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1 INTRODUCTION

During the last decades a careful attention of many researchers was taken to
Riemannian connections with torsion and related geometric structures, in par-
ticular the holonomy, e.g., [1, 2, 3, 4]. An important special case is provided
by connections with parallel skew-symmetric torsion, these include, e.g., natu-
rally reductive homogeneous spaces, Sasakian and 3-Sasakian manifolds, nearly
Kahler manifolds and some other. Riemannian naturally reductive homoge-
neous spaces are classified up to dimension 8 [24, 20, 4, 26]. Irreducible holon-
omy groups of Riemannian metric connections with parallel skew-symmetric
torsion were studied in [13]. The general case cannot be reduced to the case of
irreducible holonomy and this situation was studied very recently in [12].
Metric connections with skew-symmetric torsion play an important role in
mathematical physics (string theory, supergravity theory), see [14, 16, 23] and
the references therein. A sector of the Killing spinor and field equations of
certain supergravity theories in dimensions 6 and 10 may be written in the
form

VU =0, (H-2d®)-¥=0, Ric¥+2V9%dd =0,

where V is a Lorentzian metric connection with skew-symmetric torsion H, ¥
is a spinor field, and @ is a function. The holonomy group of the connection V
controls parallel object and the Ricci tensor, hence it may provide information
about the solutions. In type II string theory one investigates manifolds N* x
M~k where N* is a k-dimensional space-time and M'°~* is a Riemannian
manifolds equipped with a 3-form H defining the connection V. It is also
interesting to consider more general backgrounds with the 3-form H defined
on the entire Lorentzian manifold, this would give new interesting solutions
exploiting the Lorentzian nature of the backgrounds [14, 28].

In the present paper we consider Lorentzian manifolds (M, ¢g) with metric con-
nections V that have parallel skew-symmetric torsion 7'. First in Section 3 we
show that if the holonomy algebra of V is weakly irreducible, i.e., it does not
preserve any non-degenerate subspace of the tangent space, and M is simply
connected, then there exists a V-parallel isotropic vector field p, and the tor-
sion is of the form p A w, where w is a parallel bivector on the screen bundle
p/ (p). Then we describe general structures carrying a parallel isotropic vec-
tor fields and having the just indicated torsion. It turns out that the vector
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field p is also parallel with respect to the Levi-Civita connection V9. Thus
the holonomy algebras of the connections V¢ and V are contained in the Lie
algebra so(n) x R™. We show that the projections of these algebras to so(n)
coincide and provide examples of structures such that the projections of the
holonomy algebras to R™ do not coincide. Examples of the spaces considered
here include known flat Lorentzian connections with closed torsion as well as
regular homogeneous plane waves. Then in Section 4 we start to assume that
the holonomy algebra g preserves an orthogonal decomposition L & E of the
tangent space and the induced representation of g in L is weakly irreducible.
In Sections 6, 7, 8 we give a detailed description of the holonomy algebras and
the corresponding torsion and curvature. We provide various examples. We
use the results from [12] to show that in some cases the manifold is foliated
by manifolds of smaller dimension and locally on the leaf space one obtains an
induced metric connection with parallel skew-symmetric torsion. At the same
time, we show that not all statements proved in [12] for Riemannian manifolds
are valid for Lorentzian manifolds.

In Section 10 we study simply connected Lorentzian naturally reductive ho-
mogeneous spaces. Previously such spaces were classified in dimension 3, see
[11, 19], and 4, see [5, 10]. Using the above results we show how to construct
all simply connected Lorentzian naturally reductive homogeneous spaces of ar-
bitrary dimension from Riemannian naturally reductive homogeneous spaces.
We consider in details the spaces of dimension 3, 4, and 5.
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2 PRELIMINARIES

Let us collect basic information about metric connections with parallel skew-
torsion, which may be found, e.g., in [1, 2, 4, 12]. Consider a triple (M, g, V),
where ¢ is a pseudo-Riemannian metric on a smooth manifold M, and V is a
metric connection on M with parallel skew-symmetric torsion 7', i.e., it holds
that

Vg=0, VI =0, ¢g(T(X,Y),Z2)=—9(T(X,Z2),Y).

The connection V is related to the Levi-Civita connection VY by the equality
1
V=VI+ §T.
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Following [12] we call the triple (M,g,V) a geometry with parallel skew-
symmetric torsion. We will denote such geometry also by (M,g,T). We will
consider T' as a tensor field of different types. By abuse of notation we will
write

T(X,Y,Z)=g(T(X,Y),Z) = g(T(X)Y, Z).

Similar notation will be used for all differential k-forms. We will identify bivec-
tors with skew-symmetric endomorphisms using the equality

(X AY)Z =g(X,2)Y — g(Y,2)X.

The curvature tensors of the connection V and the Levi-Civita connection are
related by the formula

R(X,Y) = RO(X,Y) + i[T(X),T(Y)] _ %T(T(X)Y). (1)

This implies
g(R(X, Y)Z, W) =g(R(Z,W)X,Y). (2)

The equality
or(X,Y,Z) = & T(T(X,Y),2)

defines a 4-form or. It holds also that
The condition VT' = 0 implies

1
dl' = 20‘T, VIT = EUT, (4)

and the first Bianchi identity may be written in the form

8 R(X.Y)Z =or(X,Y.2). (5)

Let (M,g,V) be a geometry with parallel skew-symmetric torsion. Let g be
the holonomy algebra of the connection V at a point z € M. We identify the
tangent space (T, M, g,;) with the pseudo-Euclidean space (R“, (- )) Then g
is identified with a subalgebra of so(r, s).

Let g be an arbitrary subalgebra of so(r, s). Let T € A2R"™* @ R"™* be a tensor.
The space of curvature tensors R (g) with torsion T is defined as the space
of maps R € A2R"™* ® g satisfying the first Bianchi identity (5). If T = 0, we
denote the space RT(g) just by R(g). Let £L(RT(g)) be the vector subspace
in g spanned by images of the elements from R7(g). We call a subalgebra
g C so(r, s) a Berger algebra with torsion T if L(RT (g)) = g.

PROPOSITION 1. Let (M, g) be a pseudo-Riemannian manifold and V a metric
connection on (M, g) with parallel torsion (not necessary skew-symmetric). If
g C so(r,s) is the holonomy algebra of the connection V at a point v € M,
then g is a Berger algebra with the torsion T,.
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Proof. Denote the curvature tensor of the connection V by R. By the Ambrose-
Singer theorem on holonomy, the holonomy algebra g of the connection V at
the point z € M is spanned by the endomorphisms of T, M of the form

7 Ry(X,Y)Ty,

for all piecewise smooth curves «y starting at the point « and all vectors X,Y €
TyM, where y is the end-point of the curve . Here 7., denotes the parallel
transport along the curve . Since VI = 0, it holds that T,Y_lTy(T,yX, ,Y) =
T.(X,Y). Using this and the Bianchi identity we get

Xe;ZT;lRy (1 X, 1Y) 70 Z = Xe;ZT;lTy(Ty (1, X, 7,Y), 7, Z) =

= & (R T(X,Y), 1 2) = & To(Tw(X,Y),2).
This shows that the map defined by
(X,Y) = 7 Ry (1, X, 7Y )7y
is an element of R7=(g). This completes the proof. O

Note that if R (g) is non-empty, then it is an affine space with the correspond-
ing vector space R(g). In particular, if R(g) = 0, then R (g) is either empty or
contains only one element. The following statement is known [13, Lemma 5.6],
we prove it for completeness.

COROLLARY 1. In the settings of the proposition, if R(g) = 0, i.e., the space
RT=(g) contains only one element, then VR = 0.

Proof. The fact that R, as well as all elements 75! R, (X, Y)7, belong to R”=(g)
implies that 77 'Ry (X,Y)7, = R,, i.e., R is V-parallel. O

An important class of geometries with parallel skew-symmetric torsion form
naturally reductive pseudo-Riemannian homogeneous spaces. Here we are fol-
lowing the exposition from the book [10]. By the Ambrose-Singer theorem
for homogeneous structures, a connected simply connected complete pseudo-
Riemannian manifold (M, g) is a reductive homogeneous manifold if and only
if (M, g) admits a connection V such that it holds

Vg=0, VR=0, VT =0.

Such a connection V is called an Ambrose-Singer connection (AS-connection).
Suppose that (M, g) is reductive homogeneous and fix an AS-connection V. Fix
a point o € M and denote by m the tangent space T,M. Let g C so(m) be the
holonomy algebra of the connection V at the point o. Since the curvature tensor
of the connection V is parallel, by the Ambrose-Singer theorem on holonomy,

g=imR, = Ro(m,m) = span{R,(X,Y)|X,Y € m}.
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Since R and T are V-parallel, it holds

g-Ro=9g-T,=0. (6)

The first and the second Bianchi identities take the form
ngRO(XaY>Z: ngTO(TO(X,Y),Z), (7)
S Ro(To(X,Y), Z) = 0. (8)

Consider the vector space
f=gdm. 9)

The above equalities show that the assignment

[AvB]:[AaB]ga [AvX]:AXv
[X,Y]=—-R,(X,Y)-T,X,Y), A Beg, X, YeEm

defines the Lie bracket on f (here [+, |4 is the Lie bracket of the Lie algebra g).
It is clear that the decomposition (9) is reductive. The Lie algebra g is called
the transvection algebra of the structure (M, g, V).

Suppose now that a Lie algebra f with a reductive decomposition (9) is given.
Let F' be the simply connected Lie group with the Lie algebra f. Let G C F
be the connected Lie subgroup corresponding to the subalgebra g C f. The
reductive decomposition (9) is called regular if the subgroup G C F is closed.
This is the case if f is a transvection algebra. Suppose that the reductive
decomposition (9) is regular and it holds [m, m]; = g, where

[m, m]g = span{[X,Y]4|X,Y € m},

and [-,-]g denotes the projection of the Lie bracket to g. Suppose that the
representation of g in m is faithful, and there is a g-invariant pseudo-Euclidean
metric on the vector space m. These data define the reductive homogeneous
space (F'/G, g). Let V be the canonical connection on (F/G, g). The curvature
tensor and the torsion of V are parallel with respect to V. The tangent space
at the origin o € F/G is identified with m and it holds

Ro(X,Y) = —[X,Y]y, To(X,Y)=—[X,Y]m, X,Yem  (10)

Under that construction, if § is the transvection algebra of a structure (M, g, V),
then the just constructed structure (F/G, g, V) is canonically isomorphic to the
initial (M, g, V). The triple (m, R,,T,) is called the infinitesimal model of the
transvection algebra f (or of the corresponding reductive homogeneous space).
Finally, a reductive pseudo-Riemannian homogeneous space (F/G,g) with a
reductive decomposition (9) is called naturally reductive if it holds that

9o([X,Y]m, Z) = —go([X, Z]m,Y), VX,Y,Z €m,

where [X,Y]n is the projection of [X,Y] to m. The AS-connections corre-
sponding to naturally reductive homogeneous spaces are exactly these with
skew-symmetric torsion.
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3 CONNECTIONS WITH PARALLEL ISOTROPIC VECTOR FIELD p AND TOR-
SION p A w

In this section we show that if the manifold M is simply connected and the
holonomy algebra of a structure (M, g, V) is weakly irreducible, then on M
there exists a V-parallel isotropic vector field p, and the torsion is of the from
p Aw for a certain bivector w. Then we study general structures (M, g, V)
admitting V-parallel isotropic vector fields p and having the torsion p A w.
Recall that a subalgebra of a pseudo-orthogonal algebra is called weakly ir-
reducible if it does not preserve any proper non-degenerate subspace of the
pseudo-Euclidean space. For a subalgebra of the orthogonal algebra this condi-
tion is equivalent to the irreducibility. Irreducible holonomy algebras of metric
connections with parallel skew torsion in the Riemannian signature were stud-
ied in [13].

