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1. INTRODUCTION

Throughout this paper p denotes a prime number, and ¢ = p* a power of p
with an exponent a € N, the set of strictly positive integers. The goal of this
paper is to calculate explicitly the number of superspecial abelian surfaces over
a finite field ;. This can be regarded as a natural extension of works of the
authors [22] 23] and the last named author [26] contributed to the study of
supersingular abelian varieties over finite fields.

Recall that an abelian variety over a field k of characteristic p is said to be
supersingular if it is isogenous to a product of supersingular elliptic curves over
an algebraic closure k of k; it is said to be superspecial if it is isomorphic to a
product of supersingular elliptic curves over k. As any supersingular abelian
variety is isogenous to a superspecial abelian variety, it is very common to
study supersingular abelian varieties through investigating the classification of
superspecial abelian varieties.

For any integer d > 1, let Spy(F,) denote the set of isomorphism classes of d-
dimensional superspecial abelian varieties over the finite field IF; of ¢ elements.
The case where d = 1 concerns the classification of supersingular elliptic curves
over finite fields. The theory of elliptic curves over finite fields has been studied
by Deuring since 1940’s and becomes well known. There are explicit descrip-
tions for each isogeny class; see Waterhouse [21, Section 4]. However, the
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authors could not find an explicit formula for | Sp, (Fq)| in the literature. For
the sake of completeness we include a formula for | Sp; (F,)|, based on the ex-
position of Deuring’s results by Waterhouse [21]. The goal of the present paper
is then to find an explicit formula for the number | Sp,(F,)| in the case where
d=2.

Before stating our main results, we describe a basic method for counting
Spq(Fq). For simplicity, assume that F, = F, is the prime finite field for
the moment. One can divide the finite set Sp,(F,) into finitely many subsets
according to the isogeny classes of members. Therefore, it suffices to classify all
d-dimensional supersingular isogeny classes and to count the number of super-
special members in each supersingular isogeny class. The Honda-Tate theorem
allows us to describe isogeny classes over IF in terms of multiple Weil g-numbers
(which are simply finite nonnegative integral formal sums of Weil ¢g-numbers up
to conjugate; see Section [1I). If 7 is a supersingular multiple Weil g-number,
we denote by [X;] the corresponding supersingular isogeny class (here X is
an abelian variety in this class), H(w) the number of isomorphism classes of
abelian varieties in [X,] and H,,(m) the number of isomorphism classes of
superspecial abelian varieties in [X,]. Then we have

(1.1) |Spa(Fyp)l = Y Hep(m),

where 7 runs through all supersingular multiple Weil p-numbers with dim X, =
d. We classify all possible isogeny classes of 7’s occurring in the sum (see
Sections 2-3). The problem then is to compute each term H,,(w). One
should distinguish the cases according to whether the endomorphism alge-
bra End’(X,) = End(X,) ® Q of X, satisfies the Eichler condition [T9, Sec-
tion II1.4, p.81] or not. We now focus on the case where d = 2.

Consider the case where 7 is the Weil p-number /p. Correspondingly, X is
a supersingular abelian surface. It is known (see Tate [I7]) that the endomor-
phism algebra End®(X ) of X is isomorphic to the totally definite quaternion
algebra algebra D = D, o0, Over the quadratic real field F' = Q(,/p ) ramified
exactly at the two real places {oo1,002} of F. In this case all abelian surfaces
in the isogeny class [X ;] are superspecial, i.e. H(/p) = Hg(,/p). When
p=2or p=3 (mod 4), Waterhouse proved that the number H(,/p) is equal
to the class number h(D) of D. The current authors analyzed the remain-
ing case in [22, Section 6] and showed that when p = 1 (mod 4), the number
H(\/p) is equal to the sum of h(D) and the class numbers of two other proper
Z[\/p]-orders in D of index 8 and 16, respectively (the descriptions of these or-
ders are made concrete by results of [25]). These class numbers are computed
systematically in [22], which produces the explicit formulas for H(,/p) given
in Theorem [[1] below. In what follows we write K, ; for the number field
QGL/m ,4/—7) for any square-free integers m > 1 and j > 1. If m =1 (mod 4),
then we define

(1.2) Wiy 1= 3[06(\/5) CZNm)*]
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where Og /) denotes the ring of integers of Q(y/m ). By similar arguments as
those in [23] Lemma 4.1 and Section 4.2], we have w,, € {1, 3}, and w,, = 3
if m =1 (mod 8). The class number of a number field K is denoted by h(K).

When K = QH/m), we write h(y/m) for h(Q(/m)) instead.

THEOREM 1.1. Let H(,/p) be the number of Fp,-isomorphism classes of abelian
varieties in the simple isogeny class corresponding to the Weil p-number m =
VP, and let F'= Q(/p). Then
(1) H(\/p) = 1,2,3 for p = 2,3,5, respectively.
(2) For p>5 and p =3 (mod 4), we have
(1.3)
1 3 5 2 1 1
H/5) = ()04 (5 + § (2= (2))) )+ (a4 30,
P 3
where (p(s) is the Dedekind zeta function of F.
(8) Forp>5 and p=1 (mod 4), we have
(1.4)
(Kp3) forp=1 (mod 8);

3wy + 1)h(Kp1) + gh(prg)
forp=5 (mod 8).

8Cr(—1)h(F) + h(Kp1) +
H(/P) = § 5(15w, + 1)Cr(~1)h(F)

The computation in Theorem [[1] is based on the generalized Eichler class
formula [22] Theorem 1.4] that the authors developed. Compared with the
classical Eichler class number formula [19, Corollary V.2.5] which treats only
the Eichler orders, this generalized formula allows us to compute the class
number of an arbitrary Z-order in a totally definite quaternion over a totally
real field F. This Z-order does not necessarily contains the maximal order
Of of F. For a quadratic real field F', the special zeta value (r(—1) can be
calculated by Siegel’s formula |28 Table 2, p. 70]

1
(15) =% Y e
b2 +dac=0F
a,c>0
where 0 is the discriminant of F/Q, b € Z and a,c € N.
The first main result of this paper gives the following explicit formula for
[Sps(F,)|, the number of isomorphism classes of superspecial abelian surfaces
over IF,,. To obtain this formula, we calculate all terms H,,(7) with m # +,/p
in (L), and then sum them up together with H(,/p). The computation of
H,p,(m) uses a lattice description for superspecial abelian varieties; see Section
5 for details. Similar to Theorem [[LT] special attentions have to be paid to the
cases with small primes p.

THEOREM 1.2. We have |Spy(F,)| = H(/p) + A(p), where the formula for
H(/p) is stated in Theorem [L1] and A(p) is the number described as follows.

(1) A(p) =15,20,9 for p = 2,3,5, respectively.
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(2) Forp>5andp=1 (mod 4), we have
(16) A(p) = (wp + 1)h(Kp73) + h(Kng) + h(Kgp,z;) + h(\/ —p)
(8) For p>5 andp =3 (mod 4), we have

(L7) () = W) + () + (@ + D) + (1= (2) ) 06D,

A key ingredient of our computation for Sp, (I, ) is Proposition[5.1], which works
only for the prime finite fields. Centeleghe and Stix [4] provide a categorical
description of Proposition B (also compare [26, Theorem 3,1]). However,
their results are also limited to the prime finite fields. When the base field F,
is no longer the prime finite field, direct calculations via the counting method
described earlier for Sp,(Fy) (even when d = 2) become more complicated.
Our second main result extends the computations of Spy(F,) to Spy(F,) for
more general finite fields F, via Galois cohomology. Observe that if d > 1,
then there is only one isomorphism class of d-dimensional superspecial abelian
varieties over F,, (see [I2] Section 1.6, p. 13] or Theorem[6.6]). Suppose Xy is any
d-dimensional superspecial abelian variety over IF,,. Then there is a bijection
of finite pointed sets

(1.8) Spy(Fp) ~ H'(Ts,,G), d>1,

where I'r, = Gal(F, /F,,) is the absolute Galois group of F,, and G = Aut(Xo®
Fp). Thus, computing the Galois cohomology would lead to a second proof of
Theorem However, the complexity of the final formula as in Theorem
suggests that the computation of this Galois cohomology is likely on the same
level of difficulty as the counting method via ([LI). Nevertheless, the true
advantages of connecting to Galois cohomology are two folds.

(a) It naturally relates Sp,(F,) and Spy(Fy ) in the sense of Theorem [I3]
when the exponents in ¢ = p® and ¢’ = p“/ have the same parity.

(b) It gives rise to a lattice description of Sp,(F,) when ¢ = p® is an even
power of p; see Proposition [6.11]

THEOREM 1.3. Let q and ¢’ be powers of p with same exponent parity and d > 1
an integer. Then there is a natural bijection Spy(Fy) ~ Spy(Fy ) preserving
isogeny classes. In particular, the same formulas in Theorem hold for
| Spy(Fy)| since | Spy(Fq)| = | Spg(Fp)| when ¢ is an odd power of p.

The bijection for the case d = 1 is handled separately in Section [ (see Re-
mark [L3]). For d > 2, the bijection is established in Theorem Along the
way, we prove in Section the following general result connecting isogeny
classes of abelian varieties over IF; with cohomology classes.

PROPOSITION 1.4. Let [Xo] be the Fy-isogeny class of an arbitrary abelian va-
riety Xo over Fy, and Gg = EndO(YO)X where Xo = Xo ®F, Fq. We write
E°(F,/Fy, [Xo]) for the set of Fy-isogeny classes of abelian varieties [X] such
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that X is isogenous to Xy over Fq. Then there is a canonical bijection of
pointed sets

E%(Fq/Fq, [Xo]) — H'(T'r,, Gq)
sending [Xo] to the trivial cohomology class.

Theorem together with Proposition [B.1] give a new lattice description in
Corollary for Spy(F,) when ¢ is an odd power of p. When ¢ is an even
power of p, a lattice description of Sp,(IF,) completely different from the odd
case is given in Proposition [6.11] which paves the way to explicit formulas
of |Spy(Fg)|- The detailed formulas and computations will be presented in a
separated paper.

The paper is organized as follows. In Section 2] we parameterize simple isogeny
classes of supersingular abelian varieties over F, using Weil g-numbers. Their
dimensions are calculated in Section[3l In Section (] we treat the dimension 1
case and calculate the number of isomorphism classes of supersingular elliptic
curves over finite fields. The dimension 2 case is then treated in Section []
except we work exclusively over the prime field F,, and some arithmetic calcu-
lations are postponed to Section [{l Section [f] studies the parity property via
Galois cohomology, thus providing means to extend results of Section [l to all
Fpe with a odd. The aforementioned lattices descriptions are obtained in this
process.

2. PARAMETERIZATION OF SUPERSINGULAR ISOGENY CLASSES

2.1. Let ¢ = p® be a power of a prime number p. In this section we param-
eterize simple isogeny classes of supersingular abelian varieties over F,. Let
Q C C be the algebraic closure of Q in C. If two algebraic numbers o, 5 € Q
are conjugate over QQ, then we write o ~ . Recall that an algebraic inte-
ger 7 € Q is said to be a Weil g-number if |1(m)| = ¢'/? for any embedding
¢t : Q(w) — C. By the Honda-Tate theory, the simple isogeny classes of abelian
varieties over F, are in bijection with the conjugacy classes of Weil g-numbers.
A Weil g-number is said to be supersingular if the corresponding isogeny class
consists of supersingular abelian varieties. Let W * denote the set of conjugacy
classes of supersingular Weil ¢g-numbers. We will find a unique representative
for each conjugacy class in W*.

