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Abstract. We study special triple covers f : T → S of algebraic sur-
faces, where the Tschirnhausen bundle E = (f∗OT /OS)∨ is a quotient
of a split rank three vector bundle, and we provide several necessary
and sufficient criteria for the existence. As an application, we give a
complete classification of special triple planes, finding among others
two nice families of K3 surfaces.
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1 Introduction

Every algebraic geometer needs his toolbox of methods to construct new alge-
braic varieties. One of the most prominent of those is taking finite branched
covers f : T → S, possibly followed by desingularisation. Here we mostly re-
strict to the case where both S and T are smooth. Then the finite map f is
determined by the OS-algebra structure on f∗OT , so a major role is played by
the Tschirnhausen bundle E = (f∗OT /OS)

∨
.

The easiest case is when f is an abelian Galois cover, for then the symmetries
force E to split into line bundles and the multiplication maps can be specified
in terms of divisors, see e.g. [Par91, Cat99]. This includes all maps of degree 2.
The non-abelian case, which is much more challenging, has also attracted some
interest in recent years in different contexts, as for example in [CP17, CP21,
Eas11, Shi15, YoT09].
General finite maps have been studied in low degrees by Miranda [Mir85, HM99]
and by Casnati and Ekedahl in a series of papers starting with [CE96]. Roughly
speaking, the theory becomes more complicated in two ways: the Tschirn-
hausen bundle is no longer split and the description of the multiplication map
is less straightforward.
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For covers of degree three the bundle E is of rank two and the multiplication
map is encoded by a section η ∈ H0(S, Sym3E ⊗ det E∨) – see Section 3. This
situation is reasonably approachable if one can control the Tschirnhausen bun-
dle. In general, this can be quite difficult but has been successfully carried out
in special cases, e.g. [FPV19, LP00, PP13]. In the context of triple covers, it
is also worth recalling some recent work regarding the classification of trigonal
surfaces which uses generically finite triple covers over some ruled surface, not
necessarily smooth, via cubic equations, as explained in [Tan02].
In this paper we explore special triple covers, corresponding to the case when
the Tschirnhausen bundle is what we call nearly split, i.e., it is a quotient of a
direct sum of three line bundles. This notion, introduced and characterised in
Section 2, includes the split case but allows for extra flexibility in the bundle
and extra challenges in the construction of the defining section η.
After recalling the general theory of triple covers and the case of split Tschirn-
hausen bundle in Section 3, we specialise to special triple covers in Section 4
and deduce their invariants in terms of the building data of the bundle E .
In Section 5, we derive several necessary and sufficient criteria for the existence
of triple covers with a given nearly split E . When the building data of the
Tschirnhausen bundle is commensurable, we obtain a rather complete picture
regarding admissibility in Theorem 5.7. An instance of this result for the case
S = P

2 reads as follows.

Theorem A (see Theorem 7.3). Let E be a rank two vector bundle on P
2 sitting

in an exact sequence:

0 O(d)
⊕3

i=1 O(d+ ci) E 0
(γ1,γ2,γ3)

(1)

with c1 ≥ c2 ≥ c3 ≥ 1. Then E is the Tschirnhausen bundle of a smooth triple
cover T → P

2 if and only if one of the following conditions holds:

1. d+ c3 − c1 ≥ 0

2. d+ c3 − c2 ≥ 0, d− c1 + 2c2 − c3 ≥ 0 and the curve Z(γ3) is smooth at
the points Z(γ2, γ3).

As a first application, we complement recent work of Garbagnati and Penegini
[GP22], by giving in Example 15 several simple but non-split triple covers of K3
surfaces, both properly elliptic and of general type.
If the Tschirnhausen bundle is sufficiently positive, then the corresponding
triple cover should be minimal of general type. We show how this can be con-
trolled and where such surfaces appear in the geography of surfaces of general
type in Section 6. However, we also point out that a certain balance has to be
maintained in the bundle, otherwise it can not be realised as a Tschirnhausen
bundle.
To showcase the applicability of our results, we treat special triple planes
f : T → P

2 exhaustively in Section 7.
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Table 1: Special triple planes not minimal of general type

κ(T ) pg(T ) q(T ) K2
T d (c1, c2, c3)

−∞ 0 0 8 0 (1, 1, 0)
−∞ 0 0 3 0 (2, 1, 0)
−∞ 0 0 −1 0 (2, 2, 0)
−∞ 0 1 0 0 (1, 1, 1)
−∞ 0 1 −9 0 (2, 2, 2)
−∞ 0 0 −4 1 (1, 1, 1)

0 1 0 −1 0 (3, 2, 0)
0 1 0 −3 1 (2, 1, 1)

1 2 0 0 0 (3, 3, 0)
1 2 0 −1 1 (2, 2, 1)
1 3 1 0 0 (3, 3, 3)

2 4 0 5 1 (3, 2, 1)
2 7 0 15 1 (4, 2, 1)

Theorem B (see Theorem 7.6 and Proposition 7.7). Let f : T → P
2 be a special

triple cover, so that its Tschirnhausen bundle E sits in an exact sequence (1)
with c1 ≥ c2 ≥ c3 ≥ 0. It T is not minimal of general type, then it is in one of
the families given in Table 1.

We note that [FPV19] studies triple planes T with pg(T ) = q(T ) = 0, which
the authors divide into 12 types. Our classes with these invariants correspond
exactly, in the order of appearance in Table 1, to their first 4 types.
In the rest of the section, we do a detailed study of each family appearing in
the table. Especially the two families of K3 surfaces admit a nice alternative
description, see Example 19 and Section 7.1.
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Notation and conventions

We work over a fixed smooth complex projective or just compact complex
surface S. A canonical divisor is denoted by KS , the canonical bundle with ωS .
With χ(S) = χ(OS) we denote the holomorphic Euler characteristic.

1In the notation of this paper, he studied special triple planes with (c1, c2, c3) = (c1, 1, 1),
where the ideal sheaf in (4) is the ideal sheaf of a point.
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2 Nearly split rank two bundles

Recall that a vector bundle is called split if it is a direct sum of line bundles.
We now want to consider, for rank two vector bundles, the next best case,
where we can find a surjection from three line bundles.

Proposition 2.1. Let E be a vector bundle of rank 2 on S. Assume that there
exist three line bundles L1,L2,L3 and a surjection π : L1 ⊕ L2 ⊕ L3 ։ E.

Then there exists a line bundle L and three curves C1, C2, C3 such that

1. no two curves have a common component,

2. the triple intersection C1 ∩ C2 ∩ C3 = ∅,

3. there is an exact sequence

0 L
⊕

L(Ci) E 0,α (2)

where α is given by multiplication with sections defining the curves Ci.

Conversely, given a line bundle and three curves satisfying (i) and (ii), there
exists a bundle E as in (iii).

We call E the nearly split vector bundle associated to (L, C1, C2, C3).

Remark 2.2. It may well be that a nearly split vector bundle in our sense also
admits a splitting into line bundles. For example, if in the construction the
curve C3 is empty, then the sequence (2) is split exact. In other words, split
bundles are also nearly split.

Proof. First note that given a sequence (2) the quotient E is a vector bundle if
and only if the map has everywhere full rank if and only if (ii) is satisfied.

Now assume the surjection π is given and let L = kerπ, which is a line bundle,
because it is reflexive of rank 1, and let Ci be the divisor defining the map
L → Li.

Then there is an exact sequence (2), and the triple intersection is zero because E
is a vector bundle.

Now assume that C2 = C′
2 + D and C3 = C′

3 + D such that C′
2 and C′

3 have
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no common component. Then if we factor out L1 = L(C1) we get a diagram

0 0

L L

0 L(C1)
⊕3

i=1 L(Ci) L(C2) ⊕ L(C3) 0

0 L(C1) E Q 0

0 0

(

δγ2 δγ3

)T

(

−γ3 γ2

)

, (3)

where δ is an equation for D. The first map in the last column can be factored
through L(D), so we get

0 L L(C2)⊕ L(C3) Q 0

0 L(D) L(D)(C′

2)⊕ L(D)(C′

3) L(D + C′

2 + C′

3)⊗ IC′

2
∩C′

3
0

,

where the lower row is the twisted Koszul-complex of the complete intersection
C′

2 ∩ C
′
3. By the Snake-Lemma the torsion submodule of Q is L(D)|D, so the

homomorphism L(C1) → E vanishes along D and thus factors over L(C1 +D).

