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1 Introduction

Fix a connected split reductive group G.

1.1

It is often desirable to describe automorphisms of a reductive group in root-
theoretic terms. When we are concerned with finite order automorphisms of a
reductive group over a characteristic 0 field, the following theorem suffices

Theorem (Steinberg-Winter, [20, Theorem 7.5]). Let M be a linear algebraic
group over a field k. Let k̄ be the algebraic closure of k. Let FM : M → M
be an automorphism of M which can be realized as conjugation by an element
g ∈ G(k) after an embedding M →֒ G.

If g is a semi-simple element, then FM fixes a maximal torus of Mk̄.
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However, in prime characteristic, finite order automorphisms are not always
semi-simple, and we need a new criterion for the existence of maximal tori
fixed by FM .
Note that the semi-simplicity of FM implies that the subgroup ΓFM generated
by g and ZM (M)◦ (the neutral component of the center ofM) is aG-completely
reducible subgroup of G(k̄). We conjecture that the G-complete reducibility
of ΓFM is sufficient for (and, to a certain degree, characterizes) the existence
of an FM -fixed maximal torus of M .
The notion of G-complete reducibility was introduced by Serre. In his Mour-
sund Lectures [18], a subgroup Γ ⊂ G(k̄) is defined to be G-completely reducible
if for any parabolic subgroup P of Gk̄ containing Γ, a Levi subgroup of P also
contains Γ. Similarly, we say a subgroup Γ ⊂ G(k̄) is G-irreducible if it is not
contained in any proper parabolic subgroup of G.
We prove the following:

Theorem 1 (3, 1). Let M be a connected reductive group over a field k. Let k̄
be the algebraic closure of k. Let FM : M → M be an automorphism of M
which can be realized as conjugation by an element g ∈ G(k) after an embedding
M →֒ G.
Let ΓFM be the subgroup of G generated by g and ZM (M)◦. If either

• ΓFM is G-irreducible or

• ΓFM is G-completely reducible, rkM = rkG, chark 6= 2 or 3, and M has
connected center.

then FM fixes a maximal torus of Mk̄.

which suffices for our application to the theory of Galois representations.
We believe our new method can be used to establish a stronger form of
Steinberg-Winter by developing the theory of G-complete reducibility for (pos-
sibly disconnected) linear algebraic groups using dynamic methods (2.1). We
don’t pursue this because we don’t want to digress too much. We do explain
how this can possibly be done.

1.2

Let K/Qp be a finite extension. We are interested in the following question:

Question 1. Let ρ̄ : GK → G(F̄p) be a group homomorphism. Does there exist
a crystalline representation ρ : GK → G(Z̄p) such that ρ ≡ ρ̄?

Question 1 is raised in [3] for G = GLN , where they used the machinery of
p-adic Hodge theory to study general torsion Galois representations; it also
has global applications such as constructing geometric Galois representations
(see, for example, [7]) which conjecturally correspond to algebraic automorphic
forms.
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Any characteristic p representation of GK is an extension of G-completely re-
ducible representations. To construct crystalline lifts of general characteristic p
representations of GK , it is a common strategy (for example [6] for GLN and
[13] forG2 and classical groups) to first construct lifts of G-completely reducible
representations, and then try to lift the extension class.
In this paper, we carry out the first steps of the above strategy. We prove the
following theorem:

Theorem 2 (5, 6, 2). Let κ be the residue field of K. Let Kur be the maximal
unramified extension of K in a fixed algebraic closure. Let F/κ be a finite
extension of degree f .
Let ρ̄ : GK → G(F) be a group homomorphism whose image is a G-completely
reducible subgroup. Assume G is split.

• There exists a characteristic 0 lift ρ : GK → G(W (F̄p)) of ρ̄;

• There exists a Hodge-Tate regular crystalline lift ρ : GK → G(Kur) of ρ̄.

We discuss Hodge-Tate theory of Galois representations valued in general re-
ductive groups in section 5.
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2 A variant of Steinberg-Winter theorem

The key tool in this section is dynamic methods.

2.1 Dynamic methods

We review [5, Section 4.1]. Let X be a scheme over a base scheme S, and fix a
Gm-action m : Gm ×X → X on X . For each x ∈ X(S), we say

lim
t→0

m(t, x) exists,

if the morphism Gm → X , t 7→ m(t, x) extends a a morphism A1 → X . If the
limit exists, the origin 0 ∈ A1(S) maps to a unique element α ∈ X(S); we write
limt→0 m(t, x) = α.
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Let λ be a cocharacter of a reductive groupG over a field k. Define the following
functor on the category of k-algebras

PG(λ)(A) = {g ∈ G(A)| lim
t→0

λ(t)gλ(t)−1 exists.}

where A is a general k-algebra.
Define

UG(λ)(A) = {g ∈ G(A)| lim
t→0

λ(t)gλ(t)−1 = 1},

and denote by ZG(λ) the centralizer of λ in G.
Since G is a reductive group over a field, PG(λ) is a parabolic subgroup of
G, UG(λ) is the unipotent radical of PG(λ), and ZG(λ) is a Levi subgroup of
PG(λ).
The following proposition is the first application of dynamic methods in this sec-
tion, and motivates us to consider G-compete reducibility in Steinberg-Winter
type questions.

Proposition 1. Let M be a connected reductive group over a field k. Let k̄
be the algebraic closure of k. Let FM : M → M be an automorphism of M
which can be realized as conjugation by an element g ∈ G(k) after an embedding
M →֒ G.
If g is semisimple, then g and ZM (M)◦ generate a G-completely reducible sub-
group.

Proof. Let P ⊂ Gk̄ be a parabolic subgroup of G which contains both g and
ZM (M)◦. We want to show a Levi subgroup of P also contains both g and
ZM (M)◦.
Put L := ZP (ZM (M)◦), the centralizer of ZM (M)◦ in P . Note that conjuga-
tion by g fixes L. We claim L contains a maximal torus of G. Since ZM (M)◦

is a torus, it is contained in a maximal torus of P . A maximal torus of P is
also a maximal torus of G. Any maximal torus containing ZM (M)◦ is in the
centralizer of ZM (M)◦ because of commutativity of tori.
By Steinberg-Winter, there exists a maximal torus T ⊂ L which is fixed by g.
By the previous paragraph, T is also a maximal torus of G.
By dynamic methods, there exists a cocharacter λ : Gm → T such that P =
PG(λ). The two cocharacters λ, gλg−1 : Gm → T lie in the same maximal
torus, and can be regarded as elements of the cocharacter lattice X∗(G, T ).
Since g ∈ P , g(PG(λ))g

−1 = PG(gλg
−1) = PG(λ). So λ, gλg−1 ∈ X∗(G, T )

are in the same Weyl chamber. Since g ∈ NG(T ), gλg
−1 and λ are in the

same Weyl orbit, and thus we must have λ = gλg−1. So g ∈ ZG(λ) and
ZM (M)◦ ⊂ T ⊂ ZG(λ). Since ZG(λ) is a Levi subgroup of P , we are done.

2.2 A generalization of dynamic methods

Dynamic methods allow us to prove theorems over general base schemes by do-
ing mathematical analysis. To do so, we need to generalize the functors PG(−).
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Let f : Gm → G be a k-scheme morphism. Define the following functor on the
category of k-algebras

PG(f)(A) = {g ∈ G(A)| lim
t→0

f(t)gf(t)−1 exists.}

where A is a general k-algebra. We call f a fake cocharacter. Here “a limit
exists” means the scheme morphism Gm → G, defined by t 7→ f(t)gf(t)−1,
extends to a scheme morphism A1 → G. Note that PG(f) is not representable
in general. We define similarly UG(f).

