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ABSTRACT. In the first section of his seminal paper on height pair-
ings, Beilinson constructed an ¢-adic height pairing for rational Chow
groups of homologically trivial cycles of complementary codimension
on smooth proper varieties over the function field of a curve over an
algebraically closed field, and asked about a generalization to higher
dimensional bases. In this paper we answer Beilinson’s question by
constructing a pairing for varieties defined over the function field of a
smooth variety B over an algebraically closed field, with values in the
second f-adic cohomology group of B. Over C our pairing is in fact
Q-valued, and in general we speculate about its geometric origin.
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1 INTRODUCTION

Let k be an algebraically closed field, B a smooth integral k-scheme of finite
type with function field K = k(B), and X a smooth proper integral K-variety
of dimension d. Fix a prime ¢ invertible in k. For an integer ¢ > 0 we denote
by CH (X )q the Chow group of codimension ¢ cycles on X tensored by Q and
by CH; (X )q the subspace of homologically trivial cycles, i.e. the kernel of
the f-adic étale cycle map

CH (X)q — H¥ (X7, Qu(i))

where K stands for an algebraic closure of K.
In the first section of his seminal paper [2], Beilinson worked in the case where B
is a smooth proper curve and constructed (unconditionally) an ¢-adic height
pairing

CHY,,(X)q © CH, (X)q = Q 1)
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1672 D. ROSSLER, T. SZAMUELY

for p+¢q = d+1. This served as a motivation for his (conditional) construction
of the height pairing in the number field case.

In this article we extend Beilinson’s work to a not necessarily proper base B of
arbitrary dimension, solving the problem stated at the end of subsection (1.1)
of [2].

THEOREM 1.1. In the situation above and for p+q = d+1 there exists a pairing

CH?

hom

(X)q ® CHy,p, (X)q — HE (B, Qe(1))

which for a smooth proper B of dimension 1 coincides with Beilinson’s pair-
ing (1) after composing with the trace isomorphism HZ (B, Q¢(1)) = Q¢ of
Poincaré duality.

There is also a similar pairing in the case where k is algebraic over a finite
field instead of being algebrically closed.

The proof of the theorem is based on Beilinson’s original philosophy. In Sec-
tion 2 we construct a cohomological pairing on the ‘perverse parts’ of those
cohomology groups that contain classes of the relevant homologically trivial
cycles. These perverse parts, to be defined precisely in Section 2, are the
analogues over a higher dimensional base of the image of compact support co-
homology in usual cohomology used by Beilinson over curves. Then we prove
that the cycle classes actually lie in the perverse part. We offer two methods
for this, in Sections 3 to 5. The first one starts with the finite field case where
weight arguments can be invoked, and then applies a specialization argument.
The second one relies on the decomposition theorem for perverse sheaves of
geometric origin but not on weight arguments.

Our proof based on the decomposition theorem works equally well for singular
cohomology when k£ = C. In this case we obtain a result with Q-coefficients
whose proof will be sketched at the end of Section 5:

THEOREM 1.2. Assume k = C. For p+ q = d+ 1 there exists a pairing with
values in Betti cohomology

CH?

hom

(X)q ® CHy,,,(X)q — H*(B(C),Q(1))

which composed with the natural map H*(B(C),Q(1)) — HZ (B, Q(1)) coin-
cides with the pairing of Theorem 1.1.

We conjecture that our pairing is of motivic origin:

CONJECTURE 1.3. The pairing of Theorem 1.1 comes from a pairing
CH}}:om(X)Q ® CHgom(X)Q - PiC(B>Q
followed by the cycle map.
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In Section 6 we prove the conjecture under the strong assumption that X
extends to a smooth proper B-scheme. This is done using a simple construction
involving the intersection product. In the bad reduction case there is some
evidence for the conjecture when X is an abelian variety: the construction of
Moret-Bailly ([17], §II1.3) gives the required pairing in the case p = 1, in fact
over an arbitrary field k£ and only assuming B to be normal.

In the case of a projective B of dimension b we expect that the pairings of
Conjecture 1.3 yield non-degenerate pairings after composing with the degree
map Pic(B)q — Q associated with a fixed ample line bundle £ on B (ie.
the map obtained by intersecting a class in Pic(B)q = CHy—1(B)q with the
(b — 1)-st power of the class of £ in CHy_1(B)q and then taking the degree of
the resulting zero-cycle class).

Furthermore, we expect pairings as in Conjecture 1.3 to exist over an arbitrary
perfect field but at the moment we are not able to construct their cohomological
realization in this more general setting. However, we offer an Arakelovian
counterpart of the conjecture in Section 7 below.

Inspired by a lecture on a preliminary version of this note, Bruno Kahn [14] has
defined a certain subgroup CH?(X)(®) ¢ CHP(X) and constructed a pairing

CHP(X)§ ® CH{ (X)§) — Pic(B)q

purely by cycle-theoretic manipulations, over an arbitrary perfect field. He
conjectures that his subgroup CHP (X )(0) is in fact the subgroup of numerically
trivial cycles and therefore contains CHf (X). This is strong evidence in
support of our conjecture.

We thank Bruno Kahn and Klaus Kiinnemann for very helpful discussions and
the referee for pertinent suggestions. A preliminary version of Kahn’s paper
[14] was also useful when writing up the details of the proof of Proposition 6.1
below.

A word on conventions: Except for the last section, by ‘variety’ we shall always
mean an integral separated scheme of finite type over a field. When working
with perverse sheaves in the f-adic setting we shall use Qg-coefficients instead
of Q,-coefficients in order to remain in line with Beilinson’s original setup. This
is justified by ([3], Remark 5.3.10 and the remarks in 4.0).

