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Abstract. We define a cobordism category of topological manifolds
and prove that if d 6= 4 its classifying space is weakly equivalent
to Ω∞−1MTTop(d), where MTTop(d) is the Thom spectrum of the
inverse of the canonical bundle overBTop(d). We also give versions for
manifolds with tangential structures and/or boundary. The proof uses
smoothing theory and excision in the tangential structure to reduce
the statement to the computation of the homotopy type of smooth
cobordism categories due to Galatius-Madsen-Tillman-Weiss.
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1 Introduction

This paper extends to topological manifolds a result of Galatius, Madsen, Till-
mann and Weiss [GTMW09]. Let Top(d) denote the topological group of home-
omorphisms of Rd fixing the origin, in the compact open topology. Our main
statement involves the Thom spectrum MTTop(d) of the inverse of the canon-
ical Rd-bundle over BTop(d), and a topological cobordism category CobTop(d).
Its objects are given by a simplicial set of closed (d − 1)-dimensional topo-
logical manifolds and its morphisms are given by a simplicial set of compact
d-dimensional topological cobordisms.

Theorem A. Let d 6= 4, then BCobTop(d) ≃ Ω∞−1MTTop(d).

The proof of this theorem extends to cobordism categories of topological man-
ifolds with tangential structure. For us a tangential structure is a numerable
fibre bundle ξ with fibre Rd and structure group Top(d), and given this we de-
fine a cobordism category CobTop,ξ(d) of d-dimensional topological manifolds
with ξ-structure, i.e. a map TM → ξ of d-dimensional topological microbundles,
as well as the Thom spectrum MTTopξ for the inverse of ξ. By its definition,
up to weak equivalence this spectrum only depends on the stable spherical
fibration associated to ξ.

Theorem B. Let d 6= 4 and ξ be a tangential structure, then BCobTop,ξ(d) ≃
Ω∞−1MTTopξ.

Theorem A follows from Theorem B by Lemma 3.12. The proof of Theorem B
can be summarized by the following sequence of weak equivalences (the terms
will be defined later):

BCobTop,ξ(d) ≃ Ω∞−1(ΨTop,ξ(d))

≃ Ω∞−1(ΨTop,||ξ•||(d))

≃ Ω∞−1(||ΨTop,ǫd×B•(d)||) (1)

≃ Ω∞−1(||MTTop(ǫd ×B•)||) (2)

≃ Ω∞−1MTTop||ξ•||

≃ Ω∞−1MTTopξ.

It is worth pointing out that we do not repeat the scanning argument that is
used for smooth manifolds in the setting of topological manifolds, but use (1)
an excision result for the dependence of spectra of topological manifolds on
the tangential structure, and (2) smoothing theory for spectra of topological
manifolds. We believe these results are of independent interest. In particular,
these methods imply that the classifying space of the framed topological bor-
dism category is equivalent to that of the framed smooth bordism category in
dimensions 6= 4, as suggested by [Lur09, Remark 2.4.30].
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The Topological Cobordism Category 2109

Remark 1.1. It is only in the smoothing theory of (2) that we use d 6= 4.
To remove this condition in our argument, one needs a parametrized version
of stable smoothing theory for topological 4-manifolds generalizing [LS71] or
[FQ90, Section 8.6].

We also generalize to topological manifolds a result of Genauer [Gen12] on
cobordism categories of manifolds with boundary, in Section 7.4. These results
are used in [RS20] to reprove the Dwyer–Weiss–Williams theorem. The matter
of parametrized surgery theory and its applications will be discussed in a sequel.

Remark 1.2. Apart from minor technical modifications, the results of this pa-
per should also hold for PL manifolds (in fact, without the condition d 6= 4).
The main obstacle is that [Sie72] claims but does not prove respectful versions
of isotopy extension and gluing of submersions charts for PL manifolds. How-
ever, the step where these are used can be replaced by an iterated delooping
argument, as was done by the first author in [GL16]. In the forthcoming paper
[GL22], the first author will prove the PL analogue of the main theorem of the
present paper. More precisely, in [GL22] the first author will show that there
is a weak equivalence BCobPL(d) ≃ Ω∞−1MTPL(d), where CobPL(d) is the
PL cobordism category as defined in [GL16] and MTPL(d) is a PL Madsen–
Tillmann spectrum.

1.1 Conventions

Convention 1.3. All our manifolds will be second countable, paracompact
and Hausdorff.

Convention 1.4. Our preferred category of topological spaces is that of com-
pactly generated weakly Hausdorff spaces.
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t = 0 t = 1/2 t = 1

Figure 1: A path in ΨDiff
1 (R2). Note that parts of manifolds may “disappear

at infinity.”

2 Recollection on smooth cobordism categories

Though our interest is the case of topological manifolds, our proofs use com-
parisons to the smooth case. Hence we recall the results in [GTMW09] on
the homotopy type of smooth cobordism categories, though we shall follow
the streamlined approach of [GRW10]. We also prove a new result about these
cobordism categories (Section 2.4), an analogue of which will play an important
role in our discussion of topological cobordism categories.

2.1 Spaces of smooth manifolds

2.1.1 Spaces of smooth submanifolds

In [GRW10, Section 2], a topological space of smooth submanifolds is defined;
we recall their definition here. Note their notation is Ψd(−) instead of ΨDiff

d (−):
we add the superscript to indicate that we are dealing with smooth submani-
folds.

Definition 2.1. LetM be a smooth manifold. The underlying set of ΨDiff
d (M)

is given by the set of closed subsets X ⊂M that are smooth d-dimensional sub-
manifolds (without boundary). This is topologized as in [GRW10, Section 2.1].

We forego a precise definition of the topology, because this section is a summary
of the results in the cited papers (though we will need the details in the proof of
Theorem 2.25). Heuristically the topology on ΨDiff

d (M) is one of convergence
on compact subsets, and the X ′ that are close to X near some compactK ⊂M
are those that can be obtained as the image of a graph of a section of the normal
bundle to X under a tubular neighbourhood.
We next discuss the dependence of ΨDiff

d (M) on M , but first introduce some
notation:

Definition 2.2. · Let Top denote the category with class of objects given
by compactly generated weakly Hausdorff topological spaces, and set of
morphisms from X to Y given by the continuous maps.
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· Let Top denote the Top-enriched category with class of objects given by
compactly generated weakly Hausdorff topological spaces, and topological
space of morphisms from X to Y given by the mapping space Map(X,Y )
in the compact-open topology.

· Let MfdDiff denote the Top-enriched category with class of objects given
by smooth manifolds and topological space of morphisms from P to Q
given by the space of smooth codimension zero embeddings EmbDiff(P,Q)
in the (weak) C∞-topology.

Observe that MfdDiff is a disjoint union of its subcategories MfdDiff
n of n-

dimensional manifolds, as there are only codimension zero embeddings between
manifolds of the same dimension.

Definition 2.3. An invariant topological sheaf on smooth manifolds is a func-
tor of Top-enriched categories Φ: (Mfd

Diff)op → Top such that for any open
cover {Ui}i∈I of a smooth manifold M , the following is an equalizer diagram
in Top:

Φ(M)
∏
iΦ(Ui)

∏
i,j Φ(Ui ∩ Uj).

In [GRW10, Section 2.2] and [RW11, Section 3], it is proven thatM 7→ ΨDiff
d (M)

is an invariant topological sheaf on smooth manifolds.

2.1.2 Spaces of smooth submanifolds with tangential structure

The definitions of Section 2.1.1 may be generalized to include tangential struc-
tures.

Definition 2.4. A d-dimensional tangential structure is a numerable d-
dimensional vector bundle υ.

Remark 2.5. This definition is equivalent to the standard definition as a map
B → BO(d). See Section 2.1.5 for more on this perspective.

For us, a map of vector bundles is an isomorphism on fibres and thus there can
only be maps between vector bundles of the same dimension. The objects of the
cobordism category are of a different dimension than its morphisms, and thus
for it is helpful to allow the tangential structure to be of higher dimension than
the manifolds. However, as we explain in Section 2.1.5, for any d′-dimensional
tangential structure υ with d′ ≥ d, there exists a d-dimensional tangential
structure υ such that for any d-dimensional manifold X the space of maps
TX ⊕ ǫd

′−d → υ of d′-dimensional vector bundles is weakly equivalent to the
space of maps TX → υ of d-dimensional vector bundles. Here ǫ denotes the
trivial 1-dimensional vector bundle and ǫk its k-fold direct sum.

Definition 2.6. Let M be a smooth manifold and υ be a d′-dimensional
tangential structure with d′ ≥ d. The underlying set of ΨDiff,υ

d (M) is given
by the set of pairs X = (X,ϕX) of an element X ∈ ΨDiff

d (M) and a map
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ϕX : TX ⊕ ǫd
′−d → υ of d′-dimensional vector bundles. This is topologized as

in [GRW10, Section 2.3].

The functor M 7→ ΨDiff,υ
d (M) is again an invariant topological sheaf on smooth

manifolds, cf. [GRW10, Section 2.3].

2.1.3 Simplicial sets of smooth submanifolds

By taking the singular simplicial set, we obtain from the topological space
ΨDiff,υ
d (M) a simplicial set which has the same homotopy type. However, it

is a consequence of [GRW10, Section 2.4] that this singular simplicial set is
weakly equivalent to the subsimplicial set of smooth simplices:

Definition 2.7. The simplicial set SmSing(ΨDiff,υ
d (M)) of smooth singular

simplices has k-simplices given by the maps ∆k → ΨDiff,υ
d (M) satisfying the

following conditions:

(i) the graph X ⊂ ∆k ×M is a smooth neat submanifold with corners and
the map π : X →֒ ∆k × M → ∆k is a smooth submersion of relative
dimension d,

(ii) the tangent maps assemble into a map ϕX : TπX ⊕ ǫd
′−d → υ of d′-

dimensional vector bundles, where TπX is the vertical tangent bundle.

This is not Kan; this might be fixed by a careful normalization near the faces
of the simplices (as in [BLR75, Appendix 1]), but we shall not need to do
this. Instead, for us it will suffice that the smooth approximation techniques
of [GRW10, Section 2.4] imply that any element of the ith homotopy group of

ΨDiff,υ
d (M) may be represented by the following data: a smooth submanifold

X ⊂ ∂Di+1 ×M such that X → ∂Di+1 is a smooth submersion of relative
dimension d, together with a map of d′-dimensional vector bundles TπX ⊕
ǫd

′−d → υ, where TπX denotes the vertical tangent bundle.

2.1.4 The universal tangential structure

It is well-known that there exist universal numerable d-dimensional bundles;
examples include the Grassmannian GrDiff

d (R∞) of d-dimensional planes in R∞

[MS74, §5], or the associated d-dimensional vector bundle to the universal nu-
merable principal O(d)-bundle over the bar construction on O(d) [May75, Sec-
tion 8].
The classifying property of such a universal numerable d-dimensional vector
bundle υuniv, with underlying map puniv : Euniv → Buniv, is as follows: for every
topological space B, homotopy classes of maps [B,Buniv] are in bijection with
isomorphism classes of numerable d-dimensional vector bundles over B. The
bijection is given in one direction by pullback. In [KS77, §IV.8] it is shown that
for a topological manifold B, it also satisfies the following relative classifying
property: for every germ of a numerable d-dimensional vector bundle υA on

Documenta Mathematica 27 (2022) 2107–2182



The Topological Cobordism Category 2113

some open neighbourhood O(A) of a subset A ⊂M , classified by fA : O(A)→
Buniv, the homotopy classes of extensions of the germ of fA are in bijection
with the isomorphism classes of extensions of the germ of υA. We shall use this
to prove the following result:

Lemma 2.8. The natural transformation ΨDiff,υuniv

d (−) → ΨDiff
d (−) which for-

gets the υuniv-structure is a natural weak equivalence.

Proof. Given a commutative diagram

∂Di ΨDiff,υuniv

d (M)

Di ΨDiff
d (M),

we need to provide a lift after a homotopy through commutative diagrams. By
Section 2.1.3, we may assume this commutative diagram is represented by a
smooth neat submanifold X ⊂ Di ×M such that X →֒ Di ×M → Di is a
smooth submersion of relative dimension d, together with an υuniv-structure on
the vertical tangent bundle over ∂Di. We may assume that this υuniv-structure
extends over an open collar of ∂Di inDi. Using the relative classifying property
described above we can extend this to the entire vertical tangent bundle.

2.1.5 An aside on spaces of bundle maps

Given υ as above, the space Bun(TX ⊕ ǫd
′−d, υ) of maps TX ⊕ ǫd

′−d → υ of
d′-dimensional vector bundles, admits a weakly equivalent construction of a
more homotopy-theoretic flavor.

There is a map f : B → BO(d′), unique up to homotopy, classifying υ in the
sense that f∗υuniv ∼= υ where υuniv is the universal d′-dimensional vector bundle
over BO(d′). A choice of such an isomorphism is a covering of f by a bundle
map ψ. We can replace f with a homotopy equivalent map f ′ : B′ → BO(d′)
that is a Hurewicz fibration;

B B′

BO(d′).

≃

f
f ′

By an argument similar to that in Lemma 2.24, Bun(TX ⊕ ǫd
′−d, υ) is weakly

equivalent to the space of vector bundle maps from TX ⊕ ǫd
′−d to (f ′)∗υuniv,

so we may as well assume that f is a Hurewicz fibration.

The space Bun(TX ⊕ ǫd
′−d, υ) is homeomorphic to the space X (X) of commu-
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tative diagrams of vector bundle maps (recall ψ is fixed)

υ

TX ⊕ ǫd
′−d υuniv.

ψ

ω

ϕ

The identification is given by sending ϕ ∈ Bun(TX ⊕ ǫd
′−d, υ) to the pair

(ϕ, ψ ◦ ϕ) ∈ X (X).
Let us now fix a classifying map ̟ : TX ⊕ ǫd

′−d → υuniv with underlying map
g : X → BO(d′). There is a map r : X (X) → Bun(TX ⊕ ǫd

′−d, υuniv) sending
(ϕ, ω) to ω. The target of r is weakly contractible by the relative classifying
property for the universal bundle. Furthermore, r is a Serre fibration because f
was a Serre fibration; lift the underlying map, and using the homotopy covering
property to extend the map of vector bundles. We conclude that X (X) is
weakly equivalent to the subspace X (X,̟) of X (X) of pairs of the form (ϕ,̟).
We claim X (X,̟) in turn can be identified with the space of lifts g̃ of g along f .
There is a forgetful map from X (X,̟) to this space of lifts, sending (ϕ,̟) to
the underlying map g̃ of ϕ. One can uniquely recover the map ϕ by identifying
the fibre (TX ⊕ ǫd

′−d)x over x with υg̃(x) using the map (ψg̃(x))
−1 ◦̟g(x).

In conclusion, we have explained the well-known weak equivalence

Bun(TX ⊕ ǫd
′−d, υ) ≃ Lift(X,B → BO(d′)),

where the right hand side is the space of lifts along f of a fixed classifying
map g. This uses the assumption that f is a Serre fibration.

We can replace BO(d′) by BO(d) here by taking a different tangential structure.
If we take the (homotopy) pullback of f ′ along the map BO(d) → BO(d′)
induced by the inclusion, we obtain another Hurewicz fibration f : B → BO(d):

B B′

BO(d) BO(d′),

f f ′

and a d-dimensional vector bundle υ := f
∗
υuniv. Then the canonical map

Bun(TX, υ)→ Bun(TX ⊕ ǫd
′−d, υ) is a weak equivalence.

2.1.6 Spectra of smooth submanifolds

From the spaces ΨDiff,υ
d (−) we can produce a spectrum. Our notion of spectrum

is quite naive, even though the spectrum is visibly an orthogonal spectrum: for
us a spectrum E is a sequence {En}n≥0 of pointed topological spaces with
pointed maps ΣEn → En+1. We call En the nth level.

Definition 2.9. The spectrum ΨDiff,υ(d) has nth level given by ΨDiff,υ
d (Rn),

with basepoint ∅. The structure maps S1 ∧ ΨDiff,υ
d (Rn) → ΨDiff,υ

d (Rn+1) are
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given by identifying S1 with the one-point compactification of R, and defining
it to be

(t,X) 7−→

{
∅ if (t,X) = (∞, X),

ι(X) + t · e1 otherwise,

with ι : Rn → Rn+1 the inclusion on the last n coordinates.

2.2 Smooth cobordism categories

2.2.1 The definition of the smooth cobordism category

The definition of the smooth cobordism category uses long manifolds, as below:

Definition 2.10. For 0 ≤ p ≤ n, we let ψDiff,υ(d, n, p) be the subspace of

ΨDiff,υ
d (Rn) consisting of those X = (X,ϕX) such that X ⊂ Rp × (0, 1)n−p.

The smooth cobordism category will be a non-unital category internal to the
category Top of topological spaces, i.e. have spaces of objects and morphisms,
but no specified identity morphisms.

Definition 2.11. The smooth cobordism category CobDiff,υ(d, n) is the non-
unital category internal to Top with

· object space is given by ψDiff,υ(d− 1, n− 1, 0),

· morphism space is given by the subspace of (0,∞) × ψDiff,υ(d, n, 1) of
those (t,X) such that there exists an ǫ > 0 so that

X ∩ ((−∞, ǫ)× (0, 1)n−1) = (−∞, ǫ)× (X ∩ ({0} × (0, 1)n−1)) and

X ∩ ((t− ǫ,∞)× (0, 1)n−1) = (t− ǫ,∞)× (X ∩ ({t} × (0, 1)n−1)),

· the source map sends (t,X) to X ∩ ({0}× (0, 1)n−1) and the target map
sends it to X ∩ ({t} × (0, 1)n−1),

· the composition map sends a pair of composable morphisms (t0, X0) and
(t1, X1) to (t0 + t1, X) with X defined by

X :=

{
X0 ∩ ((−∞, t0]× (0, 1)n−1) in ((−∞, t0]× (0, 1)n−1),

X1 ∩ ([0,∞)× (0, 1)n−1) + t0 · e1 in ([t0,∞)× (0, 1)n−1).

We are most interested in the case where n is arbitrarily large. The inclu-
sion of Rn into Rn+1 on the last n coordinates gives a continuous functor
CobDiff,υ(d, n)→ CobDiff,υ(d, n+ 1).

Definition 2.12. We define CobDiff,υ(d) to be colimn→∞ CobDiff,υ(d, n).
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0 t0

0 t1

0 t0 + t1

Figure 2: Two morphisms in CobDiff(1, 2) and their composition.

2.2.2 The classifying space of the smooth cobordism category

The nerve of this non-unital topological category is a semisimplicial space
N•Cob

Diff,υ(d, n), and its thick geometric realisation as in [ERW19, Section 1.2]
will be denoted BCobDiff,υ(d, n).
By iterated delooping arguments [GRW10] or by an application of Gro-
mov’s h-principle [RW11], there is a zigzag of weak equivalences between
BCobDiff,υ(d, n) and Ωk−1ψDiff,υ(d, n, k) for 1 ≤ k ≤ n. In particular, tak-
ing k = n, we get a zigzag of weak equivalences

BCobDiff,υ(d, n) ≃ Ωn−1ΨDiff,υ
d (Rn).

Tracing through the arguments, one proves that the following diagram com-
mutes

BCobDiff,υ(d, n) · · · Ωn−1ΨDiff,υ
d (Rn)

BCobDiff,υ(d, n+ 1) · · · ΩnΨDiff,υ
d (Rn+1),

≃ ≃

≃ ≃

with the right vertical map the adjoint of the structure map. Letting n → ∞,
one obtains [GRW10, Theorem 3.13], originally proven in [GTMW09].
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Theorem 2.13 (Galatius-Madsen-Tillmann-Weiss). There is a zigzag of weak
equivalences

BCobDiff,υ(d) ≃ Ω∞−1ΨDiff,υ(d).

2.3 The scanning argument

The spectrum ΨDiff,υ(d) is weakly equivalent to the Madsen-Tillmann spectrum
MTυ, which in this paper shall be denoted MTDiffυ to distinguish it from the
topological version to be defined in Section 7.2. It is an example of a Thom
spectrum, and we describe its construction in detail.
Let O(n + d fix d) ⊂ O(n + d) denote the subgroup fixing Rd pointwise and
O(n + d pres d) ⊂ O(n + d) denote the subgroup preserving Rd setwise, so
that O(n + d pres d) is the semi-direct product O(d) ⋉ O(n + d fix d). The
quotient O(n + d)/O(n + d pres d) is the Grassmannian GrDiff

d (Rn+d) of d-
planes in Rn+d. As O(n + d fix d) ≃ O(n) by Gram–Schmidt, we see that
GrDiff

d (Rn+d) ≃ O(n+d)/(O(d)×O(n)). We may identify GrDiff
d (Rn+d) with the

subspace of ΨDiff
d (Rn+d) of those smooth submanifolds that are d-dimensional

planes through the origin. We can add a d-dimensional tangential structure to
this:

Definition 2.14. The Grassmannian GrDiff,υ
d (Rn+d) of d-planes in Rn+d with

υ-structure is the topological space of pairs (P, ϕP ) of a d-dimensional lin-
ear plane P ∈ GrDiff

d (Rn+d) and a map of d-dimensional vector bundles
ϕP : TP → υ.

The Grassmannian GrDiff
d (Rn+d) carries an n-dimensional vector bundle γ⊥d,n+d

given by those vectors v ∈ Rn+d such that v ⊥ P . We pull it back along the
map

πυ : GrDiff,υ
d (Rn+d) −→ GrDiff

d (Rn+d)

which forgets ϕP and take its Thom space Thom(π∗
υγ

⊥
d,n+d) to obtain the

nth level of MTDiffυ. Explicitly, this Thom space is obtained by taking the
unit sphere bundle S(γ⊥d,n+d) and unit disc bundle D(γ⊥d,n+d) with respect to
the standard Riemannian metric, pulling them back along πυ and taking the
pushout

π∗
υS(γ

⊥
d,n+d) ∗

π∗
υD(γ⊥d,n+d) Thom(π∗

υγ
⊥
d,n+d).

The left vertical map can be presented as an NDR-pair and hence the Thom
space is obtained as a pushout along a cofibration, so is also a homotopy
pushout.
To understand the structure maps, we use that the inclusion Rn+d →֒
R1+n+d on the last n + d coordinates induces a map ι : GrDiff,υ

d (Rn+d) →

GrDiff,υ
d (R1+n+d) along which γ⊥d,1+n+d gets pulled back to the Whitney sum
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ǫ ⊕ γ⊥d,n+d. To produce the structure map, we then use the homeomorphism

Thom(ǫ⊕ ζ) ∼= S1 ∧ Thom(ζ).

