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ABSTRACT. We develop an analytic theory of cusps for Scholze’s
p-adic modular curves at infinite level in terms of perfectoid parame-
ter spaces for Tate curves. As an application, we describe a canonical
tilting isomorphism between an anticanonical overconvergent neigh-
bourhood of the ordinary locus of the modular curve at level I'1 (p>°)
and the analogous locus of an infinite level perfected Igusa variety.
We also prove various g-expansion principles for functions on modu-
lar curves at infinite level, namely that the properties of extending
to the cusps, vanishing, coming from finite level, and being bounded,
can all be detected on g-expansions.
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1 INTRODUCTION

1.1 CusPS OF MODULAR CURVES AT INFINITE LEVEL

Let p be a prime and let K be a perfectoid field extension of Q,. Throughout
we shall assume that K contains all p”-th unit roots for alln € N. Let N >3
be coprime to p and let X" be the compactified modular curve over K of
some rigidifying tame level I'? such that I'(N) C I'"? C GL2(Z/NZ). Here we
consider X'* as an analytic adic space.

The first goal of this article is to give a detailed analytic description of the
geometry at the cusps in the inverse system of modular curves with varying level
structures at p, as well as for the modular curves at infinite level introduced by
Scholze in [Sch15]. In doing so, we aim to complement results on the boundary
of infinite level Siegel varieties for GSp,, for g > 2 from [Sch15, §3.2.5], proved
there using machinery like Hartog’s extension principle and a perfectoid version
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of Riemann’s Hebbarkeitssatz: Due to the assumption that the codimension of
the boundary is > 2, these tools do not apply in the elliptic case. Instead, here
one can get a much more explicit description with more elementary means.
The way we study the boundary in the elliptic case is in terms of adic analytic
parameter spaces for Tate curves. Fix a cusp = of X'*, this is in general a point
defined over a finite field extension K C L, C K[(y] depending on z, and it
corresponds to a I'P-level structure on the Tate curve T (g% ) over Or,_((q)) for
some 1 < e, < N. The analytic Tate curve parameter space in this situation
is simply the adic open unit disc D, over L,, and there is a canonical open
immersion D, — X* that sends the origin to z.

In order to state our main result, let us recall the tower of anticanonical mod-
uli spaces from [Sch15, §3]: Away from the cusps, the modular curve X* is
the moduli space of elliptic curves E together with a I'’-level structure. Let
AT, w X* be the finite flat cover that relatively represents (away from the
cusps) the data of a cyclic subgroup scheme of rank p of E[p]. By the the-
ory of the canonical subgroup, for small enough € > 0, the e-overconvergent
neighbourhood of the ordinary locus Ap (p)(e) C A7, () decomposes into two
disjoint open components: the canonical locus XF*O (p)(f)c and the anticanonical
locus A7, (¢€)q- In order to understand the cusps of the perfectoid modular
curve at inigmite level, we first study the tower of compactified modular curves
of higher level at p relatively over Af (p)(e)a. Specifically, for any n € N, the
pullback of X7 ) (€)a C &Y () defines a tower

X7y (€)a = X8y (O)a — AT (pry(©)a = X7 (€)

of anticanonical loci. Here the rightmost map is finite flat and totally ramified
at the cusps, whereas Xli‘(pn)(e)a — Xr*o(pn)(e)a is finite étale and Galois with
group

Lo(p", Z/p"Z) :={(5 %) € GL2(Z/p"Z)}.

The cusps of these moduli spaces of higher finite level can be described using
analogous parameter spaces for Tate curves: As we shall discuss in detail in §2,
it is essentially an adic analytic version of the classical calculus of cusps of
Katz—Mazur [KM85] that for any cusp x of X*, there are Cartesian diagrams
of adic spaces of topologically finite type over K

I‘O(pnjz/pnz) X Dn,w — (Z/an)X X Dn,a: I Dn,w —_— Da:

l [ J [

X;(P")(e)“ - Xf‘kl(pn)(e)a — Xﬁo(pn)(e)a — X*(e),

where the top left map is (8 3) — d on the first factor and the identity in the
second, and D,, , is the open unit disc in the variable q'/?" over L, that is,

D, = open subspace of Spa(Lz(ql/pn), Or, (ql/pn>) where lim |¢|™ = 0.
m—00
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In the limit n — oo, these open discs become parameter spaces for Tate curves
with infinite I'g-level structure at p, given by perfectoid open unit discs

Dao. = open subspace of Spa(L,(¢'/"" ), 0. (¢"/?")) where lim |g|™ = 0.

m—r oo

We then get the following description of the cusps at infinite level: Let
Lo(p™) :={(5 %)} € GLa(Zp)
and let T'g(p>°) be the associated profinite perfectoid space.
THEOREM 1.1. Let x be any cusp of X*.
1. There is a Cartesian diagram of perfectoid spaces over K
Lo(p>®°) X Doy — Zy X Dogy ———— Dog e ———— Da

()a — AL, ooy (€)a — AR (oo (€)a — X7 (e).

le(p“)

2. Define a right action of Z, on GLa(Zp) X Do o by letting h € Z,, act via

(1, P") h= (y (L9), g7 e,

Let GL2(Z,,) act on the left via the first factor. Then there is a Cartesian
diagram
(GL2(Zp) x Doom)/@ — D,

ey — &
for which the left map is a GLa(Zy)-equivariant open immersion.

3. The Hodge-Tate period map mwyr: Xli‘(poc) — P! restricts on the open
subspace described in 2. to the map

(GLa(Zy) X Doo)/Zp = PL(Z,),  ((24),q) = (b d).

We refer to Theorem 3.17 and Theorem 3.22 for slightly more precise state-
ments. In other words, the part of the boundary of A}
by the closed profinite subspace

(=) lying over zx is given

GLa(Zy)/ (2, 1) = Xpoe)

and has an open neighbourhood given by a Tate curve parameter space
(GL2(ZP) X Doo,w)/@-
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We will prove part 1 of the theorem step by step in §3.1-3.3. We then deduce 2
from 1 via GL2(Zp)-translations. For this one needs to describe the action of
the larger group

Lo(p) :=={(C %) e € pLp} C GLa(Zyp)

on the Tate curve parameter space I'o(p™) X Doooe > A0 (€)a, which also

takes into account isomorphisms of Tate curves of the form ¢ — anq for h € Z,,.
We will do so in §3.4.

REMARK 1.2. We note that Pilloni-Stroh [PS16] in their construction of per-
fectoid tilde-limits of toroidal compactifications of Siegel moduli varieties also
describe the boundary of le(pw): More precisely, the second part of Theo-
rem 1.1 also follows from [PS16, Proposition A.14]. While their proposition
is much more general, the above description is arguably slightly more explicit.

We will also identify the canonical and anticanonical subspaces.

On the way, we discuss in §2 some aspects of modular curves as analytic adic
space that are not visible in the rigid setting as treated in [Con06]. For example,
in the adic setting there is also a larger quasi-compact analytic Tate curve
parameter space D, — X* given by

D, := Spa(Or, [d][;], Oc. [a])

where O, [q] is endowed with the p-adic topology (rather than the (p, ¢)-adic
one). This gives rise at infinite level to a map Dy o — Xli‘o (poo)(e)a where

Doc.s = 5pa(O1. [¢/7 1, [2], 02, 147" ],) ~ im .

Here Or,, [¢*/?™], is the p-adic completion of lim O, [q'/*"].

While these are no longer open immersions, they are sometimes useful, for
example because in contrast to D,, the spaces D, for all z together with the
good reduction locus Xgq cover the adic space X*. More precisely, we have
D\ D = Spa(Op, ((q)}[%], Or,{g)*) where Or_((q)) is the p-adic completion of
Or, [allg™'], alocal ring, and O, {{g)) T is a certain valuation subring of rank 2.
The image of this rank 2 point in X'* is a closed point that is neither contained
in Xzq nor in D,. We discuss this situation in more detail in §2.4.

1.2 FIRST APPLICATIONS

The main reason why we are interested in an explicit description of the cusps of
Xli‘(poo is that many constructions involving modular curves require a separate
treatment of the boundary: For example, one often defines morphisms from
modular curves using moduli interpretations, and then in a second step extends
to the compactifications. At finite level this is usually done by normalisation.
While at infinite level, one still has moduli interpretations (see Lemma 3.16), it

is less clear how to carry out the “normalisation” step. This can in practice be

DOCUMENTA MATHEMATICA 27 (2022) 2385-2439



CusPs FOR MODULAR CURVES AT INFINITE LEVEL 2389

done using the explicit description in Theorem 1.1: For the sake of illustrating
the argument, one could apply this to see that mpT extends to the cusps using
Theorem 1.1.3 (but here the extension is clear as myr is a priori known to be
locally constant near the cusps). A more serious instance of such an extension
argument appears in §1.4.
A second reason why the boundary sometimes requires additional attention is
that the morphism ¢ : le(poo) — X* is a pro-finite-étale Galois torsor, ex-
cept for ramification at the boundary, as is evident from (1). For example,
Chojecki-Hansen—Johansson [CHJ17] have recently given a beautiful construc-
tion of sheaves of p-adic modular forms by writing down an explicit 1-cocycle
that defines a descent datum for the morphism X7 .. (€)c — X (e) using that
this is a To(p)-torsor away from the boundary. However, over the cusps the
morphism is no longer Galois (and indeed the boundary is ignored in [CHJ17]).
As explained in detail in [BHW, §3], Theorem 1.1 makes it easy to see how to
extend to the cusps: The point where Theorem 1.1 is used in this context is
the statement that

(Q*OX* )GLz(Zp) — OX*;

T(p°)

i.e. GLy(Zp)-equivariant functions on A} come from X*. Away from the

L(poo
cusps, where g is a GLa(Z),)-torsor, this is (ap f(irmal consequence of the fact that
the (completed) structure sheaf on the pro-étale site of X* is a sheaf. That
the identity extends over the boundary can then be checked on Tate curve
parameter spaces, where it is immediate from Theorem 1.1.2.

Besides of such extension arguments, the g-expansions of functions on le(poo)
that one obtains by restriction to Tate curve parameter spaces are of inde-
pendent interest in the context of p-adic modular forms, see [Heul9, §2.3 and

Theorem 5.3.3] and also §1.5 below.

1.3 CuspPS OF PERFECTOID MODULAR CURVES IN CHARACTERISTIC p

There are natural analogues of the above descriptions for modular curves in
characteristic p, which we treat in §4: We shall work over the perfectoid field K”
and choose @’ € K° with |@”| = |p|. Let &”* be the compactified modular
curve of level I'? over K”, considered as an analytic adic space. Then, again,
for every cusp x of X’*, there is a Tate curve parameter space D!, — X'* where
now D’ is the adic open unit disc over a finite extension L}, C K’[(y] (the
notation as the tilt of an extension of K depending on x will be justified later).
Recall that over any overconvergent neighbourhood X™*(e) of the locus of ordi-
nary reduction, there is a finite étale Igusa curve X7 .)(€) = X" (e). In the
limit over the relative Frobenius morphism, and over n — oo, these give rise
to a pro-étale morphism of perfectoid spaces over X'*(e)
I/g(p“) (e)perf N XI* (G)perf_

Let now D’Oo’z denote the perfectoid open unit disc over LZ, which is the per-
fection of D). Then we have the following analogue of Theorem 1.1 in charac-
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teristic p:
THEOREM 1.3. For every cusp x of X'*, there are Cartesian diagrams

7y x Db, ——— Db, ——— D),

00, 00,

I I J

X* (G)perf X (E)perf X'* (6)

Ig(p>)

We then compare this diagram to the situation in characteristic 0 via tilting:

1.4 A TILTING ISOMORPHISM AT LEVEL I'; (p™)

In [Sch15, Corollary 3.2.19], Scholze identifies the tilt of AP () (€)o by proving
that there is a canonical isomorphism
* b~ * rf

XFO(pOO)(G)a — X/ (e)pe (2)
of perfectoid spaces over K”. For Siegel spaces parametrising abelian varieties
of dimension g > 2, he then extends this tilting isomorphism to level 'y (p).
Using Tate curve parameter spaces, we complement this result in §5 by treating
the case g = 1 of elliptic curves. Moreover, we work out the precise situation
at the cusps: It follows from (2) that the cusps of X* (which can be identified
with those of XFU(poo)(e)a> and the cusps of X’* (which can be identified with

those of X"*(¢)P*f) can be identified via tilting, and the same is true for the
field extensions L, and L’. Using these identifications, we have:

THEOREM 1.4. 1. There is a canonical isomorphism

X, oo (€ > Xy (P

which is Z,; -equivariant and makes the following diagram commute:

]_:kl(poo)<6)(bl I XFO(poo)(E)Z
20 2

I/g(poo) (e)perf X'* (€>perf'

2. For any cusp x of X* with corresponding cusp =° of X'*, the diagram
Z, X Dy — lel(poo)(e)z
21 2l

L xD._ ., — X

00, Ig(p"o)(e)pcrf

commutes, where the left map is given by the canonical identification
D%, 2 D)

0o,z "
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We are interested in this result because of an application to p-adic modular
forms: In [Heul9], we use Theorem 1.4 to give a perfectoid perspective on
the t-adic modular forms at the boundary of weight space as introduced by
Andreatta—Tovita—Pilloni [ATP18)].

1.5 @-EXPANSION PRINCIPLES

As a second application, Tate curve parameter spaces give a way to talk about
g-expansions of functions on modular curves: For any f € O( F(pao)( €)a), We
may define the g-expansion of f at a cusp = € XF( )( €)q to be its restriction
to the associated locally closed subspace Doo .z — A7\, )( €)a, 1.€. the image
under

O(le(poo) (€)a) = O(Doo,z)

which will automatically lie in Og[q"/ pw]][%] C O(Dwo,5)- One has analogous
definitions for other infinite level modular curves, or open subspaces thereof,
as well as for profinite families of cusps. Such g-expansions can be useful when
working with modular curves at infinite level, as they often allow one to extend
constructions which are a priori defined only away from the cusps (or even just
on the good reduction locus), for instance maps defined using moduli functors,
to the compactifications. For example:

LEMMA 1.5. A function f on the uncompactified modular curve Xppe)(€)q
extends to a function on XL F(pee ( )a if and only if at every cusp x of A pw)(e
the q-expansion of [ is already contained in Or, [[ql/px]][%] C Op, (PN
Any such extension is unique.

as

)
il

This is what we mean when we say that g-expansions can be used as a replace-
ment for Hartog’s extension principle in the elliptic case of g = 1.

As the final goal of this article, we show in §6 that in the spirit of Katz’ ¢-
expansion principle for modular forms [Kat73, Theorem 1.6.1], one can use Tate
curve parameter spaces to prove various g-expansion principles for functions on
perfectoid modular curves.