2 THE COHOMOLOGICAL PAIRING

We keep the notation from the introduction, except that the base field £ is
allowed to be an arbitrary perfect field. We spread out the morphism X —
Spec K to a smooth proper morphism 7 : X — U for a suitable affine open
subscheme U C B, and denote by j the inclusion map U — B. This section is
devoted to the construction of a pairing

H (B, juR* ' m.Qu(p)[b]) x Hyy (B, . R* ™' 1. Qu(q)[b]) — HE(B, Q“P%
2
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1674 D. ROSSLER, T. SZAMUELY

where b := dim B = dimU and ji, is, as usual, the intermediate exten-
sion functor familiar from the theory of perverse sheaves (notice that since
R 17,Qq(p) is locally free on U, its shift by b is a perverse sheaf on U).
We proceed in two steps.

Step 1. Assume given a lisse sheaf F on an open subscheme j : U — B.
Consider the duality pairing

Flo) ®" RHom(F[b], Qe(b)[26]) — Qe(b)[20].
Such a pairing corresponds to a morphism
F[b] = D(RHom(F[b], Qe(b)[20]))

in Db(U, Q¢), where D is the dualizing functor corresponding to the dualizing
complex Q(b)[2b] on U. Since 71.Qe(b)[20] = Qe(b)[20] by smoothness of B
and the intermediate extension functor ji, is interchangeable with D (see [15],
Corollary I11.5.3), applying ji. gives a map

i F (bl = D(ji-RHom(F[b], Qe(b)[20])),
whence finally a duality pairing of perverse sheaves

1 FIb] @ ji. RHom(FB], Qe(b)[28]) — Qu(b)[20].

Step 2. We apply the above to F := R?** 7, Qy. In this case fibrewise Poincaré
duality gives RHom(R* ™ '71,Qu, Qr) = R?*'7,Q(d) with our convention
p+q=d+1, so that

RHom(R* 71, Qub], Qe(b)[20]) = R 7, Qu(b + d)b).
Plugging this into the pairing of Step 1 we obtain a pairing

R, Qub] @ i R* T, Qu(b + d)[b] — Qe(b)[20]
and, after twisting by Qu(p + ¢ —d —b) = Q¢(1 — b), a pairing

3RP . Qu(p)[b] @ jr R m.Qu(q)[b] — Qe(1)[20]

in the bounded derived category of Qg-sheaves on B. Passing to cohomology,
we finally obtain the announced pairing (2).

In dimension 1, the groups in the arguments of the pairing (2) are those con-
sidered in Lemma 1.1.1 of [2]. Note that there are morphisms

Hy (B, ju R m.Qu(p)b]) — He (U R* ™' m.Qu(p)) 3)

and
Hi (B, juR* ' m.Qu(q)[b]) — Hé (U, R* 1. Qu(q)) (4)

induced by the natural map from ji. to Rj.. We now prove that, again in
accordance with the dimension 1 case, these maps are in fact injective. This
will be a special case of the following more general statement.
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PROPOSITION 2.1. For a perverse sheaf F on U the natural map
H} (B, jiuF) — H} "(B,Rj.F) (5)
18 injective.

The proof of the proposition is based on a vanishing lemma. If i is the inclusion
map of the closed complement Z of U in X, set

G =i, PT>00" Ry F (6)

where P70 denotes, as usual, the perverse truncation functor. Since jj.JF
and Rj.F are perverse sheaves (the first by definition, the second by [15],
Corollary 111.6.2), so is G. Recall (e.g. from [15], Lemma IIL.5.1) that G sits in
a distinguished triangle

JisF = RjF — G — 5. F[1]. (7)
LEMMA 2.2. With notation as above, we have
HE(B.G) = 0
for all c < —b+ 1, where b =dim B as before.

Proof. The complex P7>¢i*Rj.F lives on the closed subscheme Z which is of
dimension at most b—1. Thus by ([15], Lemma III.5.13) its cohomology sheaves
are zero in degrees < —b + 1. Since i, is an exact functor, the cohomology
sheaves H'(G) also vanish for ¢ < —b+1. Thus in the hypercohomology spectral
sequence

B3 = Hg(B,H'(G)) = H™(B,G)
the terms E5' are 0 for s <0 or t < —b+ 1, hence for s +t < —b + 1. O

Proof of Proposition 2.1. The distinguished triangle (7) induces an exact se-
quence of cohomology groups

H"(B,G) — Hy "(B,ji.F) = Hy "(B,Rj.F)
where the first term vanishes by the lemma. O

The strategy of the proof of Theorem 1.1 is now as follows. Consider a homo-
logically trivial cycle class o € CH} (X)q. Extending a representative z of
a? to a cycle zy on a model 7 : X — U of X over U sufficiently small, we
obtain a cohomology class cl(zy) € Hjtp (X,Qe(p)). Since z is homologically
trivial, the proper smooth base change theorem implies that the image of cl(zy)
in HéQtp(Xg, Q(p)) is trivial for every geometric point T of U. Thus it is in the

kernel of the natural map
H (X, Qe(p) — HG (U, R*m.Qu(p)), (8)
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whence a class of, € H (U, R* ', Qq(p)). Similarly, each a? € CH}_(X)q
has a representative af, € H (U, R* '7,.Qq(q)) for U C B sufficiently small.
For later use we spell this out in more detail. Noting that

HZP(X,Qu(p)) = HP (U, R Qu(p)) = HP (U, <2, R7..Qe(p))

where 7< denotes the sophisticated truncation functor on D*(U, Qy), the dis-
tinguished triangle

T<op—1RT.Qu(p) = 7<2,Rm.Qu(p) — R*m,Qu(p)[—2p] —
— T<op-1 R Qe(p)[1]

identifies the kernel of (8) with H.P(U,7<2,1Rm.Qe(p)), which gives
rise to the class of, by applying the natural map 7<2,—1Rm.Qu(p) —
R, Qu(p)[—2p +1].

In view of the injectivity of the maps (3) and (4) proven in Proposition 2.1 the
following statement makes sense.

PROPOSITION 2.3. Assume k is algebraically closed or algebraic over a finite
field.

The classes of; and af; lie in the subgroups
Héltib(Baj!*RQp_lﬂ'*Qé(p)[b]) C Hélt(Ua R2p_17T*Q€(p))

and
HY 7P (B, juR* ', Qu(q)[b]) € HE (U, R* ™' 7. Qu(q)),

respectively.

