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1 INTRODUCTION

Fix a connected split reductive group G.

1.1

It is often desirable to describe automorphisms of a reductive group in root-
theoretic terms. When we are concerned with finite order automorphisms of a
reductive group over a characteristic 0 field, the following theorem suffices

THEOREM (Steinberg-Winter, [20, Theorem 7.5]). Let M be a linear algebraic
group over a field k. Let k be the algebraic closure of k. Let Far : M — M
be an automorphism of M which can be realized as conjugation by an element
g € G(k) after an embedding M — G.

If g is a semi-simple element, then Fir fives a mazimal torus of My,.
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However, in prime characteristic, finite order automorphisms are not always
semi-simple, and we need a new criterion for the existence of maximal tori
fixed by Fiy.

Note that the semi-simplicity of Fjs implies that the subgroup I'r,, generated
by g and Zps(M)° (the neutral component of the center of M) is a G-completely
reducible subgroup of G(k). We conjecture that the G-complete reducibility
of I'p,, is sufficient for (and, to a certain degree, characterizes) the existence
of an Fs-fixed maximal torus of M.

The notion of G-complete reducibility was introduced by Serre. In his Mour-
sund Lectures [18], a subgroup I' C G(k) is defined to be G-completely reducible
if for any parabolic subgroup P of G containing I', a Levi subgroup of P also
contains I'. Similarly, we say a subgroup I' C G(k) is G-irreducible if it is not
contained in any proper parabolic subgroup of G.

We prove the following;:

THEOREM 1 (3, 1). Let M be a connected reductive group over a field k. Let k
be the algebraic closure of k. Let Fyy : M — M be an automorphism of M
which can be realized as conjugation by an element g € G(k) after an embedding
M — G.

Let T'g,, be the subgroup of G generated by g and Zp(M)°. If either

o I'r,, is G-irreducible or

o ', is G-completely reducible, rk M = rk G, chark # 2 or 3, and M has
connected center.

then Fir fizes a mazimal torus of Mj,.

which suffices for our application to the theory of Galois representations.

We believe our new method can be used to establish a stronger form of
Steinberg-Winter by developing the theory of G-complete reducibility for (pos-
sibly disconnected) linear algebraic groups using dynamic methods (2.1). We
don’t pursue this because we don’t want to digress too much. We do explain
how this can possibly be done.

1.2

Let K/Qp be a finite extension. We are interested in the following question:

QUESTION 1. Letp: Gg — G(IF‘p) be a group homomorphism. Does there exist
a crystalline representation p : G — G(Z,) such that p = p?

Question 1 is raised in [3] for G = GLy, where they used the machinery of
p-adic Hodge theory to study general torsion Galois representations; it also
has global applications such as constructing geometric Galois representations
(see, for example, [7]) which conjecturally correspond to algebraic automorphic
forms.
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Any characteristic p representation of Gk is an extension of G-completely re-
ducible representations. To construct crystalline lifts of general characteristic p
representations of G, it is a common strategy (for example [6] for GLy and
[13] for G5 and classical groups) to first construct lifts of G-completely reducible
representations, and then try to lift the extension class.

In this paper, we carry out the first steps of the above strategy. We prove the
following theorem:

THEOREM 2 (5, 6, 2). Let x be the residue field of K. Let K" be the mazimal
unramified extension of K in a fized algebraic closure. Let F/k be a finite
extension of degree f.

Let p: Gxg — G(F) be a group homomorphism whose image is a G-completely
reducible subgroup. Assume G is split.

e There exists a characteristic 0 lift p: Gx — G(W(F,)) of p;

o There exists a Hodge-Tate regular crystalline lift p : Gx — G(K") of p.

We discuss Hodge-Tate theory of Galois representations valued in general re-
ductive groups in section 5.
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2 A VARIANT OF STEINBERG-WINTER THEOREM

The key tool in this section is dynamic methods.

2.1 DYNAMIC METHODS

We review [5, Section 4.1]. Let X be a scheme over a base scheme S, and fix a
Gp-action m : G, x X = X on X. For each 2 € X(5), we say

lim m(t,z) exists,
-0

if the morphism G,,, — X, t — m(t,z) extends a a morphism A' — X. If the
limit exists, the origin 0 € A!(S) maps to a unique element o € X (S); we write
lims_,o m(t, z) = a.
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Let A be a cocharacter of a reductive group G over a field k. Define the following
functor on the category of k-algebras

Pa(M\)(A) ={g € G(A)| }1_{% Mt)gA(t) ™! exists.}

where A is a general k-algebra.
Define
Uc(M(4) = {g € G(A)| lim A gA(t) ™" =1},

and denote by Zg(A) the centralizer of A in G.

Since G is a reductive group over a field, Pg()\) is a parabolic subgroup of
G, Ug()) is the unipotent radical of Pg()\), and Zg(\) is a Levi subgroup of
Ps(A).

The following proposition is the first application of dynamic methods in this sec-
tion, and motivates us to consider G-compete reducibility in Steinberg-Winter
type questions.

PROPOSITION 1. Let M be a connected reductive group over a field k. Let k
be the algebraic closure of k. Let Fyy : M — M be an automorphism of M
which can be realized as conjugation by an element g € G(k) after an embedding
M — G.

If g is semisimple, then g and Zy(M)° generate a G-completely reducible sub-

group.

Proof. Let P C Gf be a parabolic subgroup of G which contains both ¢ and
Zy(M)°. We want to show a Levi subgroup of P also contains both g and
Zy(M)°.

Put L := Zp(Zp(M)®), the centralizer of Zy;(M)° in P. Note that conjuga-
tion by g fixes L. We claim L contains a maximal torus of G. Since Zp;(M)°
is a torus, it is contained in a maximal torus of P. A maximal torus of P is
also a maximal torus of G. Any maximal torus containing Z (M)® is in the
centralizer of Zy;(M)° because of commutativity of tori.

