the order of just a few hundreds, which is common in
practice.

The MF scaling is not the only infinite-width scaling with interesting properties.
Another popular scaling regime is the neural tangent kernel (NTK) scaling [2, 8, 11,
17, 19, 41]. In the NTK scaling, the weights do not move and the learning dynam-
ics becomes linearized, although several interesting properties such as convergence to
the global optimum are attainable. For this reason, it is often said that the NTK-scaled
infinite-width neural networks do not perform feature learning. This NTK-like behav-
ior is not what is observed in practical neural networks with finite but large widths. In
contrast, the MF-scaled networks have nonlinear dynamics and weights moving away
from initialization, and thus said to perform feature learning in the literature.

The MF scaling is not necessarily the only scaling with feature learning (see, e.g.,
[16, 40]). It is known that in the standard scaling that matches with the usual prac-
tice, the networks are NTK-like in the infinite-width limit [21,40]. Consequently, any
infinite-width scalings with feature learning are only proxies of practical finite-width
neural networks. Despite this fact, we note that [23] demonstrates on several real-life
machine learning tasks that a MF multilayer network, without heavy hyperparameter
tuning, can achieve realistic performances, comparable to practical neural networks
that are similar in architectural designs and training procedures; [20] demonstrates an
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improved performance over strong and well-tuned practical neural networks by using
the MF scaling. In other words, the MF scaling offers a good proxy, with potentially
no loss in practical performances.

A few alternative scalings, accompanied by suitable initializations and learning
rates, are proposed in [16,40] to avoid the NTK-like behavior. Theoretical understand-
ing of feature learning in these scalings is currently limited to just a single SGD step,
unlike our work which studies the full learning trajectory of MF networks and proves
the presence of meaningful learning via global convergence. As said, all these scalings
are proxies of practical finite-width networks. Furthermore, it is argued in [21] that
for two-layer infinite-width networks that are close to practical networks, the behav-
ior near initialization is more NTK-like, while that in the long-time horizon is more
MF-like. We expect a similar situation for the multilayer case, in which case it is
insufficient to understand neural networks by analyzing only a few initial SGD steps.
Our work also demonstrates the goodness of well-designed non-i.i.d. initializations,
which thus far have been under-explored in the literature.

In a later follow-up work [29], our neuronal embedding framework is extended to
study a finite-width correction to the infinite-width MF limit and the implicit bias of
gradient descent training in this finite-width regime, hence paving the path to address
the aforementioned limitation of the infinite-width viewpoint.

A. Useful tools

We state a martingale concentration result, which is a special case of [30, Theo-
rem 3.2] and applies to a more general Banach space.

Theorem A.1 (Concentration of martingales in separable Hilbert spaces.). Consider
a martingale Zn 2 Z, a separable Hilbert space, adapted to Fn, such that jZn �
Zn�1j � R and Z0 D 0. Then, for any t > 0,

P
�

max
k�n
jZkj � t

�
� 2 inf

�>0
exp

�
��t C ess-sup

nX
kD1

EŒe�jZk�Zk�1j � 1 � �jZk �Zk�1j j Fk�1�
�
:

In particular, for t < nR,

P
�

max
k�n
jZkj � t

�
� 2 exp

�
�

t2

16nR2

�
:

Proof. The first part follows from [30, Theorem 3.2]. The second part follows from
the observation that for � < 1=.2R/,

EŒe�jZk�Zk�1j � 1 � �jZk �Zk�1j j Fk�1� < 4�
2R2;
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and as such we have for t < nR,

P
�

max
k�n
jZkj � t

�
� 2 inf

0<�<1=.2R/
exp.��t C 4n�2R2/ � 2 exp

�
�

t2

16nR2

�
:

Next we state two results for �-independent random variables in separable Hilbert
spaces.

Theorem A.2 (Concentration of �-independent bounded sum in separable Hilbert
spaces). Consider n �-independent random variables X1; : : : ; Xn in a separable
Hilbert space, where � 2 Œ0; 1�. Suppose that jXi � EŒXi �j � R almost surely. Then,
for ı > 2�R, we have

P
�1
n

ˇ̌̌ nX
iD1

Xi � EŒXi �
ˇ̌̌
� ı

�
� 2 exp

�
�
nı2

64R2

�
:

Proof. Since jXi � EŒXi �j � R, the claims are immediate for ı � R. Let

Zi D X1 � EŒX1�CX2 � EŒX2 j X1�C � � � CXi � EŒXi j X1; : : : ; Xi�1�:

Then Zi is a martingale adapted to Fi D �.X1; : : : ; Xi�1/. By Theorem A.1,

P .jZnj � t / � 2 exp
�
�

t2

16nR2

�
;

assuming that t < nR. Using the �-independence property, we have that

P
�ˇ̌̌ nX
iD1

Xi � EŒXi �
ˇ̌̌
� ın

�
� P .jZnj � ın � n�R/

� 2 exp
�
�
.ı � �R/2n

16R2

�
� 2 exp

�
�
ı2n

64R2

�
:

for ı 2 .2�R; .1C �/R/.

Theorem A.3 (Moments of �-independent heavy-tailed sum in separable Hilbert
spaces). Consider .X1; X2; : : :/ being �-independent random variables in a sepa-
rable Hilbert space. Suppose that for some constant k � 1 (with k � K), for any
i 2 N>0,

sup
m�1

m�k=2EŒjXi j
m�1=m � K:

Then, for m � 1,

E
hˇ̌̌1
n

nX
iD1

Xi � EŒXi �
ˇ̌̌mi1=m

� Km1Ck=2 max.�n0:01; n�1=2/:

Proof. It is easy to see that it suffices to prove the claim for m � 2. Let us define
Fi D �.X1; : : : ; Xi�1/ and

Zi D X1 � EŒX1�CX2 � EŒX2 j F2�C � � � CXi � EŒXi j Fi �:
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Then Zi is a martingale adapted to Fi . Note that for any m � 1 and B > 0:

E
hˇ̌̌ nX
iD1

Xi � EŒXi �
ˇ̌̌mi1=m

� EŒjZnj
m�1=m C E

hˇ̌̌ nX
iD1

EŒXi j Fi � � EŒXi �
ˇ̌̌mi1=m

� EŒjZnj
m�1=m C E

hˇ̌̌ nX
iD1

EŒXiIjXi j�B j Fi � � EŒXiIjXi j�B �
ˇ̌̌mi1=m

C n�B

� EŒjZnj
m�1=m C n1�1=m

� nX
iD1

EŒjXi j
mIjXi j�B �

�1=m
C n�B:

By [30, Theorem 4.1], for m � 2,

EŒjZnj
m�1=m

� Km
� nX
iD1

EŒjXi j
m�
�1=m

CK
p
mE

h� nX
iD1

EŒjXi � EŒXi j Fi �j
2
j Fi �

�m=2i1=m
� Km

� nX
iD1

EŒjXi j
m�
�1=m

CK
p
mE

h� nX
iD1

EŒjXi j
2
j Fi �

�m=2i1=m
� K.mC

p
mn1=2�1=m/

� nX
iD1

EŒjXi j
m�
�1=m

� K.mn1=m C
p
mn1=2/mk=2 � Km1Ck=2n1=2:

We also have

EŒjXi j
m IjXi j�B � � EŒjXi j

2m�1=2P .jXi j � B/
1=2
� Kmmmk=2 exp.�KB2=k/;

since jXi j1=k is K-sub-Gaussian. Therefore,

E
hˇ̌̌ nX
iD1

Xi � EŒXi �
ˇ̌̌mi1=m

� Km1Ck=2n1=2 CKmk=2 exp
�
�
KB2=k

m

�
nC n�B:

The claim is satisfied for B2=k D cm logn with a suitable constant c.

B. Remaining proofs for Section 3

B.1. Proof of Lemma 3.2

Proof of Lemma 3.2. Let �.i/ D 2L�i and N�.i/ D 2i�1. Let us define

JwiKm;t D
r
50

m
E
�

sup
s�t
jwi .s; Ci�1; Ci /j

m
�1=m

; i D 2; : : : ; L:
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We prove the following by backward induction, for i D 2; : : : ; L and any m � 50:r
50

m
E
�

sup
s�t

ess-sup
Z�P

j�Hi .s; Z; Ci /j
m
�1=m

� K3�.i�1/�2.1C t�.i/�1/

LY
jDiC1

.1C Jwj K N�.j�i/m;0 C 9bj9 N�.j�i/0 /;

JwiKm;t � K3�.i�1/�1.1C JwiKm;0/.1C t�.i//
LY

jDiC1

.1C Jwj K N�.j�i/m;0 C9bj9 N�.j�i/0 /;

9 bi9t � K3�.i�1/�1.1C9bi90/.1C t�.i//
LY

jDiC1

.1C Jwj K N�.j�i/m;0 C9bj9 N�.j�i/0 /;

for some immaterial constant K � 1, where, by standard convention,
QL
jDiC1 D 1 if

i D L.
Let us start with i D L. By Assumption 2.6, for P -almost every z,

sup
t�0

j�HL .t; z; 1/j � K:

Consequently, for P -almost every z,

max
�

sup
t�0

sup
cL�12�L�1

j�wL .t; z; cL�1; 1/j; sup
t�0

j�bL.t; z; 1/j
�

� K
�
1C sup

t�0

j�HL .t; z; 1/j
�
� K2:

Together with Assumption 2.4 and the fact that wL and bL satisfy the MF ODEs, this
implies

JwLKm;t � JwLKm;0 CK2t; 9bL9t � 9bL 90 CK2t:

These prove the statement for i D L.
Next, assuming the statement for i C 1, we prove the statement for i , where

1 < i < L. Using Cauchy–Schwarz’s inequality, we have from Assumption 2.6, for
m � 50,

E
�

sup
s�t

ess-sup
Z�P

j�Hi .s; Z; Ci /j
m
�

� KmE
h

sup
s�t

ess-sup
Z�P

ˇ̌
ECiC1

�
.1C j�HiC1.s; Z; CiC1/j/

� .1C jwiC1.s; Ci ; CiC1/j C jbiC1.s; CiC1/j/
�ˇ̌mi

� KmE
h
ECiC1

�
1C sup

s�t
ess-sup
Z�P

j�HiC1.s; Z; CiC1/j
2
�m=2

� ECiC1

�
1C sup

s�t
jwiC1.s; Ci ; CiC1/j

2
C sup

s�t
jbiC1.s; CiC1/j

2
�m=2i
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� Km
�
1C E

�
sup
s�t

ess-sup
Z�P

j�HiC1.s; Z; CiC1/j
2
�m=2�

� E
h
1C ECiC1

�
sup
s�t
jwiC1.s; Ci ; CiC1/j

m
�
C E

�
sup
s�t
jbiC1.s; CiC1/j

2�m=2
i

� Km
�
1C E

�
sup
s�t

ess-sup
Z�P

j�HiC1.s; Z; CiC1/j
2
�m=2�

� .1Cmm=2JwiC1Kmm;t C 9biC19mt /;

which implies, by the induction hypothesis,r
50

m
E
�

sup
s�t

ess-sup
Z�P

j�Hi .s; Z; Ci /j
m
�1=m

� K
�
1C E

�
sup
s�t

ess-sup
Z�P

j�HiC1.s; Z; CiC1/j
2
�1=2�

.1C JwiC1Km;t C 9biC19t /

� K
h
1CK3�.i/�2.1C t�.iC1/�1/

LY
jDiC2

.1C Jwj K N�.j�i�1/m;0 C 9bj9 N�.j�i�1/0 /
i

�

h
1CK3�.i/�1.1C JwiC1Km;0 C 9biC190/.1C t�.iC1//

�

LY
jDiC2

.1C Jwj K N�.j�i�1/m;0 C 9bj9 N�.j�i�1/0 /
i

� K3�.i�1/�2.1C t�.i/�1/

LY
jDiC1

.1C Jwj K N�.j�i/m;0 C 9bj9 N�.j�i/0 /:

Therefore, by Assumptions 2.6 and 2.4, with the fact that wi satisfies the MF ODEs,
we have

JwiKm;t D
r
50

m
E
h

sup
s�t

ˇ̌̌
wi .0; Ci�1; Ci /

�

Z s

0

�w
i .s
0/EZ Œ�

w
i .s
0; Z; Ci�1; Ci /� ds

0

ˇ̌̌mi1=m
� JwiKm;0 C

K
p
m

E
�

sup
s�t

ess-sup
Z�P

j�wi .s; Z; Ci�1; Ci /j
m
�1=m

t

� JwiKm;0 CK
�
1C

1
p
m

E
�

sup
s�t

ess-sup
Z�P

j�Hi .s; Z; Ci /j
m
�1=m�

t

� K3�.i�1/�1.1C JwiKm;0/.1C t�.i//
LY

jDiC1

.1C Jwj K N�.j�i/m;0 C9bj9 N�.j�i/0 /:

We obtain a similar bound for 9bi9t . This completes the backward induction. With
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the same argument, one can obtain a similar bound for i D 1:r
50

m
E
�

sup
s�t

ess-sup
Z�P

j�H1 .s; Z; C1/j
m
�1=m

� K3�.0/�2.1C t�.1/�1/

LY
jD2

.1C Jwj K N�.j�1/m;0 C 9bj9 N�.j�1/0 /;

9 w19t � K3�.0/�1.1C 9w190/.1C t�.1//
LY
jD2

.1C Jwj K N�.j�1/m;0 C 9bj9 N�.j�1/0 /:

By taking the supremum onm or settingmD 50, these bounds imply the claimed
bound on JW K ;t and 9W 9t . In addition, from the bounds on JwiKm;t , it follows
that sups�t jwi .s; Ci�1; Ci /j is K0.t/-sub-Gaussian for 2 � i � L. Together with the
union bound, we then get the claimed probability bound.

B.2. Proof of Lemma 3.4

We state the following two useful auxiliary lemmas.

Lemma B.1. Consider two collections of MF parameters W 0; W 00 2 WT . Under
Assumption 2.5, for any t � T and 1 � i � L, the following hold:

E
�

sup
s�t

ess-sup
X�P

jHi .X; Ci IW
0.s// �Hi .X; Ci IW

00.s//j2
�1=2

� KLKL0 .T /kW
0
�W 00kt ;

sup
s�t

ess-sup
X�P

j Oy.X IW 0.s// � Oy.X IW 00.s//j � KLKL0 .T /kW
0
�W 00kt :

Lemma B.2. GivenB � 0, consider two collections of MF parametersW 0;W 00 2WT

such that

P .maxwT .W
0/ � K0.T /B/ � 2Le

1�K1B
2

;

P .maxwT .W
00/ � K0.T /B/ � 2Le

1�K1B
2

:

Under Assumptions 2.5 and 2.6, for any t � T and 2 � i � L, the following hold:

E
�

sup
s�t

ess-sup
Z�P

j�wi .Z; Ci�1; Ci IW
0.s// ��wi .Z; Ci�1; Ci IW

00.s//j2
�1=2

� D.t;W 0; W 00/;

E
�

sup
s�t

ess-sup
Z�P

j�bi .Z; Ci IW
0.s// ��bi .Z; Ci IW

00.s//j2
�1=2
� D.t;W 0; W 00/;

E
�

sup
s�t

ess-sup
Z�P

j�w1 .Z; C1IW
0.s// ��w1 .Z; C1IW

00.s//j2
�1=2
� D.t;W 0; W 00/;

in which D.t;W 0; W 00/ WD .KK0.T //2LC2..1C B/kW 0 �W 00kt C
p
Le�K1B

2=2/:
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These lemmas lay the foundation to prove Lemma 3.4.

Proof of Lemma 3.4. Let us recall the quantity D.t; W 0; W 00/ from Lemma B.2. Let
us note a simple identity:

EC
h� Z t

0

f .s; C / ds
�2i
D

Z t

0

Z t

0

EC Œf .s1; C /f .s2; C /� ds1ds2

�

Z t

0

Z t

0

EC Œjf .s1; C /j
2�1=2EC Œjf .s2; C /j

2�1=2 ds1ds2

D

� Z t

0

EC Œjf .s; C /j
2�1=2ds

�2
:

Now, for any i � 2,

E
h� Z t

0

ˇ̌̌ @
@t
Fwi .W

0/.s; Ci�1; Ci / �
@

@t
Fwi .W

00/.s; Ci�1; Ci /
ˇ̌̌
ds
�2i1=2

D E
h� Z t

0

ˇ̌
�w
i .s/EZ Œ�

w
i .Z; Ci�1; Ci IW

0.s//��wi .Z; Ci�1; Ci IW
00.s//�

ˇ̌
ds
�2i1=2

(a)
� KE

h� Z t

0

ˇ̌
EZ Œ�

w
i .Z; Ci�1; Ci IW

0.s// ��wi .Z; Ci�1; Ci IW
00.s//�

ˇ̌
ds
�2i1=2

(b)
� K

Z t

0

E
�ˇ̌

EZ Œ�
w
i .Z; Ci�1; Ci IW

0.s// ��wi .Z; Ci�1; Ci IW
00.s//�

ˇ̌2�1=2
ds

(c)
� K

Z t

0

D.s;W 0; W 00/ ds;

where (a) is due to Assumption 2.4, (b) is by the aforementioned identity, and (c) is
an application of Lemma B.2. Therefore,

E
�

sup
s�t
jFwi .W

0/.s; Ci�1; Ci / � F
w
i .W

00/.s; Ci�1; Ci /j
2
�1=2

� E
h

sup
s�t

� Z s

0

ˇ̌̌ @
@t
Fwi .W

0/.s0; Ci�1; Ci / �
@

@t
Fwi .W

00/.s0; Ci�1; Ci /
ˇ̌̌
ds0
�2i1=2

� K

Z t

0

D.s;W 0; W 00/ ds:

One can show the same bound for F bi and Fw1 . This completes the proof.

Lemmas B.1 and B.2 are in fact special cases of the following lemmas.

Lemma B.3. Consider two collections of MF parameters W 0; W 00 2 WT . Suppose
that we define QC1; : : : ; QCL independent random variables on�1; : : : ;�L, such that QCi
is independent of C1; : : : ; Ci�1; CiC1; : : : ; CL, and that there exists some K�.T / �
K0.T / such that all following quantities are upper-bounded by K�.T / for all t � T
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and for W D W 0 or W D W 00:

max
2�i�L

E
�

sup
s�t
jwi .s; QCi�1; QCi /j

50
�1=50

; max
2�i�L

E
�

sup
s�t
jwi .s; Ci�1; QCi /j

50
�1=50

;

max
2�i�L

E
�

sup
s�t
jwi .s; QCi�1; Ci /j

50
�1=50

; max
2�i�L

E
�

sup
s�t
jwi .s; Ci�1; Ci /j

50
�1=50

;

max
2�i�L

E
�

sup
s�t
jbi .s; QCi /j

50
�1=50

; max
2�i�L

E
�

sup
s�t
jbi .s; Ci /j

50
�1=50

;

E
�

sup
s�t
jw1.s; QC1/j

50
�1=50

;E
�

sup
s�t
jw1.s; C1/j

50
�1=50

:

Under Assumption 2.5, for any t � T and 1 � i � L, we have

E
�

sup
s�t

ess-sup
X�P

jHi .X; QCi IW
0.s//�Hi .X; QCi IW

00.s//j2
�1=2
�KLKL� .T /

Qdt .W
0;W 00/;

and the same holds if we replace QCi with Ci in the left-hand side of the above. Here
we have defined the metrics:

Qdt .W
0; W 00/ D max

�
max
2�i�L

Qdt .w
0
i ; w
00
i /; max

2�i�L

Qdt .b
0
i ; b
00
i /;
Qdt .w

0
1; w

00
1/
�
;

Qdt .w
0
i ; w
00
i / D max

�
E
�

sup
s�t
jw0i .s;

QCi�1; QCi / � w
00
i .s;
QCi�1; QCi /j

2
�1=2

;

E
�

sup
s�t
jw0i .s; Ci�1;

QCi / � w
00
i .s; Ci�1;

QCi /j
2
�1=2

;

E
�

sup
s�t
jw0i .s;

QCi�1; Ci / � w
00
i .s;
QCi�1; Ci /j

2
�1=2

;

E
�

sup
s�t
jw0i .s; Ci�1; Ci / � w

00
i .s; Ci�1; Ci /j

2
�1=2�

;

Qdt .b
0
i ; b
00
i / D max

�
E
�

sup
s�t
jb0i .s;

QCi / � b
00
i .s;
QCi /j

2
�1=2

;

E
�

sup
s�t
jb0i .s; Ci / � b

00
i .s; Ci /j

2
�1=2�

;

Qdt .w
0
1; w

00
1/ D max

�
E
�

sup
s�t
jw01.s;

QC1/ � w
00
1.s;
QC1/j

2
�1=2

;

E
�

sup
s�t
jw01.s; C1/ � w

00
1.s; C1/j

2
�1=2�

:

(Note that the random variables QCi are general, and may be chosen to be equal to Ci .
The space WT which contains W 0 and W 00 is defined with respect to the random
variables C1; : : : ; CL.)

Lemma B.4. Consider two collections of MF parameters W 0; W 00 2 WT . Suppose
we define the random variables QC1; : : : ; QCL, the bounding constant K�.T / and the
metric Qdt .W 0; W 00/ as given in the statement of Lemma B.3. Further assume that for
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some non-negative function „ and some B � 0,

P .emaxwT .W 0/ � K�.T /B/ � „.B/;
P .emaxwT .W 00/ � K�.T /B/ � „.B/;

in which we define

emaxwt .W 0/ D max
2�i�L

sup
s�t

max
�
jw0i .s; Ci�1;

QCi /j; jw
0
i .s;
QCi�1; Ci /j;

jw0i .s;
QCi�1; QCi /j; jw

0
i .s; Ci�1; Ci /j

�
:

Under Assumptions 2.5 and 2.6, for any t � T and 2 � i � L, we have

E
�

sup
s�t

ess-sup
Z�P

j�wi .Z;
QCi�1; QCi IW

0.s// ��wi .Z;
QCi�1; QCi IW

00.s//j2
�1=2

� QD.t;W 0; W 00/;

E
�

sup
s�t

ess-sup
Z�P

j�bi .Z;
QCi IW

0.s// ��bi .Z;
QCi IW

00.s//j2
�1=2
� QD.t;W 0; W 00/;

E
�

sup
s�t

ess-sup
Z�P

j�w1 .Z;
QC1IW

0.s// ��w1 .Z;
QC1IW

00.s//j2
�1=2
� QD.t;W 0; W 00/;

and the same holds if we replace QCi or QCi�1 with Ci or Ci�1, respectively, in the
left-hand side of each line above. Here

QD.t;W 0; W 00/ WD .KK�.T //
3LC2..1C B/ Qdt .W

0; W 00/C
p
„.B//:

Next we prove each of the remaining lemmas.

B.3. Proof of Lemmas B.1 and B.3

Proof of Lemma B.1. The first bound is a direct corollary of Lemma B.3 by setting
QCi D Ci for all i 2 ŒL�. In addition, by Assumption 2.5,

sup
s�t

ess-sup
X�P

j Oy.X IW 0.s// � Oy.X IW 00.s//j � KDL.t/ � K
LKL0 .T /kW

0
�W 00kt ;

completing the proof.