Theorem 1.1 immediately follows from this proposition by applying the pairing
(2) to the classes of; and of;; by a standard argument the resulting class in
HZ(B,Qq(1)) only depends on the classes o and 4.

In the case of a finite base field we’ll see in the next section using a weight
argument that the maps (3) and (4) are in fact isomorphisms, so Proposition 2.3
will be obvious for k algebraic over a finite field. We shall offer two proofs of
Proposition 2.3 over algebraically closed fields. The first one, given in the
next two sections, will proceed by reduction to the finite field case using a
specialization argument. The second one will use the decomposition theorem
for perverse sheaves. Note that the proof of this theorem in [3] also proceeds
by a specialization argument and weight arguments over a finite base field,
so one may argue that the two arguments are not very different. However,
over C there are other proofs of the decomposition theorem that avoid weight
arguments (see [5], [18]) and therefore, combined with a base change argument
as in Lemma 4.3 below, we do obtain a different proof in characteristic 0.
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3 PROOF OF 2.3 OVER FINITE FIELDS

In this section we first consider the case of a finite base field k. We begin
with a statement on weights. Needless to say, its proof is based on Deligne’s
fundamental results [10] on the Weil conjecture which we cite through ([3],
(5.1.14)).

LEMMA 3.1. Assume that k is a finite field, and F is a pure perverse sheaf
on U of weight w. Consider the base change B of B to the algebraic closure k,
and the pullback G of the sheaf G defined in (6) to B.

The group Hgt_b(g, G) has weights > w + 1 —b.

Proof. In the distinguished triangle (7) introduced before Lemma 2.2 the per-
verse sheaf ji.JF is pure of weight w by ([3], Corollaire 5.4.3) and Rj,.F is
mixed of weights > w by ([3], (5.1.14)). This last reference also gives that
R F is mixed of weights < w. Since by ([15], Corollary II1.5.8) we have
e F =2 Im(PH'RjF — PH°Rj.F), we obtain (after shifting and using [3],
5.4.1) that the weight w part of Rj.F is exactly the image of ji.F in the
exact triangle (7). Therefore G is mixed of weights > w and the statement
follows by applying again ([3], (5.1.14)), this time to the structural morphism
B — Spec (k). O

We are now able to prove:

PROPOSITION 3.2. When the base field k is finite, the maps (3) and (4) defined
in the previous section are isomorphisms.

Proof. Applying Proposition 2.1 to the perverse sheaves F =R ~!71,Q,(p)[b]
and F = R*'71,Qu(q)[b], respectively, we obtain that the maps in question
are injective. We prove surjectivity for (3), the other case being similar. The
map in question sits in the exact sequence

0= Hy (B, juR* '1.Qu(p)[b]) — H4(U, R*'1.Qu(p)) — H'*(B,G)

with G defined as in (6). We show that the last group here vanishes. Applying
Lemma 3.1 with 7 = R?~'7,Qu(p)[b] we obtain that H, (B, G) has nonzero
weights (note that w = b — 1 in this case); in particular, the invariants of
Frobenius are trivial. On the other hand, we know from Lemma 2.2 (applied
over k) that H, é_tb(E, G) = 0. Therefore the Hochschild-Serre sequence

H'(k,Hg"(B,G)) — H'"*(B,G) — H°(k, Hy""(B,G))
shows that H'~°(B,G) = 0, as claimed. O

COROLLARY 3.3. Proposition 2.3 holds when k is algebraic over a finite field.

Proof. The case when k is finite is immediate from the previous proposition.
Otherwise, a class of, € HY (U, R* '1,Qu(p)) as in Proposition 2.3 always

DOCUMENTA MATHEMATICA 27 (2022) 1671-1692



1678 D. ROSSLER, T. SZAMUELY

comes from a class in some cohomology group H¢, (U, R** ™ 7. Qe(p)) where
ko C k is a large enough finite field over which U, m and of, are defined and U
(resp. ) arise by base change from Uy (resp. mp). Now apply the finite field
case. o

4  PROOF OF 2.3 VIA SPECIALIZATION

We now turn to arbitrary algebraically closed fields. Suppose kg is an alge-
braically closed field, K is the function field of a smooth kg-variety By, and
Xy is a smooth proper Ky-variety that extends to a smooth proper morphism
7o : Xp — Up over an affine open subscheme Uy C By. As in §6 of [3], we
may spread out the situation over the spectrum of a finite type Z-subalgebra
A C ko to an affine open immersion j4 : Us — B4 and a smooth proper
morphism 74 : X4 — Ua. Given a finite collection F, ..., F, of constructible
sheaves of Z /{Z-modules on X4 (with £ invertible on A) and another collection
Gi,...,Gs on By, we may find a dense open subscheme S C Spec (A) such that
the higher direct image sheaves RI7mg. (F;|xs) and R?js.(G;j|xs) on Bg are all
constructible and commute with any base change S’ — S. This follows from the
generic constructibility and base change theorem of Deligne (][9], Th. finitude,
Theorem 1.9 or [6], Theorem 9.3.1). Now as on ([3], p. 156) we find a strictly
henselian discrete valuation ring R with residue field the algebraic closure F of
a finite field and dominating the localization of A at a closed point contained
in S. Base changing from A to R we obtain morphisms jr : Ur — Bgr and
7R : Xr — Ug. Denoting by k an algebraic closure of the fraction field of R we
may base change the situation to obtain morphisms j: U - Band7: X = U
of k-schemes.

We may summarize the geometric situation introduced so far by the diagram
of schemes

X0—>X0—>XA<—XR<—)?

! N N

SpecKg — Uy — Us +—— Up +—— U

! l ! | !

Specky —— Specky — Spec A «—— Spec R +—— SpecE

where the squares in the right half of the diagram are cartesian. We also have
spreading outs and base changes for By given by

Spec KO BO BA BR B

with each incarnation of B containing the corresponding U as an open sub-
scheme. Finally, base changing the morphisms jr: Ur — Bgr and ng: g — Ug
to the closed point of Spec(R) we obtain a situation with two morphisms
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j:U—= Bandr: X — U over the algebraic closure of a finite field as in the
previous section.