Let us recall the classification of weakly irreducible subalgebras g C so(1,n +
1), n > 1 [7]. If gis irreducible, then g = so(1l,n 4+ 1). It is clear that
if g = so(1,n + 1) is the holonomy algebra of a connection with non-zero
parallel skew torsion, then n = 1, and the torsion form is proportional to the
volume form. By this reason we assume that g is weakly irreducible and not
irreducible. In this case g preserves an isotropic line in R»**!. Fix a Witt
basis p, e1, ..., €en,q of the Minkowski space R +!. We will denote by R" the
vector subspace of R *! spanned by the vectors e1,...,e,. With respect to
the basis p, eq,...,en, q the subalgebra of so(1,n + 1) preserving the isotropic
line Rp has the following matrix form:

a —Xt' 0 a€R
so(l,n+1)rp = 0 A X ||Aeso(n)
0 0 —a X eR"
The above matrix may be identified with the bivector
—apANqg+A+pAX,
and we get the decomposition
so(l,n+ 1)g, = (RpAg®so(n)) x p AR™
There are four types of weakly irreducible subalgebras g C so(1,n + 1)gy:
Type 1. g"" = (RpAq @ h) x pAR",
Type 2. g% =hx pAR",
Type 3. g*"¢ = {p(A)pAqg+AlAebh} xpAR",

Type 4. gth™% = {A+pAp(A)|A€h} x pAR™.
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Here h C so(n) is a subalgebra, ¢ : h — R is a non-zero linear map with
the property ¢|jy,5) = 0. For the last algebra there exists an orthogonal de-
composition R” = R™ & R"™™ such that h C so(m), and ¢ : h — R*™™ is
a surjective linear map with 9|y 5 = 0. The subalgebra b C so(n) coincides
with the so(n)-projection of g and it is called the orthogonal part of g.

Let (M, g, V) be a Lorentzian geometry with non-zero parallel skew-symmetric
torsion 7', dim M = 3 and suppose that the holonomy algebra of V is weakly
irreducible. Then T is proportional to the volume form, and g C so(1,2) is one
of the Lie algebras s0(1,2), Rp A g X Rp A er, Rp A e;. Thus we may assume
that dim M > 4.

LEMMA 1. Let g C so(l,n + 1)rp, be a weakly irreducible subalgebra, where
n > 2. Suppose that g annihilates a non-zero 3-vector S € ARV 1. Then g
is either of type 2 or 4, i.e., it annihilates the isotropic vector p. Moreover, it
holds

S=pAw,
where w € A2R™, and the subalgebra b C so(n) annihilates w.

Proof. Consider as above a Witt basis p,eq,...,e,,q of the Minkowski space
RU™+1 Any 3-vector S € ASRY™F! may be decomposed as

S=pANgANX+pAwt+qgAn+§, (11)

where X € R”, w,n € A2R", £ € APR™. For weakly irreducible algebras of each
of the four types we will consider the equation

g-S=0.
First consider 3-vectors that are annihilated by pAV, where V' € R"™ is non-zero:
PAV)-S=pAVAX+VAn+pAqgAn(V)—pAgV)=0. (12)
This is equivalent to the following system of equations:
VAX=¢&V), n(V)=0, VAnp=0.
Substituting V' to the third equation, we get
0=V AnV)=(V,V)y=0.
This implies n = 0. Substituting V' to the first equation we get (V, V)X = 0.
Thus, X = 0 and the only remaining equation is £(V) = 0. This equation
holds true if and only if £ € A3(V+). Concluding, a 3-vector S on RV +! ig
annihilated by an element p A V, where V € R™ if and only if S has the form

S=pAw+E,
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where w € A2R", ¢ € A3(V ). Therefore, a 3-vector S is annihilated by g% or
g49% only if S = p A w, where w € A?2R" is annihilated by h. Next, it holds
that

(PAQ) - (pAw)=—pAw.

Therefore, there are no non-zero 3-vectors annihilated by the algebras of types 1
and 3. O

Let (M, g, V) be a Lorentzian geometry with non-zero parallel skew-symmetric
torsion T'. Suppose that there exists a V-parallel isotropic vector field p. Since
the metric g is V-parallel, the distribution p* is V-parallel. The bundle E =
pt/ (p) is called the screen bundle, see, e.g., [22]. There is the obvious projection
pt — E. The connection V induces a connection V¥ on E: if X is a vector
field on M and Y is a section of E, then VLY is the projection to E of the
vector field Vx Y, where Y is an arbitrary section of p* such that its projection
to Fis Y.

COROLLARY 2. Let (M,g,V) be a Lorentzian geometry with non-zero parallel
skew-symmetric torsion T, dim M = n+ 2 > 4. Let g be the holonomy alge-
bra of V. Suppose that g is weakly irreducible and suppose that M is simply
connected. Then on M there exists a V-parallel isotropic vector field p and
a VE -parallel bivector w on the screen bundle E = p*/ (p) such that for T it
holds

T=pAw.

Motivated by the corollary, in the rest of this section we consider a Lorentzian
geometry (M, g, V) carrying a V-parallel isotropic vector field p such that the
torsion is given by a 3-vector

T=pAw,

where w € A?E is a VE-parallel bivector on the screen bundle E = pt/ (p).
It holds that
T(X,Y) = g(p, X)w(Y) = g(p, V)w(X) + w(X,Y)p

for all vector fields X and Y on M.
The curvature tensor of V takes the form

R(X,Y) = RIX,Y) 4 10 A (9(p, V) (X) — glp, X)2(Y)). (13)

From (3) it follows that
or = 0.

This and the Bianchi identity imply that the holonomy algebra g of the con-
nection V is a Berger algebra with zero torsion, and consequently g is the
holonomy algebra of the Levi-Civita connection on a Lorentzian manifold, see,
e.g., [17]. From (3) it follows also that T is parallel with respect to the Levi-
Civita connection:

VIT = 0.
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From (4) it follows that
dl'=0.

It can be shown that conversely each indecomposable Lorentzian geometry with
parallel closed torsion is of the type considered in this section.
Next, the vector field p is parallel with respect to V9 :

V9p = Vxp— 2T(X,p) =0
xP xp 5 P .

This shows that (M, g) is a Walker manifold with a parallel isotropic vector
field. Therefore, locally there are coordinates v,z',..., 2™, u such that the
metric g takes the form

g = 2dvdu + h + 2Adu + H(du)?, (14)

where h = 31", hi (x,..., 2" u)daidz’ is a u-family of local Riemannian
metrics, A = Y1 | Ai(z!, ... 2", u)dz’ is a 1-form, and H = H(z',..., 2", u)
is a local function (see, e.g., [6, 17]). The vector field 9, is isotropic and parallel.

The 2-form w may be expressed as
w=2 Z wijd:ci Ada?.
1<i<j<n
We see that both the holonomy algebras of the connections V and V9 are
contained in so(n) x R™ C so(1,n + 1)r,. Now we are going to compare these

holonomy algebras.
Consider the screen bundle

E=p-/(p).
Note that the bundle p= is parallel with respect to both V and V9. Denote by

V9% the connection on E induced by V9. The 2-form w on E is parallel with
respect to the both connections on E. It holds that

1
VE =v%", VX erph), V5 =v§F+ S

The holonomy algebra hol,(V9E) coincides with the so(n)-projection of the
holonomy algebra of the connection V9 [22]. Likewise, it is not hard to check
that hol,(V¥) coincides with the so(n)-projection of g.

PROPOSITION 2. The holonomy algebras hol, (VE) and hol, (V9 F) coincide.

Proof. Let V be one of the connections V¥ and V9-F. Recall that the covariant
derivative of a field F' of endomorphisms of E is given by

VxF =[Vx,F].
Let A be the bundle defined in the following way:
I'A) ={A €so(E)|[A,w] = 0}.
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It is obvious that the both connections V9 and V¥ preserve this bundle, and,
moreover, the restrictions of these connections to A coincide. Also it is obvious
that the curvature tensors of the connections V9¥ and V¥ on E coincide and
take their values in \A. By the Ambrose-Singer theorem on holonomy, the
holonomy algebra hol, (V) is spanned by the operators of the form
-1/pVv
(R, (X,Y)),

where v is a piecewise smooth curve starting at z with an end-point y, 7 is the
parallel transport along v with respect to the connection V in the bundle A,
and X,Y € Ty M. The statement of the proposition is now obvious. O

Recall that the subalgebra hol, (V%) C so(n) is the holonomy algebra of the
Levi-Civita connection on a Riemannian manifold [21]. Next, the subalgebra
h = hol(VE) = hol,(V9F) C so(n) annihilates the 2-from w, € A2E,. Con-
sider the orthogonal composition

E, =kerw, ® (kerwm)L.

Since b annihilates w, it preserves this decomposition. According to the
de Rham decomposition theorem [§],

b= b1 D bha,

where h; C so(kerw,) and by C so((kerw,)*) are Riemannian holonomy
algebras. Moreover, since w$|(kewm)L is non-degenerate, it holds that fh; C
u((kerwy)t).
If the holonomy algebra g C so(1,n + 1)r, is not weakly irreducible, then it is
obvious that there exists a g-invariant orthogonal decomposition of the tangent
space

TmM _ Rl,nJrl — Rl,kJrl D Rnfk

and the corresponding decomposition
g=adb

such that a C so(1,k + 1)r, is a weakly irreducible holonomy algebra of the
Levi-Civita connection of a Lorentzian manifold admitting a parallel isotropic
vector field, and b C so(n — k) is the holonomy algebra of the Levi-Civita
connection of a Riemannian manifold. The subalgebra (prg,) a) @ b C so0(n)
annihilates an element from AZR™ corresponding to the parallel bivector w
on E. Using the results from [17] it is easy to see that each R € RT (g) = R(g)
is given by

R(¢,X)=P(X)+pAK(X), X cRF
R(X,Y):Rl(X,Y)7]?/\(P(X)Y*P(Y)X), XaYERkv
R(X,Y)=Ry(X,Y), X,Y eR"F
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where Ry 4+ Ry € R(h) = R(preox) 8) ® R(b), K : R¥ — R¥ is a symmetric
linear map, and P € P(pryy ) 8), where elements of P(prga g) are linear
maps from R* to Pro(k) § satisfying

8 g(P(X)Y.2)=0.

The following two examples show that in general the holonomy algebras of the
connections V and V9 do not coincide.

EXAMPLE 1. Let v,z',..., 2", u be coordinates on M = R™*2. Suppose that
n=k+2m, k > 0 and let g be the metric given by
g = 2dvdu + Z(dxi)2 + H(du)?,

i=1

where H = 2?21 (29)2. Tt is clear that (M, g) is a product of an indecomposable
Cahen-Wallach space of dimension k42 and of the Euclidean space of dimension
n — k = 2m. The non-zero curvature operators are

RI(Oyy Opi) = Op N Dy, i=1,... k.
In particular, hol(V9) = p A RF.

Consider the 3-vector

m
T=-20, N Z Oph+2i N Ogrtzitt

i=1

and the connection V = VY + %T. It is not hard to check that VI' = 0. For
the connection V it holds that V9, = 0 and

R(0y,04i) = Oy NOyi, j=1,...,m.
This and Proposition 2 imply that hol(V) = p A R™.
EXAMPLE 2. Let (M, g) be as in Example 1 with H = Y7, (z%)%. It is clear
that hol(V9) = p AR™. Let now T = 9, A Y% Oprt2i A Oprizier and consider
the connection V as above. The non-zero curvature operators of V are

R(y,0y) = Oy ANByi, i=1,....k

Moreover, the bivectors 0, A0, i = 1,..., k, are V-parallel. We conclude that
hol(V) = p ARE.

Next we note that the following two known examples are in the scope of the
present section.
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EXAMPLE 3. It is known that (see, e.g., [14]) a flat Lorentzian geometry
(M, g,V) with closed skew-symmetric torsion T is locally isometric to a Lie
group with a bi-invariant metric. In the case when (M,g) is locally inde-
composable, (M, g) is locally isometric either to SO(2,1) with a multiple of
its Killing form or to the simply connected Lie group with the following Lie
algebra:

D2 =R"OROR,

with the Lie bracket given by
(0,07, 07), (w,w™, w")] = (v I (w) —w™ J(v),0,0- J(w)),

where J is a non-degenerate skew-symmetric endomorphism of R?”. The Lie
group is diffeomorphic to R?**2, and the metric is given by

2n
g = 2dvdu + Z(d:ri)2 — (Ja, Jx)(du)?;

i=1

the torsion is equal to
T =duNw,

where w is the 2-form associated to J.