Let 7 be a supersingular Weil g-number. It is known (the Manin-Oort Theorem,
cf. [27, Theorem 2.9]) that = = /g ¢ for a root of unity ¢. Let K := Q(m) and
L := Q(/q,¢). Note that both L and K are abelian extensions over Q. For
any n € N (the set of positive integers), write ¢, := e2™i/m ¢ Q.

LEMMA 2.1. Any supersingular Weil q-number w is conjugate to \/qC, or
—/q Cn with n # 2 (mod 4).

Proof. Let m = ,/q(;, for some positive integers v and m with (v,m) = 1.
Choose an element o € Gal(L/Q) such that o(¢},) = G, Then o(7) = £,/q G-
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If m #£ 2 (mod 4), then we are done. Suppose that m = 2k for an odd integer

k=1—2u. Clearly (k,u) = 1. Since (o = (52" = —(3¢ = —(¢*, we have
+/q Gk = F/q ¢ ~ /qCk, for some e € {£1}
by the previous argument. O

By Lemma [T} there is a unique subset W of {£,/q(n;n # 2 (mod 4)} that
contains {,/q(n;n # 2 (mod 4)} and represents Wi*. We often identify W
with Wi®. To determine the set W;*, we need to characterize when /g ¢, and
—/q Cn are conjugate.

As usual, the Galois group G, := Gal(Q({,)/Q) is naturally identified with
(Z/nZ)* by mapping any r € (Z/nZ)* to the element o, € G,, with 0,({,) =
G-

2.2. Let us first assume that a is even, i.e., /¢ € Q. Then \/q(, ~ —/q(, if
and only if there is an element o, € G,, such that 0,.((,) = —(,. It is easy to
see that

(2.1) = —(p = 2n andr:g+1,
and if 4|n, then (r,n) = 1. As n £ 2 (mod 4), this gives
(2.2) VG ~ =16 = 4In.

Thus,

(2.3) WS = {£/q G s 240t U{VaG s 4n}.

Alternatively, since \/g € Q, we have \/q(; ~ /q(, for any v € N with
(v,n) = 1. It follows that

(2.4) WS ~{/qG¢n ; ne N}
The two descriptions (23) and (Z4) match, because when n is odd, —(, is a
primitive 2n-th root of unity and hence —,/q ¢, is conjugate to /q (an-

2.3. We now assume that a is odd. Let 0, be the discriminant of Q(/p). In
other words, 9, = p if p =1 (mod 4), otherwise 9, = 4p. By [7, Chapter V,
Theorem 48], \/p € Q(¢,) if and only if 9, | n. Suppose this is the case. Let

(25)  x:Gn=(2/nZ)* = Gal(Q(/p)/Q) = {£1}, 0r(VP) = x(rlVp

be the associated quadratic character. Clearly, x factors through G5, =
Gal(Q(¢,)/Q).

LEMMA 2.2. Let n be a positive integer with n % 2 (mod 4) and g = p® an odd

power of p.
(i) If P & Q(Cn), then \/qCn ~ —/q Cn-
(ii) Suppose that \/p € Q(Cn), i-e., n is divisible by d,. Then

(2.6) V3Cn ~ /4G <= 4n and x(n/2+1) =

—_
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Proof. (i) As\/p & Q((n), there is an element o € Gal(L/Q) such that o(¢,) =
Cnand o(/p) = —/p. Then 0(,/q4(n) = —/4 Cn-

(ii) First, \/q{n ~ —/q Cn if and only if there is an element o, € G, such that
UT(\/&CH) = X(T)\/agg = _\/aCn If X(T) = —1, then C’Z = Cn and o, = 1,
which is impossible. If x(r) = 1, then ¢, = —(, and hence 4|n and r =n/2+1
by (Z1)). This concludes our assertion (Z.4]). O

PROPOSITION 2.3. Let n and q be as in Lemmal22
(a) Suppose that p = 2. Then

(2.7) V@ln ~ —/qCn <= 8{n or16|n.
(b) Suppose that p =1 (mod 4). Then
(2.8) VG~ —/qCn == pin ordpln.
(c) Suppose that p =3 (mod 4). Then
(2.9) V@Cn ~ =/ <= 4p{n or 8p|n.

Proof. (a) By Lemma 22, we have \/q(, ~ —/q(, if and only if either 8 { n,

or both 8|n and x(n/24 1) = 1. Suppose 8|n. Note that Q(¢s) = Q(v2,v/—1)
and v/2 = (g + (g . Tt follows that

1 ifr=1,7 (mod 8);
-1 ifr=3,5 (mod 8).

If 8||n, then r = n/2 +1 = 5 (mod 8) and x(r) = —1. If 16|n, then r =
n/2+1=1 (mod 8) and x(r) = 1. Thus, \/q(, ~ —/q¢ <= 8¢ n or 16|n.
(b) By Lemma 2.2, we have \/q (, ~ —/q(, if and only if one of the following
two conditions holds: (i) p t n; (ii) 4p|n and x(n/2 4+ 1) = 1. If 4p|n, then
x(n/2+1) = 1since n/2+1 =1 (mod p). Thus, /GG ~ —/7¢n = p{
n or 4p|n.

(c) By Lemma 22 we have /q(, ~ —/q (y, if and only if one of the following
two conditions holds: (i) 4p 1 n; (ii) 4p|n and x(n/2 4+ 1) = 1. Suppose that
4p|n and write G4 = G4 X Gp,. Since r =n/2+1 =1 (mod p), the image of
or in Gy, is trivial. In particular, it fixes /=p € Q({p). As/=p -vV/—1 = —/p,
one has x(r) =1 if and only if » =1 (mod 4). Write n = 4pk for some integer
k. Then r =2pk+1=1 (mod 4) if and only if K =0 (mod 2). Therefore, we

get \/qCn ~ —/qCn <= 4p{n or 8pln. |

As typical examples, we have (a) v2(s # —v/2(s and V2 (16 ~ —v/2 (g, (D)
\/3\/4_5 # —V5¢s and V5 0 ~ —v/5 (a0, and (¢) V3 (2 % —V3 (12 and V3 (as ~
—V3 (4.

COROLLARY 2.4. Suppose that q is an odd power of p and n % 2 (mod 4).
(1) If p=1 (mod 4), then

W = {\/gCuin#2 (mod 4) } U{—y/qlas 24 nand pln}.
(2) If p=3 (mod 4) or p =2, then
W = {a¢o;n#2 (mod 4)}U{~/q (s 4p | nand 8ptn}.

(2.10) x(r) =
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Proof. (1) By Proposition 23, \/q ¢, 7 —/q(n if and only if p|n and 4p { n, i.e.
pln and 2 {n. (2) We have \/q (, 7% —/q Cn if and only if 4p[n and 8pfn. O

DEFINITION 2.5. Let 0, be the smallest positive integer such that Q(/q) C
Q(¢,). More specifically, 9, = 9,, if ¢ is an odd power of p, otherwise ?, = 1.
We say a positive integer n is critical at g if 94|n and 29, { n.

It is clear from the definition that for a fixed n € N, the condition that n is
critical at ¢ = p* depends only on p and the parity of a.

PROPOSITION 2.6. Let n # 2 (mod 4) be a positive integer and ¢ = p* a power
of a prime number p. Then \/q(, ~ —/qCn if and only if n is not critical at
q.

Proof. The proposition reduces to either ([Z2]) or Proposition according to
whether a is even or odd respectively. O

COROLLARY 2.7. We have

W ={qCn;n#2 (mod 4) }
U{—qCn; n# 2 (mod 4) and n is critical at q }.

3. DIMENSION OF SUPERSINGULAR ABELIAN VARIETIES

3.1. Let ¢ = p® be a power of a prime number p, and 7 a supersingular Weil
g-number as in the previous section. Replacing 7 by a suitable conjugate, we
may assume that 7 = +,/q ¢, for a positive integer n with n # 2 (mod 4). Let
X be a simple abelian variety over I, in the isogeny class corresponding to
m. Its endomorphism algebra & = &, := EndO(Xw) is a central division algebra
over K := Q(m), unique up to isomorphism depending only on 7 and not on
the choice of X . The field K is either a totally real field or a CM field [I8]
Section 1]. The goal of this section is to determine the dimension d(7) of X.
For each d € N, define

(3.1) WiE(d) == {m € W;* | d(r) = d}.
According to the Honda-Tate theory (ibid.), one has
1 1
d(m) = §[K :QWIE K] = idegQ(é’).

(For a semisimple algebra over a field F, its F-degree is the degree of any of its
maximal commutative semi-simple F-subalgebras.) Moreover, the invariants
of £ at a place v of K is given by

1/2 if v is real;
inv, (&) = (K, @p]v(ﬂ')/v(Q) if v[p;
0 otherwise.

Here K, is the completion of K at the place v. Observe that d(7) = d(—).
As v(m)/v(q) = 1/2 for all v|p, every invariant inv,(€) is a 2-torsion. It follows
from the Albert-Brauer-Hasse-Noether theorem that £ is either a quaternion K-
algebra or the field K itself (henceforth labeled as case (Q) or (F) respectively).
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3.2. TOTALLY REAL CASE. The case where K is a totally real field is well
known.

(a) If a is even, then K = Q and & is the quaternion algebra over Q ramified
exactly at {p,00}. One has 7 = +p%/? (two isogeny classes) and d(r) = 1.

(b) If a is odd, then K = Q(,/p) and & is the quaternion algebra over K
ramified exactly at the two real places {oo1, 005} of K. One has 7 = ¢'/2 (one
isogeny class) and d(7) = 2.

3.3. CM cASE. Consider the case where K is a CM field, i.e., n > 2. Put
L := QL/q,¢) 2 K. As K and L are abelian extensions of Q, the degree
[Ky : Qp) is even for one v|p if and only if it is so for all v|p. Thus, we have the
following two possibilities:

(F) [Ky:Qp) is even for all v|p.
(Q) [Ky : Q) is odd for all v|p.

As K is CM, Condition (F) holds if and only if all invariants of £ vanish. In
this case £ = K and d(w) = [K : Q]/2.

3.4. THE CASE WHERE a IS EVEN. Suppose that n > 2. One has K = Q((,)
and [K : Q] = ¢(n). Thus,

o) = w(n)/2 if (F) holds;
(3:2) d(m) {gp(n) if (Q) holds.

The ramification index of any ramified prime p in Q(¢,) is even, so if p | n,
then (F) holds. When p t n, Condition (F) holds if and only if the order of
p € (Z/nZ)* is even. In particular, if [K : Q] is a power of 2, then Condition
(Q) holds if and only if K,, = Q,, or equivalently p = 1 (mod n). We have
the following list, which enables us to list concretely all 7 with small values of
d(m).

n#2 (mod4) |3[4(5|7[8|9|11[12|15|16 |20 |21 |24 | rest
d(m), (Q) holds 104|888 |12|8|>8
d(r), F)holds |1 |1]23|2|3|5 |24 |4]4]6]4]>4

e
D
e
D

PROPOSITION 3.1. Let m = £,/q(, be a supersingular Weil q-number with
n>1andn # 2 (mod 4). Suppose that ¢ = p® is an even power of p.
(1) We have d(m) =1 if and only if n =1, orn=3,4 andp # 1 (mod n).
(2) We have d(w) = 2 if and only if
(a) n=3,4 and p=1 (mod n), or
(b) n=>5,8,12 and p £ 1 (mod n).
(8) We have d(m) = 3 if and only if n = 7 and p # 1,2,4 (mod 7), or
n=9andp#1,4,7 (mod 9).
(4) We have d(w) = 4 if and only if
(a) n="5,812 and p=1 (mod n), or
(b) n=15,16,20,24 and p Z 1 (mod n).
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3.5. THE CASE WHERE a IS ODD. Suppose that n > 1 and n # 2 (mod 4).
Put

(3.3)

S {n/Q if n is even, and K = Q/PC).

n if n is odd,

We have the following towers of number fields.