Now assume that Xy, Uy and By are all equipped with stratifications Tx,,
Tu,, T, with smooth geometrically connected strata and for each stratum
Z of any of these stratifications we are given a finite collection Lz of locally
constant irreducible sheaves of Z/¢Z-modules satisfying conditions (a)—(c) in
([3], 2.2.10). We can then consider, as in ([3], 6.1.8), the full subcategory
D%L(XO, Q:) C D%(Xo, Q) of objects represented by a complex of Z-sheaves
whose reduction mod ¢ has cohomology sheaves which, when restricted to
any stratum Z of Ty,, are locally constant and are iterated extensions of ob-
jects in Lz. We also consider the analogous subcategories D%’—’ (U0, Q) and
Dg-ﬁ (Bo, Q) for Uy and By, respectively, and assume that the stratifications
are fine enough so that the functors Rjp. and Rmp. send the corresponding
subcategories to each other. Now as in ([3], 6.1.8), after changing A and S if
necessary we may spread out the additional data over A such that the base
change properties hold for cohomology sheaves of objects of the various cate-
gories Dg-ﬁ - Moreover, after base changing to the generic and special fibres of
a well-chosen R as above we obtain equivalences of triangulated categories

DY +(X,Qq) <> DY £(Xr, Q) ¢ DY £(X,Qy) (9)

and similarly for Ur and Br as in ([3], lemma 6.1.9). In addition, we
may choose the stratifications so that these equivalences are compatible via
the functors Rjg« and Rmg. and their base changes, and are preserved by
Grothendieck’s six operations with respect to the maps jr and mr. This latter
fact is explained on ([3], p. 154).

The equivalences in (9) are induced by natural pullback maps u%
DY (Xr, Q) — DY £(X,Qy) and i% : D% »(Xg,Q¢) — D% »(X,Qy). Fix-
ing a quasi-inverse (u%) " for u% and composing with i we obtain a special-
ization map

spx = i%(uk) " 1 DY £(X,Qq) = DY (X, Q).

Choosing quasi-inverses (ug)_1 and (u}‘g)_l compatibly we also get specializa-
tion maps spy and spp. Up to modifying A and S one last time if necessary,
we may assume that these specialization maps respect the perverse t-structures
restricted to the subcategories above. This is again a consequence of the generic
base change theorem, as explained on ([3], p. 154).

LEMMA 4.1. Assume F is a perverse sheaf in Dg—yc(l}, Q¢). There is a com-
mutative diagram N B
JuspuF —— RyjispuF

| l

spB}*!]? e — spBR}*]?

of morphisms of perverse sheaves in Dg-yC(B, Qo).
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Proof. Start with the commutative diagrams of morphisms of functors

igRjrpn —— Ry ugRjp —— Rjup

! Lo ! (10

Here the upper rows are base change maps for higher direct image functors with
compact support, the lower rows are base change maps for usual higher direct
images and the vertical maps are forget support maps. Commutativity follows
from the construction of the compact support base change maps as in the proof
of ([6], 7.4.4 (i)). Applying the functor spp = i%(u’) " to the second diagram
on the left, the functor (u?})_l to both diagrams on the right and splicing the
resulting two diagrams together we obtain the commutative diagram

Rjispy —_— Rj.spu

I I

isRjm(up) " —— R (ufr)

l l

speRY) ——  sppRj..

Now the horizontal arrows of the first diagram of (10) are isomorphisms be-
cause, as noted above, the equivalences induced by the functors i;; and i are
compatible with the functors Rj. and Ry (this, of course, ultimately boils
down to Deligne’s generic base change theorem). Hence we may invert the
upper vertical arrows in the above diagram and obtain a commutative diagram

of functors: ) ]
Rjispy — Rysspu

! ! my

spBR}! BRI spBR}*

Now given a perverse sheaf F in Dg—yc(ﬁ,Qg), the specialization spyF is
again perverse as noted above, and perversity is also preserved by the func-
tors Rj. and Ry ([15], Corollary II1.6.2). Recalling that by definition
G F = Im(PHO(RjF) — PHO(RJ.F)) and similarly for ji,spyF, we see that

the diagram induces a map
JiuspuF — sppjnF

using again that perversity is preserved under specialization. This is the left
vertical map of the diagram in lemma. The right vertical map the same as in
diagram (11). Finally, recalling that j*ji.F = F, we obtain the horizontal maps
of the diagram of the lemma as an adjunction map and the specialization of an
adjunction map, respectively, and commutativity results from the construction.

O
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Applying the functor H?(B, __) to the above diagram we obtain:

COROLLARY 4.2. In the situation of the lemma set F := spU]?. There is a
commutative diagram of cospecialization maps

H{.(B, jiF) —— HZ (U, F)

| |

HY(B, ji.F) —— HL(U,F)
for all ¢ > 0.

Now let us return to our original algebraically closed base field ky. The field k
constructed above is algebraically closed of the same characteristic, so we may
assume that at least one of the inclusions kg C k or k C kg holds. We stick to
the first case; the second one is handled similarly.

LEMMA 4.3. Assume kg C k. For every perverse sheaf Fo in Db(UO, Qy) there
is a commutative diagram

H{,(Bo, joisFo) — HE (U, Fo)

gl |=

HY(B,juF) — HLU,F)
for all ¢ > 0, where F is the pullback of Fo to U.