By Steinberg-Winter, there exists a maximal torus 7" C L which is fixed by g.
By the previous paragraph, T is also a maximal torus of G.

By dynamic methods, there exists a cocharacter A : G,, — T such that P =
Pg()\). The two cocharacters \,gA\g~! : G,, — T lie in the same maximal
torus, and can be regarded as elements of the cocharacter lattice X, (G, T).
Since g € P, g(Pa(\)g™! = Pa(ghg™!) = Pa(N). So A\, gh\g~! € X.(G,T)
are in the same Weyl chamber. Since g € Ng(T), ghg~! and A are in the
same Weyl orbit, and thus we must have A = gl\g™!. So g € Zg(\) and
Zy(M)° C T C Zg(N). Since Zg(N) is a Levi subgroup of P, we are done. [J

2.2 A GENERALIZATION OF DYNAMIC METHODS

Dynamic methods allow us to prove theorems over general base schemes by do-
ing mathematical analysis. To do so, we need to generalize the functors Pg(—).
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Let f: G,, — G be a k-scheme morphism. Define the following functor on the
category of k-algebras

Po(f)(A) = {g € G(A)| lim f(1)g (1)" exists.}

where A is a general k-algebra. We call f a fake cocharacter. Here “a limit
exists” means the scheme morphism G,, — G, defined by t — f(t)gf(t)~?,
extends to a scheme morphism A! — G. Note that Pg(f) is not representable
in general. We define similarly Ug(f).

LEMMA 1. Let G be a connected reductive group over a field k. Let A\, p : G, —
G be cocharacters of G. Assume Pg(\) = Pa (1) =: B is a Borel subgroup of G.
Let U be the unipotent radical of B.

(1) The functor Pg(u) is representable by a Borel subgroup. In fact, we have

Pa(p)) = Pa(p) = Pa(N).
(2) The limit
Lim A(8)()A() " pu(t) ™!

ezists in the sense of subsection 2.1, and lies in U.
(8) Let u be an element of U. The limit

. -1 -1 -1
tim A(t)upa(t)u A1) ()

ezists in the sense of subsection 2.1 and lies in U.

(4) Now assume X is a product of cocharacters A1, ..., As such that Pg(\;) = B

for alli. Then Pg(X) = B, and the limits in (2) and (3) still exist and lie in U.

Moreover, for any embedding G — H of connected reductive groups, P (\) is

representable by a parabolic subgroup of H.

Proof. (1) Since all maximal tori in B are conjugate to each other, there ex-
ists an element € Ug(\) = Ug(p) such that conjugation by x maps the
maximal torus containing A to the maximal torus containing p. In particular,
(xdz~Hp = p(zAx=1). Write £ for zAx~1. We have

lim ()A(GAE) ™ ()~ = lim p(t)2 ™ E(H)zga™ ¢() ap(t) ™
= lim (u(t)e ™ () ™) - (u(OE(Dzga™ (O u(®) ™) - (uB)op(t) ™)
= tim ()¢ (g (1) u(t)”

Note that the last step is because € Ug(u1), and limy_ pu(t)zp(t)~1 = 1. So
we have Pg(u)\) = 271 Pg(ué)z. Since pé is a genuine cocharacter, Pg(ué) is
representable by a parabolic.

Since p& = &, we can regard p and € as elements in a cocharacter lattice
X.(G,T) where T is a maximal torus containing p and £. Since Pg(p) =
Pg(A) = Pg(€), 1 and € lie in the (interior of the) same Weyl chamber. The
cocharacter p€ is the sum of p and £ in the cocharacter lattice X, (G, T), and

DOCUMENTA MATHEMATICA 27 (2022) 2441-2468



2446 7. LIN

lies in the same Weyl chamber. So Pg(p€) = Pa(p) = Pg(A). Since x € B, we
have Po(i\) = o Po(u€)e = Po() = Pa()).

(2) Since all maximal tori of B are conjugate to each other, there exists an
element g € U such that gZg(\)g™! = Zg (). Write € := gA\g~!, and we have
&u = p€. By part (1), Pg(éu) = B. By the dynamic description of the Borel
B, the limits

lim &()g€(t) ™" =

t—0

lim £()u(t)g™" p(t)"'€(#) " =1, and

lim pu(t)gp(t) ™! =1

t—0

all exist. The expression

AR )™ = g7 () gut)g ) gut) !
=g " (EWg€®)™h) - (EMpt)g @) TTE@) T - (u(t)gu(t) ™)

has a limit as t — 0.
(3) We have

At up(tyu A0 ()
=(AOup(t)u™ M) " up(t) ) (up(u T p(t) .

So (3) follows from (2).

(4) The method is the same but notations are more complicated. We define
inductively cocharacters &;that commute with each other, and elements u; of U.
Our induction assumption is Pg(A1---Aj) = Pg(& ---¢§) = B for all j < s.
Define & := A1 and u; := 1. Let u; be an element of U such that §; := ui)\iufl
commutes with & ---&_q1. Write ¢; for &&2---&;, and write v; for u;/uj_1
(set ug = 1). We have, for g € G,

AR gAE) ™ =G (vl (8) 1) (G (B)vsCal(t) ) - -
(Cs(Busguy ' C(0) )
(Com1(BvsCer (B)™H) 71 (G(t)vala ()~ ()

which has a limit if and only if g € B. Similarly,

)21 ()71 (G(HvsCa(t) ™) -
Cs(Dusp(t)uy 145( ) u(t)” !
() (Csm1 (B)vsComr () ) - (CL(B)vG () 1) T ()

By (1), Pa(u¢;) = B for all j, and therefore each of the factors
()G (v G ()™ ™ ()™
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admits a limit 1. So A(#)p(t)A(t) " u(t)~! admits a limit in U by (3).
Next we consider the “moreover” part. () holds for g € H as well. So Py (\) =
u; ' Pr((s)us is a parabolic subgroup of H. O

LEMMA 2. Let F : M — M be an automorphism of a connected reductive
group. Let B C M be a Borel subgroup fized by F, with unipotent radical U.
There exists a cocharacter u of M, a positive integer d and an element u of U
such that = uF(p)u~" and B = Py(p).