PROPOSITION 1.6 (g-expansion principle I). Let C be a collection of cusps of X*
such that each connected component of X* contains at least one x € C. Then
restriction of functions to the Tate curve parameter spaces associated to C de-
fines injective maps

O(XL, () (€)a) = [Tpec Or. I P 113,

O(XE, (p) (€)a) - [Tuec Mabes(Zy;, O, [ 7~ DI,

O(XF(P“’)( ) ) (_>H16C Mapcts(ro( OO) OLI [[ql/p“]])[%],

O™ () = Tl,ec Orsla"?" Il25],

(X,

o Ig(p ( )perf)(_> HzGC Ma‘pcts(Zp ) OLZ [[ql/p“’ﬂ)[ﬁ]
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As mentioned in §1.2, p-adic modular forms can be described as functions on
Xli‘o(pw)(e)a satisfying a certain equivariance property, see [CHJ17], [BHW].
Proposition 1.6 may thus be seen as a generalisation of its classical version
from modular forms to more general functions.

Similarly, one can detect on g-expansions whether a function comes from some
finite level:

PROPOSITION 1.7 (g-expansion principle II). Let f € O(Xl’fo(pw)(e)a). Then
for any n € Z>q, the following are equivalent:
1. f comes via pullback from leo(pn)(e)a, i.e. f is already contained in
O(leo(pn)(e)a> < O(Xgo(pao)(e)a)

2. The gq-expansion of f at every cusp x is already contained in
Or, [¢"7" ]3] € O, ["/77 T[]

8. On each connected component of X*, there is at least one cusp x at
which the g-expansion of f is already contained in Op, [[ql/pnﬂ[%] <

Or, [a"7" 13-
The analogous statements for X'* ()Pt are also true.

For € = 0, i.e. on the ordinary locus, one can see on g-expansions whether a
function is integral, i.e. bounded by 1. We note that this fails for € > 0.

PROPOSITION 1.8 (g-expansion principle III). For f € O(Xffo(pw)(O)a), the
following are equivalent:

1. f is integral, i.e. it is already contained in OJF(Xli‘O(pw)(O)a).
2. The q-expansion of f at every cusp x is already contained in O [¢"/7”].

8. On each connected component of X*, there is at least one cusp x at which
the g-expansion of f is already contained in Or [¢"/?"].

The analogous statements for Af oc)(0)a, AP ey (0)a, X" (0P and
XI*

Ig(px)(())perf are also true when we replace Or, [[q1/p°°]] by the respective
algebra from Proposition 1.6.

Finally, there is also a version of g-expansions for the good reduction locus,
which uses instead the quasi-compact Tate curve parameter space D mentioned
before §1.2 (see also Definition 2.15).

PROPOSITION 1.9 (g-expansion principle IV). Let C be a collection of cusps
of X* such that each connected component contains at least one x € C. Then a
function on the good reduction locus Xgq(€) extends to all of X*(e€) if and only
if its q-expansion with respect to

D(lgl = 1) — Xeale)
at each x € C is already contained in Of, [[qﬂ[%] COy, <<q>>[%] In this case, the

extension is unique. The analogous statements for Xli‘o(pw)(e)a, Xli‘l(pw)(e)a,

AT (pey (€)ar X (€), X ()Pt and X

Ig(poc)(e)perf are also true.
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2 ADIC ANALYTIC THEORY OF CUSPS AT FINITE LEVEL

2.1 RECOLLECTIONS ON THE CLASSICAL THEORY OF CUSPS

We start by recalling from [KM85, §8.6-8.11] some basic facts about cusps of
modular curves that we will use freely throughout, and fix some notation and
conventions:

Let N > 3 and let R be an excellent Noetherian regular Z[1/N]-algebra, for
instance R = Z[1/N]. Let Xg be the modular curve of some rigidifying level
I'(N) CT C GL2(Z/NZ) over R. By definition, the compactification X7, of
X is then the normalisation in P}, of the finite flat j-invariant j: Xgr — AL .
The divisor of cusps is defined as the closed subscheme

0X} = (Xp\Xp)™ = j 7 (c0)™ — X7,

which is finite étale over Spec(R). When we refer to “a cusp” we shall mean
by this a (not necessarily geometrically) connected component of 0XJ,.

We recall from [KM85, §8.11] that the divisor of cusps can be computed explic-
itly using the Tate curve T(g): This is an elliptic curve over Z((q)) of j-invariant
1/q+ 744+ ..., which we may base-change to T(q)r(q) — Spec(R((¢))). Then
we have:

PROPOSITION 2.1 ([KM85, Theorem 8.11.10]). The completion éX;;L of X%,
along 0X7}, is the normalisation of R[q] in the finite flat scheme over R((q))
that represents I'-level structures of T(q)r(q)- Via the j-invariant, éX;;L 18
finite over the completion R[q] of Pk at co.

To say more concretely what 90X}, looks like, recall that T(q)[N] is canonically
an extension
0— puny — T(¢)[N] = Z/NZ — 0

over Z((q)) which becomes split over Z((¢*/")). Consequently, the I-level struc-
tures of T(q)r(q) are defined over various subrings of R[¢N](¢*N). In par-

ticular, each component of 3)(1*2 will be of the form Spf(R[(a][¢'/¢]) for some
d|N and e|N.
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NOTATION 2.2. In order to simplify notation, we wish to reduce the amount
of N-th roots of g throughout. Therefore, we shall by convention renormalise
this ring of definition at each cusp to be a subring of the form R[(4]((¢)) for
some d|N, by passing from T(q) to T(¢°).

This means that depending on the cusp, the completion of the j-invariant at
the cusp is now given by a map of the form Spf(R[(4][q]) — Spf(R[q]) that
sends ¢ — ¢°. If R’ is another Noetherian excellent regular Z[1/N]-algebra,
then 0X%,, 5X1§,, etc. agree with the base-changes via R — R’ by [KMS85,
Proposition 8.6.6]. Therefore, more generally, for any Z[1/N]-algebra S we
may simply define Xg, X§, 0X%, 5X§, etc. by base-change.

2.2 THE ANALYTIC SETUP

We now switch to a p-adic analytic situation and recall the setup from [Sch15].
Let p be a prime and let K be a perfectoid field extension of Q, like in the
introduction. We denote by m the maximal ideal of the ring of integers Ok
and by k the residue field. We fix a complete algebraically closed extension C'
of K and assume that K contains all p-power roots of unity in C. We moreover
fix a pseudo-uniformiser w € K with |w| = |p| such that w contains arbitrary
p-power roots in K. This is possible since K is perfectoid.

Let N > 3 be coprime to p and let T'(N) C I'? C GLy(Z/NZ) be a rigidifying
tame level. Let X := Xg be the modular curve of level I'? over K and let
X* := X}, be its compactification. We denote by X and X* the respective
p-adic completions of Xop, and X} . Let X and X* be the respective adic
analytifications of X and X*. This is the only way in which we deviate from
the notation in [Sch15], where X denotes the good reduction locus, which we
shall instead denote by X,q C X C X™.

For any of the classical level structures T' = T'o(p™), 1 (p™),['(p™), n € N, we
denote by Xt — X the representing moduli scheme. These all have compactifi-
cations X{ — X, and we have associated adic spaces Ar — X and AT — &A™,
The uncompactified spaces have a natural moduli interpretation in the category
Adic of (sheafy) adic spaces over (K, Ok):

LEMMA 2.3. Let S be a (sheafy) adic space over Spa(K,Ok). Then
Homagic(S, Ar) = Xr(0s(9)).

In particular, the S-points of X1 are in functorial correspondence with isomor-
phism classes of elliptic curves over Og(S) with tame level structure TP and
level structure ' at p.

Proof. The scheme Xr over K is an affine curve [KMS85, Corollary 4.7.2]. Let
LRS be the category of locally ringed spaces over K, then by the universal
property of the analytification Ap = X2

Homaagic (S, Ar) = Homprs (S, X1) = Xr(0s(S5))
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where the last step is the adjunction of Spec and global sections for locally
ringed spaces. O

Let 0 < € < 1 be such that |p|° € |K|. Using local trivialisations of the
Hodge bundle and lifts Ha of the Hasse invariant one defines an open subspace
X*(e) € X* cut out by the condition that |[Ha| > |p|¢. This has a canonical
integral model X*(e) — X*, for example by [Sch15, Lemma 3.2.13]. In general,
for any morphism S — X* we shall write

S(e) :== 8 xxx X*(e).

In particular, for any of the classical level structures I' = T'g(p™), T'1 (p™), T'(p"),
the modular curve X — X* restricts to a morphism Af(e) — X*(e). We note
that the open subspace X*(0) is precisely the ordinary locus of X™*.

DEFINITION 2.4. We shall say that an elliptic curve E is e-nearly ordinary if
[Ha(E)| = [p|*.

By the theory of the canonical subgroup, the forgetful morphism A7 (p)(e) —

X*(€) has a canonical section. We denote by A} (€). the image of this section,

o(p)
that is the open and closed component of A7 (¢) that parametrises the I'o(p)-
structure given by the canonical subgroup. This is called the canonical locus.
We denote its complement by A7 (p)(e)a and call it the anticanonical locus.

For any adic space S — AT (») We denote by

S(€)g := 8 Xx=

To(p)

Ao () (€)a
the open subspace that lies over the anticanonical locus.

DEFINITION 2.5. For any adic space S — X(e) corresponding to an e-nearly
ordinary elliptic curve F over Og(.S), we shall call a I'-level structure anticanon-
ical if it corresponds to a point of Ar(e), C Ar. For instance, a To(p™)-level
structure is a locally free subgroup scheme G,, C E[p"], étale-locally cyclic of
rank p", and it is anticanonical if G, N C; = 0 inside E[p"], where C; C El[p]
denotes the canonical subgroup. Similarly, a T'(p™)-level structure, given by
an isomorphism of group schemes «: (Z/p"Z)? — E[p"] is anticanonical if the
subgroup scheme generated by «(1,0) is anticanonical.

For any n € N, the transformation of moduli functors that sends an elliptic
curve F together with an anticanonical I'g(p™)-structure Gy, to E/G,, induces
an isomorphism

o) (€)a = X(p™"e€) (3)

that is called the Atkin—Lehner isomorphism. The inverse is given by sending E
with its canonical subgroup C,, of rank p™ to the data of E/C,, with T'o(p™)s-
structure E[p"]/C,. The Atkin-Lehner isomorphism uniquely extends to the
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cusps for all n, and for varying n the resulting isomorphisms fit into a commu-
tative diagram of towers

C—— AT ey (O —— AT

To(p? To(p (s — 27(¢)
2 2

C— X*(p2¢) 2, X*(p~te) —— X*(e)

where in the bottom row, the morphism ¢ is the “Frobenius lift” defined in
terms of moduli by sending F to E/Cj. The resulting tower is called the
“anticanonical tower”.

It is a crucial intermediate result in [Sch15] that the anticanonical tower “be-
comes perfectoid in the inverse limit”. More precisely:

THEOREM 2.6 ([Sch15, Corollary 3.2.19]). There is an affinoid perfectoid tilde-
lomat

;0(;000)(6),1 ~ @neN XFO(F"’)(G)Q'
Since the forgetful morphisms X7 . (€)a — AF . (€)a are finite étale

(Z/p"7Z)*-torsors, even over the cusps, one immediately deduces that in the
inverse limit these give rise to an affinoid perfectoid space A} (poo)(e)a ~

Wm A7 () (€)a together with a forgetful map
AT, () (€)a = AT (o) (€)a

that is a pro-étale Z-torsor. Similarly, for full level I'(p™), one obtains an affi-
noid perfectoid space Xli‘(px)(e)a together with a forgetful map Xl’f(pw)(e)a —

X*

Ty (p) (€)a that is a pro-étale I'g(p)-torsor, where we set:

DEFINITION 2.7. For any m € Z>o U {oc}, let
To(p™) = {(23) € GLa(Z,) | ¢ = 0 mod p™}.
All in all, we have a tower of morphisms

X (pooy(€)a — AF (€)a — A7 (poe)(O)a — A (y(€)a

1(p°)

which is a pro-étale I'g (p)-torsor away from the boundary, but not globally: One
reason is that there is ramification over the cusps in A7 ) (€)a = A7 () (€)a;
but we note that the tower is still no torsor on the quasi-pro-étale site, as we
will see on g-expansions.

2.3 ANALYTIC TATE CURVE PARAMETER SPACES AT TAME LEVEL

In this subsection, we recall the universal analytic Tate curves at the cusps,
as developed by [Con06]. The main technical difference is that we work with

DOCUMENTA MATHEMATICA 27 (2022) 2385-2439



CusPs FOR MODULAR CURVES AT INFINITE LEVEL 2397

analytic adic spaces instead of rigid spaces. In particular, instead of the gen-
eralisation of Berthelot’s functor constructed in §3 of loc. cit., we may use the
adic generic fibre functor.

For now, we shall focus on the adic analytic modular curve X* over K. We
remark that everything in this section and the next will also work for XF*O (")
except for the additional phenomenon of ramification at the cusps. In order to
separate the discussion of these two topics, and to simplify the exposition, we
shall therefore focus on X* for now.

As discussed in §2.1, the subscheme 0X* C X* decomposes into a union of
points of the form x: Spec(L) — X* where K C L C K[(y] is a subfield
depending on z. For example, if I'? = T'(N), we have L = K[(x] at every cusp.
We now switch to an analytic setup:

DEFINITION 2.8. By a cusp of X'* we shall mean a connected (but not necessar-
ily geometrically connected) component of (X*\X)*?. Given a fixed cusp =,
we shall denote by L = L, C K|[(n] the coefficient field of definition of the
corresponding Tate curve. We have L = K|[(4] for some d|N. Let my, be the
maximal ideal of O, and let k;, be the residue field.

From now on and for the rest of this section, let us fix a cusp z € X*. To
simplify notation, we will write L = L, and e = e,. We note that the cusp =
will decompose into [L : K] disjoint L-points after base-changing X* from K
to L. By Proposition 2.1, the completion of X, along z is canonically of the
form

Spf(OLla]) = Xo, (4)

where Op,[q] carries the g-adic topology. Here we recall from Notation 2.2 that
we have renormalised parameters from ¢'/¢ to ¢, so that the universal Tate
curve is T(¢%). Upon p-adic completion, this becomes a morphism

Spf(OL[q]) — X*

where now O [¢] is endowed with the (p, ¢)-adic topology. We note that this
morphism restricts to Spf(Opr[q]) — X*(0) since the supersingular locus is
disjoint from the cusps.

On the adic generic fibre, we obtain a morphism of analytic adic spaces over K

D= Spf(OL[[q]])%d — X",

Here D is the open unit disc over K, a topologically finite type but non-
quasicompact, non-affinoid analytic adic space. We emphasize that in general,
this depends on z, as L = L, does. If the cusp z is not clear from the context,
we shall therefore denote this space by D,.

The global functions on D are given by OT (D) = OL[g] and

O(D) = {ano anq™ € L[q] such that |a,|z™ — 0 for all 0 < z < 1}.
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More classically, if we regarded D as a rigid space, it would be associated to
the formal scheme Spf(Opr[q]) via Conrad’s non-Noetherian generalisation of
Berthelot’s rigid generic fibre construction, [Con06, Theorem 3.1.5].

LEMMA 2.9. The map D — X* is an open immersion that sends the origin to
the cusp.

REMARK 2.10. This is part of [Con06, Theorem 3.2.8] for I'” = I';(N), and
in general follows from [Con06, Theorem 3.2.6]. These moreover give a mod-
uli interpretation in terms of analytic generalised elliptic curves, as well as a
universal analytic generalised Tate curve over D.