Proof. Let e : Spec (E) — Spec (ko) be the natural morphism, so that F =
e*Fu. The base change theorem for extensions of algebraically closed fields of
characteristic prime to ¢ (see e.g. [6], Corollary 7.7.3) gives us a commutative
diagram

HY (Bo, joisFo) — H.(Uo, Fo)

HL(B, e*jonFo) — HL(U,e*Fo)

so it remains to identify the groups in the lower left corner. This follows by
a similar, but simpler, argument as in the previous proof: in our construction
the Z-algebra A and the open set S were chosen so that the derived direct im-
age functors (with or without compact support) commute with arbitrary base
change and then the perverse ¢-structure is also preserved as on ([3], p. 158).
The above argument mutatis mutandis then shows that the intermediate ex-
tension functor also commutes with the base change e*. o

First proof of Proposition 2.3. We return to the situation at the beginning of
this section: kg is an algebraically closed field, Kj is the function field of a
smooth kg-variety By, and X is a smooth proper Ky-variety that extends to a
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smooth proper morphism 7 : Xy — Uy over an affine open subscheme Uy C By.
We moreover take a homologically trivial cycle class of, € CHY | (Xo) o extend
a representative cycle zg to a cycle zy, over Uy (changing Uy if necessary) and
take its cycle class cl(zy,) € HéQtp(XO, Q¢(p)). Now we perform the spreading
out procedure of the beginning of this section in such a way that we spread out
zy, over A as well (modifying A if necessary), base change it to a cycle zy, on
Xr and pull it back to a cycle zy on the special fibre X. Note that under this
procedure the cycle class cl(zp) € HP(X, Qu(p)) cospecializes to cl(zpy, ). This
follows from the contravariant functoriality of the cycle class (usually proven
via comparison with Chern classes as in [16], Corollary V.10.7; note that Milne
works over an algebraically closed field but the argument extends to a general
base using the general theory of Chern classes as found in [12], Exposé VII).
Since «of is homologically trivial, the class cl(zy,) gives rise to a cohomol-
ogy class apUU € HL(Up, R* '710.Qu(p)) via the truncation procedure re-
called before Proposition 2.3; similarly, cl(zy) gives rise to a cohomology class
of, € Hi (U R* '7,Q(p)). Since truncations and pullbacks are compatible,
the two classes correspond under the cospecialization map

HY(U R 'm.Qu(p)) = HA (U, R '7.Qe(p)) = Hi(Uo, R 'm0 Qu(p))

which exists by the generic base change theorem by our choice of the ring R.
Now applying Corollary 4.2 and Lemma 4.3 with Fo = R?** 70, Qq(p)[b] and
q = 1 — b we obtain a commutative diagram

H! ' (B, ju R 'm.Qu(p)b) —— HL(U,R*™ 'm.Q(p))

! !

H " (Bo, iR 70, Qu(p) b)) —— H (Uo, R 'm0, Qu(p))

where the right vertical cospecialization map sends of, to of, as
U Uo

noted above. By Corollary 3.3 the class of, comes from a class in
H: "B, jL.R* 11,Q(p)[b]). But then by commutativity of the diagram
agy, comes from H}7°(Bo, R 1m0, Qu(p)[b]), as was to be shown. O

5 PROOF OF 2.3 VIA DECOMPOSITION

We begin with a general proposition that may be considered as an ‘absolute’
version of Proposition 2.3. Let again k be a general algebraically closed field
and X a smooth k-variety. Choose an open immersion jy : X < ) with dense
image in a k-variety ). For what follows only the k-dimension of X will be
relevant; let us denote it by N. Denote furthermore by ICy := jx1.(Qe[N])
the corresponding intersection complex. Recall that ICy = jy1.(Q[N]) for any
other open immersion jy : ¥V < ) with V nonempty and smooth.

ProOPOSITION 5.1. The cycle class in HéQtp(X,Qg(p)) of a codimension p cy-
cle on X lies in the image of the restriction map HSf_N(J},ICy(p)) —

HE (X, Qe(p))-
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To prove the proposition, we invoke de Jong’s theorem [8] on alterations to find
a proper and generically étale morphism v : W — Y over k such that W is
regular.

LEMMA 5.2. The complex ICy, identifies with a direct summand of Ra).(Qe[N])
in D*(Y, Qu).

Proof. By the decomposition theorem ([3], Theorem 6.2.5 together with
note 77, p. 176) the complex Ru).(Qe[N]) decomposes as a direct sum of
shifts of simple perverse sheaves. Fix a smooth open subscheme ¥V C Y such
that the restriction ¢y : =1 (V) — V of the alteration is finite étale, and denote
by jy : ¥V — Y the inclusion map. Applying the decomposition theorem to the
perverse sheaf Ry, (Q[N]) on V and comparing the two decompositions we
see that jy1. Ry, (Qe[N]) is a direct summand of R, (Q[N]).

Now since ¢y is finite étale, there is a map Ruyp.3, Qe — Qg splitting the
adjunction map Q — Ry.3;Q, up to multiplication by the degree of 1y
according to the 'méthode de la trace’ (see e.g. Stacks Project, Tag 58.65).
Observing that Qg = ¢3,Q¢, we may thus identify Q, with a direct summand of
Ry, Qe, whence ICy = jyi.(Qe[N]) is a direct summand of jyr. Ry, (Qe[N]).
Putting this together with the previous paragraph we obtain the statement of
the lemma. O

Proof of Proposition 5.1. Let ¢ be a cycle class in HéQtp(X,Qg(p)), and let
c1 be its image in HéQtp(z/Fl(X),Qg(p)). Let ¢o be an extension of ¢ to
HZP(W, Qu(p)) (one obtains such an extension by taking the Zariski closure
in W of a representative of ¢1). Now let

At R (Qe(p)[N]) — ICy(p)

be the projection map obtained from Lemma 5.2 after twisting by p. Passing
to cohomology over ) we obtain a map

p H2Z"N (Y, R (Qe(p)[N])) — HZP N (Y, 1Cy(p))

whose source may be identified with H.*~™ (W, Qu(p)[N]). By restricting

over X we obtain a commutative diagram

HP YW, Qup)[N)  —2—  HZ NV, ICy(p))