Proof. By replacing M by its derived subgroup, we can and do assume M is
semi-simple. Let u be a cocharacter of M such that B = Py (u).

Let ¢ > 0 be an integer. There exists a maximal torus T; of B such that
Fi(u) C T;. Since all maximal tori of B are conjugate by an element of U,
there exists an element u; of U such that Ty = uiTiui_l.

So ui_lFi(,u)ui C Ty, and we can regard it as an element z; of the cocharacter
lattice X.(M,Tp). Since p is a regular cocharacter, its centralizer Zps(p) is
a maximal torus of M, and thus is just Ty. Since automorphisms of M send
the centralizers to the centralizers, u; YFiu; + M — M fixes Ty. Recall that
Aut(M) C Inn(M) x Aut(Dynkin(®(M, Tp))), that is, after fixing a pinning, an
automorphism of M comes from an automorphism of its Dynkin diagram. Since
u; L Fiu, fixes Ty and B, it induces an isomorphism of the Dynkin diagram of M
and thus induces an isometry of the coroot lattice of M. Since M is semi-simple,
its coroot lattice and its cocharacter lattice span the same R-vector space, and
thus u; ' F'u; induces an isometry of X, (M, Ty)®zR. In particular, the set {z;}
is bounded and thus finite. So x;, = x;,+4 for some ig > 0 and d > 0. We have
w F (i, = ug PO ()i pa. Thus o= wiug | FH(@)uigpau;, . O

Recall a subgroup I' C G(k) is said to be G-irreducible if I is not contained in
any proper parabolic subgroup of G(k).

THEOREM 3. Let M be a connected reductive group over a field k. Let k be the
algebraic closure of k. Let Fyy : M — M be an automorphism of M which can
be realized as conjugation by an element g € G(k) after an embedding M — G.
If g and Zp (M) generate a G-irreducible subgroup, then M is a torus.

Proof. One of the key ingredients is the results of Steinberg on endormorphisms
of linear algebraic groups. By [20, Theorem 7.2], any automorphism of a linear
algebraic group fixes a Borel subgroup. Let By C M be a Borel fixed by Fjy.
There exists a cocharacter A : G,,, — M such that By, = Py (\). Let Uy be
the unipotent radical of Bj;. By the previous lemma, there exists d > 0 and
an element u of Uy such that F,(\) = ulu™!. Consider the fake cocharacter
u: Gy, — M, defined by

pi= BT OVF2 () - Far(W)A

Note that Fis(p) = (udu=)pr =L,
By Lemma 1, we have
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(i) Pa(w) is representable by a parabolic subgroup of G;
(ii) Pp(p) = Pu(X) = M N Pg(M).

CLAIM ¢ € Pa(p).

Proof. We verify this using the definition of Pg(u). We have

lim p(t)g(t) ™" = lim p(t)gu(t) "9~
= lim u(t)Far(n)(t)~'g
= lim pONO () ur(t) " Tu g

= lim (u(O)AB)pu(t) MG THABuAB) " u'g

The claim follows from Lemma 1 (4). O

Note that since u is valued in M, Zp (M) C Zg(u).

Let T be the subgroup of G generated by Zj;(M)° and g. As a consequence
of the claim, we have I' C Pg(p). By Lemma 1 (1), Py(p) = Pu()) is a
Borel subgroup of M. By the dynamic description of Borel subgroups, we have
Po(p) N M = Py(u). So Pg(u) is a proper parabolic subgroup of G if Py (u)
is a proper parabolic subgroup of M. Since I' is assumed to be G-irreducible,
we must have Py(p) = M. Since M = Py(p) = By is chosen to be a Borel
subgroup of M, M is forced to be a torus. O

COROLLARY 1. Let M be a connected reductive group over a field k. Let k
be the algebraic closure of k. Let Fyy : M — M be an automorphism of M
which can be realized as conjugation by an element g € G(k) after an embedding
M — G.
Assume

(i) g and Zp(M)° generate a G-completely reducible subgroup;
(i) tk M =1k G and chark # 2,3; and

(i) M has a connected center.

Then Fur fives a mazimal torus T of M.

Proof. Let T' be the subgroup of G generated by Zy(M) and g. If T is G-
irreducible, we are done because of Theorem 3. So we assume there exists a
proper parabolic subgroup P of G, such that I' C P.

By Borel-de Siebenthal theory (see [16] or [10, Theorem 0.1]), when k # 2,3,
rk M = rk G implies M = Zg(Zp (M))°.

We will prove a slightly stronger version of the corollary. We claim F; fixes a
maximal torus of My assuming (i), (ii), and
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(iii’) There exists a torus Z of M such that M = Zg(Z)°.

Since I' is G-completely reducible, there exists a Levi subgroup L C P such that
I' C L. Note that (M N L)° = Z;(Z)°, which is a reductive subgroup (see [10,
Lemma 0.2(1)]) of L fixed by g. We claim (MNL)° is of maximal rank. Let S be
any maximal torus of L containing Z. Since S is commutative and connected,
we have S C Z1(Z)° = (M NL)°. Thus rk(M NL)° =1kS =rkL =rkG.