Setting L′ = L(D), we obtain

0 L′ L′(C1) ⊕ L′(C′
2) ⊕ L′(C′

3) E 0,

where we have removed the common components from C2 and C3. Repeating
this for the other curves, we get to a situation where (i) holds as well.

Remark 2.3. Given a sequence (2) satisfying the conditions of Proposition 2.1,
the last column of (3) becomes the (twisted) Koszul resolution for the ideal IZ
of the complete intersection subscheme Z = C2∩C3 (compare Proposition 2.5).
Thus we have an exact sequence

0 → L(C1) → E → L(C2 + C3)IZ → 0, (4)

where we can clearly permute the roles of the Ci’s. This is the usual sequence we
have at our disposal when one studies rank two vector bundles, cf. [BHPV04,
Ch. IV.11].
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Conversely, if a rank two bundle E fits into an exact sequence as in (4) with
Z = C2 ∩ C3, then it is nearly split if and only if the extension class maps to
zero under the map

Ext1(L(C2 + C3)IZ ,L(C1)) Ext1(L(C2)⊕ L(C3),L(C1))

H1(O(C1 − C2))⊕H1(O(C1 − C3))

.

It is not hard to construct examples where this is not the case.

Proposition 2.4. Let E be a nearly split vector bundle associated to
(L, C1, C2, C3). Then

det E = L2(C1 + C2 + C3)

c1(E) = 2c1(L) +
∑

i

[Ci]

c2(E) = L2 + L.(C1 + C2 + C3) + C1.C2 + C1.C3 + C2.C3.

Proof. The formula for det E follows from (2), which then implies the formula
for c1(E). Finally, using again (2), we find

3∏

i=1

(1 + c1(L) + [Ci]) = (1 + c1(L))(1 + c1(E) + c2(E)).

By replacing c1(E) in the above we find the desired formula for c2(E).

2.1 Computational tools

In this section we collect some tools to compute the cohomology of (twists of)
symmetric powers of our bundle E . Assuming E satisfies (2), we denote by
Ẽ := ⊕3

i=1L(Ci).
We will frequently be interested in the cohomology of bundles of the form
SymkE⊗M for some line bundle M. Taking symmetric powers of the sequences
(2) and (4), compare [Eis95, Prop. A.2.2 d.], we get the following useful exact
sequences:

0 → L⊗ Symk−1Ẽ → SymkẼ → SymkE → 0, (5)

0 → L(C1) ⊗ E → Sym2E → I2
C2∩C3

⊗ L⊗2(2C2 + 2C3) → 0, (6)

0 → L(C1) ⊗ Sym2E → Sym3E → I3
C2∩C3

⊗ L⊗3(3C2 + 3C3) → 0. (7)

In each case, only the injectivity of the first map has to be checked, but follows
from the fact that it is an isomorphism at the generic point and the correspond-
ing sheaves are locally free, in particular torsion-free.
The first sequence lends itself to computations, since SymkẼ is by definition a
direct sum of line bundles. The other two sequences gain in appeal if we note
that the cohomology of twists of the ideal sheaf Ik

C2∩C3
is often computable via

the following result.
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Proposition 2.5. Let A,B ⊂ S be curves without common components and
let Z = A ∩ B. Denoting defining equations of A and B by respectively a and
b, then the ideal sheaf of Z is IZ = (a, b) with Koszul resolution

0 O(−A−B) O(−A) ⊕O(−B) IZ 0.





b

−a





(a,b)

The symmetric powers coincide with the powers of the ideal

SymkIZ = Ik
Z = (ak, ak−1b, . . . , bk),

and free resolutions of Ik
Z are given as follows:

0
⊕k−1

i=0 O(−(k − i)A− (i+ 1)B)
⊕k

i=0 O(−(k − i)A− iB) IkZ 0·M v

where

M =













b 0

−a
. . .

. . . b

0 −a













and v = (ak, . . . , bk).

Proof. The sequences are evidently exact on the complement of Z. For ev-
ery point p ∈ Z the local equations a, b form a regular sequence in the local
ring OS,p. In this setting, the presentation of the powers of the ideal can be
read off from the Rees algebra, which coincides with the symmetric algebra
by [Hun80].

3 Triple covers

3.1 Conventions for projective bundles

Here we adopt the convention that for a locally free sheaf E on S

π : P(E) = ProjS(Sym∗E) → S

is the projective bundle parametrizing rank one quotient bundles of E . Thus
there is a relative Euler sequence

0 ΩP(E)/S π∗E ⊗ OP(E)(−1) OP(E) 0 (8)

and, in particular, we have ωP(E) = π∗(det E ⊗ ωS)(−rk E).
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3.2 Triple covers after Miranda, Casnati and Ekedahl

We recall the construction of Casnati and Ekedahl [CE96], and Miranda
[Mir85]. Let S be a smooth projective surface and E a rank two vector bun-
dle on S. On the projective bundle π : P = P(E) → S we have the relative
tautological bundle OP(1) and, via pushforward, a natural isomorphism

Φ3 : H0(S, Sym3E ⊗ det E∨) ∼= H0(P, π∗det E∨(3)).

Definition 3.1. We say a section η ∈ H0(S, Sym3E ⊗ det E∨) has the right
codimension at x ∈ S if Φ3(η) does not vanish identically along the fibre π−1(x).
We say η has the right codimension if it has the right codimension at every point
of S.

If η has the right codimension at every point, then the vanishing subscheme of
Φ3(η) defines a Gorenstein triple cover, as in each fibre it cuts out a Gorenstein
subscheme of length three. More precisely, we have:

Theorem 3.2 (Casnati-Ekedahl, Miranda). Let S be a smooth projective sur-
face. The above construction gives a bijective correspondence between con-
nected Gorenstein triple covers f : T → S with E = (f∗(OT )/OS)

∨
and rank

two vector bundles E on S such that H0(S, E∨) = 0 together with a section
η ∈ H0(S, Sym3E ⊗ det E∨) having the right codimension up to non-constant
multiples.
Moreover, if Sym3E ⊗ det E∨ is globally generated, then a general section η
defines a smooth triple cover.

The bundle E is called the Tschirnhausen bundle of the triple cover.

Definition 3.3. We say a rank 2 bundle E is admissible if it is the Tschirn-
hausen bundle of a triple cover f : T → S with T smooth and connected.

If f : T → S is a triple cover then, by relative duality, for every vector bundle
F on T we have

f∗ H omT (F , ωT ) ∼= H omS(f∗F , ωS).

Either from this, or by construction from [CE96], we see that

ωT = OP(1) ⊗ π∗ωS|T and f∗ωT
∼= H omS(f∗OT , ωS) ∼= ωS ⊕ (E ⊗ ωS). (9)

As an application of this equation, we show how positivity of the Tschirnhausen
bundle forces T to be minimal of general type. By (9) the canonical bundle ωT is
ample if OP(E)(1)⊗π∗ωS

∼= OP(E⊗ωS)(1) is ample. By definition, this is the case
if and only if the vector bundle E ⊗ ωS is ample, cf. [Laz04]. While ampleness
of bundles in general is subtle, we formulate a useful sufficient criterion.

Proposition 3.4. Let f : T → S be a triple cover with Tschirnhausen bundle E
and let L be a globally generated ample line bundle on S. If E ⊗ ωS ⊗ L∨ is
globally generated on S, then T is minimal of general type.

Proof. As mentioned above, it is enough to prove that E ⊗ ωS is ample, which
follows from [Laz04, Example 6.1.5].
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3.3 Warm-up: split Tschirnhausen bundle

Consider as a warm-up the case of a triple cover f : T → S, where the Tschirn-
hausen bundle is split, that is, E ∼= L1 ⊕ L2. This includes the case of a
Z/3Z-Galois cover, cf. [Par91].
The first condition of the admissibility is easy to check.

Lemma 3.5. We have h0(S, E∨) = 0 if and only if h0(S,L∨
1 ) = h0(S,L∨

2 ) = 0.

The bundle containing the sections defining a triple cover is

Sym3E ⊗ det E∨ =

3⊕

k=0

Lk−1
1 ⊗ L3−k−1

2

and thus some necessary and sufficient conditions on the existence of a smooth
cover can be easily found.