HP™N (71 (X), Qu(p)[N]) —2— HP~N (X, Qu(p)[N])
Now consider the pullback map
Uy 7N (X, Qu(p)[N]) = HZP N (X, Rpa. Qu(p)[N]) =
= 12PN (v (X), Qu(p)[N])
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where the first map is induced by the adjunction map Q.(p)[N] —
Rx.(Qe(p)[N]) and vy is the restriction of ¢ above X. The composite map

pa oWy o HZP N (X, Qu(p)[N]) — HZP N (X, Qu(p)[N])

is induced by a map Qu(p)[N] — Q(p)[N] in D’(X, Q) which is nonzero
because so is its restriction to X NV where V is as in the previous lemma
(indeed, above XNV it is multiplication by the degree of 1)y, by the ‘méthode de
la trace’ used above). This map comes, after shifting and twisting, from a map
Q¢ — Qg of constant sheaves. Since X is integral, there is only one such map
up to scaling. It follows that ¢; = ¥% (¢) maps to a nonzero constant multiple of

¢ by px. Since we also have ¢; = j3(cz2), by commutativity of the diagram we

obtain that ¢ is in the image of the right vertical map j3 : He?f*N(y, ICy(p)) —

HSf_N(X, Qe,x(p)[N]), which is what we wanted to prove. O

Second proof of Proposition 2.3. Suppose now Y = X'P for a relative compact-
ification 7% : X% — Bof 7w : X — U, so that we have a commutative pullback
diagram
X Jjx B
— X
! |+
U—'> B.

Consider the intersection complex IC y5 = jx1.Qe[d + b] on X, We have an
adjunction map

ICx5(p) = RjxxjxICx5(p) = Rjx.Qeld + 0] (p). (12)
Applying the functor R7Z and using the diagram above we obtain a map
R’ 1Cxz(p) — Ry (RjxxQeld + b](p)) = Rj. (Rm.Qeld +0](p)).  (13)

By the decomposition theorem the complex RwBIC 45 (p) in D*(B, Q) is the
direct sum of shifts of its perverse cohomology sheaves PR 7ZICy5(p). Re-
stricting over U we obtain the decomposition of the complex Rm,.Q¢[d + b](p)
as the direct sum of shifts of its cohomology sheaves R'm.Qy[d + b](p). So the
map above decomposes as a direct sum of the maps

PR'mZIC x5 (p)[~i] = Rjx(R'm.Qeld + b](p))[~].

The map induced by the adjunction map (12) on the (2p—d—b)-th cohomology
of &P is of the form

H?= 00X 5, 1C s (p) — H? (X, Qe(p)).
Using the map (13) we may identify it with a map

H?~1"Y(B, RxPIC x5 (p)) — H?(U, R Qu(p))
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which thus decomposes as a direct sum of maps
H?P= 4707 (B PR m /1 x5 (p) — H*~'(U, R'm, Qu(p))- (14)

Now a cycle class in H?(X,Qu(p)) comes from a class in
H*»=4=%(xB 1C45(p)) by Proposition 5.1. Moreover, its projection
to the component H?~"(U R'm,Q(p)) comes from the component
H»= == B PRI7PIC x5 (p)) of HP~472(XB 1C x5 (p)).

It remains to show that the map (14) factors through the map

H ™7 (B, juR m.Qu(p) b)) — H (U, R'm.Qu(p)),

from which the proposition will follow by taking i = 2p — 1. To this end we
decompose the perverse sheaf PRw5IC 5 (p) further into its simple compo-
nents and compare it to the decomposition of the (—d)-th shift of its restric-
tion R, Qq(p)[d + b] over U. Tt follows that PR7PIC x5 (p) decomposes as
a direct sum of j.(R'm,Q(p)[b])[d] and some simple components supported
outside of U. These extra components vanish when restricted to U and the
claim is established. o

Sketch of proof of Theorem 1.2. Assume k = C and pick a class af €
CHY  (X)q. As before, we can extend it to a cycle class on some model X over
U C B suitably small, whence a topological cycle class of € H*?(X(C), Q(p)).
Using the comparison theorem between complex and étale cohomology, we
view the above group as a subgroup of Hjtp (X,Qe(p)). Similarly, we may
view H°(U(C),R**m,Q(p)) as a subgroup of H% (U, R*m,Q(p)), for in-
stance by viewing HY in both the topological and the étale contexts as
the subgroup of monodromy invariants. Thus homological triviality of
of implies (using compatibility of Leray filtrations) that the class of, €
H (U,R**'7,Q(p)) considered in Proposition 2.3 comes from a topologi-
cal class ap,, € H'(U(C),R*?"'m,.Q(p)), and similarly for of; € CH{, (X)q.
Next we consider the analogue of Proposition 2.3: the class osz,t lies
in the image of the natural map H'7°(B(C),jiR* '7.Q(p)}b]) —
HY(U(C),R*'7,Q(p)) and similarly for afr; This follows from the
same arguments as in the proof above, using the topological version of the
decomposition theorem as stated in [5]. Note that the proof becomes simpler,
since thanks to resolution of singularities one may take for XZ a regular
compactification of X over B (which may not, however, be smooth over B),
and the introduction of W can be avoided. In particular, the analogue of
Proposition 5.1 becomes obvious.

We construct the topological analogue of the pairing (2) by exactly the same
methods as in Section 2, using the intermediate extension functor and the for-
malism of Poincaré duality in the topological context (see e.g. [13] for the
latter). Finally, we need an analogue of the key injectivity statement of Propo-
sition 2.1 for topological sheaves of Q-modules. It can be established in the
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same way as in the f-adic case. More quickly, it can be deduced from Proposi-
tion 2.1 by base changing coefficients to Qg (an injective operation, as above)
and applying the comparison theorem. o

6 THE CASE OF GOOD REDUCTION EVERYWHERE

In this section we present a simple geometric construction for the height pairing
(and hence a solution of Conjecture 1.3) in the case where the K-variety X
admits a smooth proper model X — B.

On the regular k-scheme X we have the pairing

CH?(X) x CHY(X) — Pic(B), (2,2") — (z,2") (15)
obtained by composing the intersection pairing for p+¢g=d + 1
CHP(X) x CHY(X) — CH™(X), (2,2) 22/
with the pushforward map
T CHY(X) — CHY(B).

The proof of the following proposition was inspired by the proof of a related
statement in a preliminary version of [14].

PROPOSITION 6.1. Let g : X — X be the natural map. If z € CHP(X) satisfies
gz € CHL, (X) and 2" € CHY(X) satisfies g"z' =0, then (z,2") = 0.