EXAMPLE 4. The metric of a pp-wave locally takes the form

g = 2dvdu + zn:(dxi)Q + H(du)?, (15)

i=1
where H = H(z!,..., 2™, u). A plane wave is a pp-wave with the function

n
H= Z Aij(u)z'ad
ij=1
where A;;(u) is a symmetric matrix. Regular homogeneous plane wave metrics
were classified in [9], see also [15]. In [18] it is shown that homogeneous plane

waves are reductive. Each regular homogeneous plane wave metric on R"+2
has the form

g = 2dvdu + Z(dmi)2 + Ale™Fx, e ) (du)?,
i=1

where A is a symmetric bilinear form and F' is a constant skew-symmetric
matrix. The AS-structure is defined by the 3-from

T=duNw, w=2 Z Fijdzi/\d:cj.

1<i<j<n
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The curvature tensor of the corresponding connection V is given by
1
R(0u,0,) = 700 (2(e*uF)TAe*uF(azi) - F?(azi)),

see Section 10 below. Since VR = 0, the holonomy algebra g of the connec-
tion V is given by the image of R at any point. Considering a point with u = 0,
we see that g = p A im(24 — F?).

4 ON THE REDUCIBLE CASE

Let (M, g, V) be a Lorentzian geometry with parallel skew-symmetric torsion T'.
Let g C so(1,n + 1) be the holonomy algebra of the connection V at a point
reM.

The geometry (M, g, V) is called reducible if the holonomy algebra g C so(1,n+
1) of the connection V is not weakly irreducible, i.e., g preserves a proper non-
degenerate subspace of the tangent space. It is clear that in this case there
exists a non-trivial g-invariant orthogonal decomposition of the tangent space

The geometry (M, g, V) is called decomposable if the holonomy algebra g C
s0(1,n + 1) preserves an orthogonal decomposition (16) such that it holds

T, € N°L & A’E.

Otherwise we say that the geometry is indecomposable.

Recall that according to the de Rham-Wu Theorem (see, e.g., [8]), a pseudo-
Riemannian manifold (N,h) with non weakly irreducible holonomy algebra
is locally a product of pseudo-Riemannian manifolds of lower dimension. As
it is known (see, e.g., [12]), such decomposition generally does not exist for
connections with torsion. Indeed, in the case of the Levi-Civita connection,
non-degenerate holonomy-invariant subspaces of the tangent space determine
(local) parallel distributions, which are involutive, and the manifold becomes
a local product of the integral submanifolds of these distributions. In the
presence of a parallel skew-symmetric torsion 7', the V-parallel distributions
defined by the g-invariant subspaces L and E are involutive if and only if
T,(L,L) C L and Ty(E, E) C E. If these conditions are satisfied, then L and F
are preserved by the holonomy algebra of the Levi-Civita connection, and by
the Wu Theorem, (M, g) is locally a product of a Lorentzian manifold (M1, g1)
and of a Riemannian manifold (Ms,g2). The connection V induces metric
connections on (M, g1) and (Ma, g2) with parallel skew-symmetric torsions T3
and T3 such that T = Ty + T5. Thus a geometry (M, g, V) is decomposable if
and only if it may be locally decomposed as a product of two other geometries.
Let g be the holonomy algebra of a geometry with parallel skew torsion, and
let W be a g-invariant subspace of the tangent space. In terminology of [12] the
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subspace W (and the corresponding parallel distribution) is called horizontal
if gNso(W) # 0, and it is called vertical otherwise.
Let us formulate one of the main results from [12] (see Theorem 4.8 and Re-
mark 3.15 in [12]). Suppose that (M, g,T) is a pseudo-Riemannian geometry
with parallel skew-symmetric torsion such that its holonomy algebra preserves
the orthogonal decomposition of the tangent space

T.M =F, & F»
and such that the torsion T satisfies
TN ONE®(NF AR). (17)

Then the vector space Fy determines a (local) parallel and involutive distri-
bution, i.e., we get a foliation § on M and the projection to the leaf space

appears
M — M/3.

The space M/ is locally a smooth manifold with a canonically induced geome-
try with parallel skew-symmetric torsion, i.e., the metric g and the component
of the torsion from A3F, are projectable to the base M/F. Moreover, M/F
locally admits a geometry with parallel curvature in the sense of [12, Defini-
tion 4.7], this may be expressed as a specific structure on a local principal
bundle over M/§ satisfying certain technical conditions. Conversely, [12, The-
orem 5.1] provides a construction allowing to locally reconstruct the initial
geometry on M from the local geometry with parallel curvature on M/§.

5 A CONSTRUCTION

In this section we give a construction that will be used later in order to provide
examples of geometries with special holonomy. At the end of the section we
explain the relation of this construction to constructions from [12] and [27].
Let VY be a metric connection with a parallel skew-symmetric torsion T on a
pseudo-Riemannian manifold (M, go) of signature (r, s). Let by C so(r,s) be
the holonomy algebra of the connection VY at a point xg € My. Let n C so(r, s)
be a commutative subalgebra commuting with by and such that o - Ty = 0 for
all o € n. Denote by k the dimension of n. We fix an arbitrary basis o1, ..., 0%
of n. Denote by Lg a copy of the vector space n. Let h be an arbitrary pseudo-
Euclidean metric on Lg of signature (ro, s9). Let Vi,..., Vi be an orthonormal
basis of Lo (i.e., h(V;,V;) = €;0;5, €, = £1). Since n commutes with by, the
elements o; determine VV-parallel fields of endomorphisms on M, which we
denote by the same symbols. The vectors Vi, ...,V will be considered as the
constant vector fields on the manifold Lg.

LEMMA 2. Let (N,g,V) be a pseudo-Riemannian manifold with a metric con-
nection V with a parallel skew-symmetric torsion T. Let o be a V-parallel
2-form on N. Then the form o is closed if and only if o - T = 0.
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Proof. Using the formulas for the exterior and covariant derivatives of a 2-form,
we get the equality

do(X,Y,Z) = (Vxo)(Y,Z) — (Vyo)(X,Z) + (Vzo)(X,Y)
+ U(T(Xa Y)7 Z) - J(T(Xv Z)v Y) + U(T(Ya Z)a X)
Next,
U(T(Xa Y)a Z) = g(JT(Xv Y)a Z) = 7g(T(X7 Y)v UZ) = 7T(X7 Yv UZ)
Since Vo = 0, we obtain
do=oc-T.
This proves the lemma. O

In what follows we assume that the 2-forms o; are exact and we fix 1-forms x;
such that
dlii = 0;

(the indices i, j will take the values 1,... k).
Consider the product
M = MO X Lo.

The vector fields on My and Ly will be considered as vector fields on M. The
letters W, X, Y, Z will denote vector fields on Mjy. Let £ be the distribution
on M linearly generated by the vector fields of the form

X=X-— Zemi(X)Vi.

Let Ly be the distribution on M linearly generated by the vector fields
Vi,...,Vi. The following equality holds

X.Y]=[X,Y]- ) eoi(X,YV)Vi. (18)

Each field of endomorphisms A on My defines a field of endomorphisms A of £
by the equality

A(X) = A(X).

We will extend A to TM by setting A(V;) = 0.
Let us define a metric g on M such that £ is orthogonal to £y and

Next we define a 3-form T" on M by the following conditions:

T(77?77) = TO(Xa Ya Z)a
T(Y,?, Vi) =0;(X,Y),
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Finally we define a connection V on M to be the unique g-metric connection
with the skew-symmetric torsion T’

1
V=VI+ §T. (19)
LEMMA 3. The distribution L is parallel with respect to the connection V.
Proof. First we will prove that g(Vyv, Vi) = 0 for all V; and for all X,Y €
(T Mp). Applying the Koszul formula and (18), we get
0T T
QQ(VYY, Vi)

= X(9(Y, Vi) +Y(9(X, Vi) = Vi(9(X,Y))
+g([X,Y], Vi) — g([X, Vi.Y) — ¢([Y, Vi], X)
=g([X,Y],V;) = —0y(X.Y).
Therefore, o o
29(VxY, Vi) = —0;(X,)Y)+ T(X,Y,V;) =0.
Similarly it holds that g(VVj?, V;) = 0. This proves the lemma. O
LEMMA 4. The connection V is given by the following equalities
VY =

Proof. The first equality follows from (19) and Lemma 3

(V<Y,Z) = 290(VRY, 2) + T(X,Y,Z)

1
=2g0(VRY + =T

STH(X,Y),2)
— 200(VY, Z) = 29(V3 Y, Z)
We prove the second equality in the same way

29(Vv, X, Z) = 29(V{, X, Z) + T(V;, X, Z)
=V;(9(X,2)) + X(9(V}, 2)) — Z(9(V}, X))
+9([V;, X1,2) = g([v}, 2], X) — 9([X, Z], V) + 0;(X, Z)
= —9([X. Z],

Vi) +0;(X, Z) = 20(X, Z) = 29(0;(X), Z)
The equality Vv, V; = 0 follows easily from the Koszul formula. Finally,

(Q(V 2)) +V;(9(X, 2)) — Z(
+9([X,V}],2) — 9([X, 2], V) — Z]

This completes the proof of the lemma
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LEMMA 5. The torsion tensor T of the connection V is parallel.

Proof. The lemma can be proved by direct computations like the following one:

(VWT) (Vjv ?7 7) - W(T(Vjv ?7 7))

~T(VwV;,Y, Z2) = T(V;, VgV, Z) = T(V;.Y, Vi Z)
=W(0;(Y,2)) = 0;(Vy Y, Z) = 0;(Y, Vi Z) = (Viy0;) (Y. Z) = 0.
O
LEMMA 6. The curvature tensor R of V satisfies the following conditions:
R(X.Y)=Ro(X,Y)+ ) €oi(X,Y)77, R(Vi,-) =0. (20)
Proof. The formulas above follow directly from (18) and Lemma 4. O

Now we find the holonomy algebra of the connection V.

THEOREM 1. Let by C so(r,s) be the holonomy algebra of a metric connection
VO with a parallel skew-symmetric torsion Ty on a simply connected mani-
fold My. Let n C so(r,s) be a commutative subalgebra commuting with by and
such that bg Nn = 0. Suppose that the parallel 2-forms on My defined by ele-
ments of n are exact. Let R™ % be a pseudo-Fuclidean space of dimension k.
Then the tangent space to M at the point x € M may be identified with the
pseudo-FEuclidean space
R™S D Rro,so;

the holonomy algebra of the connection V constructed just above annihilates
the space R™:%0 and coincides with

bo ®n C so(r,s) C so(r+ 19,5+ So).
Proof. Let A be the following subbundle of End(TM):
IN'(A)={A|AeT(s0(L)),[A,0:] =0, i =1,...,k}.
We claim that the subbundle A is parallel. Indeed, if A is a section of A, then

[VxA, o5 =Vx[A, 0] — [A, Vxo;] =0.

Let z',...,2" be local coordinates on My and y',...,y* be coordinates
on Ly corresponding to the vector fields Vi,...,Vi. Let 9; = 6‘27_- . Then
O1,...,0n,Vi,..., Vi is alocal frame on M such that £ is locally linearly gener-
ated by 91, ...,0,. The dual coframe of that frame is dz', ..., dz", w',. .., w",

where w? = dy? + ;. With respect to the chosen frame, the Christoffel symbols
of V are the following:

l ! ! !

Fij = Foij’ FnJraj = Oqj>
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and all other Christoffel symbols are zero.
Let v(t), 0 <t <1, be a smooth curve in M, x = v(0),y = v(1). The tangent
vector field to v(¢) may be decomposed as

A(t) = f1(t)0; + k™ (t) Ve

for some functions f7(t), k*(t). Let A(t) = AJ(t)dz' ® G_J be a section of A
along the curve 7(t). We will denote by A(t) the field A7(t)dz’ ® 8;. Denote

by I'o; the matrix with elements (Foé-z-). The parallel transport equation in the
bundle A takes the form

A(t) + f7(8)[Toj, At)] + & (t)[oa, A()] = 0,

which is just . _
A(t) + f7(t)[Loy, At)] = 0. (21)

This equation coincides with the parallel transport equation for the field of
endomorphisms B(t) = Al(t)dz' ® d; on M, along the curve 7 o v, where
m : M — My is the projection. Denote by 7, and 7o, the parallel transports
of the connections in the bundles of endomorphisms under the consideration.
We conclude that

T,YAz = TTFO’YBTr(z)v

where A, € A, Br(; is the corresponding endomorphism of T5 )Mo,
Troy Br(z) 18 the element of A, corresponding to the endomorphism 7oy Br(x)
of Tﬂ-(y)MO.