Definition 2.15. The Madsen-Tillmann spectrum MTDiffυ has (n+d)th level
given by the Thom space Thom(π∗

υγ
⊥
d,n+d). The structure maps are given by

S1 ∧ Thom(π∗
υγ

⊥
d,n+d)

∼= Thom(π∗
υι

∗γ⊥d,1+n+d) −→ Thom(π∗
υγ

⊥
d,1+n+d).

There is a map of spectra MTDiffυ → ΨDiff,υ(d) given on (n + d)th levels by
the map

Thom(π∗
υγ

⊥
d,n+d) −→ ΨDiff,υ

d (Rn),

obtained by considering a d-dimensional plane P as a d-dimensional closed
smooth manifold, and using the map ϕP : TP → υ to endow this with an υ-
structure. The following is [GRW10, Theorem 3.22], and using Theorem 2.13
completes the computation of the homotopy type of the cobordism category.

Theorem 2.16. The map of spectra MTDiffυ → ΨDiff,υ(d) is a weak equiva-
lence.

Remark 2.17. The spectrum MTDiffυ is (−d)-connective; the first non-trivial
reduced homology class of the (n + d)th level is in degree n = −d + (n +
d). However, the homotopy type of the classifying space of the cobordism
category depends only on the connective cover. An n-categorical variant of the
cobordism category depends on the entire spectrum [BM14]. We believe their
results can be adapted to PL and topological manifolds.

2.4 Excision in the tangential structure

We now discuss the dependence of ΨDiff,υ(d) on the tangential structure υ.

2.4.1 Semisimplicial vector bundles

We need some technical results about resolving vector bundles. A semisim-
plicial d-dimensional vector bundle is a functor from ∆op

inj, the opposite of the
category ∆inj of finite non-empty ordered sets and order-preserving injections,
to the category of spaces with d-dimensional vector bundles. By passing to the
skeleton of ∆op

inj, this is the same data as a d-dimensional vector bundle υp for
each [p] = (0 < 1 < . . . < p), and a map of vector bundles υp′ → υp for each
order-preserving injection [p]→ [p′].
Given such a semisimplicial vector bundle, we can take the thick geometric
realisations of its total and base spaces, and get a map p||υ•|| : E||υ•|| → B||υ•||

with fibres that can be identified with Rd. The following lemma tells us when
it is a (numerable) vector bundle, i.e. a (numerable) locally trivial bundle with
fibres Rd and structure group GLd(R).

Lemma 2.18. If υ• is a levelwise numerable semisimplicial d-dimensional vector
bundle, then ||υ•|| is a d-dimensional vector bundle. It is numerable if it is
levelwise trivial.
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Proof. We shall use the following general fact: if G is a well-pointed topological
group and ξ• is a semisimplicial principal G-bundle such that each pξp : Eξp →
Bξp is numerable, then ||ξ•|| is a principal G-bundle. It is numerable if each
pξp is trivial. This is proven for the bar construction in [May75, Theorem 8.2]
and in general in [RS16, Theorem 2]. The latter theorem is stated in larger
generality: to obtain the statement above, we take B = ∗, take the simplicial
group to be constant in the simplicial direction, and use that the thick geometric
realisation of a semisimplicial space equals the geometric realisation of the
proper simplicial space obtained by freely adjoining degeneracies (see the proof
of [ERW19, Lemma 1.8]).
To deduce the statement of the lemma from this, we use the natural bijection
between isomorphism classes of (numerable) d-dimensional vector bundles and
(numerable) principal GLd(R)-bundles, given in one direction by taking the
associated bundles and in the other direction by taking the frame bundle. Note
that taking associated bundles commutes with geometric realisation, because
both taking a product with a space (see [GH07, Remark 2.23]) and taking
the quotient with respect to a group action do (as colimits commute with
colimits).

All numerable vector bundles are up to homotopy equivalence obtained by thick
geometric realisation of a levelwise trivial semisimplicial vector bundle:

Lemma 2.19. For every numerable d-dimensional vector bundle υ, there is a
levelwise trivial semisimplicial d-dimensional vector bundle υ• such that υ is
homotopy equivalent to ||υ•|| as a numerable d-dimensional vector bundle.

Proof. Pick an open cover U of B such that for each Ui ∈ U the bundle υ|Ui

is trivialisable, and which admits a subordinate partition of unity. This exists
by definition of a numerable Rd-bundle. Consider the semisimplicial space U•
given by

[k] 7−→
⊔

(i0,...,ik)

(Ui0 ∩ . . . ∩ Uik),

where the right-hand side is indexed by the ordered (k + 1)-tuples of indices
of U . This has an augmentation to B, and [Seg68, §4] describes how to use the
partition of unity to obtain a homotopy inverse B → ||U•|| (which happens to
be a section).
By our choice of U , we have a trivialisation of the bundle υ over each Ui, and
hence over Uσ for each σ = (i0, . . . , ik) using the trivialisation of Ui0 . Now
write down a semisimplicial Rd-bundle υ• as follows: it is a levelwise trivial
bundle

[k] 7−→
⊔

(i0,...,ik)

(Ui0 ∩ . . . ∩ Uik)× Rd,

whose face maps di for i > 0 are given by the inclusion, while the face map d0
uses the transition function Ui0 ∩ Ui1 → GLd(R). This semisimplicial space is
augmented over the total space of υ, yielding upon thick geometric realisation
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a map ||υ•|| → υ which exhibits the left term as the pullback of υ along the
map ||U•|| → B.

2.4.2 Excision for Thom spectra

The construction υ 7→MTDiffυ gives a functor from d-dimensional vector bun-
dles to spectra, because both the construction of GrDiff,υ

d (Rn+d) and the Thom
space construction are natural in the d-dimensional vector bundle υ. It has a
number of properties, the first of which involves weak equivalences of vector
bundles; these are maps of vector bundles whose underlying map of spaces is a
weak equivalence.

Lemma 2.20. The construction υ 7→MTDiffυ takes weak equivalences to weak
equivalences.

Proof. Let υ → υ′ be a weak equivalence, with underlying map B → B′ of base
spaces. It suffices to prove this induces a levelwise pointed weak equivalence.
The Thom space was the homotopy pushout of the diagram

π∗
υD(γ⊥d,n+d)←− π

∗
υS(γ

⊥
d,n+d) −→ ∗.

It thus suffices to show that the maps π∗
υD(γ⊥d,n+d) → π∗

υ′D(γ⊥d,n+d) and

π∗
υS(γ

⊥
d,n+d) → π∗

υ′S(γ⊥d,n+d) are weak equivalences. The first map is equiv-
alent to B → B′ which is a weak equivalence by hypothesis. The second map
fits into a map of fibre sequences

Sn−1 π∗
υS(γ

⊥
d,n+d) B

Sn−1 π∗
υ′S(γ⊥d,n+d) B′.

≃ ≃

Since the maps on fibres and base spaces are weak equivalences, so is that on
total spaces.

Given a d-dimensional semisimplicial vector bundle υ• which is levelwise nu-
merable, by Lemma 2.18 we can take its thick geometric realisation to ob-
tain a vector bundle, and take its Thom space Thom(π∗

||υ•||
γ⊥d,n+d). The map

∆k ∧ υk → ||υ•|| induces compatible pointed maps

∆k
+ ∧ Thom(π∗

υk
γ⊥d,n+d)

∼= Thom(π∗
∆k×υk

γ⊥d,n+d) −→ Thom(π∗
||υ•||

γ⊥d,n+d)

and by the universal property of colimits these induce a map

||Thom(π∗
υ•
γ⊥d,n+d)|| −→ Thom(π∗

||υ•||
γ⊥d,n+d),

where the first thick geometric realisation is in the category of pointed spaces.
These assemble to a map of spectra

||MTDiffυ•|| −→MTDiff ||υ•||. (1)
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A major difference between these two spectra is that the left term involves man-
ifolds where the underlying map of the tangential structure lands in some Bp,
while for the right term it may hit much of ||B•||. Thus to prove that (1) is a
weak equivalence we introduce the following variation:

Definition 2.21. The subspace GrDiff,υ,const
d (Rn+d) of GrDiff,υ

d (Rn+d) consists
of those (P, ϕP ) such that the map φP : P → B underlying ϕP : TP → ν factors
over a point.

Lemma 2.22. The inclusion GrDiff,υ,const
d (Rn+d) →֒ GrDiff,υ

d (Rn+d) is a weak
equivalence.

Proof. Suppose we are given a commutative diagram

∂Di GrDiff,υ,const
d (Rn+d)

Di GrDiff,υ
d (Rn+d).

Then we need to provide a lift after a homotopy through commutative diagrams.
By smooth approximation as in Section 2.1.3, we may assume this is represented
a smooth neat submanifold X ⊂ Di × Rn+d such that each of the fibres of
π : X →֒ Di ×Rn+d → Di is d-dimensional planes through the origin, together
with a ν-structure on its vertical tangent bundle. The underlying map of this
ν-structure factors through a point on the fibre over every b ∈ ∂Di; we say
that it is of the desired form. Our goal is to homotope ϕX such that it is of
the desired form for all b ∈ Di.

Since the fibres are planes through the origin, there is an evident deformation
retraction H of X onto Di×{0}. Then the composition φX ◦H : [0, 1]×X → B
is a homotopy from φX to a map which factors over a point on each fibre.
Applying the bundle homotopy covering theorem, we cover this by a homotopy
from ϕX to a bundle map which is of the desired form for all b ∈ B.

Pulling back the universal bundle along the inclusion, we get a map of Thom
spaces

Thomconst(π∗
υγ

⊥
d,n+d) −→ Thom(π∗

υγ
⊥
d,n+d)

which is a pointed weak equivalence.

Lemma 2.23. If υ• is a d-dimensional semisimplicial vector bundle, then the
canonical map ||MTDiffυ•|| →MTDiff ||υ•|| is a weak equivalence.

Proof. We apply Lemma 2.22 to get pointed weak equivalences
Thomconst(π∗

υp
γ⊥d,n+d) →֒ Thom(π∗

υp
γ⊥d,n+d). Since thick geometric realisa-

tion preserves levelwise weak equivalences by [ERW19, Theorem 2.2], the
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horizontal maps in the commutative diagram

||Thomconst(π∗
υ•
γ⊥d,n+d)|| ||Thom(π∗

υ•
γ⊥d,n+d)||

Thomconst(π∗
||υ•||

γ⊥d,n+d) Thom(π∗
||υ•||

γ⊥d,n+d)

≃

≃

are pointed weak equivalences. Hence it suffices to establish a weak equivalence

||Thomconst(π∗
υ•
γ⊥d,n+d)|| −→ Thomconst(π∗

||υ•||
γ⊥d,n+d).

We first observe that the quotient map Bun(TM,Rd) ×GLd(R) υ →

BunDiff,const(TM, υ) is a homeomorphism. Since thick geometric realisa-
tio commutes with products (see [GH07, Remark 2.23]) and quotients (since
colimits commute with colimits), this implies that ||Bunconst(TP, υ•)|| →
Bunconst(TP, ||υ•||) is also a homeomorphism, where the superscript as always
means that the underlying map φP of a bundle map ϕP factors over a point.
Similarly, the formation of unit sphere and unit disc bundles commute with
thick geometric realisation, so we have a homeomorphism between the dia-
grams defining the two Thom space constructions. Finally, thick geometric
realisation commutes with homotopy pushouts up to weak equivalence, and
as ||∗|| (with ∗ the constant semisimplicial space on a point) is contractible
preserves homotopy cofibres up to weak equivalence.

2.4.3 Excision for spectra of smooth manifolds

We claim that υ 7→ ΨDiff,υ(d) satisfies similar properties.

Lemma 2.24. The construction υ 7→ ΨDiff,υ(d) takes weak equivalences to weak
equivalences.

Proof. Let ϕ : υ → υ′ be a weak equivalence of d-dimensional vector bundles,
with underlying map of base spaces φ : B → B′. It suffices to establish a

levelwise pointed weak equivalence ΨDiff,υ
d (Rn) → ΨDiff,υ′

d (Rn): given a com-
mutative diagram

∂Di ΨDiff,υ
d (Rn)

Di ΨDiff,υ′

d (Rn),

we need to provide a lift after a homotopy through commutative diagrams
fixing ∅. Using smooth approximation as in Section 2.1.3, we may assume
the bottom map is represented by a smooth neat submanifold X ⊂ Di × Rn

such that the map π : X →֒ Di × Rn → Di is a smooth submersion of relative
dimension d, together with an υ′-structure on its vertical tangent bundle. The
latter is described by a map of d-dimensional vector bundles ϕ′

X : TπX → υ′
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with underlying map of base spaces φ′X : X → B′. We also have a lift to an
υ-structure over ∂Di, described by a map ϕX|

∂Di
: TπX |∂Di → υ such that

ϕ ◦ ϕX|
∂Di

= ϕ′
X |TπX|

∂Di
.

By [Mil59], (X,X |∂Di) has the homotopy type of a pair of CW-complexes. As
the map φ : B → B′ underlying ϕ is a weak equivalence, this implies that we can
lift the map φ′X : X → B′ underlying ϕ′

X to a map X → B after a homotopy
through commutative diagrams (only modifying the maps to B and B′).
Using the bundle homotopy covering theorem, we extend ϕX |∂Di to a bun-
dle map ϕX|[0,1]×∂Di

: [0, 1] × TπX |∂Di → υ covering the homotopy [0, 1] ×

X |∂Di → B. We may combine g ◦ ϕ[0,1]×X|
∂Di

and ϕ′
X into a bundle map

[0, 1]× TπX |∂Di ∪ {0} × TπX −→ υ′,

whose underlying map [0, 1]×X |∂Di ∪ {0} ×X → B extends to X × I. Again
using the bundle homotopy covering theorem, we may extend this to a bundle
map ϕ′

[0,1]×X : [0, 1]×TπX → υ′. That is, our homotopy through commutative
diagrams may be extended to a homotopy through commutative diagrams of
bundle maps.
Note that the map ϕ : υ → υ′ provides an identification of the fibre υb of υ
over b with the fibre of υ′g(b) of υ

′ over g(b). Since at the end of the homotopy

the map φ′X×{1} : X → B′ underlying ϕ′
X×{1} lifts to a map φX×{1} → B

rel boundary, a lift of ϕ′
X×{1} to a bundle map ϕX×{1} : TπX → υ is given

uniquely using the identification

ϕ−1
φX×{1}(b)

◦ (ϕX×{1})b : {1} × TXb

∼=
−→ υφX×{1}(b).

As for Thom spectra, we claim that there is a canonical map of spectra

||ΨDiff,υ•(d)|| −→ ΨDiff,||υ•||(d).

To describe it, we need to give pointed maps ||ΨDiff,υ•

d (Rn)|| → Ψ
Diff,||υ•||
d (Rn).

For each k we have a pointed map ∆k
+∧Ψ

Diff,υk

d (Rn)→ Ψ
Diff,||υ•||
d (Rn) given by

sending (~t,X, ϕX) to the manifoldX with tangential structure {~t}×ϕX : TX →
∆k × υk → ||υ•||. This is pointed because it sends ∅ to ∅.
The following excision result for υ 7→ ΨDiff,υ(d) may be deduced from Theo-
rem 2.16 and the corresponding excision result for Thom spectra, but we will
prove it directly.

Theorem 2.25. If υ• is a levelwise numerable d-dimensional semisimplicial
vector bundle, then the canonical map ||ΨDiff,υ•(d)|| → ΨDiff,||υ•||(d) is a weak
equivalence.

To prove this theorem, it will be convenient to prove a stronger result.

Definition 2.26. The subspace ΨDiff,υ,const
d (Rn) of ΨDiff,υ

d (Rn) consists of
those (X,ϕX) such that the map φX : X → B underlying ϕX : TX → υ factors
over a point.
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Lemma 2.27. If the base B of υ is a CW complex, the inclusion
ΨDiff,υ,const
d (Rn) →֒ ΨDiff,υ

d (Rn) is a pointed weak equivalence.

Proof. Suppose we are given a commutative diagram

∂Di ΨDiff,υ,const
d (Rn)

Di ΨDiff,υ
d (Rn).

Then we need to provide a lift after a homotopy through commutative diagrams
fixing ∅. Using smooth approximation as in Section 2.1.3, we may assume that
the commutative diagram is represented by a closed smooth neat submanifold
X ⊂ Di × Rn such that π : X →֒ Di × Rn → Di is a smooth submersion of
relative dimension d, together with a υ-structure ϕX : TπX → υ on its vertical
tangent bundle. Let φX : X → B denote its underlying map. For every b ∈ ∂Di,
the restriction of φX to Xb factors over a point; in this case, we say that it is
of the desired form.
Let Br ⊂ Rn denote the closed ball of radius r around the origin. Since Di×B1

is compact and X is closed, X ∩ (Di ×B1) is compact. Hence there is a finite
subcomplex K of B such that the image of X ∩ (Di ×B1) under φX lies in K.
Any finite CW-complex is an ANR, so in particular K is. Hence there exists
an open neighbourhood U of the diagonal ∆K ⊂ K × K which deformation
retracts onto ∆K via a homotopy H : [0, 1]× U → U . Evaluating the map φX
at pairs of points in a fibre of X ∩ (Di ×B1), we obtain a map

ρ : {(x, x′) ∈ X ×π X | ||x||, ||x
′|| ≤ 1} −→ K ×K,

with || − || denoting the Euclidean norm on Rn, sending the diagonal to the
diagonal. Since X ∩ (Di ×B1) is compact, there exists an r ∈ (0, 1) such that
ρ−1(U) contains {(x, x′) ∈ X ×π X | ||x||, ||x

′|| < r}.
Let V ⊂ Di be the open subset {b ∈ Di | Xb 6= ∅}, i.e. those points over which
the fibre of X is non-empty. Since X |V → V is a submersion with non-empty
fibres, it has local sections. Since X∩(Di×Br/2) is compact, so is the subset L
of V given by {b ∈ Di | X ∩ ({b}×Br/2) 6= ∅}. We can thus find an 0 < r′ < r
and a finite open cover V = {Vi}1≤i≤s of some open neighbourhood V ′ of L
in V , such that over each Vi we have a section si : Vi → X |Vi

which lands
in X ∩ Br′ . Pick a partition of unity subordinate to V . By normalization,
we construct from this partition of unity a collection of compactly-supported
functions λi : Vi → [0, 1] such that for each v ∈ V ′ at least one λi takes value 1
at v. Pick a smooth function η : X → [0, 1] that is 1 on X ∩ Br′ and 0 on
the complement of X ∩ Br in X . This shall be used to control a homotopy of
tangent maps, guaranteeing it is supported near the origin of Rn.
We will inductively modify the tangent maps over each Vi, and keep the sub-
mersion unchanged. After the ith step the tangential structure will be of the
desired form on Xb ∩ Br′ for all b ∈

⋃
1≤j≤i λ

−1
j (1). During each step, if the
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tangential structure was already of the desired form on Xb ∩ Br′ , it will re-
main so during the entire homotopy. Furthermore, over ∂Di we will remain
in ΨDiff,υ,const

d (Rn) at all times. At the end of this procedure, the tangential
structure will be of the desired form on all of X ∩ (Di ×Br′).

For the ith step, on the set Xi,r := X ∩ (Vi × int(Br)), consider the homotopy
h : [0, 1]×Xi,r → B given by

h(t, x) :=

{
π1 ◦H2t(ρ(x, si(π(x)))) if t ≤ 1/2,

π2 ◦H2−2t(ρ(x, si(π(x)))) if t > 1/2.

This starts at φX and ends at the map φX(si(π(−))). Note that if for some
x ∈ Xi,r it is true that φX(x) = φX(si(π(x))), this homotopy is constant at x
with value φX(x), because H fixes the diagonal pointwise. We can produce a
homotopy h̃ : [0, 1]×X → B by cutting this off using η and λi:

h̃(t, x) := h [η(x)λi(π(x))t, x] .

This may be covered by a homotopy of vector bundle maps starting at ϕX . At
the end of this homotopy the tangential structure is of the desired form on
Xb ∩ Br′ for b ∈ λ−1

i (1), in addition to those b where it already was of the
desired form.

Now we zoom in: pick a smooth family of self-embeddings ψt : R
n → Rn such

that ψ0 is the identity and ψ1 has image in Br′ and create a map Di× [0, 1]→

ΨDiff,υ
d (Rn) by taking (ψt)

∗X. This gives a homotopy through commutative
diagrams to one where the tangent map is of the desired form everywhere, that
is, the map Di → ΨDiff,υ

d (Rn) factors through the subspace ΨDiff,υ,const
d (Rn).

Proof of Theorem 2.25. It suffices to prove that the map is a levelwise pointed
weak equivalence. Since υ 7→ ΨDiff,υ

d (Rn) takes weak equivalences to weak
equivalences by Lemma 2.24, we may replace the base Bk of υk by |Sing(B•)|
and hence assume it is the geometric realisation of a simplicial set. Thus each
Bp may be assumed to be a CW complex (a geometric realisation of a simplicial
set), as well as ||B•|| (a geometric realisation of a semisimplicial simplicial set).

Now we apply Lemma 2.27 to Ψ
Diff,υp

d (Rn) to get weak equivalences

Ψ
Diff,υp,const
d (Rn)

≃
−→ Ψ

Diff,υp

d (Rn).

Since thick geometric realisation preserves levelwise weak equivalences by
[ERW19, Theorem 2.2], we get a weak equivalence ||ΨDiff,υ•,const

d (Rn)|| →

||ΨDiff,υ•

d (Rn)||.

The canonical map ∆k × ΨDiff,υk

d (Rn) → Ψ
Diff,||υ•||
d (Rn) sends ∆k ×
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ΨDiff,υk,const
d (Rn) into Ψ

Diff,||υ•||,const
d (Rn), so we get a commutative diagram

||ΨDiff,υ•,const
d (Rn)|| ||ΨDiff,υ•

d (Rn)||

Ψ
Diff,||υ•||,const
d (Rn) Ψ

Diff,||υ•||
d (Rn).