Proposition 3.6. If for all 0 ≤ k ≤ 3 the line bundles Lk−1
1 ⊗L3−k−1

2 are glob-
ally generated, then there exists a smooth triple cover f : T → S with Tschirn-
hausen bundle E.

Proof. Clear from Theorem 3.2.

Let us denote the fibre coordinates on the P
1-bundle by v, w. Then since the

bundle is globally split, any defining section can be globally written as

η =
3∑

k=0

fkv
kw3−k (10)

with fk ∈ H0(S,Lk−1
1 ⊗ L3−k−1

2 ). In order to see if this is at least globally
irreducible, one would have to compute the discriminant, which is awkward to
handle in this generality. At least we have an easy criterion for the equation
to be divisible by one of the variables.

Lemma 3.7. If E = L1 ⊕ L2 is admissible, then

H0(S,L3
1 ⊗ L∨

2 ) 6= 0 and H0(S,L3
2 ⊗ L∨

1 ) 6= 0.

These easy conditions suffice to give a complete answer in particular cases.

Example 11. Let S = P
2 and E = O(a1) ⊕O(a2) with a1 ≥ a2 > 0 satisfying

the condition of Lemma 3.5. Then the least positive line bundle summand
of Sym3E ⊗ det E∨ is OP2(2a2 − a1), so by Lemma 3.7 we have 2a2 − a1 ≥ 0
if E is admissible. But since on P

2 any line bundle of non-negative degree
is globally generated, this condition is already sufficient for admissibility by
Proposition 3.6.
In total, we have proved that E = O(a1) ⊕O(a2) is admissible if and only if

0 < a2 ≤ a1 ≤ 2a2.

We will discuss what kind of surfaces can arise as triple planes with split
Tschirnhausen bundle in Section 7.
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4 Special triple covers

Definition 4.1. We call a triple cover f : T → S special if the Tschirnhausen
bundle E is nearly split in the sense of Proposition 2.1.

We will now gather some information on such covers and start with the follow-
ing remark.

Remark 4.2. Let E be a nearly split bundle associated to (L, C1, C2, C3). Then
the surjection

Ẽ := L(C1) ⊕ L(C2) ⊕ L(C3) ։ E

defines an embedding of projective bundles

P := P(E) P̃ := P(Ẽ)

S
π π̃

with the property that O
P̃
(1)|P = OP(1).

Let us denote a defining equation for Ci by γi and let u, v, w be the corre-
sponding sections of O

P̃
(1) ⊗ π̃∗L∨(−Ci) with i ∈ {1, 2, 3} defining P(L(Cj) ⊕

L(Ck)) ⊂ P̃ via the natural composition

π̃∗L(Ci) → π̃∗Ẽ → O
P̃
(1).

Then the equation for P ⊂ P̃ is

γ1u+ γ2v + γ3w = 0, (12)

which is a section of O
P̃
(1) ⊗ π̃∗L∨.

If E is admissible, then together with the triple cover we get a diagram

T P P̃

S
f

π
π̃

where T is defined in P by a section η ∈ H0(P, π∗ det E∨(3)). The following
definition will prove to be useful later.

Definition 4.3. We say that the special triple cover f : T → S is a global
complete intersection (gci) if T = T̃ ∩ P ⊂ P̃, that is, if the defining equation
η ∈ H0(P, π∗ det E∨(3)) lifts to an equation η̃ ∈ H0(P̃, π̃∗ det E∨(3)).

The invariants of triple planes have been computed also by Miranda [Mir85],
but we include below a proof for the convenience of the reader.
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Corollary 4.4. In the above situation, the invariants of T are

K2
T = 3K2

S + 4KS.(2L +
∑

i

Ci)

+ (5L2 + 5L.
∑

i

Ci + 2
∑

i

C2
i +

∑

i<j

CiCj),

χ(T ) = 3χ(S) + L2 + L.KS + L.
∑

i

Ci +
1

2

∑

i

(C2
i +KS .Ci),

χ(2KT ) = 3(χ(S) +K2
S) + 9KS .L + 6L2

+ 6L.
∑

i

Ci +
9

2
KS .

∑

i

Ci +
5

2

∑

i

C2
i +

∑

i<j

Ci.Cj ,

pg(T ) = h0(S, E ⊗ ωS) + pg(S),

q(T ) = h1(S, E ⊗ ωS) + q(S).

The plurigenera of T are computed as P2(T ) = h0(Sym2E ⊗ ω2
S) and

Pm(T ) ≥ h0(S, SymmE ⊗ ωm
S ) − h0(S, Symm−3E ⊗ det E ⊗ ωm

S )

with equality if h1(S, Symm−3E ⊗ det E ⊗ ωm
S ) = 0.

Proof. Let us put a = c1(ωS) ∈ H2(S,R) and u := c1(OP(1)) ∈ H2(P,Z).
Then we recall that we have the relation in H•(P,Z)

π∗c2(E) − π∗c1(E).u + u2 = 0

implying

u2 = u.π∗c1(E) − π∗c2(E), u3 = u.π∗(c21(E) − c2(E)).

Using this and (9), we compute:

K2
T =π∗ωS(1).π∗ωS(1).π∗ det E∨(3)

=(π∗a+ u)2(−π∗c1(E) + 3u)

=u.π∗(−2c1(E).a+ 3a2) + u2π∗(−c1(E) + 6a) + 3u3

=u.π∗
(
−2c1(E).a+ 3a2 − c21(E) + 6a.c1(E) + 3c21(E) − 3c2(E)

)

=u.π∗
(
3a2 + 4a.c1(E) + 2c21(E) − 3c2(E)

)
.

By applying the push forward map, using that π∗u = 1 and Proposition 2.4,
we find:

K2
T = 3K2

S + 4KS.c1(E) + 2c21(E) − 3c2(E)

= 3K2
S + 4KS.(2L +

∑

i

Ci) + (5L2 + 5L.
∑

i

Ci + 2
∑

i

C2
i +

∑

i<j

CiCj).
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We now compute the holomorphic Euler characteristic using (2) and Riemann-
Roch:

χ(T ) = χ(OT ) = χ(S) + χ(E∨)

= χ(S) +
∑

i

χ(L∨(−Ci)) − χ(L∨)

= 3χ(S) +
1

2

(
∑

i

(L + Ci).(L + Ci +KS) − L.(L +KS)

)

= 3χ(S) + L2 + L.KS + L.
∑

i

Ci +
1

2

∑

i

(C2
i +KS .Ci).

The formulas for pg and q follow from (9). In order to compute Pm for m ≥ 2,
note that since T ⊂ P is given by a section of π∗ det E∨(3), we have the following
exact sequence:

0 → π∗ det E ⊗ OP(m− 3) → OP(m) → OT (m) → 0.

Since for m ≥ 2 we have R1π∗OP(m − 3) = 0, after applying π∗ to the above
and using the projection formula, we find the exact sequence:

0 → det E ⊗ Symm−3E → SymmE → f∗OT (m) → 0

where we use the convention Sym−1E = π∗OP(−1) = 0. Finally, in order to
deduce Pm, one uses the above exact sequence, together with (ii) in the above
proposition, giving finally

Pm = h0(S, f∗ω
m
T ) = h0(S, ωm

S ⊗ f∗OT (m))

≥ h0(S, SymmE ⊗ ωm
S ) − h0(S, Symm−3E ⊗ det E ⊗ ωm

S ).

In particular, P2 = h0(Sym2E ⊗ ω2
S).

Corollary 4.5. Let f : T → S be a special triple cover with Tschirnhausen
bundle E. Then T is minimal of general type if and only if.

K2
T > 0, P2(T ) = h0(Sym2E ⊗ ω2

S) > 0, h1(T, ω2
T ) = h1(Sym2E ⊗ ω2

S) = 0.

Proof. The conditions are clearly satisfied for a minimal surface of general type.
Conversely, the first two conditions ensure that T is of general type. The last
vanishing characterises minimality by Riemann-Roch.

5 Some necessary and sufficient conditions for admissibility

We now address the generally difficult question, which nearly split bundles are
admissible, that is, occur as Tschirnhausen bundles of a smooth triple cover
f : T → S. We continue to use the same notation, see Remark 4.2.
We start by settling when a potential cover would be connected.
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Lemma 5.1 (connectedness condition). If H0(S, E∨) = 0, then

H0(S,L∨(−Ci − Cj)) = 0, 1 ≤ i < j ≤ 3. (13)

Conversely, if (13) holds and also

H0(S,L∨(−C1 − C2)|C3
) = 0 or H1(S,L∨(−C1 − C2 − C3)) = 0,

then H0(S, E∨) = 0.