By the Ambrose-Singer theorem on holonomy, the holonomy algebra g of M
at x is spanned by the operators of the form:

7 (Ry (U, V),

~

for all possible piecewise smooth curves - starting at the point x with an end-
point y and all U,V € T, M. Note that here 7, is the parallel transport in the
bundle .A. By the above considerations we get

T (By(X,Y)) = (Troy) " (Ro)n(y) (X, Y) + Zejaj(X, Yioj (22

J

for all X,Y € Ty, Mo.

Let us prove that g contains n. Fix an endomorphism o; € n. Denote by n; C n
the vector subspace spanned by the endomorphisms o1, ...,0;-1,0i4+1,--.,0%.
We claim that there exists ¢; € so(r,s) = s0(L,) such that ¢ € (bg ® n;)* and
gz(&,0:) # 0. Indeed, if this is not a case, it holds (bg ® n;)* C 03", which
would imply o; € bg ® n; and give a contradiction. Consider such a vector &;.
Using Lemma 6, we get

R, (&) = €92 (&, 0i)0i.

This implies that o; € g, and n C g. Now it is obvious that (22) implies
g = bg @ n. This proves the theorem. O
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As we explained in Section 4, [12, Theorem 5.1] gives a construction of geometry
with parallel skew torsion from a geometry with parallel curvature in the sense
of [12, Definition 4.7]. Let us consider the just constructed structure (M, g, V).
Let x € M. We have the holonomy-invariant decomposition

TzM = Em @ EOza
and the torsion satisfies the condition
T, € N3Ly ® (AN?Ly @ Log).

The distribution Ly is involutive, and the corresponding foliation § consists
of the fibers of the projection My x Ny — My, i.e., M/F = My. The induced
geometry with parallel skew torsion coincides with the initial (Mo, go, V°). Note
that Ly may be consider as an Abelian Lie group with the Lie algebra n. Now,
the geometry with parallel curvature on My is defined by the trivial Lo-principal
bundle

My x Lo — My

and the connection form ~y, where
v(Vi)=0;€n and 7| =0.

Applying [12, Theorem 5.1] to that structure on My, one gets exactly the struc-
ture (M, g,V). Thus our construction is a special case of [12, Theorem 5.1].
At the same time we avoid the technical conditions on the principle bundle,
and the explicit expression of the connection allows us to compute torsion,
curvature and holonomy.

Let us recall a construction from [27] (with a slight modification for the pseudo-
Riemannian case). Let (m, Ro,Tp) be an infinitesimal model of a naturally re-
ductive homogeneous space. Let n C so(m) be a subalgebra commuting with
bp = im Ry C so(m) and annihilating Ry and Ty. Denote by Lg a copy of the
vector space n. Suppose that there exists an n-invariant pseudo-Euclidean met-
ric h on Lg. Let Vi,...,V; be an orthonormal basis of Lg, and let o1,..., 0% be
the corresponding basis of n. Denote by 1, ..., dx the corresponding elements
for the representation of n in m @ Ly. Define the tensors

k
T=To+ Y 0iAV;+2T,
i=1
k
R=R, +Zei5i 05,
i=1
where the 3-form T, corresponds to the Lie bracket on n, and ¢; = h(V;, V;).
Then the triple (m @ Lo, R, T) is an infinitesimal model. As in the proof of the
theorem above, if by Nn = 0, then im R = by & n. If the Lie algebra n is com-
mutative, then T}, = 0, and the expressions for the just given T" and R coincide
with the expressions for the torsion and the curvature from the construction of
this section.
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6 REDUCIBLE CASE: L IS VERTICAL AND dim L > 4

Before we start to study the general reducible structures, we consider the case
when the Lorentzian part is vertical in the sense of [12], this will allow to better
understand Theorem 3 from the next section and also simplify its proof.

THEOREM 2. Let (M,g,V) be a Lorentzian geometry with a parallel skew-
symmetric torsion T, x € M, and let g C so(1,n+ 1) be the holonomy algebra
of the connection V at the point x. Suppose that the holonomy representation
of g in T,M decomposes into a non-trivial orthogonal direct sum

T.M=L&EFE (23)

of g-modules L = RVF1 k> 2 and E = R"* such that the representa-
tion of g in the Lorentzian part L is weakly irreducible and g N so(L) = 0,
i.e. the Lorentzian part is vertical in the sense of [12]. Choose a Witt basis
p,e1, ..., ek, q in L. Then the following holds:

e There exists an orthogonal decomposition
E = El SY] EO)

dim Ey = k, an orthonormal basis Vi,...,Vi of Ey, a subalgebra by C
s50(E1), which annihilates some multivectors

wg, € N’Ey,  61,...,0r €s0(Ey), X AE.

Moreover, the endomorphisms 61, ..., 0, are mutually commuting; the Lie
algebra b is Berger subalgebra of so(E) with the torsion wg,. It holds
that 0; - A =10, 0; -wg, =0 and A\ - wg =0, where

k
WE = WE, +Zei/\% e NBE.
i=1

e The holonomy algebra g is of the form
g={pAv(A)+AlAeb},
where
b="by+ <91, . ,9k> C SU(El)
and
VbR =(eg,... ep)

is a surjective linear map such that 1| s = 0.

e The torsion of V at the point x has the form

k k
T=pAwge +PAY Xi AVitpAX+we, + D 0; AV,

i=1 i=1

where X1, ..., X is a basis of R¥, and wgr € A°RF.
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e Each algebraic curvature tensor R € R (g) is defined by the equalities

k
R(q, X) =Y g(X, X:)(pAv(6:) +6;), X eR",
1=1
k
R(sz):pAzez(sz)Xz+C(Y7Z)v YaZEElv
=1

where
k

C(Y,2Z)=Co(Y,Z)+ Y _0:(Y, Z)0;,

i=1
Co € R¥P1(bg), and it holds

k

i=1

Proof. Let us denote by g7, and b the projections of the holonomy algebra g to
s0(L) and so(E), respectively. The assumption gNso(L) = 0 allows us to regard
g C s0(L)@so(E) as a graph of a surjective Lie algebra homomorphism 1) : b —
gr. Therefore, g1, is a compact Lie algebra. According to the classification of
weakly irreducible subalgebras of so(1,n + 1), g has to be conjugate to p A R¥.
Therefore we have

g={pr(A)+AlAeb},

where ¢ : b — RF is a linear map such that p A (A) = ¥(A). It is clear that
v is surjective and |y 5] = 0.

Decomposition (23) defines the following g-invariant decomposition of space of
3-vectors on T, M:

NTM=NL®(NL®E)® (L®ANE)® A E.
We get the corresponding decomposition for 7
T=wr+p+v+wg. (24)

By assumption, g - 7" = 0. Therefore, g annihilates each of the four 3-vectors
from (24). Results of Section 3 show that wy, = p A wgk, where wgr € AZRF.

LEMMA 7. It holds

k
v=pAN, p=pAY e Aul,
j=1

where \€ N°E, b-A=0;p €E,b-p/ =0,j=1,...,k.
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Proof. Let us consider the tensor u. It can be uniquely written in the following
form:

k k k
,u:p/\Zej/\upj—l—p/\q/\,upq—i—Zej/\q/\,ujq—i— Z ei Nej A, (25)
j=1 i=1 i.3=1
where pP?, ;74 P4 1y € E, p = —pIt. Pick an element & = p AY(A) + A
of g. Consider the equation
§-pn=0.

Using (25) it can be shown that the equation above comes down to the following
system:

k k
D ei A AT+ p(A) APt — 23" (eq,(A))e; A T =0,
j=1 i,j=1
k k
APt = (e, p(A)) ' =0, Y ej A A =0,
j=1 j=1
k
Zei AY(A) A p' + Z ei Nej N A =0.
i=1 i,j=1

From the third equation it follows that Au’? = 0. The fourth equation when
applied to arbitrary vectors e;, e,,, gives

(BAY, )™ — (P(A), )il + A =0,
Applying A, we see that A(Au'™) = 0. Consequently,
0= (A(Au'™), p'™) = —(Ap'™, Au'™),

which implies Au'™ = 0. Using the fourth equation again we see that ' =0
for all i. The second equation now is the following: ApP? = 0. Applying A to
the first equation we obtain

k
Zej A A(ApP?) =0,

j=1
from which it follows that AuP? = 0. The first equation comes down to
k
BA) AP =23 (e, t(A))ey AT = 0.
i,j=1
Applying the equality to 1(A), we obtain
k
((A), (AP =2~ (i, ¥(A)) (e, (A = 0.
ij=1
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The second term is zero because y = —p’t. Finally we have pP? = 0, and
u% = 0 follows easily. We have shown that

k
p=pAY e A,
j=1

for some p? € E such that b-pu/ =0, j = 1,..., k. The structure of the tensor v
may be found in a similar way. O

Let us denote by Ej the vector subspace of E spanned by the vectors ', . .., u*.
The orthogonal complement of Ey in E will be denoted by E;. We have just
seen that b annihilates Ey, i.e., b C so(E).
Let us consider an algebraic curvature tensor R € RT(g). The equality (2)
implies
R(p, ) = R(-|E0, ) = Rl/\Z]Rk‘ = R|L><E =0.

Writing down the Bianchi identity for the vectors g, e;, e; we get

R(g,ei)ej + R(ej, q)e; = wrn(wrr(€i), €)p — wrr (wre (€5), €:)p

— (W u")p+ (u' 1”)p = 0.
This shows that the endomorphism K : R¥ — R* defined by the equality
R(g, )|l =p N K(ei)

is symmetric. The Bianchi identity written for the vectors Z € F, q, e; implies

R(qa ei)Z = WE(Mia Z)a

ie. .
R(g, e)|p = we(u"),
which implies that wg(u') € b C s0(E;). Consequently,

wp € N3Ey + A2E; @ E,.

Considering the vectors Y, Z € E and ¢ we get

k
R(Ya Z)q = (>‘ ' wE)(Ya Z) =+ ZWE(,U’ja Ya Z)ej'
j=1
This shows that A - wg = 0, and
k .
R(Y,Z)|L =) (we(i))Y,Z)p Ae;.
j=1

Using (2), we get .
R(g, e)|p = we(u"),

DOCUMENTA MATHEMATICA 27 (2022) 2333-2383



LORENTZIAN CONNECTIONS WITH PARALLEL SKEW TORSION 2357

ie.
K(ei) = ¥(we (W)
From the Ambrose-Singer theorem on holonomy it follows that g;, = p A RF
is spanned by the endomorphisms R(X,Y)| for all X,Y € T, M, ie., the
vectors Z?Zl(wE(,uj)Y, Z)p Aej and ¥(wgp(p')) span R*. We claim that the
vectors pu*, @ = 1,...,k are linearly independent. Indeed, suppose that there
exist numbers c1,...,c; such that Zle ciptt = 0 and not all ¢; are zero. Let
X = Zle c;e;. Then X # 0 and it is not hard to see that X is orthogonal to
the vectors Z?Zl (we(w?)Y, Z)p A e;. Moreover,

k
R(q,X)=pANK(X)+wg (ZQM) =pAK(X).

i=1

Consequently K (X) = 0. Since K is symmetric, its image is orthogonal to X.
We see that X is orthogonal to the image of the map 1, and we get a contradic-
tion proving the claim. Similar arguments show that the map wg|g, : Fo — b
is injective. We see that dim Fy = k. Let Vi,...V, be an orthonormal basis
of Ey. Using it, we may rewrite T in the from

k k
T:p/\kaqu/\ZXi/\Viij/\)\erE, wE:wEquZHi/\VZ-,
i=1 i=1
where X1,..., X}, is a basis of R*, 61, ..., 0}, are linearly independent endomor-

phisms. The condition g-7 implies b-6; =0, b-A =0, b-wg, = 0. From above

we see that i

R(g, X)|p =) (X, X)), X €R".
i=1
This implies that 6; € b. We conclude that #; are mutually commuting. Let
C' = pry oR|xz . Writing down the Bianchi identity for 3 vectors from Fy, we
get

k
S, 0X.Y)Z= 6 wp(we(X.Y).2)+ & Z 0:(X,Y)0:(Z).