Lemma 1. Let G be a connected reductive group over a field k. Let λ, µ : Gm →
G be cocharacters of G. Assume PG(λ) = PG(µ) =: B is a Borel subgroup of G.
Let U be the unipotent radical of B.
(1) The functor PG(µλ) is representable by a Borel subgroup. In fact, we have
PG(µλ) = PG(µ) = PG(λ).
(2) The limit

lim
t→0

λ(t)µ(t)λ(t)−1µ(t)−1

exists in the sense of subsection 2.1, and lies in U .
(3) Let u be an element of U . The limit

lim
t→0

λ(t)uµ(t)u−1λ(t)−1µ(t)−1

exists in the sense of subsection 2.1 and lies in U .
(4) Now assume λ is a product of cocharacters λ1, . . . , λs such that PG(λi) = B
for all i. Then PG(λ) = B, and the limits in (2) and (3) still exist and lie in U .
Moreover, for any embedding G →֒ H of connected reductive groups, PH(λ) is
representable by a parabolic subgroup of H.

Proof. (1) Since all maximal tori in B are conjugate to each other, there ex-
ists an element x ∈ UG(λ) = UG(µ) such that conjugation by x maps the
maximal torus containing λ to the maximal torus containing µ. In particular,
(xλx−1)µ = µ(xλx−1). Write ξ for xλx−1. We have

lim
t→0

µ(t)λ(t)gλ(t)−1µ(t)−1 = lim
t→0

µ(t)x−1ξ(t)xgx−1ξ(t)−1xµ(t)−1

= lim
t→0

(µ(t)x−1µ(t)−1) · (µ(t)ξ(t)xgx−1ξ(t)−1µ(t)−1) · (µ(t)xµ(t)−1)

= lim
t→0

µ(t)ξ(t)xgx−1ξ(t)−1µ(t)−1

Note that the last step is because x ∈ UG(µ), and limt→0 µ(t)xµ(t)
−1 = 1. So

we have PG(µλ) = x−1PG(µξ)x. Since µξ is a genuine cocharacter, PG(µξ) is
representable by a parabolic.
Since µξ = ξµ, we can regard µ and ξ as elements in a cocharacter lattice
X∗(G, T ) where T is a maximal torus containing µ and ξ. Since PG(µ) =
PG(λ) = PG(ξ), µ and ξ lie in the (interior of the) same Weyl chamber. The
cocharacter µξ is the sum of µ and ξ in the cocharacter lattice X∗(G, T ), and
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lies in the same Weyl chamber. So PG(µξ) = PG(µ) = PG(λ). Since x ∈ B, we
have PG(µλ) = x−1PG(µξ)x = PG(µ) = PG(λ).
(2) Since all maximal tori of B are conjugate to each other, there exists an
element g ∈ U such that gZG(λ)g

−1 = ZG(µ). Write ξ := gλg−1, and we have
ξµ = µξ. By part (1), PG(ξµ) = B. By the dynamic description of the Borel
B, the limits

lim
t→0

ξ(t)gξ(t)−1 = 1,

lim
t→0

ξ(t)µ(t)g−1µ(t)−1ξ(t)−1 = 1, and

lim
t→0

µ(t)gµ(t)−1 = 1

all exist. The expression

λ(t)µ(t)λ(t)−1µ(t)−1 = g−1ξ(t)gµ(t)g−1ξ(t)−1gµ(t)−1

= g−1 · (ξ(t)gξ(t)−1) · (ξ(t)µ(t)g−1µ(t)−1ξ(t)−1) · (µ(t)gµ(t)−1)

has a limit as t → 0.
(3) We have

λ(t)uµ(t)u−1λ(t)−1µ(t)−1

=(λ(t)uµ(t)u−1λ(t)−1uµ(t)−1u−1)(uµ(t)u−1µ(t)−1).

So (3) follows from (2).
(4) The method is the same but notations are more complicated. We define
inductively cocharacters ξithat commute with each other, and elements ui of U .
Our induction assumption is PG(λ1 · · ·λj) = PG(ξ1 · · · ξj) = B for all j < s.
Define ξ1 := λ1 and u1 := 1. Let ui be an element of U such that ξi := uiλiu

−1
i

commutes with ξ1 · · · ξi−1. Write ζj for ξ1ξ2 · · · ξj , and write vj for uj/uj−1

(set u0 = 1). We have, for g ∈ G,

λ(t)gλ(t)−1 =(ζ1(t)v2ζ1(t)
−1)(ζ2(t)v3ζ2(t)

−1) · · ·

(ζs(t)usgu
−1
s ζs(t)

−1)

(ζs−1(t)vsζs−1(t)
−1)−1 · · · (ζ1(t)v2ζ1(t)

−1)−1 (†)

which has a limit if and only if g ∈ B. Similarly,

λ(t)µ(t)λ(t)−1µ(t)−1

=(ζ1(t)v2ζ1(t)
−1)(ζ2(t)v3ζ2(t)

−1) · · ·

(ζs(t)usµ(t)u
−1
s ζs(t)

−1µ(t)−1

µ(t)(ζs−1(t)vsζs−1(t)
−1)−1 · · · (ζ1(t)v2ζ1(t)

−1)−1µ(t)−1

By (1), PG(µζj) = B for all j, and therefore each of the factors

µ(t)(ζj(t)vj+1ζj(t)
−1)−1µ(t)−1
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admits a limit 1. So λ(t)µ(t)λ(t)−1µ(t)−1 admits a limit in U by (3).
Next we consider the “moreover” part. (†) holds for g ∈ H as well. So PH(λ) =
u−1
s PH(ζs)us is a parabolic subgroup of H .

Lemma 2. Let F : M → M be an automorphism of a connected reductive
group. Let B ⊂ M be a Borel subgroup fixed by F , with unipotent radical U .
There exists a cocharacter µ of M , a positive integer d and an element u of U
such that µ = uF d(µ)u−1 and B = PM (µ).

Proof. By replacing M by its derived subgroup, we can and do assume M is
semi-simple. Let µ be a cocharacter of M such that B = PM (µ).
Let i ≥ 0 be an integer. There exists a maximal torus Ti of B such that
F i(µ) ⊂ Ti. Since all maximal tori of B are conjugate by an element of U ,
there exists an element ui of U such that T0 = uiTiu

−1
i .

So u−1
i F i(µ)ui ⊂ T0, and we can regard it as an element xi of the cocharacter

lattice X∗(M,T0). Since µ is a regular cocharacter, its centralizer ZM (µ) is
a maximal torus of M , and thus is just T0. Since automorphisms of M send
the centralizers to the centralizers, u−1

i F iui : M → M fixes T0. Recall that
Aut(M) ⊂ Inn(M)⋊Aut(Dynkin(Φ(M,T0))), that is, after fixing a pinning, an
automorphism ofM comes from an automorphism of its Dynkin diagram. Since
u−1
i F iui fixes T0 and B, it induces an isomorphism of the Dynkin diagram ofM

and thus induces an isometry of the coroot lattice ofM . SinceM is semi-simple,
its coroot lattice and its cocharacter lattice span the same R-vector space, and
thus u−1

i F iui induces an isometry ofX∗(M,T0)⊗ZR. In particular, the set {xi}
is bounded and thus finite. So xi0 = xi0+d for some i0 ≥ 0 and d > 0. We have
u−1
i0

F i0(µ)ui0 = u−1
i0+dF

i0+d(µ)ui0+d. Thus µ = ui0u
−1
i0+dF

d(µ)ui0+du
−1
i0

.

Recall a subgroup Γ ⊂ G(k̄) is said to be G-irreducible if Γ is not contained in
any proper parabolic subgroup of G(k̄).

Theorem 3. Let M be a connected reductive group over a field k. Let k̄ be the
algebraic closure of k. Let FM : M → M be an automorphism of M which can
be realized as conjugation by an element g ∈ G(k) after an embedding M →֒ G.
If g and ZM (M) generate a G-irreducible subgroup, then M is a torus.

Proof. One of the key ingredients is the results of Steinberg on endormorphisms
of linear algebraic groups. By [20, Theorem 7.2], any automorphism of a linear
algebraic group fixes a Borel subgroup. Let BM ⊂ M be a Borel fixed by FM .
There exists a cocharacter λ : Gm → M such that BM = PM (λ). Let UM be
the unipotent radical of BM . By the previous lemma, there exists d > 0 and
an element u of UM such that F d

M (λ) = uλu−1. Consider the fake cocharacter
µ : Gm → M , defined by

µ := F d−1
M (λ)F d−2

M (λ) · · ·FM (λ)λ.