Proof of Lemma B.3. Let us denote

Di .t/ D E
�

sup
s�t

ess-sup
X�P

jHi .X; Ci IW
0.s// �Hi .X; Ci IW

00.s//j2
�1=2

;

QDi .t/ D E
�

sup
s�t

ess-sup
X�P

jHi .X; QCi IW
0.s// �Hi .X; QCi IW

00.s//j2
�1=2

:

By Assumption 2.5,

QD1.t/ � KE
�

sup
s�t
jw01.s;

QC1/ � w
00
1.s;
QC1/j

2
�1=2
� K Qdt .W

0; W 00/:
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The same bound holds for D1.t/. Next let us consider QDi .t/. By Assumption 2.5,
using Cauchy–Schwarz’s inequality, we obtain

QDi .t/ � KE
h

sup
s�t

ECi�1

�
.1C jw0i .s; Ci�1;

QCi /j C jw
00
i .s; Ci�1;

QCi /j C jb
0
i .s;
QCi /j

C jb00i .s;
QCi /j/ ess-sup

X�P

jHi�1.X; Ci�1IW
0.s// �Hi�1.X; Ci�1IW

00.s//j
�2i1=2

CKE
�

sup
s�t

ECi�1
Œjw0i .s; Ci�1;

QCi /�w
00
i .s; Ci�1;

QCi /jCjb
0
i .s;
QCi /�b

00
i .s;
QCi /j�

2
�1=2

� KE
h
D2
i�1.t/ sup

s�t
ECi�1

�
1C jw0i .s; Ci�1;

QCi /j
2
C jw00i .s; Ci�1;

QCi /j
2

C jb0i .s;
QCi /j

2
C jb00i .s;

QCi /j
2
�i1=2

CKE
�

sup
s�t

ECi�1
Œjw0i .s; Ci�1;

QCi /�w
00
i .s; Ci�1;

QCi /jCjb
0
i .s;
QCi /�b

00
i .s;
QCi /j�

2
�1=2

� KK�.T /Di�1.t/CK Qdt .W
0; W 00/:

We have the same bound for Di .t/. Hence,

max.Di .t/; QDi .t// � KK�.T /max.Di�1.t/; QDi�1.t//CK Qdt .W 0; W 00/:

This, in particular, implies

max
1�i�L

max.Di .t/; QDi .t// � KLKL� .T / Qdt .W
0; W 00/;

which proves the statement.

B.4. Proof of Lemmas B.2 and B.4

Proof of Lemma B.2. This is a special case of Lemma B.4 with QCi DCi for all i 2 ŒL�,
K�.T / D K0.T / and „.B/ D 2Le1�K1B

2
.

Proof of Lemma B.4. First of all, by Cauchy–Schwarz’s inequality, we have, from
Assumption 2.6,

E
�

sup
s�t

ess-sup
Z�P

j�Hi .Z;
QCi IW

0.s//j50
�1=50

� KE
h

sup
s�t

ess-sup
Z�P

ˇ̌
ECiC1

�
.1C j�HiC1.Z; CiC1IW

0.s//j/

� .1C jw0iC1.s;
QCi ; CiC1/j C jb

0
iC1.s; CiC1/j/

�ˇ̌50i1=50
� KE

h
ECiC1

�
1C sup

s�t
ess-sup
Z�P

j�HiC1.Z; CiC1IW
0.s//j2

�25
� ECiC1

�
1C sup

s�t
jw0iC1.s;

QCi ; CiC1/j
2
C sup

s�t
jb0iC1.s; CiC1/j

2
�25i1=50
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� K
�
1C E

�
sup
s�t

ess-sup
Z�P

j�HiC1.Z; CiC1IW
0.s//j2

�1=2�
�
�
1C E

�
sup
s�t
jw0iC1.s;

QCi ; CiC1/j
50
�1=50

C E
�

sup
s�t
jb0iC1.s; CiC1/j

2�1=2
�

� KK�.T /
�
1C E

�
sup
s�t

ess-sup
Z�P

j�HiC1.Z; CiC1IW
0.s//j50�1=50

�
:

We have, similarly,

E
�

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci IW
0.s//j50

�1=50
� KK�.T /

�
1C E

�
sup
s�t

ess-sup
Z�P

j�HiC1.Z; CiC1IW
0.s//j50

�1=50�
:

Therefore, for any i 2 ŒL�,

E
�

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci IW
0.s//j50

�1=50
� KLKL� .T /;

E
�

sup
s�t

ess-sup
Z�P

j�Hi .Z;
QCi IW

0.s//j50
�1=50

� KLKL� .T /:
(B.1)

The same bound holds for W 00. With this, let us proceed with two steps.

Step 1. For brevity, let us define

DH
i .t/ D E

�
sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci IW
0.s// ��Hi .Z; Ci IW

00.s//j2
�1=2

;

QDH
i .t/ D E

�
sup
s�t

ess-sup
Z�P

j�Hi .Z;
QCi IW

0.s// ��Hi .Z;
QCi IW

00.s//j2
�1=2

:

We first have, from Assumption 2.6 and Lemma B.3,

DH
L .t/ D

QDH
L .t/ � K sup

s�t
ess-sup
X�P

jHL.X; 1IW
0.s// �HL.X; 1IW

00.s//j

CK sup
s�t

ess-sup
X�P

j Oy.X IW 0.s// � Oy.X IW 00.s//j

� KLKL� .T /
Qdt .W

0; W 00/:

Next we consider QDH
i�1 and DH

i�1 for i � 2. By Assumption 2.6,

QDH
i�1.t/ � K

�
QD
H;1
i�1 .t/C

QD
H;2
i�1 .t/C

QD
H;3
i�1 .t/C

QD
H;4
i�1 .t/C

QD
H;5
i�1 .t/

�
;

in which

QD
H;1
i�1 .t/ D E QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

��
1C jw0i .s;

QCi�1; Ci /j C jw
00
i .s;
QCi�1; Ci /j

C jb0i .s; Ci /jCjb
00
i .s; Ci /j

�
j�Hi .z; Ci IW

0.s//��Hi .z; Ci IW
00.s//j

�2i1=2
;
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QD
H;2
i�1 .t/ DE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
.1Cj�Hi .Z; Ci IW

0.s//jCj�Hi .Z; Ci IW
00.s//j/

� .jw0i .s;
QCi�1; Ci / � w

00
i .s;
QCi�1; Ci /j C jb

0
i .s; Ci / � b

00
i .s; Ci /j/

�2i1=2
;

QD
H;3
i�1 .t/ DE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
.1Cj�Hi .Z; Ci IW

0.s//jCj�Hi .Z; Ci IW
00.s//j/

� .1C jw0i .s;
QCi�1; Ci /j C jw

00
i .s;
QCi�1; Ci /j C jb

0
i .s; Ci /j C jb

00
i .s; Ci /j/

� jHi .X; Ci IW
0.s// �Hi .X; Ci IW

00.s//j
�2i1=2

;

QD
H;4
i�1 .t/ DE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
.1Cj�Hi .Z; Ci IW

0.s//jCj�Hi .Z; Ci IW
00.s//j/

� .1C jb0i .s; Ci /j C jb
00
i .s; Ci /j/

�2
� jHi�1.X; QCi�1IW

0.s// �Hi�1.X; QCi�1IW
00.s//j2

i1=2
;

QD
H;5
i�1 .t/ DE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
.1Cj�Hi .Z; Ci IW

0.s//jCj�Hi .Z; Ci IW
00.s//j/

� .jw0i .s;
QCi�1; Ci /j C jw

00
i .s;
QCi�1; Ci /j/

i2
� jHi�1.X; QCi�1IW

0.s// �Hi�1.X; QCi�1IW
00.s//j2

i1=2
:

We bound each term. For QDH;1
i�1 , we use Cauchy–Schwarz’s inequality to obtain

QD
H;1
i�1 .t/ � KE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

��
1C jw0i .s;

QCi�1; Ci /j
2
C jw00i .s;

QCi�1; Ci /j
2

C jb0i .s; Ci /j
2
C jb00i .s; Ci /j

2
�
jDH

i .t/j
2
�i1=2

� KK�.T /D
H
i .t/:

Similarly, using equation (B.1),

QD
H;2
i�1 .t/ � K sup

s�t
ess-sup
Z�P

ECi

�
1Cj�Hi .Z; Ci IW

0.s//j2Cj�Hi .Z; Ci IW
00.s//j2

�1=2
� Qdt .W

0; W 00/

� KLKL� .T /
Qdt .W

0; W 00/:

To bound QDH;3
i�1 , we use Lemma B.3 and equation (B.1):

QD
H;3
i�1 .t/

� KE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
1Cj�Hi .Z; Ci IW

0.s//j4Cj�Hi .Z; Ci IW
00.s//j4

�1=2
� ECi

�
1Cjw0i .s;

QCi�1;Ci /j
4
Cjw00i .s;

QCi�1;Ci /j
4
Cjb0i .s; Ci /j

4
Cjb00i .s; Ci /j

4
�1=2

� ECi
ŒjHi .X; Ci IW

0.s// �Hi .X; Ci IW
00.s//j2�

i1=2
� K2LC2K2LC2� .T / Qdt .W

0; W 00/;
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and similarly, for QDH;4
i�1 ,

QD
H;4
i�1 .t/

� KE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
1C j�Hi .Z; Ci IW

0.s//j2 C j�Hi .Z; Ci IW
00.s//j2

�
� ECi

Œ1C jb0i .s; Ci /j
2
C jb00i .s; Ci /j

2�

� jHi�1.X; QCi�1IW
0.s// �Hi�1.X; QCi�1IW

00.s//j2
i1=2

� K2LC2K2LC2� .T / Qdt .W
0; W 00/:

The treatment of QDH;5
i�1 requires more care. Cauchy–Schwarz’s inequality and equa-

tion (B.1) give us

QD
H;5
i�1 .t/

� KE QCi�1

h
sup
s�t

ess-sup
Z�P

ECi

�
1C j�Hi .Z; Ci IW

0.s//j2 C j�Hi .Z; Ci IW
00.s//j2

�
� ECi

Œjw0i .s;
QCi�1; Ci /j

2
C jw00i .s;

QCi�1; Ci /j
2�

� jHi�1.X; QCi�1IW
0.s// �Hi�1.X; QCi�1IW

00.s//j2
i1=2

� KLKL� .T /E
�

sup
s�t
.jw0i .s;

QCi�1; Ci /j
2
C jw00i .s;

QCi�1; Ci /j
2/

� ess-sup
Z�P

jHi�1.X; QCi�1IW
0.s// �Hi�1.X; QCi�1IW

00.s//j2
�1=2

:

Recall our assumption

P .emaxwT .W 0/ � K�.T /B/ � „.B/;
P .emaxwT .W 00/ � K�.T /B/ � „.B/:

We also have, from Assumption 2.5,

E
�

sup
s�t

ess-sup
Z�P

jHi�1.X; QCi�1IW
0.s//j8

�1=8
� K

�
1C E

�
sup
s�t
jw0i�1.s; Ci�2;

QCi�1/j
8
�1=8
C E

�
sup
s�t
jb0i�1.s;

QCi�1/j
8
�1=8�

� KK�.T /;

and similarly,

E
�

sup
s�t

ess-sup
Z�P

jHi�1.X; QCi�1IW
00.s//j8

�1=8
� KK�.T /:

As such, denoting the event

E D
®

sup
s�t
jw0i .s;

QCi�1; Ci /j � K�.T /B; sup
s�t
jw00i .s;

QCi�1; Ci /j � K�.T /B
¯
;
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we obtain, from Lemma B.3,

QD
H;5
i�1 .t/

� KLKL� .T /E
�

sup
s�t
.jw0i .s;

QCi�1; Ci /j
2
C jw00i .s;

QCi�1; Ci /j
2/

� ess-sup
Z�P

jHi�1.X; QCi�1IW
0.s// �Hi�1.X; QCi�1IW

00.s//j2.I.:E/C I.E//
�1=2

� KLKLC1� .T /B

� E
�

sup
s�t

ess-sup
Z�P

jHi�1.X; QCi�1IW
0.s//�Hi�1.X; QCi�1IW

00.s//j2
�1=2

CKLKL� .T /E
�

sup
s�t
jw0i .s;

QCi�1; Ci /j
8
C sup

s�t
jw00i .s;

QCi�1; Ci /j
8
�1=8

�E
�

sup
s�t

ess-sup
Z�P

.jHi�1.X; QCi�1IW
0.s//j8CjHi�1.X; QCi�1IW

00.s//j8/
�1=8

P .E/1=2

� K2LC2K2LC2� .T /B Qdt .W
0; W 00/CKLKLC2� .T /

p
„.B/:

Putting all the bounds together yields

QDH
i�1.t/ � KK�.T /D

H
i .t/C .KK�.T //

2LC2.1C B/ Qdt .W
0; W 00/

CKLKLC2� .T /
p
„.B/:

Similarly,

DH
i�1.t/ � KK�.T /D

H
i .t/C .KK�.T //

2LC2.1C B/ Qdt .W
0; W 00/

CKLKLC2� .T /
p
„.B/:

Together with the bound on DH
L and QDH

L , we thus obtain

max
1�i�L

max. QDH
i .t/;D

H
i .t//

� .KK�.T //
3LC2..1C B/ Qdt .W

0; W 00/C
p
„.B//: (B.2)

This completes the first step.

Step 2. We now prove the main claims of the lemma. For brevity, for i � 2, let us
denote

QDw
i .t/ D E

�
sup
s�t

ess-sup
Z�P

j�wi .Z;
QCi�1; QCi IW

0.s// ��wi .Z;
QCi�1; QCi IW

00.s//j2
�1=2

;

QDb
i .t/ D E

�
sup
s�t

ess-sup
Z�P

j�bi .Z;
QCi IW

0.s// ��bi .Z;
QCi IW

00.s//j2
�1=2

;

QDw
1 .t/ D E

�
sup
s�t

ess-sup
Z�P

j�w1 .Z;
QC1IW

0.s// ��w1 .Z;
QC1IW

00.s//j2
�1=2

:

By Assumption 2.5,
QDw
i .t/ � K.

QD
w;1
i .t/C QD

w;2
i .t//;
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in which

QD
w;1
i .t/ D E

�
sup
s�t

ess-sup
Z�P

.1C j�Hi .Z;
QCi IW

0.s//j2 C j�Hi .Z;
QCi IW

00.s//j2/

� .jHi�1.X; QCi�1IW
0.s// �Hi�1.X; QCi�1IW

00.s//j2/
�1=2

;

QD
w;2
i .t/ D E

�
sup
s�t

ess-sup
Z�P

�
j�Hi .Z;

QCi IW
0.s// ��Hi .Z;

QCi IW
00.s//j2

C jw0i .s;
QCi�1; QCi / � w

00
i .s;
QCi�1; QCi /j

2
C jb0i .s;

QCi / � b
00
i .s;
QCi /j

2

C jHi .X; QCi IW
0.s// �Hi .X; QCi IW

00.s//j2
��1=2

:

We bound QDw;1
i :

QD
w;1
i .t/ � E

�
sup
s�t

ess-sup
Z�P

.1C j�Hi .Z;
QCi IW

0.s//j2 C j�Hi .Z;
QCi IW

00.s//j2/
�1=2

� E
�

sup
s�t

ess-sup
Z�P

jHi�1.X; QCi�1IW
0.s//�Hi�1.X; QCi�1IW

00.s//j2
�1=2

� K2LK2L� .T / Qdt .W
0; W 00/;

where we have used equation (B.1) and Lemma B.3. We also have the following
bound on QDw;2

i from Lemma B.3 and equation (B.2):

QD
w;2
i .t/ � .KK�.T //

3LC2..1C B/ Qdt .W
0; W 00/C

p
„.B//;

which therefore leads to

QDw
i .t/ � .KK�.T //

3LC2..1C B/ Qdt .W
0; W 00/C

p
„.B//:

The same bound similarly applies to QDb
i .t/ and QDw

1 .t/.

C. Remaining proofs for Section 4

C.1. Proofs of Propositions 4.14, 4.15 and 4.16

Before delving into the proofs, we introduce some auxiliary results. We first present a
useful concentration result. In fact, the tail bound can be improved using the argument
in [15], but the following simpler version is sufficient for our purposes.

Lemma C.1. Consider an integer n � 2; let .c1; c2; : : : ; cn/ be �-independent for
� 2 Œ0; 1=2� and let x be another independent random variable. Let Ex and Ec denote
the expectations with respect to x only and ¹ciºi2Œn� only, respectively. Consider a
collection of mappings ¹fiºi2Œn�, which map to the same separable Hilbert space.
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Let fi .x/ D EcŒfi .ci ; x/�. Assume that jfi .ci ; x/ � fi .x/j � R for almost every x
and ci , then for any ı > 2�R,

P
�
Ex
hˇ̌̌1
n

nX
iD1

fi .ci ; x/ � fi .x/
ˇ̌̌i
� ı

�
�
4R

ı
exp

�
�

nı2

512R2

�
:

Proof. For brevity, let us define

Zn.x/ D

nX
iD1

.fi .ci ; x/ � fi .x//:

By Theorem A.2, for ı > 2�R,

P .jZn.x/j � nı j x/ � 2 exp
�
�
nı2

64R2

�
;

and therefore

P .jZn.x/j � nı/ � 2 exp
�
�
nı2

64R2

�
;

since the right-hand side is uniform in x. Next note that, with respect to the random-
ness of x only,

ExŒjZn.x/j� D ExŒjZn.x/jI.jZn.x/j � nı=2/�C ExŒjZn.x/jI.jZn.x/j < nı=2/�

� ExŒjZn.x/jI.jZn.x/j � nı=2/�C nı=2:

As such, by Markov’s inequality and Cauchy–Schwarz’s inequality,

P .ExŒjZn.x/j� � nı/ � P
�
ExŒjZn.x/jI.jZn.x/j � nı=2/� � nı=2

�
�

2

nı
EŒjZn.x/jI.jZn.x/j � nı=2/�

�
2

nı
EŒjZn.x/j

2�1=2P .jZn.x/j � nı=2/
1=2

�
4

nı
EŒjZn.x/j

2�1=2 exp
�
�

nı2

512R2

�
:

Notice that, since c1; : : : ; cn are �-independent and fi .x/ D EcŒfi .ci ; x/�,

EŒjZn.x/j
2� � nR2 C �n2R2:

We thus get

P .ExŒjZn.x/j� � nı/ �
4
p
1C �nR
p
nı

exp
�
�

nı2

512R2

�
�
4R

ı
exp

�
�

nı2

512R2

�
:

This proves the claim.
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The next useful result concerns with the sampling at initialization.

Lemma C.2. Under Assumption 4.6, following the coupling procedure, we have, for
any ı > 0 andB > 0, with probability at least 1�KLnmax exp.�K.ı ^ ı1=26/n1=52min /,
that the following hold, for 2 � i � L:

Moment bounds:

9 QW 90 D 9W90 � 9W 90 Cı1=50;� 1
ni

niX
jiD1

ECi�1
Œjw0i .Ci�1; Ci .ji //j

50�
�1=50

� EŒjw0i .Ci�1; Ci /j
50�1=50 C ı1=50;

� 1

ni�1

ni�1X
ji�1D1

ECi
Œjw0i .Ci�1.ji�1/; Ci /j

50�
�1=50

� EŒjw0i .Ci�1; Ci /j
50�1=50 C ı1=50:

Excess bounds:ˇ̌̌ 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

I.jw0i .Ci�1.ji�1/; Ci .ji //j�B/ � P .jw0i .Ci�1; Ci /j�B/
ˇ̌̌
� ı;

ˇ̌̌ 1
ni

niX
jiD1

I.jb0i .Ci .ji //j � B/ � P .jb0i .Ci /j � B/
ˇ̌̌
� ı:

Here nmax D max.n1; : : : ; nL/ and nmin D min.n1; : : : ; nL�1/.

Proof. We treat the bounds separately.

The moment bounds. We recall that

9 QW 90 D max
�

max
2�i�L

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jw0i .Ci�1.ji�1/; Ci .ji //j
50
�1=50

;

max
2�i�L

� 1
ni

niX
jiD1

jb0i .Ci .ji //j
50
�1=50

;
� 1
n1

n1X
j1D1

jw01.C1.j1//j
50
�1=50�

:

Let us first prove the following:

P .Z.1/ � ı/ � e � exp.�Kı1=26n1=521 /;

Z.1/ D
ˇ̌̌ 1
n1

n1X
j1D1

jw01.C1.j1//j
50
� EŒjw01.C1/j

50�
ˇ̌̌
:

Indeed, we note that for any m � 1, EŒjw01.C1/j
50m�1=m � Km25. As such, by The-

orem A.3,
EŒjZ.1/jm�1=m � Km26n�1=21 :
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This implies jZ.1/j1=52 is Kn�1=1041 -sub-Gaussian, from which the claim follows.
Using the same argument, we get

P .Z.L/ � ı/ � e � exp.�Kı1=26n1=52L�1 /;

Z.L/ D
ˇ̌̌ 1

nL�1

nL�1X
jL�1D1

jw0L.CL�1.jL�1/; 1/j
50
� EŒjw0L.CL�1; 1/j

50�
ˇ̌̌
;

as well as that

P .A.i/ � ı/ � e � exp.�Kı1=26n1=52i /;

A.i/ D
ˇ̌̌ 1
ni

niX
jiD1

jb0i .Ci .ji //j
50
� EŒjb0i .Ci /j

50�
ˇ̌̌
;

for 2 � i � L� 1. In addition, since�L D ¹1º and nL D 1, it is obvious that we have
jb0L.CL.jL//j D jb

0
L.CL/j.

Next for 2 � i � L � 1, without loss of generality, suppose ni � ni�1. Let us
prove the following:

P .Z.i/ � ı/ � eni � exp.�Kı1=26n1=52i�1 /;

Z.i/ D
ˇ̌̌ 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jw0i .Ci�1.ji�1/; Ci .ji //j
50
� EŒjw0i .Ci�1; Ci /j

50�
ˇ̌̌
:

For fixed ji 2 Œni �, let us first consider

QCji
.ji�1/ D

�
Ci�1.ji�1/; Ci ..ji�1 C ji / modni /

�
:

For any 1-bounded function f , due to independence between Ci .ji / and Ci�1.ji�1/
and Assumption 4.4, we haveˇ̌

EŒf . QCji
.ji�1// j ¹ QCji

.j 0i�1/ºj 0i�1
¤ji�1

; Ci ..ji�1 C ji / modni /�

� EŒf . QCji
.ji�1// j Ci ..ji�1 C ji / modni /�

ˇ̌
� �i�1;

which impliesˇ̌
EŒf . QCji

.ji�1// j ¹ QCji
.j 0i�1/ºj 0i�1

¤ji�1
� � EŒf . QCji

.ji�1//�
ˇ̌
� �i�1:

That is, ¹ QCji
.ji�1/ºji�12Œni�1� is �i�1-independent. Hence, by the same argument, by

letting

Z
.i/
ji
D

ˇ̌̌ 1

ni�1

ni�1X
ji�1D1

jw0i .
QCji
.ji�1//j

50
� EŒjw0i . QCji

.ji�1//j
50�
ˇ̌̌
;
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we have
P .Z.i/ji

� ı/ � e � exp.�Kı1=26n1=52i�1 /:

By the union bound,

P .Z.i/ � ı/ � P
�

max
ji�ni

Z
.i/
ji
� ı

�
� eni � exp.�Kı1=26n1=52i�1 /;

which is the desired claim.
Upon an application of the union bound, these probability bounds imply the bound

on the probability of the event 9 QW 90 D 9W90 � 9W 90 Cı1=50. The rest of the
bounds are similarly proven.