We apply induction on the dimension of G. Since Z,(Z)° = (M NL)°, assump-
tion (iii’) is satisfied by (M N L)°; assumption (i) is also satisfied because L is a
Levi subgroup of G. Since dim L < dim G, by induction there exists a maximal
torus T of (M N L)° which is fixed by Fjs. Since k(M NL)° =1k G, T is also
a maximal torus of G. O

2.3

We explain how our methods can possibly be used to establish a stronger form
of Steinberg-Winter, at least for groups having connected center. Dynamic
methods are very well behaved for disconnected linear algebraic groups. We
similarly define G-complete reducibility for general linear algebraic groups by
replacing parabolics by pseudo-parabolics. Let F' : M — M be an automor-
phism which can be realized as conjugation by an element g of G after an
embedding M — G. Let H be the scheme-theoretic closure of the (abstract)
group generated by M and g. Note that H is a disconnected reductive group,
and tk H = rk M. Let T" be the subgroup of H generated by Zy/(M)° and g.
We expect that the H-complete reducibility of I' implies the existence of a fixed
maximal torus.

3 THE STRUCTURE OF G-COMPLETELY REDUCIBLE MOD w (GALOIS REPRE-
SENTATIONS

In this section, we give a complete description of all G-completely reducible
mod w Galois representations valued in split reductive groups.

The first step is to show G-complete reducibility implies tame ramification,
reducing the classification of mod w Galois representations to the question of
classification of (certain) solvable subgroups of derived length 2 of reductive
groups.

LEMMA 3. Let Px be the wild inertia of Gr. If p : Gk — G(F,) is G-
completely reducible, p(Pr) = {id}.

Proof. Let Px C Gk be the wild inertia. The image p(Px) C G(F,) is a
p-group, and thus consists of unipotent elements. By [2, Corollaire 3.9], there
exists a parabolic subgroup P of G with unipotent radical R, (P) such that

e p(Pk) C R,(P)(F,), and
o N(p(Px)) C P(Fp);
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here N(p(Pk)) is the normalizer of p(Pr). Since Pk is a normal subgroup of
Gk, p(Gk) C N(p(Pk)) C P(Fp). Since p is G-completely reducible, p(Gk)
is contained in a Levi subgroup L of P. So p(Px) C L(F,) N R, (P)(F,) =

{id}. O

DEFINITION 1. We say p: Gk — G(F,) is quasi-semisimple if there exists a
mazimal torus T of G(Fp) such that p(Ix) C T(Fp) and p(Gr) C Na(T(F,)).

THEOREM 4. If p: Gx — G(F,) is G-completely reducible, then p is quasi-
semasimple.

Moreover, if p is G-irreducible, there exists a unique mazximal torus T of G(IF‘p)
containing p(Ix). Consequently, if p(Gx) C G(F), T has a model defined over
the ring of Witt vectors W (IF).

Proof. By induction on the dimension of G, we can reduce the general case to
the case where p is G-irreducible. Recall that p is G-irreducible if it does not
factor through any proper parabolic of G. If p does factor through a proper
parabolic of G, the G-complete reducibility forces p to factor through a proper
Levi subgroup of G, which is a reductive group of strictly smaller dimension.
So we assume p is G-irreducible in the rest of the proof. By Lemma 3, p(Ik)
is a finite cyclic group generated by elements of order prime to p. Write M for
Zg(]ﬁp)(ﬁ(IK))a the neutral component of the centralizer of p(Ix) in G. Since
p(Ix) consists of semi-simple elements of G(IF), M is a reductive subgroup of G.
Let ®x € Gk be a topological generator of G /Ik. Since Ik is a normal
subgroup of Gk, the conjugation by p(®x) action induces an automorphism
of M, which we denote by Fy; : M — M.

Next we show p(Ix) C Zpy(M). Since G is connected, a semisimple element
of G is contained in a maximal torus. Since p(Ix) is a cyclic group consisting of
semi-simple elements, there exists a maximal torus 7' containing p(Ix ). Since a

torus is connected, we have T' C M, and thus p(Ix) C M(F,). It is immediate
from the definition of M that p(Ix) C Zp(M).

By Theorem 3, M is a torus. Let T be any maximal torus of G containing p(Ix).
Since T' is commutative and connected, we have T' C Zg(p(Ik))° = M. So M
is the unique maximal torus containing p(Ix). Now consider the “moreover”
part. For o € Gal(F,/F), o(M) is also a maximal torus containing p(I). So
o(M) = M, and thus by Galois descent M is defined over F. By [5, B.3.5], T
has a model over W (F). O

3.1 EXAMPLE

We illustrate the technical proof using a very concrete example. Let G = GLy.
Let p: Gx — GL4(F,) be a semi-simple Galois representation. We decompose
V =V, @V, into Ix-isotropic subspaces. Here x1, x2 : [x — F,’ are distinct
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characters such that for v € V,, and o € Ik, p(o)v = xi(o)v, i = 1,2.

X1
- _ X1
p|IK X2

X2

There are two possibilities: either both V; are p(® g )-stable, or p(®x) sends
Vi to Va_;, i = 1,2. The first case is simple: V =V,, @ V,, as a Gg-module.
Now we consider the latter case. By Steinberg’s theorem [20, Theorem 7.2], we
can assume p(P ) fixes a Borel

of M = GLy x GLy C GL4 and thus we must have
a b

c

ﬁ(q)K) = d f

e

for some a, b, c,d, e, f € F,. The Borel subgroup Py is of shape Py () for

e x
8
) = 7 %
t5
for a > and v > §. We have
7 %
_ _ 1 0
PORONOF ) = .
8
and thus
oty
B B 1 tB+6
PP )ANE)P(PK) ™ A) = o
tB8+6
Since a + v >  + 4, we have
* * * *
— _ _ * %
Por,(p(®x)Mo(®r) TN = |
* *

DOCUMENTA MATHEMATICA 27 (2022) 2441-2468



2452 7. LIN

and finally we observe p(®x) € Por,(p(®x)\p(Px)™tN). In general, by
Lemma 2, there exists an integer d such that [[_, | p(®x )" A(t)p(Px )~ gives
the desired parabolic.

