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ABSTRACT. In this paper we will show that for a quasicompact qua-
siseparated scheme X the hypercomplete pro-étale oo-topos, as in-
troduced by Bhatt and Scholze, is equivalent to the oo-category of
continuous representations of the Galois category Gal(X) of X with
values in the co-category of pyknotic spaces. In particular this proves
that internally to pyknotic spaces, the hypercomplete pro-étale oco-
topos of X is an co-category of presheaves.
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1 INTRODUCTION

MAIN RESULTS

For a quasicompact quasiseparated scheme X, the Galois category Gal(X)
of X, as introduced in [1], is defined to be the co-category of points of the étale
oo-topos X¢t of X. This oco-category turns out to be a 1-category and admits
a rather concrete description: The objects are given by geometric points of the
scheme X and the morphisms by specializations of such. In [1], the authors
refined Gal(X) to a pro-oco-category whose underlying oo-category recovers
the oo-category of points of X¢. We can therefore make use of the ideas
of condensed or pyknotic mathematics introduced in [2], [4], [13] and consider
Gal(X) as a pyknotic co-category. Recall that a pyknotic co-category is defined
to be a hypersheaf of co-categories on the site of profinite sets and we can
consider Gal(X) as such via the assertion

K — Fun(K, Gal(X))

for a pro-finite set K. Here we denote by Fun(K, Gal(X)) the oco-category of
functors of pro-co-categories from K to Gal(X).
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Given two pyknotic oco-categories C and D, we can form the oo-category
Fun®®(C, D) of continuous funtors between them (see Definition 3.3). Let S,
denote the oo-category of m-finite spaces. We can regard S, as a discrete py-
knotic co-category S35¢, by considering the constant sheaf on profinite sets with
value S;. In this language the ezodromy equivalence (see [1, Corollary 0.5.2,
Corollary 13.6.3]) says that there is a natural equivalence

FunCts(Gal(X), Sﬁisc) ~ Xécgmstr

between the oo-category of continuous functors from Gal(X) to S3i5¢ and the
oo-category of constructible étale sheaves on X.

As explained in [1], the above equivalence holds in greater generality in the
setting of so called spectral co-topoi (see [1, Theorem 0.4.7, Definition 9.2.1]).
These are co-topoi X, equipped with a geometric morphism f.: X — Sh(S5),
where S is a spectral topological space, such that f, exhibits the co-category
Pt(X) as an S-stratified space (see [1, Proposition 9.2.5] for the precise state-
ment). In this case X is called a spectral S-stratified co-topos. The main ex-
ample to keep in mind is the canonical geometric morphism Xg — Xz, for a
qcgs scheme X, from X to the co-topos Xyz,, of Zariski-sheaves on X. To any
spectral S-stratified co-topos X', one can associate a pro-co-category flfoo 1) (X),
called the profinite S-stratified shape of X, whose underlying co-category re-
covers the oo-category of points of A'. In this setting Barwick-Glasman-Haine
show that there is an equvialence

Functs (ﬂ?’OOJ)(X)’ Sgisc) ~ XS -constr

between the oo-category of continuous representations of the profinite S-
stratified shape ﬁfooyl) (X) of X and the oo-category XJ-comstr of G
constructible objects in X [1, Theorem 0.4.7 and Definition 9.4.7]. In the
case X = Xy, this recovers the previous equivalence.

The goal of this paper is to extend the results above to a larger class of sheaves.
For this we recall from [2, Construction 4.1.4] that we can equip the co-category
of pyknotic spaces Pyk(S) with the structure of a pyknotic co-category via the
assertion

K v Pyk(S) /.

We denote the resulting pyknotic co-category by Pyk(S). The main theorem of
this paper identifies the co-category of continuous representations of H(Soo,1) (X)
with values in Pyk(S) as follows:

THEOREM 1.1. Let S be a spectral topological space and X an S-stratified spec-
tral co-topos. Then the exodromy equivalence induces an equivalence of co-topoi

Xpyk i) FUHCtS (ﬁ€w71) (X)) Pyk(s))

between the pyknotification XPYX of X and the co-category of continuous func-
tors from the profinite stratified shape Hfooyl) (X) to the co-category of pyknotic
spaces.
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Here the pyknotification ! is defined as the oo-category of hypersheaves on
the category of pro-S-constructible sheaves Pro(&®-°"tr) where the topol-
ogy is generated by finite families that are jointly effective epimorphisms (see
Definition 2.10). The 1-categorical analogue of this construction was already
considered in [13, §7.1]. Tt follows from Example 7.1.7 of loc. cit. that for a
qcgs scheme X, the pyknotification X3 K is equivalent to the oo-topos of pro-
étale hypersheaves X P on X as defined by Bhatt-Scholze in [3]. This means

proét
that the process of passing from a spectral co-topos to its pyknotification can
be viewed as a generalization of the passage from the étale to the pro-étale co-
topos for a scheme X. Combining this alternative description of X™P with

proét
Theorem 1.1 we arrive at the following Corollary:

COROLLARY 1.2. Let X be a qcqs scheme. Then the exodromy equivalence
induces an equivalence of oco-topoi

X2 = Fun®™ (Gal(X), Pyk(S)).
In particular, the above theorem says that from a pyknotic point of view, the
hypercomplete pro-étale co-topos is naturally equivalent to the co-category of
internal copresheaves on the pyknotic oco-category Gal(X).
This result has several interesting implications, some of which we try to explain
in this article. First of all, many of the convenient properties of the pro-étale
topos are now purely formal consequences of Theorem 1.1. For example the
fact that the pro-étale topos is locally weakly contractible [3, Proposition 4.2.8]
can easily be deduced using our main result (see section 5). Also it is a direct
corollary of Theorem 1.1 that, contrary to the étale setting, for any morphism
f+ X — Y of schemes the functor

[ Yp}xPé)t - X;ﬁ’fét

has the surprising property that it commutes with all small limits (Corol-
lary 4.18). This generalizes [3, Corollary 6.1.5] where this was shown for closed
immersions only. Our main theorem furthermore gives a conceptual explana-
tion why the pro-étale topos has so many convenient categorical properties. It
is, in the pyknotic sense, just an oco-category of presheaves and thus inherits
many nice properties of the much simpler co-topos Pyk(S) of pyknotic spaces.
Furthermore this opens the way to understanding the pro-étale topos using
pyknotic higher category theory (i.e. higher category theory internal to the oo-
topos Pyk(S)). We will develop the basics of higher category theory internal
to an co-topos in ongoing joint work with Louis Martini [14, 15, 16, 17].
The language of pyknotic or condensed mathematics which we use in this article
was developed by Barwick and Haine in [2] and independently at the same
time by Clausen and Scholze in [4]. The only real difference between the two
approaches is the way in which set-theoretic issues are dealt with. Since we will

IThe pyknotification was introduced in [2, Construction 3.3.2] under the name solidifica-
tion.
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directly build on the results in [1] which are all formulated in the framework
of [2], we will do the same in this paper. The 1-categorical versions of many
ideas and constructions in this paper already appear in [13, §6 and 7]. Most
notably the pyknotic category Gal(X) is already introduced there under the
name Stone Xgonstr . This construction is then used to prove an analogue of the
exodromy equivalence in this setting. See [13, Theorem 2.2.2] and [2, §4.3].

TECHNICAL OUTLINE

In the second section we will study categories of pro-objects and in particular
effective epimorphisms in them. This will allow us to construct the effective
epimorphism topology on Pro(Xp) for a bounded oco-pretopos Xy and thus define
the pyknotification of a bounded coherent co-topos. It is quite elementary and
may be mostly skipped by experts.

The main technical result heavily used in the proof of Theorem 1.1 is an alter-
native description of the co-category of continuous functors

Fun®(C, Pyk(S))

for a pyknotic co-category C. Namely we will see that it is equivalent to a suit-
ably defined oco-category of continuous left fibrations over C (see Theorem 3.11).
Providing this description and exploring a few consequences will be subject of
the third section.

In the fourth section we will proof Theorem 1.1. The rough idea will be that
the Exodromy equivalence together with the embedding S, — Pyk(S) will
provide an embedding

A5 eomstr ~ Pun (118 ) (X), Sx) — Fun®™ (117 4, (X), Pyk(S)),
which will extend to a fully faithful (see Proposition 3.32) embedding
Pro(X-c0mtry s Fun™ (117 ) (X), Pyk(S)).

Since the pyknotification is by definition given by taking sheaves with respect
to the effective epimorphism topology on Pro(X¥-¢o"t") we would now like
to apply Theorem 4.1, which would prove that Pro(X®-°"st) equipped with
the effective epimorphism topology is also a generating site for the right hand
side above. For this we have to show that the assumptions of Theorem 4.1 are
satisfied which will occupy the vast majority of this section.

SET THEORETIC CONVENTIONS

We will follow the set-theoretic conventions of [2]. In particular we fix a tiny and
a small universe, respectively determined by two strongly inaccessible cardinals

do < 01.