The excess bounds. Without loss of generality, assume ni � ni�1 for 2 � i � L� 1.
Let us denote

D
.i/
ji
D

1

ni�1

ni�1X
ji�1D1

I.jw0i . QCji
.ji�1//j � B/ � P .jw0i .Ci�1; Ci /j � B/:

Recall previously that ¹ QCji
.ji�1/ºji�12Œni�1� is �i�1-independent. As such, by Theo-

rem A.3,
EŒjD.i/

ji
j
m�1=m � Kmn

�1=2
i�1 :

This implies that jD.i/
ji
j1=2 is Kn�1=4i�1 -sub-Gaussian, and hence for any ı > 0,

P .jD.i/
ji
j � ı/ � e � exp.�Kın1=2i�1/:

The union bound yields

P
�ˇ̌̌ 1
ni

niX
jiD1

D
.i/
ji

ˇ̌̌
� ı

�
� Kni exp.�Kın1=2i�1/:

Note that this holds for any B > 0. The rest of the bounds are similarly proven.

Similar to Lemma 3.2, one can prove the following.

Lemma C.3. Under Assumptions 2.4 and 2.6, for any t 2 Œ0;1/,

9 QW 9t �K�L.1C t�L/.1C9 QW 9�L

0 /; 9W9bt=�c �K�L.1C t�L/.1C9W9�L

0 /;

where �L D KL for some constant K > 1 sufficiently large. In particular, for any
i 2 ŒL�,� 1

ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�H
i .Z; ji I

QW .s//j50
�1=50

� K�L.1C t�L/.1C 9 QW 9�L

0 /;

� 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�H
i .Z; ji IW.bs=�c//j50

�1=50
� K�L.1C t�L/.1C 9W9�L

0 /:
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Furthermore, by defining

9W 9samp;t D max
�

max
2�i�L

� 1
ni

niX
jiD1

ECi�1

�
sup
s�t
jwi .s; Ci�1; Ci .ji //j

50
��1=50

;

max
2�i�L

� 1

ni�1

ni�1X
ji�1D1

ECi

�
sup
s�t
jwi .s; Ci�1.ji�1/; Ci /j

50
��1=50

;

max
2�i�L

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�t
jwi .s; Ci�1.ji�1/; Ci .ji //j

50
�1=50

;

max
2�i�L

� 1
ni

niX
jiD1

sup
s�t
jbi .s; Ci .ji //j

50

�1=50
;

� 1
n1

n1X
j1D1

sup
s�t
jw1.s; C1.j1//j

50
�1=50�

;

we also have

9W 9samp;t ;
� 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci .ji /IW.s//j
50
�1=50

� K�L.1C t�L/.1Cmax.9W 9�L

0 ;9W 9�L

samp;0//:

Proof. The proof follows the same argument as Lemma 3.2. This is obvious for the
statements concerning QW and W. To prove the latter claims that involve 9W 9samp;t ,
the argument follows similarly. In particular, let us denote

9 wi9right;t D

� 1
ni

niX
jiD1

ECi�1

�
sup
s�t
jwi .s; Ci�1; Ci .ji //j

50
��1=50

; 2� i �L;

9 wi9left;t D

� 1

ni�1

ni�1X
ji�1D1

ECi

�
sup
s�t
jwi .s; Ci�1.ji�1/; Ci /j

50
��1=50

; 2� i �L;

9 wi9cen;t D

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�t
jwi .s; Ci�1.ji�1/; Ci .ji //j

50
�1=50

; 2� i �L;

9 bi9samp;t D

� 1
ni

niX
jiD1

sup
s�t
jbi .s; Ci .ji //j

50
�1=50

; 2� i �L;

9 w19samp;t D

� 1
n1

n1X
j1D1

sup
s�t
jw1.s; C1.j1//j

50
�1=50

;

9�Hi 9samp;t D

� 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci .ji /IW.s//j
50
�1=50

; 1� i �L;
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9�Hi 9t D E
h 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci IW.s//j
50
i1=50

; 1� i �L:

Then similar to Lemma 3.2, we obtain, for 2 � i � L,

9�HL 9samp;t � K;

9�Hi�19samp;t � K.1C 9�Hi 9t /.1C 9wi 9left;t C 9 bi9t /;
9wi9left;t � 9wi 9left;0 CK.1C 9�Hi 9t /t;

9wi9right;t � 9wi 9right;0 CK.1C 9�Hi 9samp;t /t;

9wi9cen;t � 9wi 9cen;0 CK.1C 9�Hi 9samp;t /t;

9bi9samp;t � 9bi 9samp;0 CK.1C 9�Hi 9samp;t /t;

9w19samp;t � 9w1 9samp;0 CK.1C 9�H1 9samp;t /t:

Note that

9W 9samp;t D max
�

max
2�i�L

9wi9left;t ; max
2�i�L

9wi9right;t ; max
2�i�L

9wi9cen;t ;

max
2�i�L

9bi9samp;t ;9w1 9samp;t
�
:

Together with the bound on 9�Hi 9t given by Lemma 3.2, one can derive the claims.
The proof is complete.

C.1.1. Proof of Proposition 4.14.

Proof of Proposition 4.14. In the following, letKt denote an immaterial positive con-
stant that takes the form

Kt D K
�L.1C t�L/;

where �L D KL, such that Kt � 1 and Kt � KT for all t � T . We note that the
terminal time T , the constant Kt , as well as the usual immaterial constant K, do not
depend on B . We start with some preliminary facts.

Fact 1: moment bounds. We first note that at initialization, we have D0.W; QW / D 0

and 9W 90�K. By Assumption 4.6 and Lemma 3.2, 9W 9T �KT . Furthermore, by
Lemma C.2, with probability at least 1�KLnmax exp.�Kn1=52min /, we have 9 QW 90 �
K and 9W 9samp;0 � K, recalling the definition of 9W 9samp;t from the statement of
Lemma C.3. Let this event be denoted by E . Unless noticed otherwise, we shall place
most of the contexts of our proof upon E . By Lemma C.3, one deduces that

9 QW 9T ;9W 9samp;T � KT ;� 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�H
i .Z; ji I

QW .s//j50
�1=50

� KT ;
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� 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci .ji /IW.s//j
50
�1=50

� KT

on the event E . We also remark that the fact 9W 9T � KT holds irrespective of E .

Fact 2: maximal bounds for W . We note that the assumption ess-supmaxw0 .W / and
ess-supmaxb0.W / has an interesting consequence:

ess-supmaxwT .W / � KT .1C B/;

ess-supmaxbT .W / � KT .1C B/;

ess-sup max
1�i�L

sup
t�T

j�Hi .Z; Ci IW.t//j � KT .1C B/:

We note that this claim holds irrespective of the event E from Fact 1. Following this
claim, it is immediate that almost surely,

ess-sup
Ci

max
2�i�L

max
ji�12Œni�1�

jwi .t; Ci�1.ji�1/; Ci /j � KT .1C B/;

ess-sup
Ci�1

max
2�i�L

max
ji2Œni �

jwi .t; Ci�1; Ci .ji //j � KT .1C B/;

max
2�i�L

max
ji�12Œni�1�;ji2Œni �

jwi .t; Ci�1.ji�1/; Ci .ji //j � KT .1C B/;

max
2�i�L

max
ji2Œni �

jbi .t; Ci .ji //j � KT .1C B/;

ess-sup
Z�P

max
1�i�L

max
ji2Œni �

sup
t�T

j�Hi .Z; Ci .ji /IW.t//j � KT .1C B/;

since Ci .ji / is a copy of Ci . Now we prove the claim. First consider maxwt .W /. By
Assumption 2.6, for P -almost every z,

sup
t�0

sup
cL�12�L�1

j�wL .z; cL�1; 1IW.t//j � K
�
1C sup

t�0

j�HL .z; 1IW.t//j
�
� K;

which implies, by Assumption 2.4, that

ess-sup sup
t�T

jwL.t; CL�1; 1/j � ess-supjw0L.CL�1; 1/j CKT � KT .1C B/:

Next assuming that ess-sup supt�T jwi .t; Ci�1; Ci /j � KT .1CB/ for a given i � 2,
by Assumption 2.6, we have for P -almost every z and all t � T ,

j�Hi�1.z; Ci�1IW.t//j

� KECi
Œ.1C j�Hi .z; Ci IW.t//j/.1C jwi .t; Ci�1; Ci /j C jbi .t; Ci /j/�

� KECi
Œ.1C j�Hi .z; Ci IW.t//j/.KT .1C B/C jbi .t; Ci /j/�

� KŒ.1C EŒj�Hi .z; Ci IW.t//j
2�1=2/.KT .1C B/C EŒjbi .t; Ci /j

2�1=2/�

� KT .1C B/;
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where the last step follows from the fact 9W 9T � KT and Lemma 3.2. Again by
Assumption 2.6, we then obtain

j�wi�1.z; Ci�1; Ci IW.t//j � KT .1C B/;

which implies, by Assumption 2.4, that

ess-sup sup
t�T

jwi�1.t; Ci�1; Ci /j � ess-supjw0i�1.Ci�1; Ci /j CKT .1C B/T

� KT .1C B/:

This completes the induction argument to show that ess-supmaxwt .W /�KT .1CB/.
We have also showed that

ess-sup max
1�i�L

sup
t�T

j�Hi .Z; Ci IW.t//j � KT .1C B/:

We thus obtain, from Assumption 2.6,

j�bi .z; Ci IW.t//j � KT .1C B/;

for 2 � i � L and P -almost every z. This implies

ess-sup sup
t�T

jbi .t; Ci /j � ess-supjb0i .Ci /j CKT .1C B/T � KT .1C B/;

which shows ess-supmaxbt .W / � KT .1C B/, as claimed.

Fact 3: maximal bounds for QW . We also have on the event E , almost surely,

max
2�i�L

max
ji�12Œni�1�;ji2Œni �

sup
t�T

j Qwi .t; ji�1; ji /j � KT .1C B/;

max
2�i�L

max
ji2Œni �

sup
t�T

j Qbi .t; ji /j � KT .1C B/:

A proof of this fact is similar to the argument for Fact 2. We note that this argu-
ment requires the use of the fact 9 QW 9T � KT , which holds on the event E , and
the application of Lemma 3.2. The latter application holds by noticing that QW can
be viewed as a collection of MF parameter whose neuronal ensemble .�new; Pnew/ DQL
iD1.�i;new; Pi;new/ takes the following specific form:�i;new D ¹Ci .1/; : : : ; Ci .ni /º

and Pi;new is a uniform probability measure on �i;new.
We now decompose the proof into several steps.

Step 1 – Main proof. Let us first define some quantities that represent the difference
between W and QW :4

4To simplify our notation, here and in the following argument, we denote by @1 the partial
derivative with respect to the first variable, so, for example, @1wi .t; Ci�1.ji�1/; Ci .ji // D
@
@t
wi .t; Ci�1.ji�1/; Ci .ji //.
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Dw
1 .t/ D

� 1
n1

n1X
j1D1

j@1 Qw1.t; j1/ � @1w1.t; C1.j1//j
2
�1=2

;

Dw
i .t/ D

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

j@1 Qwi .t; ji�1; ji / � @1wi .t; Ci�1.ji�1/; Ci .ji //j
2
�1=2
;

Db
i .t/ D

� 1
ni

niX
jiD1

j@1 Qbi .t; ji / � @1bi .t; Ci .ji //j
2
�1=2

; 2 � i � L:

We are also interested in the following quantities that represent the smoothness in the
time evolution of W.t/ and QW .t/:

Aw1 .t; �/ D
� 1
n1

n1X
j1D1

j@1w1.t C �; C1.j1// � @1w1.t; C1.j1//j
2
�1=2

;

QAw1 .t; �/ D
� 1
n1

n1X
j1D1

j@1 Qw1.t C �; j1/ � @1 Qw1.t; j1/j
2
�1=2

;

Awi .t; �/ D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

j@1wi .t C �; Ci�1.ji�1/; Ci .ji //

� @1wi .t; Ci�1.ji�1/; Ci .ji //
ˇ̌2�1=2

;

QAwi .t; �/ D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

j@1 Qwi .t C �; ji�1; ji / � @1 Qwi .t; ji�1; ji /j
2
�1=2

;

Abi .t; �/ D
� 1
ni

niX
jiD1

j@1bi .t C �; Ci .ji // � @1bi .t; Ci .ji //j
2
�1=2

;

QAbi .t; �/ D
� 1
ni

niX
jiD1

j@1 Qbi .t C �; ji / � @1 Qbi .t; ji /j
2
�1=2

; 2 � i � L:

These quantities give a bound on Dt .W; QW /:

Dt .W; QW / � K

Z t

0

max
1�i�L

Dw
i .bs=�c�/ ds CK

Z t

0

max
2�i�L

Db
i .bs=�c�/ ds

CKt sup
s�T��

sup
0�� 0��

max
i
.Awi .s; �

0/; Abi .s; �
0/; QAwi .s; �

0/; QAbi .s; �
0//;

where we have used the fact D0.W; QW / D 0. The next task is to bound the terms
inside the integral.

To find bounds on Dw
i .t/, we introduce the following quantities for 1 � i � L:

Gi .t/ D
� 1
ni

niX
jiD1

EZ Œj�
H
i .Z; ji I

QW .t// ��Hi .Z; Ci .ji /IW.t//j�
2
�1=2
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and

Fi .t/ D
� 1
ni

niX
jiD1

EZ ŒjHi .X; ji I QW .t// �Hi .X; Ci .ji /IW.t//j�
2
�1=2

:

We specify their connection in the following. By Assumptions 2.4 and 2.6, for i � 2,

Dw
i .t/ � K.D

w;1
i .t/CGi .t/CDt .W; QW /C Fi .t//;

in which

D
w;1
i .t/ D

� 1
ni

niX
jiD1

ess-sup
Z�P

.1C j�H
i .Z; ji I

QW .t//j2 C j�Hi .Z; Ci .ji /IW.t//j
2/

�
1

ni�1

ni�1X
ji�1D1

EZ ŒjHi�1.X; ji�1I QW .t// �Hi�1.X; Ci�1.ji�1/IW.t//j�
2
�1=2

:

By Lemma C.3, on the event E ,

D
w;1
i .t/ � KTFi�1.t/:

As such, on the event E ,

Dw
i .t/ � KT .Fi�1.t/CGi .t/CDt .W; QW /C Fi .t//:

Similarly, we also have

Dw
1 .t/ � K.G1.t/CDt .W; QW //:

Together with the previously derived bound on Dt .W; QW /, we obtain, on the event E ,

Dt .W; QW / � KT

Z t

0

Ds.W; QW /ds CKT

Z t

0

max
i
.Gi .bs=�c�/C Fi .bs=�c�// ds

CK

Z t

0

max
2�i�L

Db
i .bs=�c�/ ds

CKt sup
s�T��

sup
0�� 0��

max
i
.Awi .s; �

0/; Abi .s; �
0/; QAwi .s; �

0/; QAbi .s; �
0//;

which holds for all t � T .
Next we make the following claims:

• Claim 1: For any � 2 Œ0; T �, on the event E , almost surely,

sup
t�T��

sup
0�� 0��

max
i
.Awi .t; �

0/; Abi .t; �
0/; QAwi .t; �

0/; QAbi .t; �
0// � KT .1C B/�:
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• Claim 2: For a sequence ¹j > 0; j D 2; : : : ; Lº and t � T , let EH
t;i denote the

event in which for all k 2 ¹1; 2; : : : ; iº,

Fk.t/ � K
k
T

�
Dt .W; QW /C .1C B/

k�1X
jD1

jC1

�
:

(The summation
Pk�1
jD1 equals 0 if k D 1.) We claim that for each i D 1; : : : ; L,

P .EH
t;i IE/ � 1 �

i�1X
jD1

njC1

jC1
exp

�
�
nj 

2
jC1

KT

�
:

• Claim 3: For a sequence ¹ ǰ > 0; j D 1; : : : ; L � 2º and t � T , let E�t;i denote
the event that for all k 2 ¹i; i C 1; : : : ; Lº,

Gk.t/ � K
2L�kC1
T

�
.1C B/Dt .W; QW /C .1C B

2/
�
ı�L C

L�2X
jDk

ǰ

��
;

where ı�L D
PL�1
jD1 jC1. (The summation

PL�2
jDk equals 0 if k � L � 1.) We

claim that for each i D 1; : : : ; L,

P .EH
t;L \ E�t;i IE/ � P .EH

t;LIE/ �

L�2X
jDi

nj

ǰ

exp
�
�
njC1ˇ

2
j

KT

�
:

• Claim 4: For t � T , let Ebt denote the event that for all k 2 ¹2; : : : ; Lº,

Db
k.t/ � KT

�
.1C B/Dt .W; QW /C .1C B

2/ıbL
�
;

where ıbL D ı
�
L C

PL�2
jD1 ǰ . We claim that

P .EH
t;L \ E�t;1 \ Ebt IE/ � P .EH

t;L \ E�t;1IE/ �

i�1X
jD1

njC1

jC1
exp

�
�
nj 

2
jC1

KT

�
:

Let us assume these claims. Using the bounds on P .EH
t;LIE/, P .EH

t;L \ E�t;1IE/ and
P .EH

t;L \ E�t;1 \ Ebt I E/, combining the previous bound, applying the union bound
over t 2 ¹0; �; 2�; : : : ; bT=�c�º and recalling D0.W; QW / D 0, we then get

Dt .W; QW / � KT

Z t

0

h
.1C B/Ds.W; QW /

C .1C B2/
�L�1X
jD1

jC1 C

L�2X
jD1

ǰ

�
C .1C B/�

i
ds;
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for all t � T , with probability at least

1 �
T

�

�L�1X
jD1

njC1

jC1
exp

�
�
nj 

2
jC1

KT

�
C

L�2X
jD1

nj

ǰ

exp
�
�
njC1ˇ

2
j

KT

��
�KLnmax exp.�Kn1=52min /;

for any � 2 Œ0; T �. By Gronwall’s lemma, the above implies that for all t � T ,

Dt .W; QW / � KT

h
.1C B2/

�L�1X
jD1

jC1 C

L�2X
jD1

ǰ

�
C .1C B/�

i
exp.KT .1C B/T /

� KT

�L�1X
jD1

jC1 C

L�2X
jD1

ǰ C �
�

exp.KT .1C B//:

The proposition statement is then easily obtained by choosing

jC1 D

s
1

KT nj
log
�2TLn2max

ı
C e

�
; j D 1; : : : ; L � 1;

ǰ D

s
1

KT njC1
log
�2TLn2max

ı
C e

�
; j D 1; : : : ; L � 2;

and
� D

1
p
nmax

:

We are left with verifying the claims.

Step 2 – Claim 1. We first note that, by Assumptions 2.4 and 2.6, Lemma C.3, and
the fact 9W 90;9W 9samp;0 � K, on the event E:� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�t
j@1wi .s; Ci�1.ji�1/; Ci .ji //j

50
�1=50

� K CK
� 1
ni

niX
jiD1

sup
s�t

ess-sup
Z�P

j�Hi .Z; Ci .ji /IW.s//j
50
�1=50

� KT ;

for any t � T . Therefore,� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

sup
s�T��

sup
0�� 0��

ˇ̌
wi .s C �

0; Ci�1.ji�1/; Ci .ji //

� wi .s; Ci�1.ji�1/; Ci .ji //
ˇ̌2�1=2

� KT �:
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Similarly, we also have that on the event E ,� 1
ni

niX
jiD1

ECi�1

�
sup
s�T��

sup
0�� 0��

ˇ̌
wi .s C �

0; Ci�1; Ci .ji //

� wi .s; Ci�1; Ci .ji //
ˇ̌2��1=2

� KT �;� 1

ni�1

ni�1X
ji�1D1

ECi

�
sup
s�T��

sup
0�� 0��

ˇ̌
wi .s C �

0; Ci�1.ji�1/; Ci /

� wi .s; Ci�1.ji�1/; Ci /
ˇ̌2��1=2

� KT �;

E
�

sup
s�T��

sup
0�� 0��

jwi .s C �
0; Ci�1; Ci / � wi .s; Ci�1; Ci /j

2
�1=2
� KT �;

� 1
ni

niX
jiD1

sup
s�T��

sup
0�� 0��

jbi .s C �
0; Ci .ji // � bi .s; Ci .ji //j

2
�1=2
� KT �;

E
�

sup
s�T��

sup
0�� 0��

jbi .s C �
0; Ci / � bi .s; Ci /j

2
�1=2
� KT �;

� 1
n1

n1X
j1D1

sup
s�t

sup
0�� 0��

jw1.s C �
0; C1.j1// � w1.s; C1.j1//j

2
�1=2
� KT �;

E
�

sup
s�t

sup
0�� 0��

jw1.s C �
0; C1/ � w1.s; C1/j

2
�1=2
� KT �:

Together with Lemma B.4, this fact gives us a bound on Awi .t; �/. In particular, defin-
ing W� .t/ D W.t C �/, we apply Lemma B.4 to the two MF parameter collections
W and W� along with the new random variable QCi that is drawn uniformly from the
set ¹Ci .1/; : : : ; Ci .ni /º. Recalling the metric Qdt .W;W� / in this lemma, the above fact
shows that QdT�� .W;W� / � KT � on the event E . The lemma holds due to Fact 1 and
Fact 2. The conclusion of the lemma then reads

sup
t�T��

sup
0�� 0��

max
i
.Awi .t; �

0/; Abi .t; �
0// � KT .1C B/ QdT�� .W;W� / � KT .1C B/�;

almost surely on the event E .
By a similar argument, we have, almost surely on the event E ,

sup
t�T��

sup
0�� 0��

max
i
. QAwi .t; �

0/; QAbi .t; �
0// � KT .1C B/�:

Indeed, one can repeat the argument by noticing that QW can be viewed as a collection
of MF parameters whose neuronal ensemble .�new; Pnew/ D

QL
iD1.�i;new; Pi;new/

takes the following specific form:�i;newD¹Ci .1/; : : : ;Ci .ni /º andPi;new is a uniform
probability measure on �i;new.
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Step 3 – Claim 2. We show the claim by induction. Consider F1:

jH1.x; j1I QW .t//�H1.x;Ci .ji /IW.t//j D j�1. Qw1.t; j1/; x/��1.w1.t;C1.j1//; x/j

� KDt .W; QW /

for P -almost every x by Assumption 2.5, and therefore

F1.t/ � KDt .W; QW /:

That is, P .EH
t;1/ D 1.