Proof. Dualising (2) and taking cohomology, we get the exact sequence

0 → H0(S, E∨) →
⊕

H0(S,L∨(−Ci)) → H0(S,L∨).

So clearly H0(S, E∨) = 0 if and only if the last map is injective. In particular,
we must have that the last map in the exact sequence

0 → H0(S,L∨(−Ci−Cj)) → H0(S,L∨(−Ci))⊕H
0(S,L∨(−Cj)) → H0(S,L∨)

is injective for any 1 ≤ i < j ≤ 3, which is equivalent to (13).
Supposing now that (13) holds, we have that H0(S, E∨) = 0 iff the
image of H0(S,L∨(−C3)) in H0(S,L∨) does not intersect the image of
H0(S,L∨(−C1)) ⊕ H0(S,L∨(−C2)). This is further equivalent to the map
ψ in the following commutative diagram to be injective:

0 H0(L∨(−C3))

0 H0(L∨(−C1))⊕H0(L∨(−C2)) H0(L∨)

H0(L∨(−C1 − C2)|C3
) H0(L∨(−C1)|C3

)⊕H0(L∨(−C2)|C3
) H0(L∨|C3

)

H1(L∨(−C1 − C2 − C3))

γ3

(γ1,γ2)

ψ

Hence, if H0(S,L∨(−C1 − C2)|C3
) = 0, then ψ is injective, as a composi-

tion of two injective maps. Finally, H0(S,L∨(−C1 − C2)|C3
) = 0 as soon as

H1(S,L∨(−C1 − C2 − C3)) = 0.

Before we go on, let us distinguish several ways in which E can be admissible.

Definition 5.2. Let E be an nearly split bundle. We say that E is

1. trivially admissible if Sym3Ẽ ⊗ det E∨ is globally generated;

2. gg-admissible if Sym3E ⊗ det E∨ is globally generated;

3. gci-admissible if there exists a smooth global complete intersection special
cover in the sense of Definition 4.3.
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Proposition 5.3. The following implications hold:

trivially admissible gg-admissible

gci-admissible admissible

if H1(P̃,π̃∗(detE∨⊗L)(2))=0

.

Proof. Since there is a surjection Sym3Ẽ ⊗det E∨ ։ Sym3E ⊗det E∨, the latter
is globally generated if the former is so. Thus trivially admissible implies gg-
admissible, which in turn implies admissible by Theorem 3.2.
To understand gci-admissibility, which implies admissibility by definition, we
look at the twisted restriction sequence

0 → π̃∗(L ⊗ det E∨)(2) → π̃∗det E∨(3) → π∗det E∨(3) → 0.

If E is trivially admissible, then the bundle in the middle is globally generated
and by Bertini [Jou83] there is a smooth intersection T = T̃ ∩ P, so E is gci-
admissible.
Clearly, if the given H1 vanishes, then every η ∈ H0(P, π∗det E∨(3)) lifts to a
section defined on P̃, so the converse implication in the lower row holds.

For later reference we the following.

Lemma 5.4. We have:

1. The bundle E is trivially admissible if and only if for all a1 + a2 + a3 = 3
the line bundle L (

∑

i(ai − 1)Ci) is globally generated.

2. If for all a1 + a2 + a3 = 3 we have H1(S,L (
∑

i(ai − 1)Ci)) = 0, then
every triple cover with Tschirnhausen bundle E is gci.

Proof. This comes from our definition of bundle Ẽ , defined in Remark 4.2, and
hence all its symmetric powers are direct sums of line bundles and both global
generation and vanishing of H1 can be tested on summands.

If we are not in the fortunate situation of trivial admissibility, we can give some
necessary criteria.

Lemma 5.5 (Necessary conditions for gg-admissibility). If Sym3E ⊗ det E∨

is globally generated with h0(E∨) = 0, hence admissible, then for all curves
D ⊂ S, the bundle Sym3E ⊗ det E∨|D is globally generated. In particular, for
all {i, j, k} = {1, 2, 3} the bundle

(
det E∨ ⊗ Sym3 (L(Ci + Cj) ⊕ L(Ck))

)
|Ck

is globally generated.
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Proof. The first assertion is obvious, while for the second one we just need to
note what happens to (2) upon restricting to Ck.

We include a general necessary condition for existence.

Proposition 5.6 (Necessary condition for an irreducible cover). Let η be a
section in H0(S, Sym3(E) ⊗ det E∨). If η defines an irreducible triple cover
f : T → S, then for all i 6= j 6= k 6= i

H0(S,L(2(Cj + Ck) − Ci) ⊗ I3
Cj∩Ck

) 6= 0.

Proof. The irreducibility of T is governed by the irreducibility of the cubic
equation η at the generic point, which is not easy to control in general.

However, if we restrict the sequence (4) to the open subset U = S \ ∪3
l=1Cl,

then, since L|U → L(Cj)|U is an isomorphism, it is split exact and gives an
isomorphism E|U ∼= L(Ci)|U ⊕ L(Cj + Ck)|U .

Also, as the projective bundle P|U → U is trivial, we can write the section

η|U =

3∑

i=0

ηiu
ivn−i.

With this, the natural restriction map

H0(S, Sym3(E) ⊗ detE∨) → H0(S,L(2(Cj + Ck) − Ci) ⊗ I3
Cj∩Ck

)

induced by the third power of (4) corresponds to the restriction to the η0
components. If this component vanishes, then over U the equation is divisible
by u and T is reducible for sure.

In case of special building data, we can be much more precise.

Theorem 5.7 (gci-admissibility for commensurable data). Let A be a divisor
on a smooth surface S such that |A| has no base points. Fix integers d and
c1 ≥ c2 ≥ c3 ≥ 1 and let Ci ∈ |ciA| be such that the triple intersection is
empty. Let E be nearly split associated to the data (OS(dA), C1, C2, C3).

1. If d+ c3 ≥ c1 + c2 − c3, then E is trivially admissible.

2. If c1 + c2 − c3 > d + c3 ≥ c1, then E is gci-admissible but not trivially
admissible.

3. If c1 > d+ c3 ≥ c2 and d− c1 + 2c2 − c3 ≥ 0, then E is gci-admissible if
and only if C3 is smooth at every point of C2 ∩C3,

4. In all other cases, the bundle E is not gci-admissible.
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Proof. Using the notation from Remark 4.2, the splitting of Sym3Ẽ , and the
formula for det E , every section η̃ ∈ H0(P̃, π̃∗det E∨(3)) ∼= H0(S, Sym3Ẽ ⊗
det E∨) can be written as

η̃ =
∑

a+b+c=3

fabcu
avbwc (14)

with fabc ∈ H0 (S,OS ((d+ (a− 1)c1 + (b − 1)c2 + (c− 1)c3)A)); we denote its
restriction to P with η = η̃|P.
We will use repeatedly that for any integerm, the OS(mA) is globally generated
if m ≥ 0 and has no sections if m < 0. The lowest multiple of A occurs for the
coefficient of w3, namely

f003 ∈ H0 (S,OS ((d− c1 − c2 + 2c3)A)) ,

so if d+ c3 ≥ c1 + c2 − c3, then E is trivially admissible, which proves (i).
For the other items, consider the inequalities

d− c1 + 2c2 − c3
︸ ︷︷ ︸

≥0 in (iii)

≥ d− c1 + c2 ≥ d− c1 + c3
︸ ︷︷ ︸

≥0 in (ii)

≥ d− c1 − c2 + 2c3
︸ ︷︷ ︸

≥0 in (i)

,

involving the multiples of A corresponding to the coefficients of v3, v2w, vw2

and w3, as well as the inequalities

d− c2 + c3
︸ ︷︷ ︸

≥0 in (iii)

≥ d− c1 + c3
︸ ︷︷ ︸

≥0 in (ii)

involving the multiples of A corresponding to the coefficients of uw2 and vw2.
We see that the bundles containing the coefficients fabc in (iii) are less positive
than the ones in (ii).
We first show (iv) by proving that E is not gci-admissible if either one of the
conditions in (iii) is not met.
If d− c1 + 2c2 − c3 < 0 then, by the above, the equation η̃ is globally divisible
by u and there cannot exist an irreducible gci-cover.
Now assume d+ c3 − c2 < 0. Then we have also

d− c1 − c2 + 2c3 ≤ d− c1 + c3 ≤ d+ c3 − c2 < 0

so that only monomials of degree 0 or 1 in w appear in (14). Assume that a
gci triple cover T is defined by restriction of an equation η̃ to P.
Let us restrict to Ũ := {w 6= 0}|S\C2

⊂ P̃ and replace u by u
w and v by v

w , so

that (12) becomes over Ũ :

v = αu+ β, α = −
γ1
γ2
, β = −

γ3
γ2
.