DOCUMENTA MATHEMATICA 27 (2022) 2067-2106



PRO-ETALE EXODROMY 2071

We recall that, for a strongly inaccessible cardinal §, a §-co-topos is a left exact
accessible localization of Fun(C, Ss) for a d-small co-category C. We will simply
say oo-topos instead of §1-co-topos.
By convention, a spectral S-stratified oo-topos X will by always be
a dg-oo-topos. In particular, the oo-category XS co"str of S_constructible
sheaves will always be tiny.
Recall that the oo-category of pyknotic spaces Pyk(S) is defined to be the
oo-topos of hypersheaves with values in Ss; on the site of tiny profinite sets
equipped with finite jointly epimorphic families as coverings. Any profinite
set can be covered by an extremally disconnected set K and these have the
property that any epimorphism 7" — K of profinite sets has a section. Writing
Proj for the category of tiny extremally disconnected sets we therefore have an
equivalence

Pyk(S) = Fun* (Proj°®, Ss, ).

It follows that Pyk(S) is hypercomplete and even postnikov-complete. See [2,
§2.2] for more background on pyknotic spaces.
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2 PRO-OBJECTS AND PYKNOTIFICATION

The majority of the material presented in this section has been worked out in
the 1-categorical case by Lurie in [13, §6.1] and most of the arguments in this
section are just very straight-forward adaptions of the ones presented there.

RECOLLECTION 2.1. Let C be a tiny oo-category. We define the oo-category
Pro(C) of pro-objects in C to be the essentially unique oco-category equipped
with a functor i: C — Pro(C) such that for any co-category with tiny cofiltered
limits D, precomposition with ¢ induces an equivalence

Fun’(C, D) LI Fun(C, D).

Here Fun’(C, D) denotes the co-category of tiny cofiltered limit preserving func-
tors. The co-category Pro(C) exists by the dual of [10, Proposition 5.3.6.2] and
is equivalent to Ind(C°P)°P. In particular Pro(C) is small and locally tiny but
in general not tiny.
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RECOLLECTION 2.2. Recall from [12, Definition A.6.1.1] that an co-category
Xy is called an oo-pretopos if

i) The oco-category Xy has finite limits.
ii) Finite coproducts exist in Ay and are universal and disjoint.

iii) Groupoid objects in X are effective and their geometric realizations are
universal.

An oo-pretopos Ay is called bounded if Xy is small and every object in Xj is
n-truncated for some integer n. If X' is a coherent co-topos in the sense of [12,
Definition A.2.0.12], the full subcategory of ng}; spanned by the truncated
and coherent objects is a bounded oo-pretopos [12, Example 7.4.4]. In fact
any bounded oo-pretopos arises this way by [12, Theorem 7.5.3]. For more
background on oo-pretopoi and coherent co-topoi, the reader may consult [12,
Appendix A] or [1, §3]

ExAMPLE 2.3. If X is a qcqgs scheme, the co-topos Xg; of étale sheaves on X is
coherent. In this case the oco-category X eCtOh<oo of truncated coherent objects is
equivalent to the co-category X525 of constructible étale sheaves on X, which

is therefore an co-pretopos. In fact we more generally have an equivalence
Xcoh ~ XS—constr
<oo —
for any spectral S-stratified co-topos X — Sh(S) [1, Corollary 9.5.5].

If Xy is an oo-pretopos, the oco-category Pro(Xp) is in general not an oo-
pretopos. The goal of this section is to show that even though this is case, the
notion of effective epimorphism still yields a reasonable Grothendieck-topology
on Pro(Ap).

2.4. Let C be an oo-category with finite limits and geometric realizations of
groupoid objects. Recall that a morphism f: X — Y in C is called an effective
epimorphism, if the canonical morphism

is an equivalence, where C(f), denotes the Cech-nerve of f.

LEMMA 2.5. Let Xy be a tiny bounded oo-pretopos. Let fo: I —
Fun(Al, Pro(Xy)) be a tiny cofiltered diagram of effective epimorphisms. Then
lim; f;, considered as a morphism in Pro(Xp), is an effective epimorphism.

Proof: This is a straight-forward adaption of the argument given in [12, Prop.
E.5.5.3]: Let us denote the source and target of fo by X, and Ys, respectively.
Let us write U, for the Cech-nerve of f = lim; f;. We would like to show that,
for every C € Pro(Ap), the induced morphism

MaPpo(x,) (h?l X, C) — T}IEH& mappyo(x,) (Un, C)
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is an equivalence. We observe that we may immediately assume that C' € A C
Pro(Xp). We now write U, ; for the Cech-nerve of f;. Since we assumed that C
is cocompact, the above map may be identified with the composite

co%im mappro(;(o)(Xi, C) — coliim 7116113 mappro(xo)(Uim, )

= ileng coliim Mapp,o(xy) (Ui, C).
Since every f; was assumed to be an effective epimorphism, the first map is an
effective epimorphism. Thus it suffices to see that « is an equivalence. Now,
since Xy is bounded, there is an n € N such that C is n-truncated. We may
thus replace the U, with their n-truncations 7<,(U; ). It follows from [8,
Proposition A.1] that in the commutative diagram

coll_im 7}1612 mapPrO(XO)(Ui’n, ) ——— Alerg coll_im mapPrO(Xo)(Ui’n, )

l l

co%im nehAmSn MAaPpyo(x,) Uin,C) — nehAmSn co%im MaPpyo(x,) (Uin,C)

the horizontal arrows are equivalences and the bottom vertical arrow is an
equivalence as well since taking limits over AS™ commutes with filtered colim-
its. This completes the proof. O

Let us quickly recall the following from [12, Proposition A.6.2.1]:

PROPOSITION 2.6. Let Xy be an oco-pretopos. Then Xy admits a factorization
system (S, Sgr) (in the sense of [10, §5.2.8]), where Sy, is the collection of
effective epimorphisms and Sg the collection of (—1)-truncated morphisms.

PROPOSITION 2.7. Let Xy be a tiny bounded oco-pretopos. Then the following
hold:

i) The collection of effective epimorphisms and (—1)-truncated morphisms
form a factorization system on Pro(Ap).

ii) A morphism in Pro(Xy) is an effective epimorphism if and only if it can
be written as a tiny inverse limit of effective epimorphisms in Xj.

iii) Effective epimorphisms are stable under pullback in Pro(Xp).

Proof: Tt is clear that effective epimorphisms and (—1)-truncated morphisms
are stable under retracts. Furthermore we observe that effective epimorphisms
are left orthogonal to (—1)-truncated morphisms in any co-category with finite
limits and geometric realizations. So let f: X — Z be a morphism in Pro(&Xp).
By (the dual of) [12, Proposition 4.2.2] we can write f =~ lim; h;olim; g;, where
hi is a (—1)-truncated morphism in Xj and g; is an effective epimorphism in Ajp.
By Lemma 2.5 it follows that lim; g; is an effective epimorphism. Furthermore
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the diagonal lim; Y; — lim; Y; Xiim, z, lim; ¥; may be identified with the limit
of the diagonals Y; — Y; Xz, Y; and is thus an equivalence. This proves i).
One direction of ii) is simply Lemma 2.5 combined with the observation that
the inclusion Xy < Pro(X)) preserves effective epimorphisms. For the other
direction assume that f: X — Z is an effective epimorphism. We now pick
a factorization f ~ (lim; h;) o (lim; g;) as above. By i) it follows from [10,
Proposition 5.2.8.6] that lim; h; is both an effective epimorphism and (—1)-
truncated. Thus it is left orthogonal to itself, so it is an equivalence, which
completes the proof of ii).

For iii) we may use [10, Proposition 5.3.5.15] again to assume that we are given
a cofiltered diagram I — Fun(A3, Xp) depicted as

Xe
|
T, — 7,

such that the induced map lim; X; — lim; Z; is an effective epimorphism. We
have to show that the induced map

hm Tz Xlim; Z; hm Xz — hm Tz
3 3 3
is an effective epimorphism. Again we get a functorial factorization
gi hi

where g; is an effective epimorphism and h; is (—1)-truncated for all i. We now
consider the diagram

i i

lg’ lg=1im7t gi

(T, x 7, ¥;) — lim;

Iz |etimi

lim7; —— lim Z; .

Since f = h o g is an effective epimorphism, it follows like in the proof of ii)
that h is an equivalence. Thus k' is an equivalence. Since X is an co-pretopos,
it follows that ¢’ is an inverse limit of effective epimorphisms and so the claim
follows from Lemma 2.5. O

LEMMA 2.8. Let Xy be a tiny co-pretopos. Then finite coproducts are universal
in Pro(Xp).
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Proof: Again we may use [10, Proposition 5.3.5.15] to reduce to the case where
we are given a cofiltered family of diagrams

and have to show that the induced map
(lim Y Xiim, z;lim Xi) I ( lim Y} X1im, z, lim X{) — lim Y} Xjim, z, lim (XiHXz{)

is an equivalence. But this map can be identified with the limit of the induced
morphisms

(Y xz, Xi) W (Y; xz, X]) — Vi xz, (X; 1 X])
which are equivalences, as Xy is an oo-pretopos. O

Finally we observe that, as a consequence of [9, Proposition 5.2.8.6] and Propo-
sition 2.7, the collection of effective epimorphisms in Pro(Xp) is closed under
composition and it is clearly closed under finite coproducts. We may thus apply
[12, Proposition A.3.2.1] to get the following:

COROLLARY 2.9. Let Xy be a bounded oco-pretopos. Define a collection of mor-
phisms {C; — D}icr in Pro(Xy) to be covering if and only if there is a finite
subset J C I such that the induced map

HCj—>D

jeJ
is an effective epimorphism in Pro(Xp). This defines a topology on Pro(Xp).