Now let us assume the claim for Fi�1 with i � 2 and consider the claim for Fi .
We have the following decomposition:

jHi .X; ji I QW .t// �Hi .X; Ci .ji /IW.t//j

D

ˇ̌̌ 1

ni�1

ni�1X
ji�1D1

�i
�
Qwi .t; ji�1; ji /; Qbi .t; ji /;Hi�1.X; ji�1I QW .t//

�
� ECi�1

�
�i
�
wi .t; Ci�1; Ci .ji //; bi .t; Ci .ji //;Hi�1.X; Ci�1IW.t//

��ˇ̌̌
� Q1;i .t/CQ2;i .t/;

which gives

Fi .t/ �
� 1
ni

niX
jiD1

EZ ŒjQ1;i .s/j C jQ2;i .s/j�
2
�1=2

;

where we define

Q1;i .t/ D
1

ni�1

ni�1X
ji�1D1

ˇ̌
�i
�
Qwi .t; ji�1; ji /; Qbi .t; ji /;Hi�1.X; ji�1I QW .t//

�
� �i

�
wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji //;Hi�1.X; Ci�1.ji�1/IW.t//

�ˇ̌̌
;

Q2;i .t/ D
ˇ̌̌ 1

ni�1

ni�1X
ji�1D1

�i
�
wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji //;

Hi�1.X; Ci�1.ji�1/IW.t//
�

� ECi�1

�
�i
�
wi .t; Ci�1; Ci .ji //; bi .t; Ci .ji //;Hi�1.X; Ci�1IW.t//

��ˇ̌̌
:

By Assumption 2.5 and Cauchy–Schwarz’s inequality, we obtain a bound on Q1;i :

EZ ŒjQ1;i .t/j�
2
�

K

ni�1

ni�1X
ji�1D1

�
1C j Qwi .t; ji�1; ji /j

2

C jwi .t; Ci�1.ji�1/; Ci .ji //j
2
C j Qbi .t; ji /j

2
C jbi .t; Ci .ji //j

2
�
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�
1

ni�1

ni�1X
ji�1D1

EZ ŒjHi�1.X; ji�1I QW .t// �Hi�1.X; Ci�1.ji�1/IW.t//j�
2

C
K

ni�1

ni�1X
ji�1D1

j Qwi .t; ji�1; ji / � wi .t; Ci�1.ji�1/; Ci .ji //j
2

CKj Qbi .t; ji / � bi .t; Ci .ji //j
2;

and therefore, by Fact 1, under the events EH
t;i�1 and E ,

� 1
ni

niX
jiD1

EZ ŒjQ1;i .t/j�
2
�1=2
� KTFi�1.t/CKDt .W; QW /:

Let us bound Q2;i . For brevity, let us write

ZHi .t; ci�1; ci / D �i
�
wi .t; ci�1; ci /; bi .t; ci /;Hi�1.x; ci�1IW.t//

�
:

Recall that Ci�1.ji�1/ and Ci .ji / are independent. We thus have

EŒZHi .t; Ci�1.ji�1/; Ci .ji // j Ci .ji /� D ECi�1
ŒZHi .t; Ci�1; Ci .ji //�:

Furthermore, ¹Ci�1.ji�1/ºji�12Œni�1� are �i�1-independent by Assumption 4.4. We
also have that for P -almost every x, almost surely,

jZHi .t; Ci�1.ji�1/; Ci .ji //j � KT .1C B/;

by Assumption 2.5 and Fact 2. Then, by Lemma C.1, noting that i � K�i�1,

P
�
EZ ŒQ2;i � � KT .1C B/i

�
�
1

i
exp

�
�
ni�1

2
i

KT

�
:

By taking a union bound of the above probabilistic bound over ji 2 Œni �, we thus have,
on the events EH

t;i�1 and E ,

Fi .t/ � KTFi�1.t/CKDt .W; QW /CKT .1C B/i

� KiT

�
Dt .W; QW /C .1C B/

i�1X
jD1

jC1

�
;

with probability at least 1 � .ni=i / exp.�ni�12i =KT /. We thus get

P .EH
t;i IE/ � P .EH

t;i�1IE/ �
nj

j
exp

�
�
ni�1

2
i

KT

�
� 1 �

i�1X
jD1

njC1

jC1
exp

�
�
nj 

2
jC1

KT

�
;

which proves the claim.
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Step 4 – Claim 3. We show the claim by backward induction. The proof is similar to
Claim 2. Consider i D L. Notice that on the event EH

t;L,

EZ ŒjOy.X I QW .t// � Oy.X IW.t//j� � KFL.t/ � KLT .Dt .W; QW /C .1C B/ı
�
L /;

by Assumption 2.5. We thus get from Assumption 2.6 that on the events EH
t;L and E ,

GL.t/ � K.FL.t/C EZ ŒjOy.X I QW .t// � Oy.X IW.t//j�/
� KLC1T .Dt .W; QW /C .1C B/ı

�
L /:

That is, P .EH
t;L \ E�t;LIE/ D P .EH

t;LIE/.
Considering i D L � 1, by Assumption 2.6, we have

GL�1.t/ � K
�
G
.1/
L�1.t/CG

.2/
L�1.t/CG

.3/
L�1.t/CG

.4/
L�1.t/

�
;

in which

G
.1/
L�1.t/ D

� 1

nL�1

nL�1X
jL�1D1

1C j QwL.t; jL�1; 1/j
2
C jwL.t; CL�1.jL�1/; 1/j

2

C j QbL.t; 1/j
2
C jbL.t; 1/j

2
�1=2

GL.t/;

G
.2/
L�1.t/ D

�
1C EZ Œj�

H
L.Z; 1I

QW .t//j�C EZ Œj�
H
L .Z; 1IW.t//j�

�
�

� 1

nL�1

nL�1X
jL�1D1

j QwL.t; jL�1; 1/ � wL.t; CL�1.jL�1/; 1/j
2

C j QbL.t; 1/ � bL.t; 1/j
2
�1=2

;

G
.3/
L�1.t/ D

� 1

nL�1

nL�1X
jL�1D1

EZ
�
.1C j�H

L.Z; 1I
QW .t//j C j�HL .Z; 1IW.t//j/

�
�
1Cj QwL.t; jL�1; 1/jCjwL.t; CL�1.jL�1/; 1/jCj QbL.t; 1/jCjbL.t; 1/j

�
� jHL.X; 1I QW .t// �HL.X; 1IW.t//j

�2�1=2
;

G
.4/
L�1.t/ D

� 1

nL�1

nL�1X
jL�1D1

EZ
�
.1C j�H

L.Z; 1I
QW .t//j C j�HL .Z; 1IW.t//j/

�
�
1Cj QwL.t; jL�1; 1/jCjwL.t; CL�1.jL�1/; 1/jCj QbL.t; 1/jCjbL.t; 1/j

�
� jHL�1.X; jL�1I QW .t// �HL.X; CL�1.jL�1/IW.t//j

�2�1=2
:

Due to Fact 1, on the event E ,

G
.1/
L�1.t/ � KTGL.t/:



A rigorous framework for the mean field limit of multilayer neural networks 309

By Assumption 2.6, we have, for P -almost every z,

j�H
L.z; 1I

QW .t//j; j�HL .z; 1IW.t//j � K:

Using this fact,
G
.2/
L�1.t/ � KDt .W; QW /:

The same fact also applies to G.3/L�1, G.4/L�1 and G.5/L�1. In particular, we obtain for
G
.3/
L�1, on the event E ,

G
.3/
L�1.t/ � K

� 1

nL�1

nL�1X
jL�1D1

�
1C j QwL.t; jL�1; 1/j

C jwL.t; CL�1.jL�1/; 1/j C j QbL.t; 1/j C jbL.t; 1/j
�2�1=2

FL.t/

� KTFL.t/;

where the last display follows from Fact 1. Similarly, by using Fact 2 and Fact 3, we
have on the event E ,

G
.4/
L�1.t/ � KT .1C B/FL�1.t/:

Hence, on the events EH
t;L, E�t;L and E ,

GL�1.t/ � KT
�
GL.t/CDt .W; QW /C FL.t/C .1C B/FL�1.t/

�
� KLC2T

�
.1C B/Dt .W; QW /C .1C B

2/ı�L
�
:

In other words, P .EH
t;L \ E�t;L�1IE/ D P .EH

t;LIE/.
Next let us assume the claim for i , and consider the claim for i � 1, for 2 � i �

L � 1. For notational brevity, in the following, we let

�H
i .ji / D �

H
i .Z; ji I

QW .t//; Hi .ji / D Hi .X; ji I QW .t//;

�Hi .ci / D �
H
i .Z; ci IW.t//; Hi .ci / D Hi .X; ci IW.t//:

We have

j�H
i�1.ji�1/ ��

H
i�1.Ci�1.ji�1//j

D

ˇ̌̌ 1
ni

niX
jiD1

�H
i�1

�
�H
i .ji /; Qwi .t; ji�1; ji /;

Qbi .t; ji /;Hi .ji /;Hi�1.ji�1/
�

� ECi

�
�H
i�1

�
�Hi .Ci /;wi .t;Ci�1.ji�1/;Ci /;bi .t; Ci /;Hi .Ci /;Hi�1.Ci�1.ji�1//

��ˇ̌̌
� Q3;i .t/CQ4;i .t/;

which gives

Gi�1.t/ �
� 1

ni�1

ni�1X
ji�1D1

EZ ŒjQ3;i .t/j C jQ4;i .t/j�
2
�1=2

;
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in which we define

Q3;i .t/ D
1

ni

niX
jiD1

ˇ̌
�H
i�1

�
�H
i .ji /; Qwi .t; ji�1; ji /;

Qbi .t; ji /;Hi .ji /;Hi�1.ji�1/
�

� �H
i�1

�
�Hi .Ci .ji //; wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji //;

Hi .Ci .ji //;Hi�1.Ci�1.ji�1//
�ˇ̌
;

Q4;i .t/ D
ˇ̌̌ 1
ni

niX
jiD1

�H
i�1

�
�Hi .Ci .ji //; wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji //;

Hi .Ci .ji //;Hi�1.Ci�1.ji�1//
�

� ECi

�
�H
i�1

�
�Hi .Ci /; wi .t; Ci�1.ji�1/; Ci /; bi .t; Ci /;

Hi .Ci /;Hi�1.Ci�1.ji�1//
��ˇ̌̌
:

Let us first bound Q3;i . This is similar to the bounding of GL�1. In particular, by
Assumption 2.6, we have� 1

ni�1

ni�1X
ji�1D1

EZ ŒjQ3;i .t/j�
2
�1=2
� K

�
Q
.1/
3;i .t/CQ

.2/
3;i .t/CQ

.3/
3;i .t/CQ

.4/
3;i .t/

�
;

in which

Q
.1/
3;i .t/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

�
1Cj Qwi .t; ji�1; ji /jCjwi .t; Ci�1.ji�1/; Ci .ji //j

C j Qbi .t; ji /j C jbi .t; Ci .ji //j
�
EZ Œj�

H
i .ji / ��

H
i .Ci .ji //j�

�2�1=2
;

Q
.2/
3;i .t/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

EZ Œ1C j�
H
i .ji /j C j�

H
i .Ci .ji //j�

�
�
j Qwi .t; ji�1; ji /�wi .t; Ci�1.ji�1/; Ci .ji //j C j Qbi .t; ji /�bi .t; Ci .ji //j

��2�1=2
;

Q
.3/
3;i .t/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

EZ
�
.1C j�H

i .ji /j C j�
H
i .Ci .ji //j/

�
�
1Cj Qwi .t; ji�1; ji /jCjwi .t; Ci�1.ji�1/; Ci .ji //jCj Qbi .t; ji /jCjbi .t; Ci .ji //j

�
� jHi .ji / �Hi .Ci .ji //j

��2�1=2
;

Q
.4/
3;i .t/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

EZ
�
.1C j�H

i .ji /j C j�
H
i .Ci .ji //j/

�
�
1Cj Qwi .t; ji�1; ji /jCjwi .t; Ci�1.ji�1/; Ci .ji //jCj Qbi .t; ji /jCjbi .t; Ci .ji //j

�
� jHi�1.ji�1/ �Hi�1.Ci�1.ji�1//j

��2�1=2
:
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To boundQ.1/
3;i , we use Cauchy–Schwarz’s inequality and Fact 1 to obtain that, on the

event E ,

Q
.1/
3;i .t/ �

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

�
1C j Qwi .t; ji�1; ji /j C jwi .t; Ci�1.ji�1/; Ci .ji //j

C j Qbi .t; ji /j C jbi .t; Ci .ji //j
�2 1
ni

niX
jiD1

EZ Œj�
H
i .ji / ��

H
i .Ci .ji //j�

2
�1=2

� KTGi .t/:

By Cauchy–Schwarz’s inequality and Fact 1, we have the following bound on Q.2/
3;i

on the event E:

Q
.2/
3;i .t/ � K

� 1
ni

niX
jiD1

EZ Œ1C j�
H
i .ji /j

2
C j�Hi .Ci .ji //j

2�
�1=2

�

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

j Qwi .t; ji�1; ji / � wi .t; Ci�1.ji�1/; Ci .ji //j
2

C j Qbi .t; ji / � bi .t; Ci .ji //j
2
�1=2

� KTDt .W; QW /:

Similarly, on the event E ,

Q
.3/
3;i .t/

(a)
� KT .1CB/

1

ni

niX
jiD1

EZ
�
.1Cj�H

i .ji /jCj�
H
i .Ci .ji //j/

� jHi .ji / �Hi .Ci .ji //j
�

(b)
� KT .1C B/

� 1
ni

niX
jiD1

EZ Œ1C j�
H
i .ji /j

2
C j�Hi .Ci .ji //j

2�
�1=2

Fi .t/

(c)
� KT .1C B/Fi .t/;

where we use Fact 2 and Fact 3 in step (a), Cauchy–Schwarz’s inequality in step (b)
and Fact 1 in step (c). With the same argument, on the event E ,

Q
.4/
3;i .t/

(a)
� KT .1C B/

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

EZ
�
.1C j�H

i .ji /j C j�
H
i .Ci .ji //j/

� jHi�1.ji�1/ �Hi�1.Ci�1.ji�1//j
��2�1=2
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(b)
� KT .1C B/

� 1
ni

niX
jiD1

EZ Œ1C j�
H
i .ji /j

2
C j�Hi .Ci .ji //j

2�

�
1

ni�1

ni�1X
ji�1D1

EZ ŒjHi�1.ji�1/ �Hi�1.Ci�1.ji�1//j
2�
�1=2

(c)
� KT .1C B/Fi�1.t/;

where again we use Fact 2 and Fact 3 in step (a), Cauchy–Schwarz’s inequality in step
(b) and Fact 1 in step (c). Therefore, on the events E , E�t;i and EH

t;L,� 1

ni�1

ni�1X
ji�1D1

EZ ŒjQ3;i .t/j�
2
�1=2

� KT
�
Gi .t/CDt .W; QW /C .1C B/.Fi .t/C Fi�1.t//

�
� K2L�iC2T

�
.1C B/Dt .W; QW /C .1C B

2/
�
ı�L C

L�2X
jDi

ǰ

��
:

Next let us bound Q4;i . For brevity, let us write

Z�i .t; ci�1; ci / D �
H
i�1

�
�Hi .ci /; wi .t; ci�1; ci /; bi .t; ci /;Hi .ci /;Hi�1.ci�1/

�
:

Recall that Ci�1.ji�1/ and Ci .ji / are independent. We thus have

ECi .ji /ŒZ
�
i .t; Ci�1.ji�1/; Ci .ji // j Ci�1.ji�1/� D ECi

ŒZ�i .t; Ci�1.ji�1/; Ci /�:

Furthermore, ¹Ci .ji /ºji2Œni � are �i -independent by Assumption 4.4. We also have
that, almost surely,

jZ�i .t; Ci�1.ji�1/; Ci .ji //j

� K.1C j�Hi .Ci .ji //j/.1C jwi .t; Ci�1.ji�1/; Ci .ji //j C jbi .t; Ci .ji //j/

� KT .1C B
2/;

by Assumption 2.6 and Fact 2. Then, by Lemma C.1, noting that ˇi�1 � K�i ,

P
�
EZ ŒQ4;i .t/� � KT .1C B

2/ˇi�1
�
�

1

ˇi�1
exp

�
�
niˇ

2
i�1

KT

�
:

We thus have, by taking a union bound over ji�1 2 Œni�1�, on the events E , E�t;i
and EH

t;L,

Gi�1.t/ � K
2L�iC2
T

�
.1C B/Dt .W; QW /C .1C B

2/
�
ı�L C

L�2X
jDi�1

ǰ

��
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with probability at least 1 � .ni�1=ˇi�1/ exp.�niˇ2i�1=KT /. We thus get

P .EH
t;L \ E�t;i�1IE/ � P .EH

t;L \ E�t;i IE/ �
ni�1

ˇi�1
exp

�
�
ni�1ˇ

2
i�1

KT

�
� P .EH

t;LIE/ �

L�2X
jDi�1

nj

ǰ

exp
�
�
njC1ˇ

2
j

KT

�
;

which proves the claim.

Step 5 – Claim 4. We reuse the notations introduced in the previous step. For 2 � i �
L, we have

j�b
i .Z; ji I

QW .t// ��bi .Z; Ci .ji /IW.t//j

D

ˇ̌̌ 1

ni�1

ni�1X
ji�1D1

�b
i

�
�H
i .ji /; Qwi .t; ji�1; ji /;

Qbi .t; ji /;Hi .ji /;Hi�1.ji�1/
�

� ECi�1

�
�b
i

�
�Hi .Ci .ji //; wi .t; Ci�1; Ci .ji //; bi .t; Ci .ji //;

Hi .Ci .ji //;Hi�1.Ci�1/
��ˇ̌̌

� Q5;i .t/CQ6;i .t/;

which gives, by Assumption 2.4,

Db
i .t/ � K

� 1
ni

niX
jiD1

EZ ŒjQ5;i .t/j C jQ6;i .t/j�
2
�1=2

;

in which we define

Q5;i .t/ D
1

ni�1

ni�1X
ji�1D1

ˇ̌
�b
i .�

H
i .ji /; Qwi .t; ji�1; ji /;

Qbi .t; ji /;Hi .ji /;Hi�1.ji�1//

� �b
i

�
�Hi .Ci .ji //; wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji //;

Hi .Ci .ji //;Hi�1.Ci�1.ji�1//
�ˇ̌

and

Q6;i .t/ D
ˇ̌̌ 1

ni�1

ni�1X
ji�1D1

�b
i

�
�Hi .Ci .ji //; wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji //;

Hi .Ci .ji //;Hi�1.Ci�1.ji�1//
�

� ECi�1

�
�b
i

�
�Hi .Ci .ji //; wi .t; Ci�1; Ci .ji //; bi .t; Ci .ji //;

Hi .Ci .ji //;Hi�1.Ci�1/
��ˇ̌̌
:
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Similar to the bounding of Dw
i .t/, we have, on the event E ,� 1

ni

niX
jiD1

EZ ŒjQ5;i .t/j�
2
�1=2
� KT

�
Fi�1.t/CGi .t/CDt .W; QW /C Fi .t/

�
:

To bound Q6;i , for brevity, let us write

Zbi .t; ci�1; ci / D �
b
i

�
�Hi .ci /; wi .t; ci�1; ci /; bi .t; ci /;Hi .ci /;Hi�1.ci�1/

�
:

Recall that Ci�1.ji�1/ and Ci .ji / are independent. We thus have

ECi�1.ji�1/ŒZ
b
i .t; Ci�1.ji�1/; Ci .ji // j Ci .ji /� D ECi�1

ŒZbi .t; Ci�1; Ci .ji //�:

Furthermore, ¹Ci�1.ji�1/ºji�12Œni�1� are �i�1-independent by Assumption 4.4. We
also have that, almost surely,

jZbi .t; Ci�1.ji�1/; Ci .ji //j � K.1C j�
H
i .Ci .ji //j/ � KT .1C B/;

by Assumption 2.6 and Fact 2. Then, by Lemma C.1, and since i � K�i�1,

P
�
EZ ŒQ6;i � � KT .1C B/i

�
�
1

i
exp

�
�
ni�1

2
i

KT

�
:

Notice that ıbL � i . We thus have, by taking a union bound over ji 2 Œni �, on the
events E , E�t;1 and EH

t;L,

Db
i .t/ � KT

�
.1C B/Dt .W; QW /C .1C B

2/ıbL
�
;

with probability at least 1� .ni=i /exp.�ni�12i =KT /. The claim then follows again
from the union bound.

C.1.2. Proof of Proposition 4.15.

Proof of Proposition 4.15. We consider t � T , for a given terminal time T 2 �N�0.
We again reuse the notationKt from the proof of Proposition 4.14. Note thatKt �KT
for all t � T . We also note that at initialization, D0.W; QW / D 0. We start with a few
preliminary facts:

Fact 1: moment bounds. We recall a useful fact from the proof of Proposition 4.14:
with probability at least 1 �KLnmax exp.�Kn1=52min /, the event E occurs, and E con-
tains the following:

9W90 D 9 QW 90 � K;

max
1�i�L

� 1
ni

niX
jiD1

sup
t�T

ess-sup
Z�P

j�H
i .Z; ji I

QW .t//j50
�1=50

; 9 QW 9T � KT :
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We further remark that since 9W90 � K, from Lemma C.3, we have on the event E:

max
1�i�L

� 1
ni

niX
jiD1

sup
t�T

ess-sup
Z�P

j�H
i .Z; ji IW.bt=�c//j50

�1=50
; 9W9bT=�c � KT :

We also observe that the randomness of the event E is entirely by the samples of the
coupling procedure ¹C1.j1/; : : : ; CL.jL/ W ji 2 Œni �; i D 1; : : : ; Lº.