We conclude that

k
C(X,Y) =Co(X,Y) + > _0:;(X,Y)0:(2),

=1

where Cy € R¥Z1(b). This implies that the algebra by generated by the im-
ages of the tensors Cp defined by all R € RT(g) is a Berger algebra with the
torsion wg,. It is clear that by commutes with the endomorphisms 6;, and

b:bo+<91,...,9k>.
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The Bianchi identity written for other triples of vectors does not give any new
conditions. The theorem is proved. O

EXAMPLE 5. Let us construct some of the spaces described in the above the-
orem. Let (Np,bp,Tp) be a Riemannian geometry with a parallel skew tor-
sion Tp and holonomy algebra by C so(m), m = dim Ny. Let (Mo, go,To) be
the product of (No,bo,Tp) with the flat Minkowski space RVA*+1. Tt is clear
that the holonomy algebra of (Mo, go,To) is by C so(m) C so(1,k +m + 1).
Let 01, ...,0; € so(m) be linearly independent mutually commuting endomor-
phisms commuting with bg. Let ng = (61,...,0;). Suppose that ng N by = 0.
Consider the Lie algebra b = by @ ng. Let

Y:b—RF
be a surjective linear map which is zero on bg. Let finally
o, =pAY;)+0;, i=1,... k.
The construction of Section 5 gives us a geometry (M, g, V) with the torsion
k k
T=pAY $O)AVi+ Y 6:AVi+Ty
i=1 i=1
and the holonomy algebra

g={pAyY(A)+ A|A€b} Cso(l,m+2k+1).

Let us show that [12, Theorem 4.8] may be applied to connections from this
section. We use the notation of Theorem 2. Let Vi C E be the subspace con-
sisting of vectors annihilated by b. Let Vi C E be the orthogonal complement
to Vp in E. We obtain the decomposition

E=VoW.

It is clear that
A=A+ X, M €AV, A€ AT

It holds that Fy C V. Consider the holonomy-invariant decomposition
T.M=FoF=(LaV)ae. (26)

The equality (17) holds true. Consequently F; determines a foliation §; the

metric g and the part of the torsion determined by T'|xsy, define a geometry

with parallel skew-torsion locally on the leaf space M/§F.
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7 REDUCIBLE CASE: dim L >4

THEOREM 3. Let (M,g,V) be a Lorentzian geometry with a parallel skew-
symmetric torsion T, x € M, and let g C so(1,n+ 1) be the holonomy algebra
of the connection V at the point x. Suppose that the holonomy representation
of g in T,M decomposes into a non-trivial orthogonal direct sum

T.M=L&FE (27)

of g-modules L = RV 1 k> 2 and E = R"*, such that the induced repre-
sentation of g in the Lorentzian part L is weakly irreducible. Suppose that the
torsion T is not an element of N3L & A3E. Denote by b the projection of g
to so(E). Choose a Witt basis p,e1,...,ex,q in L and set R¥ = (e1,... ex).
Then the following holds:

e The holonomy algebra g is of the form

g={pAY(A+B)+A+B|Ach Beb}xpAR"

0 —XT —(A+B)T 0 0

0 A 0 X 0|l Aew,
={lo o 0 WA+B) 0| Beb, $,

0 0 0 0 0]|x erm

0 0 0 0 B

where an orthogonal decomposition
R* = R @ R™

is fized, k = k1 + ko, 0 < ko < k, b C so(k1) is the holonomy algebra of
the Levi-Civita connection of a Riemannian manifold, and

¢:h®b— R
is a surjective linear map such that |y 5 = ¥|[s,6] = 0.

e To decomposition (27) corresponds the decomposition of the torsion T of
the connection V at the point x € M,

where ( € N2(R¥ @ E) and wg € N3E. There exists a unique orthogonal
decomposition

E=F ®E
such that b C so(E1),

wp =wg, +¢, wr €ANE;, @€ (AE)) A Ey,
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and
Eo = ¢(A*Er) Nprg ((RF).

There exists a Berger subalgebra by C so(E1) with the torsion wg,. The
image ¢(Eo) C A’Ey = s0(E1) is a commutative subalgebra commuting
with by, and it holds

b = bo + ¢(Eb).

Moreover,
b-wg, =0, b-p=0, b-(=0,
0

h-(=0, wg(prg, ((R)) =

Let Vi,..., Vi be an orthogonal basis of Ey. Let 6; = o(V;), and X; =
prgs C(Vi). Then each algebraic curvature tensor R € RY(g) is defined
by the equalities

; (prazg () -we =0.

l
=1
R(X,Y)=Ry(X,Y) —pA (P(X)Y = P(Y)X), X,Y cRM,
l
RY,Z)=pA> 0,Y,Z2)X;+C(Y,Z), Y,Z€ Ey,

i=1

where Ry € R(kerly), P € P(h), K : RF — R¥ is a symmetric linear
map such that

l
praes K(X) =1 (P(X) + Zg(X, Xi)9i> :

next,
C(Y,2) = Co(Y, Z) + Y _0:(Y, Z)6;,
=1

Co € R¥E1(bg), and it holds

l
"/)(C(Yv Z)) = Z ez(Y; Z) PI'rko X;.

i=1

Proof. Consider the g-invariant decomposition

Rl,n-‘,-l _— D E = Rl,k-‘rl D Rn—k

as above. We assume that the induced representation of g in RVA*1 is weakly
irreducible and k > 2. Using arguments as in Lemmas 1 and 7 it is not hard to
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show that the condition T ¢ AL @ A®E implies that prg,; 441y @ annihilates
an isotropic vector p. We see that

g C (so(k) x p AR®) @ so(E), PRk § =D A R”.

Let Vp C E be the subspace consisting of vectors annihilated by g. We obtain
an orthogonal decomposition

E=R" @V,

such that g does not annihilate any non-zero vector in R™. As in Section 6, it
is easy to see that the torsion has the form

k
T =p A wgek +p/\Zei/\,ui+p/\)\+wE,
i=1

where wgpr € A’RF, p1; € R™ @V, wg € AE are such that wgr, Zle ei N g,
wp are annihilated by prg,,) g.
Let us denote

b =so(k)Ne, € =so(m)NE,

h= Plso(k) g b= PTso(m) 2

Its easy to see that £; is an ideal in §. Thus, there is a complementary ideal a.
The same holds for ¢35 C b and we will denote the corresponding complementary
ideal by ¢. The algebra £ can be decomposed as a sum of ideals in the following
way

t=t, 9860 E,

and its easy to see that €Nk = £Nb = 0. This means that £ is a graph of a Lie
algebra isomorphism a — c¢.
From the invariance of T" we see that wg has the form

no
WE = WRm +Z@a A Vg + wo,

a=1

where wgm € A3R™, 0, € A2R™, wy € A*Vp and Vi, ..., V,, is an orthonormal
basis of V.

LEMMA 8. The Lie algebra t is trivial, i.e., € = t; & €.

Proof. Using the Bianchi identity as in Section 6 it is easy to see that the
projections of curvature operators to so(n) are the following:

no

Proo(n) R(eirq) = —=P(ei) = Y (Va, 11i)0a (28)
a=1

Plso(n) (€ €5) = Ro(eis e)) € &1 (29)

Plso(n) R(Xv Y) = C(Xv Y) et, X Ye Rmv (30)

DOCUMENTA MATHEMATICA 27 (2022) 2333-2383



2362 I. ERNST, A. S. GALAEV

and other curvature operators have zero projections to so(n); here P € P(h),
Ry € R(h), C € R¥"(b).

We claim that the Lie algebra € is commutative. The Lie algebra € is spanned
by the elements of the form pr; R(e;, q), where e; € R*, R € RT(g). We see
from (28) that Y.7"° | (Va, p15)0q € b. Since this element annihilates T', we obtain
that Y7 | (Va, pi)[0a, 0] = 0. This proves the claim.

It is clear that the subalgebra h C so(k) is spanned by the images of the
elements P € P(h), Ry € R(h) defined by all R € RT(g). This implies [21]
that h C so(k) is the holonomy algebra of the Levi-Civita connection of a
Riemannian manifold. The de Rham theorem implies the decompositions

Rn:Rdl@"'@Rdl@Rdo,

h=b1&--- &b,

where b, C s0(d,) is irreducible, « = 1,...,l. We assume that basis e, ..., e
is compatible with this decomposition.

Suppose that b/, # 0. Then the induced representation of b/, on R is either
irreducible, or b/, = so(my)®s0(2) and R = R™ @R?, d, = 2m,, [8]. Since b
and € are ideals in &, b., is a semisimple ideal in h, and t is commutative, we
see that b/, C €;. Since T is invariant, we conclude that u; = 0 if e; € R
From this and (28) it follows that pry,,) R(ei,q) = —P(e;) if e; € R?e. This
implies that b, C &;.

Suppose that b/, = 0. Then bh, = s0(2), and R% = R2. Without loss of
generality we may assume that « = 1. For each P € P(s0(2)), the basis
er,es € R? may be chosen in such a way that

P(e1) = —ce1 ANea, Ples) =0, c€R.

If ¢ = 0, then from (28) it follows that pri R(ej,q) = 0. Suppose that ¢ # 0.
We have

ng
Plso(n) f2€1,q) = —ce1 Nea — Z(Va, 11)0q, (31)
a=1
no
prso(n) R(€2a Q) = - Z(Va; ,U/Q)Ha- (32)
a=1

From the equalities R(e1,q) - T = R(es,q) - T = 0 it follows that

o

e =Y (Vas p1)0apiz,

a=1
no

—Clg = Z(Vm p2)8apii-

a=1

Since Y1 (Vay 11)0as > (Vayp2)a € b C so(m), the equations imply
w1, p2 € R™. Consequently, (Vo,pu1) = (Va,pe) = 0, which implies p; =
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p2 = 0. Now from (31) we see that pr; R(e1,q) = prj R(e2,q) = 0. This proves
the lemma. O

Thus,

Pleon) 8 =h @b, h Cso(k), bCso(m)
We already know that pryo(; p41)8 C s0(1,k + 1) is weakly irreducible and
it annihilates the isotropic vector p. So, pry,(; p41) 8 is a weakly irreducible
subalgebra of type 2 or 4. We unify these algebras assuming ¢ = 0 for algebras
of type 2. Now it is clear that g C so(1,n 4 1) is as in the statement of the
theorem.
The condition g - T" implies now that

k

Zei/\ﬂi: Z ei N Wiy, pi € Wo.

i=1 ei€R0

This expression may be considered as a map from R% to Vj. Let us denote
by E{ its image, E) C V. And consider an orthogonal decomposition

E = E] @ Ey.

Using this decomposition, 7" may be rewritten as

no no
P A Wrk +p/\ZXa/\Va+p/\)\+wE, wE:wEiJrZ@a/\Vaero,

a=1 a=1

where now Vi,...,V,, is an orthonormal basis of Ej, Xi,...,X,, € R¥ are
vectors annihilated by b, A € A’E, wgr € APEY, 01,...,0,, € s50(E}), wo €
A3E}. By the construction, the vectors Xi, ..., X,, are linearly independent.
As above, the Bianchi identity implies

o

Dryo(m) R(X,q) = =Y (X, Xa)0a, X €RF.

a=1
Since the vectors Xi,...,X,, € RF are linearly independent, we conclude
that 8, € b for all a = 1,...,n9. The condition b - T = 0 implies that the
endomorphisms 6,, a = 1,...,ng, are mutually commuting. As in Section 6 it

can be shown that this implies wy = 0.

Consider now the expression Y % | 0, AV, as a map from Ej to b. Let Ey C Ej
be the orthogonal complement to the kernel of this map. Let finally F; be the
orthogonal complement to Fy in F and consider the decomposition

E=F, & E,.

Now it is obvious that 7" may be represented as in the statement of the theorem.
The expressions for the curvature tensor may be obtained from the Bianchi
identity as we did it in Section 6. O
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REMARK 1. The torsion given in the statement of Theorem 3 may be written
in the form

l s l
T=pA (ka+Zme+ZYmUi+A> twp, wp=ws+Y 0iAV,

i=1 i=1 =1

where wge € A2RF, b -wgr = 0; X1,..., X, Y1,...,Y, € RF are linearly in-
dependent vectors annihilated by b; Vi,...,V; is an orthonormal basis of Eo;
01,...,0; € so(E1) are linearly independent mutually commuting elements com-
muting with bg; Uy, ..., Us € FEq are vectors annihilated by

b="bg+ (61,...,0;) Cso(Er);

wg, € A3E1, b-wg, =0; and X\ € A’E, b-\ = 0. Moreover, it holds wg, (U;) =
0, and A -wg = 0.