Proof. In an affine open formal neighbourhood Spf(A) C X*(0) of the cusp, x
is cut out by a principal ideal (f) for some non-zero-divisor f. The completion
along the cusp is then A[T]/(T — f). The adic generic fibre is thus the union of
the spaces Spa(A(f™/p)[1/p]) for n € N, and each of these is the open subspace
of Spa(A[1/p]) € X* defined by the condition |f| < |p|*/?". O

LEMMA 2.11. The morphism of locally ringed spaces D — Spec(Zy[q] ®z, Or)
induced by the inclusion Zy[q] — OT(D) fits into a commutative diagram of
ringed spaces:

Spec(Zy[q] @z, Or) —— X§,.

I |

De—— X"

Proof. Let R := Zp[Cq] and Ry := Z,[Cq,] where dy is the largest divisor of d
such that K contains a primitive dg-th root of unity. The adification of the p-
adic completion of f: Spf(R[q]) — Spec(R[q]) — X}, fits into a commutative
diagram of ringed spaces

Spec(R[q]) S N X}, — Spec(Ry)

[ |

Spa(R[q], Rlq]) —— ¥4 —— Spa(Ro, Ro).

The lemma follows upon base-changing to Spa(K, O) — Spec(Ok). O
We thus have the following moduli interpretation of D := D(q #0) C D:

LEMMA 2.12. Let S be a (sheafy) adic space over K and let p: S — X be
a morphism corresponding to an elliptic curve E over Og(S) with I'P-level
structure a. Then @ factors through the punctured open unit disc D — X
at the cusp x if and only if E = T(qr) is a Tate curve for some qg € S,
the I'P-structure an corresponds to x under Proposition 2.1, and qg is locally
topologically nilpotent on S, i.e. v.(qg) is cofinal in the value group for all
z€S.
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Proof. If p: § — X* — X* factors through D < X, then by Lemma 2.11 it
factors through the map Spec(Op((¢))) — X*. Consequently, E is a Tate curve
and we obtain a parameter gg € Og(S) as the image of ¢ € Or(¢) € O(D)
on global sections. This is locally topologically nilpotent because ¢ € O(D) is
locally topologically nilpotent.

Conversely, assume that F is a Tate curve such that gg € O(S) is topologically
nilpotent, with I'P-level structure associated to x. The latter condition implies
that O(S) is naturally an L-algebra. It therefore suffices to consider the case
that S = Spa(B, B*") is an affinoid adic space over Spa(L,Or). The condition
that gg is topologically nilpotent implies that for any z there is n such that
lge(x)|™ < |w]|. Since S is affinoid and thus quasicompact, we can find n that
works for all x € S. Similarly, since E is a Tate curve, gg € B is a unit and
we thus have 0 < |gg(z)| for all z € S. Again by compactness, we can find m
such that |w|™ < |gg|. But then ¢} /w,@w™/qr € BT and there is a natural
morphism of affinoids

(L<q,qn/w,wm/q>, OL<Qaqn/wawm/Q>> - (BaB+)a q—4qE

through which the map O ((¢)) — B defining the Tate curve structure factors.
Since the algebra on the left defines an affinoid open of D, this gives the desired
factorisation. (]

DEFINITION 2.13. Consider Oy ((¢q)) with the p-adic topology, that is we sup-
press the topology coming from q. Let O ((q)) := Or((q)" be the p-adic com-
pletion. Explicitly,

Or{q) = {ZnEZ anq" € Orq™'] | an — 0 for n — foo}.
This is a discrete valuation ring with maximal ideal (p) and residue field &z, ((¢)).

REMARK 2.14. The adic space S = Spa(Op, ((q))[%], Or{q))) consists of a single
point. As we have suppressed the g-adic topology, it is clear that ¢ is not
topologically nilpotent on S. We conclude that the map

S — SpecOr(q) — X*

does not factor through D < X* even though it corresponds to a Tate curve.
The point is that this Tate curve has good reduction: Concretely, this means
that it is already an elliptic curve over Of((¢)). Its reduction mod my, is simply
the universal Tate curve T(q) over kr((¢)). It therefore gives rise to a point in
the good reduction locus Xgq C X C &A™,

We can enlarge the Tate curve parameter space D so that it includes the above
example:

DEFINITION 2.15. Let D = Spa(Op, [[q]][%], Or[q]) where, contrary to our usual
convention, Or[q] is endowed with the p-adic topology. We let

OLld""" ], := (lim O [¢"7" )"

DOCUMENTA MATHEMATICA 27 (2022) 2385-2439



2400 B. HEUER

where, crucially, the completion is the p-adic one. This is a perfectoid
Op-algebra. If we use the (p,q)-adic topology instead, we obtain a (p,q)-
adically complete ring O [¢"/?"]. There is a natural inclusion Or[¢*/?” ], <
Or[q"/?”], but this is not an isomorphism: For example, Y neN q”J%%" defines
an element contained in the codomain but not in the image.

As before, we emphasize that D depends on our chosen cusp z. If this cusp
is not clear from the context, we shall also write D, for the parameter space
associated to x.

LEMMA 2.16. 1. The Huber pair (OL[[q]][%],OL[[q]]), where Or[q] is en-
dowed with the p-adic topology, is sous-perfectoid in the sense of [SW20,
86.3/, and thus sheafy.

2. We have an open immersion D = U, D(|q| < |p|*/?") — D.

3. We have an open immersion Spa(OL«q»[%],OL((q))) =D(lq| > 1) = D.
Parts 1. and 2. of the lemma say that we may think of D as a compactification
of D, albeit a non-standard one. As discussed in Example 2.20 below, D and
D(]q| > 1) form a disjoint open cover of D up to one additional point of rank
2 which lies in between them.

Proof. The traces Or[¢"/?"] — Or[q] defined by ¢ + ¢™ for m € Z>q and
¢/?" — 0 for 0 < i < p" give rise in the p-adically completed limit to an
Or[g]-linear section Or[¢'/?" ], — Or[q]. This shows the first part. Part (3)
is clear as D(|q| > 1) is formed by adjoining ¢~! and completing p-adically.
Part (2) follows from D = U,,,D(|¢|™ < |p|) and

OD(lgI™ < Ip])) = OLlal{%) (3] = OL{4) (5] = O(D(|lgI™ < Ip))). O

LEMMA 2.17. For every cusp of X* there is a natural morphism D — X*(e),
extending the morphism D — X* (¢). The fibre of the good reduction locus is
precisely D(|q| > 1).

Proof. For the first part, we take the morphism Spec(Or[q]) — X, from
Lemma 2.11, complete p-adically and pass to the generic fibre.

To see the second part, we note that morphisms Spa(R, RT) — Xgq correspond
to elliptic curves over Rt. The locus of D where the Tate curve is defined over
O7 is precisely that where ¢ is in O . Equivalently, as we have |¢| < 1 on D,
this means that |g| > 1. O

REMARK 2.18. 1. The map D — X*(e) is no longer an open immersion.
Indeed, D is not even of locally topologically finite type over K. We
therefore do not have a rigid analogue of D, and can only describe this
map in the setting of adic spaces.
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2. Here and in the following, by base-change we could replace O [q¢] by the
smaller ring Z,[q] ®Zp Op, where the completion is p-adic. But we will not
need this.

3. If we form the union over all cusps C, we get two maps

() |_|szng—>2\,’, (i4) |_|5Z><ng—>x
zelC zeC

of which (ii) is a cover (for example in the v-topology), in contrast to (i)
whose image misses some points of rank 2. This is what we discuss next.

2.4 THE POINTS OF THE ADIC SPACE X™*

Our next goal is to see how much of the adic space X'* is captured by the Tate
curve parameter spaces D in conjunction with the good reduction locus. The
answer is that they give everything except for a finite set of higher rank points
whose moduli interpretation in terms of Tate curves we shall describe.
Indeed, since the loci Xzq and D in X* are the preimages of a cover by an
open and a closed set of the special fibre X} under the specialisation map
|X*| — | X%, it follows from the adaptation of [dJ95, Lemma 7.2.5], to the
setting of [Con06] that if we worked with rigid spaces, then D and X would
cover X* set-theoretically, but not admissibly so [dJ95, §7.5.1].

PROPOSITION 2.19. Let z € X* be any point, then we are in either of the
following cases:

(a) z € X* is contained in the good reduction locus Xgq,

(b) z € D, — X* is contained in a Tate curve parameter space around a
cusp x of X*,

(c) z € X*\Xga is of rank > 1 and its unique height 1 vertical generisation
2" is in Xgd.

When we denote by j the global function on X induced by the j-invariant
j: X — Ab2 then the above are respectively equivalent to

() 13(2) <1,

(b’) 14(2)| > 1 and its inverse is cofinal in the value group,

(¢’) 1§(2)] > 1 and its unique rank 1 generisation z' satisfies |j(z")| = 1.
We note that the analogous description also holds after adding level at p.

Proof. The space X* is analytic, hence the valuation v, is always microbial.
This implies that z has a unique generisation z’ of height 1, so statements (c)
and (¢’) make sense.

The case of the cusps is clear, so we may assume that z € X.
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We start by proving that (a) and (a’) are equivalent. Recall that Xo, is
the preimage of A}, —under the morphism of Og-schemes j: X§ — Pp .
Upon formal completion and passing to the adic generic fibre, j becomes 72"
while A%QK C P}QK is sent to the open disc B;(0) C A}gan C ]P’};an defined
by |j(z)] < 1. Since the adic generic fibre of the completion of Xp, C X§
is Xga € X*, this shows that Xyq is precisely the preimage of B;(0) under
jan: X = Xan %Al,an.

Next, let us prove that (b) and (b’) are equivalent. We can always find a
morphism

r.: Spa(C,CT) —» X

where (C,C7T) is a complete algebraically closed non-archimedean field, such
that z is in the image of r,. It thus suffices to show that r, factors through
some D < X*. By Lemma 2.12 it suffices to show that (') holds if and only
if the elliptic curve F over C that r, represents is a Tate curve with nilpotent
parameter qg € C.

The image of j in C is precisely the j-invariant jg of E. Since in a non-
archimedean field the elements with cofinal valuation are precisely the topo-
logically nilpotent ones, condition (V) is equivalent to jg # 0 and jgl being
topologically nilpotent. We can now argue like in the classical case of p-adic
fields to see that this is equivalent to E being a Tate curve with gg topologically
nilpotent: Assume the latter, then jgp = qgl + 744 +196884¢g+ - - - # 0 has val-
uation |jg| = |1/¢g| in C and thus jg satisfies (b’). To see the converse, recall
that in the formal Laurent series ring Z((q)), the formula j(q) = ¢~ + 744+ . ..
reverses to

q(i7h) =71 + 744572 + 7504205 3 + - € Z[i ']

If now jgl is topologically nilpotent, the above series converges in C' and we
obtain a topologically nilpotent element qg € C* with jp = 1/qg+ 744+ =
j(gg). The Tate curve T(¢g)c over C thus has the same j-invariant as F, and
since C is algebraically closed we conclude that F = T(qg)c. This shows that
(b) and (b’) are equivalent.

Next, let us show that (¢’) holds if and only if (a’) and (b’) don’t hold. Recall
that we always have a unique height 1 vertical generisation z’. Clearly |j(2)| # 0
if and only if |j(2")| # 0, and if in this case |j(2)|~! is cofinal then |j(z")|~! is
cofinal. This implies that (b’) and (¢’) can’t hold at the same time. On the
other hand, if |j(z)| > 1, then either |j(z")] = 1, or |j(2")] > 1 in which case
|7(2")]7! < 1 is cofinal because v, has height 1. This shows that if |j(z2)| > 1
then we are either in case (b’) or in (¢’).

Since clearly (c) implies that (a) and (b) do not hold, it remains to prove (¢’)
implies (¢). But this follows from applying the equivalence of (a) and (a’) first
to z and then to 2. O

ExaMPLE 2.20. Let us work out an example for an elliptic curve corresponding
to a point of type (c): Let z be a cusp and L = L,. Let R x +% be the totally
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ordered group for which « is such that z < 4™ < 1 for all n € Z>; and all

z € Req. Equip the field F = Op, <<q>>[%] with the valuation

vi-: F = (RX, x v%)u {0}, Zanq” — I}llgédanh".

Recall that m;, C Oy, is the maximal ideal. The valuation subring of F' defined
by vi- is

F+={ 3 and" € OL{(q)|ay € my for aun<o}_

n=>>—oo

Indeed, we have v~ (3% ang™) < 1if and only if |a,|y™ < 1 for all n. For
n > 0 we have |a,|y™ < 1 if and only if |a,| < 1, that is a, € Or. For n < 0,
on the other hand, |y|™ is “infinitesimally” bigger than 1, so that |a,|y™ < 1 if
and only if |a,| < 1, that is a, € mp.

The Tate curve T(¢°) over F for e = e,, equipped with the I'P-structure corre-
sponding to z, gives rise to a map

¢: Spa(F, FT) — x*.

We claim that ¢ sends v;- neither into X,q nor into any of the Tate curve
parameter spaces D C X*. Indeed, the j-invariant of T(¢¢) is

J=q  + T4+ (.. ) g FT (5)

which is not contained in F'* by the above description. This shows that T(q%)
does not extend to an elliptic curve over F'. On the other hand, ¢ is not
locally topologically nilpotent in L. Thus, by Lemma 2.12, v;- does not land
in the open subspace D, «— X*.

Proposition 2.19 explains this as follows: The unique rank 1 vertical generisa-
tion of v;- is

. n
v: F'— Rso, Zanq — r:llg%(|an|

with larger valuation ring Or,((¢)) D FT. We see from equation (5) that
j(v1-)| =~7¢ < 1, while |j(v)| = 1.

This shows that ¢ sends v;- to one of the points of type (c) in Proposition 2.19,
while its generisation v goes to the point of Xzq defined in Remark 2.14.

2.5 TATE CURVE PARAMETER SPACES AT LEVEL I'o(p")

Next, we discuss the behaviour of the Tate curve parameter spaces in the
anticanonical tower. For this we first recall the situation at the cusps on the
level of schemes:

Consider the forgetful morphism f: X7 — X*. Over each cusp of X* there
are precisely two cusps of Xfio(p): One is called the étale cusp, it corresponds to
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the T'o(p)-level structure p,, € T(q)[p] on the Tate curve. The other is the ram-
ified cusp, it corresponds to the level structure (¢'/?) C T(q)[p]. In particular,
this latter level structure is only defined over Z((¢'/?)), and by Proposition 2.1
the completion at this cusp is given by

Spf(OL[¢"/"]) — XTo(p)-

The names reflect that the map X7 ) — X* is étale at the one sort of cusps,
but is ramified at the other: Over the étale cusp the map induced on comple-
tions is the identity

Oclgl — Ocldl,

whereas over the ramified cusp it is the inclusion
Orlg] = OLlg""].