4  CRYSTALLINE LIFTS OF IRREDUCIBLE MOD w (GALOIS REPRESENTATIONS

Write k for the residue field of K. Fix a coefficient field E with ring of integers O
and uniformizer . Write F for the residue field O/w. Assume x C F. Let
b € Gk be a (lift of a) topological generator of Gk /Ix. Fix an algebraic
closure K of K.

In this section, we assume G is a split group since we are primarily interested
in Galois representations valued in L-groups. The L-group of a connected
reductive group is split, albeit possibly disconnected.

4.1

Let T be a maximal torus of G. More precisely, T" is a smooth group scheme
over Spec O such that T; C Gj is a maximal torus for all geometric points
O — k. Write W(G,T) for the Weyl group scheme Ng(T)/T. Write Of for
the ring of integers in K. Note that we have a commutative diagram

W (G, T)(O)—= W (G, T)(Og) == W (G, T)(K)

| -

W (G, T)(F)——= W(G, T)(

and as a consequence, the map W (G, T)(0) — W (G, T)(F) is injective. On the
other hand, since N¢(T') is a smooth group scheme over Spec O, W(G,T)(O) —
W (G, T)(F) is also surjective. We will identify W(G,T)(O) with W (G, T)(F)
and write it as W(G,T). It will be clear from the context if the notation
W (G, T) denotes a set or a group scheme.

Write Mr cris for the set of representations Iy — T'(O), which can be extended
to a crystalline representation G+ — T'(O) for some finite unramified extension
K'/K inside K. Since the union of two finite unramified extensions inside K
is still a finite unramified extension, Mt «is is an abelian group.

The abelian group M s has a Z[W (G, T')]-module structure, defined by wv :=
(0 = wu(o)w™1), for w € W(G,T) and v € M7 cyis.

The abelian group My ris also has a Z[Gk /Ix]-module structure, defined by
av = (o — v(a"toa)) for a € G and v € Mr cyis.

The following lemma is clear.

LEMMA AND DEFINITION The Z[W(G,T)]-structure and the Z[Gg/Ik]-
structure on My ris commute with each other. Therefore M7 s is a
ZIW(G,T)] ® Z|Gk / Ik ]-module.
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Similarly, write Mz for the abelian group of mod w representations I'x —
T(F). The abelian group My has a Z[W (G, T)|®Z|G k / I k]-module structure.

LEMMA 4. Write ¢ : Ng(T) — W(G,T) for the quotient map.

(1) Let w be an element of Ng(T)(O) of finite order. An element v € My cris
extends to a continuous representation p : Gx — Ng(T)(O) by setting p(Pr) =
w~t and plr,. = v if and only if

1-1®
S ker(MTﬁcriS ~—°—><(W)® ©Px

MT,cris)-

(2) Let @ be an element of Ng(T)(F). An element v € Mrpy extends to a
representation p : Gx — Ng(T)(F) by setting p(®r) = w= ! and plr, = v if
and only if

((0)R1-10Pk
.

v e ker(MTJF MT,]P‘)-

Proof. (1) Since w is of finite order, it suffices to show v € My cis extends to
a representation p : Wx — Ng(T)(O) of the Weil group Wi = Ix x Z by

setting p(®x) = w™t and p|r,, = v if and only if v € ker(Mr cris w

My ris). If v is extendable to p, then for all o € Ik
p(@lo®x) = wp(o)w™;

the left hand side restricted to Ik is (18P )v, and the right hand side restricted

to Ik is (((w) ® 1)v. So (1 ®@ Px)v = ({(w) ® 1)v. Conversely, if (1@ Pk )v =

(¢(w) @ 1)v, then v(®RloPx) = wu(o)w™! for all o € Ik. Define p(c®") :=

v(o)w™™ for all 0 € Ix and n € Z. It is clear p is well-defined on Wg, and

extends to G uniquely by continuity.
(2) is similar to (1). O

DEFINITION 2. For an element of the Weyl group w € W(G,T) =
W(G,T)(F) = W(G,T)(O), define

wQ1—1QP i
_—

MT,w,cris = ker(MT,cris MT,cris); and

w®1—1QdD ik
MT,HIJF = ker(MTy]F —_— MT,IF)-

The following simple lemma is essentially how we construct crystalline lifts.

LEMMA 5. Let Z[X] be the polynomial ring. Let a(X),b(X) € Z[X] be two
polynomials. Let n and N be integers. Assume a(n)b(n) = 0.

Let M be a Z[X]/(a(X)b(X) — N)-module. Write M for M ®z Z/N.
If M has a torsion-free, finitely generated underlying abelian group, the se-

quence

0= a(X)M — M 22 p(x)M = 0

is short exact.
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Proof. Pick v € ker(M — b(X)M). Let v € M be a lifting of 5. We have
b(X)v ~— 0 in M. Since M = M ® Z/N, b(X)v = Nu for some u € M.
Multiply both sides by a(X), we get a(X)b(X)v = Nv = Na(X)u. Since M is
Z-torsion-free, we have v = a(X)u, as desired. O

PROPOSITION 2. If w!F%l =1 and E contains K, the map
MT,w,cris — MT,w,]F

18 surjective.

Proof. Write f := [F : 5]. Let K; be the unramified extension of K of degree f.
We single out a Z[W(G,T)] ® Z|Gk /Ix]-submodule M3 . C Mr s which

T,cris
consists of elements that can be extended to a representation Gx, — T'(O).