Then on U := Ũ ∩ P, η becomes:

η =
∑

a+b=3

fab0u
a(αu+ β)b +

∑

a+b=2

fab1u
a(αu+ β)b
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an equation which vanishes at the curve defined by u = β = 0, lying over C3,
with multiplicity at least two. Thus T cannot by smooth, indeed not even
normal, and E is not gci-admissible. This concludes the proof of (iv).
To address (ii) and (iii) we now assume that d− c1 + 2c2 − c3 ≥ 0, that is, we
can have v3 with non-zero coefficient in η̃.
We may also assume that we are not in case (i), that is, c1 + c2 − c3 > d+ c3
and w3 does not appear in η̃. We claim that the base locus of the linear system
on P is then the curve

B := Bs (|OP(3) ⊗ π∗det E∨|) = {u = v = γ3 = 0},

lying over C3. Indeed, both equation vanish along B, because η̃ does not
contain the monomial w3 with a non-zero coefficient. At a point outside B,
one monomial of the form f300u

3 or f030v
3 does not vanish, since both f030 and

f030 can be chosen in base-point free linear systems.
By Bertini [Jou83] and compactness of B, it follows that E is gci-admissible if
and only if for any z ∈ B, there is a non-zero section η̃ cutting out a surface
on P which is smooth at z.
For the proof of (iii), suppose that d− c1 + 2c2 − c3 ≥ 0 and c1 > d+ c3 ≥ c2,
so

d− c1 − c2 + 2c3 ≤ d− c1 + c3 < 0

and the monomials vw2 and w3 do not appear in (14).
Since w 6= 0 on B, we can again restrict to w 6= 0 and divide by w. Let us first
take z ∈ B ∩ Ũ over x ∈ C3 \ C2. We do the same as in (iv) and see that η
becomes over U :

η =
∑

a+b=3

fab0u
a(αu + β)b +

∑

a+b=2

fab1u
a(αu + β)b + f102u.

Its first order term is thus f102u, and since f102 is a section of a globally
generated line bundle by assumption, η can be taken smooth at such points z.
Let us now take z ∈ B over x ∈ C3∩C2 and restrict to the open set Ṽ := {w 6=
0}|S\C1

, where (12) becomes

u = µv + ν, µ = −
γ2
γ1
, ν = −

γ3
γ1
.

Then on V := Ṽ ∩P, the lowest order term of η at z is the lowest order term of

f102(µv + ν).

Since µv is at least of order two and f102 lives in a globally generated line
bundle, we find that η can be chosen smooth at z precisely when ν is of order 1
at x. This shows the assertion.
For (ii) we have c1 + c2 − c3 > d + c3 ≥ c1 and only the monomial w3 does
not appear in the expression of η̃. As before, in order to ensure that E is gci-
admissible, it is enough to show that at any z ∈ B one can find a section η
smooth at z.
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By taking first z ∈ B over x ∈ C3 \ C2, we see just like before that the lowest
order term of η at z is given by the first order term of

f102u+ f012(αu + β).

Since f102 + αf012 can be chosen not to vanish at x, η can be chosen smooth
at z. Similarly, at z ∈ B over x ∈ C3 ∩ C2, the first order term of η contains
the monomial (f102µ+ f012)v which can be made non-vanishing at z. Hence E
is indeed gci-admissible.

Example 15. We want to point out one exceptionally simple special case of
Theorem 5.7, namely when c1 = c2 = c3 = c ≥ 1 and d ≥ 0.
Let S be a smooth surface and A a globally generated line bundle. Let H be a
line in P

2. Writing P̃ ∼= S × P
2 and denoting by p the projection to the second

factor, the P
1-bundle P is defined by a general element of |cπ∗A+ p∗H |.

Thus a gci triple cover f : T → S with this building data is a complete inter-
section of

P ∈ |cπ̃∗A+ p∗H | and T̃ ∈ |dπ̃∗A+ 3p∗H |,

which is obviously admissible by Bertini. Its canonical bundle is

ωT = f∗ωS((c+ d)A) ⊗ p∗OP2(1).

Assume that S is a K3 surface, a case recently considered by Garbagnati and
Penegini in [GP22]. Since A is assumed to be globally generated, we have
A2 ≥ 0, thus

K2
T = (5d2 + 15cd+ 9c2)A2 ≥ 0 .

We see that if A2 > 0, then K2
T > 0 and pg(T ) ≥ pg(S) > 0, so T is of general

type. If A is even ample, then the canonical ωT is clearly ample too, and T is
in fact minimal of general type.
IfA2 = 0 but A is not trivial, then |A| induces a fibration over a curve ϕ|A| : S →
B and it is easy to check that the triple cover T → S is then the pullback of a
triple cover B′ → B.
Therefore, via this construction, we obtain either surfaces of general type, by
choosing A ample, or properly elliptic surfaces if A induces an elliptic fibration.

6 Asymptotic considerations

Let us fix an ample divisor A on the smooth surface S. Assume that E is an
nearly split bundle on S associated to (L, C1, C2, C3). It is plausible that E
will become admissible if we make the data suffciently positive.
Below, we give some indication how this can be done but also point out that
one has to keep a certain balance for admissibility.

Proposition 6.1. Consider the bundle E ′
m = E(mA), nearly split with associ-

ated data (L(mA), C1, C2, C3). Then for m≫ 0 the bundle E ′
m is gg-admissible.
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If Tm is a general triple cover with Tschirnhausen bundle E ′
m, then for m≫ 0

it is minimal of general type and asymptotically the slope becomes

lim
m→∞

K2
Tm

χ(Tm)
= 5.

Proof. First note that for m≫ 0 the bundle

Sym3E ′
m ⊗ det E ′∨

m = Sym3E ⊗ detE∨(mA)

is globally generated, hence E ′
m is gg-admissible.

Substituting into the formulas of Corollary 4.4 we see that

K2
Tm

= 5m2A2 + lower order terms

χ(Tm) = m2A2 + lower order terms.

So if we choose m large enough such that in addition K2
Tm

> 0 and Sym2E ′
m ⊗

ω2
S = Sym2E ⊗ ω2

S(2mA) has no higher cohomology and at least one section,
possibly by Serre vanishing, then we conclude from Corollary 4.5.

Proposition 6.2. Assume that E is trivially admissible, that is, Sym3Ẽ ⊗
det E∨ is globally generated, and consider the bundle E ′

m, nearly split with asso-
ciated data (L, C′

1, C
′
2, C

′
3), where C′

i ∈ |Ci +mA| is sufficiently general. Then
for any m ≥ 0 the bundle E ′

m is gg-admissible. If Tm is a general triple cover
with Tschirnhausen bundle E ′

m, then for m ≫ 0 it is minimal of general type
and asymptotically the slope becomes

lim
m→∞

K2
Tm

χ(Tm)
= 6.

Proof. Note that Sym3Ẽ⊗det E∨ = Sym3Ẽ ′
m⊗det E ′

m
∨

for any m, so the bundle
remains trivially admissible.
We can use the exact sequence (5) for E ′

m to show that for sufficiently large
m the bundle Sym2E ′

m ⊗ ω2
S has no higher cohomology. Substituting into the

formulas of Corollary 4.4 we see that

K2
Tm

= 9m2A2 + lower order terms

χ(Tm) =
3

2
m2A2 + lower order terms.

So if we choose m also large enough such that K2
Tm

> 0, then we conclude
using Corollary 4.5.

Choosing a more sophisticated, e.g. polynomial, scaling of the data by an
ample divisor, one can find more asymptotics for the slope, but nothing too far
away from [5, 6] – this is not the region of surfaces of general type that attracts
the most interest. The reason is that a certain balance has to be maintained
in order to be admissible. We illustrate this with the following result.
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Proposition 6.3. Consider the bundle E ′
m, nearly split corresponding to

(L, C′
1, C2, C3), where C′

1 ∈ |C1 +mA| is sufficiently general. Then for m≫ 0
the bundle E ′

m is not admissible.