For higher level structures I'o(p™), the curve leo(pn) — X* has more cusps

of different degrees of ramification p* with i € {0,...,n}, and corresponding
completions of the form Spf(Or[¢*/?']) — X o)
one étale cusp, corresponding to the I'g(p™)-level structure p,n C T(g)[p"],
and exactly one purely ramified one, corresponding to (¢*/?"). Relatively with
respect to Xfio(pn) — X7, )’ the purely ramified cusps lie over the ramified
cusps of Xfio(p), while all other cusps of Xfio(pn) lie over the étale cusps of
X5 L.

Aﬁoc%nstructions from the last two sections now go through with the same
proofs for X* replaced by A and Op[q] replaced by Op[q'/?'] where i
depends on the cusp:

. There is, however, exactly

o(p™)’
DEFINITION 2.21. For any ¢ € Z>(, we write

D; := Spa(L{g"/*"), O(¢""))(lg| < 1)

for the open unit disc over L in the parameter ¢*/?". Here by the condition on
q we mean that we take the union over subspaces where |q| < [p|*/", i.e. we
do not include points of rank > 1 where ¢ is infinitesimally smaller than 1. In
other words, this is the open locus where ¢ is locally topologically nilpotent.
We write D; for the open subspace obtained by removing the origin, i.e. the
point defined by ¢'/?" — 0. When we want to emphasize the dependence on
the field L = L, determined by a cusp € X*, we write these as D; , and D; ;.

Then like in Lemma 2.9, we have for any cusp x of X* and any cusp of leo(p")

over x of ramification degree p’ a canonical open immersion
*
Di,l (—> XFU(F"’)

that sends the origin to z.
From now on until the next chapter, we shall focus exclusively on the anti-
canonical locus Xli‘o(pn)(e)a. Here the ramification is very easy to describe, by
the following proposition:
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PRrROPOSITION 2.22. Fiz a cusp x € X*.

1. The cusps of Xl’fo(pn)(e)a are precisely the purely ramified cusps of leo(p")'
In particular, there is a canonical open immersion Dy, , — leo(pn)(e)a
over x.

2. The forgetful map Xl’fo(pn)(e)a — Xl’fo(pn,l)(e)a gives a bijection between
the respective cusps. The associated Tate curve parameter spaces fit into

Cartesian diagrams

Dn,z — ,anl,:c

[ [

Xf‘ko(pn)(f)a ” Xf‘ko(pn—l)(e)a7

where D,, — D,,_1 is the canonical finite flat map which sends q — q.

3. For any adic space S over (K,Ok), the S-points of Dnm = Xpy(pr)(€)a
correspond functorially to Tate curves T(q) over O(S) with topologically
nilpotent parameter ¢ € O(S), a I'P-structure corresponding to x and a
choice of p™-th root ¢"/P" of q defining a To(p™)-structure (¢"/?") C T(q).

Proof. Since the canonical subgroup of the Tate curve is given by p, C T(g)[p],
the cusps of Af ™) contained in A (pn)(e)a are precisely the ones over the
ramified cusps in Xl’io(p). But the cusps of Xl’io(pn) over the ramified cusps of
X7, (p) are precisely the purely ramified ones. This proves (1). Part (3) follows
immediately.

The diagram in (2) commutes because by construction, it is the generic fibre
of a commutative diagram of formal schemes. Since the morphisms are open
immersions, it suffices to check that it is Cartesian on the level of points, where

it follows from (3) and Lemma 2.12. O

2.6 'TATE CURVE PARAMETER SPACES OF A} (pn)(e)a

We now pass to higher level at p and describe Tate curve parameter spaces

of the form D,, — Xl’fl(pn)(e)a. We note that the integral theory of cusps for

T (p™) is slightly complicated in general, see §4.2 of [Con07] for a thorough
discussion. However, over the anticanonical locus, the story is very simple:

LEMMA 2.23. Let x be a cusp of X*. Then there are Z) -equivariant Cartesian
squares

(Z)p" T Z)* X Dpy1,o — (Z/p"Z)* X Dy ———— Dy

l l J

lel (p'n+1)(€)a X]_fl(p")(e)a (’Y]_fo(p")(e)a7
in which the morphism on the top left is given by the reduction (a,q) — (@, q).
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Proof. As the morphisms in the bottom row are finite étale Galois torsors for
the groups Z/p"Z and Z/p" 17, it suffices to produce a section D,, , — lel(p")'
By Proposition 2.22, the cusp of A} (pn)(e)a over x corresponds to the choice
of (¢"/?") C T(q) as a 'o(p")-structure. This can be lifted canonically to the
'y (p™)-structure given by the p™-th root ¢'/?" in O(D,, ). Upon normalisation,
we thus get a canonical lift

Spec(Z,[¢*/*" ] ® L,)

Xy gy Ky

*
'yi(p™)

The factorisation D,, , — Spec(Z,[¢"/?"] ® L.) — XEo ()
for level T'o(p™) of Lemma 2.11 together with the universal property of the

analytification now give rise to the desired section

from the analogue

Dn,w
L//// l
XFl (®™) XFo (p™)"

This shows that the right square is Cartesian. That the outer square is Carte-
sian follows in combination with Proposition 2.22. Consequently, the left square
is also Cartesian. O

2.7 TATE CURVE PARAMETER SPACES OF A7 . (€)a

Next, we look at what happens with the cusps in the transition
AT pr) (€)a = AT, () (€)a-

Let us fix notation for the left action of GLa(Z/p"Z) on A}, in terms of
moduli: For any v € GL2(Z/p"Z) it is given by sending a trivialisation « :
(Z/p"Z)* = E[p"] to

(Z/p"2)? L (Z)p"2)* % Elp™)

where 7V = det(y)y~!. Here the inverse is necessary to indeed obtain a left
action, and the twist by det(-y) ensures that the action on the fibres of the map

Xli‘(pn)(e)a — &7, (pn)(f)a is given by matrices of the form (1) rather than
(6%)-

DEFINITION 2.24. For 0 < m < n € N, we denote by To(p™,Z/p"Z) C
GL2(p™,7Z/p"7Z) the subgroup of matrices of the form (% }) with ¢ = 0 mod p™.
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The forgetful map Xy, — Xp ) is given by reducing (Z/p"Z)* = E[p"]
mod p to (Z/pZ)?> =+ E[p] and sending it to the subgroup generated by
(1,0). Consequently, the action of T'g(p, Z/p™Z) leaves the forgetful morphism
Xff(p?,) = Xt i'nvariant. We see from this that the action of T'(p, Z/p"7Z)
restricts to an action on Xr(pn)(e)a C Xr(p")'

From now on, let us fix a compatible choice ({pn)nen of p-power roots of unity
in K.

LEMMA 2.25. Let x be a cusp of X*.

1. Depending on our chosen primitive p"-root of unity (yn, there is a canon-
ical Cartesian diagram

Fo(pn,Z/p"Z) X Dn,z — Dn,m

I J

Xy (o ———— Ay (o

where the left map is To(p", Z/p"7Z)-equivariant for the action via the
first factor.

2. Let z be the cusp of Xl’f(pn)(O)a over x determined by v = (83) €
Fo(p",Z/p"Z). Then for any honest adic space S over K, the S-points
of ©y: Dpy — Appn)(€)a correspond functorially to Tate curves E =
T(gg) with topologically nilpotent parameter qg € O(S), a I'P-structure
corresponding to x, and the basis (q%/pn,ng/pn Gon) of E[p"], where q}ﬂ/pn
is the p"-th root of qr determined by x.

3. The reduction 7 : To(p"t1,Z/p"T1Z) — To(p", Z/p"Z) gives a Cartesian
diagram

To(p !, Z/p" 1 Z) X Dpyre 7T bl 2)507) % Dy

l l

XF(?"“)(G)“ Xf:(pn)(e)w

Proof. 1. Arguing as in Lemma 2.23, it suffices to produce a splitting

Spec(Zy[q"/""] ® La)

— X

Xr Ty (p™)

r'(pm)

which we construct as follows: Consider the Tate curve T' = T(¢®)r over
R = Z,(¢"?")) ® O, with its Weil pairing eyn: T[p"] x T[p"] — ppn-
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Specialising at ¢¢/?" € T[p"], we obtain an isomorphism
e(qe/pn, —): Cp = pipn

where C), is the canonical subgroup of 7. The preimage of (,» gives
the second basis vector of T[p"] of an anticanonical T'(p™)-structure on
T'[p™], defining the desired lift. By analytification we then obtain the map
9: Dpog — Xli‘(pn)(e)a which gives the Cartesian diagram as Xl’f(pn)(e)a —

Xli‘o(pn)(e)a is Galois with group I'o(p™,Z/p"Z).

2. We have just seen that the cusp label 1 € T'g(p™,Z/p"Z) corresponds
via ¢¢ — gg to the isomorphism «: (Z/p"Z)? — E[p"] defined by the
ordered basis (q}E/ P~ {pn). For the general case, we use that the action of

v=(g}h) is given by

g a/p"
(o) (8) —2— ",

v _ —b/p™
(9) (20) =2 g5 o

3. This follows from (1) and Lemma 2.22 as le(pn) — le(pn,l) is equivari-
ant for . O

All in all, we get the following description of Tate curve parameter spaces at
finite level:

PROPOSITION 2.26. Let x be any cusp of X*. Then depending on our choice
of (pn € K, there is a canonical tower of Cartesian squares

FO(pnaZ/an) X Dn,z — (Z/an>>< X Dn,w — Dn,;ﬂ —— Dw

[ I I |

Ay (€)a ———— A7, (pn) ()0 = AL (ny (€0 — X7 (e).

where the top left map sends ((8 3) ,q) — (d,q).

Proof. The square on the right is Proposition 2.22.(2). The square in the middle
is Lemma 2.23. The Cartesian diagram on the left exists as a consequence of
Lemma 2.25.1 combined with the fact that Xfi(pn) — Xfil (o) is equivariant

with respect to the map (&5) — d. O

Lemma 2.25 describes the I'o(p", Z/p"Z)-action at the cusps of A7\ .\(€)a, but
there is also an action of the larger group T'o(p,Z/p"7Z). While the action of
To(p™, Z/p™Z) just permutes the different copies of D,, , over z, the action of
To(p,Z/p"Z) in general has a non-trivial effect on each of these Tate curve
parameter spaces, because it also takes into account isomorphisms of Tate
curves of the form ¢*/?" + (,nq'/P" | as we shall now discuss.

DOCUMENTA MATHEMATICA 27 (2022) 2385-2439



CusPs FOR MODULAR CURVES AT INFINITE LEVEL 2409

PROPOSITION 2.27. Quer any cusp = of X*, the DTo(p,Z/p"Z)-action on
XYy (€)a restricts to an action on : Lo(p", Z/p"Z) X Dy o < Xy (n)(€)a that
can be described as follows: Equip To(p, Z/p™Z) X Dy, with the right action by
pZ/p"Z via
h/es
(v:0) b= (v (5 9), ¢ q)

for h € pZ/p™Z, then we have a natural identification
(Lo(p,Z/p"Z) x Dy)/(pZ/p" L) = To(p", Z/p"Z) X Dn»

and the left action of To(p,Z/p"7Z) is the natural left action via the first factor.
Explicitly, for any v1 € To(p,Z/p"Z), the action is given by

M Do(p", Z/p"Z) X Dny = Lo(p", Z/p"Z) X Dra

72,4

c3
1/p" .y [ det(y3)/ds b3 " dgzex ,1/p"
( 0 ds ) Cp" q

as b3

where y3 = (CS dg) =1 e

Here we recall that e, was introduced in Notation 2.2.

Proof. Recall that the reason why the pullback of D, < A} (» tO le(pn) is of

the form I'o(p", Z/p"7Z) X Dy . even though Xp(ny — Ap,(p) has larger Galois
group I'g(p, Z/p™7Z) is that in the step from X™* to Xli‘o(pn)(e)a, the isomorphism

Yh: Dne — Dnas ql/p”’ = C;})lnql/pn

for any h € Z/p"Z induces an isomorphism of moduli for the universal Tate
curve T = T(¢°) over D, that sends the anti-canonical I'g(p™)-level struc-
ture (¢%/P") to <§gf* q®=/P"). For the action of Ty(p, Z/p"Z), this means the
following:

Consider the Tate curve parameter space ¢(1): D, < Xli‘(pn)(e)a at 1 €
To(p, Z/p™Z), associated to the isomorphism «: (Z/p"Z)? — T[p"] defined by
the ordered basis (¢°/P",(pn). Then the action of v = (} {) sends this to
the isomorphism a o~V defined by (1,0) Cplhqe“”/pn and (0,1) — (pn. The
isomorphism t_, . identifies this with the basis (¢'/?", (pn):

n n L] 1
ql/p <qez/p > Dy e 2 XF(p")(e)a
Ji l w—h/czl lm
—h/es n —h e pm ° (1)
Cp" / ql/p <<p"hq I/p > Dn,m ‘ XF(p”)(E)a-

The action of (}9) on the component {1} x D, , of T'o(p™,Z/p"Z) x Dy s
defined by 1 € T'o(p™, Z/p"Z) is thus given by ©_j ., .
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In general, in order to describe the action of v; on the component {2} X Dy, 4,
it suffices to compute the action of 3 =1 - y2 on {1} X Dy, 4, since we have a
commutative diagram

{1} X Dy & > {1} x Dy

e

{72} X Dn,a: L) {73} X Dmm'

One can now decompose 3 into the actions which we have already computed,
using

v=(ah) = () (al) (6)
Applying this to 73, we get the desired action by equivariance of ¢ under

3 ADIC THEORY OF CUSPS AT INFINITE LEVEL

We now pass to infinite level, starting with A7 ) (€)a ~ Jim A

Po(pm) (€)a- We
first note:

LEMMA 3.1. Let (R,RT) be a perfectoid K-algebra. Then the set
Xpyp)(€)a(R,RT) is in functorial bijection with isomorphism classes of
triples (E, an, (Gn)nen) of elliptic curves E over R that are e-nearly ordinary,
together with a I'P-structure ay and a collection of anticanonical cyclic sub-
groups Gy, C E[p"] of order p™ for all n that are compatible in the sense that
Gn = Gni1[p"]. Equivalently, one could view G = (Gp)nen as a p-divisible
subgroup of E[p>] of height 1 such that G1 is anticanonical.

Proof. Since (R, RT) is perfectoid, one has

Xy (pee) (€)a(R, RT) = Llim Xy (€)a (R, RT)
neN

by [SW13, Prop 2.4.5]. The statement thus follows from Lemma 2.3. O

DEFINITION 3.2. We shall call the p-divisible group G an anticanonical T'o(p°)-
structure.

We wish to study the cusps at infinite level, by which we mean the following;:

DEFINITION 3.3. By the cusps of leo(px)(e)a, lel(px)(e)a etc. we mean the
preimage of the divisor of cusps of X* endowed with its induced reduced struc-
ture.

We note that at infinite level, the cusps are in general a profinite Zariski-
closed subspace of the respective infinite level modular curve. However, at level
Lo(p>), we will see that the map A} .)(€)a — X isomorphically identifies
the cusps of A7 )(€)a and those of A™.
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3.1 THE PERFECTOID TATE CURVE PARAMETER SPACE AT LEVEL I'g(p>)

We start our discussion by having a closer look at the cusps in the anticanonical
tower.