DEFINITION 2.10. Let Ay be a tiny bounded oco-pretopos. We call the topol-
ogy on Pro(Xp) from Corollary 2.9 the effective epimorphism topology. For a
bounded coherent §p-co-topos X', we define the pyknotification of X to be the
oo-topos

APV = ShP (Pro(Xoh)).

REMARK 2.11. The pyknotification of a bounded coherent co-topos appeared
first in [2, Construction 3.3.2] under the name solidifcation. Since the word
solidification is also used in [4] in an unrelated way, a different name is used
here.

ExXAMPLE 2.12. In the case where X' = S, the oco-category of bounded coherent
objects in S is the co-category of w-finite spaces S;. Let us write S:r for the
oo-category Pro(S;) of profinite spaces. It is shown in [1, Proposition 13.4.9]
that any profinite set admits an effective epimorphism from a profinite set. In
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other words the full subcategory Pro(Set™) C S is a basis for the effective
epimorphism topology. It follows that we have an equivalence of co-topoi

SPYE ~ Pyk(S).

EXAMPLE 2.13. More generally for a qegs scheme X, any object in Pro( X§omst)
admits an effective epimorphism from an object in Pro(X*'") by [2, Propo-

sition 3.3.8]. It follows that X gtyk is the hypercomplete co-topos associated to
the 1-topos Shes(Pro(X ™), Set) introduced in [13, §7.1]. Thus [13, Exam-

hyp
proét

ple 7.1.7] shows that X gtyk is equivalent to the hypercomplete co-topos X
of pro-étale sheaves on X defined by Bhatt-Scholze in [3].

REMARK 2.14. In principle we can also consider a version of the pyknotification
where we consider the co-topos Sheg (Pro(&Xp)) of all sheaves with respect to the
effective epimorphism topology instead of just hypersheaves. However there are
reasons to prefer the hypercomplete version in Definition 2.10. For example in
many cases of interest the co-topos XPYX will be postnikov complete and even
have a set of compact projective generators (see Theorem 5.7), which makes it
convenient to work with. This will not hold for the non-hypercomplete version
in general [2, Warning 2.2.2].

3 CONTINUOUS STRAIGHTENING-UNSTRAIGHTENING

Recall that the oo-category Pyk(S) of pyknotic spaces is equivalent to the
oo-category Fun™ (Proj°?,S) of product preserving presheaves on Proj. This
encourages the following definition [2, Definition 2.3.1]:

DEFINITION 3.1. Let C be any oo-category with finite products. A pyknotic
object in C is a functor Proj°® — C that preserves finite products. We write
Pyk(C) = Fun*(Proj°?,C) for the oo-category of pyknotic objects in C. We
will simply refer to pyknotic objects in Caty, as pyknotic co-categories.

DEFINITION 3.2. We call a pyknotic co-category C small, if C(K) is a small
oo-category for every K € Proj.

RECOLLECTION 3.3. Let C and D be pyknotic oo-categories. Recall from [1,
Definition 13.3.16] that the co-category of continuous functors from C to D is
given by
Fun®(C, D) = / Fun (C(K),D(K)).
K

By [6, Proposition 2.3] the maximal subgroupoid underlying Fun®®(C, D) is
equivalent to the mapping space mappyi(cat..) (C, D). In particular the objects
in Fun®®(C, D) are simply morphisms of pyknotic co-categories, so natural
transformations C(—) — D(—).
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EXAMPLE 3.4. The oco-category Pyk(S) of pyknotic spaces may be equipped
with a pyknotic structure given by the functor Pyk(S),_ that takes an ex-
tremally disconnected space K to Pyk(S),x and a morphism f: K — K’ to
the functor

f7: Pyk(S)/x — Pyk(S)/x

given by pulling back along f. We denote this pyknotic co-category by Pyk(S).

RECOLLECTION 3.5 ([1, Construction 13.3.10]). Let C be an co-category with
finite products. Evaluating at the point defines a functor

I.: Pyk(C) — C.

For X € Pyk(C), we will refer to T'.(X), as the underlying object of X. If C is
presentable, the functor I', admits a left adjoint that we will denote

(—)disc: C — Pyk(C).

For X € C, we refer to X4 as the discrete pyknotic object attached to X.
Furthermore the pyknotic object X 415¢ admits an explicit description: Let K €
Proj and say that K = lim;c; K;, where every K; is a finite set. Then we have

X4s¢(K) ~ colim X &
icl

where X/ denotes the product [, X.
DEFINITION 3.6. We will say that a continuous functor
f:C—1D
in Pyk(Cato) is a left fibration, if for every K € Proj the functor
C(K) — D(K)

is a left fibration. We will write Lfib°®(C) for the full subcategory of
Pyk(Catw) /¢ spanned by the left fibrations.

EXAMPLE 3.7. Let C be an ordinary oo-category and p: F — C an ordinary
left fibration. Then this induces a functor F4s¢ — C4i5¢ of discrete pyknotic
categories. Let K € Proj and say that K = lim;c; K;, where K is a finite set
for every i. Then the induced functor F45¢(K) — C45¢(K) is given by

colim F&i — colim X
K2 2

which, as a filtered colimit of left fibrations, is equivalent to a left fibration.
Thus the continuous functor Fdis¢ — Cdisc ig 4 left fibration.

The following example will be heavily used in the fourth section:
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ExAMPLE 3.8. If C is an oco-category, we write Tw(C) for the twisted arrow
oo-category of C [11, Tag 03JG]. For a pyknotic co-category C € Pyk(Cato),
we may consider the continuous twisted arrow co-category Tw°*(C). This is
the pyknotic oco-category given by the assignment

K — Tw(C(K)).
It comes equipped with a canonical functor
Twe™(C) — C°P x C
that is a continuous left fibration by [11, Tag 03JQ)].

RECOLLECTION 3.9. Recall that, for a small co-category C, there is a natural
equivalence

Un: Fun(C, Caty,) — CoCart(C)

between Fun(C, Cato,) and the oo-category CoCart(C) of cocartesian fibrations
over C. We will denote the inverse of Un by St. For a functor f: C — Caty,
we call Un(f) the unstraightening of f. Furthermore the functor Un restricts
to an equivalence
Fun(C,S) = Lfib(C)

between Fun(C,S) and the oo-category of left fibrations over C. By [11,
Tag 028T] this equivalence can be explicitly described as follows. A functor
f:C — Sis sent to the left fibration Un(f) £ C determined by the pullback
square

Un(f) —— Ss

Pk
Cﬁé’.

Here S, denotes the co-category of pointed spaces and 7 is the forgetful functor.
We call 7 the universal left fibration.

DEFINITION 3.10. We define the pyknotic oco-category of pointed pyknotic
spaces to be the pyknotic co-category

Pyk(S,): Proj” — Cateo; K = Fun™((Proj,x)°", Sx) ~ Pyk(S)(K).,.

The functor m: S, — S induces a continuous left fibration 7°%: Pyk(S), —
Pyk(S) that we call the universal continuous left fibration.

The goal of this section is to prove the following pyknotic analogue of the
equivalence Lfib(C) = Fun(C, S):

THEOREM 3.11. Let C be a small pkynotic co-category. Then there is a canon-
ical equivalence

Un®*: Fun®(C, Pyk(S)) — Lib“*(C)
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that may be described as follows. A continuous functor f: C — Pyk(S) is sent
to the left fibration Un“®(f) — C determined by the pullback square

Un*(f) —— Pyk(S.)

I

The inverse sends a continuous left fibration F — C to the continuous functor
whose component at f: K' — K € Tw(Proj) is given by the assignment

C(K) X (Proj/K/>Op — S
(zr, 00 T = K') — St(F(T))((f 0 a)* (2x)).
For the proof we will need a few more technical details:

LEMMA 3.12. Let p: E — C and q: B — C be two cocartesian fibrations and
let f: E — B be a functor over C' that preserves cocartesian edges. Assume
that, for every c € C, the induced functor f.: E. — B, is equivalent to a left
fibration. Then f is equivalent to a left fibration.

Proof: We learned this argument from Alexander Campbell. We consider the
associated diagram of marked simplicial sets

EP s Bf

\/

(here we use the the notation from [10, §3.1]). By the small object argument,
we can find a factorization

/\

E" s BY

where ¢ is marked left anodyne and f’ has the right lifting property with re-
spect to marked left anodyne morphisms. Thus, by (the dual of) [10, Proposi-
tion 3.1.1.6], the underlying map of simplicial sets f': E’ — B is in particular
an isofibration. Furthermore it follows that the composite

qof’:E’—)C‘j

has the right lifting property with respect to marked left anodyne morphisms
and thus the underlying map of simplicial sets E' — C'is a cocartesian fibration.
So, by [10, Remark 3.1.3.4] and [10, Proposition 3.1.3.5], we get that ¢ induces
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an equivalence on the underlying oo-categories. Thus we may replace f by f’
to assume that f is an isofibration. As a consequence, the induced map

fe: BE. — B.

is an isofibration which is equivalent to a left fibration and hence a left fibration
itself. Thus we can apply [10, Proposition 2.4.2.8] and [10, Proposition 2.4.2.11]
to see that f is a locally cocartesian fibration.