Proof. If g*2' = 0, there is some open subscheme U C B such that 2’ restricts
to 0 in CHY(Xy), where Xy := X xp U. Denoting by Z the complement
of U and setting Xz := X xp Z, the localization sequence for Chow groups
([7], Proposition 1.8) implies that 2z’ comes from a class z” in CH?(Xz). Let
Zsing C Z be the singular locus of Z. It is a closed subscheme of codimension
> 21in B, so Pic(B) = Pic(B\ Zging). Therefore we may replace B by B\ Zging
and X by X xXp (B \ Zsng) and assume Z, and hence Xz, are smooth. Let
wz : Xz — Z be the morphism obtained from m by base change, and let
t: Xz = X (resp. p: Z — B) be the inclusion morphisms. We thus have a
pullback diagram of k-varieties

Xy, ——— X
<]
Z —" B

with Xz and Z smooth but possibly disconnected.
We compute

(2,27) = mul(z - 2) = Mz - 12(2") = T (17 (2) - 2)) = pu(m2 (7 (2 - 27)))
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where we used the projection formula (see [7], 8.1.1 (c)) in the third equality.
It suffices to show that the class mz.(:*(2) - 2”) € CH°(Z) vanishes. Since
CH"(Z) is a finite direct sum of copies of Z indexed by the components of Z,
it will be enough to show that z*(mz.(2( - ¢*(z))) vanishes for an arbitrary
closed point z : Speck — Z. Denote by m, : X,, — Speck the fibre of 7 over =
and let ¢, : X, — Xz be the inclusion map, so that we have another pullback
diagram
X, —=— Xy

wxl lwz

Speck ——— Z

Note that by ([7], Theorem 6.2 (a)) we have the base change compatibility
Tax O Ly = &* 0Tz, We can thus compute

2" (w7 (1 (2) - 2)) = Man (15, (7 (2) - 27)) = 7o (13,47 (2)) - 15(27)).

To show that the class on the right hand side is zero, it suffices to verify that its
cycle class in HY, (k(z), Q¢(0)) is 0. Now since g*z is homologically equivalent to
zero, the restriction of z to all fibres of 7 is homologically equivalent to 0 by the
smooth proper base change theorem. In particular, the cycle class of ¢} (:"(2))
in Hgtp (X, Qe(p)) is trivial. The claim then follows from the compatibility of
the cycle class map with push-forwards and products. o

COROLLARY 6.2. The pairing (15) induces a pairing

CH?

hom

(X) x CH{

hom

(X) — Pic(B)

on generic fibres, still under the assumptions that p+q =d+ 1 and X admits
a smooth proper model X — B.

Proof. Pick o € CHY  (X) and o? € CHJ (X). Extend o” to a cycle class
on X, for instance by taking the Zariski closure z of a representative. Suppose
that 2] and 25 are two cycles on X whose classes both restrict to a? on X.

Then w := 2] — 2} satisfies g*w = 0, and hence by the proposition we have
(z,w) = 0. This shows that (z,2]) only depends on a? and by symmetry the
same is true of aP. O

REMARK 6.3. Inspection of the above arguments shows that the pairing of the
corollary exists over an arbitrary perfect field k (the only difference is that in
the proof of Proposition 6.1 the point x should be a geometric point).

It remains to check that the pairing in the above corollary is com-
patible with that of Theorem 1.1. To do so, take representatives of
o e CHP | (X) and of € CH{  (X) as above, extend them to cycles on the
whole of X and consider the associated classes of;, € HZ (B, R* ' 1.Qq(p))
and o, € Hi (B, R*'7,Qu(q)) as constructed before Proposition 2.3. Since
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in this case U = B, all intermediate extensions are just identity maps and the
pairing (2) of Section 2 becomes the cup-product pairing

H'(B,R*™'1.Qu(p)) x H'(B,R*'m.Qu(q)) = H*(B,Qe(d +1)) (16)

induced by fibrewise Poincaré duality. Thus the compatibility to be verified
becomes:

PROPOSITION 6.4. The cycle class of the value of the pairing of Corollary 6.2

on the pair (a?,a?) equals the value of the pairing (16) on the pair (o, a%).

Proof. This is well known but we sketch an argument for the sake of complete-
ness. To construct the pairing of Corollary 6.2 we extended of and o to X
and took the intersection product (15) followed by the pushforward map to
Pic(B). The cohomological realization of this construction is the cup-product
pairing

H?P (X, Qu(p)) x H*(X,Qe(q) — H****(X, Qe(d +1)) (17)
followed by the pushforward map
H*W2(X,Qu(d+1)) — H?(B, Qu(1)) (18)

induced by 7 that can be described in more detail as follows. We have an
isomorphism

H*2(X, Qu(d+1)) = H**?(B,Rm,Qq(d + 1))

coming from the isomorphism of functors RI'(X,__) = RI'(B, __) o R,.
Since 7 has relative dimension d, R, has trivial cohomology in degrees > 2d,
so that

H**2(B, R, Qu(d + 1)) = H* (B, 7<04R7m.Qu(d + 1))
where 7< is the sophisticated truncation functor. The morphism
T<24Rm.Qe(d + 1) — R 7, Qq(d + 1)[—2d]
gives a map
H?%2(B, 7<24Rm,Qu(d + 1)) — H*(B,R*'m,Qu(d + 1)).