TN

QWP +Cm) K =Q(yp ¢) Q(¢n)

T~

E= Q(Cm)

Note that the prime p is ramified in K with even ramification index, and hence
Condition (F) always holds. Therefore,

(3.5) £—K and aﬂ:%mn@.

LEMMA 3.2. Let K and E be as in (34). We have K = E if and only if n is
critical at q.

Proof. Clearly [K : E] =1 or 2. If 7 ~ —, then 7 — —7 induces a nontrivial
automorphism of K with fixed field E. Thus, 7 ~ —7 if and only if [K : E] = 2.
By Proposition [Z8 [K : E] = 1 if and only if n is critical at ¢g. Note that the
lemma also holds when a is even with K = Q(,/g () = Q((n)- O

LEMMA 3.3. Suppose that a is odd and n > 1 with 44 n. Then

©(n)/2 ifpln and p=1 (mod 4);

o(n) otherwise.

(36)  dim) = 3K Q] = {

Proof. Since n is odd one has E = Q(¢,) and [E : Q] = ¢(n). We have d, = p
or 4p according as p = 1 (mod 4) or not. It is easy to see that n is critical
at ¢ if and only if p = 1 (mod 4) and p|n. The assertion then follows from
Lemma [3:2] and (3.5]). O

LEMMA 3.4. Suppose that a is odd and n = 4k with k € N. Then

p(n)/4 ifp#1 (mod4), 4p|n and 8pfn;

1
d(m) = §[K Q] = {sﬁ(”)/Q otherwise.

Proof. Since 4|n we have [E : Q] = ¢(n)/2. By Lemma 32 we have [K : Q] =
Onp(n)/2, where 6,, = 1 or 2 depending on whether n is critical at ¢ or not.

The lemma follows once we note that n = 4k is never critical when p = 1
(mod 4). O
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The following are tables of d(r) for 7 =/q (,, with 4 { n and 4|n, respectively.
The symbol (x) denotes the primes satisfying the conditions p|n and p =1 (4),
and (#x) denotes the primes satisfying the three conditions p £ 1 (mod 4),
4p | n and 8p 1 n. For the sake of completeness, the case n = 1 is included and
also marked with a § to make a distinction.

nodd |17 ] 3 5 719111 13 15 rest
o(n) 1|2 4 616110 12 8 > 8
(x) |00 p=5 |[0[0] 0 p=13 p=5
d(m) 2(12[2(p=5)|6|6]10|6(p=13) |4(p=5)| >4
4 (p#5) 12 (p#13) | 8 (p#5)
n=4k | 4 8 12 16 20 24 28
on) | 2 1 1 8 8 12
(k) [ 2 3 [ [ 2 7
dim) | 1 |1(p=2)|1(p=3) 4 41 2(m=2) |3(=7)
2(p#2) | 2(p#3) 4(p#2) |6@#T)
n =4k | 32 36 40 44 48 56 60
o(n) | 16 12 16 20 16 24 16
(k) 1] p=3 p=2 p=11 ] p=2 p=3
dimr) | 8 |3(p=3)|4(=2)| 5(=11) | 8 | 6(p=2) |4(p=23)
6 (p#3) |8 (#2) |10 (p#11) 12(p#2) |8 (p#3)

It is easy to see that when 4|n and either n = 52 or n > 60, the value
¢(n) > 16 and hence d(,/q (n) > 4.
ProprosSITION 3.5. Suppose that ¢ = p® is an odd power of p.
(1) Wg(1) consists of
Vals, £/46s (p=2), /4G22 (p=3).
(2) W;3(2) consists of
\/67 \/6(37 :t\/&gf) (p:5)a \/a§8 (p#2)5 \/&gl? (p#g)v i\/§§24 (p:2)
(3) W(3) consists of +,/qCes if p="T7, or £,/q (36 if p = 3.
(4) W;(4) consists of
Vadss (p#5), £/q¢s (p=5), V4,
VG20, VG Ca (p#2), £/qC0 (p=2), £/qe0 (p=3).

4. SUPERSINGULAR ELLIPTIC CURVES OVER FINITE FIELDS

4.1. ISOGENY CLASSES OVER FINITE FIELDS. Let Zsog, denote the set of
isogeny classes of abelian varieties over Fy, where ¢ = p® is a power of the
prime number p. Let ZW, be the free abelian group (written multiplicatively)
generated by the set W, of conjugacy classes of Weil g-numbers. A nontrivial
element m € ZW, can be put in the form 7" x --- x " for some r € N,
where each m; € Wy, m; o m; if i # j, and m; # 0 for all 1 <4 < r. Such an
element is called a multiple Weil g-number if m; > 0 for all ¢, and the set of
all these elements is denoted by MW,. Put X, := [], X", where X, is the

s
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simple abelian variety (up to isogeny) over I, corresponding to m;. The Honda-
Tate theorem naturally extends to a bijection MW, ~ Zsog, which sends each
7™ € MWy to the isogeny class [X;] € Tsog, of X.

For each m € MW, we define its dimension as

d(m) == dim X, = Zmid(m—).
i=1

Let Isog(m) = Isog(X,) denote the set of Fy-isomorphism classes of abelian
varieties isogenous to X, over Fy, and denote H(w) := |Isog(m)|. Let
MW C MW, be the subset of supersingular multiple Weil g-numbers,
i.e. those m € MW, whose corresponding abelian varieties X, are supersin-
gular. For any integer d > 1, let MW,(d) (resp. MW"(d)) denote the subset
consisting of all elements m in MW, (resp. in MWs*) of dimension d. Let
Sa(Fq) (resp. Spy(Fy)) be the set of isomorphism classes of d-dimensional su-
persingular (resp. superspecial) abelian varieties over F,. When 7 € M Wgs,
we let Sp(m) C Isog(m) be the subset consisting of superspecial isomorphism
classes and denote Hy(7) := [Sp(w)|. Thus,

(4.1) SaF)l = D> H(m), [Spa(F)l= Y Hyp(m).

TeEMWss(d) TeMWs=(d)

4.2. SUPERSINGULAR ELLIPTIC CURVES. We compute the number |S;(F,)| of
isomorphism classes of supersingular elliptic curves over [y, where ¢ = p® as
before. The method is based almost entirely on the results of Waterhouse [21],
except certain details need to be cleared up (compare with [2I, Theorem 4.5]).

PROPOSITION 4.1. Let 7 be the Frobenius endomorphism of an elliptic curve
Ey over Fy, and K = Q(w). Assume that 1 € Q so that K is an imaginary
quadratic field. Equivalently, the central K -algebra EndO(EO) of the elliptic
curve Fy is assumed to be commutative and thus mecessarily an imaginary
quadratic field.

(1) Any endomorphism ring R = End(E) of an elliptic curve E in the
isogeny class [Eo] of Ey contains m and is maximal at p, that is, R ®
Z, is the mazimal order in K ® Q,. Conversely, any order R of K
satisfying these two properties occurs as an endomorphism ring of an
elliptic curve in this isogeny class.

(2) Suppose that R C K s a quadratic order as in (1). Then the Picard
group Pic(R) of R acts freely on the set [Eo|r C [Ep] of isomorphism
classes of elliptic curves in [Eg]| with endomorphism ring R. Moreover,
the number N of orbits is 2 if p is inert in K and a is even, and N =1
otherwise.

Proof. Statement (1) is [2I, Theorem 4.2]. We give a proof of the second part
of Statement (2) since it differs from [2I] Theorem 4.5] in some cases. We
assert that the statement of [2I] Theorem 5.1] for principal abelian varieties
is directly applicable to this situation. Namely, the number of orbits here
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is also given by N = Hvlp N,, where v runs through the set of all places
of K over p, and each N, is the number described as follows. Let e, and
fv be the ramification index and residue degree of v, respectively, and set
gv = gcd(fy,a) and m, = g,ord,(7)/a. Note that m, is an integer since
End’(Ey) is commutative and thus f, ord, ()/a € N. Then N, is the number of
all g,-tuples (n1,...,ng, ) of integers satisfying 0 < n; < e, and Z?’;l nj = My.
In the present situation End”(Ep) = K is commutative and R is maximal at
p. As in the proof of [2I, Theorem 5.1], to find the number of orbits for the
action of Pic(R) on [Ep|gr, one needs to classify the Tate-modules Ty E at all
primes ¢ # p and the Dieudonné modules at the prime p of E € [Ey|r. The
number of orbits is then the product of the number of isomorphism classes of
the above modules at each prime.

The Tate-module Ty F of each E € [Ey|r at a prime £ # p is naturally an Ry-
module with Ry = R ®z Zy. Since R[1/p] is a quadratic order, any fractional
R[1/p]-ideal T whose order ring equals R[1/p] must be locally free over R[1/p].
Particularly, there is only one isomorphism class of the prime-to-p Tate modules
of E for all E € [Ey]r. Thus, N is equal to the number of isomorphism classes
of Dieudonné modules occurring in the isogeny class [Ep], which is equal to
[I, No as given in the proof of [21, Theorem 5.1].

Now it is easy to compute the number N of orbits. Notice N, # 1 only when
gy > 1. For our case with [K : Q] = 2 this occurs only when p is inert in K and
a is even. In this case there is only one place v over p, g, = 2 and e, = 1. Then
N = N, is the number of pairs (n1,ns) with 0 < ny,n2 <1 and ny +ng =1,
which is 2. ]

REMARK 4.2. In [21I], Theorem 5.1] the assumption that the endomorphism ring
R = End(A) is the maximal order can be replaced by the weaker assumption
that R is both Gorenstein and maximal at p. Indeed, any proper R-lattice of
rank one over a Gorenstein order R is locally free [5] Theorem 37.16 p. 789], so
the same proof of |21, Theorem 5.1] applies.

REMARK 4.3. Suppose that a is even and p is inert in the imaginary quadratic
field K = Q(w) so that N = 2. By the classification of Waterhouse (|21
Lemma, p.537], see also Proposition B.1]), this occurs only for supersingular
Weil g-numbers 7 where

(4.2) 7w~ +p 25, p=2 (mod 3) or w~ p%C, p=3 (mod 4).

Then by part (1) of Proposition 1] End(E) = Og for any elliptic curve
E in the isogeny class corresponding to 7. Since h(Og) = 1, part (2) of
Proposition ] implies that a complete set of representatives of Sp(7) consists
a pair of elliptic curves of the form {E, E®}, where E®) = F ®F,,0p Fgs
and o, € Gal(F,/F,) is the Frobenius automorphism of F,/F,. These two
elliptic curves are distinguished by the actions of O on the respective 1-
dimensional Lie-algebras Lie(E) and Lie(E®) over F,, which are given by
distinct embeddings Ok /(p) ~ F,2 < F,. This establishes a natural bijection
Sp(m) ~ Hom(Og /(p),F,) for every « in (2.
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We return to the calculation of | Sp; (Fy)| by the counting method. The isogeny
classes of supersingular elliptic curves over IF, are completely listed by the
following Weil numbers

W) = {Vq ¢, £/als (p=2), £/qC12 (p=3)}, for a odd;
W (1) = {+/q, £/a¢ (p#1(3)), Vals (pZ1(4))}, for a even.

For each Weil g-number 7 € Wz*(1), let Ry be the smallest quadratic order in
K = Q(7) which contains 7 and is maximal at p. It is easy to see that Ry is
the maximal order except when m =,/q (4, p =3 (mod 4) and a is odd. In the
latter case Ry = Z[\/—p] and we have by Proposition [L.1] that

(4.3)

) h(Ok) forp=2orp=1 (mod 4);
(4.4) H(V/q¢) = {h(Ro) +h(Og) forp=3 (mod 4).