Note that FM (µ) = (uλu−1)µλ−1.
By Lemma 1, we have
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(i) PG(µ) is representable by a parabolic subgroup of G;

(ii) PM (µ) = PM (λ) = M ∩ PG(M).

Claim g ∈ PG(µ).

Proof. We verify this using the definition of PG(µ). We have

lim
t→0

µ(t)gµ(t)−1 = lim
t→0

µ(t)gµ(t)−1g−1g

= lim
t→0

µ(t)FM (µ)(t)−1g

= lim
t→0

µ(t)λ(t)µ(t)−1uλ(t)−1u−1g

= lim
t→0

(µ(t)λ(t)µ(t)−1λ(t)−1)(λ(t)uλ(t)−1)u−1g

The claim follows from Lemma 1 (4).

Note that since µ is valued in M , ZM (M) ⊂ ZG(µ).
Let Γ be the subgroup of G generated by ZM (M)◦ and g. As a consequence
of the claim, we have Γ ⊂ PG(µ). By Lemma 1 (1), PM (µ) = PM (λ) is a
Borel subgroup of M . By the dynamic description of Borel subgroups, we have
PG(µ) ∩M = PM (µ). So PG(µ) is a proper parabolic subgroup of G if PM (µ)
is a proper parabolic subgroup of M . Since Γ is assumed to be G-irreducible,
we must have PM (µ) = M . Since M = PM (µ) = BM is chosen to be a Borel
subgroup of M , M is forced to be a torus.

Corollary 1. Let M be a connected reductive group over a field k. Let k̄
be the algebraic closure of k. Let FM : M → M be an automorphism of M
which can be realized as conjugation by an element g ∈ G(k) after an embedding
M →֒ G.
Assume

(i) g and ZM (M)◦ generate a G-completely reducible subgroup;

(ii) rkM = rkG and chark 6= 2, 3; and

(iii) M has a connected center.

Then FM fixes a maximal torus T of Mk̄.

Proof. Let Γ be the subgroup of G generated by ZM (M) and g. If Γ is G-
irreducible, we are done because of Theorem 3. So we assume there exists a
proper parabolic subgroup P of Gk̄ such that Γ ⊂ P .
By Borel-de Siebenthal theory (see [16] or [10, Theorem 0.1]), when k 6= 2, 3,
rkM = rkG implies M = ZG(ZM (M))◦.
We will prove a slightly stronger version of the corollary. We claim FM fixes a
maximal torus of Mk̄ assuming (i), (ii), and

Documenta Mathematica 27 (2022) 2441–2468



Crystalline Lifts 2449

(iii’) There exists a torus Z of M such that M = ZG(Z)◦.

Since Γ is G-completely reducible, there exists a Levi subgroup L ⊂ P such that
Γ ⊂ L. Note that (M ∩ L)◦ = ZL(Z)◦, which is a reductive subgroup (see [10,
Lemma 0.2(1)]) of L fixed by g. We claim (M∩L)◦ is of maximal rank. Let S be
any maximal torus of L containing Z. Since S is commutative and connected,
we have S ⊂ ZL(Z)◦ = (M ∩ L)◦. Thus rk(M ∩ L)◦ = rkS = rkL = rkG.
We apply induction on the dimension of G. Since ZL(Z)◦ = (M ∩L)◦, assump-
tion (iii’) is satisfied by (M ∩L)◦; assumption (i) is also satisfied because L is a
Levi subgroup of G. Since dimL < dimG, by induction there exists a maximal
torus T of (M ∩L)◦ which is fixed by FM . Since rk(M ∩L)◦ = rkG, T is also
a maximal torus of G.

2.3

We explain how our methods can possibly be used to establish a stronger form
of Steinberg-Winter, at least for groups having connected center. Dynamic
methods are very well behaved for disconnected linear algebraic groups. We
similarly define G-complete reducibility for general linear algebraic groups by
replacing parabolics by pseudo-parabolics. Let F : M → M be an automor-
phism which can be realized as conjugation by an element g of G after an
embedding M →֒ G. Let H be the scheme-theoretic closure of the (abstract)
group generated by M and g. Note that H is a disconnected reductive group,
and rkH = rkM . Let Γ be the subgroup of H generated by ZM (M)◦ and g.
We expect that the H-complete reducibility of Γ implies the existence of a fixed
maximal torus.

3 The structure of G-completely reducible mod ̟ Galois repre-
sentations

In this section, we give a complete description of all G-completely reducible
mod ̟ Galois representations valued in split reductive groups.
The first step is to show G-complete reducibility implies tame ramification,
reducing the classification of mod ̟ Galois representations to the question of
classification of (certain) solvable subgroups of derived length 2 of reductive
groups.

Lemma 3. Let PK be the wild inertia of GK . If ρ̄ : GK → G(F̄p) is G-
completely reducible, ρ̄(PK) = {id}.

Proof. Let PK ⊂ GK be the wild inertia. The image ρ̄(PK) ⊂ G(F̄p) is a
p-group, and thus consists of unipotent elements. By [2, Corollaire 3.9], there
exists a parabolic subgroup P of GF̄p

with unipotent radical Ru(P ) such that

• ρ̄(PK) ⊂ Ru(P )(F̄p), and

• N(ρ̄(PK)) ⊂ P (F̄p);
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here N(ρ̄(PK)) is the normalizer of ρ̄(PK). Since PK is a normal subgroup of
GK , ρ̄(GK) ⊂ N(ρ̄(PK)) ⊂ P (F̄p). Since ρ̄ is G-completely reducible, ρ̄(GK)
is contained in a Levi subgroup L of P . So ρ̄(PK) ⊂ L(F̄p) ∩ Ru(P )(F̄p) =
{id}.

Definition 1. We say ρ̄ : GK → G(F̄p) is quasi-semisimple if there exists a
maximal torus T of G(F̄p) such that ρ̄(IK) ⊂ T (F̄p) and ρ̄(GK) ⊂ NG(T (F̄p)).

Theorem 4. If ρ̄ : GK → G(F̄p) is G-completely reducible, then ρ̄ is quasi-
semisimple.

Moreover, if ρ̄ is G-irreducible, there exists a unique maximal torus T of G(F̄p)
containing ρ̄(IK). Consequently, if ρ̄(GK) ⊂ G(F), T has a model defined over
the ring of Witt vectors W (F).

Proof. By induction on the dimension of G, we can reduce the general case to
the case where ρ̄ is G-irreducible. Recall that ρ̄ is G-irreducible if it does not
factor through any proper parabolic of G. If ρ̄ does factor through a proper
parabolic of G, the G-complete reducibility forces ρ̄ to factor through a proper
Levi subgroup of G, which is a reductive group of strictly smaller dimension.

So we assume ρ̄ is G-irreducible in the rest of the proof. By Lemma 3, ρ̄(IK)
is a finite cyclic group generated by elements of order prime to p. Write M for
Z◦
G(F̄p)

(ρ̄(IK)), the neutral component of the centralizer of ρ̄(IK) in G. Since

ρ̄(IK) consists of semi-simple elements of G(F), M is a reductive subgroup of G.
Let ΦK ∈ GK be a topological generator of GK/IK . Since IK is a normal
subgroup of GK , the conjugation by ρ̄(ΦK) action induces an automorphism
of M , which we denote by FM : M → M .

Next we show ρ̄(IK) ⊂ ZM (M). Since G is connected, a semisimple element
of G is contained in a maximal torus. Since ρ̄(IK) is a cyclic group consisting of
semi-simple elements, there exists a maximal torus T containing ρ̄(IK). Since a
torus is connected, we have T ⊂ M , and thus ρ̄(IK) ⊂ M(F̄p). It is immediate
from the definition of M that ρ̄(IK) ⊂ ZM (M).

By Theorem 3,M is a torus. Let T be any maximal torus ofG containing ρ̄(IK).
Since T is commutative and connected, we have T ⊂ ZG(ρ̄(IK))◦ = M . So M
is the unique maximal torus containing ρ̄(IK). Now consider the “moreover”
part. For σ ∈ Gal(F̄p/F), σ(M) is also a maximal torus containing ρ̄(IK). So
σ(M) = M , and thus by Galois descent M is defined over F. By [5, B.3.5], T
has a model over W (F).