Fact 2: maximal bounds. We also recall another useful fact from the proof of Propo-
sition 4.14: on the event E , almost surely,

max
2�i�L

max
ji�12Œni�1�;ji2Œni �

sup
t�T

j Qwi .t; ji�1; ji /j � KT .1C B/;

max
2�i�L

max
ji2Œni �

sup
t�T

j Qbi .t; ji /j � KT .1C B/:

In fact, the same extends to W: on the event E , almost surely,

max
2�i�L

max
ji�12Œni�1�;ji2Œni �

sup
t�T

jwi .bt=�c; ji�1; ji /j � KT .1C B/;

max
2�i�L

max
ji2Œni �

sup
t�T

jbi .bt=�c; ji /j � KT .1C B/;

max
1�i�L

max
ji2Œni �

sup
t�T

ess-sup
Z�P

j�H
i .Z; ji IW.bt=�c//j � KT .1C B/:

Indeed, let us consider the claim for wi . By Assumption 2.6, for P -almost every z,

sup
t�0

max
jL�12ŒnL�1�

j�w
L.z; jL�1; 1IW.bt=�c//j � K

�
1Csup

t�0

j�H
L.z; 1IW.bt=�c//j

�
� K;

which implies, by Assumption 2.4, that almost surely, for any jL�1 2 ŒnL�1�,

sup
t�T

jwL.bt=�c; jL�1; 1/j � ess-supjw0L.CL�1; 1/j CKT � KT .1C B/:

Next assuming that supt�T jwi .bt=�c; ji�1; ji /j � KT .1 C B/ almost surely for a
given i � 2, by Assumption 2.6, we have on the event E , for any ji�1 2 Œni�1�, t � T
and P -almost every z:

j�H
i�1.z; ji�1IW.bt=�c//j

�
K

ni

niX
jiD1

.1C sup
t�T

ess-sup
Z�P

j�H
i .Z; ji IW.bt=�c//j/

� .1C jwi .bt=�c; ji�1; ji /j C jbi .bt=�c; ji /j/

�
K

ni

niX
jiD1

�
1C sup

t�T

ess-sup
Z�P

j�H
i .Z; ji IW.bt=�c//j

�
.KT .1CB/Cjbi .bt=�c; ji /j/
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� K
�
1C

� 1
ni

niX
jiD1

sup
t�T

ess-sup
Z�P

j�H
i .Z; ji IW.bt=�c//j2

�1=2�
�

�
KT .1C B/C

� 1
ni

niX
jiD1

jbi .bt=�c; ji /j2
�1=2�

� KT .1C B/;

where the last step follows from Fact 1. Again by Assumption 2.6, we then obtain

j�w
i�1.z; ji�1; ji IW.bt=�c//j � KT .1C B/;

which implies, by Assumption 2.4, that almost surely on the event E , for any ji�1 2
Œni�1� and ji 2 Œni �,

sup
t�T

jwi .bt=�c; ji�1; ji /j � ess-supjw0i�1.Ci�1; Ci /j CKT .1C B/T

� KT .1C B/:

This proves the claim for wi , and the rest of the claims are similarly proven.
Now let us consider 2 � i � L and particularly the task of bounding� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jwi .bt=�c; ji�1; ji / � Qwi .t; ji�1; ji /j2
�1=2

;

which is a quantity in DT . QW ;W/. As shown in the proof of Proposition 4.14,

sup
t�T��

sup
0�� 0��

max
i
. QAwi .t; �

0/; QAbi .t; �
0// � KT .1C B/�

almost surely, where we recall

QAwi .t; �/ D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

j@1 Qwi .t C �; ji�1; ji / � @1 Qwi .t; ji�1; ji /j
2
�1=2

:

As such, by Assumption 2.4, we have the decomposition� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jwi .bt=�c; ji�1; ji / � Qwi .t; ji�1; ji /j2
�1=2

D

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

ˇ̌̌
�

bt=�c�1X
kD0

�w
i .k�/�

w
i .z.k/; ji�1; ji IW.k//

�

Z t

sD0

@1 Qwi .s; ji�1; ji / ds
ˇ̌̌2�1=2
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�

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

ˇ̌̌
�

bt=�c�1X
kD0

�w
i .k�/�

w
i .z.k/; ji�1; ji IW.k//

� �

bt=�c�1X
kD0

@1 Qwi .k�; ji�1; ji /
ˇ̌̌2�1=2

C tKT .1C B/�

� K
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jQ1.bt=�c; ji�1; ji /j
2
C jQ2.bt=�c; ji�1; ji /j

2
�1=2

C tKT .1C B/�;

where we define

Q1;i .bt=�c; ji�1; ji /

D �

bt=�c�1X
kD0

EZ Œj�
w
i .Z; ji�1; ji IW.k// ��w

i .Z; ji�1; ji I
QW .k�//j�;

Q2;i .bt=�c; ji�1; ji /

D

ˇ̌̌
�

bt=�c�1X
kD0

�w
i .k�/

�
�w
i .z.k/; ji�1; ji IW.k// � EZ Œ�

w
i .Z; ji�1; ji IW.k//�/

ˇ̌̌
:

(Here
Pbt=�c�1
kD0

D 0 if bt=�c D 0.) The task is then to bound Q1;i and Q2;i .

Bounding Q1;i . We take note of a simple identity:

1

jJ j

X
j2J

�
�

bt=�c�1X
kD0

f .j; k/
�2

D �2
bt=�c�1X
k1D0

bt=�c�1X
k2D0

1

jJ j

X
j2J

f .j; k1/f .j; k2/

� �2
bt=�c�1X
k1D0

bt=�c�1X
k2D0

� 1
jJ j

X
j2J

jf .j; k1/j
2
�1=2� 1

jJ j

X
j2J

jf .j; k2/j
2
�1=2

D

�
�

bt=�c�1X
kD0

� 1
jJ j

X
j2J

jf .j; k/j2
�1=2�2

:

As such, by Assumption 2.6,� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jQ1;i .bt=�c; ji�1; ji /j
2
�1=2

� �

bt=�c�1X
kD0

Di .k/ � K�

bt=�c�1X
kD0

�
D
.1/
i .k/CGi .k/CDk�.W; QW /C Fi .k/

�
;
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in which we define

Di .k/ D
� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

ess-sup
Z�P

j�w
i .Z; ji�1; ji IW.k//

��w
i .Z; ji�1; ji I

QW .k�//j2
�1=2

;

D
.1/
i .k/ D

� 1
ni

niX
jiD1

ess-sup
Z�P

.1C j�H
i .Z; ji I

QW .k�//j2 C j�H
i .Z; ji IW.k//j2/

�
1

ni�1

ni�1X
ji�1D1

ess-sup
Z�P

jHi�1.X; ji�1I QW .k�//�Hi�1.X; ji�1IW.k//j2
�1=2
;

Gi .k/ D
� 1
ni

niX
jiD1

ess-sup
Z�P

j�H
i .Z; ji I

QW .k�// ��H
i .Z; ji IW.k//j2

�1=2
;

Fi .k/ D
� 1
ni

niX
jiD1

ess-sup
Z�P

jHi .X; ji I QW .k�// �Hi .X; ji IW.k//j2
�1=2

:

By Lemma C.3 and Fact 1, on the event E ,

D
.1/
i .k/ � KTFi�1.k/;

which implies� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jQ1;i .bt=�c; ji�1; ji /j
2
�1=2

� KT �

bt=�c�1X
kD0

.Fi�1.k/CGi .k/CDk�.W; QW /C Fi .k//:

We proceed with bounding Fi and Gi .
To bound Fi , by Assumption 2.5 and Cauchy–Schwarz’s inequality,

jFi .k/j
2
�

K

ni�1ni

ni�1X
ji�1D1

niX
jiD1

�
1C j Qwi .k�; ji�1; ji /j

2
C jwi .k; ji�1; ji /j2

C j Qbi .k�; ji /j
2
C jbi .k; ji /j2

�
jFi�1.k/j

2
CKD2

k�.W; QW /

� KT jFi�1.k/j
2
CKD2

k�.W; QW /;

where the last display holds on the event E by Fact 1. Notice that, by Assumption 2.5,
jF1.k/j � KDk�.W; QW /. Therefore, on the event E ,

max
1�i�L

jFi .k/j � KTDk�.W; QW /;

which is the desired bound for Fi .



A rigorous framework for the mean field limit of multilayer neural networks 319

Next let us bound Gi . By Assumption 2.6, we have:

Gi�1.k/ � K
�
G
.1/
i .k/CG

.2/
i .k/CG

.3/
i .k/CG

.4/
i .k/

�
;

in which

G
.1/
i�1.k/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

�
1C j Qwi .k�; ji�1; ji /j C jwi .k; ji�1; ji /j

C j Qbi .k�; ji /j C jbi .k; ji /j
�

� ess-sup
Z�P

j�H
i .Z; ji I

QW .k�// ��H
i .Z; ji IW.k//j

�2�1=2
;

G
.2/
i�1.k/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

ess-sup
Z�P

�
1C j�H

i .Z; ji I
QW .k�//j

C j�H
i .Z; ji IW.k//j

�
� .j Qwi .k�; ji�1; ji /�wi .k; ji�1; ji /j C j Qbi .k�; ji /�bi .k; ji /j/

�2�1=2
;

G
.3/
i�1.k/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

ess-sup
Z�P

�
1C j�H

i .Z; ji I
QW .k�//j

C j�H
i .Z; ji IW.k//j

�
� .1Cj Qwi .k�; ji�1; ji /jCjwi .k; ji�1; ji /jCj Qbi .k�; ji /jCjbi .k; ji /j/

� ess-sup
Z�P

jHi .X; ji I QW .k�// �Hi .X; ji IW.k//j
�2�1=2

;

G
.4/
i�1.k/ D

� 1

ni�1

ni�1X
ji�1D1

� 1
ni

niX
jiD1

ess-sup
Z�P

�
1C j�H

i .Z; ji I
QW .k�//j

C j�H
i .Z; ji IW.k//j

�
� .1Cj Qwi .k�; ji�1; ji /jCjwi .k; ji�1; ji /jCj Qbi .k�; ji /jCjbi .k; ji /j/

� ess-sup
Z�P

jHi�1.X; ji�1I QW .k�// �Hi�1.X; ji�1IW.k//j
�2�1=2

:

To bound G.1/i�1, by Cauchy–Schwarz’s inequality and Fact 1, on the event E ,

G
.1/
i�1.k/ �

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

�
1Cj Qwi .k�;ji�1;ji /jCjwi .k;ji�1;ji /jCj Qbi .k�;ji /j

C jbi .k; ji /j
�2 1
ni

niX
jiD1

ess-sup
Z�P

j�H
i .Z; ji I

QW .k�//��H
i .Z; ji IW.k//j2

�1=2
� KTGi .k/:
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We also have a bound on G.2/i�1 on the event E:

G
.2/
i�1.k/ � K

� 1
ni

niX
jiD1

ess-sup
Z�P

.1Cj�H
i .Z; ji I

QW .k�//j2Cj�H
i .Z; ji IW.k//j2/

�1=2
�

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

j Qwi .k�; ji�1; ji / � wi .k; ji�1; ji /j2

C j Qbi .k�; ji / � bi .k; ji /j2
�1=2

� KTDk�.W; QW /:

Similarly, by Fact 1 and Fact 2, on the event E ,

G
.3/
i�1.k/

� KT .1CB/
1

ni

niX
jiD1

ess-sup
Z�P

.1Cj�H
i .Z; ji I

QW .k�//jCj�H
i .Z; ji IW.k//j/

� ess-sup
Z�P

jHi .X; ji I QW .k�// �Hi .X; ji IW.k//j

� KT .1CB/

�

� 1
ni

niX
jiD1

ess-sup
Z�P

.1Cj�H
i .Z; ji I

QW .k�//j2Cj�H
i .Z; ji IW.k//j2/

�1=2
Fi .k/

� KT .1C B/Fi .k/;

G
.4/
i�1.k/

� KT .1CB/
1

ni

niX
jiD1

ess-sup
Z�P

.1Cj�H
i .Z; ji I

QW .k�//jCj�H
i .Z; ji IW.k//j/Fi�1.k/

� KT .1C B/Fi�1.k/:

Therefore, on the event E ,

Gi�1.k/ � KT .Gi .k/CDk�.W; QW /C .1C B/.Fi .k/C Fi�1.k///

� KT .Gi .k/C .1C B/Dk�.W; QW //:

Notice that, by Assumption 2.6,

GL.k/ � KFL.k/ � KTDk�.W; QW /:

Therefore, on the event E ,

max
1�i�L

jGi .k/j � KT .1C B/Dk�.W; QW /;

which is the desired bound for Gi .
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Together these bounds yield

max
2�i�L

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jQ1;i .bt=�c; ji�1; ji /j
2
�1=2

� �KT .1C B/

bt=�c�1X
kD0

Dk�.W; QW /:

Bounding Q2;i . For brevity, let us write

Zk D �
w
i .k�/

�
�w
i .z.k/; ji�1; ji IW.k// � EZ Œ�

w
i .Z; ji�1; ji IW.k//�

�
;

Zk D

k�1X
`D0

Z`; Z0 D 0:

Let Fk be the sigma-algebra generated by ¹z.s/ W s 2 ¹0; : : : ; k � 1ºº. Recall that it is
independent of the samples ¹C1.j1/; : : : ; CL.jL/ W ji 2 Œni �; i D 1; : : : ;Lº and hence
the event E . Note that ¹Zkºk2N is a martingale adapted to ¹Fkºk2N . Furthermore, for
k � T=�, the martingale difference is bounded:

jZkj � K ess-sup
Z�P

j�w
i .Z; ji�1; ji IW.k//j

� K
�
1C ess-sup

Z�P

j�H
i .Z; ji IW.k//j

�
� KT .1C B/;

which holds on the event E , by Assumptions 2.4 and 2.6 and Fact 2. Therefore, by
Theorem A.1, we have

P
�

max
u2¹0;1;:::;T=�º

Q2;i .u; ji�1; ji / � .1C B/�IE
�
� 2 exp

�
�

�2

KT T�

�
:

Putting it all together. Applying the union bound to the bound on Q2;i , we then get
that on the event E , with probability at least 1 � 2nini�1 exp.��2=.KT T�//, for all
t � T ,

sup
s�t;ji�12Œni�1�;ji2Œni �

� 1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

jwi .bs=�c; ji�1; ji /� Qwi .s; ji�1; ji /j2
�1=2

� KT .1C B/
�
�

bt=�c�1X
kD0

Dk�.W; QW /C � C �
�
:

One can obtain similar bounds for bi and w1. Together these bounds yield that with
probability at least

1 � 2
�
n1 C

LX
iD2

ni ni�1

�
exp

�
�

�2

KT T�

�
�KLnmax exp.�Kn1=52min /;



P.-M. Nguyen and H. T. Pham 322

we have, for all t � T ,

Dbt=�c�. QW ;W/ � KT .1C B/
�
�

bt=�c�1X
kD0

Dk�.W; QW /C � C �
�
;

which implies, by Gronwall’s lemma,

DT . QW ;W/ � .� C �/ exp.KT .1C B//:

Choosing � D
q
KT � log.2.n1 C

PL
iD2 nini�1/=ı/ completes the proof.

C.1.3. Proof of Proposition 4.16.

Proof of Proposition 4.16. We again reuse the notationKt from the proof of Proposi-
tion 4.14. Note thatKt �KT for all t � T . It is easy to see from Theorem 3.1 that the
trajectory W .t/ exists and is unique. Let us recall the mapping F and the space WT

from the proof Theorem 3.1; we note that F is associated with the initializationW.0/.
Since F.W /.t/ �W.0/ D W .t/ �W .0/ and W is a fixed point of F , we have

kW �W kt � kW �W k0 C kW � F.W /kt

D kW �W k0 C kF.W / � F.W /kt :

Due to truncation, it is immediate that for 2 � i � L,

jw1.0; c1/j D jw1.0; c1/j;

jwi .0; ci�1; ci /j � jwi .0; ci�1; ci /j;

jbi .0; ci /j � jbi .0; ci /j:

As such, by repeating the argument of Lemma 3.2, one can show that W 2 WT and
that

P
�
maxwT .W / � K0.T /u

�
� 2Le1�K1u

2

for all u � 0:

Thus, Lemma 3.4 gives

kF.W / � F.W /kt � KT

�
.1C B/

Z t

0

kW �W ks ds C e
�KB2

�
;

which implies, by the previous bound,

kW �W kt � KT

�
.1C B/

Z t

0

kW �W ks ds C e
�KB2

�
C kW �W k0:

Hence, Gronwall’s lemma yields

kW �W kT � .kW �W k0 C e
�KB2

/eKT .1CB/:
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Notice that, for 2 � i � L,

EŒjw0i .Ci�1; Ci / � wi .0; Ci�1; Ci /j
2�

D EŒjw0i .Ci�1; Ci / � Bj
2 I.jw0i .Ci�1; Ci /j > B/�

� EŒjw0i .Ci�1; Ci /j
2 I.jw0i .Ci�1; Ci /j > B/�

� EŒjw0i .Ci�1; Ci /j
4�1=2 P .jw0i .Ci�1; Ci /j > B/

1=2
� Ke�KB

2

;

where the last displays comes from Assumption 4.6 and, in particular, we have [37]

P
�
jw0i .Ci�1; Ci /j � r

�
� Ke�Kr

2

for all r � 0:

Similarly,
EŒjb0i .Ci / � bi .0; Ci /j

2� � Ke�KB
2

:

Also recall that w1.0; c1/ D w01.c1/. As such, a similar bound holds for kW �W k0
and this gives the desired bound on kW �W kT .

The derivation for k QW � QW kT is similar. Indeed, Lemma C.2 indicates that for
any fixed r � 0, with probability at least 1 �KLnmax exp.�Ke�Kr

2
n
1=52
min /, we have

9 QW 90 � 9W 90 Ce�Kr
2

� K;

as well as that for all i 2 ¹2; : : : ; Lº,

1

ni�1ni

ni�1X
ji�1D1

niX
jiD1

I
�
jw0i .Ci�1.ji�1/; Ci .ji //j � r

�
� P

�
jw0i .Ci�1; Ci /j � r

�
C e�Kr

2

� Ke�Kr
2

;

1

ni

niX
jiD1

I
�
jb0i .Ci .ji //j � r

�
� P

�
jb0i .Ci /j � r

�
C e�Kr

2

� Ke�Kr
2

:

By taking r D B and performing an argument similar to the bounding of kW �W kT ,
we obtain

k QW � QW kT � .k QW � QW k0 C e
�KB2

/eKT .1CB/ � Ke�KB
2CKT .1CB/;

with probability at least 1�KLnmax exp.�Ke�KB
2
n
1=52
min /. The derivation for kW�

WkT is also similar.

C.2. Proofs of Corollaries 4.9, 4.10 and 4.11

Lemma C.4. Consider the MF trajectory W.t/, t � T , under Assumptions 2.4–2.6
and 4.6. For any � � 0, kW �W�kT �KTC� �, whereW� .t/DW.t C �/ andKTC�
is a finite constant that depends on the initialization W.0/ and grows continuously
with �.
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Proof. We reuse the notation Kt from the proof of Proposition 4.14. By Assump-
tion 2.6 and Lemma C.3, for 2 � i � L,

E
�

sup
t�TC�

EZ Œj�
w
i .t; Z; Ci�1; Ci /j

2�
�
� K

�
1C E

�
sup
t�TC�

EZ Œj�
H
i .t; Z; Ci /j

2�
��

� KTC� ;

and therefore, by Assumption 2.4,

E
�

sup
t�T

jwi .t C �; Ci�1; Ci / � wi .t; Ci�1; Ci /j
2
�1=2
� KTC� �:

One can also deduce a similar bound for bi and w1.

Proof of Corollary 4.9. We reuse the notation Kt from the proof of Proposition 4.14.
We have the following decomposition for i 2 ŒL�:ˇ̌̌ 1
ni

niX
jiD1

EZ Œ .Hi .bt=�c; X; ji //� � EZECi
Œ .Hi .t; X; Ci //�

ˇ̌̌
�
1

ni

niX
jiD1

ˇ̌
EZ Œ .Hi .bt=�c; X; ji //� � EZ Œ .Hi .bt=�c�; X; Ci .ji ///�

ˇ̌
C

ˇ̌̌ 1
ni

niX
jiD1

EZ Œ .Hi .bt=�c�; X; Ci .ji ///� � EZECi
Œ .Hi .bt=�c�; X; Ci //�

ˇ̌̌
C EZECi

Œj .Hi .bt=�c�; X; Ci // �  .Hi .t; X; Ci //j�

� K
� 1
ni

niX
jiD1

EZ ŒjHi .bt=�c; X; ji / �Hi .bt=�c�; X; Ci .ji //j
2�
�1=2

C

ˇ̌̌ 1
ni

niX
jiD1

EZ Œ .Hi .bt=�c�; X; Ci .ji ///� � EZECi
Œ .Hi .bt=�c�; X; Ci //�

ˇ̌̌
CKEZECi

ŒjHi .bt=�c�; X; Ci / �Hi .t; X; Ci /j�

D Q1;i .t/CQ2;i .t/CQ3;i .t/;

where we use the fact isK-Lipschitz and Cauchy–Schwarz’s inequality. We provide
bounds on each term. Note that by the fact  is K-Lipschitz and Assumption 2.5:

jEZ Œ .Y; Oy.bt=�c; X//� � EZ Œ .Y; Oy.t; X//�j

� KEZ ŒjHL.bt=�c; X; 1/ �HL.t; X; 1/j�;

and as such, bounding Q1;L gives the last claim in the corollary.
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Bounding Q1;i . By Assumption 2.5 and Cauchy–Schwarz’s inequality, for i � 2,

jQ1;i .t/j
2

�
K

ni�1ni

ni�1X
ji�1D1

niX
jiD1

�
1C jwi .bt=�c; ji�1; ji /j2 C jwi .t; Ci�1.ji�1/; Ci .ji //j2

C jbi .bt=�c; ji /j2 C jbi .t; Ci .ji //j2
�
jQ1;i�1.t/j

2
CKD2

t .W;W/

�
K

ni�1ni

ni�1X
ji�1D1

niX
jiD1

�
1C jwi .t; Ci�1.ji�1/; Ci .ji //j

2
C jbi .t; Ci .ji //j

2

CD2
t .W;W/

�
jQ1;i�1.t/j

2
CKD2

t .W;W/

(a)
� KT .1CD2

t .W;W//jQ1;i�1.t/j
2
CKD2

t .W;W/

� KT .1CD2
t .W;W//jQ1;i�1.t/j

2;

where, by Lemmas C.2 and C.3, (a) holds for all t � T and all i � 2 with prob-
ability at least 1 � KLnmax exp.�Kn1=52min /. Also, from Assumption 2.5, Q1;1.t/ �
KDt .W;W/. We thus have

max
i2ŒL�

sup
t�T

Q1;i .t/ � KT .1CDL
T .W;W//DT .W;W/;

with probability at least 1 �KLnmax exp.�Kn1=52min /.

BoundingQ2;i . Recall that ¹Ci .ji /ºji2Œni � are �i -independent and �i � n
�1=2
i . Since

 is K-bounded, we have, by Theorem A.2 and the union bound, that

sup
t�T

Q2;i .t/ �

s
K

ni
log
�KT
�ı

�
;

with probability at least 1 � ı.