Since the fibers of f are co-groupoids, it suffices to see that f is a cocartesian
fibration. We will now prove that every edge v of E is locally f-cocartesian.
Then the claim will follow from [11, Tag 01V6]. So let v: 2 — y be an edge
in E. Since f is a locally cocartesian fibration, we may pick a locally cocartesian
lift ¢ of f(vy). This yields a diagram

NM— T . F

l () Jf

A2 g Al B

where o is the degeneracy given by collapsing the 1 — 2 edge and 7 is given

by the diagram
i

Y
rT——Y

/

Y

But now, since ¢ is locally f-cocartesian, there exists a dotted lift in the above
diagram. This gives rise to a 2-simplex

in E, where ¢ is locally f-cocartesian and f(e) = idg(,y. Since the functor

Fotw) * Epty) — Bp(y)

is by assumption equivalent to a left fibration and thus conservative, it follows
that € is an equivalence. Therefore « is also locally f-cocartesian. O

Let us now recall the following result from [5, Theorem 1.1]:

THEOREM 3.13. Let C be an co-category and let F': C — Catso be a functor.
There is a natural equivalence

lim F(—) x C_, —» Un(F
ggvég)l()x ; — Un(F)

of functors Fun(C, Catoo ) — Cateo. Here Un(F') denotes the total space of the
cocartesian fibration classifying F'.
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We will need to slightly improve Theorem 3.13:

COROLLARY 3.14. Let C be an oco-category and let F': C — Catyo be a functor.
There is a natural equivalence

lim F(—) x C_, —» Un(F
ggvég)l()x ; — Un(F)

of cocartesian fibrations over C. In particular for any f: x — y in C, the
canonical functor

cp: F(x) xCy, %%(a}%g)lF(f) xC_, — Un

perserves cocartesian edges.

Proof: For any cocartesian fibration p: X — C there is a natural equivalence
MapoCart(C) (%Civl%g)l F(-)xC_,X)

~ Tlvivf(%) mMapcecart(c) (F(—) x C—/, X)

= Tlvle(Ié) mapCatoo (F(i)v FunCoCart(C) (C—/a X))

= mapFun(C,Catao)(Fv St(X))

Here the second equivalence follows by adjunction and the last equivalence
follows from [5, Lemma 9.10] and [6, Proposition 2.3]. This proves the first part
of the claim. The second part follows since the explicit formula in Theorem 3.13
shows that the forgetful functor CoCart(C) — Cateo /¢ preserves colimits. [

We also recall the following well-known fact:

LEMMA 3.15. Let q: £ — D and p: D — C be a cocartesian fibrations and
a: A' = D a p-cocartesian edge. Then the functor classified by the cocartesian
fibration

Al XD E— Al

is given by taking fibers over a(0) in the commutative square

(a)
Epa(0) — > Epa(r)

| |

()
Dpa(0) ——— Dpa(1) -

Proof: The above square may be identified with the composite

Epa(0) = Mapp (ALY €7) «——— Map? (A1), €%) —— Mapg (A}, &F)

! | |

Dpa(o) = Mapg (AL, D) «—— Mapg ((A')?, D?) —— Mapg (A, DY)
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after choosing sections of the left horziontal maps which are induced by pre-
composition with At} — (A')* and thus trivial fibrations. Here we use the
notation from [10, §3.1.3]. Since « is p-cocartesian we get an induced map
(A1)¥ — Db of marked simplicial sets which induces a commutative cube

Ea(o)y +——— Maphi (AN, (Al xp &))

AN T

Mapg (A°, £%) J Mape ((A1)%, )
X \ J Mapj: ((AY)F, (A1)
Mapbc(A()’Ch) Mapbc((Al)nvph)

where the left and the right face are cartesian. We get an analogous cube for
the right square in the top rectangle from which the claim follows after choosing
sections of the horizontal trivial fibrations above. O

The following two observations will be needed in order to prove the explicit

description of the functor Un®®.

LEMMA 3.16. The right adjoint of the functor Un: Fun(C,Cats) — Cat
sends an oo-category X to the functor Fun(C_/, X).

Proof. For any functor F': C — Cat there is a natural equivalence

maPca (Un(F), &) = lim map(F(z) x Cy/, &)

= mapFun(C,Catm) (F(_)a Fun(C,/, X))

Here the first equivalence follows from Theorem 3.13 and the second equivalence
follows from [6, Propsotion 2.3]. O

Let us denote the right adjoint of the forgetful functor
F : CoCart(C) — Cato
by R: Cats — CoCart(C).

LEMMA 3.17. Suppose we are given a left fibration f: A — B of co-categories.
Then commutative square

RA) —— A

|

R(B) —— B
induced by the adjunction F' - R is a pullback.
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Proof. The composite R(B) xpA — R(B) — C is again a cocartesian fibration.
Since R(B) xg.A — R(B) is a left fibration, an edge in R(B) x5 .A is cocartesian
if and only if its image in R(B) is cocartesian by [10, Proposition 2.4.1.3]. Thus
for any other cocartesian fibration p: £ — C we have a pullback square

mapCoCart(C) (6’ R(B) XB ‘A) — InapCat0<D (57 A)

l !

MapcoCart(C) (87 R(B)) > MaPCat,, (6a B)

Under the natural equivalence mapcocar(c)(€, R(—)) ~ mapgy (€, ) the
lower horizontal map identifies with the identity and the right vertical map
with the map induced by composition with R(f). Thus we have a natural
equivalence

MapcoCart(C) (57 R(B> XB A) = IMAPCoCart(C) (57 R(A>>
which proves the claim. O

The strategy is now to first prove a version of Theorem 3.11 where we re-
place Pyk(S) by Fun(Proj°?,S). In this case the claim will be a rather direct
consequence of Theorem 3.13.

DEFINITION 3.18. Let C,D: Proj°® — Cat, be functors.

i) We denote by LibP**“**(C) the full subcategory of Fun(Proj°?, Catos) /¢
spanned by the objectwise left fibrations.

ii) For C,D: Proj°® — Cats we define

FunP***(C, D) = /K Fun(C(K),D(K)).

As in Recollection 3.3, we see that the objects of Fun®**°**(C, D) are simply
natural transformations C(—) — D(—).

PROPOSITION 3.19. Let C: Proj°* — Caty, be a functor. Then there is a
canonical equivalence

UnP e FunP™°*(C, Fun((Proj/f )°P.S)) =, LfibPrects (©).

that may be described as follows. A natural transformation C(—) —
Fun((Proj,_)°P),S) is sent to the pullback

Unpre—ctS(f) N Fun((PI‘Oj/i)Op, S*)

! I

C(—) — Fun((Proj,_)",S) .
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in Fun(Proj°?, Cate, ). The inverse sends F — C € LAbP*°**(C) to the natural
transformation, whose component at f: K' — K € Tw(Proj) is given by the
assignment

C(K) x (Proj 1) — S
(rx,a: T — K') —> St(f(T))((f o a)*(xK)).

Proof: Let q : C — Proj°® denote the cocartesian fibration classifying C. By
Theorem 3.13, we get an equivalence

lim C(—) x Proj”, 3)

i \op ~
/KFun(C(K),Fun((PrOJ/K) ,S))fFun(grw(c)

~ Lfib(C).

By straightening-unstraightening Lfib?**°**(C) is equivalent to the subcategory
of Cato, /¢ spanned by all functors

fF—C

such that the following are satisfied: The composite go f : F — Proj°® is a
cocartesian fibration, the morphism f: F — C preserves cocartesian edges and,
for every K € Proj°?, the induced map

]:K—>C7K

is equivalent to a left fibration. The morphisms in LibP****(C) are the functors
E — E’ over C such that, after composing with ¢, the functor E — E’ over
Proj°® preserves cocartesian edges. By Lemma 3.12, it now follows that every
object in LAbP™*(C) is equivalent to a left fibration over C. Furthermore, for
any two left fibrations

g: E—C and h: E' — C,

any functor f: E — E’ over C lies in LAbP**(C). This follows from [10,
Proposition 2.4.1.3] and [10, Proposition 2.4.2.4], since an edge v in E is f o g-
cocartesian if and only if g(y) = h(f(7)) is g-cocartesian and analogously for £".

So LfibP™°*(C) and Lfib(C) are equivalent full subcategories of Cat, s¢- Thus
we get an equivalence of co-categories

U LABP™ S (C) =5 FunP™**(C, Fun((Proj,_)",S)).