Note that M%Cﬁs — Mrp is surjective because the fundamental character

of niveau f admits a crystalline lift, namely, the Lubin-Tate character of the
field ;. Put MY = MY, s N M7 5 cris.

T,w,cris T,cris
Note that on both Mf, ;. and My g, we have (w®1)! = (18 @)/ = id, where

O is the fixed topological generator of Gk /1.
Put

f—1
== Z w' ® @{;171.
i=0

Commutativity of w®1 and 1@ ®x implies (w@1-10®x)= = (w®1)f - (1®
®x)f. In particular, the inclusion EM%CﬂS — M%ms factors through M%

(which is the arrow at the top of the diagram below).
Consider the commutative diagram

w,Cris

= MO 0 w®1-19%K_ . o

“MT,cris MT,w,Crls MT,Cris MT,cris

_ l l l wR1—10d l

:MT,]F — MT,w,]F MT,]F MT,]F
0

It is clear that =M?2

Toeris — =M is surjective. So it suffices to show

EMTJF — MT,w,]F

is surjective.
Let ¥ : Ix — F* be a fundamental character of niveau f. Note that Y
generates the abelian group Mg, r. Indeed, there is an abelian group iso-

morphism ¢y : 7/(¢f — 1) =N Mg, r, sending 1 to x. We have Mryp =
Mg,, r ®z Homarpsen (G, T'). Note that the Weyl group element w acts on
Homeypsen(Gm, T') via conjugation v — wow L.

We specialize Lemma 5 as follows:

DOCUMENTA MATHEMATICA 27 (2022) 2441-2468



CRYSTALLINE LIFTS 2455
o Set M = Homgrpsen(Gm, T'), and regard it as a Z[X]-module where X
acts by w;
e Set M = My, and regard M as a Z[X]-module via X — w ® 1;
e Set N=¢f —1;
e Set n =g;
o Set a(X) =177 Xig/ 17,
o Set b(X)=q— X;

We can identify M with M@ZZ/(qf —1) via the map ¢y : Z/(¢/ —1) = Mg, F.
Here are a few things to check:

(i) M is finitely generated and torsion-free over Z.
(i) (a(X)b(X) — ¢/ + 1) kills M;
(iii) M ®y, 7/(¢f — 1) = M as abelian groups;

(iv) a(q)b(q) = 0.

Items (i), (iii) and (iv) are clear. For item (ii), notice that a(X)b(X) = ¢/ — X 7.
Since we assumed w/ = 1, a(X)b(X) = ¢ — 1. O

The goal of the rest of this section is to prove the following theorem:

THEOREM 5. Let K be the residue field of K. LetF/k be a finite extension. Let
K™ be the mazimal unramified extension of K with ring of integers Ok, .
Let p: Gk — G(F) be a quasi-semisimple (see Definition 1) representation.
(1) There exists a crystalline representation p : Gxg — G(Ogur) lifting p.

(2) Assume G admits a simply-connected derived subgroup and p is G-
irreducible. Let F5 be the splitting field of pl1,, that is, the smallest field ex-
tension F5 of F such that p|1, : Ix — G(F) factors through the F5-points of a
split torus of G. Then p can be chosen to have image in G(Ok,) where Kj is
the unramified extension of K with residue field 5.

4.2

The strategy is as follows: the first step is to choose a lift of p|;,, which admits
an extension to the whole Galois group G. This is already done in Propo-
sition 2. The second step is to choose a lift of all Frobenius elements. The
continuity of the lift is free because we’ll only use finite order lifts (modulo the
image of Ix) of Frobenius elements.

LEMMA 6. Assume the special fiber Tr of T is a split torus. There exists a
finite subgroup N C Ng(T)(W(F)) such that N — Ng(T)(F) is surjective.
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Proof. By [5, B.3.5], T splits if and only if Ty splits. The key ingredient is Tits’
theory of extended Weyl groups.

By [21], there exists a subgroup W C Ng(T')(W(IF)) which is isomorphic to the
extension of the Weyl group W (G, T') by (Z/2)®! for some [ > 0, and generates
the whole Weyl group. Write [—] : T(F) — T (W (F)) for the Teichmuller lift.

FacT The Teichmiiller lift is the unique p-adic continuous multiplicative sec-
tion of T(W(F)) — T'(F).

Proof. We include a proof here because it is short. It is well-known for T' = G,,,
In general, choose a faithful representation i : T — GLy C Matyxn. Let
s,t: T(F) — T'(O) be two multiplicative sections. We have i(s(x))—i(t(x)) =1
mod pf for all z € T(F); (i(s(z)) —i(t(z)))”"" =1 mod p™*+D7; and i(s(z)) —
i(t(x)) = i(s(@"")) —i(t(@"")) = (i(s(x)) — i(t(x))”"" = 1 mod p*/ for
all n. O

For cach w € W and z € T(F), x — wfwzw™'w is a continuous section
of T(W(F)) — T(F) and must be equal to the Techmiiller lift. Let N be the
composite W - [T(F)]. Since for all w,w’ € W and z,2’ € T(F), we have
wlz]w'[2'] = ww' [w' " zw'z’], N is a finite order subgroup of Ng(T)(W (F)), as
desired. (|

The existence of N has the following immediate consequence:

COROLLARY 2. Let p: Gx — G(F) be a G-completely reducible representation.
There ezists a lift p: Gx — G(W(F,)) of p.

Indeed, for any lift v of pl1,, to G(Okuw) that can be extended to the whole
Galois group G, there exists a lift p to G(Ogur) whose inertia is v.