REMARK 2. Note that the decomposition (27) is not defined uniquely. Suppose
that a decomposition (27) is fixed. Let as above b C so(F) be the projection
of the holonomy algebra g to so(E). Let Vj C E be the subspace consisting
of vectors annihilated by b. Let V3 C E be the orthogonal complement to Vj
in E. We obtain the decomposition

E=VaoW.

In notation of Theorem 3 we have V; C F1, and Ey C Vy. Fix a vector Xy € Vj
and consider the vector space

E=ViaV, Vi={X—- (X, Xo)plX eV}

Let L be the orthogonal complement to E in RM*1. The vector space L is
spanned by the vectors p,e1,...,ex, ¢+ Xo — %g(XO, Xo)p. We obtain the new
g-invariant decomposition

RV =L@ E. (33)
Using the decomposition £ = V; ¢ Vp, the tensor wgp may be written as
WE = Wy, +WV0 + @,

where wy, € A3V, wy, € N3Vo o € A2V ®@Vp. Let 74, ..., Z, be an orthonormal
basis of V. The tensor ¢ may be written in the form ¢ = Y7, n; A Z;. The
condition [b, A\] = 0 implies

A=A+ X, M €AV, A€V

EXAMPLE 6. Let (M1, g1) be a Lorentzian manifold of dimension k1 + ko + 2,
k1 >0, ke > 0 with the holonomy algebra

g ={pAY1(A) + AlA € b} x pARM C so(1,ky + ko + 1),
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where § C so(ky) is the holonomy algebra of a Riemannian manifold and
Y1 @ b — R*2 is an arbitrary linear map with Y1l[p,5) = 0. Such spaces ex-
ist according to [17]. Let (Np,bg,Tp) be the product of (Mi,¢1) and of a
Riemannian geometry with a parallel skew torsion 7p and holonomy algebra
by C so(m), m = dim Ny. It is clear that the holonomy algebra of (My, go, Tp)
is g1 ® by C so(l,ky + k2 + 1) @ so(m). Let 04,...,0;, € so(m) be linearly
independent mutually commuting endomorphisms commuting with bg. Let
ng = (01,...,0;). Suppose that ng Nby = 0. Let b = by ® ng. Let

o 1 b — RF2

be a linear map which is zero on by and such that the map ¢ = ¢y + 2 :
h @ b — R*2 is surjective. Let finally

o =pAYO:)+6;, i=1,...,1L
The construction of Section 5 gives us a geometry (M, g, V) with the torsion

l l
T=pAY $O)AVi+ Y 0 AVi+T
=1

i=1
and the holonomy algebra

g={pAY(A)+A|Achb} x pARM
contained in so(1,k; + k2 + 1) @ so(m) C so(1,ky + k2 + 1) @ so(l +m).

For a geometry from the statement of the theorem, one may consider the de-
composition (26) and as in Section 6 apply to it [12, Theorem 4.8]. Let us now
show that some results from [12] do not hold true in the Lorentzian signature.

EXAMPLE 7. Let (M, go,wr) be a Riemannian geometry with a parallel skew-
symmetric torsion and a parallel 2-from A satisfying A-wg = 0. Denote by b its
holonomy algebra. Let (No, ho, p Aw) be a Lorentzian geometry as in Section 3
and with the holonomy algebra g;. By Lemma 2, the 2-form A is closed. Let us
suppose that X is exact, i.e., there exists a 1-from x such that dk = A. Consider
the manifold M = My x Ny and the product of the above geometries. Similarly,
as in Section 5, consider the distribution £ on M spanned by the vector fields

X=X -kr(X)p, X €T(TMy).
As in Section 5 this defines a geometry with the torsion
Op+pAw+pAN,

where wp and A are the tensors on £ corresponding to wg and \. It is easy
to check that the distributions £ and T'Ny are parallel with respect to this
connection, and the holonomy algebra of this connection coincides with b @ gy,
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Suppose that b is irreducible and gz, is weakly irreducible. Then both distribu-
tions £ and T'Ny are horizontal. Since A # 0, the geometry is indecomposable.
In the same time, Lemma 3.6 from [12] implies that if a Riemannian manifold
admits two orthogonal horizontal parallel distributions, then the geometry is
locally decomposable. This shows a substantial difference between Riemannian
and Lorentzian geometries with parallel skew-symmetric torsion.

8 REDUCIBLE CASE: dim L = 2,3

THEOREM 4. Let (M,g,V) be a Lorentzian geometry with a parallel skew-
symmetric torsion T, and let g C so(1,n + 1) be the holonomy algebra of the
connection V at a point x € M. Suppose that the holonomy representation of g
m Ty M decomposes into a non-trivial orthogonal direct sum

T,M=L®FE=R\' @R (34)

such that the induced representation of g in the Lorentzian part L = RV is
non-trivial, and T & N>E. Then

o There exists a non-zero vector v € F, an orthogonal decomposition E =
Rov @ E1, a Berger subalgebra by C so(E1) with the torsion wg, € NEq,
an endomorphism 0 € A2Ey commuting with by such that the torsion is
given by

T=pAgNhNv+0Av+wg,.

e The holonomy algebra g is one of the following:

g1 =RpAqg&b,
g2 ={¢(B)p A q+ B|B € b},

where the subalgebra b C so(FE1) is spanned by by and 0, and ¢ : b = R
is a mon-zero linear map with |y ) = 0.

e Each algebraic curvature tensor R € RT(g) is given by the following
formulas:

R(p,q) = ap A q — g(v,v)b,
R(X,Y) =g(v,0)0(X,Y)pAq+C(X,Y), X,Y€E,

where
C(X,Y)=0Co(X,Y)+0(X,Y)8, CoheR“Pr1(by), «a€cR.

In the case of the holonomy algebra go it holds o = —(0) and
Q/J(C(Xa Y)) = g(U,U)G(X, Y)
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THEOREM 5. Let (M,g,V) be a Lorentzian geometry with a parallel skew-
symmetric torsion T, and let g C so(1,n + 1) be the holonomy algebra of the
connection V at a point x € M. Suppose that the holonomy representation of g
m Ty M decomposes into a non-trivial orthogonal direct sum

T.M=L&FE=R"?gR"! (35)

such that the induced representation of g in the Lorentzian part L = RV2 is
weakly irreducible, and T & N3L ® N3E. Then

e There exists a vector v € E, a Berger subalgebra by C so(Ey) with the
torsion wg, € N3Ey, where By C E is the orthogonal complement to v in
E. Next, there exist a number a € R, endomorphisms 0 € A\2Ey, A € A°E
commuting with by such that the torsion is given by

T=pA(aet Ag+erAv+A)+wg, +6Av.

o The holonomy algebra g is one of the following:

g:Rp/\el@bv
g={¢(B)pAer+ B|B € b},

where b C so(Ey) is the subalgebra spanned by the endomorphisms
g(v,0)0 + aX and Co(X,Y) + g(v,v)0(X,Y)0 for all Cy € R¥F1(by),
X, Y € E, and v :b — R is a non-zero linear map with | 5) = 0.

e Each algebraic curvature tensor R € R (g) is given by

R(q,e1) = PBp ANer + g(v,v)0 + a),
R(X)Y) =g(g(v,0)0X + aAX,Y)pAer + C(X,Y), X,Y €E,

where
C(X,Y)=Co(X,Y) 4+ g(v,0)8(X,Y)0, Cpe R“"1(by), B€ER.

In the case of the holonomy algebra go it holds B = 1 (g(v,v)0 + aX) and
Y(C(X,Y)) = g(g(v,0)0X + aXX,Y).

The proofs of Theorems 4 and 5 are direct and they use the techniques from
the previous sections. For the proof of Theorem 5 note that the projection of
the torsion to A3L is proportional to the volume form.

9 SUMMARY

Now we summarize the information about holonomy algebras form the previous
sections. Let (M, g, V) be a Lorentzian geometry with non-zero parallel skew-
symmetric torsion T and holonomy algebra g C so(1,n + 1), then one of the
following possibilities holds:
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1. the holonomy algebra g C s0(1,n+ 1) is irreducible. This is possible only
for n =1 and g = s0(1,2); in this case the torsion is proportional to the
volume form.

2. the holonomy algebra g C so(1,n + 1) is weakly irreducible and not
irreducible. This situation is described in Section 3.

In other cases g preserves a decomposition of the tangent space
R =L F=R'Y I gR" % 1<dimL=k+2<n-1

such that the induced representation of g in L is weakly irreducible. In this
case the geometry is reducible. One of the possibilities is

3. The torsion at a point satisfies T € A3L & A3E. Then the geometry is
decomposable, i.e., locally it is a product of Lorentzian and Riemannian
geometries with parallel skew-symmetric torsion. In particular, g = gr ®
b, where gy, C s0(L), b C so(F) are the corresponding holonomy algebras.

Now we may assume that T & A3L @ A3E, i.e., the geometry is not decompos-
able. Then the following cases depending on the dimension of L may appear:

4. dim L = 1; in this case g C s0(E) = so(n + 1), and the torsion is of the
form e_ A 0 + wg, where e_ is a vector from L of norm —1, § € A%E,
wp € APE,itholds g-0 =0, g-wg =0, 0-wg = 0; each R € R (g) is of
the form R = Cy — 6 o 6 for some Cy € R (g + RA).

5. dim L = 2; this case is considered in Section §;
6. dim L = 3; this case is considered in Section 8§;

7. dim L > 4; this case is considered in Section 7.

COROLLARY 3. Let (M,g,V) be an indecomposable Lorentzian geometry with
a parallel skew-symmetric torsion T and holonomy algebra g C so(1,n + 1).
Suppose that M is simply connected. Then there exists a V-parallel isotropic
vector field in the cases 2 with (n > 2), 6 and 7 from above. In the case 4 the
vector field p exists if and only if g annihilates a non-zero vector in E. The
V-parallel isotropic vector field p is also parallel with respect to the Levi-Civita
connection V9.

Thus in the most of the cases the geometry is locally defined by a Walker
metric g given by (14) with the parallel isotropic vector field p = 9,. The
tensors determining the torsion may be considered as V-parallel multivectors
on the screen bundle p*/ (p).
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10 NATURALLY REDUCTIVE HOMOGENEOUS SPACES

In Section 2 we have seen that a connected and simply connected naturally
reductive homogeneous space is uniquely determined by the corresponding in-
finitesimal model (m, R, T). Consequently, our task is to describe all infinites-
imal models in the Lorentzian signature, i.e., for m = R\ n > 1. Above
we have found all holonomy algebras g C so(1,n+ 1) of Lorentzian geometries
(M, g, V) with parallel skew-symmetric torsion, we have described all torsions T
of these geometries, and all curvature tensors R € RT (g). If such g, T, and R
are fixed, then the second equality from (6) and the equality (7) hold true for R
and T. Consequently, (m, R,T) is an infinitesimal model with the holonomy
algebra g if and only if g- R = 0, g = im R, and (8) holds true. Note that
since R satisfies (2), by [4, Theorem A.2], the property (8) holds true automat-
ically.  In what follows we say that a naturally reductive homogeneous space
(M, g) is indecomposable if the corresponding geometry (M, g,V ), where V is
the canonical connection, is indecomposable in the sense of the definition from
Section 4.

Let us give some constructions of infinitesimal models in Lorentzian signature.

EXAMPLE 8. Let (F1, Cy,wg, ) be an infinitesimal model of Riemannian signa-
ture. Let n C s0(F1) be a commutative subalgebra commuting with by = im Cy
and annihilating Cy and wg,. Choose an Euclidean metric on n. Let dimn =
and let R! and Ejy be two copies of n. Consider the Minkowski space

R = Lo E,
where
L=RpaR*@Rq, RF=RFIgR!, k>2
E=EFE\ & E,.