3.1 Example

We illustrate the technical proof using a very concrete example. Let G = GL4.
Let ρ̄ : GK → GL4(F̄p) be a semi-simple Galois representation. We decompose
V = Vχ1

⊕Vχ2
into IK -isotropic subspaces. Here χ1, χ2 : IK → F̄×

p are distinct
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characters such that for v ∈ Vχi and σ ∈ IK , ρ̄(σ)v = χi(σ)v, i = 1, 2.

ρ̄|IK =




χ1

χ1

χ2

χ2




There are two possibilities: either both Vi are ρ̄(ΦK)-stable, or ρ̄(ΦK) sends
Vi to V3−i, i = 1, 2. The first case is simple: V = Vχ1

⊕ Vχ2
as a GK-module.

Now we consider the latter case. By Steinberg’s theorem [20, Theorem 7.2], we
can assume ρ̄(ΦK) fixes a Borel

PM =




∗ ∗
∗

∗ ∗
∗




of M = GL2 ×GL2 ⊂ GL4 and thus we must have

ρ̄(ΦK) =




a b
c

d f
e




for some a, b, c, d, e, f ∈ F̄p. The Borel subgroup PM is of shape PM (λ) for

λ(t) =




tα ∗
tβ

tγ ∗
tδ




for α > β and γ > δ. We have

ρ̄(ΦK)λ(t)ρ̄(ΦK)−1 =




tγ ∗
tδ

tα ∗
tβ




and thus

ρ̄(ΦK)λ(t)ρ̄(ΦK)−1λ(t) =




tα+γ ∗
tβ+δ

tα+γ ∗
tβ+δ




Since α+ γ > β + δ, we have

PGL4
(ρ̄(ΦK)λρ̄(ΦK)−1λ) =




∗ ∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗



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and finally we observe ρ̄(ΦK) ∈ PGL4
(ρ̄(ΦK)λρ̄(ΦK)−1λ). In general, by

Lemma 2, there exists an integer d such that
∏0

i=d−1 ρ̄(ΦK)iλ(t)ρ̄(ΦK)−i gives
the desired parabolic.

4 Crystalline lifts of irreducible mod ̟ Galois representations

Write κ for the residue field ofK. Fix a coefficient field E with ring of integersO
and uniformizer ̟. Write F for the residue field O/̟. Assume κ ⊂ F. Let
ΦK ∈ GK be a (lift of a) topological generator of GK/IK . Fix an algebraic
closure K̄ of K.
In this section, we assume G is a split group since we are primarily interested
in Galois representations valued in L-groups. The L-group of a connected
reductive group is split, albeit possibly disconnected.

4.1

Let T be a maximal torus of G. More precisely, T is a smooth group scheme
over SpecO such that Tk̄ ⊂ Gk̄ is a maximal torus for all geometric points
O → k̄. Write W (G, T ) for the Weyl group scheme NG(T )/T . Write OK̄ for
the ring of integers in K̄. Note that we have a commutative diagram

W (G, T )(O)
�

�

//

��

W (G, T )(OK̄) W (G, T )(K̄)

W (G, T )(F) �
�

// W (G, T )(F̄p)

and as a consequence, the map W (G, T )(O) → W (G, T )(F) is injective. On the
other hand, sinceNG(T ) is a smooth group scheme over SpecO, W (G, T )(O) →
W (G, T )(F) is also surjective. We will identify W (G, T )(O) with W (G, T )(F)
and write it as W (G, T ). It will be clear from the context if the notation
W (G, T ) denotes a set or a group scheme.
Write MT,cris for the set of representations IK → T (O), which can be extended
to a crystalline representationGK′ → T (O) for some finite unramified extension
K ′/K inside K̄. Since the union of two finite unramified extensions inside K̄
is still a finite unramified extension, MT,cris is an abelian group.
The abelian groupMT,cris has a Z[W (G, T )]-module structure, defined by wv :=
(σ 7→ wv(σ)w−1), for w ∈ W (G, T ) and v ∈ MT,cris.
The abelian group MT,cris also has a Z[GK/IK ]-module structure, defined by
αv := (σ 7→ v(α−1σα)) for α ∈ GK and v ∈ MT,cris.
The following lemma is clear.

Lemma and Definition The Z[W (G, T )]-structure and the Z[GK/IK ]-
structure on MT,cris commute with each other. Therefore MT,cris is a
Z[W (G, T )]⊗ Z[GK/IK ]-module.
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Similarly, write MT,F for the abelian group of mod ̟ representations IK →
T (F). The abelian groupMT,F has a Z[W (G, T )]⊗Z[GK/IK ]-module structure.

Lemma 4. Write ζ : NG(T ) → W (G, T ) for the quotient map.
(1) Let w be an element of NG(T )(O) of finite order. An element v ∈ MT,cris

extends to a continuous representation ρ : GK → NG(T )(O) by setting ρ(ΦK) =
w−1 and ρ|IK = v if and only if

v ∈ ker(MT,cris
ζ(w)⊗1−1⊗ΦK
−−−−−−−−−−→ MT,cris).

(2) Let w̄ be an element of NG(T )(F). An element v ∈ MT,F extends to a
representation ρ̄ : GK → NG(T )(F) by setting ρ̄(ΦK) = w̄−1 and ρ̄|IK = v if
and only if

v ∈ ker(MT,F
ζ(w̄)⊗1−1⊗ΦK
−−−−−−−−−−→ MT,F).

Proof. (1) Since w is of finite order, it suffices to show v ∈ MT,cris extends to
a representation ρ : WK → NG(T )(O) of the Weil group WK

∼= IK ⋊ Z by

setting ρ(ΦK) = w−1 and ρ|IK = v if and only if v ∈ ker(MT,cris
ζ(w)⊗1−1⊗ΦK
−−−−−−−−−−→

MT,cris). If v is extendable to ρ, then for all σ ∈ IK

ρ(Φ−1
K σΦK) = wρ(σ)w−1;

the left hand side restricted to IK is (1⊗ΦK)v, and the right hand side restricted
to IK is (ζ(w)⊗ 1)v. So (1⊗ΦK)v = (ζ(w) ⊗ 1)v. Conversely, if (1⊗ΦK)v =
(ζ(w) ⊗ 1)v, then v(Φ−1

K σΦK) = wv(σ)w−1 for all σ ∈ IK . Define ρ(σΦn) :=
v(σ)w−n for all σ ∈ IK and n ∈ Z. It is clear ρ is well-defined on WF , and
extends to GF uniquely by continuity.
(2) is similar to (1).

Definition 2. For an element of the Weyl group w ∈ W (G, T ) =
W (G, T )(F) = W (G, T )(O), define

MT,w ,cris := ker(MT,cris
w⊗1−1⊗ΦK−−−−−−−−→ MT,cris), and

MT,w ,F := ker(MT,F
w⊗1−1⊗ΦK−−−−−−−−→ MT,F).

The following simple lemma is essentially how we construct crystalline lifts.

Lemma 5. Let Z[X ] be the polynomial ring. Let a(X), b(X) ∈ Z[X ] be two
polynomials. Let n and N be integers. Assume a(n)b(n) = 0.

Let M̃ be a Z[X ]/(a(X)b(X)−N)-module. Write M for M̃ ⊗Z Z/N .

If M̃ has a torsion-free, finitely generated underlying abelian group, the se-
quence

0 → a(X)M → M
·b(X)
−−−→ b(X)M → 0

is short exact.
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Proof. Pick v̄ ∈ ker(M → b(X)M). Let v ∈ M̃ be a lifting of v̄. We have

b(X)v 7→ 0 in M . Since M = M̃ ⊗ Z/N , b(X)v = Nu for some u ∈ M̃ .

Multiply both sides by a(X), we get a(X)b(X)v = Nv = Na(X)u. Since M̃ is
Z-torsion-free, we have v = a(X)u, as desired.

Proposition 2. If w
[F:κ] = 1 and E contains K, the map

MT,w ,cris → MT,w ,F

is surjective.