For the other cases, the order R( is maximal and we have

(4.5) H(m) =N -h(Ok)

where N = 2 if p is inert in K and a is even, and N = 1 otherwise. Recall that

for a square free m € Z, the class number of Q(y/m ) is denoted by h(y/m ).

Suppose first that a is odd. For p = 2, we have

(4.6) [Sp1(Fo)| = H(Vq ) +2H(/qGs) = h(V—=2) +2h(V—1) = 3.

For p = 3, we have

|Sp1(Fqg)| = H(VqCa) + 2H(\/q Gr2)

=h(ZV-3]) + h(vV=3) + 2h(v-3) = 4.
For p > 3, we have by [26] Theorem 1.1] that
|Spy (Fg)| = H(V/qC4)
(4.8) h(v/—p) forp=1 (mod 4);
' =< 2h(y/—p) forp=7 (mod 8) (2 splits in Q(/—p)) ;

4h(/—p) for p=3 (mod 8) (2 is inert in Q(/—p)).

Since (%) =1 for p =1,7 (mod 8) and (%) = —1 for p = 3,5 (mod 8), we

can rewrite (L8] as

(4.7)

h(v/=p) forp=1 (mod 4);

(3 - (%)) h(y=p) forp=3 (mod 4).
Suppose now that a is even. By (@3]), we have

(4.10) |Sp1(Fg)l = 2H (v/q) + 203(p)H (/4 (3) + 04(p) H (/7 Ca),

where 0,,(p) = 1,0 according as p Z 1 (mod m) or not for m = 3,4. It is
well known that H(,/q) is equal to the class number h(B) ) of the quaternion

(4.9) |Sp: (Fy)| = {
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Q-algebra By, o ramified only at p and oo. Thus,

p—1 1 -3 1 —4
a v =t s (1= ()1 (- ()
By Proposition 4.1l we have

1 for p=3;
(4.12) I03(p)H(/q¢3) =<2 forp=2 (mod 3);
0 forp=1 (mod 3);

and get d3(p)H(,/q¢3) = 1 — (%3) Similarly, we have d4(p)H(,/q(s) = 1 —
(’74). Using ([@I0) and @IT), we get

w2523 () 4 (5)
(- 3) (- ()
(540 ()

From (@.0), (£7), [{3) and ({.I13), we obtain an explicit formula for the number
| Sp; (Fy)| of supersingular elliptic curves over F,,.

PROPOSITION 4.4. Suppose q = p® is a power of the prime number p.
(1) If a is odd, then

3,4 for p = 2,3, respectively;
(4.14)  |Spy(F,)| = { h(v/=p) forp=1 (mod 4);
(3— (%)) h(v/=p) forp=3 (mod4) andp > 3.

(2) If a is even, then

(4.15) |sp1(1Fq)|7%1+§(1(_?3))+;(1(_74)).

REMARK 4.5. From the formulas above we observe a phenomenon that the
number | Sp, (F,)| depends only on the parity of the exponent a of ¢ = p®. We
have already seen in Section 2 that the classification of supersingular isogeny
classes depends only on the parity of a. More explicitly, if the exponents a and
a’ of ¢ and ¢’ respectively have the same parity, then a bijective correspondence
between supersingular isogeny classes over [F, and those over F, can be given
by matching 7 € Wg*(1) with ' = (—p)(@'=®/27 (see Remark B.8). The parity
phenomenon of | Sp, (Fy)| arises because there is a bijection Sp(w) ~ Sp(n’)
for all pairs (m,7') as above. Indeed, if @ and #’ are of the form in (£2),
then a canonical bijection Sp(w) ~ Sp(n’) is given by identifying both with
Hom(Ox /(p),Fq) as in Remark 3] For the remaining cases, first suppose
that K = Q(7) = Q(«') is imaginary quadratic. Then the endomorphism
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rings occurring for both isogeny classes are the same by Proposition 1l We
partition Sp() into [ ], Sp(m, R), where R runs over all possible endomorphism
rings, and Sp(m, R) C Sp(w) consists of those members with endomorphism
ring R. Every Sp(m, R) is a principal homogeneous space of Pic(R). Thus
a Pic(R)-equivariant bijection between Sp(mw, R) and Sp(n’, R) is established
whenever a base point is chosen respectively in each of them. Lastly, suppose
that Q(r) = Q(') = Q. Then 7% = (a/)* = p*@'/2. So we have canonical
bijections Sp(m) ~ Sp(7®) ~ Sp(x’) by extending both base fields to F o (211
Remark, p. 542]). Equivalently, the bijection Sp(w) ~ Sp(n’) can be obtained
by matching the j-invariants.

5. SUPERSPECIAL ABELIAN SURFACES OVER [,

In this section we assume that the ground field is the prime field F,; abelian
varieties and their morphisms are all defined over IF,, unless otherwise stated.

5.1. SUPERSINGULAR ABELIAN VARIETIES OVER [F,. We describe a result
which allows us to count supersingular and superspecial abelian varieties over
F,, based on a result of Waterhouse [21, Theorem 6.1 (3)] (see also [26], Theorem
3.1] for an extension to non-simple isogenies).

Let Xy be a fixed supersingular abelian variety over F, and let 7 = 77" X
-+ X 7" be a multiple Weil p-number corresponding to the isogeny class [Xo].
One has Xo ~ [];_, X/, where each X; with 1 < i < r is a simple abelian
variety with Frobenius endomorphism 7;. The endomorphism algebra & =
End’(Xp) of Xo is equal to [[}_, Mat,,,(End’(X;)). Let my € End(X,) be
the Frobenius endomorphism. The Q-subalgebra K = Q(m) C & generated
by 7o is semi-simple and coincides with the center of £. One has K =[], K;
and mop = (m,...,7), where K; = Q(m;). Let R := Z[ﬂ'o,pﬂ'al] C K and
Rsp := R[m3/p] C K. Clearly 73 /p is an integral element of finite multiplicative
order, and p/my = 7o - (73 /p)~1, so Rsp = Zlmo, 73 /p] C Ok, where Og =
[L; Ok, is the maximal order K. Observe that the Tate module T;(Xo) (for
any prime £ # p), as a Z[Gal(F,/F,)]-module, is nothing but an R,-module,
and the (covariant) Dieudonné module M (Xj) is simply an R,-module, where
Re =R ®7Zy and Rp =R®Zp.

PROPOSITION 5.1. Let m = w"* x ...7w"", and K, R and Rsp be as above.
Assume that K has no real place, that is, none of m; is conjugate to \/p, and
set V=11, K.
(1) There is a natural bijection between the set Isog(m) and the set of iso-
morphism classes of R-lattices in V.
(2) Under the above map the subset Sp(r) is in bijection with the set of

isomorphism classes of Rp-lattices in V.

Proof. Set A := [];_; O’ C V, and view V and A as a K-module and an
R-lattice, respectively. We choose an identification V ®g Q¢ = T¢(Xo) ® Qg for
primes ¢ # p and V ®g Q, = M (Xo) ® Q, such that A, = Ty(Xo) for almost
all primes £. Under this identification, any R-lattice A’ in V gives rise to a
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unique quasi-isogeny ¢ : X — X such that . (Ty(X)) = A’ ®Z, for £ # p and
0 (M(X)) = N ® Z,. Two lattices A; and Ay are isomorphic as R-modules
if and only if there is an element ¢ € GLg (V) such that Ay = gA;. Two
quasi-isogenies are isomorphic if and only if they differ by an element in £*.
Our assumption ensures that GLg (V) ~ £*. Then the above correspondence
induces the desired bijection (also see [26, Theorem 3.1] for a detailed proof).
Note that the abelian variety X in [X(] as above is superspecial if and only if
s M (X) = pM(X), or equivalently, M (X) is a (Rsp),-lattice in M(Xg) @ Q,.
That is, X is superspecial if and only if the corresponding R-module is R,-
stable. The statement (2) then follows from (1). O

REMARK 5.2. Let m = 7' be a multiple supersingular Weil p-number with
7 = £,/p¢n and n critical at p. Then by Lemma B2 K = Q(71) = Q((m)
and Ok = Z[(n], where m is defined in B.3)). Since Rsp = R[77/p] D (m, it
follows that R, coincides with the maximal order Ok in this case.

5.2. PROOF OF THE MAIN THEOREM. By Section [3 we list the sets W;*(1)
and W3*(2) of supersingular Weil p-numbers of dimension 1 or 2 as follows:

Ws(1) = {V2 {1, V2 G},
(5.1) Ws3(1) = {\/§C4,i\/§C12}a
W (1) ={ypl}, p=5;

and

W3 (2) = {\/55\/§C33\/§C12; i\/§@4},
(5.2) W3(2) = {V3,v3(, V3G,

W (2) = {V5,V5(3,V5 (s, VB Cio, £V5 G5

W3E(2) = {V/P:vPG:v/PCsi/PCi2}, p>T.

Consider the case m € W;%(2) or m = 71 x mp with 7y, m € W3¥(1). By (&I
we have

(5.3) 1Spy(Fp)| = Z Hop(m) + Z Hgp(my x m2).

TeWs=(2) m1,m2€W5ES(1)

The number H,,(/p) = H(,/p) has been calculated in [22], so this case will
be excluded from our discussion. We refer to [, Section 37] for the definition
of a Bass order. Note that when m = m; X m, Rsp is an order in the quadratic
field Q(71), and such orders are well known to be Bass. It will be shown in
Section that R, is a Bass order for all 7 considered (i.e. 7 € MW;3(2)).
Thus, when the K-module V is free of rank one (i.e. in the case where 7™ #
m1 X 1), Proposition [5.1] gives

(5.4) Hy(m) = Y h(B).

RspCBCOKk
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In the case when V is free of higher rank (in fact, rank 2 when 7 = m x ),
one can use the results of Borevi¢ and Faddeev on lattices over orders of cyclic
index to compute Hgy,(m) (cf. [B], Section 37, p. 789]).

In the following, the notation B ; (or B; for short) with j € N, will stand for
an order B of K with Ry, C B C Ok and [Og : B] = j. The dependence of
K, R and B; on the choice of the Weil p-number 7 should be understood
though it is omitted from the notation. For any two square-free integers d > 1
and j > 1, we write K4 ; for the CM field Q(v/d,+/—7 ). For a finite collection
of algebralc numbers a1, ..., a,, the notation h(ay,...,a,) denotes the class
number of the number ﬁeld Qat,---,an). Particularly, h(Vd,/—j) and
h(K4 ;) have the same meaning.

CASE m = m; x m1. For m; = +v/2(g, one has K = Q(v/—1), Rsp =R = Ok,
and Hyy(r) = H(r) = 1. For m; = £v3 (12, one has K = Q(v/—3), Rsp =
R = Ok, and H,y(m) = H(m) = 1.

For m = /—p, we have K = Q(/=p), Rsp = R and [Og : Rsp] =2 or 1
depending on p = 3 (mod 4) or not. In this case we have Hyy(m) = 1,3 for
p = 2,3, respectively, and

h(v/=p) forp=1 (mod 4);
(47 (%)) h(y/=p) forp=3 (mod 4) and p > 3;

see [26], Theorem 1.1]. Therefore, the contribution of the self-product cases is

(5.5) Hgp(m) = {

given by
(5.6)
3,5 for p = 2, 3, respectively;
Z Hgp(m1 x71) = h(yv/=p) forp=1 (mod 4);
m €W (1) (4 - (%)) h(y/=p) forp=3 (mod 4) and p > 3.