Furthermore it is easy to check that, on the level of objects, ¥ agrees with
assignment of the inverse given in the theorem. The above argument and
Recolletion 3.9 also show that UnP"*“*® sends a natural transformation f: C —
Fun(Proj,_,S) corresponding to a functor F: C — S to the objectwise left

fibration UnP***(f) — C determined by the pullback C xs S, — C of the

DOCUMENTA MATHEMATICA 27 (2022) 2067-2106



PRO-ETALE EXODROMY 2085

universal left fibration along F'. By Lemma 3.17, we thus have a commutative
diagram in Cate

CxsS8, —— R(S.) — S,

| |

C — R(S) —— S
where all squares are cartesian. Therefore Lemma 3.16 shows that under the

straightening /unstraightening equivalence the left pullback square translates
to a pullback square

Unpre-cts(f) . Fun((PrOj/_)OP,S*/)

J |

C(-) f) Fun((Proj/_)OP,S)

as claimed. O

Proof of Theorem 3.11: We first show that the inverse functor in Proposi-
tion 3.19 restricts to an equivalence

Un*: Fun®*(C, Pyk(S)) — LAb™*(C).
This means that we have to show that a left fibration
f:F—=C

classifies a pyknotic oo-category when composed with C— Proj°? if and only if
for every a: K’ — K in Tw(Proj°?) the left fibration given by pulling back f
along the canonical map

ot C(K) x (Proj i) — c
classifies a functor Fi,: C(K) x (Proj, /)" — & which preserves products in

the second variable. Since ¢, preserves cocartesian edges by Corollary 3.14, it
follows from Lemma 3.15 that for any edge

7’ ——— T
K/
in Proj, k. and fixed z € C(K) the induced map

Fo(z,T) — Fy(z,T")
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can be identified with the map which is induced by the commutative diagram

F(T) —— F(T")

| |

C(T) —— C(T")

after passing to the fibers over yv*a*(z) € C(T"). This shows the claim, since
for any Ty and T3 in (Proj/K,)Op the map F(To I Ty) — F(Tp) x F(T1) is an
equivalence if and only if it is an equivalence after passing to fibers over any
x € C(Tp II'Ty) in the square

f(ToﬂTl) —_— .F(TO) X f(Tl)

l |

C(To HTl) é C(To) X C(Tl)

cts

The remaining claim about the exipicit description of Un®* is now clear since

the square
Pyk(S:) —— Fun((Proj,_)", S;)
Pyk(S) —— Fun((Proj,_)",S)
is a pullback in Fun(Proj°?, Cate). O

Since over a space any morphism is equivalent to a left fibration, we obtain the
following consequence:

COROLLARY 3.20. Let F be a pyknotic space. Then there is a canonical equiv-
alence

Pyk(S),r — Fun™ (F,Pyk(S)).
REMARK 3.21. Let f: C — D be a functor of pyknotic co-categories. It follows

from the natuarlity in Theorem 3.13, that the equivalences of Theorem 3.11 fit
into a commutative square

Fun® (D, Pyk(S)) I Funct (C,Pyk(S))

s E

LAb®(D) — & LAK™(C)

where the lower hoziontal functor is given by pulling back a continuous left
fibration along the continuous functor f.
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ExaMPLE 3.22. Let C be a pyknotic co-category. Then the continuous functor
C x C — Pyk(S) classified by the continuous twisted diagonal Tw*(C) —
C°P x C may be described as follows: For K € Proj, the component at K is
given by
C(K)°® x C(K) — Pyk(S) Kk
(x,y) —> ((f T—K)— mapC(T)(f*z, f*y))

We will now start collecting some first consequences of Theorem 3.11.

REMARK 3.23. Let C be an ordinary oco-category. Then the canonical projection
map

pr,: Fun®* (Cdisc, Pyk(S)) — Fun (C, Pyk(S))

is an equivalence of categories. Thus the adjunction between the underlying
space and the discrete functor induces an adjunction

Disc,: Fun(C,S) = Fun(C, Pyk(S)) : Un, .
Furthermore we observe that we have a canonical commutative diagram

Lfib(C) ——— Fun(C,S)

eV*T UH*T

LAb™ () —=— Fun (C, Pyk(S))

where the horizontal lower arrow is the equivalence from Theorem 3.11 and
ev, is the functor given by evaluating at . It follows that we may pass to left
adjoints vertically to obtain a commutative diagram

Lfib(C) ——— Fun(C,S)

lL ldisc*

LA™ (CY) —=— Fun (C, Pyk(S)) .
Furthermore, the left adjoint L admits an explicit description given by
(F—=C)— (]:disc N Cdisc)
and thus agrees with the construction from Example 3.7.

RECOLLECTION 3.24. Recall from [1, Definition 2.1.5] that a stratified space is
an oo-category Il together with a conservative functor II — P to a partially
ordered set P. We say that Il — P is w-finite if P is finite, II has only finitely
many objects up to equivalence and all mapping spaces of Il are n-finite. We
write Str, for the full subcategory of Fun(A!, Cats,) spanned by the 7-finite
stratified spaces.
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LEMMA 3.25. Let q: F — 11 be a left fibration with w-finite fibers and let II — P
be a w-finite stratified space. Then F — P is a mw-finite stratified space.

Proof: The only thing that is not obvious is that the mapping space map r(z, y)
is w-finite for all z,y € F. Since ¢ is a left fibration every morphism in F is
g-cocartesian. Thus for every f: z — y in mapz(z,y), the square

*

f
mapy,  (4.4) —— mapx(z.y)

l q(f) l

* ———— mapy (f(2), f(y))

is a pullback in S by [10, Proposition 2.4.4.2]. By assumption, the bottom right
and the top left corner are m-finite and thus the claim follows. O

LEMMA 3.26. Consider the continuous functor j: S3¢ — Pyk(S) corre-
sponding under adjunction to the embedding (—)¥*¢: S, — Pyk(S). Then
G(K): S¥s¢(K) — Pyk(S),k is fully faithful for every K € Proj.

Proof. Write K = lim;c; K; as an inverse limit of finite sets. Recall that

Sdise(K) ~ colim SKi.

For i € I, the functor j(K)(z) sends a 7-finite space x over K; to the pyknotic
space over K given by the pullback

J(E)(x) —— =
]
K— K;.

In particular j(K) factors through the full subcategory SQ/K C Pyk(S),x

spanned by the profinite spaces over K. Now let z,y € S¥¢(K). Since I
is filtered we may assume that there is some i € I such that z,y € SKi.
Replacing I by I,;, we may furthemore assume that i is the final object. For
amap j — ¢ in I, let us denote the pullback x X, K; by x; and analogously
for y. We have to see that the map

colimmap x; (2, y;) = mapsy | (§(K) (@), j(K)(y))

induced by jk is an equivalence. Composing with the projection j(K)(y) — v
induces an equivalence

mapsy (1 (E)(2), (K)(y)) = maps, - (1 (E) (), y).
Analogously composing with the projections y; — y induces an equivalence

colimmap g, (2. ;) = colimmap g, (17, y)
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We obtain a commutative square

colimmap ir; (;, ;) —— mapsy | (j(K)(), j(K)(y))

= J:

co%immapsf,; (xzj,y) — maps, (1(K)(z),y).

But it is clear that the lower horizontal map is an equivalence, since j(K)(x) ~
lim; z; in S{T\/Ki and y is cocompact in S{T\/Ki. O

REMARK 3.27. One can give an alternative prove of Lemma 3.26 as follows. Let
K be an extremally diconnected set. By [1, Proposition 4.4.18] the co-category
Sdise(K) is equivalent to the full subcategory Lec(K) of the oo-topos Sh(K)
of sheaves on K spanned by the locally constant constructible sheaves in the
sense of [12, Definition 2.5.1]. Then [7, Corollary 4.4] provides a fully faithful
embedding

Sh(K) < Pyk(S) .

Therefore we also have a fully faithful embedding S3*¢(K) < Pyk(S),x and
one can check that this embedding agrees with the functor j(K).

COROLLARY 3.28. Let C be a pkynkotic co-category. Then composition with
g Sdisc — Pyk(S) induces a fully faithful functor

Ju: Fun®®(C, 845¢) — Fun®s(C, Pyk(S)).
Proof. For K € Proj, the functor
J(K).: Fun(C(K), S(K)) — Fun(C(K), Pyk(S) /)

is fully faithful by Lemma 3.26. Therefore j, is fully faithful as an end of fully
faithful functors. O

3.29. Let S be a spectral topological space and X a spectral S-stratitified co-

topos [1, Definition 9.2.1]. Consider the profinite straitified shape ﬁfoo H(X) €
Pro(Str,) of X [1, Definition 10.1.4]. Say that flzgoo 1)(2\’) ~ lim;(C; — S;)
where C; — S; is a w-finite stratified space. Recall that, by [1, Lemma 13.6.1],
the canonical functor

C(i)éi}n Fun (C;, Sr) — Fun®™ (ﬂ(soo,n (%), SﬁiSC)

is an equivalence. It follows from Remark 3.23 and Theorem 3.11 that we get
the following explicit description of the essential image of the functor j,:
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LEMMA 3.30. With notations as in 3.29, consider the fully faithful functor

Jot Fun® (II7 1) (X), ST¢) = Fun (117 ;) (X), Pyk(S)).

Then a continuous functor F': flfoo 1)(X) — Pyk(S) is in the essenital image
of j« if and only if there is a discrete left fibration F; — C; with w-finite fibers
such that the continuous left fibration

F = jleh}r/li Fixe, Cj =~ Fy xe, My 1)(X) = T, 1)(X)

classifies F'. In particular F — S is a profinite stratified space by Lemma 3.25.

RECOLLECTION 3.31. Recall from [1, Definition 2.3.7] that an co-category C is
called layered, if every endomorphism in C is an equivalence. An co-category C
is called 7w-finite if it has finitely many objects up to equivalence and all its
mapping spaces are w-finite. We write Lay_. for the full subcategory spanned
by the m-finite and layered oco-categories. Note that for any w-finite stratified
space Il — P, II is layered and n-finite.