As before, we fix a cusp x of X'* and let L be the field of definition of the
associated Tate curve, like in Def. 4.5. In particular, if K contains a primitive
N-th root of unity, we simply have L = K. By Lemma 2.22, there is for = a
tower of Cartesian squares

D, D, D

[ / [ )

L — Xli‘o(pz)(e)a — leo(p)(e)a — X*(e).

To describe the limit of this tower, we let
Do = Spa(L{q"/?™), O(a"/?"7))(lal < 1)

be the open locus of the closed perfectoid disc where ¢ is locally topologically
nilpotent, with notation as in Def. 2.21. Explicitly, this is the union of discs
where |g| < [p|'/™ for some n.

LEMMA 3.4. 1. The perfectoid space Dy is the tilde-limit Doy ~ @neN D,,.

2. Denote by Op[q"/?"] the (p,q)-adic completion of lim Orlq**"].
Then Do is the adic generic fibre of the formal scheme Spf(Or[¢*/?”]).

8. The global sections of Dso are given by OF (Do) = Or[q"/P”] and

OD)={ 3 ang" € L[g""] |an|2™ 2= 0 for all z € [0,1),
< 70 nd 1 lan| — 0 on bounded intervals
ne »l>0

where the second condition means that for any 6 > 0 and for any bounded
interval I C Z[=]>0 there are only finitely many n € I such that |ay| > 9.

1
P
Proof. Tt is clear on global sections that

Spa(L{q'/?™), Or{g"/?")) ~ lim Spa(L{¢"/*"), 0(¢'*")).
neN

The first part follows from [SW13, Proposition 2.4.3] since D is the restriction
to the open subspace defined by the union of |g| < [p|'/?" for all n € N. More
explicitly, this means that D, is given by glueing the affinoid perfectoid unit
discs of increasing radii < 1 given by

Dac(lgl?” < loo]) = Spa(L{(a/w /7" )17}, On (g /= 7") /7))
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for all m € N. These can be obtained by rescaling the perfectoid unit disc.
Computing the intersection of their respective global functions gives O(Dy)
and O1 (D).

Part (2) is not just a formal consequence as tilde-limits do not necessarily
commute with taking generic fibres. But it follows from the construction: Let

S = Spa(OL[¢"*" ], 0L[¢"/""])

and consider the subspaces S(|g[?” < |w| # 0) which are rational because
(¢", @) is open. As usual, one shows that since O [¢*/P” | has ideal of definition
(q,™), the element |g(x)| must be cofinal in the value group for any = € S.
This shows that

529 = 5(|w| #0) = UnenS(lal”" < [w] # 0).

Let B = O (S(|q|’" < |w| #0)), then as ¢ /o € B, we have (¢, @)?" C
(w) and the ring B;, thus has the w-adic topology. From this one deduces
that Bt = Or{(q/w'/™)"/?™) and thus the spaces S(|¢|’" < |w| # 0) and
Do (|gP" < |w| # 0) coincide. O

REMARK 3.5. Note that D, is not affinoid, even though it is the generic fibre
of an affine formal scheme, as we did not equip O[¢*/?" ] with the p-adic
topology.

DEFINITION 3.6. The origin in Dy is the closed point x: Spa(L,Or) — De
where ¢ = 0. By removing this point, we obtain a space Do, := Doo\{x} that
satisfies Do ~ @Dn.

DEFINITION 3.7. Let Do := Spa(Or[q"/?" [,[3], Or[¢"/7"],) with the p-adic
topology on Op, [[ql/p_oo]]p (see Def. 2.15). Then it is clear from the definition
that Dy, ~ @quP
We are now ready to discuss cusps at infinite level and the corresponding Tate
curve parameter spaces.

PropPOSITION 3.8. Fiz a cusp x of X*, with corresponding cusps in the anti-
canonical tower.

1. The open immersions Dy, — Xl’fo(pn)(e)a over x in the limit n — oo give

rise to an open immersion Do, — A} (€)q that fits into a Cartesian

. To(p>)
diagram
Doe o Do & ) (e
D D X*(e).

DOCUMENTA MATHEMATICA 27 (2022) 2385-2439



CusPs FOR MODULAR CURVES AT INFINITE LEVEL 2413

2. Consider the restriction Doy < Xy (p=)(€)a. For any perfectoid K-
algebra (R, RT),

Doo(R, RT) C Xy (py (€)a(R, RT)

is in  functorial bijection with isomorphism classes of triples
(E,an, (q}E/pn)neN) where E = T(qg) is a Tate curve over R for
some topologically nilpotent unit qg € R, where an is a I'P-level struc-
ture, and (qg/pn)neN is a compatible system of p"-th roots of qg, defining

an anticanonical To(p>)-structure on E.

Exactly as before, we also write Dog 5 — Xl’fo(pw)(e)a for the open immersion
in the proposition if we wish to emphasize the cusp = we are working over.

Proof. The map Do, — Xli‘o(pw) (€)q is induced from Proposition 2.22 and
Proposition 3.4 by the universal property of the perfectoid tilde-limit. The
outer square in part (1) is now Cartesian using [SW13, Prop 2.4.3], and the
fact that the squares in diagram (7) are Cartesian.
It is clear that the left square is Cartesian. To show that the right square is as
well, it now suffices to prove this away from the cusps, where it follows from the
relative moduli interpretation: Giving an anticanonical I'g(p°°)-level structure
on T(q) over some Op [q]-algebra where ¢ is invertible corresponds to giving a
system of p™-th roots of q.
The moduli interpretation of Dy, follows from diagram (7) and Corollary 2.22.
O

3.2 'TATE CURVE PARAMETER SPACES OF A} (pw)(e)a

Next, we discuss Tate curve parameter spaces for the pro-étale map
X;}(po'c)(e)a — Xf‘o(pm)(e)a. This is just a matter of pulling back the de-
scriptions from finite level: Let

AL, pryrro o) (Oa 7= AP, oy (O)a Xz (0 Ay (pee) (€)a
LEMMA 3.9. Let x be any cusp of X*. Let n € Z>o.

1. The map lel(pn)nro(poo)(e)a — AR (€)q restricts to an isomorphism

'y (pm™)
on the cusps.
2. There are canonical Cartesian cubes

(Z)p"7)* x Dpyy — (Z)p"Z)* x Dy ————— Dy,

| E e

(Z/p"12)* x Dos —+ (Z/p"Z)* X Do ———— Doo

lel(pwrl)(f)a —— Xl’fl(pn)(e)a —_—— Xli‘o(pn)(e)a
X*

T (praynro(pee) (a > AL, pmynrg (poey (o = AT (poey (€)a-
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Proof. In part (2), the bottom faces are Cartesian by definition, the back faces
are Cartesian by Lemma 2.23, the rightmost square is Cartesian by Proposi-
tion 3.8, and the top faces are clearly also Cartesian. Thus all other faces are
Cartesian. Part (1) follows immediately. O

We now take the limit n — oo to get Tate curve parameter spaces for
xp (px)(e)a: In doing so, we need to account for the fact that in the inverse
limit, the divisor of cusps becomes a profinite set of points, rather than just a

disjoint union of closed points.

DEFINITION 3.10. Let S be a profinite set, and let (S;);er be a system of finite
sets with § = @iel S;. Then we define S to be the unique perfectoid tilde-
limit S ~ ]'glie s S;. This is independent of the choice of S;: Explicitly, S is the
affinoid perfectoid space

S= Spa(MapctS(S, K)a MapCtS(S, OK))

PROPOSITION 3.11. Let x be a cusp of X* with Tate curve parameter space
Doow — Xl’fo(pw)(e)a. Then in the limit, the canonical open immersions

(Z/p"Z)* X Do,z = AL, (ymyaro(p=)

immersion Z; X Dog z < AL (poo)(e)a that fits into a Cartesian diagram

(€)a give rise to a Z) -equivariant open

Z; X Doo,z E—— Doo,av

I I

T (poe) (€a = &L oy (€

REMARK 3.12. Upon specialisation to the origin Spa(L,Or) — Deoq, this
shows that the subspace of cusps of Af (pao)(e)a over x can be identified with

(Z) )L, the base-change of the profinite adic space Z, to L. In particular,

for any a € Z, specialisation at a gives rise to a Eally closed immersion
Doca = AR (oo (€)o but in contrast to the case of I'g(p™), this is not going to
be an open immersion due to the non-trivial topology on the cusps.
Proof. This follows in the inverse limit over the front of the cubes in
Lemma 3.9.2, since

L X Docis ~ lim (Z/p"2)* Do (8)

That this holds is easy to verify, see for example [BGHT22, Lemma 2.8]. [

3.3 TATE CURVE PARAMETER SPACES OF Xp*(poo)(e)a

Next, we look at the Tate curve parameter spaces in the pro-étale map
Xl’f(pw).(e)a — /'.Yli‘l(pw)(e)a. As before, we do so by looking at the limit of
the finite morphisms

li‘k(pn)ﬂr‘o(poc) = Xf‘k(pn)(e)a XXFO(pn)(E)a Xf“ko(poo)(f)a — XFU(;DOC)(G)@.
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Combining the moduli descriptions of Ap(,») and Lemma 3.1, we see:

LEMMA  3.13. Let (R,RT) be a perfectoid K -algebra. Then
Xr(pmynro(p=) (€)a(R, RY) is in functorial bijection with isomorphism classes of
tuples (E,an, G, B,) with E,an,G as in Lemma 3.1 and 3,, an isomorphism
(Z/p"Z)? — E[p"™] such that 8,(1,0) generates G,.

We have the following description of the cusps of le(pm)ﬁl—‘o (™) (€)a:
LEMMA 3.14. Let x be a cusp of X*.

1. The map Xf‘k(p”L)ﬂFO(px)(G)a — Xli‘(pm)(e)a induces an isomorphism on
cusps. The cusps of Xf‘k(pm')ﬁro(poc)(e)a over x are thus parametrised
by To(p™,Z/p"Z) where (&) corresponds to the ordered basis
(q?", ¢3aq™?") of T(q)[p"].

2. There is a Cartesian diagram

Lo(p™, Z/p"Z) X Dooy — (Z/P"Z)* X Do

[ [

— X

Ap T ()T (pe) (€)a

T (pm)nTo(p=) (€)a

where the top left map is given by ((&5),q) — (d,q).

Proof. Part (1) follows from Lemma 2.25 and Proposition 3.8 exactly like in
Lemma 3.9. Part (2) follows from a similar Cartesian cube using the left square
in Proposition 2.26 and Lemma 3.9. O

ZX Zp

DEFINITION 3.15. Let T'o(p™) = (0 o~

> be the subgroup of GL(Z,)

of upper triangular matrices. This is a profinite group with T'g(p>®) =
lim To(p",Z/p"Z).

LEMMA 3.16. Let (R, Rt) be a perfectoid K-algebra. Then Xp(ye)(€)q(R, RT)
is in functorial bijection with isomorphism classes of triples (E,an, ) of an
e-nearly ordinary elliptic curve E over R, together with a I'P-structure an,
and an isomorphism of p-divisible groups 3: (Qp/Zy)* — E[p™] over R (or
equivalently an isomorphism ZZ — T,E(R)) such that the restriction of 8 to
the first factor is an anti-canonical T'1(p®)-structure.

Proof. This is an immediate consequence of Lemma 3.13 and [SW13, Proposi-
tion 2.4.5]. O

We are now ready to give the main result of this section, which summarises
the discussion so far and moreover describes the cusps of Xli‘(pw)(e)a. For the

statement, let us recall that for any n, the Tate curve T(q) over Do, has an
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anticanonical ordered basis for T(q)[p"] given by (¢*/?", (pn). In particular, an
anticanonical ordered basis of the Tate module T, T(g) is given by the compat-
ible system (ql/ pn)neN that we denote by ¢'/?™, and the chosen compatible
system ((pn )nen, that we now denote by (pee

THEOREM 3.17. Let x be a cusp of X* with corresponding morphism D, — X*.

1. We have a tower of Cartesian squares

Lo(p™) X Dogy — L% X Dooy ——— Doy ——— D,

i £ [ J
(o — AL, ooy (E)a — > A (oo (€)a — X7 (e).

AT (poo) (€

where the top left map is given by ((&5),q) — (d,q).
2. Forany~y = (‘1 b) € T'o(p™>), the cusp Olef(pw)
mng 1"0( ) X Doo,w —+ AL T(p w)(e)a at v is the one corresponding to the iso-
morphism 22 — T,T(q) defined by the ordered basis (qd/pw,ngq_b/pw)
of T,T(q).
Proof. 1. The only statement we have not yet proved is that the left square
is Cartesian. But this follows from Lemma 3.14.(2) in the limit n — oo.
Here we use that

F0(pOo oozN]LFO Z/p n:n
neN

(€)q obtained by specialis-

as well as the analogous statement from (8), which hold by the same
argument.

2. This follows from Lemma 3.14.(1) in the limit. O

We note the following easy consequence. The analogue of this for Siegel moduli
spaces for dimension g > 1 is shown in the proof of [Sch15, Lemma 3.2.35].

COROLLARY 3.18. For any n € NU{co}, our choice of (pn induces a canonical
isomorphism

Ay (0)a = |_| A, () (0)a-

L(p™)/T1(p™)

Proof. For n = oo, there is away from the cusps a canonical section induced
on moduli interpretations as follows: Let E be any ordinary elliptic curve over
an adic space S over K, let C' be its canonical subgroup and let G be an
anticanonical T'g(p®°)-level structure on E. Then T,E = T,C x T,,G and there
is a canonical isomorphism 7,C' = T),G" induced by the Weil pairing. Thus any
trivialisation of T,,G induces a trivialisation of T},/. On Tate curve parameter
spaces, one checks that this splitting is given by the map

ZXXD %FO( )XDOO, (a’q)’_)((gagl)’q)'

This clearly extends over the puncture. Similarly for n < cc. O
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3.4 THE ACTION OF I'g(p) ON THE CUSPS OF X;(pw)(e)a

Next, we discuss the full action of T'g(p) on the Tate curve parameter spaces
at infinite level.

Since the full GLy(Z/p"Z)-action on each A .y restricts to a 'o(p, Z/p"Z)-
action on A7) (€)q as discussed in Proposition 2.27, we see that the GL2(Z,)-
action on Xli‘(poo)
AL (oo (€)a. In order to describe this explicitly, it is convenient to work in
the category Perf k of perfectoid spaces over K.

restricts to an action of T'g(p) = Jim To(p,Z/p"Z) on

PROPOSITION 3.19. Ouver any cusp x of X*, the T'o(p)-action on le(pw)(e)a

restricts to an action on To(p™) X Doo > Xfs ooy (€)a where it can be described

L'(p*)
as follows: Equip To(p) x Do with the right action by pZ, via (y,q"/?" ) - h :=

h/es m
(v(}9), pyé q"/?") for h € py, then

(Lo(p) X Doo)/PLyp = L'o(p™) X Des

as sheaves on Perf i and the left action of To(p) is the one induced by letting
To(p) act on the first factor of To(p) X Deo. Explicitly, in terms of any v1 €
To(p), the action is given by

Y1 Fo(poo) X Doo l) Fo(poo) X Doo

Y2, qP" (det”g)/ds bs) ,Cp_md;—g””ql/pm.

ds

where y3 = (% 52) = 7.