CASE m = m; X mg, w1 # m2. This occurs only when p = 2 or 3. The following
are class numbers of B with Ry, C B C Og obtained in Section [Z.3l

T =T X T2 K [Ok : Rsp) | Rep C B C Ok h(B)
V20 x 226G [ QW—2) x Q(/-1) 2 Rep, O 1,1
V28 x —/2¢ | QW/—1) xQH/—1) 8 Rsp, B1,B2,0x | 1,1,1,1
V3¢ x £vV3¢2 | QWV=3) x Q(/=3) 6 Rsp, B3, B2,0x | 1,1,1,1
V3Ci2 x -3¢z | QW=3) x Q(v/=3) 12 Rsp, B1,B3,0x | 1,1,1,1

The orders B; are listed here for the convenience of the reader:

By =Z[(1+(4,0), ((a Q)] for m =v2(s x —V2(s;

By = Z[V/—=3] x Z|[(s] for m =3¢y x £V/3 C1;
B3 = Z[(\/*_ 0), (Ce: o) for 7 = \/§C4 X i\/§C12 or \/§C12 X *\/gCu;
B, =Z[(2,0), (C2p C2p)] for m =/pCap X —/DCap and p = 2, 3.
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The contribution of other non-simple cases is

(57) Z Hsp(ﬂ'l X 7T2) =

T1F#T2

Case © € W(2). We have 7 € {£/2(u4,2V5(,PCG (p #
2)/Blan/BGrz (b # 3)}. For m = £/5G, with (p,7) = (5,5) or (2,24), we
have Ry, = Ok by Remark[B5.Zsince n is critical at p. For m = /p (g with p # 2,
we have K = Q(,/p(s) = QW—1,y2p) and Ry, = Z[(/2p ++/—2p)/2,v/—1],
which is the maximal order in K by Exercise 42(b) of [13, Chapter 2].
Therefore,

(58) Hsp(iﬂééél) = Hsp(:l:\/ggfx) = 15 h(\/ﬁ§8) = h(\/%7\/j1), p # 2.

For m = /p (3, we have K = Q(,/p ,V/—3) and R, = Z[\/p , 3]. The suborders
B C Ok containing Z[,/p]| with the property [B* : Z[,/p]*] > 1 are classified
in [23]. We list the suporders of R, in Ok and their class numbers in the
following table.

2x2+4=8 forp=2;
2x4+4+4=12 for p=3.

T=1\/PGCs Ok : Rsp) | Rsp € B C Ok h(B)
p=3 3 Rsp, Ok 1,1
p=3 (mod 4), p#3 1 Oxk h(K)
p=1 (mod 4) 4 Rsp, Ok wp h(K), h(K)
Thus,
1,2 for p = 2, 3, respectively;
(5.9) Hop(vp@3) = (wp +1)h(/p,v/—3) forp=1 (mod 4);
h(/p,V=3) for p=3 (mod 4) and p > 3.

For m = /pCi2 (p # 3), we have K = Q(y/—p,v—3) and Ry, = Z[\/P (12, (6] =
Zl\/—p,(s]. We have the following results from Section [l

™= \/I_7C12 (p#3) | Ok : RS;D] Rep € B C Ok h(B)
p= 1 Ok 1

p=1 (mod 4) 1 Ok WEK)

p= (mOd 4) Rspv OK W3p h(K)a h(K)
Thus,
(5.10)

1 for p = 2;
Hop(/5i2) = { hy=p,v3) for p=1 (mod 4);

(@3p + DA/ =5,v=3) forp=3 (mod 4) (p#3).

The following are the class numbers of the fields K = Q(,/p (,) for n € {3,8,12}
and p € {2,3,5}. They are checked using the Magma algebra system [2].
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h(K) p=2|p=3|p=5
Q/p&) = QP ,V—3) 1 1 1
Q/p¢) = Q2p,vV-3) 1 2 2
Q\/P¢2) =QW/-p,v-3)] 1 1 2

We collect the contribution of simple cases. For p = 2, we have

(5.11) Hoyp(V2(3) + Hop(V2C12) + 2Hyy(V2Cos) = 1+1+2 = 4.
For p = 3, we have
(5.12) Hoyp(V3G) + Hop(V3Gs) = 1+2=3.

For p = 5, we have
(5-13) Hsz)(\/g@)+HS;D(\/§C8)+H8p(\/5§12)+2H5p(\/5C5) =1+2+2+2=17.
For p > 7, we have
Y. Hyln) = Hoy(VpG) + Hap(/BGs) + Hap (VP Gr2)
AP EW(2)

_ (wp + 1)h(Kp73> + h(Kgpyl) + h(Kgpﬁg), for p= 1 (InOd 4),
h(Kpﬁg) + h(KQPJ) + (W3p + 1)h(K3p73), for p= 3 (InOd 4)

(5.14)

Let A(p) be the number of isomorphism classes of superspecial abelian surfaces
whose Frobenius endomorphism not equal to £,/p. Then we have
(5.15)

A(p) = Z HSP(W>+ Z HSP(W1X7T2>+ Z Hsp(ﬂl XTY).

TeEWSE(2),m#/P T X T2, £T2 T €WES(1)

Collecting the results (5.6), (517), GII) (I12), (EI3) and (EI4), we obtain

the following result.

THEOREM 5.3.
(1) The number A(p) is 15,20,9 for p =2,3,5, respectively.
(2) Forp>5andp=1 (mod 4), we have
(5.16) A(p) = (wp + Dh(Kp3) + h(K2p,1) + h(Ksp3) + h(v/=p),
where w,, is defined in (IL3).
(8) Forp>5 and p=3 (mod 4), we have

(5.17) A(p) = h(Kya)+ h(Kap1) + (3 + h(Kapa) + (4 - (%)) WD),

where ws, is defined in (L.2).
Theorem then follows from Theorems [I[.1] and [(5.3]

REMARK 5.4. Based on our computation we observe that the endomorphism
ring of a superspecial abelian surface over I, may be a non-maximal order, or
even non-maximal at p. For example, when p = 3 and © = v/3 (s, the order
Rsp, which occurs as the endomorphism ring of a superspecial abelian surface
[21, Theorem 6.1], has index 3 in the maximal order.
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5.3. ASYMPTOTIC BEHAVIOR OF |Spy(F,)|. We now determine the asymptotic
behavior of the size of Sp,y(IF,) as the prime p goes to infinity. For simplicity, let
F = Q(/p)- By Theorem [[L.Z, |Sp,(IF,)| is expressed as a linear combination
of (p(—=1)h(F), h(/—p), and class numbers of certain biquadratic CM fields.
The term c¢(p(—1)h(,/p) (for a suitable constant c) comes from the contribu-
tion of the isogeny class corresponding to the Weil p-number 7 = ,/p. More
precisely, it arises from the mass part in the Eichler class number formula for
the calculation of H(\/p). We recall from Theorem [[.T] that the mass part for
p>odis

1Cr(=1)h(F) forp=3 (mod 4);

(5.18) Mass(p) = ¢ 8Cp(—1)h(F) forp=1 (mod 8);
1(15@p + 1)¢r(~1)R(F) forp=5 (mod 8).

In [22, Theorem 6.3.1] we showed that the mass part Mass(p) is the main term

of H(,/p). It is expected that Mass(p) is also the main term of | Sp,(F,)|. This
is true and we have the following asymptotic formula for the size of Sp,(F,).

PROPOSITION 5.5. We have

 |Spy(Fp)|
lim 222 p)l
poros Mass(p)

Proof. It is enough to show that lim,_.o, h(y/=p)/h(F){r(—1) = 0, and for all
the biquadratic CM-fields K, ; appearing in the formula of | Spy(F,)|,

lim A(Ka)/h(F)Ge(~1) =0.

=1.

The above limit has been verified for the pairs (d,j) with d =p and j =1,2,3
in [22] Theorem 6.3.1], and it remains to consider the pairs (2p, 1) and (3p, 3).
Recall that the discriminant of F' is denoted by 0p, which is either p or 4p.
Using the functional equation and the trivial inequality (#(2) > 1, we have
Cr(=1) > c1(0p)?/? for a constant ¢; > 0. For any CM-field K, let h™(K)
be the relative class number of K defined as h(K)/h(K™), where KT is the
maximal totally real subfield of K. By [8, Lemma 4], when K ranges over a
sequence of CM-fields with bounded degree and 0x — oo, we have

(5.19) aiigloo(loglf(K))/(log\/DK/DK+ ) =1.

In particular, applying this to the quadratic imaginary fields Q(/—p ), we ob-
tain that h(y/=p)/Cr(—1) = 0 as p — oco.

Assume (d, j) = (2p, 1) or (3p, 3). One calculates that g, /OKL' < 32p. Let eg
be the fundamental unit of the quadratic real field Q(v/d ). By Siegel’s theorem
[0, Theorem 15.4, Chapter 12], the growth of h(KIj) = h(V/d) satisfies the
following formula

iy Jog(h(Vd)logeq)

=1.
d— o0 log\/a
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Note that €z is bounded below by (1 ++/5)/2 for all d. Recall that h(Kg4 ;) =
h~™(Ka;)h(v/d). Combining these bounds yields that h(Kg;)/Cr(—1) — 0 as
p goes to infinity. O

6. GALOIS COHOMOLOGY AND SUPERSPECIAL ABELIAN VARIETIES

6.1. GALOIS COHOMOLOGY AND CONJUGACY CLASSES. We refer to [15, Sec-
tion L.5] for the definition of nonabelian Galois cohomology. Let I'r, =
Gal(F,/F,) be the absolute Galois group of F,, and G a group with discrete
topology on which I'r, acts continuously. Let o, be the arithmetic Frobenius
automorphism of Fq, which raises each element of Fq to its g-th power. The
group I'p, is isomorphic to the profinite group 7= @neN Z/nZ with canoni-
cal generator o,. Each 1-cocycle (ag)gepyq is uniquely determined by its value
T = a,, € G at o,. Anelement of G is called a 1-cocycle element if it arises from
a 1-cocycle in this way. We will identify the set of 1-cocycles Z 1(F]Fq,G) with
the subset of 1-cocycle elements of G. Two 1-cocycle elements =,y € Z* (I'r,, G)
define the same cohomology class if and only if they are o,-conjugate (denoted
by & ~g, y), i.e., there exists z € G such that z = 27 'yo,(z). Write [z],,
for the o4-conjugacy class of x € G, and B(G) for the set of all o,-conjugacy
classes of G. Then

H'(Ty,,G) ={[z]s, € B(G) |z € Z'(T's,,G)} € B(G).

If the action of I'r, on G is trivial, then B(G) is reduced to the set Cl(G)
of (the usual) conjugacy classes of G. Define Cly(G) = {[z] € CIG) |
x is of finite order} C Cl(G).

LEMMA 6.1. Assume that the action of I'r, on G factors through a finite quo-
tient Gal(F,~ /Fy). We have

ZYTy,,G) ={z € G | zoy(x) - oY "1 (2) is of finite order}.

q
In particular, if the action of T'r, on G is trwial, then H'(I'r,, G) = Clo(G).

Proof. This follows directly from Exercise 2 of [I5 Section 1.5.1]. O

6.2. ABELIAN VARIETIES OVER FINITE FIELDS AND TWISTED FORMS. Let X
be an abelian variety over I, with Frobenius endomorphism 7y, € Endr, (Xo).
Set Xo = Xo®F,, and G = Aut(Xo). The Galois group I's, acts on End(X)
as follows (see [24] Lemma 3.3])

(6.1) oq(z) = 7TX0:L'7T;(§, Yz € End(X,),

where the conjugation by mx, is taken inside End(X,). As End(X,) is a
free Z-module of finite rank, the action of I'r, factors through a finite quotient
Gal(F,~ /F,), and hence (rx,)" is central in End(X)).