Proof. Write f := [F : κ]. Let Kf be the unramified extension of K of degree f .
We single out a Z[W (G, T )] ⊗ Z[GK/IK ]-submodule M0

T,cris ⊂ MT,cris which
consists of elements that can be extended to a representation GKf

→ T (O).
Note that M0

T,cris → MT,F is surjective because the fundamental character
of niveau f admits a crystalline lift, namely, the Lubin-Tate character of the
field Kf . Put M

0
T,w ,cris := M0

T,cris ∩MT,w ,cris.

Note that on both M0
T,cris and MT,F, we have (w ⊗1)f = (1⊗ΦK)f = id, where

ΦK is the fixed topological generator of GK/IK .
Put

Ξ :=

f−1∑

i=0

w
i ⊗ Φf−1−i

K .

Commutativity of w ⊗1 and 1⊗ΦK implies (w ⊗1−1⊗ΦK)Ξ = (w ⊗1)f−(1⊗
ΦK)f . In particular, the inclusion ΞM0

T,cris → M0
T,cris factors through M0

T,w ,cris

(which is the arrow at the top of the diagram below).
Consider the commutative diagram

ΞM0
T,cris

//

��

M0
T,w ,cris

��

// M0
T,cris

��

w⊗1−1⊗ΦK
// M0

T,cris

��

ΞMT,F
//

��

MT,w ,F
// MT,F

w⊗1−1⊗ΦK
// MT,F

0

It is clear that ΞM0
T,cris → ΞMT,F is surjective. So it suffices to show

ΞMT,F →֒ MT,w ,F

is surjective.
Let χ̄ : IK → F× be a fundamental character of niveau f . Note that χ̄
generates the abelian group MGm,F. Indeed, there is an abelian group iso-

morphism ιχ̄ : Z/(qf − 1)
∼=
−→ MGm,F, sending 1 to χ̄. We have MT,F

∼=
MGm,F ⊗Z HomGrpSch(Gm, T ). Note that the Weyl group element w acts on
HomGrpSch(Gm, T ) via conjugation v 7→ wvw

−1.
We specialize Lemma 5 as follows:
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• Set M̃ = HomGrpSch(Gm, T ), and regard it as a Z[X ]-module where X
acts by w ;

• Set M = MT,F, and regard M as a Z[X ]-module via X 7→ w ⊗ 1;

• Set N = qf − 1;

• Set n = q;

• Set a(X) =
∑f−1−i

i=0 X iqf−1−i;

• Set b(X) = q −X ;

We can identify M with M̃⊗ZZ/(q
f−1) via the map ιχ̄ : Z/(qf−1)

∼=
−→ MGm,F.

Here are a few things to check:

(i) M̃ is finitely generated and torsion-free over Z.

(ii) (a(X)b(X)− qf + 1) kills M̃ ;

(iii) M̃ ⊗Z Z/(qf − 1) ∼= M as abelian groups;

(iv) a(q)b(q) = 0.

Items (i), (iii) and (iv) are clear. For item (ii), notice that a(X)b(X) = qf−Xf .
Since we assumed w

f = 1, a(X)b(X) = qf − 1.

The goal of the rest of this section is to prove the following theorem:

Theorem 5. Let κ be the residue field of K. Let F/κ be a finite extension. Let
Kur be the maximal unramified extension of K with ring of integers OKur

.
Let ρ̄ : GK → G(F) be a quasi-semisimple (see Definition 1) representation.
(1) There exists a crystalline representation ρ : GK → G(OKur) lifting ρ̄.
(2) Assume G admits a simply-connected derived subgroup and ρ̄ is G-
irreducible. Let Fρ̄ be the splitting field of ρ̄|IK , that is, the smallest field ex-
tension Fρ̄ of F such that ρ̄|IK : IK → G(F) factors through the Fρ̄-points of a
split torus of G. Then ρ can be chosen to have image in G(OKρ̄) where Kρ̄ is
the unramified extension of K with residue field Fρ̄.

4.2

The strategy is as follows: the first step is to choose a lift of ρ̄|IK which admits
an extension to the whole Galois group GK . This is already done in Propo-
sition 2. The second step is to choose a lift of all Frobenius elements. The
continuity of the lift is free because we’ll only use finite order lifts (modulo the
image of IK) of Frobenius elements.

Lemma 6. Assume the special fiber TF of T is a split torus. There exists a
finite subgroup Ñ ⊂ NG(T )(W (F)) such that Ñ → NG(T )(F) is surjective.
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Proof. By [5, B.3.5], T splits if and only if TF splits. The key ingredient is Tits’
theory of extended Weyl groups.
By [21], there exists a subgroup W̃ ⊂ NG(T )(W (F)) which is isomorphic to the
extension of the Weyl group W (G, T ) by (Z/2)⊗l for some l ≥ 0, and generates
the whole Weyl group. Write [−] : T (F) → T (W (F)) for the Teichm̈uller lift.

Fact The Teichmüller lift is the unique p-adic continuous multiplicative sec-
tion of T (W (F)) → T (F).

Proof. We include a proof here because it is short. It is well-known for T = Gm.
In general, choose a faithful representation i : T → GLN ⊂ MatN×N . Let
s, t : T (F) → T (O) be two multiplicative sections. We have i(s(x))−i(t(x)) ≡ 1

mod pf for all x ∈ T (F); (i(s(x))− i(t(x)))p
nf

≡ 1 mod p(n+1)f ; and i(s(x))−

i(t(x)) = i(s(xpnf

)) − i(t(xpnf

)) ≡ (i(s(x)) − i(t(x)))p
nf

≡ 1 mod pnf for
all n.

For each w ∈ W̃ and x ∈ T (F), x 7→ w−1[wxw−1]w is a continuous section

of T (W (F)) → T (F) and must be equal to the Techmüller lift. Let Ñ be the

composite W̃ · [T (F)]. Since for all w,w′ ∈ W̃ and x, x′ ∈ T (F), we have

w[x]w′[x′] = ww′[w′−1xw′x′], Ñ is a finite order subgroup of NG(T )(W (F)), as
desired.

The existence of Ñ has the following immediate consequence:

Corollary 2. Let ρ̄ : GK → G(F) be a G-completely reducible representation.
There exists a lift ρ : GK → G(W (F̄p)) of ρ̄.
Indeed, for any lift v of ρ̄|IK to G(OKur) that can be extended to the whole
Galois group GK , there exists a lift ρ̄ to G(OKur) whose inertia is v.

Proof. We first prove the first paragraph. We are allowed to enlarge the coef-
ficient field F to make T split. Set ρ|IK to be the Teichmüller lift of ρ̄|IK .
Let ΦK ∈ GK be a lift of the topological generator of GK/IK . Choose

an element n ∈ Ñ which lifts ρ̄(ΦK). Set ρ(ΦK) = n. Write n = wt

where w is an element of Tits’ extended Weyl group W̃ and t lies in the Te-
ichmüller lift of T (F). Let σ be an element of IK . Write x for ρ̄(σ). We have
ρ(ΦKσΦ−1

K ) = [ρ̄(ΦKσΦ−1
K )] = [wxw−1]. By the proof of the previous lemma,

[wxw−1] = w[x]w−1 = wρ(σ)w−1 = nρ(σ)n−1, and thus ρ extends uniquely to
a continuous homomorphism GK → G(W (F)).
Now we prove the “indeed” part. It is an immediate consequence of Lemma 4
and Lemma 6.

Lemma 7. Let ρ̄ : GK → G(F) be a G-irreducible Galois representaion. By
Theorem 4, there exists a unique maximal torus T of G such that ρ̄(GK) ⊂
NG(T )(F).
Let κ be the residue field of K. Let F0 ⊂ F be the smallest subfield of F

containing κ such that ρ̄(IK) ⊂ T (F0). (Recall that G is a Chevalley group and
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has a Z-model.) Let ΦK ∈ GK be a lift of a topological generator of GK/IK .
The map GK → NG(T )(F) → W (G, T )(F) maps ΦK to an element w of the
Weyl group W (G, T )(F).
If G admits a simply-connected derived subgroup, then w[F0:κ] = 1 in
W (G, T )(F).