≃

≃

We showed above that the top map is a weak equivalence, and the bottom map
is also a weak equivalence by another application of Lemma 2.27. To prove the
theorem it hence suffices to prove that the left map is a weak equivalence. It is
in fact a homeomorphism. It is visibly a continuous bijection and verifying that
its inverse is continuous is tedious (it will also be irrelevant when working with
simplicial sets as in the topological case). To verify its inverse is continuous,

we recall the construction of the topology on the spaces ΨDiff,υ
d (−) in [GRW10,

Section 2.2 & 2.3]. The space ΨDiff,υ
d (−) is a colimit as r → ∞ of spaces

ΨDiff,υ
d (Br ⊂ Rn)cs, each of which in turn can be described a colimit as ǫ → 0

of spaces ΨDiff,υ
d (int(Br+ǫ))

cs. Each of these is homeomorphic to ΨDiff,υ
d (Rn)cs.

All of these constructions have analogues with υ-structure whose underlying
map factors over a point. Since colimits commute, it suffices to prove that the
continuous bijections

||ΨDiff,υ•,const
d (Rn)cs|| −→ Ψ

Diff,||υ•||,const
d (Rn)cs

are homeomorphisms. The topology ΨDiff,υ,const
d (Rn)cs is constructed by de-

manding certain partially defined maps Γc(NM) × BunDiff,const(TM, υ) 99K

ΨDiff,υ,const
d (Rn)cs are homeomorphisms onto open subsets. Since products com-

mute with geometric realisation, it hence suffices to prove that the continuous
bijections

||BunDiff,const(TM, υ•)|| −→ BunDiff,const(TM, ||υ•||)

are homeomorphisms, which we already did in the proof of Lemma 2.23.

3 Spaces of topological manifolds

We start by setting up spaces of topological manifolds, analogous to Section 2.1.

3.1 Spaces of topological submanifolds

Analogous to the smooth simplices in ΨDiff
d (M) of Section 2.1.3, we define a

simplicial set of d-dimensional topological manifolds in M . We point out that
in this paper, by Convention A.2, all embeddings and submanifolds are locally
flat.
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Definition 3.1. Let M be a topological manifold of dimension m. The space
ΨTop
d (M) of d-dimensional manifolds in M is the simplicial set with k-simplices

given by the set of closed topological submanifolds X ⊂ ∆k × M such that
π : (∆k×M,X)→ ∆k is a relative topological submersion of relative dimension
(m, d).
A map θ : [k]→ [k′] induces a map from k′-simplices to k-simplices by pulling
back along the map θ∗ : ∆

k → ∆k′ . That is, X ⊂ ∆k′ ×M is sent to θ∗X ⊂
∆k ×M given by {(~t,m) | (θ∗(~t),m) ∈ X}.

Unlike in the smooth case, we can glue and pull back topological submersions
along a retraction ∆k → Λki to prove that the simplicial set ΨTop

d (M) is Kan.
Moreover, it extends to a quasitopological space in the sense of [Spa63]: its
value on a topological space Y is given by replacing ∆k by Y in the previous
definition and through pullback, this construction is contravariantly functorial
in all continuous maps. We shall use this extension to a quasitopological space,
we turn homotopy-theoretic arguments into more geometric ones, e.g. repre-
senting elements of homotopy groups by X ⊂ ∂Di ×M . In doing so, we can
meaningfully talk about Xb for any point b ∈ ∂Di, and manipulate X fibre-
wise; indeed, being a closed submanifold or a relative topological submersion
are properties of X , not additional data.
Let us discuss the dependence of the simplicial set ΨTop

d (M) on M .

Definition 3.2.

· The category sSet has class of objects given by simplicial sets and mor-
phisms from X to Y given by maps of simplicial sets X → Y .

· The sSet-enriched category sSet has class of objects given by simplicial
sets and simplicial set of morphisms from X to Y given by Map(X,Y ).

· The sSet-enriched category MfdTop has a set of objects given by the topo-
logical submanifolds of R∞, and the morphism space from M to N given
by the simplicial set EmbTop(M,N) of codimension zero embeddings, as
in Definition A.3.

Definition 3.3. An invariant simplicial sheaf on topological manifolds is a
functor of sSet-enriched categories Φ: (MfdTop)op → sSet, such that for any
open cover {Ui}i∈I of a topological manifold M , the following is an equalizer
diagram in sSet:

Φ(M)
∏
iΦ(Ui)

∏
i,j Φ(Ui ∩ Uj).

Given an embedding g : M → M ′, there is a map g∗ : ΨTop
d (M ′) → ΨTop

d (M)
sending a k-simplex X ⊂ ∆k×M ′ to (id∆k × g)−1(X) ⊂ ∆k×M . The locality
of the existence of submersion charts in Definition A.6 implies that this is again
a submersion. Furthermore, as submersions can be glued along open covers of
the domain, we have the following lemma.
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Lemma 3.4. The assignment M 7→ ΨTop
d (M) extends to a functor

ΨTop
d : (MfdTop)op → sSet which is an invariant simplicial sheaf on topo-

logical manifolds.

3.2 Spaces of topological smanifolds with tangential structure

As in Section 2.1.2, we consider topological manifolds with tangential structures.
Given a topological submersion π : X → ∆k of relative dimension d, the tangent
microbundles of the fibres assemble into to the vertical tangent microbundle
TπX described in Example A.12, a d-dimensional topological microbundle. Ev-
idently this is natural in the morphisms of ∆ up to canonical isomorphism.
Though it may seem natural to let tangential structures be d-dimensional topo-
logical microbundles, we shall use instead topological Rd-bundles, that is, fibre
bundles with fibre Rd and structure group Top(d). Compare this to the defini-
tion of a d-dimensional vector bundle, which is a fibre bundle with fibre Rd and
structure group GLd(R). This choice is more convenient because the theory of
fibre bundles is better developed in the literature, and comes at hardly any loss
of generality due to the Kister-Mazur theorem (Theorem A.18, which holds for
base spaces which are ENR’s or paracompact).

Definition 3.5. A d-dimensional topological tangential structure is a numer-
able topological Rd-bundle ξ.

Definition 3.6. Let M be a topological manifold and ξ a d′-dimensional tan-
gential structure with d′ ≥ d. The space ΨTop,ξ

d (M) of d-dimensional manifolds
in M with ξ-structure is given by the following simplicial set: its k-simplices are
given by those pairs X = (X,φX) of a k-simplex X ∈ ΨTop

d (M)k and a map of

d′-dimensional microbundles ϕX : TπX ⊕ ǫ
d′−d → ξ. A morphism θ : [k]→ [k′]

in ∆ sends X = (X,ϕX) to the pair (θ∗X,ϕX |Tπθ∗X⊕ǫd′−d).

Like ΨTop
d (M), the simplicial set ΨTop,ξ

d (M) is Kan and extends to a quasitopo-
logical space. We again discuss the functoriality in M . Given a codimension
zero embedding g : M → M ′, there is a map g∗ : ΨTop,ξ

d (M ′) → ΨTop,ξ
d (M).

It is given on the submersion as before, and if φX is the ξ-structure on X ,
we give g−1(X) the ξ-structure φX ◦ Tg : Tπ(g

−1(X)) ⊕ ǫd
′−d → ξ, where

Tg : Tπ(g
−1(X))⊕ ǫd

′−d → TπX ⊕ ǫ
d′−d is the map on total spaces induced by

the homeomorphism g−1(X) → X . Having described the functoriality in M ,
the locality of the data and conditions implies:

Lemma 3.7. The assignment M 7→ ΨTop,ξ
d (M) extends to a functor of sSet-

enriched categories ΨTop,ξ
d (−) : (MfdTop)op → sSet, which is an invariant sim-

plicial sheaf on topological manifolds.

3.3 The universal tangential structure

As discussed for d-dimensional vector bundles in Section 2.1.4, there exist uni-
versal topological Rd-bundles. The associated Rd-bundle to the universal nu-
merable principal Top(d)-bundle over the bar construction BTop(d) provides
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an example [May75]. There is also a Grassmannian model, analogous to the
description of GrDiff

d (Rn+d) as O(n+ d)/(O(d) ×O(n)).
Let Top(n + d fix d) denote the simplicial group of homeomorphisms of Rn+d

fixing Rd pointwise, and Top(n + d pres d) the simplicial group of homeomor-
phisms of Rn+d preserving Rd setwise, so that Top(n + d, pres d) ∼= Top(d) ⋉
Top(n+ d fix d).

Definition 3.8. The topological Grassmannian GrTopd (Rn+d) of d-planes in

Rn+d is the simplicial set Top(n+ d)/Top(n+ d pres d). We let GrTopd (R∞) de-

note colimn→∞GrTopd (Rn+d) and call this topological Grassmannian of d-planes.

Remark 3.9. We give two warnings. Firstly, unlike the smooth case, Top(n +
d fix d) is not homotopy equivalent to Top(n) in general [Mil69, Example 2].
Secondly, there is a map of simplicial sets

Top(n+ d)/Top(n+ d pres d) −→ ΨTop
d (Rn+d)

given by sending f to f(Rd × {0}). Its image is contained in the subsimplicial
set with k-simplices given by those X ⊂ ∆k × Rn+d such that each fibre Xb

contains the origin and is homeomorphic to Rd, but this is not an isomorphism
(e.g. when taking d = 1, n = 2, it does not hit the components of knotted
R ⊂ R3).

Lemma 3.10. The topological Grassmannian GrTopd (R∞) is weakly equivalent
to BTop(d).

Proof. Writing Top(n + d)/Top(n + d pres d) as (Top(n + d)/Top(n +
d fix d))/Top(d), we see that the action of Top(d) is free and hence it
suffices to prove that the quotient Top(n + d)/Top(n + d fix d) becomes
highly connected as n → ∞. This follows by combining [Las76, Propo-
sition (t/pl)] with [HW65, Theorem 3]; the former says that if n ≥ 3,
PL(n+ d)/PL(n+ d fix d)→ Top(n+ d)/Top(n+ d fix d) is a weak equivalence,
and the latter says that PL(n + d)/PL(n + d fix d) is n-connected. These
papers use germs of topological or PL embeddings instead of topological or
PL automorphisms, that is, Top(0)(d) instead of Top(d), etc. However, such
simplicial sets of automorphisms are weakly equivalent to the corresponding
simplicial set of germs of automorphisms, as a consequence of the Kister-Mazur
theorem or its PL analogue, the Kuiper-Lashof theorem (Remark A.19).

Remark 3.11. Alternatively, that Top(n + d)/Top(n + d fix d) becomes highly
connected as n→∞ may be deduced directly using [RS70, Theorem 2.3].

The map Top(n+d)/Top(n+d fix d)→ Top(n+d)/Top(n+d presd) is a princi-
pal Top(d)-bundle, and its geometric realisation has an associated topological
Rd-bundle. As we let n → ∞, this gives a universal numerable topological
Rd-bundle. (If we had used topological groups instead of simplicial groups,
we could have explicitly described it as Top(n + d)/Top(n + d pres d fix {e1})
where Top(n + d pres d fix {e1}) is the topological group of homeomorphisms
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of Rd fixing the origin and the point e1 ∈ Rd.) Picking a universal numerable
topological Rd-bundle ξuniv, we have an analogue of Lemma 2.8.

Lemma 3.12. The natural transformation ΨTop,ξuniv

d (−)→ ΨTop
d (−) is a natu-

ral weak equivalence.

Proof. Suppose we have a commutative diagram

∂Di ΨTop,ξuniv

d (M)

Di ΨTop
d (M).

Then we need to provide a lift after a homotopy of commutative diagrams. This
commutative diagram may be represented by a closed topological submanifold
X ⊂ Di ×M such that (Di ×M,X) → Di is a relative topological submer-
sion, and over ∂Di we have a map of d-dimensional topological microbundles
TπX |∂Di → ξ.

Using the Kister–Mazur theorem (Theorem A.18) we may pick a topological
Rd-bundle inside TπX |∂Di . The map TπX |∂Di → ξ then induces a fibrewise
embedding of Rd into Rd, and by Kister’s weak equivalence EmbTop(Rd,Rd) ≃
Top(d), we may deform this map to one of topological Rd-bundles. At this
point, the proof of Lemma 2.8 goes through, replacing vector bundles with
topological Rd-bundles throughout.

3.4 Spectra of topological submanifolds

As in the smooth case, we will break up our computation of the homotopy type
of the topological cobordism category into two steps. The first identifies it as
an infinite loop space of the following spectrum, analogous to the one defined
in Section 2.1.6:

Definition 3.13. The spectrum ΨTop,ξ(d) has nth level given by ΨTop,ξ
d (Rn),

pointed at ∅, and structure maps S1 ∧ ΨTop,ξ
d (Rn) → ΨTop,ξ

d (Rn+1) given by
identifying S1 with the one-point compactification of R, and defining it to be

(t,X) 7−→

{
∅ if (t,X) = (∞, X),

ι(X) + t · e1 otherwise,

with ι : Rn → Rn+1 the inclusion on the last n coordinates.

4 The topological cobordism category

In this section we define cobordism categories of topological manifolds.
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4.1 Restricted spaces of manifolds

As in the smooth case, we need to consider spaces of long topological manifolds.

Definition 4.1. For 0 ≤ p ≤ n, we let ψTop,ξ(d, n, p) be the subsimplicial set of

ΨTop,ξ
d (Rn) where k-simplices are given by those X = (X,ϕX) ∈ ΨTop,ξ

d (Rn)k
such that X ⊂ ∆k ×Rp× (0, 1)n−p. Let us denote colimn→∞ ψTop,ξ(d, n, p) by
the colimit ψTop,ξ(d,∞, p) over the maps X 7→ ι(X).

When p = 0, the homotopy type of these spaces is more familiar. For a d-
dimensional topological manifold M , the simplicial set BunTop(TM, ξ) of mi-
crobundle maps from TM to ξ has an action of the simplicial group Top(M).

Definition 4.2. We define BTopξ(M) to be the homotopy quotient
BunTop(TM, ξ) � Top(M).

This defines a homotopy type, and the homotopy quotient in this definition can
be made explicit by picking a model, such as the thick geometric realisation
of a two-sided bar construction, or as the quotient E ×Top(M) Bun

Top(TM, ξ)
for a weakly contractible simplicial set E with a free Top(M) action. The next
lemma uses the latter.

Lemma 4.3. There is a weak equivalence

⊔

[M ]

BTopξ(M) −→ ψTop,ξ(d,∞, 0),

where the indexing set runs over all homeomorphism types of compact d-
dimensional topological manifolds.

Proof. The fibres of a simplex of ψTop,ξ(d,∞, 0) are closed in a bounded subset
of a Euclidean space , hence compact. By Corollary A.10, a closed topological
submersion with compact fibres is a fibre bundle. Thus sending a pair of an
embedding and a ξ-structure to their image gives an isomorphism of simplicial
sets

⊔

[M ]

EmbTop(M, (0, 1)∞)×Top(M) Bun
Top(TM, ξ) ∼= ψTop,ξ(d,∞, 0).

The simplicial set EmbTop(M, (0, 1)∞) is weakly contractible by Lemma B.1
and the action of Top(M) by precomposition is free, so that the left hand side
is weakly equivalent to

⊔
[M ]BTopξ(M).

When n 6=∞ and d 6= 4 the spaces ψTop,ξ(d, n, 0) approximate ψTop,ξ(d,∞, 0);
the map ψTop,ξ(d, n, 0) → ψTop,ξ(d, n + 1, 0) is a highly-connected monomor-
phism of simplicial sets:

Lemma 4.4. If d 6= 4, n ≥ 5, and n − d ≥ 3, the map ψTop,ξ(d, n, 0) →
ψTop,ξ(d, n+ 1, 0) is (n− 2d− 1)-connected.
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Proof. As in the proof of Lemma 4.3, we identify ψTop,ξ(d, n, 0) with the dis-
joint union of the quotients Emb(M, (0, 1)n) ×Top(M) Bun(TM, ξ). Since the

action of Top(M) on EmbTop(M, (0, 1)n) and EmbTop(M, (0, 1)n+1) is free, the
connectivity of ψTop,ξ(d, n, 0)→ ψTop,ξ(d, n+1, 0) is equal to that of the maps
EmbTop(M, (0, 1)n) → EmbTop(M, (0, 1)n+1). By Theorem B.2, the domain
and codomain are (n−2d−2)-connected as long as n ≥ 5 and n−d ≥ 3, which
gives the result.

Remark 4.5. This proof fails for d = 4 since we needed handle decompositions
in our proof of the quantitative Whitney embedding theorem, and a topological
4-manifold admits a handle decomposition if and only if it admits a smooth
structure.

4.2 The definition

We define topological cobordism categories following Definition 2.11. To do so,
we explain what it means to take the product of an interval with a manifold
with ξ-structure:

Definition 4.6. Given Y = (Y, ϕY ) ∈ ψ
Top,ξ(d− 1, n− 1, 0), the translational

product (a, b) × Y ∈ ΨTop,ξ
d ((a, b) × (0, 1)n−1) is the d-dimensional manifold

(a, b)×Y with ξ-structure defined as follows: the tangent microbundle of (a, b)×
Y can be identified with ǫ⊕TY by translation in the (a, b)-direction, and thus
a ξ-structure on Y gives a ξ-structure on (a, b)× Y .

Definition 4.7. The topological cobordism category CobTop,ξ(d, n) is the non-
unital category internal to sSet such that:

· the simplicial set of objects is given by ψTop,ξ(d− 1, n− 1, 0),

· the simplicial set of morphisms is given by the subsimplicial set of
Sing((0,∞)) × ψTop,ξ(d, n, 1) consisting of those (t,X) such that there
exists an ǫ > 0 so that

X ∩ ((−∞, ǫ)× (0, 1)d−1) = (−∞, ǫ)× (X ∩ ({0} × (0, 1)n−1)), and

X ∩ ((t− ǫ,∞)× (0, 1)n−1) = (t− ǫ,∞)× (X ∩ ({t} × (0, 1)n−1)),

· the source map sends (t,X) to X ∩ ({0}× (0, 1)n−1) and the target map
sends it to X ∩ ({t} × (0, 1)n−1),

· the composition map sends a pair of composable morphisms (t0, X0) and
(t1, X1) to (t0 + t1, X) with X given by

X =

{
X0 ∩ ((−∞, t0]× (0, 1)n−1) in (−∞, t0]× (0, 1)n−1,

X1 ∩ ([0,∞)× (0, 1)n−1) + t0 · e1 in [t0,∞)× (0, 1)n−1.
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X

Yi

10

Figure 3: In the proof of Lemma 4.9 we need to extendX rightwards compatibly
with Yi. This will be done using isotopy extension.

Remark 4.8. Observe that though we wrote t, t0 and t1 in the previous defini-
tion these are actually continuous functions ∆k → R.

The nerve of this non-unital category internal to sSet is a semisimplicial object
in sSet and the thick geometric realisation of its semisimplicial direction is a
simplicial set we denote BCobTop,ξ(d, n); this is the classifying space of the
cobordism category CobTop,ξ(d, n).

In the remainder of this subsection we justify this definition by arguing that
(i) as n → ∞ the homotopy types of the objects, morphisms, and classifying
spaces stabilise, and (ii) this nerve is a semi-Segal object. We start with (ii),
which means that the map

NpCob
Top,ξ(d, n)

N1Cob
Top,ξ(d, n)×hN0Cob

Top,ξ(d,n) · · · ×
h
N0Cob

Top,ξ(d,n) N1Cob
Top,ξ(d, n)

︸ ︷︷ ︸
p

induced by the Segal morphisms in ∆inj, is a weak equivalence. As it is a nerve,
this formula holds with actual pullbacks in place of homotopy pullbacks, so it
suffices to verify that the combined source and target maps of CobTop,ξ(d, n)
are Kan fibrations:

Lemma 4.9. The combined source and target map (s, t) : mor(CobTop,ξ(d, n))→
ψTop,ξ(d− 1, n− 1, 0)2 is a Kan fibration.

Proof. Since a horn inclusion Λki →֒ ∆k is homeomorphic to {0} × Dk−1 →֒
[0, 1] × Dk−1, we may consider the latter instead (and replace k − 1 by k for
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•

t = 0

•

t = 1

Figure 4: The starting and end point of the family obtained by applying the
argument of Lemma 4.9 to the Figure 3.

brevity). That is, we may suppose we are given a commutative diagram

{0} ×Dk mor(CobTop,ξ(d, n))

[0, 1]×Dk ψTop,ξ(d− 1, n− 1, 0)2,

f

(s,t)

and need to provide a lift. The bottom map is represented by a pair Y 0, Y 1 as
follows: for i = 0, 1, Y i = (Yi, ϕYi

) consists of a closed topological submanifold
Yi ⊂ [0, 1]×Dk×(0, 1)n−1 such that πi : ([0, 1]×D

k×(0, 1)n−1 → [0, 1], Yi)×D
k

is a relative topological submersion of relative dimension (n−1, d−1), together
with a map ϕYi

: Tπi
Yi ⊕ ǫ→ ξ of d-dimensional topological microbundles. See

Figure 3.
The top map is represented by a continuous map τ : {0} ×Dk → (0,∞), and
a X = (X,ϕX) as follows: X is a closed topological submanifold of {0} ×
Dk ×R× (0, 1)n−1 such that π : ({0}×Dk×R× (0, 1)n−1, X)→ {0}×Dk is a
relative topological submersion of relative dimension (n, d), together with a map
ϕX : TπX → ξ of topological Rd-bundles. There should exist an ǫ > 0 so that
for each (0, b) ∈ {0} ×Dk, X(0,b) ∩ ((−∞, ǫ)× (0, 1)n−1) = (−∞, ǫ)× (Y 0)(0,b)
and X(0,b) ∩ ((τ(b) − ǫ,∞)× (0, 1)n−1) = (τ(b) − ǫ,∞)× (Y 1)(0,b).
We claim that without loss of generality τ is identically 1. To do so, pick a con-
tinuous family of homeomorphisms ρt : R→ R for t ∈ (0,∞) with the following
properties: (i) ρt sends (0, t) onto (0, 1), (ii) ρt is the identity near 0, and (iii) ρt
is a translation near t. Now replace f by d 7→ (ρ−1

τ(d) × id(0,1)n−1)∗f(d).