Bounding Q3;i . By Assumption 2.5 and Lemma C.3, for all t � T and i � 2,

jQ3;i .t/j
2
� KE

�
1C jwi .t; Ci�1; Ci /j

2
C jbi .t; Ci /j

2

C jwi .bt=�c�; Ci�1; Ci /j
2
C jbi .bt=�c�; Ci /j

2
�
jQ3;i�1.t/j

2

CKE
�
jwi .t; Ci�1; Ci / � wi .bt=�c�; Ci�1; Ci /j

2

C jbi .t; Ci / � bi .bt=�c�; Ci /j
2
�

� KT jQ3;i�1.t/j
2
CKE

�
jwi .t; Ci�1; Ci / � wi .bt=�c�; Ci�1; Ci /j

2

C jbi .t; Ci / � bi .bt=�c�; Ci /j
2
�
:

Similarly,
jQ3;1.t/j

2
� KEŒjw1.t; C1/ � w1.bt=�c�; C1/j

2�:
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We thus obtain, from Lemma C.4,

max
i2ŒL�

sup
t�T

Q3;i .t/ � KT �:

Putting it all together. All previous bounds show that

sup
t�T

ˇ̌̌ 1
ni

niX
jiD1

EZ Œ .Hi .bt=�c; X; ji //� � EZECi
Œ .Hi .t; X; Ci //�

ˇ̌̌
� KT .1CDL

T .W;W//DT .W;W/C

s
K

ni
log
�KT
�ı

�
CKT �;

with probability at least 1� ı �KLnmax exp.�Kn1=52min /. Together with Theorem 4.7,
we obtain the claim.

Proof of Corollary 4.10. In the following, for a set J D ¹N1; : : : ; NLº with NL D 1,
we write J ! 1 to mean that N1; : : : ; NL�1 ! 1 such that for Nmax D max J
and Nmin D min¹N1; : : : ;NL�1º, we have Nmin!1 and N�cmin logNmax! 0 for any
c > 0.

For a given T � 0 and a set of integers I D ¹n1; : : : ; nLº, for any two sets W .1/

and W .2/ of the form

W .1/
D
®
w
.1/
1 .t; r1/; w

.1/
i .t; ri�1; ri /; b

.1/
i .t; ri / W ri 2 Œni �; i 2 ŒL�; t 2 Œ0; T �

¯
;

and similar for W .2/, let us equip a distance metric:

dI;T .W
.1/;W .2// D max

�
max
1�i�L

d
w;i
I;T .W

.1/;W .2//; max
2�i�L

d
b;i
I;T .W

.1/;W .2//
�
;

d
w;1
I;T .W

.1/;W .2// D
� 1
n1

n1X
r1D1

sup
t�T

jw
.1/
1 .t; r1/ � w

.2/
1 .t; r1/j

2
�1=2

;

d
w;i
I;T .W

.1/;W .2// D
� 1

ni�1ni

ni�1X
ri�1D1

niX
riD1

sup
t�T

jw
.1/
i .t;ri�1;ri /�w

.2/
i .t;ri�1;ri /j

2
�1=2
;

d
b;i
I;T .W

.1/;W .2// D
� 1
ni

niX
riD1

sup
t�T

jb
.1/
i .t; ri / � b

.2/
i .t; ri /j

2
�1=2

; 2 � i � L:

Let us also consider the space FI;T of 1-bounded Lipschitz functions f with respect
to this distance metric:

jf .W .1// � f .W .2//j � 2 ^ dI;T .W
.1/;W .2//:

Step 1: Coupling via finite-width networks. Recall that .�;P; ¹w0i ºi2ŒL�; ¹b
0
i º2�i�L/

satisfies Assumption 4.4, i.e., N�-independence. Thus, for each index JD¹N1; : : : ;NLº
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of Init, one can find a sampling rule for which the samples ¹Ci .ji /ºji2ŒNi � are �i -
independent for i �L� 1 and �i ! 0 asNi !1. Then one obtains a neural network
initialization W.0/ with law � by setting

w1.0; j1/ D w1.0; C1.j1//; wi .0; ji�1; ji / D wi .0; Ci�1.ji�1/; Ci .ji //;
bi .0; ji / D bi .0; Ci .ji //; 2 � i � L:

Similarly using . O�; OP ; ¹ Ow0i ºi2ŒL�; ¹ Ob
0
i º2�i�L/, we obtain OW.0/ with the same law �

by setting

Ow1.0; j1/ D Ow1.0; OC1.j1//; Owi .0; ji�1; ji / D Owi .0; OCi�1.ji�1/; OCi .ji //;
Obi .0; ji / D Obi .0; OCi .ji //; 2 � i � L;

where ¹ OCi .ji /ºji2ŒNi � are �i -independent for i � L � 1. We consider the evolution
W.t/ starting from W.0/ (which is independent of W once W.0/ is fixed). Note that
W.t/ is a deterministic function of its initialization W.0/ and the data ¹z.s/ºs�t .
Similarly, we consider the counterpart for OW : the evolution OW.t/ as a function of the
initialization OW.0/ and the data ¹Oz.s/ºs�t . Due to sharing the same distribution for
both the initialization and the data, these evolutions have the same law. In other words,
for any � > 0,

inf
coupling of .W; OW/

P .kW � OWkT � �/ D 0;

in which

kW � OWkT

D max
�� 1
N1

N1X
j1D1

sup
t�T

jw1.bt=�c; j1/ � Ow1.bt=�c; j1/j2
�1=2

;

max
2�i�L

� 1

Ni�1Ni

Ni�1X
ji�1D1

NiX
jiD1

sup
t�T

jwi .bt=�c; ji�1; ji / � Owi .bt=�c; ji�1; ji /j2
�1=2
;

max
2�i�L

� 1
Ni

NiX
jiD1

sup
t�T

jbi .bt=�c; ji / � Obi .bt=�c; ji /j2
�1=2�

:

Theorem 4.7 implies that, following the coupling procedure, for any ı > 0, with prob-
ability at least 1 � ı � oJ IL,

DT .W;W/ � o�;J Iı;T;L;

where here and in the following, we denote by oJ IL and o�;J Iı;T;L appropriate quanti-
ties that may change from line to line with oJ IL! 0 and o�;J Iı;T;L! 0 as the learning
rate � ! 0 and J !1. Here without loss of generality, we assume o�;J Iı;T;L > 0.



P.-M. Nguyen and H. T. Pham 328

We also have a similar result for DT . OW ; OW/. As such,

inf
coupling of .W ; OW/

P .dJ;T .WJ;T ; OWJ;T / � o�;J Iı;T;L/

� P .DT .W;W/ � o�;J Iı;T;L/C P .DT . OW ; OW/ � o�;J Iı;T;L/

C inf
coupling of .W; OW/

P .kW � OWkT � o�;J Iı;T;L/

� 2ı C 2oJ IL;

where we define

WJ;T D
®
w1.t; C1.j1//; wi .t; Ci�1.ji�1/; Ci .ji //; bi .t; Ci .ji // W

ji 2 ŒNi �; i 2 ŒL�; t 2 Œ0; T �
¯
;

OWJ;T D
®
Ow1.t; OC1.j1//; Owi .t; OCi�1.ji�1/; OCi .ji //; Obi .t; OCi .ji // W

ji 2 ŒNi �; i 2 ŒL�; t 2 Œ0; T �
¯
:

This gives a sense of approximate closeness betweenW and OW on a set J D ¹N1; : : : ;
NLº with sufficiently large size Ni , importantly under the assumption of N�-indepen-
dence. To extend this to arbitrary finite sizes, we perform the following argument.

Step 2: Extension to finite sizes. For a given fixed set I D ¹n1; : : : ; nLº with nL D 1,
let us consider the following sub-sampling procedure: for each i 2 ŒL� and each ri 2
Œni �, we independently sample Vi .ri / uniformly from ŒNi �, and then set Si .ri / D
Ci .Vi .ri // and OSi .ri / D OCi .Vi .ri //. Let us define

WI;T D
®
w1.t; S1.r1//; wi .t; Si�1.ri�1/; Si .ri //; bi .t; Si .ri // W

ri 2 Œni �; i 2 ŒL�; t 2 Œ0; T �
¯
;

and OWI;T similarly. We prove that Law.WI;T / and Law. OWI;T / are close in an appro-
priate sense. This shall be done via a connection with dJ;T .WJ;T ; OWJ;T / on the set J .

Let EV denote the expectation with respect to the sub-sampling procedure only
(i.e., with respect to the randomness of ¹Vi .ri / W ri 2 Œni �; i 2 ŒL�º). Notice that

EV Œjd
w;i
I;T .WI;T ; OWI;T /j

2� D jd
w;i
J;T .WJ;T ; OWJ;T /j

2;

EV Œjd
b;i
I;T .WI;T ; OWI;T /j

2� D jd
b;i
J;T .WJ;T ; OWJ;T /j

2:

Using this fact and Markov’s inequality, for any � > 0,

P .dw;iI;T .WI;T ; OWI;T / � �/

� P .dw;iJ;T .WJ;T ; OWJ;T / � �
2/

C E
�
EV ŒI.d

w;i
I;T .WI;T ; OWI;T / � �/� I.d

w;i
J;T .WJ;T ; OWJ;T / � �

2/
�
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� P .dw;iJ;T .WJ;T ; OWJ;T / � �
2/

C ��2E
�
EV Œjd

w;i
I;T .WI;T ; OWI;T /j

2� I.dw;iJ;T .WJ;T ; OWJ;T / � �
2/
�

� P .dw;iJ;T .WJ;T ; OWJ;T / � �
2/C �2:

The bound on dJ;T .WJ;T ; OWJ;T / gives

inf
coupling of .W ; OW/

P
�
d
w;i
J;T .WJ;T ; OWJ;T / � QO�;J Iı;T;L.1/

�
� 2ı C 2oJ IL:

Then, by taking � D po�;J Iı;T;L, we have

inf
coupling of .W ; OW/

P
�
d
w;i
I;T .WI;T ; OWI;T / �

p
o�;J Iı;T;L

�
� eT;L.ı; �; J /;

eT;L.ı; �; J / D 2ı C 2oJ IL C o�;J Iı;T;L:

A similar fact holds for db;iI;T , and therefore by the union bound,

inf
coupling of .W ; OW/

P
�
dI;T .WI;T ; OWI;T / �

q
o�;J Iı;T;L.�; J /

�
� 2LeT;L.ı; �; J /:

In particular, this implies, for any f 2 FI;T ,

jEŒf .WI;T /� � EŒf . OWI;T /�j � 4LeT;L.ı; �; J /C
p
o�;J Iı;T;L:

This describes closeness between Law.WI;T / and Law. OWI;T /. Note that this is not
sufficient to conclude the proof (via taking �! 0, J !1, ı! 0): the left-hand side
involves the random variables Ci .Vi .ri //, which firstly does not remove N�-indepen-
dence and secondly is not independent of J since Vi .ri / 2 ŒNi �.

Step 3: Removing N�-independence. Let ¹Ui .ji /ºji2ŒNi � be drawn i.i.d. from Pi , inde-
pendently for each i 2 ŒL�, as in the statement of the corollary. First we recall that
¹Ci .ji /ºji2ŒNi � are �i -independent for i � L � 1 with �i ! 0 as Ni !1. We also
noteNLD nLD 1 and hence UL.1/DCL.1/. As such, for any 1-bounded function g,ˇ̌
E�V Œg.Si .ri / W ri 2 Œni �; i 2 ŒL�/��E�V Œg.Ui .Vi .ri // W ri 2 Œni �; i 2 ŒL�/�

ˇ̌
� oJ IL;I ;

where oJ IL;I is a deterministic quantity such that oJ IL;I ! 0 as J !1 and E�V
denotes the expectation with respect to everything excluding the sub-sampling proce-
dure. Indeed, suppose that ¹ QV1.1/; : : : ; QV1.n1/º is a permutation of ¹V1.1/; : : : ;V1.n1/º
such that QV1.1/ > � � � > QV1.n1/. Using the N�-independence property, we have the fol-
lowing for j�1j � �1:

E�V Œg.Si .ri / W ri 2 Œni �; i 2 ŒL�/�

D E�VE
�C1. QV1.1//

EC1. QV1.1//j�C1. QV1.1//

�
g
�
C1. QV1.r1//; Ci .Vi .ri // W

r1 2 Œn1�; ri 2 Œni � for i � 2
��
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D E�VE
�C1. QV1.1//

EU1. QV1.1//

�
g
�
U1. QV1.1//; C1. QV1.r1//; Ci .Vi .ri // W

r1 2 Œn1� n ¹1º; ri 2 Œni � for i � 2
��
C �1;

where conditioning on the sub-sampling, E�C1. QV1.1// is the expectation with respect
to everything excluding C1. QV1.1//, and EC1. QV1.1//j�C1. QV1.1//

is the expectation with
respect to C1. QV1.1// conditioning on everything else. (Here we have assumed that
V1.1/; : : : ;V1.n1/ are all distinct, since any repeated elements can be removed without
affecting the argument.) By iterating this decomposition, we obtain the claim.

On the other hand, since ¹Ui .ji /ºji2ŒNi � are i.i.d., it is easy to see that

EŒg.Ui .Vi .ri // W ri 2 Œni �; i 2 ŒL�/� D EŒg.Ui .ri / W ri 2 Œni �; i 2 ŒL�/�:

Together with the result from the previous step, we thus have, for any f 2 FI;T ,

jEŒf .W.I; T //� � EŒf . OW.I; T //�j � 2oJ IL;I C 8LeT;L.ı; �; J /C 2
p
o�;J Iı;T;L;

where we recall

W.I; T / D
®
w1.t; U1.j1//; wi .t; Ui�1.ji�1/; Ui .ji //; bi .t; Ui .ji // W

ji 2 Œni �; i 2 ŒL�; t 2 Œ0; T �
¯
;

and similarly for OW.I; T /. Note that the left-hand side is completely independent
of J , � and ı. So, by taking � ! 0, J !1, ı ! 0, we have

EŒf .W.I; T //� D EŒf . OW.I; T //�;

which completes the proof.

Proof of Corollary 4.11. For any test function WW1 �W2!R that is bounded with
bounded gradient, we have

d

dt

Z
 .u1; u2/ d�t .u1; u2/

D
d

dt
EC1

Œ .w1.t; C1/; w2.t; C1; 1//�

D �EC1

�˝
r1 .w1.t; C1/; w2.t; C1; 1//; �

w
1 .t/EZ Œ�

w
1 .t; Z; C1/�

˛�
� EC1

�˝
r2 .w1.t; C1/; w2.t; C1; 1//; �

w
2 .t/EZ Œ�

w
2 .t; Z; C1; 1/�

˛�
(a)
D �EC1

�˝
r1 .w1.t; C1/; w2.t; C1; 1//; �

w
1 .t/EZ Œ�

w
1 .u1; u2IZ; �t /�

˛�
� EC1

�˝
r2 .w1.t; C1/; w2.t; C1; 1//; �

w
2 .t/EZ Œ�

w
2 .u1; u2IZ; �t /�

˛�
D �

Z
hr .u1; u2/; G.u1; u2I �t /i d�t .u1; u2/;

where step (a) can be checked easily by inspection. This shows that �t satisfies the
claimed distributional partial differential equation. The rest of the claims follow in a
similar vein to the proof of Corollary 4.9.
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D. Remaining details for Section 5

D.1. Infinite-M limit of the canonical MF limit under i.i.d. initializations

We give the full description of the infinite-M limit W � of the canonical MF limit,
described in Section 5.1.2. To that end, let us first consider depth L � 5. Let ¹w�i º

L
iD1

and ¹b�i º
L
iD2 be functions satisfying the following dynamics:

@

@t
w�1 .t; u1/ D ��

w
1 .t/EZ Œ�

w�
1 .t; Z; u1/�;

@

@t
w�2 .t; u1; u2; v2/ D ��

w
2 .t/EZ Œ�

w�
2 .t; Z; u1; u2; v2/�;

@

@t
w�i .t; ui ; vi�1; vi / D ��

w
i .t/EZ Œ�

w�
i .t; Z; ui ; vi�1; vi /�;

i D 3; : : : ; L � 2;

@

@t
w�L�1.t;uL�1;uL;vL�2;vL�1/D��

w
L�1.t/EZ Œ�

w�
L�1.t;Z;uL�1;uL;vL�2;vL�1/�;

@

@t
w�L.t; uL; vL�1/ D ��

w
L.t/EZ Œ�

w�
L .t; Z; uL; vL�1/�;

@

@t
b�i .t; vi / D ��

b
i .t/EZ Œ�

b�
i .t; Z/�;

i D 2; : : : ; L � 2;

@

@t
b�L�1.t; uL; vL�1/ D ��

b
L�1.t/EZ Œ�

b�
L�1.t; Z; uL/�;

@

@t
b�L.t/ D ��

b
L.t/EZ Œ�

b�
L .t; Z/�;

for all ui 2 supp.�iw/ for i D 1; : : : ; L;

for all vi 2 supp.�ib/ for i D 2; : : : ; L � 1;

with the initialization w�1 .0; u1/ D u1, w�2 .0; � ; u2; �/ D u2, w�i .0; ui ; � ; �/ D ui for
i D 3; : : : ; L � 2, w�L�1.0; uL�1; � ; � ; �/ D uL�1, w�L.0; uL; �/ D uL, b�i .0; vi / D vi
for i D 2; : : : ;L� 2, b�L�1.0; � ; vL�1/D vL�1 and b�L.0/ a deterministic constant that
�Lb .b

�
L.0// D 1 (i.e., b�L.0/ D pL.1/ according to equation (5.5)). Here the quantities

are defined by the following forward and backward recursions.

Forward recursion:

H�1 .t; x; u1/ D �1.w
�
1 .t; u1/; x/;

H�2 .t; x; v2/ D

Z
�2.w

�
2 .t; u1; u2; v2/; b

�
2 .t; v2/;H

�
1 .t; x; u1//�

1
w.du1/�

2
w.du2/;

H�i .t; x; vi /

D

Z
�i .w

�
i .t; ui ; vi�1; vi /; b

�
i .t; vi /;H

�
i�1.t; x; vi�1//�

i
w.dui /�

i�1
b .dvi�1/;

i D 3; : : : ; L � 2;
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H�L�1.t; x; uL; vL�1/

D

Z
�L�1

�
w�L�1.t; uL�1; uL; vL�2; vL�1/; b

�
L�1.t; uL; vL�1/;H

�
L�2.t; x; vL�2/

�
� �L�1w .duL�1/�

L�2
b .dvL�2/;

H�L.t; x/

D

Z
�L.w

�
L.t; uL; vL�1/; b

�
L.t/;H

�
L�1.t; x; uL; vL�1//�

L
w .duL/�

L�1
b .dvL�1/;

Oy�.t; x/ D �LC1.H
�
L.t; x//:

Backward recursion:

�H�L .t; z/ D �H
L .y; Oy

�.t; x/;H�L.t; x//;

�w�L .t; z; uL; vL�1/

D �w
L

�
�H�L .t; z/; w�L.t; uL; vL�1/; b

�
L.t/;H

�
L.t; x/;H

�
L�1.t; x; uL; vL�1/

�
;

�b�L .t; z/

D

Z
�b
L.�

H�
L .t; z/; w�L.t; uL; vL�1/; b

�
L.t/;H

�
L.t; x/;H

�
L�1.t; x; uL; vL�1//

� �Lw .duL/�
L�1
b .dvL�1/;

�H�L�1.t; z; uL; vL�1/

D �H
L�1.�

H�
L .t; z/; w�L.t; uL; vL�1/; b

�
L.t/;H

�
L.t; x/;H

�
L�1.t; x; uL; vL�1//;

�w�L�1.t; z; uL�1; uL; vL�2; vL�1/

D �w
L�1

�
�H�L�1.t; z; uL; vL�1/; w

�
L�1.t; uL�1; uL; vL�2; vL�1/; b

�
L�1.t; uL; vL�1/;

H�L�1.t; x; uL; vL�1/;H
�
L�2.t; x; vL�2/

�
;

�b�L�1.t; z; uL; vL�1/

D

Z
�b
L�1

�
�H�L�1.t; z;uL;vL�1/; w

�
L�1.t;uL�1;uL;vL�2;vL�1/; b

�
L�1.t;uL;vL�1/;

H�L�1.t; x; uL; vL�1/;H
�
L�2.t; x; vL�2/

�
�L�1w .duL�1/�

L�2
b .dvL�2/;

�H�L�2.t; z; vL�2/

D

Z
�H
L�2

�
�H�L�1.t; z; uL;vL�1/; w

�
L�1.t; uL�1; uL;vL�2;vL�1/; b

�
L�1.t; uL;vL�1/;

H�L�1.t; x; uL; vL�1/;H
�
L�2.t; x; vL�2/

�
�Lw .duL/�

L�1
w .duL�1/�

L�1
b .dvL�1/;

�w�i .t; z; ui ; vi�1; vi /

D �w
i .�

H�
i .t; z; vi /; w

�
i .t; ui ; vi�1; vi /; b

�
i .t; vi /;H

�
i .t; x; vi /;H

�
i�1.t; x; vi�1//;
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�b�i .t; z; vi /

D

Z
�b
i .�

H�
i .t; z; vi /; w

�
i .t; ui ; vi�1; vi /; b

�
i .t; vi /;H

�
i .t; x; vi /;H

�
i�1.t; x; vi�1//

� �iw.dui /�
i�1
b .dvi�1/;

�H�i�1.t; z; vi�1/

D

Z
�H
i�1.�

H�
i .t; z; vi /;w

�
i .t;ui ;vi�1;vi /; b

�
i .t;vi /;H

�
i .t; x;vi /;H

�
i�1.t; x;vi�1//

� �iw.dui /�
i
b.dvi / for i D L � 2; : : : ; 3;

�w�2 .t; z; u1; u2; v2/

D �w
2 .�

H�
2 .t; z; v2/; w

�
2 .t; u1; u2; v2/; b

�
2 .t; v2/;H

�
2 .t; x; v2/;H

�
1 .t; x; u1//;

�b�2 .t; z; v2/

D

Z
�b
2 .�

H�
2 .t; z; v2/; w

�
2 .t; u1; u2; v2/; b

�
2 .t; v2/;H

�
2 .t; x; v2/;H

�
1 .t; x; u1//

� �2w.du2/�
1
w.du1/;

�H�1 .t; z; u1/

D

Z
�H
1 .�

H�
2 .t; z; v2/; w

�
2 .t; u1; u2; v2/; b

�
2 .t; v2/;H

�
2 .t; x; v2/;H

�
1 .t; x; u1//

� �2w.du2/�
2
b.dv2/;

�w�1 .t; z; u1/ D �
w
1 .�

H�
1 .t; z; u1/; w

�
1 .t; u1/; x/:

In the case L D 3 and L D 4, we define the dynamics of w�i and b�i similarly.
In particular, for L D 4, one can simply disregard all above equations that are with
invalid indices. For L D 3, we define

@

@t
w�1 .t; u1/ D ��

w
1 .t/EZ Œ�

w�
1 .t; Z; u1/�;

@

@t
w�2 .t; u1; u2; u3; v2/ D ��

w
2 .t/EZ Œ�

w�
2 .t; Z; u1; u2; u3; v2/�;

@

@t
w�3 .t; u3; v2/ D ��

w
3 .t/EZ Œ�

w�
3 .t; Z; u3; v2/�;

@

@t
b�2 .t; u3; v2/ D ��

b
2.t/EZ Œ�

b�
2 .t; Z; u3; v2/�;

@

@t
b�3 .t/ D ��

b
3.t/EZ Œ�

b�
3 .t; Z/�;

for all ui 2 supp.�iw/ for i D 1; 2; 3, for all vi 2 supp.�ib/ for i D 2; 3, in which

H�1 .t; x; u1/ D �1.w
�
1 .t; u1/; x/;

H�2 .t; x; u3; v2/ D

Z
�2.w

�
2 .t; u1; u2; u3; v2/; b

�
2 .t; u3; v2/;H

�
1 .t; x; u1//

� �1w.du1/�
2
w.du2/;
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H�3 .t; x/ D

Z
�3.w

�
3 .t; u3; v2/; b

�
3 .t/;H

�
2 .t; x; u3; v2//�

3
w.du3/�

2
b.dv2/;

Oy�.t; x/ D �4.H
�
3 .t; x//;

�H�3 .t; z/ D �H
3 .y; Oy

�.t; x/;H�3 .t; x//;

�w�3 .t; z; u3; v2/ D �
w
3 .�

H�
3 .t; z/; w�3 .t; u3; v2/; b

�
3 .t/;H

�
3 .t; x/;H

�
2 .t; x; u3; v2//;

�b�3 .t; z/ D

Z
�b
3 .�

H�
3 .t; z/; w�3 .t; u3; v2/; b

�
3 .t/;H

�
3 .t; x/;H

�
2 .t; x; u3; v2//

� �3w.du3/�
2
b.dv2/;

�H�2 .t; z; u3;v2/ D �
H
3 .�

H�
3 .t; z/; w�3 .t; u3;v2/; b

�
3 .t/;H

�
3 .t; x/;H

�
2 .t; x; u3;v2//;

�w�2 .t; z; u1; u2; u3; v2/ D �
w
2

�
�H�2 .t; z; u3; v2/; w

�
2 .t; u1; u2; u3; v2/;

b�2 .t; u3; v2/;H
�
2 .t; x; u3; v2/;H

�
1 .t; x; u1/

�
;

�b�2 .t; z; u3; v2/ D

Z
�b
2

�
�H�2 .t; z; u3; v2/; w

�
2 .t; u1; u2; u3; v2/; b

�
2 .t; u3; v2/;

H�2 .t; x; u3; v2/;H
�
1 .t; x; u1/

�
�1w.du1/�

2
w.du2/;

�H�1 .t; z; u1/ D

Z
�H
1

�
�H�2 .t; z; u3; v2/; w

�
2 .t; u1; u2; u3; v2/; b

�
2 .t; u3; v2/;

H�2 .t; x; u3; v2/;H
�
1 .t; x; u1/

�
�2w.du2/�

3
w.du3/; �

2
b.dv2/;

�w�1 .t; z; u1/ D �
w
1 .�

H�
1 .t; z; u1/; w

�
1 .t; u1/; x/:

Finally, let W �.t/ D ¹w�1 .t; �/; w
�
i .t; �/; b

�
i .t; �/; i D 2; : : : ; Lº. The existence and

uniqueness of such dynamics follow similarly to the proof of Theorem 3.1.