PROPOSITION ~ 3.32.  The  embedding ~Fun™ (7 (X),S3=) N

FunCtS(f[(Soo’l)(X),Pyk(S)) extends to a fully faithful tiny limit preserving

embedding
t: Pro (FunCtS (ﬂ(soo,l)(X), Sﬁisc)) —— Fun®*® (ﬁ€w71)(X), Pyk(S)).

Proof: We have to see that, for a cofiltered diagram Y,: J —
Fun®*(IIF,_ ,)(X), 83°) and and object X € Fun®*(II7 ,)(X),S¢*°), the
canonical map

CO%lm mapFuncts (ﬁ(soc,l) (X)7S?risc) (Yh X)

)

— map (liij,X)

Functs (15 ) (X).Pyk(s)) \ "

is an equivalence. Using Lemma 3.30 and Theorem 3.11, we see that the em-
bedding
cts (715
Fun®* (H(OOJ)(X),SW) — Pyk(Catoo)/ﬁ(st)(X)

factors  through the full subcategory Pro(Lay,) JHE_ () -
Pyk(Catoo)/ﬁ(s () (see [1, Proposition 13.5.2]). Again by Lemma 3.30,
0,1

there is a map of stratified spaces

fI(Soo’l)(X) — G

| |

S— B
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and a discrete left fibration X; — C; with 7-finite fibers such that the map (1)
is given by the canonical map

co%im mapFunccs(ﬁwa) (X),8dise) (}/J ) X)
~ cog_im MAPP, o (Lay, ) e, (Y3, Xi)
— MaPpro(Lay, ) e, (h}n Yj, Xi)

= MAPpypets (18 (X),Pyk(S)) (H;En Y;, X),

which is an equivalence as X; and C; are in Lay .. O

4 THE PROOF OF THEOREM 1.1

The strategy of the proof of Theorem 1.1 is to apply [12, Proposition A.3.4.2]:

THEOREM 4.1. Let T be a hypercomplete co-topos. Let C C T be a full subcat-
egory satisfying the following:

1) The oo-category C is essentially small.
ii) All objects in C are coherent.

ii1) The subcategory C C T is closed under finite coproducts and under fiber
products.

iv) Every object in T admits a cover by objects in C.

Then the composite
T L% Fun(7°P, 8) 2= peh(c)
induces an equivalence of co-topoi
T — Sh3P(C).

Here can denotes the topology given by declaring a family {U; — X}; in C to
be covering if there is a finite subset J C I such that the induced morphism

H Uj — X
jeJ

is an effective epimorphism in T .

4.2. We will now show that the full subcategory
tPro (FunCts (ﬁ?ooyl)(X), Sﬂ)) C Fun®® (ﬁ?ooyl)(?(), Pyk(S))
satisfies the conditions above. Note that i) and iii) are obvious.
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To see condition ii) and iv), we make the following useful observation:

LEMMA 4.3. Let f: C — D be a morphism of small pyknotic co-categories.
Then the functor

f*: Fun®®(D, Pyk(S)) — Fun®(C, Pyk(S))
has both a left and a Tight adjoint.
Proof: For any morphism «: K’ — K in Proj the functor
a*: Pyk(S)/x — Pyk(S) k-
has both a left and a right adjoint and so does for any T' € Proj the functor
Fun(C(K), Pyk(S) 7)) — Fun(C(K'), Pyk(S) 7)

given by precomposing with the functor C(«). Of course the analogous state-
ments hold for D in place of C. It follows that the diagram indexing the limit

/ Fun(C(K), Pyk(S)/x)
K

factors through both inclusions 2rl — Cat., and Zrf — Caty, (and similar
for D). Furthermore the functor

[ Fan(D(K), Pyk(S) r) — Fun(C(K), Pyk(S) 1)

also has a left and a right adjoint for any K,T € Proj. Since the inclusions
Prl — Caty and 21t — Caty, preserve limits by [10, Proposition 5.5.3.13]
and [10, Proposition 5.5.3.18], it follows that the induced map on limits

f*: Fun®(D, Pyk(S)) — Fun®®(C, Pyk(S))
is a morphism in both #r’ and 2r®, as desired. O
4.4. Let us write ﬂfw71)(X )= for the maximal pyknotic sub oo-groupoid of

1:[(30011)(2\’ ). Then precomposition with the canonical functor

Hfoo,l) ()()E — ﬁ?oo,l) (X)
induces a functor
U: Fun®® (TI7, ;)(X), Pyk(S)) — Fun (TIg, ) (X)~, Pyk(S))

(00,1
which preserves all limits and colimits by Lemma 4.3. In particular it commutes
with the truncation functors 7<, by [10, Proposition 5.5.6.28]. For every K €
Proj, the induced functor

Fun(H(Sooﬁl)(X)(K), Pyk(S) k) — Fun(H(Sooﬁl)(X)g(K), Pyk(S) k)
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is conservative, it follows that U is conservative as an end of conserva-
tive functors. As Pyk(S)/ﬁs (x)~ Is a postnikov complete oco-topos, it is
(c0,1)

now easy to check using [10, Proposition 5.5.6.26] that the presentable oo-
category Fun®® (H(Soo,1)(X)’ Pyk(S)) is a postnikov complete co-topos as well.
In particular it is hypercomplete.

REMARK 4.5. We will now show that iv) of Theorem 4.1 is satisfied. The
rough idea is the following: Since the co-category Fun“s(ﬁfoql)(?( ), Pyk(S))
is internally to pyknotic spaces an oo-category of presheaves, every object
should be an internal colimit of representables indexed by an internal di-
agram. In particular if we restrict the indexing diagram to its underlying
pyknotic set, every object F should receive an effective epimorphism from
a coproduct of representables indexed by a pyknotic set. Furthermore since
the pyknotic oo-category ﬁfooyl)(?( ) is profinite, the representable presheaves

will have values in Pro(FunCtS(f[(SOO 1)()(), Sr)).  This means that for any
Fe FunCtS(ﬁfoo 1)(X), Pyk(S)) we have an effective epimorphism

HFk—»]:

keK

where K is some pyknotic set and F}, is in Pro(Fun®*® (ﬁfoo 1)(X), Sx)). However

[11c x Fr might not necessarily be in Pro(FunCtS(f[(SOO 1)(X),8x)). To fix this
we can futher cover the pyknotic set K by profinite sets K, so that we get an

effective epimorphism

« keK,

It remains to see that [[,cx Fj is contained in Pro(FunCtS(ﬁ(Soo,l)(X),Sw))
if K, is a profinite set, which we will see in Proposition 4.12. Since we do not
have enough pyknotic higher category theory at hand yet to make all of this
precise, this does not constitute a full proof. Developing pyknotic higher cate-
gory theory more generally will be the subject of our future work. However for
our purposes we will get away with using coproducts indexed by pyknotic sets
only. This simplifies things as the coproduct functor can simply be understood
as the functor

LA™ (K x ﬂ(soo,l)()()) — LﬁthS(ﬁ?ooyl)(X))

given by composing with the projection K x ﬁfoo (&) = f[(soo 1)()(). We will
now execute this strategy:

4.6. Let C be a pyknotic co-category and let F — C be a left fibration. We
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define Tw(F,C) to be the pullback in the diagram

Tw''™(F,C) —— Tw(C)

| |

FPxC — CPxC.

Then the commutative square

Twt™(F) —— Tw™(C)

| |

FPXF ——CPxC

induces a morphism ¢: Tw™(F) — Tw™(F,C) in LAb™(F°P x C).
LEMMA 4.7. With the notation from above, the map ¢ is an equivalence.

Proof: Tt suffices to check this levelwise for every K € Proj. Thus the claim
immediately follow from the next lemma. O

LEMMA 4.8. Let I — D be a left fibration of oco-categories, then the map
Tw(F) — Tw(F,D) defined as in 4.6 is an equivalence.

Proof: Let x € F be an object. Then, by construction, we get pullback squares

Df(w)/ e TW(F, D)

| |

p =X, pop o p

and
F,) —— Tw(F)

F A por s p

| l

p X9 pop  p

So we observe that pulling back the comparison map a: Tw(F) — Tw(F, D)

along the inclusion
{z}xid
—_

D F°P x D

is the functor
Fyp — Dy

induced by f, which is an equivalence because f is a left fibration. In particular
it follows that « is fiberwise an equivalence and thus an equivalence. O
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LEMMA 4.9. Let f: F — G be a morphism in Lfib“(C). Then f is an effec-
tive epimorphism in the oo-topos LAib°™(C) if and only if f(K) is essentially
surjective for every K € Proj.

Proof: Let us denote by C= the maximal pyknotic sub-co-groupoid. Then, as
in 4.4, the inclusion
i:C —C
induces a conservative, limit and colimit preserving functor
U: Lfib**(C) — Pyk(S) e~
given by pulling back along i. This functor thus detects effective epimorphisms.

Recall that, for an ordinary left fibration A — B of co-categories, the square
AT —— A
B¥ —— B
is a pullback square. It follows that the induced map U(f) is given by
fz: F= g™

over C~. We note that the morphism f~ is an effective epimorphism in
Pyk(S) ¢~ if and only if it is an effective epimorphism in Pyk(S) after ap-
plying the forgetful functor

Pyk(S) e~ — Pyk(S).