Having made this simplifying assumption, we explain how to lift the relative
submersions. A closed topological submersion with compact fibres is a fibre bun-
dle (Corollary A.10) and fibre bundles over contractible bases are trivialisable.
Hence, for i = 0, 1, there is a (d−1)-dimensional closed topological submanifold
Zi ⊂ (0, 1)n−1 such that Yi is the graph of a family of topological embeddings
ei : [0, 1]×D

k → EmbTop(Zi, (0, 1)
n−1). By the isotopy extension theorem (The-

orem A.4) there is a family of homeomorphisms ηi : [0, 1]×D
k → Top((0, 1)n−1)

such that ei is obtained by restricting each ηi(t, d) : (0, 1)
n−1 → (0, 1)n−1 to

Zi ⊂ (0, 1)n−1. Let ǫ > 0 be as above and let λ : [0, 1]→ [0, 1] be a continuous
function that is 1 near 0 and 0 near 1. Then we may define the submersion
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t0 t1

Y 0 Y 1

Figure 5: A 0-simplex in ψTop,ξ(1, 2, 1)((t0, Y 0), (t1, Y 1)).

part of the lift as follows: the fibre over (t, d) ∈ [0, 1]×Dd is

X(t,d) =





X0,d in [ǫ, 1− ǫ]× (0, 1)n−1,

η0(tλ(|s|/ǫ), d)(Z0) in {s} × (0, 1)n−1, s ∈ (−ǫ, ǫ],

η1(tλ(|1 − s|/ǫ), d)(Z1) in {s} × (0, 1)n−1, s ∈ [1− ǫ, 1 + ǫ).

We finally explain how to add the ξ-structures. The ξ-structures on X and
the Yi’s give a ξ-structure on the lift which is defined on all of the fibres over
{0} ×Dd, and over [0, 1]×Dd only on the part of the fibres inside (−ǫ′, ǫ′) ×
(0, 1)n−1 ∪ (1 − ǫ′, 1 + ǫ′)× (0, 1)n−1 for some ǫ > ǫ′ > 0. We can then use the
microbundle homotopy covering theorem to extend it (Theorem A.17).

To investigate the dependence on n, we shall use the following definition.

Definition 4.10. Given t0 < t1 and Y 0, Y 1 ∈ ψ
Top,ξ(d− 1, n− 1, 0), we define

ψTop,ξ(d, n, 1)((t0, Y 0), (t1, Y 1))

to be the colimit as ǫ→ 0 of the subsimplicial sets of ΨTop,ξ
d ((t0−ǫ, t1+ǫ)×R

n−1)
consisting of X = (X,ϕ) such that X ∩ ((t0 − ǫ, t0 + ǫ) × (0, 1)n−1) ∼= (t0 −
ǫ, t0 + ǫ)× Y 0 and X ∩ ((t1 − ǫ, t1 + ǫ)× (0, 1)n−1) ∼= (t1 − ǫ, t1 + ǫ)× Y 1.

As in Lemma 4.3, as n→∞ the simplicial set ψTop,ξ(d, n, 1)((t0, Y 0), (t1, Y 1))

approximates the disjoint union of the classifying spaces BTopξ∂(W ) over all
homeomorphism types of d-dimensional manifolds W with boundary identified
with Y0 ⊔ Y1.

Lemma 4.11. Suppose d ≥ 5 and n− d ≥ 3, then the maps BCob
Top,ξ(d, n)→

BCobTop,ξ(d, n+ 1) are (n− 2d− 1)-connected.

Proof. By [ERW19, Lemma 2.4] it suffices to show that the map on p-simplices
of the nerves is (n − 2d − 1)-connected for all p ≥ 0. As in the proof of
Lemma 4.9, without loss of generality all (0,∞)-parameters are equal to 1. By
Lemma 4.9, there is a map of fibre sequences based at a sequence of objects
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(Y 0, . . . , Y p) for 0 ≤ i ≤ p,

∏p−1
i=0 ψ

Top,ξ(d, n, 1)((0, Y i), (1, Y i+1))

∏p−1
i=0 ψ

Top,ξ(d, n+ 1, 1)((0, Y i), (1, Y i+1))

NpCob
Top,ξ(d, n)

NpCob
Top,ξ(d, n+ 1)

ψTop,ξ(d− 1, n− 1, 0)p+1

ψTop,ξ(d− 1, n, 0)p+1.

It suffices to prove that the restriction of the maps to each of the path com-
ponents of the bases and fibres is (n − 2d − 1)-connected, because as soon as
2d+ 2 < n the map on the base spaces is a bijection on path components.
The map on bases is a (p+1)-fold product of the map ψTop,ξ(d− 1, n− 1, 0)→
ψTop,ξ(d−1, n, 0) induced by the inclusion (0, 1)n−1 →֒ (0, 1)n. This is (n−2d)-
connected by Lemma 4.4. The top-left corner is a product of spaces given
by a disjoint union over all homeomorphism classes of compact d-dimensional
topological manifolds W with identifications ∂W = Yi ⊔ Yi+1 of the spaces

EmbTop((W,∂W ), ([0, 1]× (0, 1)n−1, {0, 1}× (0, 1)n−1))×Top∂(W )Bun∂(TW, ξ),

where the embeddings are restricted to be the identity on Yi and Yi+1 on ∂W .
A similar statement holds for the top right corner, with n − 1 replaced by n.
The map is induced by the inclusion (0, 1)n−1 →֒ (0, 1)n and this is (n − 2d−
1)-connected by the same argument as in Lemma 4.4, using the version of
Theorem B.2 with boundary.

4.3 Comparison to long manifolds

The nerve of CobTop,ξ(d, n) is weakly equivalent to the following semi-Segal
object consisting of long manifolds.

Definition 4.12. Let ψTop,ξ
Cob

(d, n, 1)• be the semisimplicial simplicial set with
simplicial set of p-simplices given by the subsimplicial set of Sing(R)p+1 ×
ψTop,ξ(d, n, 1) consisting of

· a (p+ 1)-tuple of real valued functions t0 < . . . < tp, and

· anX such that there exists an ǫ > 0 so thatX∩((ti−ǫ, ti+ǫ)×(0, 1)
n−1) =

(ti − ǫ, ti + ǫ)× (X ∩ ({ti} × (0, 1)n−1)) for 0 ≤ i ≤ p.

The ti’s as in the previous definition will be called slices for X; they demarcate
sections of the long manifoldX which are locally translational products, and are
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t0 t1 t2

t0 < t1 < t2 ∈ R

Figure 6: A 0-simplex in ψTop,ξ
Cob

(1, 2, 1)2, the red strips denoting the transla-
tionally constant regions.

allowed to vary when moving over the base. Let us spell this out: a k-simplex of
the simplicial set of p-simplices consists of a topological submanifold X ⊂ ∆k×
R× (0, 1)n−1 such that (∆k ×R× (0, 1)n−1, X)→ ∆k is a relative topological
submersion of relative dimension (n, d). This comes with ξ-structure on the
vertical tangent microbundle of X , and p+1 continuous functions ti : ∆

k → R

such that for each d ∈ ∆k the manifold Xd as well as its ξ-structure are a
product near {ti(d)} × (0, 1)n−1. See Figure 6 for an example when k = 0.
There is a semisimplicial map

r• : ψ
Top,ξ
Cob

(d, n, 1)• −→ N•Cob
Top,ξ(d, n)

sending ((t0 < . . . < tp), X) to the sequence of composable morphisms given by
(ti+1−ti, X i), where Xi is obtained from X∩ [ti, ti+1]×(0, 1)n−1 by translating
it by −ti · e1 and then extending it semi-infinitely by translation out to −∞
and ∞.

Lemma 4.13. The map ||r•|| : ||ψ
Top,ξ
Cob

(d, n, 1)•|| → BCobTop,ξ(d, n) is a weak
equivalence.

Proof. By [ERW19, Theorem 2.2] it suffices to prove that r• is a levelwise
weak equivalence. We use that NpCob

Top,ξ(d, n) may be identified with the

subspace of ψTop,ξ
Cob

(d, n, 1)p of those ((t0, . . . , tp), (Y 0, . . . , Y p), X) such that
t0 = 0, X ∩ ((−∞, t0) × (0, 1)n−1) = (−∞, t0) × Y 0, and X ∩ ((tk,∞) ×
(0, 1)n−1) = (tk,∞) × Y k. We claim that the inclusion ip of NpCob

Top,ξ(d, n)

as a subspace of ψTop,ξ
Cob

(d, n, 1)p is a weak homotopy inverse to

rp : ψ
Top,ξ
Cob

(d, n, 1)p −→ NpCob
Top,ξ(d, n).

Clearly rp ◦ ip is the identity, so it suffices to show that ip is a weak equivalence.
That is, we shall show that any commutative diagram

∂Di NpCob
Top,ξ(d, n)

Di ψTop,ξ
Cob

(d, n, 1)p

ip
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t0 t1 t2

t0 < t1 < t2 ∈ R

Figure 7: The 0-simplex of Figure 6, after deforming it to lie in the image of ip.

can be homotoped through commutative diagrams to one where a lift ex-
ists. In other words, we are given a closed topological submanifold X ⊂
Di×R×(0, 1)n−1 such that (X,Di×R×(0, 1)n−1)→ Di is a relative topological
submersion of relative dimension (n, d) with a ξ-structure on the vertical tan-
gent microbundle of X . Additionally, we have slices ti : D

i → R for i = 0, . . . , p
and, as in the proof of Lemma 4.9 we can assume that the slice t0 is constantly
equal to 0. For d ∈ ∂Di, the fibre Xd is constant in (−∞, ǫ) × (0, 1)n−1 and
(tp(d)− ǫ,∞)× (0, 1)n−1, and we need to deform X so that this is true for all
d ∈ Di.
Pick a family of topological embeddings η : Di × [0, 1] → EmbTop(R,R) such
that

(i) η(d, 0) is the identity for all d ∈ Di,

(ii) η(d, t) is the identity on (−ǫ/2, tp(d) + ǫ/2),

(iii) η(d, 1) has image in (−ǫ, tp(d) + ǫ).

Then we may produce a relative submersion over Di × [0, 1] with ξ-structure
on the vertical tangent microbundle by taking as fibres

(d, t) 7−→ (η(t, d) × id(0,1)n−1)∗Xd.

Slices for this fibre are provided by those for (d, 0). This gives the desired
homotopy, the ξ-structures simply moved along during all the deformations.

4.4 Creating enduring transversality

In this section we prove two technical lemma’s about deforming topological
submanifolds with ξ-structure.
Let us fix an open subset U ⊂ Rn and a closed topological submanifold M ⊂ U
with normal microbundle ν. For a closed topological submanifold X ⊂ B × U
and b ∈ B, let us recall the notation Xb := X∩({b}×U) for the fibre over b. Let
⋔ denote microbundle transversality as in Definition A.20 (which suppresses the
normal bundle data from the notation). The reader should keep in mind the
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S(M) ν

S(b)

M

π

B
•
b

B

U

X

S(M) O(M)

S(b)

O(b)

M

π

B
•
b

B

U

h1(X)

Figure 8: On the right, the input of Lemma 4.14, and on the left its output.
Note that when d = 0, then being transverse to M is the same as being disjoint
from it.

example U = R× (0, 1)n−1, M = {a} × (0, 1)n−1 for a ∈ R, and B some small
ball in Di.
In the statement and proof of the following lemma, we shall use the notation
O(−) for an open neighbourhood of the given subspace, which is produced
during the proof and while giving the proof occasionally redefined. We shall also
use S(−) to denote a “support” open subset which one can specify beforehand.

Lemma 4.14. Fix a topological manifold B of dimension p, and suppose we are
given the following data:

· a closed topological submanifold X ⊂ B × U such that (B × U,X) → B
is a relative topological submersion of relative dimension (n, d),

· a submanifold M ⊂ U with normal microbundle ν,

· a point b0 ∈ B, and

· open neighbourhoods S(b0) ⊂ B and S(M) ⊂ U of M .

Moreover, let us denote the closure of S(M) in U by clU (S(M)). Then, if M
is compact or clU (S(M)) ∩Xb0 is compact, we can find:

(a) ( transversality over b0) an ambient isotopy ht of U (i.e., a homotopy of
homeomorphisms ht : B × U → B ×U commuting with the projection onto
B) supported in S(b0)×S(M) such that h1(X)b0 ⋔M (i.e., the fibre of the
map h1(X) →֒ B × U → B over b0 is microbundle transverse to M),

(b) ( locally constant) open neighbourhoods O(b0) ⊂ S(b0) and O(M) ⊂ S(M)
of b0 and M , so that h1(X)b ∩O(M) = h1(X)b0 ∩O(M) for all b ∈ O(b0).
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Necessarily h1(X)b ⋔M for all b ∈ O(b0) and in fact h1(X)∩(O(b0)×O(M)) ⋔
(O(b0)×M).

Proof. By picking a chart in B which is contained in S(b0), we can assume
without loss of generality that B is the closed unit ball B1 in Rp, S(b0) =
int(B1), and that b0 is the origin in Rp. Eventually, O(b0) will be a small
ball around the origin. Throughout the rest of this proof, even though we are
identifying b0 with the origin in Rp, we will continue to denote this point by b0.

Step 1: arranging (a). Let us first apply microbundle transversality (Theo-
rem A.21) with X = Xb0 ⊂ U , N = U , C = ∅, and D some closed neigh-
bourhood of M in U contained in S(M). The result is an ambient isotopy
kt : U → U of U supported in S(M) such that k1(Xb0) ⋔M .
Pick a continuous function λ : [0, 1] → [0, 1] which is 0 on [1/2, 1] and 1 on
[0, 1/4]. We now isotope X ⊂ B1 ×U (while preserving the map to B1) via an
ambient isotopy k̃t : B1 × U → B1 × U defined as follows:

k̃t(b, x) =

{
(b, x) if |b| > 1/2,

(b, ktλ(|b|)(x)) if |b| ≤ 1/2.

For t = 0, the composition k̃0(X) →֒ B1 × U → B1 is the original topological
submersion. For t = 1, the fibre of the composition k̃1(X) →֒ B1 × U → B1

over b0 is equal to k1(Xb0). In particular, this fibre is microbundle transverse
to M and we have thus arranged (a), transversality over b0. Since we only
modify Xb0 within compact subset of S(M), this preserves the property that
clU (S(M)) ∩Xb0 is compact.

Step 2: arranging (b). For simplicity, let us relabel the outcome k̃1(X) of step 1
to X . We next arrange (b) (i.e. make the fibres of X →֒ B1 × U → B1 locally
constant near b0) under the assumption that Xb0 ⋔ M . By this transversality
assumption and the hypotheses, Xb0 ∩M is a compact submanifold of Xb0 . We
may take a normal microbundle of Xb0 ∩M in Xb0 whose fibres coincide with
those of ν and whose total space is a compact topological submanifold with
boundary C ⊂ Xb0 ∩ S(M) (necessarily containing Xb0 ∩M).
By the union lemma for submersion charts (Theorem A.9) there is an r ∈
(0, 1/2), an open neighbourhood O(C) ⊂ Xb0 , and a map g : Br ×O(C) → X
over the projection to B1 which is an isomorphism onto its image. Moreover,
we can assume that the restriction of g on the fibre {b0} × O(C) agrees with
the natural inclusion O(C) →֒ Xb0 →֒ X . Restricting the composition Br ×

O(C)
g
−→ X →֒ B1 × U to Br × C gives us an isotopy e : Br × C → Br × U of

C in U parametrised by Br. Note that this isotopy e has the property that its
restriction to {b0} × C is equal to the natural inclusion C →֒ Xb0 →֒ X after
identifying C with {b0} × C. Consequently, we can find a path of isotopies
ẽt : Br×C → Br×U of C in U over Br such that ẽ1 = e and ẽ0 is the standard
inclusion Br ×C →֒ Br ×U . By shrinking r if necessary, we may assume there
is a closed subspace C(M) ⊂ S(M) such that the image of each isotopy ẽt is
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contained in Br×int(C(M)). By the isotopy extension theorem (Theorem A.4),
there hence exists a path of ambient isotopies ft : Br × U → Br × U of U
over Br which is supported in S(M) and such that ft extends ẽt for each t in
[0, 1]. Moreover, since ẽ0 was the standard inclusion Br × C →֒ Br × U , we
may assume that f0 is the identity homeomorphism from Br × U to itself.
Pick a continuous function η : [0, 1]→ [0, 1] which is 1 near 0 and 0 on [r/2, r],
and consider the ambient isotopy ht : B1×U → B1×U of U over B1 given by
the formula

ht(b, x) =

{
(b, x) if |b| > r,

f−1
η(|b|)t(b, x) if |b| ≤ r.

For t = 0, we have that h0(X) = X . On the other hand, for t = 1, the
intersection Xb0∩M (which is a subspace of U) is contained in the fibre h1(X)b
if |b| is sufficiently small. Also, h1(X)b coincides with C near Xb0 ∩M when b
is sufficiently close to b0. There may be other intersections of h1(X)b with M .
But for b even closer to b0 this cannot occur: by the assumption that M or
clU (S(M))∩X is compact, there is an open neighbourhood U ′ of M such that
Xb0 ∩ U

′ = C ∩ U ′, which implies that h1(X)b is disjoint from M except at
Xb0 ∩M for b ∈ B1 with Euclidean norm |b| sufficiently small.

If X came with a ξ-structure on its vertical tangent microbundle, then so
does the end result h1(X) of the previous lemma; one can move the ξ-structure
along the isotopy using the microbundle homotopy covering theorem, here The-
orem A.17. However, this ξ-structure need not be independent of b′ ∈ O(b) near
h1(X)b′ ∩O(M). To ameliorate this, apply to the output the following lemma:
take B the output O(b), U the output O(M), and S(b) an open neighbourhood
of b such that cl(S(b)) ⊂ O(b).

Lemma 4.15. Suppose we are given the following data:

· a closed topological submanifold X0 ⊂ U (so that (B×U,B×X0)→ B is
trivially a relative topological submersion of relative dimension (n, d) and
we write X := B ×X0),

· a ξ-structure ϕX : TπX → ξ on the vertical tangent microbundle of X,

· a closed subset K ⊂ X0,

· a point b ∈ B, and

· open neighbourhoods S(b) ⊂ B and S(K) ⊂ X0.

Then we can find:

(a) a homotopy ht of ξ-structures supported in S(b)× S(K),

(b) open subsets O(b) ⊂ S(b) and O(K) ⊂ S(K) such that h1|Xb′∩O(K) =
h1|Xb∩O(K) for all b′ ∈ O(b).
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Proof. As in the previous lemma, without loss of generality we can assume that
B = B1 and b is the origin. O(b) will eventually be a small ball around the
origin. By normality, there exist open subsets W0 and W1 of X0 such that
K ⊂ W0 and X0 \ S(K) ⊂ W1. Then we may construct a ξ-structure on the
subset of [0, 1]×X given by {0} ×X ∪ [0, 1]×B1 × (W0 ∪W1) as follows: on
{0} ×X it is ϕX , on [0, 1]×B1 ×W1 it is ϕX ◦ p1̂ (where p1̂ is the projection
which forgets the first factor), but on [0, 1] × B1 ×W0 it is given at (t, b, x)
by ϕX at (λt(b), x), where λt is a family of maps B1 → B1 such that (i) it
is the identity outside B1/2, (ii) is the identity for t = 0, and (iii) for t = 1
it collapses a neighbourhood of the origin onto the origin. We may extend
this ξ-structure to all of [0, 1] × X using the microbundle homotopy covering
theorem (Theorem A.17).

4.5 Comparing long manifolds to the cobordism category

There is a zigzag

ψTop,ξ(d, n, 1)
ǫ
←− ||ψTop,ξ

Cob
(d, n, 1)•||

≃
−→ BCobTop,ξ(d, n),

where the left map is induced by the augmentation ǫ• : ψ
Top,ξ
Cob

(d, n, 1)• →
ψTop,ξ(d, n, 1) which forgets all but X . We showed that the right map is a
weak equivalence in Lemma 4.13.
In this section we will prove that the left map is also a weak equivalence,
using the results of the previous subsection. This involves an application of
microbundle transversality, and thus requires the existence of some normal
bundles. In our case, one of the two submanifolds will be of the form {t0} ×
(0, 1)n−1 ⊂ R × (0, 1)n−1, which has a standard normal microbundle ν :=
({t0} × (0, 1)n−1,R× (0, 1)n−1, id, π) with π(t, x) := (t0, x).

Proposition 4.16. The map ǫ is weak equivalence.

Proof. Suppose we are given a commutative diagram

∂Di ||ψTop,ξ
Cob

(d, n, 1)•||

Di ψTop,ξ(d, n, 1).

ǫ

Then we must homotope it through commutative diagrams to one where
there exists a lift. Without loss of generality, there is a lift over an open
neighbourhood U ′ of ∂Di. Thus, we have a closed topological submanifold
X ⊂ Di×R× (0, 1)n−1 such that the map π : (Di×R× (0, 1)n−1, X)→ Di is a
relative topological submersion of relative dimension (n, d), with a ξ-structure
on the vertical tangent microbundle of X . We additionally have a collection of
(Uk, tk, sk), where the Uk are open subsets in an open cover {Uk} of U ′, and
for each Uk we have a slice tk : Uk → R and a compactly supported continuous

Documenta Mathematica 27 (2022) 2107–2182



The Topological Cobordism Category 2143

weight function sk : Uk → [0, 1] such that for each b ∈ s−1
k ((0, 1]) the fibre Xb

is microbundle transverse to {tk(b)} × (0, 1)n−1 at its standard normal bundle.
Let T ⊂ R denote the union of the images of the maps tk, which without loss
of generality we may assume to be bounded by shrinking U ′ if necessary.

Claim. We may assume that for all b ∈ Di\U ′ there exists an element t ∈ R\T
and an open neighbourhood W of {t}× (0, 1)n−1 such that Xb ⋔ {t}× (0, 1)n−1

and Xb ∩W = Xb′ ∩W for b′ near b.