Theorem D.1 (Complete statement of Theorem 5.3). Given .�1w; : : : ; �
L
w ; �

2
b ; : : : ; �

L
b /

and an integer M , construct the canonical neuronal ensemble .�M ; PM /, the ran-
dom variables .C1; : : : ; CL/ � PM D

QL
iD1 P

M
i and the canonical MF limit WM

as described in Section 5.1.1. Also construct the dynamics W � described in Sec-
tion 5.1.2. For L � 5, define the following:

w11 .t; c1/ D w
�
1 .t; w

0
1.c1//;

w12 .t; c1; c2/ D w
�
2 .t; w

0
1.c1/; w

0
2.c1; c2/; b

0
2.c2//;

w1i .t; ci�1; ci / D w
�
i .t; w

0
i .ci�1; ci /; b

0
i�1.ci�1/; b

0
i .ci //; i D 3; : : : ; L � 2;

w1L�1.t; cL�2; cL�1/ D w
�
L�1.t; w

0
L�1.cL�2; cL�1/; w

0
L.cL�1; 1/;

b0L�2.cL�2/; b
0
L�1.cL�1//;

w1L .t; cL�1; 1/ D w
�
L.t; w

0
L.cL�1; 1/; b

0
L�1.cL�1//;

b1i .t; ci / D b
�
i .t; b

0
i .ci //; i D 2; : : : ; L � 2;

b1L�1.t; cL�1/ D b
�
L�1.t; w

0
L.cL�1; 1/; b

0
L�1.cL�1//;

b1L .t; 1/ D b
�
L.t/;

ci 2 �i D ƒ �N>0; i D 1; : : : ; L � 1:
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For LD 4, we define similarly by disregarding the equations with invalid indices. For
L D 3, we define

w11 .t; c1/ D w
�
1 .t; w

0
1.c1//;

w12 .t; c1; c2/ D w
�
2 .t; w

0
2.c1; c2/; w

0
3.c2; 1/; w

0
1.c1/; b

0
2.c2//;

w13 .t; c2; 1/ D w
�
3 .t; w

0
3.c2; 1/; b

0
2.c2//;

b12 .t; c2/ D b
�
2 .t; w

0
3.c2; 1/; b

0
2.c2//;

b13 .t/ D b
�
3 .t/:

We also let W1.t/ D ¹w11 .t; �/;w
1
i .t; � ; �/; b

1
i .t; �/; i D 2; : : : ; Lº. Let us consider

hWM
�W1it D max

�
max
1�i�L

hwMi � w
1
i it ; max

2�i�L
hbMi � b

1
i it

�
;

hwMi � w
1
i it D EŒjwMi .t; Ci�1; Ci / � w

1
i .t; Ci�1; Ci /j

2�1=2;

hbMi � b
1
i it D EŒjbMi .t; Ci / � b

1
i .t; Ci /j

2�1=2; i D 2; : : : ; L;

hwM1 � w
1
1 it D EŒjwM1 .t; C1/ � w

1
1 .t; C1/j

2�1=2:

Then, under Assumptions 2.4–2.6 and 4.6, for any T � 0 and L � 2,

sup
t�T

hWM
�W1it �

KT;L

M 0:499
;

for sufficiently large M D M.T; L/, where KT;L is a constant that depends on T
and L. Furthermore, for L � 4 and 2 � i � L � 2,

sup
t�T

EŒjHi .X; Ci IW
M .t// �H�i .t; X; b

0
i .Ci //j

2�1=2 �
KT;L

M 0:499
:

D.2. Proof of Theorem D.1

Proof of Theorem D.1. Let us consider the case L � 5; the case where L � 4 is simi-
larly proven. We use KT;L to denote a generic constant that depends on T and L and
may change from line to line.

Step 1. By following the argument of Lemma 3.2, one can show that kW1kT as well
as the following quantities are all bounded by KT;L:

E
�

sup
t�T

ess-sup
Z�P

jH�1 .t; X;w
0
1.C1//j

50
�
;

max
2�i�L�2

E
�

sup
t�T

ess-sup
Z�P

jH�i .t; X; b
0
i .Ci //j

50
�
;

E
�

sup
t�T

ess-sup
Z�P

jH�L�1.t; X;w
0
L.CL�1; 1/; b

0
L�1.CL�1//j

50
�
;
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sup
t�T

ess-sup
Z�P

jH�L.t; X/j;

E
�

sup
t�T

ess-sup
Z�P

j�H�1 .t; Z;w01.C1//j
50
�
;

max
2�i�L�2

E
�

sup
t�T

ess-sup
Z�P

j�H�i .t; Z; b0i .Ci //j
50
�
;

E
�

sup
t�T

ess-sup
Z�P

j�H�L�1.t; Z;w
0
L.CL�1; 1/; b

0
L�1.CL�1//j

50
�
;

sup
t�T

ess-sup
Z�P

j�H�L .t; Z/j:

Likewise one can also show that for any B � 0,

P
�
maxwT .W

1/ � KT;LB
�
� 2KT;Le

�KB2

;

in which
maxwT .W

1/ D max
2�i�L

sup
t�T

jw1i .t; Ci�1; Ci /j:

Step 2. Let us define

D1.t/ D EŒjH1.X; C1IW
1.t// �H�1 .t; X;w

0
1.C1//j

2�;

Di .t/ D EŒjHi .X; Ci IW
1.t// �H�i .t; X; b

0
i .Ci //j

2�; i D 2; : : : ; L � 2;

DL�1.t/ D E
�ˇ̌
HL�1.X; CL�1IW

1.t//

�H�L�1.t; X;w
0
L.CL�1; 1/; b

0
L�1.CL�1//

ˇ̌2�
;

DL.t/ D EŒjHL.X; 1IW
1.t// �H�L.t; X/j

2�:

We claim that for t � T ,

Di .t/ �
KT;L

M
; i 2 ŒL�:

Firstly, it is immediate that

H1.X; C1IW
1.t// D �1.w

�
1 .t; w

0
1.C1//; X/ D H

�
1 .t; X;w

0
1.C1//;

and hence D1.t/ D 0. For i D 2, we have

D2.t/ D E
hˇ̌̌

EC1

�
�2
�
w�2 .t; w

0
1.C1/; w

0
2.C1; C2/; b

0
2.C2//; b

�
2 .t; b

0
2.C2//;

H1.X; C1IW
1.t//

��
�

Z
�2.w

�
2 .t; u1; u2; b

0
2.C2//; b

�
2 .t; b

0
2.C2//;H

�
1 .t; x; u1//

� �1w.du1/�
2
w.du2/

ˇ̌̌2i
:
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Recalling that w02.C1; C2/ D q2.�1; �2/.�2/, b02.C2/ D p2.�2/.�2/ and w01.C1/ D
p1.�1/.�1/ from the construction of Section 5.1.1, we have
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where in step (a), .� 01; �
0
1/ � Unif.ŒM �/ � P0 is an independent copy of .�1; �1/ and

is independent of .�2; �2/, and step (b) is by the construction of p1, p2 and q2. It is
also easy to see that
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Therefore, for t � T ,
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where we use Step 1 and Assumption 2.5 in the last step. For i 2 ¹3; : : : ; L � 2º,
recall that w0i .Ci�1; Ci / D qi .�i�1; �i /.�i /, b0i .Ci / D pi .�i /.�i / and b0i�1.Ci�1/ D
pi�1.�i�1/.�i�1/ from the construction of Section 5.1.1. Then, similar to the argu-
ment for i D 2,
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which then gives, by Step 1 and Assumption 2.5,
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Next, notice that again by Step 1 and Assumption 2.5,
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Hence,
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This proves the claim for i � L � 2. The other claims are similar.

Step 3. Let us define
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The derivation is similar to Step 2; let us give a sketch and highlight the difference.
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where (a) is similar to Step 2, in which we use the fact that w0iC1.Ci ; CiC1/ D
qiC1.�i ; �iC1/.�iC1/, b0i .Ci / D pi .�i /.�i / and b0iC1.CiC1/ D piC1.�iC1/.�iC1/,
from the construction of Section 5.1.1, (b) is by Assumption 2.6, and (c) follows
from Step 1. We also note
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where (a) follows from Assumption 2.6, (b) follows from Step 1, and we define
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The bounding of Qi .t/ requires some more care. In particular, for B > 0, define
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Upon decomposing the inner expectation of Qi .t/ into the sum of I.E/ and I.:E/,
together with Step 1, via an appropriate use of Cauchy–Schwarz’s inequality, it is easy
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which holds for any B > 0. Combining these bounds together and Step 2, we obtain
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Then choosing B D c
p

logM for an appropriate constant c leads to the desired con-
clusion.



P.-M. Nguyen and H. T. Pham 342

Step 4. Let us define
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Indeed, by Assumption 2.6, for 3 � i � L � 2,
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M .t// ��wi .Z; Ci�1; Ci IW
1.t//�

ˇ̌2�1=2
� KT;L..1C B/hW

M
�W1it C e

�KB2

/:

As such, by Step 4,

EŒj�wi .Z; Ci�1; Ci IW
M .t// ��w�i .t; Z;w0i .Ci�1; Ci /; b

0
i�1.Ci�1/; b

0
i .Ci //j

2�1=2

� jDw
i .t/j

1=2
C EŒj�wi .Z; Ci�1; Ci IW

M .t// ��wi .Z; Ci�1; Ci IW
1.t//j2�1=2

� KT;L

� log1=4M
M 1=2

C .1C B/hWM
�W1it C e

�KB2
�
:
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One can obtain similar results for �w1 and �bi . Hence, we obtain that for all t � T ,

hWM
�W1it � KT;L

Z t

0

� log1=4M
M 1=2

C .1C B/hWM
�W1it C e

�KB2
�
ds:

Since hWM �W1i0 D 0, Gronwall’s inequality implies that

sup
t�T

hWM
�W1it �KT;L inf

B>0

h� log1=4M
M 1=2

C e�KB
2
�
eKT;L.1CB/

i
�KT;L

1

M 0:499
;

for sufficiently large M .
Furthermore, with the same argument as Lemma B.3, given Step 1, one gets that

for 2 � i � L � 2 and any t � T ,

EŒjHi .X; Ci IW
M .t// �Hi .X; Ci IW

1.t//j2�1=2 � KT;LhW
M
�W1it :

As such, together with Step 2, we get

sup
t�T

EŒjHi .X; Ci IW
M .t// �H�i .t; X; b

0
i .Ci //j

2�1=2 � KT;L
1

M 0:499
;

for sufficiently large M .

D.3. Proof of Proposition 5.2

Proof of Proposition 5.2. It is easy to see that under the canonical neuronal ensemble
.�M ; PM /, the functions ¹w0i º

L
iD1 and ¹b0i º

L
iD2 satisfy the i.i.d. initialization law,

according to equation (5.1)–(5.5). To derive the N�-independence property, recall from
the construction that for i � L � 1, Ci .ji / D .�i .ji /; �i .ji // and ¹Ci .ji /ºji2Œni � are
sampled from .P0 � Unif.ŒM �//ni conditional on that ¹�i .ji /ºji2Œni � are all distinct.
Notice then, for i � L � 1 and any j 2 Œni �,

EŒf .Ci .j // j ¹Ci .h/; h ¤ j º� D
1

M � ni C 1

X
�…¹�i .h/Wh¤j º

EŒf .Ci .j // j �i .h/ D ��:

Thus, for 1-bounded function f , we haveˇ̌
EŒf .Ci .j // j ¹Ci .h/; h ¤ j º� � EŒf .Ci .j //�

ˇ̌
�

1

M

X
�2¹�i .h/Wh¤j º

jEŒf .Ci .j // j �i .h/ D ��j

C
ni � 1

M.M � ni C 1/

X
�…¹�i .h/Wh¤j º

jEŒf .Ci .j // j �i .h/ D ��j

� 2
ni � 1

M
:

The claim is trivial for i D L.
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D.4. Proofs of Corollaries 5.5 and 5.6

Proof of Corollary 5.5. By Proposition 5.2 and Corollary 4.9 (in particular, one of the
intermediate steps in its proof), we have that for sufficiently largeM , with probability
at least 1 � 3ı �KLnmax exp.�Knc2

min/,� 1
ni

niX
jiD1

EZ ŒjHi .bt=�c;X;ji /�Hi .X;Ci .ji /IW
M .bt=�c�//j2�

�1=2
D QO.n

�c1

min C�
c1/;

where we recall that ¹Ci .ji /ºji2Œni � are sampled according to the sampling rule xPMn
as described in Section 5.1.1. On the other hand, since Law.Ci .ji // D PMi , by The-
orem 5.3,

E
h 1
ni

niX
jiD1

EZ ŒjHi .X;Ci .ji /IW
M .bt=�c�//�H�i .bt=�c�;X;Bi /j

2�
i1=2
�

KT;L

M 0:499
;

which yields, for any  > 0,

P
� 1
ni

niX
jiD1

EZ ŒjHi .X;Ci .ji /IW
M .bt=�c�//�H�i .bt=�c�;X;Bi /j

2�� 
�
�
KT;L

M 0:9
:

Finally, by following the argument in the proof of Corollary 4.9, we have

EŒjH�i .bt=�c�; X;Bi / �H
�
i .t; X;Bi /j

2�1=2 � KT;L �:

The proof concludes by combining this with the previous two probability bounds and
taking M !1 and then  ! 0.

Proof of Corollary 5.6. For 3 � i � L � 2, since b0i .Ci / D Bi is a constant,

w1i .t; Ci�1; Ci / � w
1
i .0; Ci�1; Ci /

D �

Z t

0

�w
i .s/EZ

�
�w
i

�
�H�i .s; Z; b0i .Ci //; w

�
i .s; w

0
i .Ci�1; Ci /; b

0
i�1.Ci�1/;

b0i .Ci //; b
�
i .s; b

0
i .Ci //;H

�
i .s; X; b

0
i .Ci //;H

�
i�1.s; X; b

0
i�1.Ci�1//

��
ds

D �

Z t

0

�w
i .s/EZ

�
N�w
i

�
�H�i .s; Z; b0i .Ci //; b

�
i .s; b

0
i .Ci //;

H�i .s; X; b
0
i .Ci //;H

�
i�1.s; X; b

0
i�1.Ci�1//

��
ds

D �

Z t

0

�w
i .s/EZ

�
N�w
i

�
�H�i .s; Z;Bi /; b

�
i .s; Bi /;H

�
i .s; X;Bi /;

H�i�1.s; X;Bi�1/
��
ds;

which is independent of Ci�1 and Ci . The desired claim readily follows.
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E. Remaining proofs for Section 6

E.1. Proof of Theorem 6.2

First we show that if w1.0; C1/ has full support, then so does w1.t; C1/ at any time t .
Note that the following result holds beyond the setting of Theorem 6.2.

Lemma E.1. Consider the MF ODEs (as described in Section 2.2) with L D 2 and
W1 D Rd (for some positive integer d ), under Assumptions 2.4–2.6 and 4.6. Let us
disregard the bias of the second layer by considering �b

2. �/ D 0 and b2.0; �/ D 0.
Suppose that the support of Law.w1.0; C1/; w2.0; C1; 1// contains the graph of a
continuous function F WW1!W2 such that jF.u/j � K for all u 2W1. Then for all
finite time t , the support of Law.w1.t; C1// is W1.

Proof. Since the support of Law.w1.0; C1/; w2.0; C1; 1// contains the graph of F W
W1!W2, we can choose the neuronal embedding so that there is a choice C1.u/ for
each u 2W1 such that w1.0; C1.u// D u and w2.0; C1.u/; 1/ D F.u/, and further-
more, for any neighborhood U of .u; F.u//, .w1.0; C1/; w2.0; C1; 1// lies in U with
positive probability. For an arbitrary T � 0, let us define M W Œ0; T � �W1 ! W1 by
M.t; u/ D w1.t; C1.u//.

We show thatM is continuous. In the following, we defineKt to be a generic con-
stant that changes with t and is finite with finite t . We first have from Assumption 2.6
that

j�H2 .t; z; 1/j � K; j�
w
2 .t; z; c1; 1/j � K.1C j�

H
2 .t; z; 1/j/ � K;

which implies, by Assumption 2.4,

jw2.t; c1; 1/j � jw2.0; c1; 1/j CKt :

In particular, for any u 2W1,

jw2.t; C1.u/; 1/j � F.u/CKt � Kt :

We then have from Assumptions 2.5–2.6 that

jH1.t; x; c1/ �H1.t; x; c
0
1/j � Kjw1.t; c1/ � w1.t; c

0
1/j;

j�w2 .t; z; c1; 1/ ��
w
2 .t; z; c

0
1; 1/j

� K.1Cj�H2 .t; z; 1/j/jH1.t; x; c1/�H1.t; x; c
0
1/jCKjw2.t; c1;1/�w2.t; c

0
1;1/j

� K.jw2.t; c1; 1/ � w2.t; c
0
1; 1/j C jw1.t; c1/ � w1.t; c

0
1/j/;

j�H1 .t; z; c1/ ��
H
1 .t; z; c

0
1/j

� K.1C j�H2 .t; z; 1/j/
�
jw2.t; c1; 1/ � w2.t; c

0
1; 1/j

C .1C jw2.t; c1; 1/j C jw2.t; c
0
1; 1/j/jH1.t; x; c1/ �H1.t; x; c

0
1/j
�
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� Kjw2.t; c1; 1/ � w2.t; c
0
1; 1/j

CKt .1C jw2.0; c1; 1/j C jw2.0; c
0
1; 1/j/jw1.t; c1/ � w1.t; c

0
1/j;

j�w1 .t; z; c1/ ��
w
1 .t; z; c

0
1/j

� K.j�H1 .t; z; c1/ ��
H
1 .t; z; c

0
1/j C jw1.t; c1/ � w1.t; c

0
1/j/

� Kjw2.t; c1; 1/ � w2.t; c
0
1; 1/j

CKt .1C jw2.0; c1; 1/j C jw2.0; c
0
1; 1/j/jw1.t; c1/ � w1.t; c

0
1/j:

Defining

R.t/ D jw2.t; C1.u/; 1/ � w2.t; C1.u
0/; 1/j2 C jw1.t; C1.u// � w1.t; C1.u

0//j2

for some u; u0 2W1, we then have for any t � T ,

d

dt
R.t/ � KT .1C jw2.0; C1.u/; 1/j C jw2.0; C1.u

0/; 1/j/2R.t/

D KT .1C jF.u/j C jF.u
0/j/2R.t/

� KTR.t/;

which implies that R.t/ � R.0/ exp.KT t /. In addition, by Assumption 2.6,

j�H1 .t; z; c1/j � K.1C j�
H
2 .t; z; 1/j/.1C jw2.t; c1; 1/j/

� Kjw2.0; c1; 1/j CKt ;

j�w1 .t; z; c1/j � K.1C j�
H
1 .t; z; c1/j/

� Kjw2.0; c1; 1/j CKt ;

which leads to

jw1.t; c1/ � w1.t
0; c1/j � Kt_t 0.1C jw2.0; c1; 1/j/jt � t

0
j:

Since R.0/ D jF.u/� F.u0/j2 C ju� u0j2! 0 as u! u0, we deduce, for t; t 0 � T ,
that

jw1.t; C1.u// � w1.t
0; C1.u

0//j

� jw1.t; C1.u// � w1.t
0; C1.u//j C jw1.t

0; C1.u// � w1.t
0; C1.u

0//j

� KT .1C jF.u/j/jt � t
0
j C

p
R.0/ exp.KT T /! 0

as .u; t/! .u0; t 0/. This shows that M.t; u/ D w1.t; C1.u// is continuous.
Recall that W1 D Rd , and consider the sphere Sd which is a compactification

of W1. We extendM W Œ0; T �� Sd ! Sd by fixing the point at infinity, which remains
a continuous map since

jM.t; u/ � uj D jM.t; u/ �M.0; u/j D jw1.t; C1.u// � w1.0; C1.u//j

� KT .1C jF.u/j/t � KT t:
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Let Mt WW1 !W1 be defined by Mt .u/ DM.t; u/. Observe that if Mt is surjective
for all t , then the support of Law.w1.t; C1// is W1, since for a neighborhood B of
M.t; u/ D w1.t; C1.u//, P .w1.t; C1/ 2 B/ D P .w1.0; C1/ 2 M�1t .B// > 0. It is
indeed true that Mt is surjective for all t for the following reason. If Mt fails to be
surjective for some t , then for some p 2 Sd ,Mt WSd ! Sd n ¹pº ! Sd is homotopic
to the constant map, but M then gives a homotopy from the identity map M0 on the
sphere to a constant map, which is a contradiction as the sphere Sd is not contractible.
This finishes the proof of the claim.