So f is an effective epimorphism if and only if f~ is an effective epimorphism
considered as a map in Pyk(S). Since the inclusion

Pyk(S) < Fun(Proj°*,S)

preserves sifted colimits and finite limits, it follows that f= is an effective
epimorphism if and only if f~(K) is an effective epimorphism for all K. But
this happens if and only if f(K) is essentially surjective for all K. O
4.10. For the sake of brevity, let us write C = f[(soo 1)(X). Now let F — C be

an object in Lfib**(C). As in 4.6, we consider the commutative diagram

FPxF

L

FPxC.

TWctS(

Let us now pick a collection of profinite sets {K,}aca with an effective epi-
morphism

Ui [[ B — (FP)7.
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Then pulling back the above triangle along [ [, Ko xC — (F°P)~ xC — F°PxC
leads to the commutative triangle

P = Tw(F) X porxc (HKQ> x C HKQ x F

— -

HKaxC.

Let us furthermore write
P, = Tw™(F) X Forxc Ko x C

such that P =[], P,. By composing with the projections we in particular get
induced morphisms

P— F and P, — F

of continuous left fibrations over C.

ProrosiTiON 4.11. With the notations from above, the map P — F is an
effective epimorphism in LAb™(C).

Proof: By construction we have a commutative square

P—— [[KaxF
TwS(F) — F°P x F.
In particular P — F factors as P — Tw®*(F) — F. The morphism

Tw(F) — F is clearly an effective epimorphism by Lemma 4.9. Further-
more, since

[[Ke — For
(o7
is levelwise essentially surjective, the induced map P — Tw*™(F) is levelwise

essentially surjective as well. o

ProrosiTioN 4.12. The left fibration P, — C 1is contained in
Pro(Fun®®(C, S;)).

Proof: To simplify notations, we will say that C — S ~ (C; — S;); in Pro(Str,)
where all C; — S; are w-finite stratified spaces. First we observe that, since
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the twisted arrow construction is compatible with limits, it follows that the
canonical map
Tw(C) — lim Tw™(C;) X ov e, COP X C
1 i

is an equivalence. Using Lemma 4.7, we see that P, is given by the pullback
square

P, Twe(C)

J !

KoxC— FPx(C—CPxC.

Thus it suffices to see that P!, given by the pullback square

P, ——— Tw™(C)

! !

Ko, xC —— CP x(;

lies in Pro(Fun®®(C, S)) when composed with the projection K, x C — C. For
this we observe that, since the twisted arrow functor Tw(—) commutes with
filtered colimits the canonical map Tw/(C;)¥5¢ — Tw®™(C%°) is an equivalence.
Thus the functor Tw(C;) — C;P x C; is a discrete left fibration with m-finite
fibers. Let us say that K, = {KZ};cs as a profinite set. Then the map
K, — F°° — (P factors through some K, — KJ°. It follows that the
induced map _ _

P — lim (K7 x C x¢orye, TW(C;))

J€J 50 ‘ !
is an equivalence. Thus it suffices to see that the composite
K7 % C x¢orye, TW™(C;) — KL xC —C

is contained Pro(Fun®®(C, S, )) for all j. But by construction all squares in the

diagram

K(JX x C XC.OPXCi TWCtS(CZ‘) — K(j’ X Ci XC‘.’pxCi TWCtS(Ci)

l l

KIxcC Kl xC;
| |
C Ci

are pullback squares and thus the claim follows, as the map
Kg‘ x C; Xcor e, TWCtS(Ci) — Kgé x C; — C;

is a discrete left fibration with w-finite fibers. O
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Combining the last two propositions, we obtain the following:

COROLLARY 4.13. Ewvery object in the co-topos Fun®*® (ﬁ(soo 1)(X),Pyk(8))
admits a cover by objects in Pro (FunCtS (ﬂ(soo 1)(?(), Sgisc))_

We will now show that ii) of Theorem 4.1 is satisfied:

PRrOPOSITION 4.14. The fully faithful embedding
t: Pro (FunCts (ﬁ(soojl)(X),Sﬁisc)) <« Fun®® (ﬁ(soo,l)(X), Pyk(S))

factors through the full subcategory spanned by the coherent objects.

Proof: We will show that all objects in Pro(FunCtS(f[(SOO 1)(X),Sﬁisc)) are n-

coherent using induction on n. Let us start with n = 0. Recall that the functor

U FUHCtS (ﬁfm,l) (X), Pyk(S)) — Pyk(s)/ﬁs (X))~

(o0,1)

is conservative and preserves all limits and colimits by Lemma 4.3. Thus

it suffices to see that, for an object F € Pro(FumCts(fIZgOO 1)(X),Sﬁisc)), the

pyknotic space U(F) over ﬁigooJ)(X )= s quaALsi—compact. We now observe
that the functor U takes objects in FunCts(HfOo 1)(X),Sﬁisc) to objects in
FunCtS(f[(Soo’l)(X)g, Sdise)y Sﬁ/ﬁ(sw’l)(x):. Since the inclusion

/\ A~ A~

Sy JAS_ ()= T Pyk(s)/nfxwl)(x)ﬁ

preserves limits, it follows that U takes objects in Pro(FunCtS(f[(SOO 1)()(), Sdiscy)

to objects in the full subcategory Q/ﬁs ()= Now [1, Corollary 13.4.10]
(00,1)

and [12, Remark 2.0.5, Proposition 2.2.2 and Proposition 3.1.3] imply that

all object in 82 JRE L (X) are coherent and thus in particular quasi-compact.

This completes the case n = 0. The induction step is now clear from [12,
Corollary A.2.1.4]. O

To complete the proof of Theorem 1.1, we will need a few more technical details:

LEMMA 4.15. Let Xo: I — bPretopgg be a tiny filtered diagram in the oco-
category of tiny bounded co-pretopoi. Let X = colim; X; denote the colimit in
bPI'etopg(“D and let f: C — D be an effective epimorphism in X. Then there
is an i9 € I and an effective epimorphism fi,: Cy, — D;, mapping to f under
the canonical functor
ki[} : Xio — X.

Proof: By [12, Proposition A.8.3.1], the inclusion bPretopg(“D — Catgg pre-
serves filtered colimits. Thus we may find a morphism f;,: Cj, — Dj, such
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that kj, (fj,) is equivalent to f. Since kj, is a morphism of co-pretopoi, we get
an equivalence

kjo (C(fo)e) = C(f)s

of simplicial objects in X. Furthermore, since k;, is a morphism of co-pretopoi,
it preserves finite limits and effective epimorphisms and thus geometric real-
izations of groupoid objects. It follows that the canonical map

c: |é(fjo)°| — Djo

becomes an equivalence after applying kj,. Thus there is a map v: jo — o
such that X ,(c) is an equivalence and since X, is a morphism of co-pretopoi,
it follows that X, (f;,) is an effective epimorphism, as desired. O

COROLLARY 4.16. Let K = {K;}; be a profinite space. Then the fully faithful
functor
Fun®® (K, S3¢) — Pyk(S)/k

preserves effective epimorphisms.

Proof: By Lemma 4.15, it suffices to see that, for all i, every effective epimor-
phism f in Fun(/K;, Sx) maps to an effective epimorphism in Pyk(S), k. Denote
by p;: K — K; the projection. Since we have a commutative diagram

Fun(K;, 83¢) —*— Pyk(S)/x,

b b

Fun®® (K, S3¢) —— Pyk(S)/x

it suffices to see that the top horizontal functor ¢ preserves effective epimor-
phism. Picking a section of the canonical morphism K; — 7o (K;) and precom-
posing with it, we may assume that K is a finite set. In this case ¢ is identified
with the product of finitely many copies of the inclusion

Sy — Pyk(S),
which clearly preserves effective epimorphisms. This completes the proof. [

We finally arrive at the following:

PropOSITION  4.17. A morphism f: X ~— Y in the oo-category
Pro(FumCts(l'[(SOo 1)(X),S,r)disc) is an effective epimorphism if and only if

1(f) is an effective epimorphism in the co-topos Fun®*® (fIS )(X), Pyk(S)).