Proof. Pick (i+2) pairwise disjoint intervals {[aj−ηj , aj+ηj ]}0≤j≤i+1 in R\T ,
which is possible since T is bounded. Pick for each b ∈ int(Di) an i-dimensional
embedded ball B1(b) ⊂ int(Di) with origin mapping to b.
For each b ∈ int(Di) and 0 ≤ j ≤ i + 1, apply Lemmas 4.14 and 4.15 to
the family F obtained by restricting X to U = R × (0, 1)n−1, B = B1(b),
letting S(b) = B1/2(b), takingM = {aj}×(0, 1)n−1 and finally letting S(M) =
(aj − ηj , aj + ηj) × (0, 1)n−1. The conclusion is that we can isotope X and
change its ξ-structure using a homotopy supported in S(b) × S(M) such that
there is an open neighbourhood Uj(b) of b over which the end result is constant
near {aj}× (0, 1)n−1 and transverse to {aj}× (0, 1)n−1. Since there are finitely
many j, we may without loss of generality assume that Uj(b) = Uj′(b) and thus
drop the subscripts.
Since Di is an i-dimensional manifold, it has Lebesgue covering dimension i.
This means that there are open subsets Ũ(b) ⊂ U(b) and Ũ ⊂ U ′ which (a)
cover Di, and (b) have the property that each d ∈ Di is contained in at most
i + 1 of these subsets. Since Di is compact, we may assume that only finitely
many of these are non-empty: Ũ and Ũ(bk) for 1 ≤ k ≤ K. Since Di is
paracompact we may pick a partition of unity subordinate to Ũ and Ũ(bk). By
normalization we may obtain from this [0, 1]-valued continuous functions σŨ
and {σŨ(bk)

}1≤k≤K supported in Ũ and Ũ(bk) respectively, such that for all

d ∈ Di at least one of these functions has value 1 on a neighbourhood of d.
The finite graph with a vertex for each element of this cover and an edge
whenever two elements have non-empty intersection, has vertices of valence
≤ i + 1. Hence its chromatic number is ≤ i + 2, and we can assign to each
1 ≤ k ≤ K a number 0 ≤ c(k) ≤ i + 1 such that c(k) 6= c(k′) if k 6= k′ and
Ũ(bk) ∩ Ũ(bk′) 6= ∅.
Now, by our choice of the open sets Ũ(bk), there exists for each 1 ≤ k ≤ K
an isotopy Hk

t of X over Ũ(bk) which is supported in (ac(k) − ηc(k), ac(k) +
ηc(k)) × (0, 1)n−1 and such that the fibres of the end result are constant near
{ac(k)} × (0, 1)n−1 and transverse to {ac(k)} × (0, 1)n−1. From this we can
construct an isotopy over the whole disc Di by taking

H̃k
t := Hk

t·σŨ(bk)
.

That is, we use the function σŨ(bk)
to cut off Hk

t . It is possible to do all
of the isotopies H̃k

t simultaneously, because whenever there is a non-empty
intersection Ũ(bk) ∩ Ũ(bk′) 6= ∅, these isotopies have disjoint support in the
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codomain. The result is a new family X such that for each d ∈ Di \ U there
is at least one t ∈ R such that near b the fibre Xb′ is independent of b′ near
{t} × (0, 1)n−1 and transverse to this submanifold.

Given the claim above, we may cover Di by U ′ and open subsets Vℓ for 1 ≤ ℓ ≤
L for which we can find slices tℓ : Vℓ → R \ T . Pick a subordinate partition of
unity given by η supported in U ′ and ηℓ supported in Vℓ, and replace (Uk, tk, sk)
by (Uk, tk, ηsk) and add (Vℓ, tℓ, ηℓ) for 1 ≤ ℓ ≤ L.

Remark 4.17. The claim in the above proof also shows that an alternative def-
inition of CobTop,ξd (n) with discrete objects has a weakly equivalent classifying
space, as the slices tℓ produced at the very end of the previous proof will be
constant functions.

5 Microflexibility for spaces of topological manifolds

In this section we give a proof of the variant of Theorem 2.13 for topological
manifolds. Though we believe there are no difficulties in applying the iterated
delooping argument, inspired by [RW11] instead we prove microflexibility of a
certain sheaf and apply Gromov’s h-principle.

5.1 Gromov’s h-principle

In [Gro86], Gromov gave a general theory of h-principles on open manifolds.
We describe it in this subsection, and later this section apply it to spaces of
topological manifolds. The objects studied in this theory are invariant topo-
logical or simplicial sheaves on manifolds, such as the examples ΨDiff,υ

d (−) or

ΨTop,ξ
d (−). A crucial role in Gromov’s theory is played by the notion of a Serre

microfibration. This notion makes sense for simplicial sets that extend to qu-
asitopological spaces, such as our ΨTop,ξ

d (M), which is exactly the setting in
which Gromov works, cf. [Gro86, Section 1.4.1].

Definition 5.1. A map f : E → B of topological spaces or quasitopological
spaces is said to be a Serre microfibration if in each commutative diagram

Di E

[0, 1]×Di B.

f

there exists an ǫ > 0 and a partial lift over [0, ǫ]×Di.

Definition 5.2. Let Φ be an invariant simplicial sheaf on topological manifolds,
whose values extend to quasitopological spaces.
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· Φ is said to be microflexible if for all pairs L ⊂ K of compact subsets
of all topological manifolds M the following restriction map is a Serre
microfibration

Φ(K ⊂M) −→ Φ(L ⊂M).

· Φ is said to be flexible if for all pairs L ⊂ K of compact subsets of all
topological manifolds M the following restriction map is a fibration

Φ(K ⊂M) −→ Φ(L ⊂M).

Remark 5.3. A sheaf Φ is microflexible (resp. flexible) with respect to all pairs
(K,L) of compact subsets if and only if it is microflexible (resp. flexible) with
respect to pairs of the form (H∪(Dr×Dk−r), H) whereH ⊂M is an embedded
finite handlebody, see [KS77, Theorem V.A.1] or [Kup19, Lemma 3.3]. Using
the invariance of Φ, this may further be reduced to the case (K,L) = (Dr ×
Dk−r , Sr−1 ×Dk−r) in M = Rk.

Gromov’s theory of microflexible sheaves used the existence of triangulations
or handlebodies. This might cause a problem for topological 4-manifolds,
which may not necessarily admit such structures, but in [KS77, Appendix V.A],
Siebenmann described a proof of Gromov’s h-principle that avoids them. Up
to this caveat, the following result about flexible sheaves is proven in [Gro86,
Section 2.2.1].

Proposition 5.4 (Gromov). There exists an initial flexible approximation
Φ → Φf for any microflexible sheaf Φ. Given a k-dimensional topological
manifold M , and a topological Rk-bundle τM in the tangent microbundle TM
(which exists using Theorem A.18), the value of Φf on M is weakly equivalent
to the space of sections of the associated bundle

TΦ(Rk) := τM ×Top(k) Φ(R
k).

Furthermore, given a codimension zero embedding N ⊂ M , the following dia-
gram commutes up to homotopy

Φf (M) Φf (N)

Γ(M,TΦ(Rk)) Γ(N, TΦ(Rk)).

≃ ≃

That the above diagram only commutes up to homotopy is because we used
a bundle with fibre Φ(Rk) instead of a bundle of germs: we need to choose a
map τM → M which is an embedding on each fibre, and this may need to be
rechosen when restricting.
Up to caveat mentioned above, the following result about microflexible sheaves
is proven in [KS77, p. 260–261] or [Gro86, Section 2.2.2]:
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Theorem 5.5 (Gromov-Siebenmann). If Φ is a microflexible invariant topo-
logical sheaf on topological manifolds, then the map

Φ(M relA) −→ Φf (M relA)

is a weak equivalence for all A ⊂ M closed such that no component of M \ A
has compact closure.

5.2 Applying the h-principle

The following observation appears in [RW11, Dot14] for the smooth case, where
the proof is easier because being an embedding is an open condition. Our proof
instead relies on respectful isotopy extension.

Proposition 5.6. The invariant topological sheaf ΨTop,ξ
d (−) is microflexible.

Proof. We must find an ǫ > 0 and a partial lift over [0, ǫ]×Di in each commu-
tative diagram

Di ΨTop,ξ
d (Dr ×Dk−r ⊂ Rk)

[0, 1]×Di ΨTop,ξ
d (Sr−1 ×Dk−r ⊂ Rk).

For the benefit of the reader we first prove the case i = 0; the proof in the case
i > 0 is exactly analogous but involves more notation. In the case i = 0, the
top map is represented by the following data:

· an open subset O(Dr ×Dk−r) ⊂ Rk,

· a closed topological submanifold X ⊂ O(Dr ×Dk−r), and

· a ξ-structure on its tangent microbundle TX .

The bottom map is represented by similar data:

· open subsets O([0, 1]) ⊂ R and O(Sr−1 ×Dk−r) ⊂ Rk,

· a closed topological submanifold X ′ ⊂ O([0, 1]) ×O(Sr−1 ×Dk−r) such
that π′ : (O([0, 1]) ×O(Sr−1 ×Dk−r), X ′) → O([0, 1]) is a relative topo-
logical submersion of relative dimension (r, d),

· a ξ-structure on its vertical tangent microbundle Tπ′X ′.

We use the abbreviations X = (X,ϕX) and X
′
= (X ′, ϕX′). Since the dia-

gram commutes, without loss of generality we can assume O(Sr−1 ×Dk−r) ⊂

O(Dr ×Dk−r), and X
′

0 = X ∩ O(Sr−1 ×Dk−r) (where X
′

0 is the fibre of X
′

over 0 ∈ O([0, 1]) together with its ξ-structure, as always). Our goal is to show

Documenta Mathematica 27 (2022) 2107–2182



The Topological Cobordism Category 2147

O(D1 ×D0)

X

X ′

X ′

10

Figure 9: The submanifolds X and X ′ for i = 0, d = 1, r = 1 and k = 1. The
goal is to extend X rightwards a little bit. The strategy is to straighten out
X ′ near 0, and extend X by translation.

that we may assume that X ′ = O([0, 1]) × X ′
0, by applying some homeomor-

phisms and shrinking some of the open subsets. Given this claim, it is easy to
extend X compatibly with X ′: we can take the extension to be O([0, 1]) ×X .
By construction, this comes with a ξ-structure over {0}×X∪X ′. As [0, 1]×X
deformation retracts onto {0} × X ∪ X ′ (e.g. combine Proposition A.6.7 and
Theorem A.6.9 of [FP90]), we may use the microbundle homotopy covering
theorem to extend the ξ-structure. This completes the proof in the case i = 0.

Claim 1. In the case i = 0, we may assume that X ′ = O([0, 1])×X ′
0.

Proof. Since X ′ is closed, so is the fibre X ′
0 over 0 ∈ O([0, 1]) and hence X ′

0 ∩
(Sr−1×Dk−r) is compact. Thus there is a finite collection of relative submersion
charts for (O([0, 1])×O(Sr−1 ×Dk−r), X ′)→ O([0, 1]) covering X ′

0 ∩ (S
r−1 ×

Dk−r). Using the union lemma (Theorem A.9 and the remarks following it)
with B = O([0, 1]), b0 = 0, and (E,E′) = (O([0, 1]) × O(Sr−1 × Dk−r), X),
we can combine these into a single relative submersion chart. By shrinking
its domain we may assume it is a product, and obtain a closed interval I ⊂
O([0, 1]) containing {0} in its interior and an open subset V ⊂ O(Sr−1×Dk−r)
containing Sr−1 ×Dk−r, together with an open embedding

ϕ : I × V −→ I ×O(Sr−1 ×Dk−r)

over I so that ϕ−1(X ′) = I × (V ∩X ′
0) and ϕ is the inclusion over {0}.

Pick a compact subset L of V containing Sr−1 × Dk−r in its interior, e.g.
an annulus. Then let K := L ∩ X ′

0, a compact subset of X ′
0. We apply

the form of the isotopy extension theorem in Theorem A.5 with k = 1 by
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identifying I with [0, 1], t corresponding to 0 under this identification, e = ϕ,
V = V , N = O(Sr−1×Dk−r), and K ⊂ V . The conclusion is that there exists
a homeomorphism Φ: I × O(Sr−1 × Dk−r) → I × O(Sr−1 × Dk−r) over I,
which is the identity over 0 and compactly-supported in the O(Sr−1 ×Dk−r)-
direction, such that Φ agrees with φ near Sr−1 ×Dk−r. Since it is compactly-
supported in the O(Sr−1 ×Dk−r)-direction, we may extend it by the identity
to I ×O(Dr ×Dk−r).
Upon applying Φ−1 to X ′ and Φ−1

0 to X , we may assume that X ′ contains the
product U×K. As (I×L)∩X ′ is compact because X ′ is closed andK = X ′

0∩L,
there is an open neighbourhood U ′ of 0 in I and an open neighbourhood V ′ of
Sr−1×Dk−r in int(L) such that (U ′×V ′)∩X ′ = U ′×(V ′×K). Reparametrizing
the interval, taking O([0, 1]) := U ′ and O(Sr−1, Dk−r) = V ′, we have achieved
our stated goal.

Let us now do the case i > 0. The main difference is that we now need to take
care of the Di’s. This involves an additional open subset of Ri containing Di,
which we think of not as additional parameters but as a providing a collection
of closed subsets to be respected (we comment on this in Remark 5.7). The
top map is represented by the following data:

· open subsets O(Di) ⊂ Ri and O(Dr ×Dk−r) ⊂ Rk,

· a closed topological submanifold X ⊂ O(Di)×O(Dr ×Dk−r) such that
π : (O(Di) × O(Dr × Dk−r), X) → O(Di) is a relative topological sub-
mersion of relative dimension (r, d), and

· a ξ-structure ϕX on its vertical tangent microbundle TπX .

The bottom map is represented by similar data:

· open subsets O([0, 1]) ⊂ R, and O(Sr−1 ×Dk−r) ⊂ Rk,

· a closed topological submanifoldX ′ ⊂ O([0, 1])×O(Di)×O(Sr−1×Dk−r)
such that π′ : (O([0, 1]) × O(Di) × O(Sr−1 × Dk−r), X ′) → O([0, 1]) ×
O(Di) is a relative topological submersion of relative dimension (r, d),
and

· a ξ-structure ϕX′ on its vertical tangent microbundle Tπ′X ′.

We again use the abbreviationsX = (X,ϕX) andX
′
= (X ′, ϕX′). Without loss

of generalityO(Sr−1×Dk−r) ⊂ O(Dr×Dk−r), andX
′

0 = X∩O(Di)×O(Sr−1×

Dk−r). Here we retain the use of X
′

0 for X ∩ ({0}×O(Di)×O(Sr−1×Dk−r)),
which coincides with (π′)−1({0} × O(Di)). We will mimic the strategy in the
case i = 0 and our goal is to show that we may assume that X ′ = O([0, 1])×X ′

0.
Given this, we can extend by O([0, 1])×X as before, and the ξ-structures may
be taking care of as before.

Claim 2. In the case i > 0, we may assume that X ′ = O([0, 1])×X ′
0.
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Proof. To do so, consider the composite projection

q : (O([0, 1])×O(Di)×O(Sr−1×Dk−r), X ′) −→ O([0, 1])×O(Di) −→ O([0, 1]).

There is a collection C of closed subsets in O([0, 1])×O(Di)×O(Sr−1×Dk−r

given by (O([0, 1]) × {x} × O(Sr−1 × Dk−r)) with x ∈ O(Di). Relative sub-
mersion charts for X ′ → O([0, 1]) × O(Di) give rise to relative submersion
charts for q respecting C , because respecting C means preserving the projec-
tion to O(Di). As before, we combine these using Theorem A.9 into a single
respectful relative submersion chart for q and upon shrinking its domain ob-
tain a closed interval I ⊂ O([0, 1]) containing {0} in its interior and an open
subset V ⊂ O(Sr−1 ×Dk−r) containing Sr−1 ×Dk−r , together with an open
embedding

ϕ : I × (X ′
0 ∩O(D

i)× V ) −→ X ′ ∩ (O([0, ǫ])×O(Di)×O(Sr−1 ×Dk−r)

over I×O(Di) so that ϕ−1(X ′) = I×((O(Di)×V )∩X ′
0) and ϕ is the inclusion

over {0}.
Pick a compact subset L ⊂ V containing Sr−1 × Dk−r in its interior and let
K := (O(Di)×L)∩X ′

0. Using respectful isotopy extension as in Theorem A.5
with respect to closed subsets O([0, 1]) × {x} × O(Sr−1 ×Dk−r), we obtain a
homeomorphism Φ: I×O(Di)×O(Sr−1×Dk−r)→ I×O(Di)×O(Sr−1×Dk−r)
over I×O(Di) which is compactly supported in the O(Sr−1×Dk−r)-direction.
Applying Φ−1, restricting and renaming, we again have achieved our stated
goal.

Having proved both the cases i = 0 and i > 0, we are done.

Remark 5.7. Let us comment on the reason for considering the Di-parameter
as a collection of closed subsets to be respected instead of an additional set
of parameters. Firstly, Theorem A.9 is a statement about charts for a subset
of a single fibre. We are thus forced to think of the intersection of X ′ with
{0} × O(Di) × O(Sr−1 × Dk−r) as a fibre of the map to O([0, 1]). To keep
track of O(Di)-parameters we recast them as fibres of the projection to O(Di).
Secondly, at the end of the proof, isotopy extension is used. Ordinary ver-
sions of this require as input an isotopy of a fixed subset, but the fibres of K
change while moving over O(Di). Hence we think of X ′ as obtained by single-
parameter isotopy of K respecting the closed subsets by fibres of the projection
to O(Di).

A consequence of this proposition and Theorem 5.5 is the following:

Proposition 5.8. There is a weak equivalence BCobTop,ξ(d, n) ≃

Ωn−1ΨTop,ξ
d (Rn) natural in ξ. Furthermore, for all n ≥ 1 there is a zigzag of

commutative diagrams

BCobTop,ξ(d, n) · · · Ωn−1ΨTop,ξ
d (Rn)

BCobTop,ξ(d, n+ 1) · · · ΩnΨTop,ξ
d (Rn+1).

≃ ≃

≃ ≃
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Proof. Apply Theorem 5.5 to M := R×Dn−1 with boundary condition ∅ near
∂M = R× ∂Dn−1. Then we obtain that

ΨTop,ξ(d,M rel ∂M) ≃ Map∂(M,ΨTop,ξ(d,Rn)) ≃ Ωn−1ΨTop,ξ(d,Rn)

where in the first weak equivalence we used that R × Dn−1 is parallellizable.
The map ι : Rn →֒ Rn+1 induces compatible vertical maps; for the right hand-
side we use that we can write down compatible maps TRn → Rn and TRn+1 →
Rn+1 which are an embedding on each fibre.

The following corollary is obtained from the previous proposition by letting
n→∞, and is phrased using the spectrum of Definition 3.13.

Corollary 5.9. We have that BCobTop,ξ(d) ≃ Ω∞−1ΨTop,ξ(d).

6 Smoothing spectra of topological manifolds

Given a d-dimensional vector bundle υ, which is in particular a topological Rd-
bundle, there is heuristically a map of spectra ΨDiff,υ(d)→ ΨTop,υ(d) obtained
by forgetting the smooth structures. Of course the former is a spectrum of
topological spaces and the latter of simplicial sets, so this does not make sense
without the following convention:

Convention 6.1. In this section, whenever we talk about smooth manifolds
or spaces derived from them, we take their smooth singular simplicial sets as
in Definition 2.7 without changing the notation.

Having established this, there is a map of spectra of simplicial sets

ΨDiff,υ(d) −→ ΨTop,υ(d),

and in this section we prove that this map is nearly always a weak equivalence:

Theorem 6.2. If d 6= 4, the map ΨDiff,υ(d)→ ΨTop,υ(d) is a weak equivalence.

6.1 Smoothing theory with tangential structures

Before proving Theorem 6.2, we need to understand smoothing theory with
tangential structures. Let υ be a d-dimensional vector bundle and M be a
topological manifold. Fix germs of a smooth structure and of a map of vector
bundles TM → υ near ∂M . For each smooth structure σ extending the germ
of smooth structure there is a map Diff∂(Mσ)→ Top∂(M). The simplicial set
BunDiff

∂ (TMσ, υ) of vector bundle maps admits an action of Diff∂(Mσ), and this

may be extended to an Top∂(M)-action on the simplicial set BunTop∂ (TM, υ)
of microbundle maps. Thus there is a map of homotopy quotients

BDiffυ∂(Mσ) = BunDiff
∂ (TMσ, υ) � Diff∂(Mσ)

BTopυ∂(M) = BunTop∂ (TM, υ) � Top∂(M).
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The target admits an alternative description, analogous to the smooth setting
in Section 2.1.5. Let us pick a map υ → υuniv of d-dimensional vector bundles,
and υuniv → ξuniv of topological Rd-bundles, both of which without loss of
generality have underlying maps which are Hurewicz fibrations. Let X υ∂ (M)
denote the space of commutative diagrams of maps of topological Rd-bundles

υ

υuniv

TM ξuniv,

that are equal to the given germ near ∂M . Then there is a Top∂(M)-

equivariant map BunTop∂ (TM, υ) → X υ∂ (M), given by composing with the
maps υ → υuniv and υuniv → ξuniv. Because the top map uniquely deter-
mines the remaining maps, this is an isomorphism of simplicial sets and hence
BTopυ∂(M) ∼= X υ∂ (M) � Top∂(M).

Proposition 6.3. Let d 6= 4, υ be a d-dimensional vector bundle, M be a
topological manifold, and fix germs of a smooth structure and of a map of
vector bundles TM → υ near ∂M . Then the map

⊔

[σ]

BDiffυ∂(Mσ) −→ BTopυ∂(M)

is a weak equivalence, where [σ] ranges over diffeomorphism classes of smooth
manifolds homeomorphic to M rel a neighbourhood of ∂M .

Proof. The maps BunDiff
∂ (TMσ, υ)→ X

υ
∂ (M) induce a map

⊔

[σ]

BunDiff
∂ (TMσ, υ) � Diff∂(Mσ) −→ X

υ
∂ (M) � Top∂(M).

Let X∂(M) denote the space of commutative diagrams of topological Rd-bundle
maps

υuniv

TM ξuniv.

Then we have a map

⊔

[σ]

BunDiff
∂ (TMσ, υ

univ) � Diff∂(Mσ) −→ X∂(M) � Top∂(M)
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which fits in a commutative diagram

⊔
[σ] Bun

Diff
∂ (TMσ, υ) � Diff∂(Mσ) X υ∂ (M) � Top∂(M)

⊔
[σ] Bun

Diff
∂ (TMσ, υ

univ) � Diff∂(Mσ) X∂(M) � Top∂(M),

(2)

with bottom map a weak equivalence by smoothing theory, Corollary A.25. To
prove that the top map is a weak equivalence, and hence the proposition, it
suffices to prove that the diagram is homotopy cartesian.
Since Diff∂(Mσ) is a group, [Seg74, Proposition 1.6] applies to tell us that

⊔
[σ] Bun

Diff
∂ (TMσ, υ)

⊔
[σ] Bun

Diff
∂ (TMσ, υ) � Diff∂(Mσ)

⊔
[σ] Bun

Diff
∂ (TMσ, υ

univ)
⊔

[σ] Bun
Diff
∂ (TMσ, υ

univ) � Diff∂(Mσ)

is homotopy cartesian. Similarly, the following is homotopy cartesian:

X υ∂ (M) X υ∂ (M) � Top∂(M)

X∂(M) X∂(M) � Top∂(M).