Proof. Write f0 := [F0 : κ]. Let s ∈ ρ̄(IK) be a generator. By the proof of
Theorem 4, T = ZG(s)

◦ is the connected centralizer of s. Since ρ̄(IK) ⊂ T (F0),
we have ρ̄(ΦK)f0sρ̄(ΦK)−f0 = s. So ρ̄(ΦK)f0 ∈ ZG(s) ∩ NG(T ). Since G has
a simply-connected derived subgroup, ZG(s) = ZG(s)

◦. So ρ̄(ΦK)f0 ∈ T , that
is, w[F0:κ] = 1 in W (G, T )(F).

Proof of Theorem 5. (1) We choose a sufficiently large coefficient field E (which
is unramified over K) such that the cardinality of the Weyl group W (G, T )
divides [F : κ] and TF splits. The assumption of Proposition 2 is satisfied. So
there exists a crystalline lift v : IK → T (O) such that v = ρ̄|IK mod ̟. By
Lemma 4, v can be extended to GK .
(2) For ease of notation, replace F by Fρ̄. Write O for OKρ̄ . We choose the
field F0 as in Lemma 7. Note that the maximal torus in Lemma 7 is split: let S
be a maximal split torus over F such that ρ̄(IK) ⊂ S(F); since T = ZG(ρ̄(IK))◦,
we have T ⊃ S; now since G is a split group, we must have S = T . Let Kf0 be
the unramified extension ofK of degree [Kf0 : K] = [F0 : κ]. Let O0 be the ring
of integers of Kf0 . We have O0 ⊂ O. By the previous Lemma, Proposition 2
is applicable, and thus there exists a lift v : IK → T (O0) such that v = ρ̄|IK
mod ̟ and v admits an extension to a representation GK → NG(T )(O0). By
Corollary 2, v admits an extension to GK which lifts ρ̄.
Fix ΦK ∈ GK , a lift of a topological generator of GK/IK . By Lemma 6,

we choose a finite order lift X ∈ Ñ ⊂ NG(T )(O) of ρ̄(ΦK). Since the Weyl
group scheme is a constant group scheme, any two lifts of ρ̄(ΦK) have the
same conjugation action on the maximal torus NG(T )(O), and therefore we
can extend v to a representation GK → NG(T )(O) by setting ΦK 7→ X .

5 Hodge-Tate theory for Galois representations valued in re-
ductive groups

The Hodge-Tate theory for GLN is reviewed in Appendix A. In this section, we
discuss Hodge-Tate theory for general reductive groups, and show G-irreducible
mod ̟ Galois representations admit Hodge-Tate regular crystalline lifts.

5.1 First properties of Hodge-Tate cocharacters

Definition 3. Fix an algebraic closure Qp of Qp. Let K,E ⊂ Qp be finite
extensions of Qp. The field E will serve as the coefficient field. To define
colabeled Hodge-Tate gradings, we assume K is a subfield of E and therefore GE

as a subgroup of GK .
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Let C := CK be the completed algebraic closure of K. Let σ : E →֒ C be an
embedding. Let (ρ, V ) be a Hodge-Tate representation of GK . Then one can
define the σ-colabeled Hodge-Tate grading on C⊗σ,EV by setting the i-th graded
piece to be

Im((C(i)⊗σ,E V )GE ⊗E C(−i) → C⊗σ,E V )

which is compatible with tensor product and duality.
Let G be a reductive group over E. A G-valued representation is Hodge-Tate
if for all representations G → GL(V ), V is a Hodge-Tate GK-module. Let
ρ : GK → G(E) be a Hodge-Tate G-valued representation. Consider G(σ) ◦ ρ :
GK → G(C). By Tannakian theory, there is a cocharacter HT (ρ)σ : Gm →
GC, such that for any faithful representation i : G → GLN , the composition
i(HT (ρ)σ) recovers the Hodge-Tate grading on i(G(σ) ◦ ρ) : GK → GLN (C).
Set HT (ρ) := (HT (ρ)σ)σ:E →֒C ∈

∏
E →֒C X∗(GC). We call HT (ρ) the co-labeled

Hodge-Tate cocharacter of ρ.

The formation of co-labeled Hodge-Tate cocharacters is clearly functorial in G.

Lemma 8. Let f : G → H be a morphism of reductive groups over E. If ρ :
GK → G(E) is a Hodge-Tate representation, we have HT (f ◦ ρ) = f(HT (ρ)).

Proof. It follows immediately from Tannakian theory.

5.1.1 Regular cocharacter

Let H be a reductive group with maximal torus S. A cocharacter x ∈ X∗(H,S)
is said to be regular if it is not killed by any root of H (with respect to S).
We say ρ is Hodge-Tate regular if for all σ : E →֒ C, the cocharacter HT (ρ)σ

of GC is regular.
When G = GLN , we can also define labeled Hodge-Tate weights (see Ap-
pendix A). It turns out labeled Hodge-Tate regularity is equivalent to cola-
beled Hodge-Tate regularity. So our definition coincides with the usual notion
of Hodge-Tate regularity in the literature.

Lemma 9. Assume G = GLN . Assume E admits an embedding of the Galois
closure of K. Then ρ is Hodge-Tate regular if and only if the labeled Hodge-
Tate weight k = (kτ )τ :K →֒E is regular in the sense that each kτ ∈ ZN contains
distinct numbers.

Proof. It follows from Proposition 3.

Lemma 10. Let K ′/K be a finite field extension such that K ′ ⊂ E. Let ρ :
GK → G(E) be a Hodge-Tate G-valued representation. We have HT (ρ|GK′

) =
HT (ρ).

Proof. Note that the Definition 3 only makes use of GE and does not depend
on K.
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Lemma 11. Let ρ1, ρ2 : GK → G(E) be two Hodge-Tate representations whose
image is abelian and consists of semisimple elements. If ρ1ρ2 = ρ2ρ1, then
HT (ρ1ρ2) = HT (ρ1)HT (ρ2).

Proof. By the previous lemma, it is harmless to shrink GK and thus we can
assume ρ1, ρ2 both factor through a maximal torus T of G. By descent, we can
assume T is split. Write i : T →֒ G for the embedding of the maximal torus T .
Let t1, t2 : GK → T (E) be representations such that i(t1) = ρ1 and i(t2) = ρ2.
We have HT (ρ1) = i(HT (t1)) and HT (ρ2) = i(HT (t2)) by functoriality
(Lemma 8). So it suffices to show HT (t1t2) = HT (t1)HT (t2). Since T is
a split torus, the general case follows from the special case T = Gm. The
Hodge-Tate cocharacter of t1t2 : GK → Gm(E) is completely decided by the
Hodge-Tate weight of t1t2. The lemma follows because the Hodge-Tate weight
of t1t2 is the sum of the Hodge-Tate weight of t1 and the Hodge-Tate weight
of t2.

We use the following lemma to construct Hodge-Tate regular cocharacters.

Lemma 12. Assume E = Kf is the unramified extension of K of degree f
inside the fixed algebraic closure K := Qp of K. Fix a maximal split torus T
of G. Write i : T → G for the embedding.
For each colabel σ0 : Kf →֒ C, and each cocharacter λ ∈ X∗(G(C), T (C)), there
exists a crystalline representation t : GKf

→ T (Kf) such that

HT (i(t))σ =

{
λ if σ = σ0,

the trivial cocharacter if otherwise.

Proof. Let χLT : GKf
→ O∗

Kf
be a Lubin-Tate character. Choose an isomor-

phism T ∼= G×r
m , r = rkT .

The field Kf is a subfield of K by its choice. The composite Kf →֒ K →֒ C

defines a canonical embedding of Kf in C. Since Kf/K is a Galois extension,
there exists a unique ι ∈ Gal(Kf/K) such that σ0◦ι is the canonical embedding
Kf →֒ CK .