Proof. That the action restricts to an action on I'o(p™°) X D is a consequence
of Proposition 2.27 in the limit over n. The same argument gives the explicit
formula.

It remains to verify the isomorphism of sheaves. For this we check that the
following diagram commutes, where to ease notation, let Iy, := To(p™, Z/p™Z)
and I :=To(p, Z/p™7Z):

C
/ b 1/pnt? det(v)/d b T dey 1/pntt
Fn+1 X Dn+1 - I‘nJrl X Dn+17 (ﬁ d) 4 /p e (8[)/ d ann+1$q /p

J J I !

DL XDy —— Dy x Do (24).0 o (H9Q1) T g

where v = (‘; g) (we emphasize that on the right we describe the maps in
terms of points rather than functions). This diagram is pZ,-equivariant when
we endow the spaces on the left with the pZ,-actions from Proposition 2.27, and
the spaces on the right with the trivial pZ,-action. The diagram is moreover
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equivariant for the T'g(p)-action on the left via the natural reduction maps. In
the limit we therefore obtain a pZ,-invariant morphism

Fo(p) X Doo — Fo(poo) X Doo;

equivariant for the I'g(p)-action via the first factor on the left, and the action
described in the proposition on the right. This induces a morphism of sheaves

(Lo(p) X Deo)/PLp — To(p™) X Des.

On the other hand, the inclusion T'o(p™) C Ty(p) defines an inverse of this
map. O

3.5 THE HODGE-TATE PERIOD MAP ON TATE CURVE PARAMETER SPACES

Next, we give an explicit description of the restriction of Scholze’s Hodge—Tate
period map wyt [Schl5, §3.3] to the Tate curve parameter spaces.

Recall that over the ordinary locus, the kernel of the Hodge-Tate map T, E —
wp is the Tate module T,,C of the canonical p-divisible subgroup, and thus the
Hodge-Tate filtration is given by T,,C' C T, E. In particular, this means that
THT (A7 () (0)) € PH(Zp).

When we further restrict to the anticanonical locus, the image lies in the points
of the form (a : 1) € P'(Z,) with a € Z,. Denote by B;(0) C P!(Z,) the ball of
radius 1 inside the canonical chart Al C P! around (0 : 1), then the Hodge-Tate
period map thus restricts to

FHT(X;(;)OO)(O)@) C B1(0) € Pl(ZP)'

PROPOSITION 3.20. Let x be a cusp of X*. Then the Hodge—Tate period map
THT : X (o) = P! restricts on (Lo(p) X Do) /DLy — Xli‘(poo)(e)a to the map

(Co(p) Do) /02y = B(Z) CB, ((24)0) = (b: ).

We deduce this from the following lemma:

LEMMA 3.21. Let f: Doy — Ak be a function such that f is constant on
(C, O¢)-points with value a € L. Then the corresponding f € O(Ds) is the
constant a € L C O(Dwo).

Proof. Tt suffices to prove this for the spaces D(lg] < w™). After
rescaling, we are reduced to showing the lemma for D, replaced by
Spa(L{q"/?™),0r(¢"/?™)). One can now argue like in the classical proof of
the maximum principle: We can regard f as a function

FELW™™), f= Y amg™

MGZE]ZU

We need to prove that if f((zl/pi)ieN) = q for all (xl/pi)ieN €lim . Oc then
f=a.
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After subtracting by a = ag, we may assume that f(z) = 0 for all z € Oc¢.

Suppose f # 0. The convergence condition on coefficients ensures that

SUP,ez[1] |am| > 0 is attained and after renormalising we may assume that
p

lfl= MAX,, e7(1] |am| = 1. Consider the reduction

r: OL<q1/p°o> — k:L[ql/pn|n e N]

modulo mz, C Op. After replacing ¢ — ¢°" we may assume that 7(f) € kr[q].
As O¢ is perfectoid, the projection ]gl(?c — Oc¢ — k¢ to the residue field
is surjective, and the assumption on f now implies that r(f) is a non-zero
polynomial in k¢[g] which evaluates to 0 on all ¢ € k¢, a contradiction as k¢
is infinite. o

Proof of Proposition 3.20. We use Lemma 3.21 to see that for any v € T'o(p*°),
the map

Dae 200, Po(p®) X Do Xy (€)a T8 BT
is constant with image b/d. To check this on (C, O¢)-points, we use the moduli
description:
On the ordinary locus, gt sends any isomorphism ZIQ) — T, E to the point

of P!(Z,) defined by the line 7,,C C T,E where C is the canonical p-divisible

subgroup. By Theorem 3.17.(2), any (C, O¢)-point of Dy, m To(p™) x

Dy corresponds to a Tate curve E = T(gg) with an ordered basis of T, E given
by (e1,e2) = (q%/p NG ng/p ). Then (using additive notation on T,FE)

be1 + dey = q?/pxggi qub/poo = ngc

which spans the line ((p) = T,C C T,E. Consequently, the image of (v, q)
under myT is

mar(v,q) = (b:d) = (b/d: 1) € (Z; 1) C PI(ZP).

We conclude from this that the function f € Mapg.s(T'o(p>°), O(Ds)) defined
by the restriction mpr: To(p®™®) X D — B(0) evaluates at v to f(y) = b/d.
Since this is true for all v € To(p), we see that f is given by a function in

Mapcts (Fo(poo)’ Z; ) g Mapcts(ro (poo)’ O(DOO))
We conclude that gt has the desired description

(v,q)—b/d

Lo(p™) X Do Zy =(Z;:1)C PY(Z,) <= P, (v,q) — (b/d: 1).

O
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3.6 TATE CURVE PARAMETER SPACES OF THE MODULAR CURVE AT INFINITE
LEVEL

Finally, as a consequence of the above, we can now consider the entire modular
curve Xl’f(px). Recall that by the very construction in [Sch15], this is the space
GLQ(QP)XF*(I)OO)(e)a defined by glueing translates of le(px)(e)a. This allows
us to deduce parts (2)-(3) of Theorem 1.1:

THEOREM 3.22. Let x € X* be any cusp. Define a right action of Z, on
GL3(Zp) X Do o by letting h € Zy, act as
n n _h ex
(3 7"y b= (v (9) PG,

Then the sheaf quotient (GL2(Zp) X Doo,z)/Zy on Perfy is represented by a
perfectoid space, and there is a Cartesian diagram

(GL2(Zy) X Doca)/Zy — Ds

I J

le(p‘”) A~

where the top map is induced by the projection from the second factor. The left
map is GLa(Zy)-equivariant for the left action on (GL2(Zp) X Do z)/ Ly via the
first factor. Under this description, the fibres of the canonical and anticanonical
locus are precisely

ZP ZP *
((szg)wm,x)@ o X (©a 0

Zp Z;; *
<<Z§ pr) xpo‘”) [Zp = Xppes)(€)e- (10)

Proof. We need to translate the I'g(p)-equivariant open immersion from
Prop 3.19
(To(p) x Doo,z)/% - XIf(pw)(e)a

according to the GLa(Z,)-action on the right hand side.
We first rewrite the left hand side: We have

Zp Zp
FO(p) (le ?) = (Zp Z; );

and by extending the pZ,-action to a Zy-action in the natural way, we get the
equivalent description of anticanonical Tate curve parameter spaces stated in
(9) in the theorem.

Next, we note that we may without loss of generality replace le(poc) by

X;(POO)(O) = le(pw)(o)a u Xf*k(poc) (O)C
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To simplify the discussion of translates, we introduce an auxiliary open sub-
space

Fpe)(0)g € AL (oo (0)a-

parametrising isomorphisms «: Zg — T,E such that «(0,1) mod p generates
the canonical subgroup (“first basis vector anticanonical, second canonical”).
More precisely, this subspace can be constructed as follows: According to Corol-
lary 3.18, there is a canonical splitting

Xfl(p)(())a = Ap(p) (0)a

that identifies the image with a component of A, (0)q. Let le(p)(())g be the
finite union of the ((Z/zaz)X ?)-translates of the image. Then A}, (0)g is
defined as the pullback

le(poo) (O)Z le(p) (O)Z

N N
AL ooy (0)a —— A7) (€)a-

It is clear from this definition that le(poo)

subspace of le(pw)(O)a. By tracing the Tate curve parameter spaces through

(0)¢ defines an open and closed

the construction, we moreover see that their fibre over Xli‘(poo)(())g is

2 ply * c
((Zp 7 > X DOO7I> [ Ly = X0y (0)g (11)
We can now identify Xfi(poo)(O)a with the finite union of translates

(g)le) le(p‘x’)((nz = le(poo)(())a. (12)

Indeed, away from the cusps this follows on moduli functors using Lemma 3.16,
whereas over the cusps it follows from the above explicit description using that

( 1 Zp) Z? PZLp _ Zp ZLp
01 Zp Z;; Zy Z;; :

On the other hand, inside le(pao) we have an identification

(70) X pe) (0)g = AT (e (0)ec- (13)

Indeed, one can first check this for A (0). on moduli functors, extend to
compactifications, and then pull back to infinite level. On Tate curve parameter

spaces, the identity
(0 1 ) Z; pLy _ (% Z,
10 Z, LY 7% plp
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therefore gives the desired open immersion onto a neighbourhood of the cusps

over
Zy Ly *
((Z; pzp) x DOO@) [Zp = XF(p“’)(O)C'

Taking the disjoint union of the morphisms in (9) and (10), we get the desired
description.

To check GL2(Z))-equivariance, we note that every v € GL2(Z,,) can be decom-
posed into 71 - y2 where v9 € (ZZP Z;Zf) and either v; € (é le) orv1=(9¢).

P “p

Z; PLyp
z, L%
check this for 1, for which this follows from equivariance in the anticanonical
case (12), and glueing in the canonical case (13). O

Since the open immersion in (11) is -equivariant, it thus suffices to

Proof of Theorem 1.1.(3). This follows from Proposition 3.20 by GLa(Zp)-
equivariance of wgr. O

4 MODULAR CURVES IN CHARACTERISTIC p

We now switch to moduli spaces in characteristic p. We start by recalling the
general setup: Let R be any IFp-algebra. Recall from §2 that X denotes the
modular curve over R of tame level I'”, and X}, denotes its compactification.
We write Xg ora € Xg for the affine open subscheme where the Hasse invariant
Ha is invertible. Similarly, one defines X, | 4 € X} which is also an affine open
subspace.

In this section, we consider analytic modular curves over the perfectoid field K,
the tilt of K. We fix a pseudo-uniformiser w® such that @’ = w. Following
the notational conventions in [Sch15], we shall denote modular curves over K”
with a prime, e.g. X’ := Xy and X" := X, to distinguish them from the
modular curves over K.

Let X’ be the w’-adic completion of Xo,, and let X’ be the analytification of
X" over Spa(K”, O ). We analogously define X’* and X’*. Like in characteris-
tic 0, for 0 < € < 1/2 such that |@’|¢ € |K”|, we denote by X"*(¢) the open sub-
space of X”* where [Ha| > |@”|. Like before, this has a canonical formal model
X'™*(e) — X'™*. For any adic space Y — X' we write V(e) := Y xxx X (€).

Finally, let X7, be the analytification of X/7y = X5, ..

REMARK 4.1. We recall that while the elliptic curves parametrised by X’(e)
may have good supersingular reduction, the condition on the Hasse invariant
ensures that generically, these elliptic curves are always ordinary. In other
words, X’(e) C X! 4 even for ¢ > 0.

4.1 IGUSA CURVES

In characteristic p, one has the Igusa moduli problem:
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DEFINITION 4.2 ([KMS85], Def. 12.3.1). Let S be a scheme of characteristic p
and let E be an elliptic curve over S. Consider the Verschiebung morphism
v E@") — E. An Igusa structure on E of level p™ is a group homomorphism
¢: Z/p"Z — E®")(S) that is a Drinfeld generator of ker V™. This means that

the Cartier divisor
S [6(a) € BV

a€Z/p™TL
coincides with ker V.
The Igusa problem [Ig(p™)] is the moduli problem defined by the functor sending
E)|S to the set of Igusa structures on E of level p™. If E|S is ordinary, the group
scheme ker V" is étale and naturally isomorphic to the Cartier dual C)Y of the
canonical subgroup C,, C E[p"]. In particular, in this situation, an Ig(p™)-
structure is the same as an isomorphism of group schemes

Z/p"Z l)C’,\{,

or equivalently, an isomorphism of the Cartier duals fipn = C,.

For any n > 0, the Igusa problem [Ig(p™)] is relatively representable, finite and
flat of degree ¢(p™) over the stack Ell|R of elliptic curves over R by [KMS85,
Theorem 12.6.1]. In particular, the simultaneous moduli problem [Ig(p™),T?]
is representable by a moduli scheme Xg15(,») over R. The forgetful map
Xpigpr) — Xr is finite and flat, and is an étale (Z/p"Z)*-torsor over the
ordinary locus Xg orqa € Xg. One defines by normalisation a compactification
X}§7Ig(pn). The morphism Xg 1(,n) — Xg then extends to
X;:’L,Ig(p") — Xg

which is still finite étale Galois with group (Z/p"Z)* over the ordinary locus.
For any map Spec(R’((¢))) — X corresponding to a choice of I'P-structure on
T(¢°) over some cyclotomic extension R’ of R and for some 1 < e < N, the
canonical isomorphism

ppm = Cu(T(g%)) S T(q)[p"]
induces a canonical lifting to a map Spec(R'((q))) — Xpg 1g(pm)- In particular,
over any cusp z of Xg, the subscheme of cusps of X7, Te(p™) consists of ¢(p™)
disjoint copies of x.
4.2 'TATE CURVE PARAMETER SPACES IN THE IGUSA TOWER

‘We

for

Returning to our analytic setting over K°, we let Xl’g(pn) = X;‘(b71g(pn).
1%

b . . % .
for the w’-adic completion of XOKb Te(o™) and we write A}

Tg(p") g(p™)
the analytification of X{;(pn). We then get an open subspace Xl’g(pn)(e). Since
X' (e) © Alry, the morphism A7 .\ (€) — X" (€) is a finite étale (Z/p"Z)*-
torsor. Like in Lemma 2.3, one can use that XI’ .y 1s affine to show that these
spaces represent the obvious adic moduli functors away from the cusps.

write X
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DEFINITION 4.3. The inverse system of natural forgetful morphisms
e — X{g(pn+l)(€) — X{g(p")(e) —> e = X/* (E)

is called the Igusa tower. Note that all transition maps in this inverse system
are finite étale.

QUESTION 4.4. For € = 0, one can show that this system has a sous-perfectoid
Ebut nogferfectoid) tilde limit A7 o) (0) ~ lim Xy (o) (0)- Is this still true
or € > U!

DEFINITION 4.5. As in characteristic 0, by a cusp we shall mean a (not
necessarily geometrically) connected component of the closed subscheme
X o A\XT oy © X7* L, with its induced reduced structure.