Because BunDiff
∂ (TMσ, υ

univ) is weakly contractible by the proof of Lemma 2.8,
the homotopy fibre of the left vertical map of (2) over the component σ of the
left-bottom corner is BunDiff

∂ (TMσ, υ).
On the other hand, we claim that the map X υ∂ (M) → X∂(M) is a fibration.
This is a consequence of the underlying map of υ → υuniv being a fibration and
the bundle homotopy covering theorem. Thus the homotopy fibre of the right
vertical map of (2) over a fixed topological Rd-bundle map ℓ : TM → υuniv is
weakly equivalent to the fibre, which is the space of lifts of maps of topological
Rd-bundles

υ

TM υuniv.ℓ

The map ℓ endows TM with a vector bundle structure, which by smoothing
theory comes from some smooth structure σ, unique up to isotopy. The con-
dition that a topological Rd-bundle map TM → υ is a vector bundle map
with respect to this vector bundle structure is exactly that it covers ℓ. Thus
the natural inclusion of BunDiff

∂ (TMσ, υ) into the homotopy fibre is an weak
equivalence. We have thus shown that both vertical homotopy fibres of (2) are
weakly equivalent to BunDiff

∂ (TMσ, υ), and the map between them is weakly
equivalent to the identity.
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We shall apply this to spaces of submanifolds of subsets of Euclidean space. In
addition to the data fixed above, we fix a compact codimension 0 smooth sub-
manifold N ⊂ Rn with smooth boundary ∂N . We also fix a smooth embedding
∂M →֒ ∂N and a germ of an extension of this to a smooth embedding of a
neighbourhood of ∂M into N .

Proposition 6.4. let d 6= 4, the map

⊔
[σ] Bun

Diff
∂ (TMσ, υ)×Diff∂(Mσ) EmbDiff

∂ (Mσ, N)

BunTop∂ (TM, υ)×Top∂ (M) EmbTop∂ (M,N)

is (2n− 3d− 3)-connected.

Proof. The map given in this proposition fits in the following commutative
diagram

⊔
[σ] Bun

Diff
∂ (TMσ, υ)×Diff∂(Mσ) EmbDiff

∂ (Mσ, N)
⊔

[σ]BDiffυ∂(Mσ)

BunTop∂ (TM, υ)×Top∂ (M) EmbTop∂ (M,N) BTopυ∂(M),

≃

where the right vertical map is a weak equivalence by Proposition 6.3. Thus the
left map is (2n− 3d− 3)-connected if and only if each map EmbDiff

∂ (Mσ, N)→

EmbTop∂ (M,N) on horizontal homotopy fibres is. This is the Theorem on the
bottom of page 147 of [Las76].

6.2 The proof of Theorem 6.2

We shall prove that the map ΨDiff,υ
d (Rn) → ΨTop,υ

d (Rn) between nth levels
of the spectra is approximately 2n-connected. In the first half of the proof,
we create smooth “radial slices” and “radial products.” We introduce some
notation for the latter.

Definition 6.5. Given an interval (a, b) ⊂ (0,∞), r ∈ (a, b), and submani-
fold Y of the sphere Sn−1

r := {x ∈ Rn | ||x|| = r}, we let the radial product
(a, b) ×rad Y be the submanifold of Sn−1

a,b := {x ∈ Rn | ||x|| ∈ (a, b)} consisting

of those points (s, θ) ∈ (0,∞)× Sn−1 in radial coordinates such that s ∈ (a, b)
and r · θ ∈ Y .

We now use these in two definitions, which differ in which parts of the manifolds
involved have a smooth structure:

Definition 6.6. Let ΨDiff,υ
d (Rn)• be the semisimplicial simplicial set with p-

simplices given by a disjoint union over (p + 1)-tuples 0 < r0 < . . . < rp of
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positive real numbers of the subsimplicial set1 of ΨDiff,υ
d (Rn) of X such that

there exists an ǫ > 0 so that

(i) Xd ⋔ Sn−1
ri for all d ∈ ∆k, and

(ii) Xd ∩ S
n−1
ri−ǫ,ri+ǫ = (ri − ǫ, ri + ǫ)×rad (Xd ∩ S

n−1
ri ) for all d ∈ ∆k.

Definition 6.7. Let ΨTop,υ
d (Rn)• be the semisimplicial simplicial set with p-

simplices given by a disjoint union over (p + 1)-tuples 0 < r0 < . . . < rp of

positive real numbers of the subsimplicial set of ΨTop,υ
d (Rn) of those k-simplices

X = (X,ϕX) such that there exists an ǫ > 0 so that

(i) X ∩ (∆k × Sn−1
ri−ǫ,ri+ǫ) is a k-simplex of ΨDiff,υ

d (Sn−1
ri−ǫ,ri+ǫ),

(ii) Xd ⋔ Sn−1
ri for all d ∈ ∆k,

(iii) Xd ∩ S
n−1
ri−ǫ,ri+ǫ = (ri − ǫ, ri + ǫ)×rad (Xd ∩ S

n−1
ri ) for all d ∈ ∆k.

Note that in the previous two definitions, the radii ri are given the discrete
topology. There is an augmentation ΨTop,υ

d (Rn)• → ΨTop,υ
d (Rn) given by send-

ing ((r0, . . . , rp), X) to X.

Lemma 6.8. The map ||ΨTop,υ
d (Rn)•|| → ΨTop,υ

d (Rn) is a pointed weak equiva-
lence when n ≥ 5 and n ≥ max(d+ 3, 2d+ 1).

Proof. We shall follow the outline of the proof of Proposition 4.16, with Sn−1
r

replacing {t} × (0, 1)n−1. Suppose we are given a commutative diagram

∂Di ||ΨTop,υ
d (Rn)•||

Di ΨTop,υ
d (Rn).

ǫ

Then we must homotope it through commutative diagrams to one where there
exists a lift, fixing ∅. Without loss of generality, such a lift exists over an open
neighbourhood U of ∂Di. That is, we have a closed topological submanifold
X ⊂ Di × Rn such that the map π : (Di × Rn, X) → Di is a relative topolog-
ical submersion of relative dimension (n, d), with a υ-structure on its vertical
tangent microbundle. We additionally have a collection of triples (Uk, rk, sk),
where the Uk ⊂ U form an open cover of U , and for each Uk we are also
given an rk ∈ (0,∞) and a compactly supported continuous weight function
sk : Uk → [0, 1] such that for d ∈ s−1

k ((0, 1]) ⊂ Uk the intersection Sn−1
rk ∩Xd is

smooth and Xd is a radial product near Sn−1
rk . Let R denote the collection of

rk’s, which without loss of generality we may assume to be finite.

Claim. We may assume that for all d ∈ Di \ U there exists an r ∈ (0,∞) \R,
an ǫ > 0, and an open neigborhood V of d in Di, such that

1Recall Convention 6.1.
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(i) X ∩ (V × Sn−1
r−ǫ,r+ǫ) is a closed smooth submanifold with map to V a

smooth submersion of relative dimension d, together with a υ-structure
on its vertical tangent bundle,

(ii) Xd ⋔ Sn−1
r for all d ∈ V ,

(iii) Xd ∩ S
n−1
r−ǫ,r+ǫ = (r − ǫ, r + ǫ)×rad (Xd ∩ S

n−1
r ), and

(iv) Xd ∩ S
n−1
r−ǫ,r+ǫ = Xd′ ∩ S

n−1
r−ǫ,r+ǫ for d

′ ∈ V .

Proof. Pick (i + 2) pairwise disjoint intervals {[aj − ηj , aj + ηj ]}0≤j≤i+1 in
(0,∞) \ R. Pick for each d ∈ int(Di) an embedded ball Bi(d) ⊂ int(Di) with
origin mapping to d.
For each d ∈ int(Di) and 0 ≤ j ≤ i + 1, we first apply Lemmas 4.14 and 4.15
to the family F obtained by restricting X to U = Bi(d), letting V = Bi1/2(d),

taking M = Sn−1
aj and finally letting W = Sn−1

(aj−ηj ,aj+ηj)
. The conclusion is

that we can isotope X and change its υ-structure with a homotopy supported
in V ×W such that there is an open neighbourhood Uj(d) of d over which the
end result is transverse to Sn−1

aj and radially constant near Sn−1
aj .

In contrast to Proposition 4.16, we are not done yet. Let Y d,j denote the
transverse intersection Xd ∩ S

n−1
aj , which is a compact topological manifold of

dimension (d − 1) with υ-structure. This extends to a radially constant topo-
logical manifold (aj − ǫj , aj + ǫj)×

rad Y d,j with υ-structure. This υ-structure
endows the tangent microbundle of (aj − ǫj , aj + ǫj) ×

rad Yd,j with a vector
bundle structure. We claim that we can find a smooth structure σ on Yd,j (pos-
sibly after modifying Yd,j in the case d = 4), and a homotopy of υ-structures
so that TYd,j ⊕ ǫ → υ is a map of vector bundles. At this point we need to
distinguish three cases, working from easiest to hardest:

d ≤ 4 Every topological manifold of dimension d′ ≤ 3 admits a unique smooth
structure, and every topological Rd

′

-bundle reduces uniquely to a vector
bundle up to isomorphism.

d ≥ 6 Smoothing theory and the product-structure theorem give rise to a
smooth structure σ on Yd,j. Furthermore, the π0-version of smoothing
theory with tangential structure as in Proposition 6.3, says that this
smooth structure can be chosen so that the map ϕd,j : (aj − ǫj , aj +
ǫj))×

rad T (Yd,j)→ υ of topological Rd-bundles is homotopic to a map of
d-dimensional vector bundles T (Yd,j)σ ⊕ ǫ→ υ.

d = 5 In this case is not necessarily true that the intersections Xd ∩ S
n−1
aj

admits a smooth structure. However, this is possible when after sta-
bilizing by connected sum with some copies of S2 × S2 by the Sum-
Stable Smoothing Theorem of [FQ90, Section 8.6] with corresponding
vector bundle structure homotopic to the map to υ. Let us pick a
chart R4 →֒ Yd,j in each path-component and isotope Yd,j such that
the composite R4 →֒ Yd,j →֒ Sn−1

aj is smooth; this is possible because
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EmbDiff(R4,Rn−1) →֒ EmbTop(R4,Rn−1) is a π0-isomorphism when
n− 4 ≥ 3, by [Las76, Proposition (t/d)].

We obtain a map (aj−ǫj, aj+ǫj)×
radR4 → (aj−ǫj, aj+ǫj)×

radYd,j such
that the radial height function to (aj − ǫj , aj + ǫj) has no singularities.
We explain how to modify the embedding of (aj − ǫj , aj + ǫj) ×

rad R4

into Sn−1
(aj−ǫj,aj+ǫj)

so that in the radial height function we introduce a

canceling pair of Morse singularities of index 2 and 3; in between the
critical values, this changes the level sets by connected sum with S2×S2.
It is then easy but tedious to add enough copies of S2 × S2 to each path
component of Yd,j so as to be able to apply the Sum-Stable Smoothing
Theorem.

To do so, we assume that n ≥ 6, switch to cartesian coordinates, and
take aj = 0 and ǫj = 1. Fix a family of generalized Morse functions
fs : R

4× (−1, 1)→ (−1, 1) which (i) is equal to the height function when
x21 + . . .+ x24+ t2 ≥ 1/2, (ii) is equal to the height function for t = 0, and
(iii) has two cancelling critical points index 2 and 3 for t = 1. Then we
write the height function (x1, . . . , xn) 7→ xn and take the embedding of
R4×(−1, 1) to be given by (x1, . . . , x4, t) 7→ (x1, . . . , x4, 0, . . . , 0, t). Then
we deform this embedding through the family of embeddings

(x1, . . . , x4, t)

(
x1, . . . , x4, stη(x

2
1 + . . .+ x24 + t2), 0, . . . , 0, fs(t, x1, . . . , x4)

)

for s ∈ [0, 1], where η : [0, 1] → [0, 1] is a smooth function that is 1 on
[0, 1/2] and 0 on near 1.

Of course, the (d − 1)-dimensional smooth manifold Yd,j ⊂ Sn−1
aj is not neces-

sarily smoothly embedded yet. However, the space of smooth embeddings is
non-empty when n − 1 ≥ 2(d − 1) (i.e. n ≥ 2d + 1) by the smooth Whitney
embedding theorem, and by Corollary B.2 the space of topological embeddings
is path-connected when (n − 1− 2(d − 1) − 2) ≥ 0, i.e. n ≥ 2d− 1, as long as
n ≥ 5 and n − d ≥ 3 (in fact, this is one of the cases where one can reduce
to the smooth case using [Las76, Theorem on page 147]). In particular, under
the hypothesis of the lemma we can isotope the (Yd,j)σ ⊂ S

n−1
aj to a smoothly

embedded submanifold.
Adding this isotopy and the homotopy of υ-structures to the ones previously
obtained, we conclude that we can isotope X and change its υ-structure with
a homotopy supported in V ×W so that conditions (i)–(iv) are satisfied. At
this point we can follow the proof of Claim in the proof of Proposition 4.16,
and we shall spare the reader the details.

Once the claim has been established, the proof follows that of Proposition 4.16.
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It is much easier to prove the smooth version; no smoothing theory or mi-
crobundle transversality is required and a version of the proof of [GRW10,
Theorem 3.10] gives us:

Lemma 6.9. The map ||ΨDiff,υ
d (Rn)•|| → ΨDiff,υ

d (Rn) is a pointed weak equiva-
lence.

There is a map of semi-simplicial spaces ΨDiff,υ
d (Rn)• → ΨTop,υ

d (Rn)•.

Lemma 6.10. If d 6= 4, the pointed map ||ΨDiff,υ
d (Rn)•|| → ||Ψ

Top,υ
d (Rn)•|| is

(2n− 3d− 3)-connected.

Proof. It suffices to prove that the map is levelwise (2n − 3d − 3)-connected.
Fixing p and a collection 0 < r0 < . . . < rp, there is a commutative diagram

ΨDiff,υ(Rn)p ΨTop,υ(Rn)p

ΨDiff,υ
d−1 (Sn−1)p+1 ΨDiff,υ

d−1 (Sn−1)p+1.

Applying the argument in Lemma 4.9 in the category of smooth manifolds tells
us that the vertical maps are Kan fibrations, so it suffices to prove that the
map on fibres has the desired connectivity. But the map on fibres is a disjoint
union of maps as in Proposition 6.4.

We shall now finish the proof:

Proof of Theorem 6.2. To prove that ΨDiff,υ(d) → ΨTop,υ(d) is a weak equiv-
alence of spectra, it suffices to prove that there exists a c ∈ Z so that for n
sufficiently large ΨDiff,υ

d (Rn) → ΨTop,υ
d (Rn) is a pointed (2n − c)-connected

map.
There is a commutative diagram of pointed simplicial sets

||ΨDiff,υ
d (Rn)•|| ||ΨTop,υ

d (Rn)•||

ΨDiff,υ
d (Rn) ΨTop,υ

d (Rn)

≃ ≃

with vertical maps weak equivalences if d 6= 4 and n is large enough. Further-
more, Lemma 6.10 proves that the top horizontal map is (2d−3d−3)-connected,
so we may take c = 3d+ 3.

7 Homotopy type of the topological cobordism category

In this section we shall prove Theorem B. We start by proving the analogue of
Theorem 2.25, next discuss the topological Madsen-Tillmann spectrum, and in
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Corollary 7.14 prove that for a topological Rd-bundle ξ the map MTTopξ →
ΨTop,ξ(d) is a weak equivalence. Using Corollary 5.9 there is then is a zigzag
of weak equivalences

BCobTop,ξ(d)←− · · · −→ Ω∞−1MTTopξ.

As in the previous section, our convention is to use simplicial sets of smooth
simplices instead of topological spaces when discussing smooth manifolds.

7.1 Excision in the tangential structure

In this section we prove the topological version of excision in the tangential
structure. To make sense of the statement, we need the analogues of Lem-
mas 2.18 and 2.19. Since their proofs only used facts about general principal
G-bundles, they also hold for topological Rd-bundles.

Lemma 7.1. If ξ• is a semisimplicial topological Rd-bundle which is levelwise
numerable, then ||ξ•|| is also a topological Rd-bundle. This is numerable if ξ•
is levelwise trivial.

Lemma 7.2. For every numerable topological Rd-bundle ξ, there is a level-
wise trivial semisimplicial topological Rd-bundle ξ• with a homotopy equivalence
||ξ•|| → ξ of numerable topological Rd-bundles.

We start with the analogue of Lemma 2.24, proven in an analogous manner:

Lemma 7.3. The construction ξ 7→ ΨTop,ξ(d) takes weak equivalences to weak
equivalences.

Proof. Let ϕ : ξ → ξ′ be a weak equivalence of topological Rd-bundles, with
underlying map of base spaces φ : B → B′. It suffices to establish a levelwise

pointed weak equivalence ΨTop,ξ
d (Rn) → ΨTop,ξ′

d (Rn); given a commutative
diagram

∂Di ΨTop,ξ
d (Rn)

Di ΨTop,ξ′

d (Rn)

we need to provide a lift after a homotopy through commutative diagrams
fixing ∅. This is represented by a closed topological submanifold X ⊂ Di×Rn

such that the map π : (Di×Rn, X)→ Di is a relative topological submersion of
relative dimension (n, d), with a ξ′-structure on its vertical tangent microbundle
TπX . Additionally, the ξ′-structure on TπX has a lift to a ξ-structure over ∂Di.
By [Mil59], the pair (X,X |∂Di) of topological manifolds has the homotopy type
of a pair of CW-complexes. Hence that the map φ is a weak equivalence implies
we can lift the map φX : X → B′ underlying the ξ′-structure TπX → ξ′ to a
map ϕX : X → B, at least after a homotopy through commutative diagrams
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which only modifies the maps to B and B′. Using the microbundle homotopy
covering theorem, Theorem A.17, this can be covered by maps of d-dimensional
topological microbundles. For details, see the proof of Lemma 2.24.

We now explain the analogue of Theorem 2.25, also proven in analogous fashion.
We give a map of spectra ||ΨTop,ξ•(d)|| → ΨTop,||ξ•||(d) by describing a map on

the nth levels ||Ψξ•d (Rn)|| → Ψ
||ξ•||
d (Rn) of these spectra. To do so, it suffices to

provide maps ∆p×Ψ
ξp
d (Rn)→ Ψ

||ξ•||
n (Rn) sending ∅ to ∅, which are compatible

with the face maps.
A k-simplex of the right hand side is a pair (σ, (X,ϕX)) where σ : [k]→ [p] is a
non-decreasing function and X ⊂ ∆k ×Rn is a closed topological submanifold
such that (∆k × Rn, X) → ∆k is a relative topological submersion of relative
dimension (n, d), with a ξp-structure on its vertical tangent microbundle. This
is sent to the pair (X, σX×ϕX), where X is as before but the ||ξ•||-structure on
its vertical tangent microbundle is given by the composition σX ×ϕX : TπX →
∆p × ξp → ||ξ•||. Here σX is the composition of the projection TπX → ∆k

followed by the map ∆k → ∆p obtained from σ by geometric realisation. This
is compatible with the structure maps of the spectra.

Theorem 7.4. If ξ• is a semisimplicial topological Rd-bundle which is levelwise
numerable, then we have a weak equivalence of spectra

||ΨTop,ξ•(d)||
≃
−→ ΨTop,||ξ•||(d).

Proof. Let us define ΨTop,ξ,const
d (Rn) as the subsimplicial set of ΨTop,ξ

d (Rn) with
k-simplices given by those pairs (X,ϕX) of a closed topological submanifold
X ⊂ ∆k × Rn such that π : (∆k × Rn, X) → ∆k is a relative topological sub-
mersion of relative dimension (n, d), and ϕX : TπX → ξ is a map of topological
microbundles such that the underlying map φX : X → B has the property that
for each b ∈ ∆k its restriction to Xb factors over a point.
The only smooth tool used in the proof of Lemma 2.27 was the vector bundle
homotopy covering theorem, so replacing this by the microbundle homotopy
covering theorem we obtain that ΨTop,ξ,const

d (Rn) →֒ ΨTop,ξ
d (Rn) is a weak

equivalence when the base of ξ is a CW complex. As in the proof of Theo-
rem 2.25, we may then use Lemma 7.3 to assume that each Bk and ||B•|| are
CW complexes and get a commutative diagram

||ΨTop,ξ•,const
d (d)|| ||ΨTop,ξ•

d (d)||

Ψ
Top,||ξ•||,const
d (d) Ψ

Top,||ξ•||
d (d)

≃

≃

with horizontal maps weak equivalences.
Let us compare the two simplicial sets on the left: k-simplices in the domain are
(σ, (X,ϕX )) as above with ϕX : TπX → ξp of the desired form (that is, the map
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underlying the tangential structure is fibrewise constant), while k-simplices in
target are (X,ϕX) with an ϕX : TπX → ||ξ•|| of the desired form. These are
not isomorphic: in particular, in a commutative diagram

∂Di ||ΨTop,ξ•,const
d (d)||

Di Ψ
Top,||ξ•||,const
d (d)

the top map comes with a simplicial triangulation of ∂Di such that on the map
φX |∂Di underlying the tangential structure is simplicial in the above sense,
while the bottom map does not. However, we can apply a relative simplicial
approximation theorem as in [Jar04] to the map underlying the tangential struc-
ture, and then use the microbundle homotopy covering theorem, to homotope
the bottom map appropriately.

7.2 The Thom spectrum of a topological Rd-bundle

We discuss a functorial construction ξ 7→MTTopξ associating to a topological
Rd-bundle ξ a Thom spectrum. To do so we reinterpret the Madsen-Tillmann
spectrum MTDiffυ for a d-dimensional vector bundle υ. As described in Sec-
tion 2.3, its (n+d)-th level is the Thom space Thom(π∗

υγ
⊥
d,n+d), which can also

be constructed as the homotopy cofibre of the sphere bundle

συd,n+d : Sπ
∗
υγ

⊥
d,n+d → GrDiff,υ

d (Rn+d).

This may be explicitly modeled by the mapping cone
(
[0,∞]× Sπ∗

υγ
⊥
d,n+d ⊔GrDiff,υ

d (Rn+d)
)
/∼

where the equivalence relation ∼ identifies (0, x) ∈ [0,∞] × Sπ∗
υγ

⊥
d,n+d with

συd,n+d(x) ∈ GrDiff,υ
d (Rn+d) and (∞, x) ∈ [0,∞] × Sπ∗

υγ
⊥
d,n+d with (∞, x′) ∈

[0,∞]× Sπ∗
υγ

⊥
d,n+d, which is easily identified with the pushout used before.