Put t = ι(χh1

LT, · · · , χ
hr

LT), h1, · · · , hr ∈ Z. By Lemma 8 and Lemma 18,
HT (i(t))σ is the trivial cocharacter if σ 6= σ0. Since the co-labeled Hodge-
Tate weights of the Lubin-Tate character is (1, 0 · · · , 0), if we let the tuple
(h1, · · · , hr) range over all Zr , then HT (i(ι(χh1

LT, · · · , χ
hr

LT)))
σ0 ranges over

all cocharacters in X∗(G(C), T (C)). So we can choose (h1, · · · , hr) so that
HT (i(ι(χh1

LT, · · · , χ
hr

LT)))
σ0 = λ.

5.2 Hodge-Tate regular lifts of quasi-semisimple mod ̟ Galois
representations

In many applications, we need Hodge-Tate regular crystalline representations.
For example, crystalline deformation rings of regular Hodge-Tate weights have
the largest dimension, which is exploited in the work [6].
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The following lemma shows as long as a crystalline lift exists, Hodge-Tate
regular lifts also exist.
We will specialize to the case where E = Kf , the unramified extension of K of
degree f .

5.2.1 Local class field theory

Let ArtK : K× → Gab
K be the local Artin map, which we normalize so that a

uniformizer corresponds to a geometric Frobenius element.
Note that ArtK induces an isomorphism

Art−1
K : Gal(Kab/Kur)

∼=
−→ O×

K

See the paragraph after the proof of [12, 6.2] for a reference. Denote by rK the
induced map IK → O×

K .

Theorem [12, 6.11] Let σ : K → K ′ be an isomorphism of fields. Then the
following diagram is commutative:

K×

σ

��

ArtK
// Gab

K

σ∗

��

K ′×
ArtK′

// Gab
K′

Here σ∗ : τ 7→ στσ−1.

Corollary 3. Let σ : K → K be a continuous field automorphism. Then
rK(στσ−1) = σ(rK(τ)) for all τ ∈ IK .

Proof. It is an immediate consequence of Theorem 5.2.1.

Theorem 6. Let ρ̄ : GK → G(F) be a G-completely reducible representation.
Let κ be the residue field of K. Assume κ ⊂ F.
(1) There exists a Hodge-Tate regular crystalline lift ρ : GK → G(OKf

) for
some positive integer f .
(2) If G has a simply connected derived subgroup and F is the splitting field of
ρ̄|IK (see Theorem 5), then f can be taken as [F : κ].

Proof. Write i : T →֒ G for the embedding of the maximal torus T .
We will show that as long as a crystalline lift exists, a Hodge-Tate regular
crystalline also exists with the same coefficient field. The existence of crystalline
lifts is Theorem 5.
We keep notations used in the proof of Proposition 2. We set O := OKf

. Recall

that Ξ :=
∑f−1

i=0 w
i⊗Φf−1−i

K , where ΦK ∈ GK/IK is a generator ofGK/IK , and
w ∈ W (G, T ) is the Weyl group element which corresponds to ρ̄(ΦK)−1. Recall
that the submodule M0

T,cris ⊂ MT,cris consists of representations IK → T (O)
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which are extendable to GKf
. For each element of u ∈ M0

T,cris, choose an
extension tu : GKf

→ T (O). The Hodge-Tate cocharacter HT (i(tu)) does
not depend on the choice of tu. It makes sense to write HT (u) for HT (i(tu))
(where tu is any choice of extension).
In the proof of Proposition 2, we’ve shown that there exists v ∈ ΞM0

T,cris ⊂

M0
T,w ,cris which is a lift of ρ̄|IK .

Fix a colabel σ0 : Kf →֒ C. By Lemma 12, there exists a crystalline repre-
sentation t : GKf

→ T (O) such that HT (i(t))σ is a regular cocharacter in
X∗(G(C), T (C)) if σ = σ0, and is the trivial cocharacter if σ 6= σ0.
The restriction t|IK defines an element v0 ∈ M0

T,cris. By Lemma 8, we have

HT ((w ⊗ 1)v0) = wHT (v0)w
−1.

By Lemma 18 and Corollary 3, we have

HT ((1⊗ ΦK)v0)
σ = HT (v0)

σ◦Φ−1

K .

Summing up, we have

HT (Ξv0)
σ0◦Φ

−1−i+f
K = HT (

f−1∑

j=0

w
j ⊗ Φf−1−j

K v0)
σ0◦Φ

−1−i+f
K

=

f−1∏

j=0

HT (w j ⊗ Φf−1−j
K v0)

σ0◦Φ
−1−i+f
K

=

f−1∏

j=0

w
jHT (1⊗ Φf−1−j

K v0)
σ0◦Φ

−1−i+f
K w

−j

=

f−1∏

j=0

w
jHT (v0)

σ0◦Φ
−1−i+f
K ◦Φ1+j−f

K w
−j

= w
iHT (v0)

σ0
w

−i

By Definition 5.1.1, Ξv0 is Hodge-Tate regular.
Let C be a very large positive integer. Write N for the cardinality of F×.
Define v′ := v + CNΞv0. Since MT,F is N -torsion, v′ is a lift of ρ̄|IK . We
have HT (v′) = HT (v)HT (Ξv0)

CN . Since HT (Ξv0) is a regular cocharacter,
HT (v′) is also a regular cocharacter if C ≫ 0.
Since ΞM0

T,cris ⊂ M0
T,w ,cris, we have v + Ξv0 ∈ MT,w ,cris. By Corollary 2, v′

extends to a representation GK → G(O) which is a crystalline representation
lifting ρ̄.

A Appendix: Hodge-Tate theory with coefficients

Let K/Qp, E/Qp be finite extensions. Assume E admits an embedding of
the Galois closure of K. Fix an embedding K →֒ E. Let V be a finite di-
mensional E-vector space. Let ρ : GK → GL(V ) be a continuous represen-
tation. Assume ρ is Hodge-Tate. Let C := CK be the completed algebraic
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closure of K. Let BHT :=
⊕

n∈Z C(n) be the Hodge-Tate period ring. Then
BHT ⊗ V := BHT ⊗Qp V is a C⊗ E-module with GK-action.
Let σ be an embedding E →֒ C. Define

Vσ := {
∑

xi ⊗ yi ∈ BHT ⊗ V |
∑

σ(a)xi ⊗ yi =
∑

xi ⊗ ayi for all a ∈ E}

=
⋂

a∈E

Ker(l1⊗a − lσ(a)⊗1) (where lx is scalar multiplication by x)

It is easy to see that

Lemma 13. Let Lσ ⊂ C be the subfield generated by K and σ(E).

(i) Vσ is a GLσ -stable C⊗ E-submodule of BHT ⊗ V ;

(ii) Vσ is isomorphic to BHT ⊗σ,E V as a GLσ -semi-linear C-module;

(iii) BHT ⊗ V =
⊕

σ:E →֒C Vσ.

Let L be the Galois closure of Lσ in C. Write Dσ(V ) := V GL
σ . By (iii),

⊕

σ:E →֒C

Dσ(V ) = (BHT ⊗ V )GL = DHT(V )⊗K L

The Hodge-Tate grading on DHT(V ) induces a grading on each of Dσ(V ). So
Dσ(Vσ) is a graded L-vector space. We denote by HTσ(V ) the multiset of
integers n in which n occurs with multiplicity dimL grn Dσ(Vσ), and call it the
σ-co-labeled Hodge-Tate weights of V . 1

A.1 Labeled Hodge-Tate weights

Let τ : K →֒ E be an embedding. Define

Ṽτ := {
∑

xi ⊗ yi ∈ BHT ⊗ V |
∑

axi ⊗ yi =
∑

xi ⊗ τ(a)yi for all a ∈ K}

=
⋂

a∈K

Ker(la⊗1 − l1⊗τ(a))

Lemma 14. We have

Ṽτ =
⊕

σ:E →֒C,σ|τK=τ−1

Vσ

Proof. Unravel the definitions.

While Vσ is only GLσ -stable, Ṽτ is GK-stable! Write D̃τ (V ) := (Ṽτ )
GK . We

want to remind readers the usual definition of τ -labeled Hodge-Tate weights
(for example, the definition in [9, 1.1]).