Recall that an (F,/F,)-form of Xo is an abelian varieties X over F, such that
X = X ® F, is F -isomorphic to Xo. Let E(F,/F,, Xo) be the set of F,-
isomorphism classes of (F,/F,)-forms of X,. By [I5] Section II1.1.3], there is a
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canonical bijection of pointed sets
(6.2) 0:B(F,/Fq, Xo) — H'(Tr,,G),

sending the Fg-isomorphism class of X to the trivial class. The map 6 is
induced from mapping each F,-isomorphism f : Xq — X to the 1-cocycle ele-
ment z = f~1o,(f) € G. The injectivity of 6 follows purely from cohomological
formalism, and the surjectivity is a consequence of Weil’s Galois descent.
An isomorphism f of abelian varieties as above induces an isomorphism

(6.3) ay: End(X) ~ End(Xo), vy~ f'uf.

The Frobenius endomorphisms 7x, and mx are related by the following com-
mutative diagram (see [24, (3.2)]):

X, 1+ X
(64) WXOJ( J{ﬂ‘x

X0~ X,
We compute
(6.5) ap(nx) = flnxf=f"log(f)mx, = wmx,.
Note that for x,y, 2z € G,
r=z2"tyo,(2) & wrx, =2 Hymx, )2
Hence there is a well-defined injective map
(6.6) II: B(G) = End(X)/G, [z]s, = [27x,),

where End(X()/G denotes the set of orbits of End(Xg) under the right action
of G by conjugation. In a sense, the image of H'! (I'r,, G) under II consists of the
conjugacy classes of Frobenius endomorphisms of members of E(F,/F,, Xo).

We can also work in the category of abelian varieties up to isogeny and study
the (F, /F,)-forms of the isogeny class [Xo]. Thus we pass from isomorphisms of
abelian varieties to quasi-isogenies, and endomorphism rings to endomorphism
algebras, etc. Let E°(F,/F,, [Xo]) be the set of F,-isogeny classes of abelian
varieties [X] such that X is isogenous to X, over F,, and Gg = End®(X)*.
Many previous constructions can be carried over. In particular, both ([G.4]) and
(@35) hold true for any quasi-isogeny f : X¢ — X, and one obtains a 1-cocycle
element z = f~'o,(f) € Gg as before. This gives a canonical injective map

(6.7) 0 : E°(Fq/Fq, [Xo]) = H'(I's,, Go),

which fits into a commutative diagram

E(F,/F,, Xo) % H'(Tg,,G)

(6.8) l l

E°(F,/F,, [Xo) —2— H'(Ts,,Gq).
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The left vertical map sends the Fj-isomorphism class of X to its F4-isogeny
class [X], and the right vertical map is induced from the inclusion of I'r,-groups
G C Gg. Thus (6.8) endows a geometric meaning for this cohomological map.
We complete the picture by showing that the map 6 in (61 is surjective and
thus a bijection of pointed sets as stated in Proposition [L4l Recall that the
action of I'r, on End’(X) factors through Gal(F,~ /F,) for a fixed N € N.
Without lose of generality, assume that Xg is F,~-isotypical, i.e., Xo ® Fyn
is isogenous to (Yy)?, where Yy is an absolutely simple abelian variety over
F,~ with End(Yx) = End(Y ). Equivalently, we assume that the multiple
Weil g-number Wéfl X oo X ﬂ'(tfu € MW, corresponding to the [, -isogeny class
[Xo] satisfies that 7T(]‘)\7[1 = WéYQ = .. = ﬂé\fu after suitable conjugation, and
Q((rx,)") € End®(X,) is a field which coincides with Q((rx,)*") for all s € N,
Then End”(X) = Matq(End’ (Y x)), and End®(Y y) is a central division alge-
bra over Q((rx,)"). For simplicity, let D = End®(Y y) and Ky = Q((7x,)").
Then Gy = End®(X)* = GL4(D).
LEMMA 6.2. There is a bijection between Hl(FFq, Gq) and the following subset
of Cl(Gg):
(6.9) % (rx,) = {[z] € Cl(Gg) | IM e N: "M = 7z M}.
Proof. Since x, € Gg, the map II in (6.6) defines a bijection
IT: B(Gg) — Cl(Gg), [2]s, — [z7x,].

Let 7, = zmx, for each x € Gg. Then

wog(z) -0y M) = (amx, )N (mx,) TN = ()N ().
By Lemma G © € Z'(I'r,,Gg) if and only if (7)Y = (7x,)"V¢ for some
¢ € Gy of finite order, or equivalently, 7™ = (7x, )™ for some M € N. O
Any 1 € Gg with [x] € €(rx,) is semisimple, as 7™ = (7x,)¥M lies in
the center of the simple Q-algebra End’ (Xo). The minimal polynomial of
factorizes as a product of distinct irreducible polynomials over Q:

(6.10) P@t) =[] Pt € Q.
i=1
For all ' in the conjugacy class [x], the Q-subalgebra K. = Q(z’') C

End®(X) is canonically isomorphic to K := Q[t]/(P(t)) via the map x’ — t.
Since w%(fw = 7NM the field Ky = (@(w%ﬁw) can be identified with the Q-
subalgebra of K generated by tVM thus providing a Ky-algebra structure on
K. By ([@I0), K factorizes as a products of number fields

By an abuse of notation, we regard w%o as a Weil ¢/V-number via a embedding
Ko < Q. Then for each 1 < i < r, the roots of P;(t) in Q is a conjugacy class
of Weil g-numbers such that one of its representative m; satisfies 7V M = W)]\(f(f” .
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Therefore, given m € € (7rx,), we find r Weil g-numbers representing distinct
conjugacy classes
(6.12)

{m1, -+ ,m} with wfVM = wg[fw forsome M e Nandall1 <i<r.
Next, we fix P(t) € Q[t] as above, and produce a discrete invariant for every
conjugacy class [r] € €(mx,) with minimal polynomial P(¢). Let V = D9 be
the right vector space over D of column vectors. Then Endp (V) = Maty(D)
acts on V from the left by the usual matrix multiplication. We have a canonical
Ky-algebra embedding K < Endp(V) sending K to K,. Thus & endows a
faithful (K, D)-bimodule structure on V, denoted by Vz. By (6.11]), there is a
decomposition of V' into right D-subspaces:

(6.13) V=@V, d;=dimpV;

i=1
The action of K; on V; gives rise to a Kp-embedding K; — Endp(V;) =
Matg, (D). We study each of the embeddings individually first.

LEMMA 6.3. Let m € W, be a Weil g-number such that VM — ﬂ'%fw for some
integer M € N, and X a simple abelian variety over Fy in the isogeny class
corresponding to w. Let e = e(w) be the smallest integer such that there is an
Ko-embedding Q(7) — Mate(D). Then X, = X, ® F, is isogenous to (Y y)¢,
and End’ (X ) is isomorphic to the centralizer Cy of Q(w) in Mat(D).

Proof. Since m¥M = ﬂ)]\(f(f‘/[, there exists an isogeny X, — (Y )¢ for some

e € N, which gives an identification of End’(X ;) with Mat, (D) = End"((Y y)¢)
in the same way as (63). Thus we obtain a Kyp-embedding Q(7) — Mat. (D),
and End®(X) is recovered as the I'p, -invariants of End®(X ), or equivalently,
the centralizer Cr of Q() in Mat.(D) by ([6.1)). On the other hand, C; is also
the endomorphism algebra of the (Q(w), D)-bimodule D¢. Now the minimality
of e follows from the fact that C, = End’(X,) is a division algebra. O

Given ¢’ € N, a Ky-embedding of Q(r) into the simple algebra Mat./ (D) exists
if and only if e(7) divides ¢’. Therefore, every d; in ([G.13) is of the form m;e(m;)
for some positive integer m; € N subjecting to the condition

(6.14) mye(m) + -+ mpe(m,) = d.

We shall call the r-tuple m = (mq,...,m,) the type of the (K, D)-bimodule
Vz or simply the type of 7.

LEMMA 6.4. There are natural bijections between the following sets:
(1) the set of conjugacy classes [x] € €(rwx,) with minimal polynomial
P();
(2) the set of Gg-conjugacy classes of Ko-embedding K — Endp(V);
(3) the set of isomorphism classes of faithful (K, D)-bimodule structures
onV;
(4) the set of r-tuples m = (mq,...,m,) € N" satisfying (06-14)).
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Proof. The bijection between between (1) and (2) is established by the map
sending each Kp-embedding ¢ : K = Q[t]/(P(t)) — Endp(V) to m = ¢(¢).
Every faithful (K, D)-bimodule structure on V is given by a Ky-embedding
¢ : K — Endp(V). Two such embeddings define isomorphic structures if and
only if they are conjugate by an element of Gg. Hence (2) is bijective to (3).

The proof that (2) is bijective to (4) is similar to that of [I6, Proposition 3.2]
and is omitted. O

PROPOSITION 6.5. Each cohomology class [x],, € H'(I'r,,Gg) determines a
unique conjugacy class of multiple Weil g-number w7 X - - - x 7" € MW, such
that

d 7T£VM:7T§5W for some M € N and all 1 <1 <r;
e m=(my,...,m,) € N" satisfies (6.14).
In particular, the map 6 in (6.7) is a bijection of pointed sets.

Proof. Given [z],, € H*(T'r,,Gg), we produce the desired multiple Weil ¢-
number by combing the type m = (my, - ,m,) of [1,] € €(7x,) and the set
{m,-- ,m} determined by [r,] as in (@I2). Let X = [],_,(Xx,)™ be an
abelian variety over F, corresponding to 7" x --- x 7. Then X is isogenous
to Xo by Lemma and (6I4). Identify End”(X) with End’(X,) via an
isogeny f : Xo — X as in ([G3). The conjugacy class of as(rx) € Gg is
independent of the choice of f. By the construction, ayf(mx) is a semisimple
element with the same minimal polynomial and type as 7, = z7x,. It follows
from Lemma that they must lie in the same conjugacy class of Gg. We
conclude that 6 is surjective by Lemma [6.2] a

6.3. SUPERSPECIAL ABELIAN VARIETIES AND THE PARITY PROPERTY. We ap-
ply the previous construction to the study of superspecial abelian varieties
over finite fields. Let Ey be a supersingular elliptic curve over the prime fi-
nite field F,, whose Frobenius endomorphism 7o satisfying 72 +p = 0 (Recall
that \/—p € W;*(1) for all p by Proposition [B.5). Let O := End(Fy ® F,)
be the endomorphism ring of Ey ® [Fp; this is a maximal order in the unique
quaternion Q-algebra D = B, o, ramified exactly at {p,oco}. Take X, = E§
and X := Xo ® F, for d > 1. Then End(X() = Maty(O). In what follows we
denote by

G = Aut(Xp) = GLy(0)

the automorphism group of Xg. Consider O as a subring of Maty(O) by the
diagonal embedding and view my as an element in Mat;(QO). Then the action
of I'r, on G = GL4(O) is given by

(6.15) op(2) = moxmyt, z€G.

We will also write G for the group GL4(D).
Recall that Sp,(F,) denotes the set of isomorphism classes of d-dimensional
superspecial abelian varieties over F,. For the classification of superspecial
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abelian varieties over the algebraic closure Fq of Fy, we have the following
result, due to Deligne, Shioda and Ogus (cf. [12] Section 1.6, p. 13]).

THEOREM 6.6. For any integer d > 2, there is only one isomorphism class of
d-dimensional superspecial abelian varieties over any algebraically closed field
of characteristic p > 0.

According to this theorem, any d-dimensional superspecial abelian variety over
F, is an (F,/F,)-form of X¢ ® F,. Thus we obtain a natural bijection by (6.2))

(6.16) H'(Ty,,G) ~ Spy(F,), d>1,

which sends the trivial class to the isomorphism class of Xo ® F;. The set
Spq(Fg) is partitioned into isogeny classes:

(6.17) SpaFe) =[]  Sp(m).