Proof. We first prove the first paragraph. We are allowed to enlarge the coef-
ficient field F to make T split. Set p|r, to be the Teichmiiller lift of p|;, .
Let ®x € Gk be a lift of the topological generator of Gk /Ix. Choose
an element n € N which lifts p(®x). Set p(®x) = n. Write n = wt
where w is an element of Tits’ extended Weyl group W and ¢ lies in the Te-
ichmiiller lift of T'(F). Let o be an element of Ix. Write x for p(c). We have
p(Prodyt) = [p(®ro®y')] = [wrw™!]. By the proof of the previous lemma,
[wrw™t] = wrjw™! = wp(e)w™! = np(c)n~1, and thus p extends uniquely to
a continuous homomorphism Gx — G(W (F)).

Now we prove the “indeed” part. It is an immediate consequence of Lemma 4
and Lemma 6. O

LEMMA 7. Let p : Gxg — G(F) be a G-irreducible Galois representaion. By
Theorem 4, there exists a unique mazimal torus T of G such that p(Gk) C
No(T)(F).

Let k be the residue field of K. Let Fy C F be the smallest subfield of F
containing k such that p(Ix) C T(Fy). (Recall that G is a Chevalley group and

DOCUMENTA MATHEMATICA 27 (2022) 2441-2468



CRYSTALLINE LIFTS 2457

has a Z-model.) Let ®x € G be a lift of a topological generator of G /I .
The map Gxg — Ng(T)(F) — W(G,T)(F) maps ®x to an element w of the
Weyl group W (G, T)(F).

If G admits a simply-connected derived subgroup, then w

W (G, T)(F).

Forl = 1 in

Proof. Write fy := [Fo : k]. Let s € p(Ix) be a generator. By the proof of
Theorem 4, T' = Z¢(s)° is the connected centralizer of s. Since p(Ix) C T(Fy),
we have p(®x)/0sp(Px) 0 = 5. So p(Pr)f € Zg(s) N Ng(T). Since G has
a simply-connected derived subgroup, Zg(s) = Zg(s)°. So p(®x)fo € T, that
is, wifo:rl = 1 in W(G, T)(F). O

Proof of Theorem 5. (1) We choose a sufficiently large coefficient field E' (which
is unramified over K) such that the cardinality of the Weyl group W (G, T)
divides [F : k] and Ty splits. The assumption of Proposition 2 is satisfied. So
there exists a crystalline lift v : Ix — T(O) such that v = p|;, mod w. By
Lemma 4, v can be extended to G .

(2) For ease of notation, replace F by F;. Write O for O,. We choose the
field Fy as in Lemma 7. Note that the maximal torus in Lemma 7 is split: let .S
be a maximal split torus over IF such that p(Ix) C S(IF); since T = Zg(p(Ik))°,
we have T' O S; now since G is a split group, we must have S = T. Let Ky, be
the unramified extension of K of degree [Ky, : K] = [Fo : k]. Let Op be the ring
of integers of Kz,. We have Oy C O. By the previous Lemma, Proposition 2
is applicable, and thus there exists a lift v : Ix — T(Op) such that v = p|r,
mod w and v admits an extension to a representation Gx — Ng(T)(Op). By
Corollary 2, v admits an extension to Gx which lifts p.

Fix ®x € Gk, a lift of a topological generator of Gk /Ix. By Lemma 6,
we choose a finite order lift X € N C Ng(T)(O) of p(®x). Since the Weyl
group scheme is a constant group scheme, any two lifts of p(®x) have the
same conjugation action on the maximal torus Ng(7T')(O), and therefore we
can extend v to a representation Gxg — Ng(T')(O) by setting P — X. O

5 HODGE-TATE THEORY FOR (GALOIS REPRESENTATIONS VALUED IN RE-
DUCTIVE GROUPS

The Hodge-Tate theory for GLy is reviewed in Appendix A. In this section, we
discuss Hodge-Tate theory for general reductive groups, and show G-irreducible
mod w Galois representations admit Hodge-Tate regular crystalline lifts.

5.1 FIRST PROPERTIES OF HODGE-TATE COCHARACTERS

DEFINITION 3. Fiz an algebraic closure @ of Qp. Let K,E C @ be finite
extensions of Q,. The field E will serve as the coefficient field. To define
colabeled Hodge-Tate gradings, we assume K is a subfield of E and therefore Gg
as a subgroup of G .
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Let C := Cg be the completed algebraic closure of K. Let 0 : E — C be an
embedding. Let (p,V) be a Hodge-Tate representation of Gx. Then one can
define the o-colabeled Hodge-Tate grading on C®, gV by setting the i-th graded
piece to be

Im((C(i) ®¢,p V)9 @ C(—i) = C®q,p V)

which is compatible with tensor product and duality.

Let G be a reductive group over E. A G-valued representation is Hodge-Tate
if for all representations G — GL(V), V is a Hodge-Tate G -module. Let
p: Gk — G(E) be a Hodge-Tate G-valued representation. Consider G(o) o p:
Gk — G(C). By Tannakian theory, there is a cocharacter HT (p)? : G —
Gc, such that for any faithful representation © : G — GLy, the composition
i(HT (p)?) recovers the Hodge-Tate grading on i(G(c) o p) : Gk — GLN(C).
Set HT (p) :== (HT (p)?)o:Esc € [[peyc X«(Ge). We call HT (p) the co-labeled
Hodge-Tate cocharacter of p.

The formation of co-labeled Hodge-Tate cocharacters is clearly functorial in G.

LEMMA 8. Let f : G — H be a morphism of reductive groups over E. If p :
Gk — G(FE) is a Hodge-Tate representation, we have HT (f o p) = f(HT (p)).

Proof. Tt follows immediately from Tannakian theory. O

5.1.1 REGULAR COCHARACTER

Let H be a reductive group with maximal torus S. A cocharacter x € X, (H, S)
is said to be regular if it is not killed by any root of H (with respect to .S).
We say p is Hodge-Tate regular if for all 0 : E — C, the cocharacter HT (p)°
of G is regular.