We are ready to prove Theorem 6.2. We recall the setting of Theorem 6.2, and in
particular, the neural network (6.1).

Proof of Theorem 6.2. It is easy to check that Assumptions 2.4–2.6 hold. Therefore,
by Theorem 3.1, the solution to the MF ODEs exists uniquely, and by Lemma E.1, the
support of Law.w1.t; C1// is Rd at all t . We recall from the convergence assumption
the limits Nw1 and Nw2, and we shall first prove . Nw1; Nw2/ is a global minimizer of L in
Case 1 and L. Nw1; Nw2/ D 0 in Case 2.

By the convergence assumption, we have that for any � > 0, there exists T .�/ such
that for all t � T .�/ and P -almost every c1,

� � jEZ Œ@2L.Y; Oy.t; X//'
0
2.H2.t; X; 1//'1.hw1.t; c1/; Xi/�j

D jhEZ Œ@2L.Y; Oy.t; X// j X D x�'
0
2.H2.t; x; 1//; '1.hw1.t; c1/; xi/iL2.PX /

j:

Let H .f1; f2; x/ D EZ Œ@2L.Y; Oy.X I f1; f2// j X D x�'02.H2.xI f1; f2//. Since
Law.w1.t; C1// has full support, we obtain that, for u in a dense subset of Rd ,

jhH .w1.t; �/; w2.t; � ; 1/; x/; '1.hu; xi/iL2.PX /
j � �:

Since '01 is bounded and jX j � K, EX Œj'1.hu0; Xi/ � '1.hu;Xi/j2�! 0 as u0 ! u.
Hence,

jhH .w1.t; �/; w2.t; � ; 1/; x/; '1.hu; xi/iL2.PX /
j � �;

for all u 2Rd . We claim that H .w1.t; �/;w2.t; � ; 1/;X/!H . Nw1; Nw2;X/ in L1.PX /
as t !1. Assuming this claim, since '1 is bounded, we have for every u 2 Rd ,

hH . Nw1; Nw2; x/; '1.u; x/iL2.PX /
D 0:

Since ¹'1.hu; � i/ W u 2 Rd º has dense span in L2.PX /,

H . Nw1; Nw2; x/ D EŒ@2L.Y; Oy.X I Nw1; Nw2// j X D x�'
0
2.H2.xI Nw1; Nw2// D 0;

for PX -almost every x.
In Case 1, '02 is non-zero, and we get EŒ@2L.Y; Oy.X I Nw1; Nw2// j X D x� D 0

for PX -almost every x. For L convex in the second variable, for any measurable
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function Qy.x/, we have

L.y; Qy.x// �L.y; Oy.xI Nw1; Nw2// � @2L.y; Oy.xI Nw1; Nw2//. Qy.x/ � Oy.xI Nw1; Nw2//:

Taking expectation, we get EZ ŒL.Y; Qy.X//� � L. Nw1; Nw2/, i.e., . Nw1; Nw2/ is a global
minimizer of L.

Now, in Case 2, since y is a function of x and '02 is non-zero, we obtain that
@2L.y; Oy.xI Nw1; Nw2//D 0 and hence L.y; Oy.xI Nw1; Nw2//D 0 for PX -almost every x.
That is, L. Nw1; Nw2/ D 0.

We now prove the claim. Using the assumptions and recalling the coupling �t in
Assumption 6.1 (4), we have

EŒjH .w1.t; �/; w2.t; � ; 1/; X/ �H . Nw1.t; �/; Nw2.t; � ; 1/; X/j�

� EŒj@2L.Y; Oy.X Iw1; w2//'
0
2.H2.X Iw1; w2//

� @2L.Y; Oy.X I Nw1; Nw2//'
0
2.H2.X I Nw1; Nw2//j�

� KEŒj'02.H2.X Iw1; w2// � '
0
2.H2.X I Nw1; Nw2//j�

CKEŒj'2.H2.X Iw1; w2// � '2.H2.X I Nw1; Nw2//j�

� KEŒjH2.X Iw1; w2/ �H2.X I Nw1; Nw2/j�

� KE�t
Œj Nw2.C1/ � w2.t; C

0
1; 1/j

C j Nw2.C1/j j'1.hw1.t; C
0
1/; xi/ � '1.h Nw1.C1/; xi/j�

� KE�t
Œj Nw2.C1/ � w2.t; C

0
1; 1/j C j Nw2.C1/j jw1.t; C

0
1/ � Nw1.C1/j�;

which converges to 0 by assumption. This proves the claim.
Finally, to connect L. Nw1; Nw2/ with L.W.t// in the limit t !1, we have

jL.W.t// � L. Nw1; Nw2/j

D jEZ ŒL.Y; Oy.X IW.t/// �L.Y; Oy.X I Nw1; Nw2//�j

� KjEZ Œ Oy.X IW.t// � Oy.X I Nw1; Nw2/�j

� KE�t
Œj Nw2.C1/jjw1.t; C

0
1/ � Nw1.C1/j C jw2.t; C

0
1; 1/ � Nw2.C1/j�;

which again converges to 0 by assumption. This completes the proof.

E.2. Proof of Proposition 6.8

Proof of Proposition 6.8. We recall

@

@t
w�2 .t; u1; u2; u3/ D �EZ

�
@2L.Y; Oy

�.t; X//w�3 .t; u3/

� '03.H
�
3 .t; X//'

0
2.H

�
2 .t; X; u3//'1.hw

�
1 .t; u1/; Xi/

�
;
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for u1 2 Rd , u2 2 supp.�2/, u3 2 supp.�3/. By the regularity assumption,ˇ̌̌ @
@t
w�2 .t; u1; u2; u3/j � KEZ Œj@2L.Y; Oy

�.t; X//j�jw�3 .t; u3/j:

Note that the right-hand side is independent of u1 and u2. SinceZ
jw�3 .t; u

0
3/ � Nw3.u3/j d�

3
t .u3; u

0
3/! 0

as t !1 for a coupling �3t of �3 and itself, we have for some finite t0 � K,

EŒj Nw3.U3/j� � EŒjw�3 .t0; U3/j�CK � K;

where the last step is by an argument similar to the proof of Lemma 3.2 and the
initialization assumption. As such, for all t sufficiently large, we have

sup
u12Rd ; u22supp.�2/

EU3��3

hˇ̌̌ @
@t
w�2 .t; u1; u2; U3/

ˇ̌̌i
� KEZ Œj@2L.Y; Oy

�.t; X//j�EŒjw�3 .t; U3/j�

� KEZ Œj@2L.Y; Oy
�.t; X//j�.K C EŒj Nw3.U3/j�/

� KEZ Œj@2L.Y; Oy
�.t; X//j�:

The proof concludes once we show that EZ Œj@2L.Y; Oy�.t; X//j�! 0 as t !1.
For a fixed x, let us write L.t; x/ D EŒL.Y; Oy�.t;X// j X D x� and @2L.t; x/ D

EŒ@2L.Y; Oy�.t;X// jX D x� for brevity. Consider Case 1. We claim that if there is an
increasing sequence of time ti so that limi!1ŒL.ti ;x/� inf OyEŒL.Y; Oy/ jXDx��D 0,
then limi!1 j@2L.ti ; x/j D 0. Indeed, it suffices to show that for any subsequence tij
of ti , there exists a further subsequence tijk

such that limk!1 j@2L.tijk
; x/j D 0. In

any subsequence tij of ti , using that L.tij ; x/ is convergent and the fact L.y; Oy/!1

as j Oyj !1, we have that Oy�.tij ; x/ is bounded. Hence, we obtain a subsequence tijk

for which Oy�.tijk
; x/ converges to some limit Oy�. By continuity, we have

EŒL.Y; Oy�/ j X D x� D lim
k!1

L.tijk
; x/ D inf

Oy
EŒL.Y; Oy/ j X D x�:

Thus, since L is convex in the second variable, we have EŒ@2L.Y; Oy�/jX D x� D 0.
Hence,

lim
k!1

j@2L.tijk
; x/j D jEŒ@2L.Y; Oy

�/jX D x�j D 0;

as claimed. Similarly, we obtain in Case 2 that if there is an increasing sequence of
time ti so that limi!1L.ti ; x/ D 0, then limi!1 j@2L.ti ; x/j D 0.

To show that EZ Œj@2L.t; X/j� ! 0 as t ! 1, it suffices to show that for any
increasing sequence of times ti tending to infinity, there exists a subsequence tij



P.-M. Nguyen and H. T. Pham 350

of ti such that EZ Œj@2L.tij ; X/j� ! 0. In Case 1, we have limi!1 L.W �.ti // D

inf Qy EZ ŒL.Y; Qy.X//�, so limi!1 EZ ŒL.ti ; X/ � inf Qy.X/ EZ ŒL.Y; Qy.X// j X�� D

0. Since L.ti ; X/ � inf Qy.X/ EZ ŒL.Y; Qy.X// j X� is non-negative, it converges to 0
in probability. Therefore, there is a further subsequence tij for which L.tij ; X/ �

inf Qy.X/ EZ ŒL.Y; Qy.X// j X� converges to 0 P -almost surely. By the previous claim,
j@2L.tij ; X/j converges to 0 P -almost surely. Since j@2L.tij ; X/j is bounded P -
almost surely, we obtain that EZ Œj@2L.tij ; X/j�! 0 from the bounded convergence
theorem. The result in Case 2 can be established similarly.

F. Remaining proofs for Section 7

F.1. Proof of Proposition 7.3

Proof of Proposition 7.3. We recall

@

@t
wL.t; cL�1; 1/

D �EZ Œ@2L.Y; Oy.X IW.t///'
0
L.HL.X; 1IW.t///'L�1.HL�1.X; cL�1IW.t///�;

for cL�1 2 �L�1. By the regularity assumption,ˇ̌̌ @
@t
wL.t; cL�1; 1/

ˇ̌̌
� KEZ Œj@2L.Y; Oy.X IW.t///j�:

Note that the right-hand side is independent of cL�1. Then as argued in the proof
of Proposition 6.8 (Section E.2), EZ Œj@2L.Y; Oy.X IW.t///j� ! 0 as t ! 1. This
completes the proof.

G. Remaining proofs for Section 8

G.1. Proof of Theorem 8.2

Proof of Theorem 8.2. For brevity, let us write

xH2.x/ D H2.x; 1I xW /; Ny.x/ D Oy.xI xW /:

We also define

G2.t; u1/ D EZ Œ@2L.Y; Oy.t; X//'
0
2.H2.t; X; 1//'1.hu1; Xi/�;

G1.t; u1/ D EZ Œ@2L.Y; Oy.t; X//'
0
2.H2.t; X; 1//'

0
1.hu1; Xi/X�;

xG2.u1/ D EZ Œ@2L.Y; xy.X//'
0
2.
xH2.X//'1.hu1; Xi/�;

xG1.u1/ D EZ Œ@2L.Y; xy.X//'
0
2.
xH2.X//'

0
1.hu1; Xi/X�:
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We claim that as t !1,

EŒjH2.t; X; 1/ � xH2.X/j�! 0; EŒj Oy.t; X/ � Ny.X/j�! 0;

EŒj@2L.Y; Oy.t; X// � @2L.Y; xy.X//j�! 0;

and uniformly in u1,

jG1.t; u1/ � xG1.u1/j ! 0; jG2.t; u1/ � xG2.u1/j ! 0:

Indeed, recall the coupling �t in Assumption 8.1, we have from Assumption 6.1 (3):

EX ŒjH2.t; X; 1/ � xH2.X/j�

D EX
�ˇ̌

E.C1;C
0
1
/��t

Œw2.t; C
0
1;1/'1.hw1.t; C

0
1/; Xi/� xw2.C1/'1.h xw1.C1/; Xi/�

ˇ̌�
� KE�t

Œj xw2.C1/jjw1.t; C
0
1/ � xw1.C1/j C jw2.t; C

0
1; 1/ � xw2.C1/j�;

which tends to 0 as t ! 1 by Assumption 8.1. The other claims can be derived
similarly.

Consider the limit potential xF given by

xF .u1/ D
1

2
j xG2.u1/j

2:

By Assumption 6.1 (3), u1 7! xF .u1/ is continuous. Notice that

r xF .u1/ D
1

2
� 2 xG2.u1/r. xG2.u1// D xG2.u1/ xG1.u1/:

Let xF1W Sd�1 ! R be defined by xF1. Qu1/ D limr!1
xF .r Qu1/, which exists by

Assumption 8.1. We shall argue that xF .u1/ D 0 for all u1 2 Rd , by contradiction.
To that end, let us assume that xF .u1/ ¤ 0 for some u1. Note that xF is bounded by a
constant by Assumption 6.1 (3). Thus, either there is a local maximizer u�1 of xF with
xF .u�1/ > 0 or there is a local maximizer Qu�1 of xF1 with xF1. Qu�1/ > 0.

First consider the case that xF has a local maximizer u�1 with xF .u�1/ > 0. Under
Assumption 8.1, there exists ı 2 .0; xF .u�1// arbitrarily small so that for Sı the con-
nected component of the set ¹uW xF .u/ > xF .u�1/ � ıº that contains u�1 , there is � > 0
such that jr xF .u1/j > � for all u1 2 @cl.Sı/. Let T0 be sufficiently large so that

for t � T0, we have, for u1 2 @cl.Sı/, j xG1.u1/ � G1.t; u1/j � �=
q
8 xF .u�1/, which

implies

h xG1.u1/; G1.t; u1/i � j xG1.u1/j
2
� j xG1.u1/j j xG1.u1/ �G1.t; u1/j

� j xG1.u1/j
2
�

�q
8 xF .u�1/

j xG1.u1/j
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(a)
� j xG1.u1/j

2
�
jr xF .u1/j

2j xG2.u1/j
j xG1.u1/j

D
jr xF .u1/j

2

4 xF .u1/
>

�2

4 xF .u�1/
; (G.1)

where (a) is because 2 xF .u�1/ > 2 xF .u1/ D j xG2.u1/j
2 for any u1 2 @cl.Sı/ by local

maximality of u�1 and continuity of xF . Also, we further enlarge T0 so that for t � T0

and any u1 2 cl.Sı/, j xG2.u1/ �G2.t; u1/j � 1
2

q
xF .u�1/ � ı, and hence

G2.t; u1/ � xG2.u1/ �
1

2

q
xF .u�1/ � ı

> xG2.u1/ �
1

2

q
xF .u1/ D xG2.u1/ �

1

2
j xG2.u1/j; (G.2)

G2.t; u1/ � xG2.u1/C
1

2

q
xF .u�1/ � ı

< xG2.u1/C
1

2

q
xF .u1/ D xG2.u1/C

1

2
j xG2.u1/j: (G.3)

Furthermore, notice that

@

@t
xG2.w1.t; C1// D

D
xG1.w1.t; C1//;

@

@t
w1.t; C1/

E
D �w2.t; C1; 1/h xG1.w1.t; C1//; G1.t; w1.t; C1//i: (G.4)

Let Q�1 be the subset of�1 consisting of c1 where jw2.0; c1; 1/j< jF.w1.0; c1//j C 1
for F given in Assumption 6.1 (2). The proof of Lemma E.1 in fact shows that for any
t � 0 and any open subset B of Rd , there exists a positive mass of C1 2 Q�1 such
that w1.t; C1/ 2 B . In the following, we consider C1 2 Q�1. We further divide the
argument into two cases: xG2.u�1/ > 0 and xG2.u�1/ < 0.

Let us consider the case that xG2.u�1/ > 0. Then we can choose sufficiently small ı
such that xG2.u1/ > 0 for all u1 2 cl.Sı/. Furthermore, consider the scenario that there
exists T � T0 such that a positive mass of .w1.T; C1/; w2.T; C1; 1// with C1 2 Q�1
has w1.T; C1/ 2 Sı and w2.T; C1; 1/ < 0. Note that if w1.t; C1/ 2 cl.Sı/,

@

@t
w2.t; C1; 1/ D �G2.t; w1.t; C1// � �

�
xG2.w1.t; C1// �

1

2
j xG2.w1.t; C1//j

�
< 0

by equation (G.2). Define T1 D inf¹t � T W w1.t;C1/ … Sıº. Then t 7! w2.t;C1; 1/ is
decreasing on t 2 ŒT; T1/. Let us argue that T1 D1. Indeed, suppose T1 is finite. We
then have, by continuity,w1.T1;C1/ 2 @cl.Sı/ andw2.T1;C1; 1/�w2.T;C1; 1/ < 0.
As such, @

@t
xG2.w1.T1; C1// > 0 by equation (G.1) and (G.4). By continuity, for some

 > 0, we have @
@t
xG2.w1.T1 C t; C1// > 0 for all t 2 Œ0; �. But then

xG2.w1.T1 C t; C1// � xG2.w1.T1; C1// �

q
2. xF .u�1/ � ı/;
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and hencew1.T1C t;C1/ 2 Sı for all t �  , contradicting the definition of T1. There-
fore, T1 D1, i.e., for t � T and C1 2 Q�1 withw1.T;C1/ 2 Sı andw2.T;C1; 1/ < 0,
we have w1.t; C1/ 2 Sı , which implies

G2.t; w1.t; C1//
(a)
�
1

2
xG2.w1.t; C1// D

r
1

2
xF .w1.t; C1// �

r
1

2
. xF .u�1/ � ı/;

where (a) is by equation (G.2) and the fact xG2.u1/ > 0 for all u1 2 cl.Sı/. In par-
ticular, there is a positive mass of .w1.t; C1/; w2.t; C1; 1// with G2.t; w1.t; C1// �q
. xF .u�1/ � ı/=2 for all t � T . Noting that

d

dt
EŒL.Y; Oy.t; X//� D �EŒjG2.t; w1.t; C1//j

2� � EŒjG1.t; w1.t; C1//j
2�

� �EŒjG2.t; w1.t; C1//j
2�;

we obtain that d
dt

EŒL.Y; Oy.t; X//� is bounded above by a strictly negative constant
for all t � T , which is a contradiction since L is bounded below.

Next consider the scenario that for all t � T0, the probability that w1.t; C1/ 2 Sı
and w2.t; C1; 1/ < 0 on C1 2 Q�1 is zero. Let us argue that for any t � T0 and for
a.e. C1 2 Q�1 with w1.t; C1/ 2 Sı , we have w1.s; C1/ 2 Sı for all s 2 ŒT0; t �. Indeed,
consider t and C1 2 Q�1 such that w1.t; C1/ 2 Sı and w1.T 0; C1/ … Sı for some
T 0 2 ŒT0; t /. Let t 0 D sup¹s 2 ŒT 0; t � Ww1.s;C1/ … Sıº< t . By continuity,w1.t 0;C1/ 2
@cl.Sı/, and so, by equation (G.1),

h xG1.w1.t
0; C1//; G1.t

0; w1.t
0; C1//i >

�2

4 xF .u�1/
:

By continuity, there exists t 00 2 .t 0; t / such that for all s 2 Œt 0; t 00�,

h xG1.w1.s; C1//; G1.s; w1.s; C1//i �
�2

100 xF .u�1/
:

By definition of t 0, we also have w1.s; C1/ 2 Sı and therefore w2.s; C1; 1/ � 0 for
any s 2 .t 0; t �. Then, by equation (G.4), @

@t
xG2.w1.s; C1// � 0 for all s 2 .t 0; t 00�, and

therefore
xG2.w1.t

00; C1// � xG2.w1.t
0; C1// D

q
2. xF .u�1/ � ı/;

where the equality follows from w1.t
0; C1/ 2 @cl.Sı/. However, this contradicts with

w1.t
00; C1/ 2 Sı . Therefore, it holds that for any t � T0 , for a.e. C1 2 Q�1 with

w1.t; C1/ 2 Sı , w1.s; C1/ 2 Sı and therefore w2.s; C1; 1/ � 0 for all s 2 ŒT0; t �.
Since w1.t; C1/ on C1 2 Q�1 has full support at any t � 0, we have, for any t0 � T0,
that there is a positive mass on C1 2 Q�1 such that w1.t0; C1/ 2 Sı , and hence, as
shown, w1.s; C1/ 2 Sı and w2.s; C1; 1/ � 0 for all s 2 ŒT0; t0�. Note that we have
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w2.T0; C1; 1/ � M.T0/ for some finite M.T0/ > 0 for C1 2 Q�1 (which follows
from the fact j @

@t
w2.t; � ; 1/j � K by Assumption 6.1 (3) and that jw2.0; C1; 1/j <

jF.w1.0; C1//j C 1 � K). Also note that for w1.s; C1/ 2 Sı and s � T0,

@

@t
w2.s; C1; 1/ D �G2.s; w1.s; C1//

(a)
� �

1

2
xG2.w1.s; C1// D �

r
1

2
xF .w1.s; C1// � �

r
1

2
. xF .u�1/ � ı/;

a strictly negative constant, where (a) is by equation (G.2) and the fact xG2.u1/ > 0
for all u1 2 cl.Sı/. As such, for any t0 � T0 such that

M.T0/ � .t0 � T0/

r
1

2
. xF .u�1/ � ı/ < 0;

there is a positive mass on C1 2 Q�1 such that firstlyw2.s;C1; 1/� 0 for all s 2 ŒT0; t0�
and secondly there exists t 2 ŒT0; t0� in which

w2.t; C1; 1/ �M.T0/ � .t � T0/

r
1

2
. xF .u�1/ � ı/ < 0:

We again obtain a contradiction.
The case xG2.u�1/ < 0 can be treated similarly, with the use of equation (G.2)

replaced by equation (G.3). Both cases lead to a contradiction, ruling out the possibil-
ity that there is a local maximizer u�1 of xF with xF .u�1/ > 0.

Next consider the case where xF does not have any local maximizer in Rd but xF1

has a local maximizer Qu�1 with xF1. Qu�1/ > 0. Under Assumption 8.1 (and with the
same argument in the discussion that follows), there exists ı 2 .0; xF1. Qu�1// arbitrarily
small so that for Sı the connected component of the set ¹u2Rd W xF .u/ > xF1. Qu�1/�ıº

which contains r Qu�1 for all r sufficiently large, there is � > 0 such that jr xF .u/j > �
for all u 2 @cl.Sı/. The rest of the argument can be repeated as before to yield a
contradiction.

In short, we have shown that xF .u1/ D 1
2
j xG2.u1/j

2 D 0 and, equivalently,

EZ Œ@2L.Y; xy.X//'
0
2.
xH2.X//'1.hu1; Xi/� D 0

for all u1 2 Rd . The remaining proof follows identically as in the proof of Theo-
rem 6.2.
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