TEMW:=(d)

THEOREM 6.7. Let ¢ = p® and ¢' = pa, be powers of the prime number p such
that a = a’ (mod 2). For any integer d > 1, there are natural bijections

(6.18) H'(Tg,,G)~ H'(Tx,,,G),
(6.19) Spa(Fq) =~ Spy(Fy ).

Proof. If d =1, then (6.19) has been proven in Section 2} see Proposition [4.4]
and Remark[L35l If d > 1, then (6I9) follows from (6.I6]) and (EI8]). Therefore,
it remains to prove (G.I8).

Since 7§ is a central element, the element o7 acts trivially on G by (G.I5).
Thus o4(z) = o4 (x) for all z € G. This together with the canonical isomor-
phism I'r, ~ I'r , (sending o4 — 04) yields a natural bijection H '(Tg,,G) ~

H'(Tg,,,G). The theorem is proved. O

REMARK 6.8. By the same token, we have a natural bijection
(6.20) H'(Tg,,Gg) ~ H'(T'r,, Gg).

Thus by Proposition [6.5] there is also a natural bijection between the isogeny
classes of supersingular abelian varieties over I, and those over Fy/. This can
be made explicit in terms of multiple Weil numbers. The Frobenius endomor-
phism of X¢ ® [F, is 7. Hence the Frobenius endomorphisms of the isogeny
class corresponding to a cohomology class [z],, € H'(I'r,,Gg) is given by
the conjugacy class [z7§] by ([@3). Without lose of generality, assume that
a—a' =2s>0. If r = a7 x---x 7" is a multiple Weil g-number determined
by [2]5,, then the corresponding multiple Weil ¢’-number is 7 = 7)"* x- - - X7,
with 7, = (—p)~*m; for all 1 < i <r.

By the commutative diagram (G.8]), the bijection (6I9) preserves isogeny classes
in the sense that there is a natural bijection

(6.21) Sp(r) ~Sp(F) Ve MW (d).
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COROLLARY 6.9. Let ¢ = p***! be an odd power of p. Let Yy be a fived su-
persingular abelian variety over Fy and m = m]"™ x --- x w"" the correspond-
ing multiple Weil g-number. Let V and K be as in Proposition [i1], and set
Rep := L[T0,p7y ] C K, where To = (—p)~*(71,..., 7). Assume that K has
no real place. Then there is a natural bijection between the set Sp(w) of iso-
morphism classes of superspecial abelian varieties in the isogeny class [Yy] and
the set of isomorphism classes of Rsp-lattices in V.

Proof. This follows from Proposition [5.1] and Theorem O

The above theorem provides an approach for computing the size of Sp,(Fy)
explicitly in the odd exponent case, subject to the condition that K has no to-
tally real factors. For the rest of this section we shall describe H*(T'y, , GL4(0O))
(and hence Sp,(F,)) when ¢ is an even power of p.

6.4. A DESCRIPTION OF H'(I's,,GLq(O)) WITH EVEN EXPONENT. In what
follows we assume that ¢ = p? is an even power of p and Xy = Ef ® F,
with d > 2. The Frobenius endomorphism 7x, = (—p)*? lies in the center
of End(Xo) = Matq(O). Hence I'p, acts trivially on the group G := GLq(O)
by (GEI5). Then it follows from Lemma that H'(I's,, G) can be identified
with the set Clo(G) of conjugacy classes of elements in G of finite order. We
shall give a lattice description for Cly(G) and hence for Sp,(IF,) by the previous
correspondence. See Proposition [B.11] for details.

Suppose = € G is an element of finite order, which is necessarily semi-simple.
The minimal polynomial of z over QQ has the form

(6.22) Po(t) = B, (1) By (£) -+ By (), 1<my <mp<--<ny

for some r-tuple n = (nq,...,n,) € N", where ®,,(t) € Z[t] denotes the m-th
cyclotomic polynomial. We define

_ Q] _
s enm ™ T e

The Q-subalgebras of End’(X) = Matg(D) generated by = and m, = z7x,
coincide and are isomorphic to K,. Moreover, the subring Z[z] C Maty(O) is
canonically isomorphic to A4,,.

We denote by C(n) C Cly(G) the set of conjugacy classes of G with minimal
polynomial P,(t). By Proposition [6.5, each conjugacy class [z] € C(n) deter-
mines a (conjugacy class of) supersingular multiple Weil g-number 77** x - -+ X
7 where m; = (—p)*/?Cn,, and m = (myq,--- ,m,) is the type of the faithful
(K., D)-bimodule structure on V = D? equipped by m, € Maty(D). Since
Q(my) = Q(x) 2 K,,, the (K,, D)-bimodule structure on V is also equipped di-
rectly by x € Maty(D). Thus m is also called the type of [z], as it depends only
on the conjugacy class. Recall that a (K, D)-bimodule V is said to be type m
if the decomposition into D-subspaces V = @]_;V; induced from the decom-
position K,, = H:Zl Q(¢y,) satisfies that dimp V; = mye(m;) for all 1 < i <7,
where e(m;) is defined in Lemma[63l Since dim Ey = 1, we have e(m;) = d(m;),
the dimension of the Weil number 7;. Note that d(m;) depends only on the

Zli]
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integer n; as ¢ = p® is fixed, so we write d(n;) for it instead. Equation (6.14)
becomes

(6.23) mid(ny) + -+ mpd(n,) =d.

A pair of r-tuples (n,m) € N” x N” with 1 < n; < -+ < n, is said to be
d-admissible if the condition (G.23) is satisfied. Let C(n,m) C C(n) denote
the subset of conjugacy classes of type m. An element x € G or its conjugacy
[z] € CI(G) is said to be type (n,m) if [z] € C(n,m).

LEMMA 6.10. Fiz a faithful (K,,, D)-bimodule V = D% of type m. There is a
natural bijection between the set C'(n,m) and the set of isomorphism classes of

(An, O)-lattices in V.

Proof. Let My := O% C V be the standard lattice in V. Every element 2 €
G of type (n,m) gives rise to an (A,,O)-bimodule structure on My. Two
elements x, 2’ determine isomorphism bimodule structures if and only if they
are conjugate in G. Therefore, the set C(n,m) is in bijection with the set
of isomorphism classes of (A, O)-lattices in V' that are O-isomorphic to M.
Since d > 2, every O-lattice in V is isomorphic to My. This follows from a
theorem of Eichler [6] that the class number of Maty(O) is 1 for d > 2 (see also
[10, Theorem 2.1]). O

PROPOSITION 6.11. Let Clo(G) be the set of conjugacy classes of G = GL4(O)
of finite order with d > 2. Then

(6.24) Cl(@) = ] Clam),

(n,m)

where (n,m) runs through all d-admissible types. For each fized (n,m), there
are natural bijections between the following sets:
(1) C(n,m), the set of conjugacy classes of type (n,m);
(2) Sp(m), where m = 7" x -+ x ©™ and m; = (—p)*?*Cp,;
(3) the set of isomorphism classes of (An,O)-lattices in the (K,,D)-
bimodule V' of type m.

Proof. The bijection between (1) and (2) is established by combining ([E.16]) and
Proposition The bijection between (1) and (3) follows from Lemma
O

7. ARITHMETIC RESULTS

In this section, we prove the arithmetic results used in Section [3] concerning
the order Rsp. In the light of (54), our goals are two fold: (1) show that
Rsp is Bass for every supersingular multiple Weil p-number m € M W;S(Q) of
dimension 2 distinct from +,/p; (2) classify all suporders of R, (i.e., orders in
K containing R,) and calculate their class numbers when 7 is not of the form
w1 x mp with 1 € W3*(1) (The case 7 = m; x m; has already been treated in

Section [£.2]).
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7.1. ORDERS IN PRODUCTS OF NUMBER FIELDS. Let K = H:Zl K; be a
product of number fields, and & be an order contained in the maximal or-
der Ox =[[;_, Ok,. We write pr; : K — K, for the projection map onto the
i-th factor. By a theorem of Borevi¢ and Faddeev [I] (see [0, Section 37, p. 789]
or [11, Theorem 2.1]), S is Bass if and only if Ok /S is cyclic as an S-module.
This leads to the following simple criterion when r = 2.

LEMMA 7.1. A suborder S C Ok, x Ok, that projects surjectively onto both
factors Ok, and Ok, is Bass.

Proof. Each Ok, is equipped with an S-module structure via the projection
map pr; : S — Og,. Since pry(S) = Og,, the natural inclusion Ok, —
Ok, x Ok, defined by x — (x,0) induces an isomorphism of S-modules

(7.1) Ok, /(Ok, NS) =5 (Ok, x Ok,)/S.
The left hand side is a cyclic S-module because pry(S) = Ok, . O

We return to the general case with r > 1. Let a be an Og-lattice (i.e., a
fractional Og-ideal that contains a Q-basis of K) contained in S. There is
a one-to-one correspondence between the orders B intermediate to S C Og
and the subrings of Ok /a containing S/a. By [14, Theorem 1.12.12], the class
number h(B) can be calculated by
72 () = MO0/ : (B/a)7)

Ok : B¥]
where h(Ok) = [[;_; h(Ok,). A priori, [14, Theorem 1.12.12] is only stated
for the number field case with a being the conductor of B, but the same proof
applies in the current setting as well.

LEMMA 7.2. Let a C Ok be an Ok -lattice. If the natural map O — (O /a)*
is surjective, then h(B) = h(Ok) for every suborder B C Ok containing a.

Proof. Let £ be the kernel of O — (Ok/a)*. Then & C B* and [Of : B*| =
[O) /8 : B*/R]. We identify O} /8 with the image of Oj — (Ok/a)*, and
similarly for B*/R. By [22, Lemma 2.7], B* = O N B. Hence

B* /R = (05 /8) N (B/a).
When O} maps surjectively onto (O /a)*, we have B*/R = (Ok/a)* N
(B/a) = (B/a)*. Therefore, h(B) = h(Ok) by ([T2)). O

LEMMA 7.3. Let S be a suborder of O = HLI Ok,, and ¢1 be a nonzero
ideal of Ok, contained in pry(S). If vr1 € Ok, is an element such that
(21,0,---,0) € S, then (x1¢1,0,---,0) is an ideal of Ok contained in S. Sim-
ilar results hold for all 1 < i <.

Proof. Clearly (x1¢1,0,---,0) is an ideal of Og. For any element y; € ¢q, we
may find y € S such that pry(y) = y1. Then (z141,0,---,0) = (21,0,---,0) -
y €S. O
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7.2. THE ORDER R, IS BASS WHEN d(m) = 2. We recall the definition of
Rsp. Suppose that 7 = 7]"" X --- x " is a supersingular multiple Weil p-
number with m; € N and m; # ;. Let K = [[, K; with K; = Q(m;), and
mo = (m1,...,m) € K. Then Ry, is defined to be the order Z[mg, 73 /p] C Ok.
Assume that 7 has dimension 2 and none of 7; is conjugate to \/p. The case
7 =} with m € W3*(1) has already been studied in Section It remains
to treat the following two cases:

(1) m = m x m with both m,m € W;*(1) and 71 # ma (the nonisotypic
product case);
(2) m=m € W;*(2) and 71 #,/p (the nonreal simple case).