Ig(p™) \g(p™) Ig(p™)

Given a fixed cusp z of Xl’g(pn), we denote by L, C K’ [¢n] the field of definition

of the associated Tate curve. Then the completion of X o) along the

b o18(
integral extension of z is canonically of the form Spf(Or_[q]) — X{;(p”)'
w-adic completion this becomes

Spf(Or, [a]) = Xig(m)

Upon

where Oy, [¢] carries the (w”, ¢)-adic topology. Denote by
D' — Xllg(p")

the adic generic fibre, a morphism of adic spaces over Spa(K”, O»). Then
like before, D’ is the open unit disc over L, in the variable ¢. Exactly like in
Lemma 2.9 one sees:

LEMMA 4.6. The morphism D' < X{g(p") s an open immersion.

If we want to indicate the dependence on the cusp x, we shall also call this
D — ng o)
The following lemma explains how the above individual descriptions fit together

for different cusps of Xl’g(pn) lying over the same cusp of X'*.

LEMMA 4.7. Let x be a cusp of X'*. Then there are Cartesian diagrams

Z/p" L x D), ——— Lp"Zx Dy, ———— D),

l l I

Xgprin(€) ——————— A pny(6) ————— &7 (o).

Proof. Using the canonical lift described in §4.1, this can be seen exactly like
in Lemma 2.23, based on the straightforward analogue of Lemma 2.11 in this
setting. O
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Like in the p-adic case, there is also a larger, quasi-compact Tate curve param-
eter space:

DEFINITION 4.8. Let D = D, = Spa(Op, [q][Z], O, [4]) where Oy, [q] is
endowed with the w’-adic topology. Like in Lemma 2.16, one sees that this
is a sousperfectoid adic space with an open immersion D/ = Umﬁl(|q|m <
) =D

LEMMA 4.9. For any cusp_o/f Xl’g*(pn)(e), the map D' — Xl’g*(pn)
uniquely to a natural map D — Xl’g(pn)(e). The fibre of the good reduction
locus is 5I(|q| >1).

Proof. Exactly like in Lemma 2.17. O

(¢) extends

LEMMA 4.10. Let n € Zxp.

1. For any cusp v of X{* the following square is Cartesian:

g(p™)’

., . B
D' —— D — Xm(p'e)

P —qP
J{qﬁq lq q J{Frel

: *
D B —— X0

2. The following square is Cartesian:

Mgy (P776) — Higom (0776)

J/Frcl J/Frel

Xgpr+1y(€) —— Xigpm)(€)

Proof. 1t is clear that the diagrams commute by functoriality of the relative
Frobenius morphism. The second diagram is Cartesian because the bottom
map is étale.

To see that the first diagram is Cartesian, we first consider the outer square.
For this it suffices to check this on (C”,C**)-points because the horizontal
compositions are open immersions. It is clear that the cusps correspond un-
der Fie, and ¢ — ¢P sends the origin to the origin. Away from the cusps,
we can check on moduli interpretations that the square is Cartesian: The de-
sired statement follows as Fye sends T(gq) to T(¢?), and the Ig(p™)-structure
(@) € T(@)®") = T(¢"") to (¢") € T(g")®") = T(g"" ).

This argument extends to 5/, which (away from z) we may regard as the

moduli space of Tate curves T(q) with level structure associated to x over
adic spaces S over O, [[qﬂ[%] Lifts of maps S — D along the right vertical
morphism correspond to Tate curves T(q)(pfl) = T(q'/?) over S whose base
change along Fie is T(q), and thus to p-th roots of ¢ € OT(S). O
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4.3 PERFECTIONS OF IGUSA CURVES

In this section, we discuss perfectoid Igusa curves and their Tate curve param-
eter spaces. We first recall the perfection functor in characteristic p:

DEFINITION 4.11 ([Sch15, Def. 3.2.18]). Let ) be an analytic adic space over
(K°, 0%). Then there is a perfectoid space VPt over (K, O%) such that
yperf mF Y where we identify Y@ with Y using that K’ is perfect. We

rel

call yrerf the perfection of ). The formation ) — yrerf g functorial and
defines a right adjoint to the forgetful functor from perfectoid spaces over K’
to analytic adic spaces over K°.

In the case of Y = X" (¢), we can first take the inverse limit X™*(e)Pef :=

Jim X"™*(p~™e) in the category of formal schemes. Its generic fibre is then the
rel
tilde limit . .
/% pert /% per ~ 1 1% —n ad
(P = 2P i, (X ()

by [SW13, Proposition 2.4.2] and it is clear on any affine open formal subscheme
of X" (e€) that this space is perfectoid. The analogous construction also works

for Xl’g(pn)(e)perf.
LemMMA  4.12. Let (R,RY) be a perfectoid K’-algebra. Then
ng(pn)(e)perf(R, R™) s in functorial bijection with isomorphism classes of

triples (E,an, Bn) of elliptic curves E over R with e-nearly ordinary reduc-
tion, with a T'P-structure an and an isomorphism of group schemes

Bn: Z)p L = ker(V : EP") & E) = ker(V : E— E® ")) C E[p"].

Proof. By adjunction, we have ng(pn)(e)perf(R, R*) = Xg oy () (R, R*Y). O

LEMMA 4.13. For any cusp = of Xl’g*(pn), the perfection of the corresponding
Tate curve parameter space D' < Xl’g*(pn)(e) fits into a Cartesian diagram

Y * erf
Dy — Doy — A3y (€)P
— i}
2 D Xg (o (€)-
Here we set 5;0 = 5/perf, and the space D., := DP can be

canonically identified with the open subspace of the perfectoid unit disc
Spa(K (g /P, Oy (¢ /P7)) where q is locally topologically nilpotent, defined
as the union of open subspaces where |q| < |@°|/™ for n € N.

Proof. This follows in the limit over the Cartesian diagrams from
Lemma 4.10.(1). O
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LEMMA 4.14. The following diagram is Cartesian:

X (e)perf X (e)perf

Ig(p™) J
X{g(pn) (6) ———— X'™(e).

Proof. This follows from Lemma 4.10.(2) in the limit over Fy. because per-
fectoid tilde-limits commute with fibre products by the respective universal
properties. O

DEFINITION 4.15. Consider the tower of affinoid perfectoid spaces with finite
étale maps

RN Xllg(pn+l)(€)perf N Ilg(pn)(e)perf G X/* (e)perf-

We denote by Xl’g(pw)(e)perf the unique affinoid perfectoid tilde-limit of this
system.

PROPOSITION 4.16. Let x be any cusp of X'*. Then there are natural Cartesian
diagrams

MXD&)—W)&: 7y x Dy, ———— Dy,
1) [ [ o |
Xllg(pn) (e)perf X' (e)perf7 Xl/g(poo) (E)perf X'* (E)perf_

Proof. Part (1) follows from Lemma 4.7, Lemma 4.13 and Lemma 4.14 using
the Cartesian cube that these three squares span. Part (2) follows in the inverse
limit n — oo. o

5 TILTING ISOMORPHISMS FOR MODULAR CURVES

5.1 THE TILTING ISOMORPHISM AT LEVEL I'o(p*)

While so far we have studied modular curves in characteristic 0 and p separately,
we now compare the two worlds via tilting. This is possible based on the
following result:

THEOREM 5.1 ([Sch15, Corollary 3.2.19]). There is a canonical isomorphism
* b~ * T
Tope) (E)a — X" (e)pert.

Let us recall how this is proved: Via O /p 2 Oy /w” we have an identification
of the reductions X*/p = ¥*/w” which by explicit inspection extends to a
natural isomorphism

X (e)/p=X"(e)/w". (14)
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The morphism A7 (pn+1)(e) — leo(pn)(e) gets identified via the Atkin-Lehner
isomorphism (3) with a map X*(p~("+te) — X*(p~™¢) that has a formal
model ¢: X*(p~("*tDe) — X*(p~"€). One can then prove that mod p*~% where
6= p%le, the map ¢ gets identified with Fj. in the sense that the following

diagram commutes:

*(o—(n - ¢ * (=N —
X (p~mte) /pl=0 —=— X*(p ") /p'~°

2l 2l

X7 (p*("JFl)E)/wb(l*!s) Frel N (pfng)/wb(lfé).

In the inverse limit, this gives the result by [Sch12, Theorem 5.2].
The following lemma says that the isomorphism of Theorem 5.1 identifies the
cusps:

LEMMA 5.2. The cusps of X* and X'* correspond via tilting: For each cusp x
of X*, considered as a finite étale adic space over K, its tilt can be canonically
identified with a cusp 2 of X™*. In particular, (L,)" = L,» for the fields of
definition.

Proof. The cusp x can be described as a closed immersion Spa(L,) < X'*.
It has a canonical formal model Spf(Or, ) — X'* that reduces mod p to a
morphism Spec(Oy, /p) = X, ,,, which in turn can be interpreted as cusp of

X5 b ok Lifting to X’ and taking generic fibre gives a cusp 2” defined by a
K% /@

closed point
Spa((L,)’) — X',

It is clear from this construction that this can be identified with the tilt of = via
the equivalence of étale sites. Reversing this argument shows that this defines
a bijection on cusps. O

PROPOSITION 5.3. Let x be any cusp of X*. Then the canonical isomorphism
of K’-algebras
Lo[g"/?" ] = Ly [a"/77]
. . —b — .
defines isomorphisms D, , = D;(Wb and ’D?,O,I = D!, that fit into a com-
mutative diagram

b =P * b
Doo,w - Doo,w D XI‘O(pOO)(e)a

2 2l 2l
/H Y 1% erf
D —— Do gr = X" ()P

o0, xb
Proof. For the proof we use that Do has a very simple p-adic formal model.
Here and in the following, let us for simplicity drop the additional = and z° in

the index.
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We can without loss of generality assume € = 0. Using the identifications
— —/
D% = UnDoo(ld™ < [@])’ = Un Do (lal™ < |&°]) = D,

it is clear that the left square commutes. It therefore suffices to consider the
right square.

Recall that the morphism D — X*(0) arises as the adic generic fibre of the
morphism ® — X*(0) where © := Spf(O[q]) is endowed with the p-adic
topology. Similarly, D X" (0) is the adic generic fibre of D X *(0) where
D' = Spf (O [q]). The reductions mod w and @ of these formal models can
be canonically identified with the map

Spec((O/p)lal) — X(0)/p = X" (0) /=’

associated to the Tate curve for the corresponding cusp of X¢, /p
In the limit over ¢ and F}., these identifications therefore fit into a commutative
diagram

lim  ®/p —— lim X*(0)/p
20 2l
3 =~ * T
quqP D/’ —— X*(0)P /.
As these are perfectoid schemes over O% /p (or O%,/ @) with corresponding
perfectoid spaces Doy — Xli‘o(poo)(())a and 5;0 — X" (0)P'f via [Sch12, Theo-
rem 5.2], this gives the desired identification of the tilts. O

REMARK 5.4. The correspondence of moduli of Tate curves implicit in Proposi-
tion 5.3 can be made explicit as follows: Let (R, RT) be a perfectoid K-algebra,
then Theorem 5.1 gives a correspondence

Xy o) (©al( R, RY) = X (P (B, BF) = X' (e) (R, )

of elliptic curves with extra data. If now E; is a Tate curve with parameter
q € R, equipped with To(p™)-structure (¢'/?"),cy and T'P-structure, corre-
sponding to a point in Du (R, RY), then via Do (R, RT) = D/_(R’, R**), this
corresponds to the Tate curve Fy with parameter

q = (ql/p")neN c 1£1 R* = R*®.

q—qP
One can moreover identify the T'?-structure of E, using that E,[N]* = E,[N].

5.2 THE TILTING ISOMORPHISM AT LEVEL I'1(p™)

We now extend the tilting isomorphism of Theorem 5.1 to level I'1(p*°) by
proving the following theorem stated in the introduction:
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THEOREM 5.5. 1. There is a canonical isomorphism

Xﬁl(poo)(fﬂ = ng(poo)(€>perf

which is Z,; -equivariant and makes the following diagram commute:
X*

I'1(p™)
2 2

)(6)pcrf X' (E)pcrf'

(€)g — 'Xffo(poo)(e)b

a

I£3
XIg(Vc

2. The cusps of Xl’fl(pw)(e)a and ng(pw)(e) correspond via the isomorphism
in (1). Moreover, for any cusp x of X*, the following diagram commutes:

b

Z; x D, — AT, (o) (€2
21 2l
B XD s P,

oo,x’

where the left map is given by the canonical identification DZO’I ~ D;O o

For the proof, we use the universal anticanonical subgroup at infinite level:

DEFINITION 5.6. For any n € Z>1, we denote by Gy, — A (pe)(€)s the uni-
versal anticanonical subgroup of rank n. This can be defined via pullback from
finite level A, (,n)(€)a, and is a finite étale morphism of perfectoid spaces.
Let £ — X’ be the analytification of the universal elliptic curve over X',
and write £’(e) — X'(¢) for the pullback. We denote by G!, — &’(e)P*™ the
finite étale morphism of perfectoid spaces given by the perfection of ker V" C
£(e)r").

LEMMA 5.7. There is a natural isomorphism making the following diagram
commutative:
G —~ G

n

! !

KXo (poey (€)5 = X (e)P,

This lemma is a slight extension of [Schl5, Lemma 3.2.26], from the good
reduction locus to the whole uncompactified modular curve (we reiterate that
[Sch15] writes X for the good reduction locus, whereas we use this symbol to
denote the whole open modular curve).

Proof. Tt suffices to see this locally on Xp(,e)(€)a. The case of good reduction
is [Sch15, Lemma 3.2.26]. It therefore suffices to prove the lemma over the
ordinary locus Xp(pes)(0)a.
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Over X*(0), the universal semi-abelian scheme has a canonical subgroup, a
finite flat group scheme C,, — X*(0). Via the Atkin-Lehner isomorphism
xX*(0) = AT () (0)a; the adic generic fibre of its dual (CY)ad can be identified
over Ap,pn)(0)q with the universal anticanonical subgroup over &Xp,ny(0)a-
Similarly, over X"*(0), we have a canonical subgroup C/, — X*(0), and the dual
(C;V)?Id restricted to X7 (0) can be identified with the kernel of Verschiebung of
E'(0) over X'(0).

It follows from these descriptions that after pullback we have identifications

Gn =(C) Xx+(0) ]'&n%*(O))id restricted to Xp (pe)(0)a,
@

G, =(C xxm(0) %/*(O)P’erf)zd restricted to X" (0)Pert,

To prove the lemma, it therefore suffices to prove that the formal models on
the right hand side can be identified after reduction to Ok /p = O /w”, for
which it suffices to prove that C)Y /p = C¥ /=’ on X*(0)/p = X"*(0)/=’. But
over the ordinary locus, C,,/p = C’ /w” are both the kernel of Frobenius, and
Cartier duals commute with base change. O

We can now complete the proof of Theorem 5.5 stated in the introduction:

Proof of Theorem 5.5. We start by proving that for any n € Z>1, there is a
natural isomorphism

X, proro () (00— Xy (P
| | (15)
leo(pm)(e)lt]z _ X’*(E)Perf

making the diagram commute. Part (1) of the theorem then follows in the limit
n — 00.

Away from the cusps, the desired isomorphism is induced by the natural iso-
morphism from Lemma 5.7, using the moduli interpretations in Lemma 3.13
and Lemma 4.12.