Finally, the trace map R, Qq(d 4+ 1) — Qq(1) of Poincaré duality induces a
map

H*(B,R*'1.Qq(d +1)) — H*(B, Qe(1))

and (18) is the composition of these.
The tensor product pairing

Qu(p) ® Qu(q) = Qe(d +1)
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induces a derived pairing
R7.Qu(p) @ Rm.Qu(q) — Rm.Qe(d + 1). (19)

Similarly, there is a derived pairing

RT (X, Q¢(p)) ®“ RI(X, Qe(q)) — RT(X, Qelp + q)) (20)

which induces (17) by passing to cohomology groups. It is a formal exercise
using Godement resolutions to verify that the pairing (20) coincides with the
pairing

RI'(B,Rm.Qq(p)) ®" RI(B,Rm.Qe(p)) — RI(B,Rm.Qe(p +q))  (21)

induced by (19) via the composition RT'(X, ) = RT'(B, _-) o R,.
To obtain the pairing (16) from (17), we note first that (19) induces truncated
pairings

7<iRT.Qu(p) @Y 7« ; R7.Qu(q) — T<irjRT.Qu(d + 1)
for all ¢, j. In particular, for p+ ¢ = d + 1 we see that (21) induces pairings

H?(B, 7<2p- 1R, Qe(p)) @ H*I(B, T<24-1R1.Qe(q)) —
— H2d+2(B, TSQdRW*Qe(p + Q))
where we have seen that the last group maps to H?(B,Q(1)) via the trace
map.

The commutative diagram

T<2p—2RTQe(p) @ T<oq 1 RTQe(q) —— T<op— 1 RT.Qe(p) @"T<24—1 R Qe (q)

l !

ngdflRﬂ'*Qz(d—‘r 1) —_ TSQdRTF*Qz(d—‘r 1)
together with the distinguished triangles

T<2p—2Rm. Qe(p) = T<2p—1Rm. Qe(p) — R2p_17r*Qg(p)[—2p +1] —
— T§2p72R7T*Q€(p)[1]

and

T<2d—1RT.Qe(d + 1) = T<oaRT.Qo(d + 1) — R 71, Qu(d + 1)[—2d] —
— T<24—1Rm.Q(d + 1)[1]

shows that tensoring the first triangle by 7<24—1R7m.Qe(¢) yields an induced
pairing

RQp_lﬂ'*Qg(p)[—Qp +1] QL T<24-1Rm. Qe(q) — RQdeg(d + 1)[—2d].
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Since the target here is concentrated in degree 2d, we see using the distinguished
triangle

T<2g—2Rm.Qu(q) = T<24-1R™.Qe(q) = R* 1, Qu(q)[—2¢ + 1] —
— T<2q—2Rm.Qu(q)[1]

that the above pairing factors through a pairing
R 17, Qu(p)[~2p + 1] @ R* ™' 7, Qu(q)[-2¢ + 1] — R*!7,Qu(d + 1)[—2d].

Application of the functor RT'(B, _-) finally induces the pairing (16).

To sum up, the pairing (16) arises from the composition of (17) and (18) via
a truncation procedure. It remains to note that, as explained before Proposi-
tion 2.3, the cycle class of an extension of o (resp. a?) to X is sent exactly to
ol (resp. a%) under this procedure. O

7 A CONJECTURE ABOUT ARAKELOV CHOW GROUPS

In this section we formulate an Arakelovian analogue of Conjecture 1.3.

Let R be a regular arithmetic ring, i.e. a regular, excellent, Noetherian domain,
together with a finite set S of injective ring homomorphisms R — C which is
invariant under complex conjugation. Consider a regular, integral scheme By
flat and of finite type over R. We shall write Bo(C) for the set of complex
points of the (non-connected) complex variety given by the disjoint union of
the By xp,, C for all ¢ € S. It naturally carries the structure of a complex
manifold.

A hermitian line bundle on By is by definition a line bundle L together with a
hermitian metric on the holomorphic line bundle associated with L over By(C)
which is invariant under complex conjugation. We shall write ﬁi\c(Bo) for the
group of isomorphism classes of hermitian line bundles on By, together with
the group structure given by the tensor product (see [11] for background and
details). By construction, there is a homomorphism Isi\c(BO) — Pic(By) which
forgets the hermitian structure.

Fix an algebraic closure £ of the fraction field ko of R and denote by B the base
change of By to k. We shall write ¢ : Pic(By) — Pic(B) for the composition of
the above forgetful homomorphism with the natural pullback map Pic(By) —
Pic(B). When R is the ring of integers of a number field, S the set of all
complex embeddings of R and By = Spec R, there is a group homomorphism
deg : Pic(Spec(R))) — R called the arithmetic degree (see [4], 2.1.3). More
generally, if R and S are as before and By is projective over R, then an ample
hermitian line bundle L on By induces an arithmetic degree (or height) map
ﬁi\c(Bo) — R by intersecting with the (b — 1)-st power of the arithmetic first
Chern class of L and then applying the above degree map on lgi\c(Spec(R)) ([4],
3.1.1).

Let Xo be a smooth proper integral variety of dimension d over the function
field KQ of BQ.
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CONJECTURE 7.1. Suppose that p+q=d+ 1. There exists a pairing

h:CH?P

hom

(Xo)q ® CHY__ (Xo)q — Pic(Bo)q

hom

with the following properties.

1. In the case when R is the ring of integers of a number field, S the set of
all complex embeddings of R and By = Spec R, the pairing deg o h is the
height pairing whose existence was conjectured by Beilinson in [2].

2. In the case when By, is geometrically integral denote by X the base change
of Xg to K := kKy. Then the pairing ¢ o h is the composition of the
pairing of Conjecture 1.3 with the base change map

CH?

hom

(X0)q ® CH{ _ (Xo)q — CH}_ (X)q ® CH{ . (X)q.

If moreover By is projective, we expect h to become a non-degenerate
R-valued pairing after base change to R and composition with the arith-
metic degree map Pic(By)q — R associated with an ample hermitian line
bundle on By.

In the case of abelian varieties Moret-Bailly describes in [17], IIT 4.4.1 a can-
didate for the above pairing in the case when R is the ring of integers of a
number field, B = Spec R and ¢ = 1.
Finally, for k = C one may consider the space of complex C* differential (1, 1)-
forms A"!(B) on B and compose the pairing h of Conjecture 7.1 with the map
ﬁi\c(Bo)Q — AY1(B) obtained by taking the curvature forms of hermitian line
bundles. This would give rise to a pairing

CH?

hom

(Xo)q ® CH{,,,(Xo)q — A" (B)

hom

for which it would be interesting to have an analytic construction.
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