Proof. We observe that H0(S,L(2C2 + 2C3 − (C1 + mA) ⊗ IC2∩C3
) = 0 for

m≫ 0, so the result follows from Proposition 5.6.

7 Special triple planes

We consider in detail the case S = P
2, that is special triple planes. Let E be a

nearly split bundle associated to (L, C1, C2, C3) and let d = degL, ci = degCi

with c1 ≥ c2 ≥ c3 ≥ 0.

Remark 7.1. The above includes the case c3 = 0, where the bundle splits as

E ∼= OP2(a1) ⊕OP2(a2)

with ai = d+ ci.
From Example 11, we know that in this case the bundle is admissible if and
only if it is gg-admissible if and only if

0 < a2 ≤ a1 ≤ 2a2.

Some things work slightly differently in this case, so we mostly stick to the
invariants (a1, a2) in the split case instead of referring to it as the nearly split
case with d = c3 = 0.

Remark 7.2. By [Laz04, Theorem 6.3.55] we see that on the projective plane
an admissible E is necessarily ample. The previous remark shows that the
converse is not true, as E = O(3)⊕O(1) is ample but not admissible. Morally,
the positivity of the bundle has to maintain a certain balance for admissibility.

The collected results from Section 5 give us a complete overview over the ad-
missibility of E also if all three curves are non-empty.

Theorem 7.3. Let E be an nearly split bundle on P
2 as above with c3 > 0.

1. The following are equivalent:

(a) E is trivially admissible;

(b) E is gg-admissible;

(c) d− c1 − c2 + 2c3 ≥ 0.

2. The following are equivalent:

(a) E is admissible;

(b) E is gci-admissible;

(c) One of the following conditions holds:
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• d+ c3 ≥ c1, or

• C3 is smooth at every point of C2 ∩ C3, c1 > d + c3 ≥ c2 and
d− c1 + 2c2 − c3 ≥ 0.

Proof. We start with (i). The equivalence (a) ⇔ (c) is the first item of
Lemma 5.4 and (a) =⇒ (b) has been proved in Proposition 5.3. Assume
that (b) holds. Then Lemma 5.5 implies that for a+ b = 3 the line bundles

det E∨ ⊗ L3(a(C1 + C2) + bC3)|C3
= OC3

(d+ (a− 1)(c1 + c2) + (b− 1)c3)

are globally generated, which for a plane curve just means that they have non-
negative degree. In particular, (a, b) = (0, 3) gives us condition (c) and we have
proved the equivalence.
Now we come to (ii). Since H1(P2,O(d)) = 0 for any d, the equivalence of
(a) ⇔ (b) follows from Lemma 5.4. The equivalence (b) ⇔ (c) comes from
Theorem 5.7.

For convenient reference we also specialise the formulas for the invariants to
the case at hand.

Lemma 7.4. Assume E is admissible with triple plane T . Then

K2
T = 27 − 12(2d+

∑

i

ci) + (5d2 + 5
∑

i

dci + 2
∑

i

c2i +
∑

i<j

cicj),

χ(T ) = 3 + d2 − 3d+
∑

i

dci +
1

2

∑

i

(c2i − 3ci),

pg(T ) = −

(
d− 1

2

)

+
∑

i

(
d+ ci − 1

2

)

,

q(T ) = h1(S, E ⊗ ωS) = 1 + pg(T ) − χ(T ).

In the split case (Remark 7.1), the same formulas hold with d = c3 = 0 and
c1 = a1, c2 = a2.

Proof. This is Corollary 4.4, where the expression for pg is computed via the
resolution (2) and standard cohomology computations in the plane.

We now want to give an overview of the kinds of surfaces we can construct as
special triple planes. Let us start with two simple examples.

Example 16 (The split case with a1 = a2). If E is split and a = a1 = a2, then
we are considering hypersurfaces T of bidegree (a, 3) in P

2×P
1. By adjunction,

the canonical divisor KT has bidegree (a − 3, 1) and is ample for a ≥ 4. The
general fibre of the projection T → P

1 is a smooth curve of genus a, so we
get ruled surfaces for a = 1, 2. In [FPV19], the ones corresponding to a = 1
were identified as cubic scrolls of type S(2, 1) in P

3, while the surfaces with
a = 2 were identified to be blow-ups of Hirzebruch surfaces at 9 points. For
a = 3 we get an elliptic fibration which coincides with the canonical map, thus
a properly elliptic surface.
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Example 17 (The case c1 = c2 = c3). If c = c1 = c2 = c3 ≥ 1 and d ≥ 0,
then E is trivially admissible by Theorem 7.3. This case can easily be treated
differently as follows: The projective bundle P̃ ∼= P

2 × P
2 and the two defining

equations (12) and (10) for a triple cover T are then bihomogenous of bidegree
(c, 1) and (d, 3), that is, T is a complete intersection in P

2×P
2, from which its

geometry is easily understood. Let π′ : P̃ → P
2 be the projection to the second

factor.
We discuss some cases for a general choice of an equation.

Cases (d, c) = (0, 1) and (d, c) = (0, 2) In the first case, the equation of de-
gree (0, 3) defines a product P

2 × E for an elliptic curve E.

Then an equation of bidegree (1, 1) cuts out a line in every fibre of the
projection to E, so that T → E is a minimal ruled surface.

An equation of bidegree (2, 1) instead makes T → E into a conic bundle,
so T is the fourfold blow up of a ruled surface over E.

Case (d, c) = (1, 1) In this case T is a complete intersection of bidegree
(1, 1), (1, 3), so the projection to the second factor actually has degree
1, i.e., we have a birational map π′ : T → P

2. Since any birational map
is a composition of blow ups, a comparison of K2

T shows that π′ is the
composition of 13 blow ups.

Case (d, c) = (0, 3) Then again the equation of bidegree (0, 3) shows that T
is contained in the a product P

2 × E for an elliptic curve E. Since by
adjunction ωT

∼= π′∗OP2(1), and π′ : T → E is an elliptic fibration we see
that T is a minimal elliptic fibration of Kodaira dimension 1.

Cases (d, c) = (1, 2) and (d, c) = (2, 1) In both cases the map π′ : T → P
2

has degree 2 and the canonical bundle is as in the previous case ωT
∼=

π′∗OP2(1). In particular ωT is big and nef and T is a minimal surface of
general type.

These are Horikawa surfaces and, indeed, the canonical model of any
minimal surface of general type with χ(T ) = 4 and K2

T = 2 is, via the
canonical map, a double cover of the plane branched over an octic.

The cases d+ c ≥ 4 In all the remaining cases we have d + c ≥ 4, and by
adjunction we have that ωT = π∗OP2(c+ d− 3) ⊗ π′∗OP2(1)|T is ample,
so T is minimal of general type.

We begin with a rough estimate to be refined later.

Lemma 7.5. Assume E is admissible. Then any smooth triple cover f : T → P
2

with Tschirnhausen bundle E is a minimal surface of general type if one of the
following holds:

1. c1 ≥ 1 and d+ c3 ≥ 4,

2. E is split and a1 ≥ 4.
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Proof. Under the first condition the bundle Ẽ ⊗ ωS(−1) is globally generated,
hence Proposition 3.4 applies.
In the other case, since all symmetric powers of a split bundle on P

2 have van-
ishing H1, we apply the criterion of Corollary 4.5 combined with the formulas
from Lemma 7.4. We find then that a1 ≥ 4 is both a necessary and sufficient
condition.