(00,1

Proof: Let us first assume that ¢(f) is an effective epimorphism. We then may
factor f ~ g o h, where h is an effective epimorphism and g is (—1)-truncated.
Since the inclusion ¢ preserves finite limits, it follows that ¢(g) is (—1)-truncated
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as well. But by [10, Corollary 6.2.3.12], the map ¢(g) is an effective epimorphism
because ¢(f) is. This implies that ¢(g), and thus g, is an equivalence, as desired.
Now we show that ¢ preserves effective epimorphisms. Again we consider the

inclusion K = ﬁfoo G f[(soo 1)()( ). Pre-composing with this inclusion

induces a morphism of co-pretopoi
Fun®* (ﬁfoo,l) (X), S;“SC) — Fun®® (K, Sdisc),
So it follows from Proposition 2.7 that the induced functor
Pro (FumCts (ﬁ?ooyl)(X), Sﬁisc)) — Pro (Fun“(K, S;iisc))

preserves effective epimorphisms. We may thus reduce to showing that the
induced functor

j: Pro (Fun®(K,S2%%)) — Pyk(S),x
preserves effective epimorphisms. By Corollary 4.16, the inclusion
k: Fun®®(K, S35) — Pyk(S) k.

preserves effective epimorphisms. Furthermore k factors through the full sub-
category S /K and hence so does j. By Lemma 2.5 and since effective epimor-
phisms in slice categories are detected by the projections, it suffices to see that
the inclusion 82 — Pyk(S) preserves effective epimorphisms, which is clear by
[1, Corollary 13.4.10]. O

We have finally collected all the necessary ingredients that are needed to prove
our main theorem:

Proof of 1.1: The Exodromy Theorem provides an equivalence of tiny oo-
pretopoi
Fun®®® (117, 1) (X), S5¢) ~ X220

We have seen above that the full subcategory

Pro (FumCts (ﬂ(soo,l)(X), Sﬁisc)) s Fun®® (f[s ) (X)), Pyk(S))

(00,1

satisfies the assumptions of Theorem 4.1 and thus we get an equivalence

can

Shhyp (Pro(FunCtS (ﬁfw,l) (X)7 Sgisc))) ~ Fun®*® (ﬁfw,l) (X)7 Pyk(s)) :

Thus it remains to see that the topologies can and eff on
Pro(FunCtS(H(S 1)(X),Sx)) agree, but this is just a reformulation of Proposi-

o0,

tion 4.17. (]

As a first easy consequence, we obtain the following;:
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COROLLARY 4.18. Let f : X — Y be any morphism of schemes. Then the
induced pull-back functor

froye s XD

proét proét
has both a left and a Tight adjoint.

Proof: By the adjoint functor theorem [10, Corollary 5.5.2.9] it suffices to see
that f* preserves all limits and colimits. We may cover X by affine opens
ji: U; — X such that for every ¢ we have an affine open t;: V; — Y and a
commutative diagram

~

I

=

<~

t;

s

Ji

-
=

, N
Y

Since the j are jointly conservative and restrictions to open subschemes com-
mute with all limits and colimits, it suffices to see that each j; o f* preserves
limts. Because j; o f* o~ fFot?, it suffices to see that f; preserves all limits and
colimits and we may therefore assume that X and Y are affine, so in particular
quasi-compact. In this case f* corresponds to the functor

Gal(f)*: Fun®® (Gal(Y), Pyk(S)) — Fun” ( Gal(X), Pyk(S))

given by precomposing with Gal(f): Gal(X) — Gal(Y) via Corollary 1.2.
Thus the claim follows from Lemma 4.3. O

REMARK 4.19. We will now roughly sketch how to circumvent the enlargement
of universes which appears in our results, following [2, §1.4]. Let X’ be a spectral

oo-topos and let 8 be an uncountable regular cardinal such that flfoo 1) (X)isa

B-small inverse limit of 7-finite layered oo-categories. Let Pro(X<)s denote
the small subcategory spanned by the S-cocompact objects. We define

AP = Shi? (Pro(X23))s)

and observe that f[(soo 1)(X ) naturally defines a sheaf of oco-categories on

Pro(Sy)g, i.e. an oo-category object in SPY%7. TFurthermore let us write
Pyk(S)? = SP&# We can then reproduce the results of §3 and §4 in this
framework to obtain an equivalence

xPYRB ~ FungS(ﬁ(Sm)()c), Pyk(S)?)

of co-topoi where we write

Fun§® (117, ;) (X), Pyk(S)”) 2/T ) Fan(Ig,, 1) (X)(T), Pyk(S))7)-
SCIAF
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Considering the left Kan-extensions along Pro(Xi‘(’fé
B < Ao < A1, we obtain an equivalence

Xpyk,acc — C)?ilén ‘/'k'pyk’A = Sh:g«p’acc(PrO(Xz?)}é))

Jro <> Pro(Xeh),, for any

= colim Fun* (1T, 1) (%), PYK(S)").

Furthermore the filtered colimit

colim Pyk(S)* = ShyP2¢(82)

is given by the oo-category of accessible sheaves on S, which we can further

T

identify with the oo-category of condensed spaces Cond(S) of Clausen and
Scholze. We may consider Cond(S) as a hypersheaf with respect to the effective
epimorphism topology on S/ as follows. Denote by Cond(S)* the sheaf given
by left Kan-extension of

Pyk(8)*: Pro(Sy)x — Catoo; K = Pyk(S))x
along (S2)x — S2 and define
Cond(S) ~ cogim Cond(S)*.
We may also consider ﬁfooyl)(?( ) as a sheaf of oco-categories on S2 via left
Kan-extension. The resulting sheaf is therefore an accessible sheaf and thus x-

compact for some regular cardinal . It follows that the co-category of natural
transformations

Fun® (1, ) (), Cond(S)) = [ Fun(fIf, , (4)(K), Cond(S)(K))
KeS?

is equivalent to the filtered colimit

colim Fun (7., 1) (X), Pyk(8)*).

Thus the above equivalence shows that we have an equivalence

ypykace FunCOnd (ﬁfw,l) (X), Cond(S))

5 LocAaL CONTRACTIBILITY

We consider the following co-categorical analogue of [3, Definition 3.2.1]:

DEFINITION 5.1. Let X be an co-topos. Then an object P € X is called weakly
contractible, if the functor

mapy(P,—): X — S

preserves geometric realizations of simplicial objects. We say that X" is locally
weakly contractible, if every object X € X admits a cover by coherent weakly
contractible objects.
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REMARK 5.2. If P € X is weakly contractible it follows that map (P, —) pre-
serves effective epimorphisms. As an easy consequence we obtain the following
Lemma.

LEMMA 5.3. Let P € X be weakly contractible. Then every effective epimor-
phism p: Y — P splits.

Proof: By Remark 5.2 the induced morphism
map y (Y, P) = mapy (Y, Y)

is an effective epimorphism in S, so surjective on connected components. In
particular idy admits a preimage s: Y — P under p,, as desired. o

LEMMA 5.4. Let X be a locally n-coherent co-topos. Then (n + 1)-coherent
objects in X are stable under retracts. In particular coherent objects are stable
under retracts in a locally coherent co-topos.

Proof: Let k < n+ 1. We will show that retracts of k-coherent objects are
k-coherent using induction over k. The case k = 0 is clear, since retracts of
quasi-compact objects are quasi-compact. So let 0 < k < n and assume that
retracts of k-coherent objects are k-coherent. Let X be a retract of a (k + 1)-
coherent object X’. Since X is locally k-coherent, it suffices by [12, Corollary
A.2.1.4] to see that for every cospan

U—X<+—V

where U and V' are k-coherent, the pullback U x x V' is k-coherent. But since X
is a retract of X’ the pullback U x x V is a retract of U X x+ V, which is k-
coherent as X' is (k 4 1)-coherent. So U x x V is k-coherent by assumption
and thus X is (k 4 1)-coherent, as desired. O

CONSTRUCTION 5.5. Let X be a spectral co-topos. Let K = f[(soo 1 (X)=. We
again consider the induced functor

U: Fun® (TI7 1) (X), Pyk(S)) — Pyk(S), k.

induced by pre-composition with K — f[(soo 1 (X). By Lemma 4.3, the functor
U admits a left adjoint L.

LEMMA 5.6. Let P be a weakly contractible and compact object of Pyk(S) k-
Then L(P) is a weakly contractible, compact and coherent object of

Fun®® (ﬂfoo’l) (X),Pyk(S)).

Proof: Since the right adjoint U of L preserves colimits by Lemma 4.3,
it is clear that L(P) is weakly contractible and compact. Since xrvk ~
FunCtS(H(SOo 1)(X),Pyk(&')) is locally coherent (see [12, Theorem A.3.4.1]), it
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follows that we may find a collection {X;};cs of coherent objects, such that the
induced morphism

p: [[Xi — L(P)

il

is an effective epimorphism. Since L(P) is weakly contractible, there is a a
section

s: L(P) — [ X:

iel

of p by Lemma 5.3. Because L(P) is furthermore compact, it follows that there
is some finite J C I such that s factors though [[,.; X; and thus L(P) is a
retract of the latter. Since finite coproducts of coherent objects are coherent,
it follows that L(P) is coherent by Lemma 5.4. O

We are now ready to show the following:

THEOREM 5.7. Let X be a spectral oo-topos. Then XPYX is locally weakly con-
tractible.

Proof: By Theorem 1.1, we equivalenty have to see that the oo-topos
Fun®®(117_,,(X), Pyk(S)) is locally weakly contractible. By Lemma 5.6 it

(00,1)
suffices to see that, for every F € FunCtS(l'[(SOO 1y (X), Pyk(S)), there is a col-
lection of compact weakly contractible objects P; € Pyk(S),x and an effective
epimorphism

[[zr) — 7
For this, we may pick a collection P; € Pyk(S),x and an effective epimorphism
B: [[ P — U,

which by adjunction corresponds to a morphism

o HL(R-) ~L<HPi) — F.

We claim that « is an effective epimorphism. Because U detects effective
epimorphisms, it suffices to see that U(«a) is an equivalence. But then we
obtain a commutative triangle

]JPiL>U<L<]7[PZ—)>

x |ve@

U(F)

and since (3 is an effective epimorphism, the map U(«) is an effective epimor-
phism as well, as desired. O
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