Let wgr € A’R* be an arbitrary element. Let ¢ € n A Ey and (» € R! A Ey
correspond to the identity maps under the identifications Fy = n and R! = E,
respectively. Define the 3-form

wg =wg, +9 €ANE

Let A € A2E be an element such that A-wg = 0. Let (€ R* A E be an element
satisfying the conditions b - (; = 0, wg, (¢1(RF)) = 0, and ¢;(E1) N ¢2(Fy) = 0.
Let

where
(=wr, +C + G+

Let V4,...,V, be an orthogonal basis of Fy. Let 0, = ¢(V;), and X; = ((V;).
Let K : R™ — R™ be a symmetric linear map such that im K and (2(Ep)
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span R*. Define the tensor R with the following non-zero values:

l
R(¢,X)=pAK(X)+> g(X, X;)0;, XeRF
=1
l l
R(Y,Z)=pA>_ 0,Y,2)X; + Co(Y,Z)+ Y _0:,(Y,Z2)6;, Y,Z € Ey.

i=1 i=1

It is easy to check that (RV'™*1 R T) is an infinitesimal model. The projection
of the holonomy algebra g = im R to so(L) coincides with p A R*.

EXAMPLE 9. Let (F1, Cy,wg, ) be an infinitesimal model of Riemannian signa-
ture. Let R be the line with the scalar product, and v € R an arbitrary (possibly
zero) vector. Consider the Euclidean space E = E; @ Rv. Let n = dim E + 1.
Consider the Minkowski space

RV =T o E=R'“ZoE.

Fix endomorphisms 6 € A2E;, A € A2E commuting with im Cy. Let a, 8 € R.
Define the algebraic torsion

T=pA(aet Ag+erAv+ ) +wg, +0Av
and curvature

R(q,e1) =pp Ne1+ g(v,v)0 + al,
R(X,Y) =g(g9(v,v)0X + adX,Y)p A ey
+Co(X,Y) +g(v,v)0(X,Y)0, X,Y €FE.
It is easy to check that (RM+1 R T) is an infinitesimal model.

ExXAMPLE 10. Let (E1, Cy,wp,) be an infinitesimal model of Riemannian sig-
nature, dim £; = n — 1. Let R be the line with the scalar product, and v € R
an arbitrary non-zero vector. Consider the Minkowski space

R = Lo E=RY @ (B, @ Ro).

Fix an endomorphism 6 € A2E; commuting with im Cy. Let a € R. Define the
algebraic torsion
T=pAghv+0Av+wg

and curvature

R(p,q) = ap A q — g(v,v)b,
R(X,Y) = g(v,0)0(X,Y)pAq+Co(X,Y)+0(X,Y)8, X,Y cE.

We get an infinitesimal model (RV™+1 R T)).
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EXAMPLE 11. Let (E = R"*!, Cy,wg) be an infinitesimal model of Riemannian
signature. Suppose that a § € A%E is given, and it holds - Cy =0, 6 -wg = 0.
Consider the Minkowski space

RV = L @ F =Re_ @ R"H,
where e_ is a vector of norm —1. Define the tensors
T=e_NO+uwg,

and
R=Cy—0o00.

We get an infinitesimal model (RV™+1 R T)).

THEOREM 6. Let (M, g) be a connected and simply connected indecomposable
naturally reductive homogeneous Lorentzian space of dimension n+2 > 4. Then
either (M, g) is a symmetric space or one of the following holds:

o (M,g) is R"*2 with the structure of a homogeneous plane wave described
above in Example 4.

e The infinitesimal model (R¥" 1 R T) of (M,g) is given by one of Ex-
amples 8-11.

Proof. Let (M,g) be a connected and simply connected naturally reductive
homogeneous Lorentzian space. Let V be the canonical connection, and let R
be the curvature tensor of V. If R = 0, then by (4), dT" = 0, and as we have
seen in Example 3 above, (M, g) is a symmetric space. Hence we may assume
that the holonomy algebra g of the canonical connection V is non-trivial.

We consider case by case the holonomy algebras from the list given in Section 9.
Consider the holonomy algebra from the case 2. In this case g C so(1,n+1) is
weakly irreducible and not irreducible. Since dim M > 4, we are in the settings
of Section 3. In Section 3 we have seen that each algebraic curvature tensor R
is determined by the components R;, P, and K. The condition g- R = 0
immediately implies R; = 0 and P = 0. This and equality (13) imply that g is
a pp-wave metric, i.e.,

g = 2dvdu + Z(dxi)2 + H(du)?,
i1
where H = H(x!,...2™ u). The torsion may be written as

T=duNhNw, w=2 Z wijdxi/\dzj,

1<i<j<n

where w;; are functions. The condition VI' = 0 easily implies that w;; are
constants (in Section 3 we have seen that w is a parallel section of the screen
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bundle, which is now flat). The equality (13) shows that the only non-zero
values of the curvature tensor are

R0y, X) =pANK(X) = R0, X) — ip Aw?(X),

where X is a combination of the vector fields 0,:, i« = 1,...,n. Next, RY is
determined by
RI(0y, X) =p A Ko(X),

1< ,
Ky = 5 Z (amzaij)aw ® da?,
1,7=1
see, e.g., [17]. The condition VR = 0 may be rewritten as the condition
VFK =0. We get that

V5 K =V§ Ko=V}TK,.

This implies that 0,10,:0,,H = 0, i.e., H = Y7, Hij(u)z'a? (the terms

. ij=1
linear in ' may be omitted without loss of generality). Next,

1
V5 K=V§ K= (vgf + §w) Ko = V§ Ko — [F, Ko,
where F is a linear map with the matrix F]? = w;j. This shows that the

matrix K satisfies
0Ky = [F, Kp).

The solution of this system of equations may be obtained in the form
Ky = (e_“F)TBe_“F

for a constant matrix B. Thus we arrive to the settings of Example 4. The
space (M, g) is symmetric if and only if V9 Ky = 0, which is equivalent to the
condition [F, Ky] = 0.

Since we consider indecomposable geometry (M, g, V), its holonomy algebra
and torsion cannot be as in the case 3. If the holonomy algebra is as in the
case 4, we immediately see the infinitesimal model of (M, g) is as in Example 11.
In the cases 5 and 6 it is easy to check that the infinitesimal model is as in
Examples 10 and 9, respectively. Suppose that the holonomy algebra is as in the
case 7. Consider T and R as in Theorem 7. The condition pARF* - R = 0 easily
implies the equalities Ry = 0 and P = 0. This shows that the infinitesimal
model is as in Example 8. O

Now we consider spaces of dimension 3, 4, and 5. The simply connected natu-
rally reductive homogeneous spaces (M, g) are assumed to be indecomposable.
DiMENSION OF M 18 3. Connected and simply connected naturally reductive
homogeneous Lorentzian space of dimension 3 were classified in [11, 19], where
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it is shown that these spaces are exhausted by symmetric spaces, Lie groups

—_~—

SU(2), SL(2,R) and Heisenberg group with suitable left-invariant metrics. We
prove this result by our method.
Since dim M = 3, the torsion T is proportional to the volume form. Making a
rescaling, we may assume that the torsion coincides with the volume form. We
will consider a Witt basis p,e,q of R? and assume that T = pAeAq. It is
easy to see that the right-hand side of the Bianchi identity is zero. Hence each
algebraic curvature tensor with torsion 7' is just an algebraic curvature tensor
with zero torsion.
Suppose that g = so(1,2). Each invariant algebraic curvature is of the form
R(X,Y) =c¢X AY, where ¢ is a non-zero constant. Since ¢ # 0, the reductive
decomposition s0(1,2) @ RY2 of the isometry algebra may be chosen in such a
way that [RM2 R12] C s0(1,2), i.e., (M, g) is a symmetric space.
Suppose that the holonomy algebra g is weakly irreducible and not irreducible.
Then g is either Rp A g x Rp A e or Rp A e. The first algebra does not admit a
suitable algebraic curvature tensor. Thus, g = p A e. The curvature tensor is
defined by the equality

R(g,e) =apAe

for some non-zero .. The algebra f has dimension 4 and it holds
[p,a] =—e, [pe]=p, [e,dd=q+apAe,
[pAeql=e, [pAee]=—p.

The derived algebra is given by

= (p.e;q+aphe)

and it is transversal to g. Let A =p, B =¢, C = ¢+ ap Ae. Then it holds
that
[A,B]=A, [A,C]=-B, [B,C]=aA+C.

The Killing form of § with respect to basis (A, B, C) is given by the matrix

0 0 2
K= 0 2 0
2 0 -2«

Thus ' is isomorphic to so0(1,2), and (M, g) is isometric to the Lie group

SL(2,R) with a suitable left-invariant metric.

Suppose that g preserves the orthogonal decomposition R}? = R*? @ R2. Fix
an orthonormal basis (e, e2) in R? and let e_ be a unit time-like vector in
R0, The holonomy algebra is one-dimensional,

g =50(2) = Re; Aea.
The torsion and the curvature are given by

T=e_AejiNea, R(e,es)=Pei Nea,

DOCUMENTA MATHEMATICA 27 (2022) 2333-2383



2374 I. ERNST, A. S. GALAEV

where 8 € R is non-zero. The algebra f has dimension 4 and it holds
[e—,e1] =ea, [e—,ea] =—e1, [e1,e2] =—e_ — Be1 Aea,
[e1 Nea,e1] =ea, [e1 Aea,ea] = —ey.
The derived algebra is given by
i = (e1, e2,ae_ + PBer Aea)

and it is transversal to g. Let A = e1, B = eg, C = e_ + fe; Aes. Then it
holds that
[A,B]=C, [AC]=—yB, [B,C]=~A,

where ¥ = 1 + 8. The Killing form with respect to basis (4, B, C) is given by
the matrix

thus § is isomorphic to the Heisenberg algebra b3 if § = —1, f' is isomorphic
to s0(3) if B < —1 and it is isomorphic to so(1,2) otherwise.

Suppose that g preserves the decomposition R = RLI @ R, Let p,q be a
Witt basis of R'!. The holonomy algebra is one-dimensional,

g=RpAg.
The torsion and the curvature are given by
T=phNqNhe, R(p,q)=ppAg

where e € R! is a unite vector and 8 € R is non-zero. The Lie algebra f is of
dimension 4 and it holds

p.aql=e—PBpNqg, [e,pl=p, leq=—q,
[bAg,p)=-p, [PAga=q.

The derived algebra is given by

= (p,q,e — BpNq)

and it is transversal to g. Let A =p, B =¢q, C = e — Bp A q. Then it holds
that
[A; B] =C, [Aﬂ C] = 77"47 [Bﬂ C] =B,

where v = 1+ . The Killing form of § with respect to the basis (A, B,C) is
given by the matrix

0 2y O
K= 2y 0 0
0 0 292
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Thus § is isomorphic to the Heisenberg algebra hs if 5 = —1 and to so(1,2)
otherwise.

DIMENSION OF M 1s 4. Connected simply connected homogeneous Lorentzian
spaces of dimension 4 were classified in [5]. We apply our method and prove
the following theorem.

THEOREM 7. Let (M,g) be a connected and simply connected indecomposable
naturally reductive homogeneous Lorentzian space of dimension 4. Then either
(M, g) is a symmetric space or one of the following holds:

o (M, g) is isometric to the homogeneous space F'//G with an invariant met-

e~

ric, where F' = SL(2,R) x R?, and G C F is a one-dimensional subgroup;

e (M, g) is isometric to the homogeneous space F/G with an invariant met-
ric, where F = SU(2) x R2, and G C F is a one-dimensional subgroup;

e (M,g) is R* with the structure of a homogeneous plane wave described
above in Example 4.

REMARK 3. In the classification Theorem [5, Theorem 9] is given the transvec-
tion algebra with the basis {Y7, Y2, Y3, 71, T2} and the only non-zero brackets

[Y1,Yo] = =AY3, [V1,Y3] = AYs, [Yo,Y¥3] =Y.

Unfortunately, it was wrongly stated that the Lie algebra (Y7, Y2, Y3) is isomor-
phic to sl[(2,R). Analyzing the Killing form of the Lie algebra (Y7,Y2,Y3), it
is easy to see that this Lie algebra is isomorphic to s[(2,R) if A > 0 and it is
isomorphic to su(2) if A < 0. The third space from Theorem 7 coincides with
the second space from [5, Theorem 9], we explain this in the proof below. Thus
the classifications in Theorem 7 and [5, Theorem 9] are essentially the same.