Theorem 7.6. Let f : T → S be a special triple plane with Tschirnhausen
bundle E. If T is not of general type, then the invariants are as follows:

pg q K2
T κ d (c1, c2, c3) admissible

0 0 8 −∞ 0 (1, 1, 0) gg (split)
0 0 3 −∞ 0 (2, 1, 0) gg (split)
0 0 −1 −∞ 0 (2, 2, 0) gg (split)
0 1 0 −∞ 0 (1, 1, 1) gg
0 1 −9 −∞ 0 (2, 2, 2) gg
0 0 −4 −∞ 1 (1, 1, 1) gg

1 0 −1 0 0 (3, 2, 0) gg (split)
1 0 −3 0 1 (2, 1, 1) gg

2 0 0 1 0 (3, 3, 0) gg (split)
2 0 −1 1 1 (2, 2, 1) X

3 1 0 1 0 (3, 3, 3) gg

Proof. We start with the split case (c3 = d = 0). From Remark 7.1 and
Lemma 7.5 we have very few cases to consider, namely 1 ≤ a2 ≤ a1 ≤
min{3, 2a2}. The invariants, except the Kodaira dimension, are computed
from Lemma 7.4 and the cases with a1 = a2 have been treated in Example 16.
To determine the Kodaira dimension in the remaining two cases, we use the
splitting of the bundle and Corollary 4.4 and deduce that all Pm(T ) = 0 for
(a1, a2) = (2, 1) and all Pm(T ) = 1 for (a1, a2) = (3, 2). As shown in [FPV19],
the surfaces in the first case can be embedded as smooth cubic surfaces in P

3.
The latter case is the resolution of the linear projection from an internal point
of a quartic K3 surface in P

3, see Example 19.
Now let us turn to the case where c3 > 0. An easy estimation using the
formulas from Lemma 7.4 shows that if d ≥ 2, then K2

T > 0 and pg > 0, so T
is of general type by Corollary 4.5. Note that by Theorem 7.3 the case d = 0
can only occur if c1 = c2 = c3 and these have been treated in Example 17.
So the remaining cases with κ < 2 have d = 1, not all ci equal and, by
Lemma 7.5, c3 ≤ 2, which by the inequalities in Theorem 7.3 allows for
(c1, c2, c3) to be one of

(2, 1, 1), (2, 2, 1), (3, 2, 1), (3, 2, 2), (3, 3, 2), (4, 2, 1), (4, 3, 2), (5, 3, 2). (18)

Computing the invariants in each case we can exclude the cases where both
K2

T > 0 and pg > 0, which leaves us with the two cases in the table.
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A more detailed descriptions of the cases including a justification of the Kodaira
dimension given can be found in Example 20 and Section 7.1.

The remaining special triple planes are all of general type. We conclude the
general treatment by pointing out which of them are not minimal or give sur-
faces with reasonably small invariants.

Proposition 7.7. Let f : T → S be a special triple plane of general type with
Tschirnhausen bundle E. If T is not minimal or pg(T ) ≤ 7, then the invariants
are as follows:

pg q K2
T κ minimal d (c1, c2, c3) admissible

3 0 3 2 X 0 (4, 2, 0) gg (split)
3 0 2 2 X 1 (2, 2, 2) gg
3 0 2 2 X 2 (1, 1, 1) gg

4 0 5 2 X 0 (4, 3, 0) gg (split)
4 0 5 2 no 1 (3, 2, 1) X

5 0 9 2 X 1 (3, 2, 2) gg
5 0 8 2 X 2 (2, 1, 1) gg

6 0 9 2 X 0 (4, 4, 0) gg (split)

7 0 14 2 X 0 (5, 3, 0) gg (split)
7 0 15 2 no 1 (4, 2, 1) X

7 0 17 2 X 1 (3, 3, 2) X

7 0 15 2 X 2 (2, 2, 1) gg

Proof. The split cases all satisfy the criterion given in Lemma 7.5 and these
are thus easily listed using Remark 7.1.
For the cases with c3 > 0 we want to use the criterion of Corollary 4.5 and
determine, when h1(T, ω⊗2

T ) = h1(Sym2E(−6)) = 0. Partially applying Serre
duality to the cohomology sequence of (5) we get

0 H1(Sym2E(−6)) H0(Ẽ∨(3 − d))∨ H0(Sym2Ẽ∨(3))∨

and by the splitting of Ẽ the group in the middle is non-zero if and only if
3 − 2d− c3 ≥ 0, so T is minimal of general type as soon as d ≥ 2.
Again, the case where all ci are equal, which includes all cases with d = 0,
was completely treated in Example 17. It remains to look at the cases with
d = c3 = 1 and not all ci equal, which have already been listed in (18). In both
cases the sequence gives h1(T, ω⊗2

T ) = 1.
Listing the remaining cases with pg ≤ 7 is an easy task once we note that
Lemma 7.4 gives that pg ≥ 8 if d ≥ 3, so only the cases with d = 2 have to be
considered.

Some of the cases in the tables are discussed in the examples below.
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Example 19 (The split case with (a1, a2) = (3, 2)). Let u, v be the coordinates
on the fibre and, as usual, x, y, z the coordinates on the base of

π : P = P(OP2(3) ⊕OP2(2)) → S.

Let M := OP(1) ⊗ π∗OP2(−2). Then π∗M ∼= OP2(1) ⊕ OP2 , thus has a base
of sections xu, yu, zu, v and defines a morphism ϕ : P → P

3, which is the
blow-up at the coordinate point p = (0 : 0 : 0 : 1) and contracts the divisor
E = {u = 0}. Note that OP(E) = OP(1) ⊗ π∗OP2(−3). The triple cover
f : T → P

2 with Tschirnhausen bundle OP2(3)⊕OP2(2) is defined by a section
of OP(3) ⊗ π∗OP2(−6) = M⊗4(−E). In other words, ϕ|T : T → ϕ(T ) = T̄ is
the blow up of a quartic K3 surface T̄ passing through p and the triple cover
is the resolution of the linear projection T̄ 99K P

2 from the internal point p.

Example 20 (The case d = 1, (c1, c2, c3) = (2, 2, 1)). Let us consider a triple
cover T ⊂ P̃ defined by the equations (12) and (10), where η̃ does not contain
the monomial w3. In these coordinates we compute

H0(T, ωT ) ∼= H0(P̃,O
P̃
(1) ⊗ π̃∗ωP2) ∼= H0(P2, Ẽ(−3)) = 〈u, v〉.

Let us compute the general element in the canonical pencil, Cλ = {v − λu =
0} ⊂ T . Let γ′λ := γ1 + λγ2 and C′

λ := Z(γ′λ). We note first that the surface

Sλ := {v − λu = 0, γ1u+ γ2v + γ3w = 0} ⊂ P̃

is precisely the blow up of P2 at Zλ := C3 ∩ C′
λ, defined via the natural map

E L(C′
λ + C3)IZλ

which then induces

Sλ = ProjS Sym•IZλ
→֒ ProjS Sym•E(−4) = P.

Then we have Cλ = Sλ ∩ T , given by the equations:

v − λu = 0, γ′λu+ γ3w = 0 and u(g2u
2 + g1uw + g0w

2) = 0,

with gi ∈ H0(P2,O(i)). Putting B = {u = v = γ3 = 0} ⊂ T , which is sent
by f biholomorphically to C3, we have Cλ = B + Eλ, where Eλ is defined by
the equations

v − λu = γ′λu+ γ3w = g2u
2 + g1uw + g0w

2 = 0.

Over the locus where γ3 6= 0, these become:

v = λu, w = −
γ′λ
γ3
u and g2 −

γ′λg1
γ3

+
γ′λ

2g0
γ23

= 0.
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In other words, Eλ ⊂ Sλ is the strict transform of the plane quartic

Qλ := Z(γ23g2 − γ′λγ3g1 + γ′λ
2
g0) ⊂ S.

For generic gi and λ, Qλ has singularities precisely at Zλ, which are two double
points. Since moreover Eλ intersects the exceptional divisor of Sλ

E = {γ′λ = γ3 = 0} ⊂ Sλ

in two points over each P ∈ Zλ, it follows that Eλ is smooth and is the
normalisation of Qλ. Since g(Qλ) = 3, the normalisation sequence gives
g(Eλ) = g(Qλ) − 2 = 1.
Finally we see that for a general λ, B ∩ Eλ = ∅, so that we get

0 = g(B) = 1 +
1

2
B(B +KT ) = 1 +B2,

therefore B is a −1 one curve and T is the blow-up at one point of a minimal
elliptic surface. In particular, κ(T ) = 1.