The mapping cone construction is homotopy invariant, so we get a homotopy
equivalent space if we replace the sphere bundle Sπ∗

υγ
⊥
d,n+d with the space

SGrDiff,υ
d (Rn+d) consisting of triples (x, P, φ) where x ∈ Rn+d \ P . Forget-

ting x gives a map Sυd,n+d : SGrDiff,υ
d (Rn+d) → GrDiff,υ

d (Rn+d) which fits in a
commutative diagram

Sπ∗
υγ

⊥
d,n+d SGrDiff,υ

d (Rn+d)

GrDiff,υ
d (Rn+d).

≃

συ
d,n+d

Sυ
d,n+d

It is this definition that adapts well to the topological setting. Recall that the
topological Grassmannian GrTopd (Rn+d) of d-planes in Rn+d of Definition 3.8 is
given by the simplicial set Top(n+ d)/(Top(d)× Top(n+ d, d)).
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Definition 7.5. We define the topological Grassmannian GrTop,ξd (Rn+d) of d-
planes in Rn+d with ξ-structure to be the simplicial set with k-simplices given
by pairs (P, ϕP ) of P ∈ GrTopd (Rn+d)k and ϕP : TπP⊕ǫ

d′−d → ξ, interpreting P
through its image as a closed topological submanifold of ∆k × Rn+d.

Lemma 7.6. The construction ξ 7→ GrTop,ξd (Rn+d) takes weak equivalences to
weak equivalences.

Proof. The hypothesis implies that BunTop(TRd, ξ) → BunTop(TRd, ξ′) is
a weak equivalence, hence so is its product with idTop(d). Since Top(n +
d pres d) →֒ Top(n + d) is a monomorphism of simplicial groups, taking the
quotient by Top(n+ d pres d) preserves weak equivalences.

A k-simplex in GrTop,ξd (Rn+d) in particular contains the data of a topological
submersion P → ∆k of relative dimension d, whose fibres are topological d-
planes in Rn+d that are the image of the standard plane Rd ⊂ Rn+d under
a homeomorphism of Rn+d. Thus for each b ∈ ∆k, the complement Rn+d\Pb
is homeomorphic to Rn+d\Rd and hence homotopy equivalent to an (n − 1)-
dimensional sphere.

Definition 7.7. We define SGrTop,ξd (Rn+d) to be the simplicial set with k-

simplices given by triples (x, P, ϕ) of (P, ϕ) ∈ GrTop,ξd (Rn+d)k and a continuous
map x : ∆k → ∆k × Rn+d\P over ∆k.

Remark 7.8. Using transitivity of the action of homeomorphisms on points,
this is isomorphic to the quotient

(BunTop(TRd, ξ)× Top(n+ d))/Top(n+ d pres d fix {ed+1})

where Top(n+d presd fix {ed+1}) ⊂ Top(n+d presd) is the subsimplicial group
fixing the point ed+1 ∈ Rn+d.

Sending (x, P, ϕ) to (P, ϕ) gives a map of simplicial sets

Sξd,n+d : SGrTop,ξd (Rn+d) −→ GrTop,ξd (Rn+d),

which is a Kan fibration with fibres homotopy equivalent to Sn−1. As a conse-
quence of the previous lemma, the construction ξ 7→ SGrTop,ξd (Rn+d) also takes
weak equivalences to weak equivalences. The (n+ d)th level of the topological
Madsen-Tillmann spectrum will then be given by the mapping cone of the map
Sξd,n+d.
To explain the structure maps, we let Σfib denote the unreduced fibrewise
suspension and construct a map ΣfibSGrTop,ξd (Rn+d)→ SGrTop,ξd (R1+n+d). To
do so, let ι : Rn+d →֒ R1+n+d denote the inclusion on the last n+d coordinates
and note that the map

[−1, 1]× SGrTop,ξd (Rn+d) −→ SGrTop,ξd (R1+n+d)

(t, x, P, ϕP ) 7−→ ((1− |t|)ι(x) + te1, ι(P ), ϕP ),
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sends for fixed (P, ϕP ) the set {(1, x, P, ϕP ) | x ∈ Rn+d\P} to a point, and sim-
ilarly sends the set {(−1, x, P, ϕP ) | x ∈ Rn+d\P} to a point. To get the struc-

ture map, use that the mapping cone of ΣfibSGrTop,ξd (Rn+d)→ GrTop,ξd (Rn+d)

is isomorphic to the reduced suspension of the mapping cone of Sξd,n+d.

Definition 7.9. The topological Madsen-Tillmann spectrum MTTopξ has (n+

d)th level given by the mapping cone of the map Sξd,n+d, and structure maps
as above.

To see that this is the right definition, we explain why the stable spherical
fibration described is the inverse to the canonical one. The space GrTopd (Rn+d)
carries a canonical topological Rd-bundle with fibre over (P, ϕ) given by those
y ∈ Rn+d that are contained in P . By Lemma 3.10, this becomes the universal
topological Rd-bundle upon letting n → ∞. The complement of the origin
provides an associated spherical fibration, and the stable spherical fibration
{SGrTopd (Rn+d)}(n+d)≥0 is the inverse to this canonical spherical fibration; their
fibrewise join is a trivial −1-dimensional stable spherical fibration.
The construction ξ 7→ MTTopξ is natural in maps of topological Rd-bundles,
and satisfies analogues of Lemmas 2.20 and 2.23. These are proven in a similar
fashion.

Lemma 7.10. The construction ξ 7→ MTTopξ takes weak equivalences to weak
equivalences.

Proof. It suffices to establish a levelwise pointed weak equivalence. Since the
mapping cone construction preserves weak equivalences of the pushout dia-
grams, it suffices to recall that if g : ξ → ξ′ is a weak equivalence then both of
the vertical maps in

SGrTop,ξd (Rn+d) GrTop,ξd (Rn+d)

SGrTop,ξ
′

d (Rn+d) GrTop,ξ
′

d (Rn+d)

Sξ

d,n+d

Sξ′

d,n+d

are weak equivalences.

Lemma 7.11. If ξ• is a levelwise trivial topological Rd-bundle, then the canon-
ical map ||MTξ•|| →MT ||ξ•|| is a weak equivalence.

Proof. Let us define GrTop,ξ,constd (Rn+d) to the subspace of GrTop,ξd (Rn+d)

where the underlying map φP : P → B of ϕP : TP ⊕ ǫd
′−d → ξ factors over a

point. As in Lemma 2.22, the inclusion is a weak equivalence; the argument
only used that the planes through the origin deformation retract to the origin
and the bundle homotopy covering theorem. Now proceed as in the proof of
Lemma 2.23.
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7.3 Framed planes and the proof of Theorem B

Let us now focus on the case ξ = ǫd × B, i.e. framings with a map to a back-

ground space. Theorem 6.2 tells us that the map ΨDiff,ǫd×B(d)→ ΨTop,ǫd×B(d)
is a weak equivalence of spectra.

Proposition 7.12. For a trivial d-dimensional vector bundle ǫd ×B, the map
MTDiff(ǫd ×B)→MTTop(ǫd ×B) is a weak equivalence.

Proof. We have a commutative diagram before taking Thom spaces

O(n+ d)/O(n)×B Top(n+ d)/Top(n+ d fix d)×B

GrDiff,ǫd×B
d (Rn+d) GrTop,ǫ

d×B
d (Rn+d).

The left map is induced by applying −×O(d)O(n+ d)/O(n) to the weak equiv-

alence O(d) × B → BunDiff(TRd, ǫd × B) sending (A, b) to the bundle map
TRd ∼= ǫd × Rd → ǫd × B given by (~x, y) 7→ (A~x, b). The right map is induced
by applying −×Top(d)Top(n+d)/Top(n+d fix d) to a similar weak equivalence

Top(d) × B → BunTop(TRd, ǫd × B). Since both − ×O(d) O(n + d)/O(n) and
−×Top(d) Top(n+ d)/Top(n+ d fix d) preserve weak equivalences, we conclude
that both vertical maps are weak equivalences.

We explained in the proof of Lemma 3.10 that the top horizontal map is one
between n-connected spaces, and thus it is (n + 1)-connected. Upon taking
Thom spaces of spherical fibrations with (n − 1)-dimensional fibres, this map
becomes 2n-connected. Thus the map of Thom spaces induced by the bottom
horizontal map is also 2n-connected. Since this is the map between the (n+d)th
levels of MTDiff(ǫd × B) and MTTop(ǫd × B), we can conclude that the map
MTDiff(ǫd ×B)→MTTop(ǫd ×B) is a weak equivalence.

Remark 7.13. In fact, by [Las76, Proposition (t/d)], for n ≥ 5 and d ≥ 3 the
relative homotopy groups of the map O(n + d)/O(n) → Top(n + d)/Top(n +
d fix d) are given by groups πj(G,O,Gn), which vanish for j ≤ 2n−3 by [Mil72].
Thus the maps discussed in the previous proof are even more highly-connected.

Corollary 7.14. For any topological tangential structure ξ, the map
MTTopξ → ΨTop,ξ(d) is a weak equivalence.

Proof. By Lemma 7.2, we may pick a levelwise trivial topological Rd-bundle ξ•
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with homotopy equivalence ||ξ•|| → ξ. Then there is a commutative diagram

||MTTopξ•|| ||ΨTop,ξ•(d)||

MTTop||ξ•|| ΨTop,||ξ•||(d)

MTTopξ ΨTop,ξ(d),

≃ ≃

≃ ≃

where the vertical maps are weak equivalences by Lemmas 7.3, 7.10, 7.11, and
Theorem 7.4. Hence it suffices to prove that each map MTTopξp → ΨTop,ξp(d)
is a weak equivalence. But since ξp is trivial, that is, ξp ∼= ǫd × Bp, it can be
regarded as a (trivial) d-dimensional vector bundle, and there is a commutative
diagram

MTDiff(ǫd ×Bp) ΨDiff,ǫd×Bp(d)

MTTop(ǫd ×Bp) ΨTop,ǫd×Bp(d).

≃

≃ ≃

The top horizontal map is a weak equivalence by Theorem 2.16, the left hori-
zontal map is a weak equivalence by Proposition 7.12, and the right horizontal
map is a weak equivalence by the case υ = ǫd ×B of Theorem 6.2. Therefore,
we may conclude that the bottom map is also a weak equivalence.

At this point we have concluded the proof of Theorem B, and hence of Theo-
rem A.

7.4 The homotopy type of the topological cobordism category

with boundary

In this section we explain how to extend Theorem B to a category of cobordisms
of topological manifolds with boundary. We shall not give all details, as the
proofs involve no new ideas.

The definition of the topological cobordism category with boundary requires
first of all a definition of a simplicial set ΨTop,ξ

d,∂ (M) of d-dimensional manifolds
with boundary in a manifold M with boundary ∂M .

Definition 7.15. We define ΨTop,ξ
d,∂ (M) to be the simplicial set with k-simplices

given by closed topological manifolds X ⊂ ∆k×M such that π : (∆k×M,X)→
∆k is a relative topological submersion of relative dimension (md) of mani-
folds with boundary with fibrewise boundary ∂πX ⊂ ∆k × ∂M and a map
ϕX : TπX → ξ of d-dimensional topological microbundles. We also fix a collar
∂M × [0, 1) →֒ M , and demand that X is neat, in the sense that there exists
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an ǫ > 0 such that X coincides with ∂πX × [0, ǫ) with respect to these coordi-
nates (here as before, the overline denotes that we also take into account the
ξ-structure).

Using this, we may define ψTop,ξ
∂ (d, n, p) as the subspace of ΨTop,ξ

d,∂ (Rn−1 ×

[0,∞)) of those X contained in Rp × (0, 1)n−p−1 × [0, 1). The definitions of

Cob
Top,ξ
∂ (d, n) and Cob

Top,ξ
∂ (d) follow as in Definition 4.2.

Inclusion and boundary restriction give rise to functors

CobTop,ξ(d, n)
i
−→ Cob

Top,ξ
∂ (d, n)

∂
−→ CobTop,ι

∗ξ(d− 1, n− 1),

where ι∗ξ is the (d − 1)-dimensional tangential structure obtained by taking
a map B → BTop(d) classifying ξ (this is unique up to homotopy), and tak-
ing the homotopy pullback along the inclusion BTop(d − 1) → BTop(d) (cf.
Section 2.1.5 in the smooth case). In other words, a ξ-structure of a (d − 1)-
dimensional manifold X is a ξ-structure on TX ⊕ ǫ.
The transversality and microflexibility arguments of Sections 4 and 5 go through
for topological manifolds with boundary with straightforward modifications.
Using these we obtain a zigzag of sequences of maps

BCobTop,ξ(d, n) BCob
Top,ξ
∂ (d, n) BCobTop,ι

∗ξ(d−1, n−1)

ψTop,ξ(d, n, 1) ψTop,ξ
∂ (d, n, 1) ψTop,ι∗ξ(d−1, n−1, 1)

Ωn−2ψTop,ξ(d, n, n−1) Ωn−2ψTop,ξ
d,∂ (d, n, n−1) Ωn−2ΨTop,ι∗ξ

d−1 (Rn−1),

Bi B∂

i

≃

≃

∂

≃

≃

≃

≃

(3)
all of the horizontal maps given by inclusion and boundary restriction respec-
tively. The bottom-left term Ωn−2ψTop,ξ(d, n, n − 1) may be delooped once
more; the h-principle proven in Section 5 says that it is weakly equivalent to
Ωn−1ΨTop,ξ

d (Rn) using a scanning map. However, the middle and bottom-right
terms can not be further delooped. The bottom row of (3) is obtained by
applying Ωn−2 to the pair of maps

ψTop,ξ(d, n, n− 1)
i
−→ ψTop,ξ

d,∂ (d, n, n− 1)
∂
−→ ΨTop,ι∗ξ

d−1 (Rn−1)

pointed at ∅, given by inclusion and restriction to the boundary:

Lemma 7.16. The map

ψTop,ξ
d,∂ (d, n, n− 1)

∂
−→ ΨTop,ι∗ξ

d−1 (Rn−1)

is a Kan fibration, with inclusion of the fibre over ∅ given by i : ψTop,ξ(d, n, n−

1)→ ψTop,ξ
d,∂ (d, n, n− 1).
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Sketch of proof. In the lifting problem for a Kan fibration

Λki ψTop,ξ
d,∂ (d, n, n− 1)

∆k ΨTop,ι∗ξ
d−1 (Rn−1)

we may replace the pair (∆k,Λki ) by the homeomorphic pair (Dk−1 ×
[0, 1], Dk−1). That is, we are given a family X of d-dimensional topological
manifolds with ξ-structure and boundary in Rn−1× [0, 1) over Dk−1, as well as
a family Y of (d − 1)-dimensional topological manifolds with ι∗ξ-structure in
Rn−1 over Dk−1 × [0, 1]. By restricting Y to [0, t] ⊂ [0, 1] and forgetting that
it is fibreed over [0, t], we obtain from the latter a family Y t of d-dimensional
topological manifolds in Rn−1 × [0, t] over Dk−1 with ξ-structure, whose inter-
section with Rn−1×{0} coincides with intersection of X with Rn−1×{0}. We
then obtain the lift by taking the fibres over Dk−1×{t} to be X and Y t glued
along these common intersections, rescaled to fit into Rn−1 × [0, 1).

The diagram (3) is natural in n, if on the top two rows we use the inclu-
sion and on the bottom row we use maps analogous to the structure maps of
the spectrum ΨTop,ξ(d) of Definition 3.13. In particular we have a spectrum

ΨTop,ξ
∂ (d) with nth level ψTop,ξ

d,∂ (d, n + 1, n) and structure maps of the form

(t,X) 7→ ι(X) + t · e1 an (∞, X) 7→ ∅.

Upon letting n→∞, this is obtained by applying Ω∞−1 to the maps of spectra

ΩΣΨTop,ξ(d) −→ ΨTop,ξ
∂ (d) −→ ΨTop,ι∗ξ(d− 1), (4)

where the first map is given on the nth level by inclusion

(ΩΣΨTop,ξ(d))n = ΩΨTop,ξ
d (Rn+1) ≃ ψTop,ξ(d, n+ 1, n) →֒ ψTop,ξ

d,∂ (d, n+ 1, n),

and the second map is given by restriction to Rn × {0}, thus mapping to

the nth level ΨTop,ι∗ξ
d−1 (Rn) of ΨTop,ι∗ξ(d). Of course, there is a natural weak

equivalence ΩΣ ≃ id on the category of spectra, so we may replace the left
term by ΨTop,ξ(d).

We can use Theorem B to identify the left and right term of (4), and we now

explain how to obtain the homotopy type of ΨTop,ξ
∂ (d) from this. There is a

map − × R : Σ−1ΨTop,ι∗ξ(d − 1) → ΨTop,ξ(d) given on nth level by sending
a (d − 1)-dimensional affine plane P in Rn−1 to a d-dimensional affine plane
P × R in Rn. This is weakly equivalent to the map obtained by looping the
fibre sequence. To see this, taking the graphs of initial segments of a loop in

ΨTop,ι∗ξ
d−1 (Rn) based at ∅ lifts these to ψTop,ξ

∂ (d, n+1, n) and the full loop lands

in ψTop,ξ(d, n + 1, n). This construction fits in a diagram commuting up to
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based homotopy

ΩΨTop,ι∗ξ
d−1 (Rn) ΩψTop,ξ(d, n+ 1, n)

Ω2ΨTop,ξ
d (Rn+1)

Ω(−×R)
≃

with the vertical map a scanning map.

The map −×R restricts to the top horizontal map in the commutative diagram

Σ−1MTTopι∗ξ MTTopξ

Σ−1ΨTop,ι∗ξ(d− 1) ΨTop,ξ(d).

≃

−×R

≃

−×R

The following corollary collects the conclusions of the above discussion, a topo-
logical analogue of work of Genauer [Gen12]. We also remark that the first part
can easily be obtained using the techniques in recent work of Steimle [Ste21].

Corollary 7.17. If d 6= 4, 5, there is a fibre sequence

BCobTop,ξ(d) −→ BCob
Top,ξ
∂ (d) −→ BCobι

∗ξ(d− 1)

obtained by applying Ω∞−1 to the fibre sequence of spectra obtained by delooping
once

Σ−1MTTopι∗ξ −→MTTopξ −→ cofib
[
Σ−1MTTopι∗ξ →MTTopξ

]
.

Remark 7.18. If we work without tangential structure, the cofibre appearing
in the previous corollary may not be weakly equivalent to Σ∞BTop(d)+. This
would be the naive generalization of the smooth case, cf. [GTMW09, Proposi-
tion 3.1] and [Gen12, Theorem 6.4], and we suspect it is false.

A Foundational results about topological manifolds

In this appendix we collect the relevant results on topological manifolds, many
of which should be familiar from the theory of smooth or PL manifolds. The
classical reference for topological manifolds is [KS77] and many technically
refined results can be found in [Sie72].

A.1 Embeddings

Definition A.1. LetM andN be topological manifolds of dimensionsm and n
and with boundaries ∂M and ∂N , and let B be a topological space. A family
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of locally flat embeddings M →֒ N over B is a commutative diagram

B ×M B ×N

B

e

of continuous maps such that

(i) e−1(B × ∂N) = B × ∂M ,

(ii) e is a homeomorphism onto its image,

(iii) for all (b,m) ∈ B×M there exists an open subset UB ⊂ B around b, and
charts Rm−1 × R≥0 ⊃ UM →֒M around m and Rn−1 × R≥0 ⊃ UN →֒ N
around π2(e(b,m)), such that the following diagrams commute

UB × UM UB × UN

B ×M B ×N,

idUB
×i

e

where i is the restriction of the inclusion std× id : Rm−1×R≥0 →֒ Rn−1×
R≥0.

For B = ∗, this is the usual definition of a locally flat embedding. Families over
locally flat embedding over B are preserved by postcomposition with locally
flat embeddings N → N ′ and precomposition with locally flat embeddings
M ′ → M . Moreover, they are preserved by pullback along continuous maps
f : B′ → B as the data in (iii) for (b′,m) ∈ B′×M can be taken U ′

B′ = f−1(UB),
U ′
M = UM , and U ′

N = UN . Observe restriction to subspaces of B is a special
case of pullbacks.

Convention A.2. All (families of) embeddings are locally flat unless men-
tioned otherwise. Similarly, all submanifolds are locally flat in the sense that
the inclusion is a locally flat embedding.

Having established these basic definitions, we can define spaces of embeddings.

Definition A.3. Let M,N be topological manifolds and fix an embedding
e∂ : ∂M → ∂N . Then EmbTop∂ (M,N) is the simplicial set with k-simplices
given by families of locally flat embeddings

∆k ×M ∆k ×N

∆k

e

over ∆k such that e|∆k×∂M = id∆k × e∂ . The face and degeneracy maps are
given by pullback.
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This definition is chosen so that a parametrized isotopy extension theorem is
true (this uses Convention A.2, so in particular e in Definition A.3 is locally
flat); Theorem 6.17 of [Sie72]. The condition D(Q; {ft(M)}) required in this
theorem holds by Example 1.3(4) and the remarks on page 144 (ft will be et
in our case).

Theorem A.4 (Isotopy extension). Let M and N be topological manifolds
and fix an embedding e∂ : ∂M → ∂N , t ∈ Ik, and suppose that e : Ik →
EmbTop∂ (M,N) is a family of closed embeddings. If e is constant outside a com-
pact subset of M , then there exists a map f : Ik → Top(N) such that ft = id,
and f ◦ et = e.

At some point we will need a more refined version; Theorem 6.5 and Comple-
ment 6.6 of [Sie72]. The latter concerns a respectful version: an open embed-
ding e : V →֒ N is said to thoroughly respect a collection C of closed subsets
of N if it restricts to an open embedding e−1(Y ∩ e(V ))→ Y for all Y ∈ C . In
addition to the condition D(V \C) required in this theorem (C will be K in our
case), which holds as above, this requires a condition D(V \C;C0) holds: once
more using Example 1.3(4) and the remarks on page 144, this is in particular
the case whenever all sets Y ∩ (V \C) for Y ∈ C are locally flat submanifolds
of V \C.

Theorem A.5 (Refined isotopy extension). Let V and N be topological man-
ifolds, t ∈ Ik, and suppose that e : Ik → EmbTop(V,N) is a family of open
embeddings. If K ⊂ V is compact, then there exists a map f : Ik → Top(N)
such that ft = id, f ◦ et|K = e|K, and f is constant outside a compact subset
of N . Furthermore, if C is a class of closed subsets of N that are locally flat
submanifolds and e thoroughly respects C , then f can also be made to thoroughly
respect C .