1This is a non-standard terminology.
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Definition 4. The multiset HTτ (V ) is as follows: an integer n appears with
multiplicity

dimE grn(DHT(V )⊗E⊗QpK,τ E)

Lemma 15. We have dimE grn(DHT(V )⊗E⊗QpK,τ E) = dimE grn(D̃τ (V )).

Proof. It is easy to see (by unravelling the definitions) that the natural map

Ṽ GK
τ →֒ DHT(V ) ։ DHT(V )⊗E⊗QpK,τ E

is injective, and E-linear. So it must be an E-isomorphism because of the direct
sum decomposition.

When we divide a multiset by an integer s, we divide the multiplicity of all
members of the multiset by s. For example 1

2{1, 1, 2, 2, 2, 2} = {1, 2, 2}.

Proposition 3. We have HTτ (V ) = 1
[E:K]

⋃
σ:E →֒C,σ|τK=τ−1 HT

σ(V ).

Proof. Let L be as before. We have

D̃τ (V )⊗K L = Ṽ GL
τ =

⊕

σ:E →֒C,σ|τK=τ−1

V GL
σ =

⊕

σ:E →֒C,σ|τK=τ−1

Dσ(V )

as graded modules. So

dimE(D̃τ (V )) =
1

[E : K]
dimK(D̃τ (V )) =

1

[E : K]
dimL(D̃τ (V )⊗K L)

=
1

[E : K]

∑

σ:E →֒C,σ|τK=τ−1

dimLDσ(V )

Thus the multiset of τ -labeled Hodge-Tate weights is the average of certain
multisets of σ-co-labeled Hodge-Tate weights.

A.2 Galois twist

The following is a convenient observation.

Lemma 16. Let K, E be arbitrary finite extensions of Qp. Let L/E be a field
extension. Let σ : E →֒ C be an embedding. Let σ̃ : L →֒ C be an embedding
extending σ. Let K ′/K be a finite extension. Then

(1) HTσ(Res
GK′

GK
V ) = HTσ(V );

(2) HTσ(V ) = HTσ̃(V ⊗E L).

Assume moreover that E admits an embedding of the Galois closure of K. Let
τ : K →֒ E be an embedding. Then
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(3) HTτ (V ) = HTτ (V ⊗E L).

Proof. (1), (3): unravel definitions; (2): BHT⊗L,σ̃ (V ⊗EL) = (BHT⊗L,σ̃L)⊗E

V = BHT ⊗E,σ V .

Corollary 4. Assume E contains the Galois closure of K. Let θ ∈
Aut(E/Qp). Let τ : K →֒ E be an embedding. Then

(1) HTσ(V ⊗E,θ E) = HTσ◦θ(V ).
(2) HTτ (V ⊗E,θ E) = HTθ−1◦τ (V ).

Proof. (1) It is a special case of Lemma 16(2).
(2) By Proposition 3,

HTτ (V ⊗E,θ E) =
1

[E : K]

∑

σ:E →֒C,σ|τK=τ−1

HTσ(V ⊗E,θ E)

=
1

[E : K]

∑

σ:E →֒C,σ|τK=τ−1

HTσ◦θ(V )

=
1

[E : K]

∑

σ:E →֒C,σ◦θ−1|τK=τ−1

HTσ(V )

= HTθ−1◦τ (V )

A.3 Lubin-Tate characters

In this subsection, we want to rewrite some results of [17, III.A.1-III.A.5] using
the language we just developed.

Remark Proposition B.2 of [4, Appendix B] contains a result more general
than this subsection.

A.3.1

Note that the cyclotomic character has Hodge-Tate weight −1.

A.3.2 Lubin-Tate characters of Galois extensions of Qp

We start with the simpliest case. Let E = K/Qp be a finite Galois extension.
Let π be a uniformizer of K. Let Fπ be the Lubin-Tate formal group associated
to K and π. Let χK := χK,π : GK → O×

E be the Tate module of Fπ , as is the
notation of [17]. Then χK |IK = r⊗−1

K (see subsection 3). (So rK is crystalline.)

Lemma Let σ1 ∈ Gal(K/Qp). Then a σ-co-labeled Hodge-Tate weight of
σ1 ◦ χK is −1 if σ = σ−1

1 , and 0 if otherwise.

Proof. See [17, Thm 2, III.A.5] and [17, Prop III.A.4]. Note that
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• Serre’s K and E are reversed,

• Galois hypothesis is required by [17, III.A.3(b)],

• Serre’s Wσ is our gr0 Vσ .

Lemma 17. Now suppose E = K/Qp is not necessarily Galois. A σ-co-labeled
Hodge-Tate weight of χK is −1 if σ = id 2, and 0 if otherwise.

Proof. Choose a Galois closure L of K over Qp. Consider

Gab
L

rec

��

// Gab
K

rec

��

L×
NL/K

// K×

By local class field theory, χK |GL = NL/K ◦ χL =
∏

σ∈Gal(L/K) σ ◦ χL. By

Lemma A.3.2, for τ ∈ Gal(L/Qp),

HTτ (χK |GL) =

{
−1 if τ fixes K

0 if otherwise

Now apply Lemma 16(1), (2) to conclude.

Lemma 18. Let K/Qp be a finite extension, and let E/Qp be a finite extension
admitting ι : K →֒ E.
(1) For each σ : E →֒ C, the σ-co-labeled Hodge-Tate weight of ι ◦ χK is −1 if
σ ◦ ι = idK , and 0 if otherwise.
(2) Suppose further E admits an embedding of the normal closure of K. Then
for each σ : K → E, the σ-labeled Hodge-Tate weight of ι ◦ χK is −1 if σ = ι,
and 0 if otherwise.

Proof. (1) We have

HTσ(ι ◦ χK) = HTσ◦ι(χK) By Lemma 16(2)

=

{
−1 if σ ◦ ι = idK

0 if otherwise
By Lemma 17

(2) Follows from Proposition 3 and (1).

Lemma 19. Let K/Qp be a finite extension. Let L/K be an unramified ex-
tension in C. Let L′ be the Galois closure of L over Qp. Let ι : K →֒ L′ be
the tautological embedding. Let ΦK ∈ GK be a lift of a topological generator of
GK/IK . Let d = [L : K]. Then

2More precisely the tautological embedding of E in C
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(1) Let σ : L →֒ C. Then

HTσ(IndGK

GL
(χL)) = HTσ(χL) ∪ HTσ(ΦK ◦ χL) ∪ · · · ∪HTσ(Φd−1

K ◦ χL)

(2) Let τ : K →֒ C. Then

HTτ (Ind
GK

GL
(ι ◦ χL)) =

{
{0, . . . , 0,−1} if τ is the canonical embedding, and

{0, . . . , 0, 0} if otherwise.

Proof. (1) Follows from Lemma 16 and Corollary 3.
(2) We have

HTτ (Ind
GK

GL
(ι ◦ χL)) =

1

[L′ : K]

⋃

σ̃:L′ →֒C,σ̃|τK◦τ=id

HTσ̃(IndGK

GL
(ι ◦ χL))

=
1

[L′ : K]

⋃

σ̃:L′ →֒C,σ̃|τK◦τ=id,σ:=σ̃|L

HTσ(IndGK

GL
(χL))

=
1

[L : K]

⋃

σ:L→֒C,σ|τK◦τ=id

HTσ(IndGK

GL
(χL))

=
1

[L : K]

⋃

σ:L→֒C,σ|τK◦τ=id

HTσ(χL) ∪ HTσ(ΦK ◦ χL) ∪ · · · ∪ HTσ(Φd−1
K ◦ χL)

=
1

[L : K]

⋃

σ:L→֒C,σ|τK◦τ=id

d−1⋃

k=0

δσ,ι◦Φk
K

Here δX,Y is {−1} if X = Y and is {0} if otherwise. Since Φk
K is the identity

when restricted on K, the last line is 0 unless τ is the canonical embedding;
in this case, the last line becomes 1

[L:K]

⋃d−1
j=0

⋃d−1
k=0 δι◦Φj

K ,ι◦Φk
K
= {0, . . . , 0,−1}.
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Publ. Math. 27, 55–150 (1965),
http://www.numdam.org/item?id=PMIHES_1965__27__55_0.
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