We need to extend this over the cusps. One way of doing this is to give the
vertical maps in the diagram a relative moduli interpretation that extends to
the cusps. More in the spirit of our arguments so far, we shall instead give
a more explicit proof using Tate curve parameter spaces, which also has the
added benefit that it yields part (2).

To this end, fix a cusp = of X*. By Proposition 5.3, the isomorphism
Xffo(pw)(e)z — X" (e)P*" restricts to the canonical isomorphism D’ =
D!, over z. Using the description of the Tate curve parameter spaces

in Xl:kl(pm)ml‘o(poo)(e)a — Xli‘o(poo)(e)a from Lemma 3.9 and similarly in
Xl’g(pn)(e)perf — X" (e)Pe™f from Proposition 4.16.(1), it now suffices to prove
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that the isomorphism GZ = G/, over the Tate curve parameter spaces becomes
the natural map

(Z)p"Z x Dso)’ —=— Z/p"Z x D',

| | 0o

SR,

It is then clear that the diagram extends uniquely over the cusps.

To see this, we note that the restriction of G, to Do is indeed canonically iso-
morphic to Z/p"Z x Do due to the canonical section given by the element qr"
of the anticanonical subgroup (¢'/?") C T(q)[p"]. Similarly, G/, is isomorphic
to Z/p"Z x D', on D, — X'(e)**f. By considering the dual trivialisations
of the respective canonical subgroups, it follows from the construction in the
proof of Lemma 5.7 that these isomorphisms are compatible with tilting and
make diagram (16) commute, as desired.

Part (2) now follows from diagram (16) in the limit n — co. O

6 @-EXPANSION PRINCIPLES

As a second application, in this section, we prove various g-expansion principles
for functions on the infinite level spaces Xp (o) (€)a, AT, (p)(€)a, X1 (p=)(€)a,
etc., based on our discussion of cusps in §2-§4.

6.1 DETECTING VANISHING

We begin with the proof of g-expansion principle I, Proposition 1.6 in the
introduction, recalled below. On the way, we also prove principles III and IV.
We focus on the case of characteristic 0, the case of characteristic p is completely
analogous.

PROPOSITION 6.1. Let C be a collection of cusps of X* such that each connected
component of X* contains at least one x € C. Let n € Z>oU {co} and let T' be
one of To(p™), T'1(p™),T'(p™). Define Der as the pullback

Der — Xi(€)q

! |

lyce De — &*(e).

Then the map O(X{(€)q) — O(Der) is injective.

This is an analogue of saying that for any affine irreducible integral variety
over K, completion at any K-point gives rise to an injection on functions, which
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is a consequence of Krull’s Intersection Theorem. As this requires Noetheri-
aness, we first reduce to the Noetherian situation using that all of the above
spaces have natural models over Z,,.

The proof is in two steps: We first consider Xli‘o(pw (0), where it is easy to
reduce to the Noetherian case. In a second step, we then show that restriction
of functions from Ap (pao)(e)a to Ap (poo)(())a is injective, which is a straight-
forward computation on power series. We start with the case of € = 0. On the

way we will also see Proposition 1.8.

Proof of Proposition 6.1 for e = 0. The case of I' = I'(p™) reduces to the one
of T'1(p™) by Corollary 3.18.

We first consider the case of n < oo. Then the case of I' = T'y(p™) further
reduces to the case of tame level via the Atkin—Lehner isomorphism X*(0) =
XY, (pn)(0)a- We are therefore left with the case of I'y (p™) for n € Zxo (the case
of tame level being n = 0).

The space Ay (.)(0)q has an affine formal model X}, ,.(0)a = Spf(R) for
some complete Z,-algebra R. Let C’ be the pullback of C to %;l(pn)(O)a and
let

Uzeer Spf Or, [q] = X7, (pn)(0)a

be the completion along C’. It suffices to show that the map on global sections

p:R— H Or.[dq]

zel’

is injective. As these are complete Og-algebras, it suffices to see that the
reduction

R/p— [] Ov./rldl (17)

ceC’

is injective. But this reduction can be interpreted as the completion of
X(*Q;(/p,lg(p"),ord at the divisor of cusps C’. By base change from F, to Ok /p,
we can now reduce to showing that for ¥ := X]}jfp

defines an injection

Ig(p™),ord’ COHlpletion at C’

o) = [] Eulw)ld]
xzel’

where Fp,(z) C Fp[¢n] is the coefficient field of definition of the level structure
on the Tate curve corresponding to the cusp = € C’.

Since Y is a smooth affine curve over IF,,, and by considering each connected
component separately, the desired injectivity follows as for an integral Noethe-
rian ring A, completion at any maximal ideal m C A gives an injection A — A
by Krull’s intersection theorem.

The case of n = oo can be deduced in the limit: As the natural restriction map

O0F (Deo) = O (Dex)
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is injective (see Def. 2.15), it suffices to prove the statement for Dy, ~ ]'glﬁn,
while conversely it is clear from OF(D,,) = O*(D,,) for n < oo and the first
part that the corresponding result at finite level holds for D,, replaced by D
For any m € N, let 9),,, = %Fo(pm)(())a orY, = %iﬁl(pm)(O)a. Then ) = @@m
is a formal model of X(0),. To see the result it suffices to prove that the
natural maps

Ory () (0)a) = [T O@.2)
xzeC

O(xltl(pm)(o)a) - H Map,s(Z, , O(Doo,z))-
zeC

are injective. By completeness, it suffices to prove this on the reduction mod .
But here it follows in the direct limit over m — oo from the case of finite
level. O

The proof of Proposition 6.1 in general is completed by the following two lem-
mas:

LEMMA 6.2. Let n € Z>o U {0} and let Y — X* be one ofX o ()7 Xffl(pn),

X*(p ny- Then the open immersion Y (0) — Y(e) defines on sections an injection

O(V(e)) = O(Y(0)).

Proof. It suffices to prove this locally. Let Vga(e) := Y(€) X x Xga. Then since
Y(0) — Y(e) is an open immersion, and Y(0) and YVga(e) cover all of Y(e),
it suffices to prove the statement for Vyq(e). Let thus 2) be one of Xp () ,
Xr, (pr), Xr(pny, each for any n € Z>o U {oo}. It suffices to prove that for any
affine open U = Spf(R) C 9 where the Hodge bundle w is trivial, the natural
map 9(0) — Y(e) induces an injection O(Y(e)|ly) — O(D(0)|y). We have
2 (€)|s = Spf(S) where S = R(X)/(XHa — p), and 9(0)|y = Spf(R(Ha™')).
Since Ha is a non-zero-divisor on R/p", Lemma 6.3 below now gives the desired
statement. O

LEMMA 6.3. Let A be any ring, let 0 # w € A be a non-zero-divisor and let
H € A be such that its image in A/w is a non-zero-divisor. Endow A with the
w-adic topology. Then

p: AX)/(XH - w) 2275 A(X)/(XH ~1)

18 injective.

Proof. We first note that the assumption on H € A implies that H is a non-
zero-divisor in any A/w™. Suppose f = > a,X™ is in the kernel of A(X) —
AX)/(XH — w) RN A(X)/(XH —1). Then there is g = > b, X" € A(X)
such that

= a,@"X"=(XH-1)g=(XH—-1)) b, X",
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Reducing mod @™, we see that
ag+ -+ am @™ X" = (XH - 1) Z b X" mod @™

By comparing degrees as polynomials in A/w™[X], we conclude from H being
a non-zero-divisor mod w™ that deg(>_ b, X" mod @w™) < m — 1, thus b, =
0 mod w™ for k > m — 1.

Consequently, there are elements c¢,,, = by, /@™ € A for all m and in A[X]
we have

flo=(XH-2)) e X™ PS5 (XH-1)Y b X™.

Thus f'(wX) = f(wX) in A[X] which implies f’ = f since w is a non-zero-
divisor.

It remains to see that > ¢, X" converges in A(X): Since f € A(X), for every
k € N there is an Ny such that v(a,,) > k for all m > Ny, where v is the w-
adic valuation. In particular, we then have v(w™a,,) > k + m for all m > Nj.
Consequently, for all m > Ny,

ag+ - F o w" T X™ = (XH - 1) Z b, X™ mod w™t¥,
neN

This shows that v(by,,—1) > m + k, and thus v(c,,) > k for all m > Nj. Thus
> emX™ € A(X) as desired. We conclude that f is already in (X H —w)A(X).
Thus ¢ is injective. O

We can extract from this argument a proof of g-expansion principle III in the
introduction:

PROPOSITION 6.4 (g-expansion principle IIT). The following are equivalent for
f € O(XF () (0)a):

1. f is integral, i.e. it is already contained in O+(X1i‘0(pw)(0)a).
2. The q-expansion of f at every cusp x is already contained in Op,, [[ql/poo]].

8. On each connected component of X*, there is at least one cusp x at which
the q-expansion of f is already contained in Op, [q*/?"].

FEquivalently, the natural map

01 O (AL, ooy (0)a) /0 = [[(Or. /D)7

is injective. The analogous statements for Xf (poo)(())a, X

ey (O)as X700
and X!*

Ig(pao)(())perf are also true when we replace O, [[ql/pw]] by the respective
algebra from Proposition 1.6.
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Proof. Tt is clear from O (D4 ,) = Op [¢"/?7] that (1) implies (2) implies
(3). To prove that (3) implies (1), it suffices to see that O*(Xl’fo(pw)(())a)/p —
[1,(Or./p)[g"/?"] is injective. We have already seen in (17) in the proof of
Proposition 6.1 that

O(Xfp)(0)a)/p = [](Or. /p)d"""]

zeC

is injective for any n € Z>o U {oo}. Since by [Heul9, Proposition 4.1.3], we
have
O+(leo(p°°)(0)a) - O(:{;o(pw)(o)“)’
this gives the desired statement in the case of I'o(p™).
By the same argument, the cases of A} () (0)a; A0y (0)a, X (0)rerf and

Xl’g(p )(O)perf also follow from (17) in the limit n — oo using instead [Heul9,
Lemma A.2.2.3]. O

We can also use the lemmas for the proof of g-expansion principle IV:

PROPOSITION 6.5 (g-expansion principle IV). Let C be a collection of cusps of
X* such that each connected component contains at least one x € C. Then a
function on the good reduction locus Xgq(€) extends to all of X*(€) if and only if
its q-expansion with respect to D(|q| > 1) — Xga(€) at each x € C is already in
Or, [[q]][l] C Or,{q >>[l] In this case, the extension is unique. The analogous

statements for X (px)(())m ijl(px)(())a, X;(pw)(o)m X(0), X" (0)P and

/%
Xlg(p

Proof. As before, one can reduce to the case of finite level. For simplicity, let
us treat Xgq, the other cases are similar. By Lemma 6.2, we can reduce to
e = 0. We then need to prove that the following sequence is left exact:

0= O(X*(0)) — OX(0)) x [, Or.la] 2% T, Or. (0)

It suffices to prove that this is true mod @™ for all n. By tensoring with the
flat Fp-algebra O /w™, the statement then follows from the following sequence
being left-exact:

0= O(XZ, ora) = O(Xr, ora) % [T, cc Fla] L2275 1T, F((q)),

where F := F,(z) depends on x. This holds as Xj is the normalisation of
j: Xp — AL in PL, and thus a function f extends to the cusp x if and only if
it is finite over the completion F,[q] of P; at co. O

)(O)F’erf are also true.

6.2 TATE TRACES AND DETECTING THE LEVEL

While the transition from T'o(p>) to I'(p™) is controlled by the Galois action,
the transition from Iy(p) to To(p>°) is controlled by normalised Tate traces, as
discussed in [Sch15, §3.2.4]. We now briefly recall what these are and then use
them to deduce the last remaining g-expansion principle:
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PROPOSITION 6.6 ([Sch15, Corollary 3.2.23]). Let 0 < n < k € N. Then the
normalised traces

trpp Oxs

To

1
(»*) (e =7 Oxlto(?")(e)a [;]

on j{lfo(pn)(e)a of the finite flat forgetful map %i‘io(pk)(e)a — %l’io(pn)(e)a give

o) (©)a -linear morphisms with
olp

rise for k — oo to compatible continuous (93{1»;

bounded 1mage

try, @) o —>O}:*

: [5]-
:{FO(PDO)(C) Fo(p")(e)a p

Proof. Via the Atkin-Lehner isomorphism f{iﬁo(pn)(e)a >~ X*(p~™e), this is the
statement of [Sch15, Corollary 3.2.23], except that we use the compactified X*
instead of X: This is possible since in contrast to the higher dimensional Siegel
moduli spaces, the minimal compactification of the modular curve X* is a
smooth formal scheme, and thus Corollary 3.2.22 applies over all of X*, not
just over X, which means that the proof of 3.2.23 goes through for X*. O

DEFINITION 6.7. Taking global sections and inverting p, the trace tr,, defines
a linear map

try, O(leo(p“’)(f)a) - O(leo(p”)(e)“)'

PROPOSITION 6.8. Let x be any cusp of X*, with corresponding Tate curve
parameter space Dy, , — leo(pn)(e)a. Then the normalised Tate trace fits into
a commutative diagram

O, (e (€)a) =25 O,y (€)a)

l l Z amq™ IZ amq™

. mEZ[%]_ me -~
O(Dooz) —=— O(Dy.a), =0 €pnlzo

where the bottom map is given by forgetting all coefficients a,, for m & %Zzo-

Proof. Let us treat the case of n = 0, the other cases are completely anal-
ogous. By continuity, tr, is uniquely determined by the normalised traces
tryo. By Lemma 2.22, this is on g-expansions the trace of the inclusion

Orld] = OL[q" pk]]. Since after inverting ¢, this map becomes Galois with
automorphisms ql/pk — ql/pk Cgk for d € Z/p*Z, we compute

oo oo oo

i 1 . k_ 1)y - .

trk,O(E akaqpk> :ﬁ E aka(1+C;k++<}(’1; )l>qpk — E aiqz
1=0 1=0 1=0

) k_ 1\
as 1+ C;k + -+ CIS’Z D% — 0 unless pFli, when it is = p*, giving the desired
description. O

PROPOSITION 6.9 (g-expansion principle II). Let f € O(AY (o)(€)a). Then
for any n € Z>q, the following are equivalent:
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1. f comes via pullback from X*O(pn)(e)a, i.e. f is already contained in

r

O(leo(pn)(e)a> c O(Xgo(pao)(e)a)

2. The
Or,

q-expansion of f at every cusp x is already contained in

[a"/#"1[5] € Or.Id"P" 1151

1
P

8. On each connected component of Xfio(pn)(e)a, there is at least one cusp

T at

Or,

which the g-expansion of f is already contained in Of, [[ql/pn]][%] -
[/~ ]2).

The analogous statements for X'* (e)P°™ — X'*(e) are also true.

Proof. Tt suffices to prove that (3) implies (1). Clearly f is in O(Xli‘o(pn)(e)a) if
and only if tr,,(f) = f. By Proposition 6.1, this can be checked on g-expansions
on each component. By Proposition 6.8, we have tr,,(f) = f if and only if the
g-expansion at each z is in Of, [[q1/p"]][1_1)]_

The case of X"*(e)P°™ is completely analogous, by replacing the normalised
Tate traces of [Sch15] with those of [AIP18, §6.3]. O
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