A.2 Submersions

Definition A.6. Let p : E → B be a continuous map.

· A topological submersion chart for p near e ∈ E consists of a topological
manifold U , an open subset N of p(e) in B and a map f : U × N → E
over N that is a homeomorphism onto a neighbourhood of e.

· The map p is a topological submersion of relative dimension d if every
e ∈ E has a submersion chart f : U × N → E with U a d-dimensional
topological manifold.

Note each fibre of a topological submersion p with relative dimension d is a
d-dimensional topological manifold, and that we may take U be Rd. We also
need e a relative version.

Definition A.7. Let p : (E,E′)→ B be a continuous map with domain a pair.
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· A relative topological submersion chart for p near e ∈ E consists of a pair
(U,U ′) of a topological manifold U and a locally flat submanifold U ′ ⊂ U ,
an open subset N of p(e) in B, and a map f : (U,U ′)×N → (E,E′) over
N that is a homeomorphism onto a neighbourhood of e.

· The map p is a relative topological submersion of relative dimensions
(d, d′) if every e ∈ E has a relative submersion chart f : (U,U ′)×N → E
with U a d-dimensional topological manifold and U ′ ⊂ U a locally flat
d′-dimensional submanifold.

Example A.8. If e : B×M → B×N is a family of locally flat embeddings over B
as in Definition A.1, then (B × N, e(B ×M)) → B is a relative topological
submersion.

The following are Theorem 6.9 and Complement 6.10 of [Sie72]. If C is a class
of closed subsets of E, a submersion chart f : U × N → E is said to respect
C if f−1(Y ) = f−1(f(U × {p}) ∩ Y ) ×N for each Y ∈ C , and f restricted to
f−1(f(U × {p})×N gives a submersion chart for Y . The condition I (F ;CF )
required in this theorem is explained in 6.7; it holds in particular if (E, Y )→ B
is a relative topological submersion for all Y ∈ C .

Theorem A.9 (Union lemma). Let p : E → B be a topological submersion,
pick a basepoint b0 ∈ B and let F = p−1(b0) be the fibre over it. Suppose we
have compact subsets A,B ⊂ F of the fibre, with open neighbourhoods U, V and
submersion charts f : U ×N → E, g : V ×N ′ → E. Then there exists an open
neighbourhood W of A ∪ B and a submersion chart h : W × N ′′ → E which
equals f near A×N ′′ and g near (B \ U)×N ′′.
Furthermore, if C is a class of closed subsets of E that are locally flat subman-
ifolds of some fibre, and f, g respect C , then h can also be made to respect C .

Observe that if (E,E′) → B is a relative topological submersion, then taking
E = {E′} we get a union lemma for relative topological submersion charts. Sim-
ilarly, we obtain an appropriate respectful version in the relative case. When
the fibres of p are compact and p is a closed map, we can glue finitely many
submersion charts to a submersion chart covering an entire fibre to obtain a
topological version of Ehresmann’s theorem, [Sie72, Corollary 6.14].

Corollary A.10 (Bundle theorem). If p : E → B is a closed map which is a
topological submersion with compact fibres, then it is a topological fibre bundle.

A.3 Microbundles

Microbundles play the role of vector bundles for topological manifolds.

Definition A.11. A d-dimensional topological microbundle ξ = (B,E, i, p)
consists of spaces B, E, and continuous maps i : B → E, p : E → B with the
following properties:

· The composition p ◦ i is equal to idB.
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· For all b ∈ B there exist open neighbourhoods U ⊂ B of b and V ⊂ E
of i(b), and a homeomorphism φ : Rd × U → V so that the following
diagrams commute

Rd × U V

U B

φ

{0}×id i

Rd × U V

U B.

φ

π2 p

The space B is called the base, the space E the total space.

Example A.12. If p : X → P is a topological submersion of relative dimension d,
then (X,X ×p X,∆, π2) is a d-dimensional topological microbundle called the
vertical microtangent bundle. That this is indeed a d-dimensional topological
microbundle is a small generalization of Lemma 2.1 of [Mil64].

Definition A.13. An isomorphism of topological microbundles ϕ : ξ → ξ′ over
the same base B is a homeomorphism f : W → W ′ between an open neighbour-
hood W ⊂ E of i(B) and an open neighbourhood W ′ ⊂ E′ of i′(B), such that
the following diagrams commute

W W ′

B B,

f

i i′

W W ′

B B.

f

p p′

Microbundles can be pulled back along continuous maps.

Definition A.14. Given a map f : B → B′ and a microbundle ξ′ =
(B′, E′, i′, p′) over B′, the pullback microbundle f∗ξ′ over B is given by
E = E′ ×B′ B, i = (i′ ◦ f) ×B′ idB and p = π2, where π2 : E

′ ×B′ B → B
is the projection onto the second component.

If ι : A→ B is the inclusion of a subspace, we denote ι∗ξ by ξ|A.

Definition A.15. A map of microbundles φ : ξ → ξ′ is a pair consisting of a
continuous map f : B → B′ and an isomorphism ϕ : ξ → f∗ξ′.

Definition A.16. Let ξ = (E,B, i, p) be a d-dimensional topological microbun-
dle over B and ξ′ = (E′, B′, i′, p′) a d-dimensional microbundle over B′. The
simplicial set of microbundle maps BunTop(ξ, ξ′) has k-simplices microbundle
maps ∆k × ξ → ∆k × ξ′ over ∆k.

In particular, there can only be maps of microbundles between microbundles
of the same dimension. Microbundles in many ways behave like vector bundles.
We shall mainly use the microbundle homotopy covering theorem proven in
Section 6 of [Mil64]:

Theorem A.17 (Microbundle homotopy covering). If φ : ξ → ξ′ is a map of
microbundles with underlying map f : B → B′ with B and B′ paracompact and
H : B × I → B′ is a homotopy starting at f , then H may be covered by a map
of microbundles Φ: ξ × I → ξ′.
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A.4 The Kister-Mazur theorem

Let Top(d) be the simplicial group of homeomorphisms of Rd fixing the origin
(this is equal to the singular simplicial set of the topological group of home-
omorphisms of Rd in the compact-open topology). Any locally trivial fibre
bundle with fibre Rd and structure group Top(d) gives rise to a d-dimensional
topological microbundle. The Kister-Mazur theorem tells us that essentially
every d-dimensional topological microbundle arises this way; in the following
statement, a nice space can be an ENR or locally finite simplicial complex
[Kis64], or a paracompact space [Hol66].

Theorem A.18 (Kister-Mazur). Every d-dimensional topological microbundle
over a nice base B contains a topological Rd-bundle, unique up to isotopy.

Kister proved his result by showing that the inclusion Top(d) →
EmbTop(Rd,Rd) is a weak equivalence, a statement which we also use.

Remark A.19. Note that EmbTop(Rd,Rd) and Top(d) have the same image in
the simplicial group Top(0)(d) of germs near the origin of homeomorphisms of

Rd fixing the origin. As remarked in [RS70, page 410], Kister’s result implies
that Top(d) → Top(0)(d) is a weak equivalence. To apply results in the litera-
ture, we will need this weak equivalence, as well as the following stronger result:
let Top(n+ d fix d) denote the homeomorphisms of Rn+d that are the identity
on Rd and Top(0)(n + d fix d) germs of such homeomorphisms near the origin.
Then the map Top(n+d fix d)→ Top(0)(n+d fix d) is a weak equivalence. This
is proven for the PL case in [Mil76, Corollary 2.23(iii)] and the same proof
works for the topological case; indeed, the input is the proof of Kister’s result
and the isotopy extension theorem.

A.5 Transversality

A commonly-used notion of transversality for topological submanifolds is mi-
crobundle transversality. It is imperfect, as it requires the existence of a normal
bundle for one of the two submanifolds, but it suffices for most purposes.

Definition A.20. Suppose M is a submanifold of N with a normal microbun-
dle ν. A submanifold X of N is said to be microbundle transverse to ν ifM∩X
is a submanifold of M and there exists a normal microbundle ν′ of M ∩X in
X such that ν′ → ν is an open embedding on fibres.

The following is proven in [Qui88] generalizing [KS77, Essay III.1]:

Theorem A.21 (Microbundle transversality). Suppose M and X are proper
submanifolds of N , M has a normal microbundle ν, C ⊂ D ⊂ N are closed
subsets, and X is microbundle transverse to ν near C. Then there is an isotopy
of X supported in any given neighbourhood of (D\C)∩M ∩X to a submanifold
which is transverse to ν near D.
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A.6 Smoothing theory

The majority of [KS77] concerns smoothing theory for topological manifolds,
which is also discussed in [BL74] and [Las71]. We state their results, and
provide a modern restatement more convenient for the applications in this
paper.

Definition A.22. Let M be a topological manifold with ∂M = ∅. We will
take Sm(M) to be the simplicial set where the underlying space of V is ∆k×M ,
i.e. diagrams

∆k ×M (∆k ×M)τ

∆k

id

π1 π1

where τ is a smooth structure on ∆k ×M and π1 on the right-hand side is a
smooth submersion.

The assignment M 7→ Sm(M) is an invariant simplicial sheaf on topological
manifolds. By taking extensions of given smooth structures, we can similarly
define Sm(M rel∂M) for ∂M 6= ∅ with a given smooth structure near ∂M .

Kirby and Siebenmann proved that when d 6= 4, Sm(−) is flexible, i.e. re-
striction maps are Kan fibrations [KS77, Essay II]. Gromov’s h-principle ma-
chinery then gives a description of the space of smooth structures on M in
terms of a space of lifts; this is the content of [KS77, Essay V]. To state its
main result, let us pick a tangent microbundle classifier τM : M → BTop(d)
and a model of the map BO(d) → BTop(d) which is a fibration. Let
Lift(M,BO(d) → BTop(d) rel ∂M) be the space of lifts of the tangent mi-
crobundle classifier

BO(d)

M BTop(d).τM

Theorem A.23 (Smoothing theory). Let M be a topological manifold of
dimension d 6= 4 with smooth structure near ∂M , then Sm(M rel∂M) ≃
Lift(M,BO(d)→ BTop(d) rel ∂M).

More precisely, [KS77, Essay IV] proves the π0-statement and [KS77, Essay V]
the statement for higher homotopy groups. Informally, it says prescribing a
smooth structure requires only tangential data. The map is given as follows:
every smooth structure on M has a tangent bundle classified by a map M →
BO(d), unique up to contractible space of choices, and that the composition
M → BO(d)→ BTop(d) is homotopic to the given choice M → BTop(d); now
use the lifting property of BO(d) → BTop(d) to produce from this data a lift
of M → BTop(d).
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Let us rephrase the result of Theorem A.23 in terms more appropriate for
this paper (see [WW01, Section 1.6] for a closely related rephrasing of smooth-
ing theory). Recall from [KS77, Essay I] that a concordance between smooth
structures σ0, σ1 on M is a smooth structure on M × I restricting to σi on
M×{i}, and that an isotopy between the same smooth structures is an isotopy
ht : M →M of homeomorphisms starting at the identity such that h∗1σ1 = σ0.
Taking π0 of the statement of TheoremA.23, we obtain that concordance classes
of smooth structures are in bijection with vertical homotopy classes of lifts. Iso-
topic smooth structures are concordant, and the converse is true when d 6= 4:
for d ≥ 5 this is [KS77, Theorem I.4.1], and in dimension ≤ 3, every topo-
logical manifold admits a unique smooth structure up to isotopy (and hence
concordance). The conclusion is that the π0-statement of Theorem A.23 gives
a classification of isotopy classes of smooth structures in homotopy-theoretic
terms.

We next describe the higher homotopy groups. Given a smooth structure σ,
there is a map Top∂(M) → Sm(M rel∂M) which takes the adjoint f : ∆k ×

M →M of a map f̂ : ∆k → Top∂(M), and sends this to the diagram

∆k ×M (∆k ×M)f(∆k×σ)

∆k.

id

π1 π1

This construction maps those f̂ that arise from a map ∆k → Diff∂(Mσ) with
smooth adjoint f : ∆k ×Mσ → ∆k ×Mσ, to the k-fold degeneracy of the 0-
simplex σ. In fact, the quotient of simplicial groups Top∂(M)/Diff∂(Mσ) is
exactly the union of those path components of Sm(M rel∂M) that are in the
orbit of σ under Top∂(M). These path components are those isotopy classes
of smooth structures which are diffeomorphic to Mσ; if a homeomorphism f
sends σ to σ′, it is a diffeomorphism from Mσ to Mσ′ . Because the map
Diff∂(Mσ) → Top∂(M) is a monomorphism of simplicial groups, we obtain a
fibre sequence

Diff∂(Mσ) −→ Top∂(M) −→ Sm(M rel∂M)σ,

where the subscript indicates we only hit those smooth structures diffeomorphic
to σ.

This finishes the discussion of the left-hand side of Theorem A.23, and we
continue with the right-hand side. Even though the space of classifying maps
for the tangent microbundle is weakly contractible, it is more natural to not
make a choice. That is, we get a weakly equivalent but more natural space if we
replace Lift(M,BO(d)→ BTop(d) rel ∂M) by the space X∂(M) of commutative
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diagrams of topological Rd-bundle maps

υuniv

TM ξuniv.

Note that this weak equivalence uses the assumption that the map BO(d) →
BTop(d) is a fibration, as well as the fact that the space of topological Rd-
bundles map TM → ξuniv is weakly contractible.

Corollary A.24. For d 6= 4 the homotopy fibre of the map

⊔

[σ]

BDiff∂(Mσ) −→ BTop∂(M)

is given by X∂(M), and the disjoint union is indexed by the diffeomorphism
classes of smooth structures on M rel ∂M .

We can rephrase this as a description of
⊔

[σ]BDiff∂(Mσ) in terms of a mod-
uli space of topological manifolds with tangential structures. The space
BunDiff

∂ (TMσ, υ
univ) of vector bundle maps TMσ → υuniv classifying the

smooth tangent bundle is weakly contractible. It admits an action of
Diff∂(Mσ), and by Lemma 2.8 there is a weak equivalence BDiff∂(Mσ) ≃
BunDiff

∂ (TMσ, υ
univ) � Diff∂(Mσ). The map p : υuniv → ξuniv gives a map

BunDiff
∂ (TMσ, υ

univ)→ X∂(M) by sending ϕ : TMσ → υuniv to the diagram

υuniv

TM ξuniv.

p◦ϕ
ϕ

The action of Diff∂(Mσ) on BunDiff
∂ (TMσ, υ

univ) extends to an action of the
simplicial group Top∂(M) on X∂(M). As a consequence, there is a commutative
diagram

⊔
[σ] Bun

Diff
∂ (TMσ, υ

univ) � Diff∂(Mσ)

≃
⊔

[σ]BDiff∂(Mσ)
X∂(M) � Top∂(M)

BTop∂(M).

By Corollary A.24, the horizontal map induces a weak equivalence between
vertical homotopy fibres, and hence is also a weak equivalence:
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Corollary A.25 (Smoothing theory for moduli spaces). For d 6= 4 there is a
weak equivalence

⊔

[σ]

BDiff∂(Mσ) −→ X∂(M) � Top∂(M),

with the disjoint union indexed by the diffeomorphism classes of smooth struc-
tures on M .

A.7 The product structure theorem

Corollary A.25 is hard to use computationally, as the homotopy type of Top(d)
is not completely understood. However, if one is only interested in π0, one can
replace Top(d) and O(d) by Top and O. This is a consequence of the following
so-called product structure theorem [KS77, Essay I.1]:

Theorem A.26 (Product structure theorem). The map

{smooth structures on M}

concordance

{smooth structures on M × R}

concordance

−×R

is a bijection when dim(M) ≥ 5.

As before, one may replace concordance by isotopy. This statement is equivalent
to a stabilization result for the homotopy groups of Top(d)/O(d), cf. [KS77,
Essay V.5].

B Variants of the Whitney embedding theorem

In this appendix we establish analogues of the Whitney embedding theorem
for topological manifolds. This is most easily done through piecewise-linear
techniques, so we will simultaneously discuss the PL setting; in this appendix
CAT always denotes PL or Top. Basic references for PL manifolds include
[RS72, Hud69].

B.1 A weak Whitney embedding theorem

A closed d-dimensional topological or PL manifold can be embedded in some
Euclidean space, and relative result exists for compact manifolds with boundary.
A single such embedding together with a swindle gives the following well-known
result (for details, see e.g. [Kup15, Lemma 2.2]):

Lemma B.1. Let CAT = Top or PL. Fix a CAT-embedding e∂ : ∂M →֒ {0} ×
R∞. Then EmbCAT

∂ (M, [0,∞)× R∞) is weakly contractible.
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B.2 A quantitative Whitney embedding theorem

In this section we prove a result that is missing from the literature; the PL
and topological manifold analogues of the quantitative Whitney embedding
theorem, which says that the space of embeddings of a compact manifold into
high-dimensional Euclidean space is highly-connected.

Theorem B.2. Let n ≥ 5, n−m ≥ 3. LetM be a compact m-dimensional CAT-
manifold with boundary ∂M (with handle decomposition if CAT = Top and
m = 4), and N a k-connected n-dimensional CAT-manifold with boundary ∂N .
Fix a CAT-embedding ϕ∂ : ∂M →֒ ∂N . Then EmbCAT

∂ (M,N) is min(k −m−
1, n− 2m− 2)-connected.

The smooth case is well-known, following from a transversality argument and
openness of smooth embeddings. For CAT = Top or PL we compare to block
embeddings instead (note that ifM admits a PL structure, one may use [Las76,
Corollary 2] to deduce the topological case from the PL case, as long as n −
m ≥ 3).

Definition B.3. LetM andN be CATmanifolds, possibly with boundary. Fix
a CAT embedding ϕ∂ : ∂M →֒ ∂N . The simplicial set of block CAT-embeddings

ẼmbCAT
∂ (M,N)

has k-simplices given by the set of CAT-embeddings ϕ : ∆k ×M → ∆k × N
which satisfy the following:

· For all faces σ of ∆k we have ϕ−1(σ ×N) = σ ×M .

· ϕ|∆k×∂M = id∆k × ϕ∂ .

Note that CAT-embeddings include into block CAT-embeddings.

Theorem B.4. Let n ≥ 5, n − m ≥ 3 and CAT = Top or PL. Let M
be a compact m-dimensional CAT-manifold with boundary ∂M (with handle
decomposition if CAT = Top and m = 4) and N an n-dimensional CAT-
manifold with boundary ∂N . Fix a CAT-embedding ϕ∂ : ∂M →֒ ∂N . Then the
map

EmbCAT
∂ (M,N) →֒ ẼmbCAT

∂ (M,N)

is (n−m− 2)-connected.

Proof outline. For CAT = PL this is a specialization of [Mil75, Corollary 4.8]
or [Las76, Theorem B and C]. Millett deduces his corollary from [Mil75, Corol-
lary 4.6] by an induction over handles, for which the basic case is [Mil75, Theo-
rem 3.2], which has (M,∂M) = (Dm, Sm−1). This deduction only uses isotopy
extension and the Alexander trick. Thus it suffices to describe how to prove
the basic case (M,∂M) = (Dm, Sm−1), which also appears as [BLR75, Theo-
rem 2.8]. This is deduced in Section 2 of [BLR75] from “the 2nd form of the
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lemma of disjunction.” This uses the Alexander trick and “the 1st form of the
lemma of disjunction” in Section 1 of [BLR75]. For CAT = Top, we note that
all the tools used in the proof of the PL case are available in the topological
case. In particular, the crucial input is the 1st form of the lemma of disjunction
and this is proven in Pedersen’s appendix to [BLR75].

Block embeddings are easier to study, as elements of the homotopy groups of
the space of block embeddings are represented by a single embedding, so that
no theory of parametrized CAT-embeddings is required.

Lemma B.5. Under the assumptions of Theorem B.4, if N is k-connected then

the space of block embeddings ẼmbCAT
∂ (M,N) is min(k −m − 1, n− 2m − 2)-

connected.

Proof. We first prove that the space ẼmbCAT
∂ (M,N) is non-empty if −1 ≤

min(k−m−2, n−2m−2). Because −1 ≤ k−m−1 implies m ≤ k there exists
a CAT-map φ : M → N extending φ∂ : ∂M → ∂N . We make this map into an
embedding using general position results for maps between PL (or topological)
manifolds, saying that under mild conditions maps can be perturbed to have
self-intersection locus of the expected dimension. A general position map is
an embedding when (a) 2m < n. For CAT = PL this is [RS72, Theorem 5.4],
and for CAT = Top this is [Dan76, Topological General Position Lemma 1].
The latter requires m ≤ n − 3, which is a hypothesis, and (b) 3m ≤ 2n − 1.
In our case, these general position results apply: we have that (a) holds as
−1 ≤ n − 2m − 2 implies 2m < n, and (b) holds as −1 ≤ n − 2m − 2 and
m ≤ n− 3 imply −2 ≤ 2n− 3m− 2.

For higher homotopy groups, we fix a CAT-embedding φ0 : M →֒ N relative to

the boundary as a base point. An element of πi(ẼmbCAT
∂ (M,N)) is represented

by a CAT-embedding φ : Di×M → Di×N that is equal to id×φ0 on (∂Di×
M)∪ (Di × ∂M). Let us now take i ≤ min(k−m− 2, n− 2m− 2) and explain
how to isotope φ rel (∂Di ×M) ∪ (Di × ∂M) to id× φ0.

Because i ≤ k−m−1 we have i+m+1 ≤ k, and the connectivity assumptions
on N imply that there exists a CAT-map φ : [0, 1]×Di ×M → [0, 1]×N that
equals id[0,1] × φ0 on ([0, 1]× ∂Di ×M)∪ ([0, 1]×Di × ∂M)∪ ({0}×Di ×M)
and φ on {1} ×Di ×M . We can then apply the same general position results;
(a) holds as i ≤ n − 2m − 2 implies 2(m + i + 1) < n + i + 1, and (b) holds
as i ≤ n − 2m− 2 and m 6= n− 3 imply −2 6= 2(n+ i)− 3(m+ i) − 2. Thus
φ can be made into an embedding Φ: [0, 1]×Di ×M → [0, 1]×N , which is a
concordance from φ to id× φ0.

Theorem B.2 follows by combining the previous lemma with Theorem B.4; to
get the range use n− 2m− 2 ≤ n−m− 2.
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