The first case occurs only when
(73> b= 27 35 and ™= \/]_7C4 X (i\/]_j<4p)v or \/]_7C4p X (7\/]_7C4p)'

In the second case, the supersingular Weil p-numbers of dimension 2 distinct
from &,/p are

(74) VPG, 2/pG (p=5), VPG (P#2), VPC2 (p#3), £/pCa (p=2).
LEMMA 7.4. Assumep =2 or3. If m =/pCs X (£/PCap), then
Rep = Z[(V=p,0), (0,14 ¢3p)] € Q(W=p) x Q(C2p) = K.
If 7= \/pCap X (—/PCap), then
Rsp = Z[(2(1 + (2p,0), (C2ps C2p)] € Q(C2p) X Q(C2p) = K.
Proof. Note that \/p(ap = 14 C2p when p=2or 3. If m = /p(4 X (/P up),
then
Rep = ZI(V=p, /D Cap), (=1, C2p)] = ZI(V =P, £/P Cap) (0,1 + C2p)]
=Z[(V=p,0), (0,14 (zp)]-
It 7 = /B Cap X (—/Blap), then
Rep = Z[(\/?_7<4pv —bp C4p)a (<2pv C2p)] =Z[(1+ Cap, —(1+ C2p>>a (<2pv C2p>]
=Z[(2(1 + C2p>a 0), (C2pa CZP)]~ U

PROPOSITION 7.5. The order R is a Bass order for every supersingular mul-
tiple Weil p-number m € MW*(2) distinct from £,/p .

Proof. We only need to consider the cases where 7 is not of the form 77 with
w1 € W33(1). Suppose that 7 = 4,/p(, € W;*(2) is one of the Weil p-numbers
listed in (Z4), and m is defined as in B3). If n is critical at p, then Ry,
equals to the maximal order Z[(,] in K = Q(¢,) by Remark Otherwise,
[K : Q(¢m)] = 2 and Rsp is a quadratic Z[(,|-order, and such type of orders
are Bass [11, Example 2.3].

Ifp=23and ™= ,/pGyp X (—/Plap), or p =2 and 7 = V2 x (£V2¢),
then R, projects surjectively onto both Ok, and Og,, and hence R, is Bass
by Lemma, [l

Lastly, suppose that p = 3 and 7 = V3¢ x (£v3¢12). Then pr(Ry,) =
Z[\/=3], a suborder of index 2 in Ok, = Z[(g], while pry(Rs,) = Z[(s] = Ok, .
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So by (1)), to show that R, is Bass, it is enough to prove that Ok, /(Ox, N
Rsp) is a cyclic Rgp-module. Note that Ox, C Og, x Ok, is generated by
(1,0) and (¢g,0) over Z, and

Rsp(CfivO) = (_1 +\/__3a _1) : (QG,O) = (1’0) + (\/__3,0)2 = (LO)
(mod Ok, NRsp).

Hence Ok, /(Ok, NRp) is a cyclic Rsp-module generated by ({g,0). O

7.3. SUPORDERS OF R,, AND CLASS NUMBERS: THE NONISOTYPIC PRODUCT
CASE. Assume that p =2 or 3 and 7 = 71 X 73 is a supersingular multiple Weil
p-number of dimension 2 listed in (Z3)). Using Lemmal[7.3 and Lemmall.4] one
may easily find an Og-lattice a contained in Rs, and compute the quotient
rings Ok /a and R,,/a. We obtain the following table (For simplicity, we set

i == v/=1).

T =11 X T aC Rsp Ok /a Rep/a
\/§§4 X iﬂC8 \/__20K1 X (1 + ’L)OKQ (]FQ)Q Dy
V2( x —V2(s (2(1 +14)O0x, )? (Z[3)/(1 +14)*)? Dg

\/§C4 X i\/gclg (2\/—_3)OK1 X \/—_30K2 F4 X (F3)2 FQ X 'D3
V32 x —V3Cia | (2v/-3)0k, x (2/=3)0k, (Fy x F3)? Dig
Here Dy, Dg, D3, and Dia denote the diagonal in (Fa)?, (Z[i]/(1+1)3)?, (F3)?,

and (F4 x F3)? respectively.

It is an exercise to show that Oy maps surjectively onto (Ok/a)* in all the
above cases. By Lemmal[l.2] h(B) = h(Ok) for every order B with R, C B C
Ok. Note that h(Og) = h(Og,)h(Ok,) = 1 since both Z[i] and Z[(s] have
class number 1. We obtain the following proposition.

PROPOSITION 7.6. Assume that p =2 or 3 and m = m X ma is given in (7.3).
Then any suporder B of Ry, has class number 1.

It remains to list all suporders B of R, for each m. We recall the convention
in Section 5.2 that a suporder of R, with index j > 1 in Ok is denoted by B;.
Our calculation will show that for those 7 considered in this subsection, if such
an order exists, then it is unique. So there is no ambiguity in this notation if
7 is clear from the context. We separate into cases.

CASE ™ =+/2( x +/2(g. Since [Ok : Rep) = [Or/a: Rsp/a] = 2, there are
no other suporders of R, besides R, and Og.

CASE :\/§C4 X i\/gglg. We have [OK :Rsp] = []F4 X (]F3)2 :Fy x Dg] = 6.
There are two rings properly intermediate to the inclusion Fy x D3 C Fyx (F3)2,
namely F4 x D3 and Fy x (F3)2. Under the inclusion-preserving correspondence
between suborders of Ok containing a and subrings of Ok /a, we have

By :=Z[(V=3,0), (6, )] = Z[(1 + 6,0), (0,1 4 (6)] +— Fy x Ds,
By = Z[V=3] x Z[(s] < Fa x (F3)?%.

The remaining two cases are best seen in the light of the following lemma.
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LEMMA 7.7. Let R be a commutative ring, and D be the diagonal of R?. Ev-
ery subring S of R? containing D decomposes uniquely as D @& (Ig,0), where
Is is an ideal of R. In particular, there is an inclusion-preserving bijective
correspondence between subrings of R2 containing D and ideals of R.

Proof. Every subring of R? containing D is naturally an R-submodule of R2.
So the intersection (Ig,0) := SN(R,0) is again an R-submodule of R?. Equiva-
lently, Is is an ideal of R. Clearly, we have S = D@ (Ig,0). Conversely, for any
ideal I C R, the direct sum D @ (I,0) is a subring of R?. The correspondence
is established. g

By Lemma [T4] if 7 = /pCap X —/PCap with p = 2 or 3, then Ox = Z[(2p)?,
and
RS;D = Z[(2(1 + C2;u)a O)a (CQ;Da C2p)] =D& (2(1 + CZD)Z[@;D]) 0)-

CASE m =/2 (g x —/2 (s. We have 2(1+4)Z[i] = (1+1)3Z[i]. So by LemmalZ7,
the suborders of O properly containing R, and distinct from Og are

By = 7Z[(i,1), (2,0)] «— (14 4)*Z[i] = 27Z][d],
By :=Z[(i,4), (1 +4,0)] +— (1 +9)Z[4].

CASE T = v/3(12 x —/3(12. In this case, the ideal 2(1 + (5)Z[(s] factors as
the product of the prime ideals 2Z[(s] and v/—3Z[(s]. The suborders of O
properly containing R, and distinct from Ok are

By = Z[(C& Cﬁ)a (2’ 0)] A QZ[CES]’
Bs :=Z[(Cs, ), (V—=3,0)] +— V=3 Z[C]-

7.4. SUPORDERS OF R, AND CLASS NUMBERS: THE NONREAL SIMPLE CASE.
Assume that 7 is a supersingular Weil p-number of dimension 2 listed in (Z.4]).
Only the case m = /p(12 with p # 3 needs to be studied, as the rest have
already been covered in Section

If 7 = \/p(i2, we have K = Q(/=p,v/—3), and Ry, = Z[\/=p, (s]. Since the
discriminants of Q(v/—3) and Q(,/—p) are coprime, Ok is the compositum
of Z[Gs] and Og(,=5). f p =2 or p =1 (mod 4), then Ogy /=) = ZL/—p],
and Rsp is the maximal order in K. We assume that p = 3 (mod 4) and
p # 3 for the rest of this subsection. Note that 20k C Rsp, and Rsp/20x =
Z[(s)/(2) ~ Fy4, which embeds into Og /20k ~ F4 & Fy4 diagonally. It follows
that Rsp, and Ok are the only orders in Ok containing Rs,. By (T2), h(Rsp) =
3h(Ok)/[Ok : RZ)). Tt remains to calculate the index [Of : R})].

LEMMA 7.8. Let p1 and p2 be distinct primes with p1 = pa = 3 (mod 4),
and € be the fundamental unit of F = Q(/pipz). Then /—e € K =

Q(/=p1,v/=p2), and O = <\/—e> X W, the direct product of the free abelian
group generated by «/—e and the group py of roots of unity in K. Moreover,

if € € Z[\/pip2], then /—¢ lies in the Z-module Z\/—p1 + Z/—p2 C Ok;
otherwise /—e = (\/—p1 ++/—p2)/2 (mod Z\/—p1 + Z/—p2 ).
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Proof. By Dirichlet’s Unit Theorem, the quotient group O /py is a free
abelian group of rank 1 containing Oy /{£1} = (—¢) as a subgroup of finite
index. In fact, we have (O /py : O /{£1}] < 2 by |20, Theorem 4.12] as K
is a CM-field with maximal totally real subfield F'.

Since both p; = 3 (mod 4), it follows from [7, (V.1.7)] that the norm Np, ( )

+1. By [3, Lemma 3], pye is a perfect square in F'*. Write p1e = (v +y,/p1pz2 )?
with z,y € Q. Then

V—€ =\/pi€ - \/— = (v +yy/P1p2 ) - \/— € Q/—p1 +Q/—p2 C K.

In particular, [0 /g : Of /{£1}] > 2. It follows that [Of /py : Of /{£1}] =
2, and OF /py = (/=€ ). Hence O = (/=€) x py.
By our assumption on p;, the prime 2 is unramified in O . One easily checks
that the following statements are equivalent:

(1) € € Z|\/pip2| = Z + 20F;

(2) e=1 (mod 20F);

(3) vV—€ =1 (mod 20k);

(4) \/—_e € Z+ 20k.
By Exercise 42(d) of [I3, Chapter 2], a Z-basis of Ok is given by

(i IS LT e/
’ 2 ’ 2 ’ 4 '

It follows that

Ox N(QV=p1 + QV—p2) = Z/=p1 + Z(/=p1 +vV—p2)/2;
(Z+20K) N (QV—p1 + QV/—p2) = Z/—p1 +Zn/—p2.

Therefore, if € € Z[,/p1pz2 ], then /—e € Z/—p1 + Z\/—p2. Otherwise /—¢
lies in Z\/—p1 + Z(v/—p1 ++/—p2)/2 but not in Z,/—p1 + Z,/—p2. Hence
vV—e =K/—p1 ++v/—Dp2)/2 (mod Z,/—p1 + Z\/—p2 ) in this case. O

We return to the assumption that K = Q(,/=p,v/—3) with p = 3 (mod 4)
and p # 3. Note that pr = (Gs) C R}, and Ry N (QY=p + QV=3) =
(Zy/=p +7+/=3). Let € be the fundamental unit of F' = Q(/3p). If e € Z[\/3p],
then /=€ € Ryp, and hence R, = Of. This holds in particular when p = 3
(mod 8) and p # 3 as remarked after (I2]). Assume that p = 7 (mod 8) and
€ € Z[\/3p]. Then (Or/20r)* ~ F} and € € Z + 20r = Z[\/3p]. On the
other hand, [(Ok/20k)* : (Rsp/20k)*] = [(FF)? : F] = 3, so we have
V=€ & Rsp but (V—€)? € Ryp.

In summary, we find that

1 if e € Z[\/3p];
Ok R3] = [0F + Z1/3p)"] = V]
3 otherwise.
Therefore, we have h(Rsp) = wsph(Ok), where ws, = 3/[0Of : Z[\/3p]*] as
defined in (L.2).
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