Proof. Consider the canonical connection V. Let g C s0(1,3) be the holonomy
algebra of V. First suppose that g C so(1,3) is weakly irreducible. Then by
Theorem 6, g = p AR2. The torsion and the curvature are given by

T=pAeiNea, R(q,X)=pANK(X),

where K is a symmetric endomorphism of R?. We may assume that K =
diag(A1, A2). The indecomposability implies that A; and Ag are non-zero. The
algebra § has dimension 6 and

[pv ﬂ = 07 [61762] =D
le1,q) = ea+MpAer, [ea,q] =—e1+ AapAea,
[pAei,ql =ei, [pAeisej] = —dip.

The derived algebras are given by
fI:<paelaeQap/\elap/\€2>a f”:<p>a
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i.e., f is solvable. The space corresponds to the case 2 of [5, Theorem 9]. We
have just reduced the number of the possible parameters from 4 to 2 by a
proper choice of the basis: we assumed that T = ¢p A e; A e with ¢ = 1 and
we diagonalized the symmetric endomorphism K.

Suppose that g preserves the decomposition RM3 = R0 @ R3. We are in the
settings of Example 9. Since T # 0, g is a proper subalgebra in s0(3). Therefore
we can assume that g = Rej A ez and the torsion is given by

T=e_ANei Nea+Ber Nea Aes =e1 Aea A (e— + Bes),

where 8 € R is non-zero. If § # +1, then the vector Se_ + es is non-isotropic,
it is annihilated by the holonomy algebra and the torsion, i.e., the geometry is
decomposable. We may assume that § = 1. The curvature tensor is given by

R(e1,e2) = ve1 Aea,
where v € R is non-zero. The algebra § has dimension 5 and

[p,f] =0, [e1,e2] = —p —ve1 Aea,
[elﬂq] = 262) [62,q] = _261.

The center of § is given by

5(f) = <p7Q+ 2e1 A €2> ’

and we have

fl = <61; €2,p + Ye1 A €2> )
which is isomorphic to so(1,2) if ¥ > 0 and it is isomorphic to so(3) if v < 0.
Thus § is either s0(1,2) ®R? or s0(3) ®R2. This space corresponds to the case 1
of Theorem 9 from [5].

If g preserves the decomposition R13 = RLIGR2, then according to Example 10
it holds

T=pAqgAo,

where v € R2. Since g annihilates v, it holds g = Rp A q. Let v; € R? be
a non-zero vector orthogonal to v. Then wv; is annihilated be the holonomy
algebra and by the torsion, i.e., the space is decomposable.

Finally, if g preserves the decomposition R*3 = R%2? @ R!, then according to
Example 9 it holds that

T=apAeitAg+pAhesAv=pAer AvA(ag+v).

The vector av — g(v, v)p is space-like, it is annihilated be the holonomy algebra
and by the torsion, i.e., the space is again decomposable. o

DIMENSION OF M 18 5. To our knowledge, the following result is new.
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THEOREM 8. Let (M, g) be a connected and simply connected indecomposable
naturally reductive homogeneous Lorentzian space of dimension 5. Then either
(M, g) is a symmetric space or one of the following holds:

o (M,g) is R® with the structure of a homogeneous plane wave described
above in Example 4;

e (M,g) is isometric to a Berger sphere SU(3)/SU(2), or SU(1,2)/SU(2);

o (M,g) is isometric to the homogeneous space (Fy x Fy)/G with an in-
variant metric, where each of F1 and Fy are isomorphic to one of the Lie

—_~—

groups SL(2,R), SU(2), and G is either SO(2) or SO(1,1);

e (M,g) is isometric to one of the following homogeneous spaces endowed

—~—

with an invariant metric: (SL(2,R) x Hs)/G, where G = SO(1,1) C

e~ e~

SL(2,R); (H3><SU(2))/G/,\@67“6 G =S0(2) Cc SU(2); (H3xSL(2,R))/G,
where G = SO(1,1) C SL(2,R);

e (M,g) is isometric to the Heisenberg group Hs with a left-invariant met-
Tic.

Proof. Consider the canonical connection V. Let g C s0(1,4) be the holonomy
algebra of V. If the holonomy algebra g C so(1,4) is weakly irreducible, then
by Theorem 6, (M, g) is a regular homogeneous plane wave. Next we consider
verschiedene g-invariant decompositions R4 =RL"@R*™, 0 <r <3 and
assume that the induced representation of g in R is weakly irreducible.
Suppose that the holonomy algebra g preserves the decomposition R14 = R0
R%, i.e., we are in the situation of Example 11. We claim that the form w is zero.
Indeed, suppose that w # 0. Then g annihilates the vector *w € R*. We may
assume that *w = ceq, w = ce; A ea A es. Then, g C s0(3). Since g commutes
with 0, g is a proper subalgebra of s0(3), i.e., we may assume that g = Rej Aes.
We see that 0 = c1e1 Aes + cae3 Aey. The condition 8- w = 0 implies co = 0. It
is clear that (M, g) is decomposable, i.e., we get a contradiction. Thus, w = 0.
Consider now the following decomposition of the Lie algebra f:

f=(g@Re_ ) ®R™.
It is clear that this decomposition defines a Zg-grading of f. It holds that
ade_|ge = 0.
The Lie bracket restricted to R?* satisfy
[X,Y]=-Co(X,Y)+0(X,Y)0 —0(X,Y)e_. (36)
The algebraic curvature tensor Cy defines the following Zs-graded Lie algebra:

hoR?,
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where h = Cp(R*,R*) C s0(4). Since h commutes with 6, we see that b is one
of the following Lie algebras: u(2), so(2) @ s0(2), s0(2), or it is trivial. Let us
consider these cases.

Consider the case h = u(2). The tensor Cj is given by

Co(X,)Y)=a(XANY +JX ANJY +2(JX,Y)J),

where .J is the complex structure on R*, and a # 0. It is clear that § = b.J for
some b € R. Recall that g = R(RV*, RY) = R(R*, R?). Tt holds that g = su(2)
if and only if b* — 3a = 0. Otherwise, g = u(2). If g = su(2), then it is obvious
that

f=(su(2) ®Re_) & R?

is isomorphic either to su(3) or to su(1,2) depending on the sign of a. Con-
sequently (M, g) is isometric to one of the homogeneous spaces SU(3)/SU(2),
SU(1,2)/SU(2). If g = u(2), then f is isomorphic to one of the Lie algebras
R0 —e_) ®su(3), R(0 —e_) ®su(l1,2), and (M, g) is again isometric to one of
the homogeneous spaces SU(3)/SU(2), SU(1,2)/SU(2).
Suppose that h = s50(2) @ s0(2) = Rey A ez @ Res A eyq. Then
0 = cie1 A ea + coe3 A ey. (37)

The curvature tensor Cy is given by

00(61,62) = ae] N e2, 00(63,64) = bez N ey
for some a,b # 0. We get that
R(e1,e2) = (G—C%)€1A€2—010263A64, R(es,eq) = —clcgel/\eg—l—(b—cg)eg/\&;.
The Lie bracket of the Lie algebra f satisfy

le1,e2] = c1(0 —e_) —ae; Aea, [es,eq] = ca(0 —e_) — beg A eq.

The indecomposability implies c¢1co # 0. We conclude that g is one-dimensional
if and only if ab — ac — bc? = 0. In that case

g=R¢ €¢=((a— cf)el Aeg — cicaes A ey).

Consequently we get
f = [R* R @ R%.

This Lie algebra isomorphic to f1 & f2, where f; and fo are isomorphic to one
of the Lie algebra so(3) or so(1,2) (depending on the signs of a and b). The
subalgebra g = 50(2) C 1 @ fo is included diagonally. If ab — ac3 — be? # 0,
then g = s0(2) ® s0(2) and

f= (R, R @R(0 —e_)) ®@R™
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In that case f contains the center R(# — e_). The Lie algebra [R* R*] @ R* is
again isomorphic to f; ®f2. The projection of this Lie algebra to R14 = Re_@R*
coincides with R, i.e., the corresponding connected Lie subgroup of F acts
transitively on M.

Suppose that h = s0(2) = Rej A ea. Then 6 is again given by (37). Now Cp is
given as in the previous case with b = 0 and a # 0. As above, cica # 0. We
see that g is 2-dimensional. In that case

f=(R*,R*] @ Res A es) ® R?,

and [R* R*] & R* is isomorphic to f; @ b3, where §; is as above, and b3 is the
Heisenberg algebra.
Suppose that h = 0, i.e., Cp = 0. We again may assume that 6 is given by
(37). We get that g = RA. The indecomposability implies cic2 # 0. The
subalgebra R(§ — e_) @ R* C f is transversal to g and it is isomorphic to the
Heisenberg algebra. Consequently (M, g) is isometric to the Heisenberg group
with a left-invariant metric.
Suppose that g preserves the decomposition R1* = RV @ R3. According to
Example 10,

T=pAgAv+0 A,

where v € R? is a non-zero vector, and 6 € A’R3 with (v) = 0. We may
assume that the norm of v is 1. Let ej, es,v be an orthonormal basis of R?
such that 0 = ae; A es. We get that

T=nANv, n=pAq+ael Nes

and
R=Co+non, CoeR"g+Rny).

The Lie algebra f admits the following Zs-grading:
f=(g®Ro) ®R?,
where RY3 = (p, q, e1,e2). The Lie bracket restricted to R13 satisfies
[X,Y]=—-R(X,)Y)-0(X,Y)v=-Co(X,Y) —n(X,Y)n —n(X,Y)v.

Next,
adUth,s = —n.

We see that Cy defines the Zg-graded Lie algebra
hORYS, = Co(RY3,RLY).
It is clear that h C Rp A ¢ @ Rej A ez, and Cj is given by
Co(pNq)=bpAgq, Coler,ex)=cerAexs.
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The Lie algebra h is either one of the following: so(1,1) ®s0(2), so(1,1), s0(2),
or it is trivial. For the Lie bracket of § it holds

[p,ql = =bpAqg+n—+v, [e1,e2] =—cer Aex—an— av.

The rest of the considerations is as above. Suppose that h = so(1,1) @ s0(2),
then b, ¢ # 0. It holds that dim g = 1 if and only if a?b+ cb— ¢ = 0. Otherwise,
dimg = 2. If dimg = 1, then

f=[R" R &R =s0(1,2) @ fa,
where fo is either s0(3) or s0(1,2). If dimg = 2, then
= (R, R @ R(n+v)) @R =s50(1,2) & fo,

where f5 is again either s0(3) or so(1,2). Suppose that h = so(1, 1), then b # 0,
c = 0. Consequently,

f=(R" R & Res Aeg) 6RY,  [RY RV GRY = 50(1,2) & bs.
Suppose that h = s0(2), then b =0, ¢ # 0,
f: ([Rl,B,Rl,B] @Rp/\ q) @Rl’g, [Rl,B,Rl,B] @Rl,B — [,)3 o) f27

where fs is either s0(3) or so(1,2). Suppose that h = 0, then b = ¢ =0, g = Ry,
and f contains a subalgebra transversal to g and isomorphic to the Heisenberg
algebra bs.

Suppose that g preserves the decomposition R1* = R12? @ R?. According to
Example 9, the torsion is given by

T=aphetANqg+pAet ANv+pAA,
where v € R%, A € A2R?, and it holds that A(v) = 0. If v # 0, then A = 0, and
T=pAerA(ag+v).

Let v; € R? be a non-zero vector orthogonal to v. It is clear that v; is an-
nihilated by the holonomy and the torsion, i.e., the space is decomposable.
Thus,

T=apANegt ANg+pAX A\A=avy Avg,

where vy, vy is an orthonormal basis of R?. The indecomposability implies

a # 0.

R(q,e1) = Bp A e1 + aavy A v,
R(v1,v2) = aap A ey + cvy A vs.

It is easy to see that §/ = f1 @ f2, where
fl = <pa€a [eaQ]>a f2 = <’U15’U23[U15’U2]>'
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The Lie algebra f; is isomorphic to so(1,2). The Lie algebra f is isomorphic
to s0(1,2) if ¢ < 0, fo is isomorphic to s0(3) if ¢ > 0, and it is isomorphic to hs
if c=0.
Suppose that g preserves the decomposition R = R'3 @ R!. Then as in
Example 8§,

T=apNeiNex+pAer Av,

where v € R, and g = pA{e1,e2). In this case (M, g) is a regular homogeneous
plane wave. O
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