Example 21 (The case d = 1, (c1, c2, c3) = (3, 2, 1)). From Proposition 7.7 we
see that T is of general type with K2

T = 5 and pg(T ) = 4, but not minimal,
and from its proof we see that it contains a unique (−1)-curve. Thus its min-
imal model Tmin satisfies K2

Tmin
= 6 and pg(Tmin) = 6 and such surfaces were

classified by Horikawa in [Hor78].
Let us analyse the canonical map of T . In the usual notation we haveH0(ωT ) =
〈xu, yu, zu, v〉 and the curve B = {u = v = γ3 = 0} ⊂ T ⊂ P̃ is the fixed part of
the linear system. So, as in the previous example, B is the unique (−1)-curve.
Over the complement U of the line C3, we can invert the equation γ3 and use
(12) to eliminate w, so that u, v are global homogeneous coordinates on the
fibres of P|U . Then we get a birational map over P

2

P|U P
3

P
2

(xu:yu:zu:v)

π projection from (0 : 0 : 0 : 1)

where every fibre of π over a point in U maps isomorphically to a line through
(0 : 0 : 0 : 1) in P

3. In particular, the canonical map of T maps birationally
onto a surface in P

3 – it is of type Ia according to Horikawa’s notation.
One can actually obtain an explicit equation for the image in the following
way: substituting w = − γ1u+γ2v

z into the defining equation (10) results in an
equation

∑

a+b=3

hab
z2
uavb, deg(hab) = 3 + a

defining the surface in PU . Multiplying by z2u3 this becomes an equation of
degree six in the generators of the canonical linear system.
Thus the image is the corresponding sextic surface, which has a triple point at
(0 : 0 : 0 : 1).
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7.1 K3 surfaces of genus 4 from special triple planes

Let us consider the nearly split bundle E on S = P
2 defined by d = 1 and the

three curves

C1 = Z(z2 + q′(x, y)), C2 = Z(x), C3 = Z(y).

Let p = C2 ∩ C3 and L a line in the plane so that the exact sequence (4)
becomes

0 → OS(L + C1) → E → Ip(L+ C2 + C3) → 0. (22)

By Theorem 7.6 the bundle is trivially admissible and corresponding triple
covers f : T → S satisfy pg(T ) = 1, q(T ) = 0 and K2

T = −3; they will turn out
to be blown-up K3 surfaces.
We start by studying a particular linear system on the projective bundle P̃ =
P(E), where we consider the line bundle

M̃ := O
P̃
(1)(−2π∗L).

Note that

M := M̃|P = OP(1)(−2π∗L), M|T = ωT (f∗L).

Lemma 7.8. The linear system |M̃| has no base points. The corresponding
morphism ϕ̃ : P̃ → P

4 is the blow-up of a line l ∈ P
4 with the exceptional

divisor P(OS(L+C2)⊕OS(L+C3)) ⊂ P̃. Moreover, there is a quadric Q ⊂ P
4

containing l, such that the morphism ϕ : P → P
4 corresponding to |M| is the

blow-up of Q at l with the exceptional divisor

Y := ProjS Sym•Ip →֒ P

and and fits into a diagram

P Q P
4

P
2

ϕ

π projection from l

.

Proof. As before, we let u, v and w be the fiberwise coordinates on P̃ defined
as in Remark 4.2, and we note that we have the isomorphism

H0(S,OS(1)) ⊕H0(S,OS) ⊕H0(S,OS) H0(P̃,M̃)
(uπ̃∗,v,w)

.

Denoting by ŝ = u · π̃∗s for any s ∈ H0(S,OS(1)), it follows that x̂, ŷ, ẑ, v, w
form a basis for H0(P̃,M̃), and the corresponding rational morphism

ϕ̃ = (x̂ : ŷ : ẑ : v : w) : P̃ 99K P
4

Documenta Mathematica 27 (2022) 2301–2332



2328 N. Istrati, P. Pokora, S. Rollenske

is regular, since OS(1) is base point free and {u = v = w = 0} = ∅. One notes
in fact that P̃ is the blow-up of P4 at l := {x0 = x1 = x2 = 0} ⊂ P

4, ϕ̃ is the
blow-up map and the exceptional divisor is given by

P̃ ⊃ A := {u = 0} = P(OS(L+ C2) ⊕OS(L+ C3)) ∼= S × P
1.

Moreover, away from l, π ◦ ϕ−1 is precisely the linear projection from l.
Now, from the exact sequence

0 → O
P̃
(−π∗L) → M̃ → M → 0,

one infers that the restriction induces an isomorphism H0(P̃,M̃) ∼= H0(P,M),
so that the rational map ϕ induced by M is precisely ϕ̃|P. Since P ⊂ P̃ is
defined by the equation γ1u+ γ2v+ γ3w = 0, this gives a relation between the
sections of M on P:

ẑ2 + q′(x̂, ŷ) + x̂v + ŷw = 0

which implies that the image of ϕ = ϕ̃|P is contained in Q := Z(q) for

q := x22 − q′(x0, x1) + x0x3 + x1x4.

In fact, since ϕ is generically a submersion and Q is irreducible and 3-
dimensional, it follows that the image of ϕ is precisely Q. Finally, as P is
irreducible, we conclude that P is the strict transform of Q under ϕ̃, and since Q
contains l, P must be the blow-up of Q at l, with the exceptional divisor

A ∩ P = {u = 0, γ1u+ γ2v + γ3w = 0} = Y.

Lemma 7.9. The map ϕ induces a surjection and an isomorphism

H0(P4,OP4(3)) H0(Q,OQ(3)) H0(P,OP(3) ⊗ π∗det E∨).
ϕ∗

∼=

In particular, every triple cover f : T → S with Tschirnhausen bundle E is the
pullback via ϕ of a cubic section of Q not containing the line l.

Proof. The first part follows from the diagram

H0(P4,OP4(1)) H0(P̃,O
P̃
(−5π̃∗L)) H0(S,Sym2Ẽ(−5L))

H0(P4,OP4(3)) H0(P̃, 3M̃) H0(S,Sym3Ẽ(−6L))

H0(Q,OQ(3)) H0(P, 3M) H0(Sym3E(−6L))

∼= ∼=

∼=

ϕ̃∗

∼=

ϕ∗ ∼=

,

where the last column comes from the appropriate twist of (5).
Now the group on the right hand side contains the sections defining triple
covers T with Tschirnhausen bundle E . If the corresponding cubic section
contained the line l, then its pullback T would contain the divisor Y and with
that the full fibre over p, which cannot happen.
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Proposition 7.10. Let f : T → P
2 be a special triple plane with Tschirnhausen

bundle E as above. Then there is a commutative diagram

T0 Q P
4

T P(E)

P
2

πl

ϕT

f
π

ϕ

where

1. Q is a smooth quadric threefold;

2. πl is the projection from a line l ⊂ Q;

3. T0 = Q ∩ R is the complete intersection of Q with a cubic hypersurface
R not containing l;

4. ϕ is the blow up of l in Q;

5. ϕT is the blow up at l∩R = l∩T0, i.e., at three points if R is sufficiently
general.

If T , respectively R, is sufficiently general, then T0 is a smooth K3 surface with
a polarisation of degree 6, and T is its blow up in three points.

Proof. All statements follow immediately from Lemma 7.8, Lemma 7.9 and the
properties of the blow up once we note that a general complete intersection of a
quadric and a cubic in P

4 is indeed a K3 surface with a very ample polarisation
of degree 6.

Remark 7.11. Let T0 be a K3 surface containing a very ample line divisor D
with D2 = 6. Possibly changing D in the linear system, we may assume that D
is a smooth curve of genus 4.
It is well known that |D| embeds T0 = Q ∩R as the complete intersection of a
quadric and a cubic in P

4 and that D is embedded into a hyperplane P
3 ⊂ P

4

via its canonical embedding.
We have seen above that a blow up of T0 is a special triple plane if and only if
the quadric Q is smooth. By [ACGH85, p. 206] this depends on the geometry
of D in the following way: recall that a g13 on D is a linear system of degree 3
with at least two sections. Since D is canonically embedded and thus not
hyperelliptic, any g13 on D is base point free and makes D into a trigonal curve.
In the case of a curve of genus 4 each g13 comes from he projection from a line
the quadric D ⊂ Q∩P

3. So either we have two distinct g13 ’s if Q∩P
3 is smooth

or we have a unique g13 if Q ∩ P
3 is a quadric cone.

Summarising we have found that T0 arises as in Proposition 7.10 if and only
if the general element |D| carries two distinct g13 ’s and the map ϕT : T → T0
blows up one of the g13’s, considered as points on T0.
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Remark 7.12. If Q is singular, then the projection from a line l ⊂ Q ⊂ P
4 still

defines, after blow up, a triple cover

T T0

P
2

ϕT

f
.

However, in this case the Tschirnhausen bundle is not nearly split.
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