When G = GLy, we can also define labeled Hodge-Tate weights (see Ap-
pendix A). It turns out labeled Hodge-Tate regularity is equivalent to cola-
beled Hodge-Tate regularity. So our definition coincides with the usual notion
of Hodge-Tate regularity in the literature.

LEMMA 9. Assume G = GLy. Assume E admits an embedding of the Galois
closure of K. Then p is Hodge-Tate regular if and only if the labeled Hodge-
Tate weight k = (k;)r.x— g is reqular in the sense that each k. € ZN contains
distinct numbers.

Proof. Tt follows from Proposition 3. O

LEMMA 10. Let K'/K be a finite field extension such that K' C E. Let p :
Gk — G(E) be a Hodge-Tate G-valued representation. We have HT (pla,..) =
HT (p).

Proof. Note that the Definition 3 only makes use of Gg and does not depend
on K. O
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LEMMA 11. Let p1,p2: Gk — G(E) be two Hodge-Tate representations whose
image s abelian and consists of semisimple elements. If pipa = p2p1, then

HT(P1P2) = HT(Pl)HT(m)-

Proof. By the previous lemma, it is harmless to shrink Gx and thus we can
assume pi, p2 both factor through a maximal torus 7" of G. By descent, we can
assume 7' is split. Write ¢ : T' < G for the embedding of the maximal torus 7.
Let t1,t2 : Gx — T(E) be representations such that i(¢1) = p1 and i(t2) = po.
We have HT (p1) = i(HT (t1)) and HT (p2) = i(HT(t2)) by functoriality
(Lemma 8). So it suffices to show HT (t1t2) = HT (t1)HT (t2). Since T is
a split torus, the general case follows from the special case T = G,,. The
Hodge-Tate cocharacter of t1te : Gx — G, (F) is completely decided by the
Hodge-Tate weight of ¢1t2. The lemma follows because the Hodge-Tate weight
of t1to is the sum of the Hodge-Tate weight of ¢; and the Hodge-Tate weight
of fg. O

We use the following lemma to construct Hodge-Tate regular cocharacters.

LEMMA 12. Assume E = Ky is the unramified extension of K of degree f
inside the fized algebraic closure K = @ of K. Fix a maximal split torus T
of G. Writei:T — G for the embedding.

For each colabel 0y : Ky — C, and each cocharacter A € X,.(G(C),T(C)), there
exists a crystalline representation t : Gr, — T(Ky) such that

HT(i(1))° = {A ¥ o=o,

the trivial cocharacter if otherwise.

Proof. Let xrr : GKf — O}f be a Lubin-Tate character. Choose an isomor-
phism T2 GX", r =rkT.

The field K is a subfield of K by its choice. The composite K; — K — C
defines a canonical embedding of Ky in C. Since K;/K is a Galois extension,
there exists a unique ¢ € Gal(Ky/K) such that ogoc is the canonical embedding
Kf — (CK.

Put t = L(XI}},~~ ,X}ﬁff), hi, -+ ,h. € Z. By Lemma 8 and Lemma 18,
HT(i(t))° is the trivial cocharacter if o # op. Since the co-labeled Hodge-

Tate weights of the Lubin-Tate character is (1,0---,0), if we let the tuple

(h1,--- ,h,) range over all Z", then HT(i(t(xI%, -+, XxIm)))70 ranges over
all cocharacters in X,(G(C),T(C)). So we can choose (hq,---,h,) so that
AT (0 xix)™ = A 0

5.2 HODGE-TATE REGULAR LIFTS OF QUASI-SEMISIMPLE MOD w GALOIS
REPRESENTATIONS

In many applications, we need Hodge-Tate regular crystalline representations.
For example, crystalline deformation rings of regular Hodge-Tate weights have
the largest dimension, which is exploited in the work [6].
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The following lemma shows as long as a crystalline lift exists, Hodge-Tate
regular lifts also exist.

We will specialize to the case where Ef = K, the unramified extension of K of
degree f.

5.2.1 LOCAL CLASS FIELD THEORY

Let Artg : K* — G% be the local Artin map, which we normalize so that a
uniformizer corresponds to a geometric Frobenius element.
Note that Artx induces an isomorphism

Art!: Gal(K*P/K™) = 0%

See the paragraph after the proof of [12, 6.2] for a reference. Denote by rx the
induced map Ix — Oj.

THEOREM [12, 6.11] Let 0 : K — K’ be an isomorphism of fields. Then the
following diagram is commutative:

Artg
X ab
x AU Gt

lg la*
Art g
K™ —5 G5b,

Here o* : 7+ oo~ L.
COROLLARY 3. Let 0 : K — K be a continuous field automorphism. Then
ri(oro™t) = o(ri (7)) for all 7 € Ik.

Proof. 1t is an immediate consequence of Theorem 5.2.1. o

THEOREM 6. Let p: Gxg — G(F) be a G-completely reducible representation.
Let k be the residue field of K. Assume k C F.

(1) There exists a Hodge-Tate reqular crystalline lift p : Gx — G(Ok,) for
some positive integer f.

(2) If G has a simply connected derived subgroup and F is the splitting field of
pli (see Theorem 5), then f can be taken as [F : k).

Proof. Write i : T — G for the embedding of the maximal torus 7.

We will show that as long as a crystalline lift exists, a Hodge-Tate regular
crystalline also exists with the same coefficient field. The existence of crystalline
lifts is Theorem 5.

We keep notations used in the proof of Proposition 2. We set O := Of,. Recall
that = := ngol wi®<13{<717i, where @i € G /I is a generator of Gk /I, and
w € W(G,T) is the Weyl group element which corresponds to p(®x)~!. Recall
that the submodule M2 C M cris consists of representations Iy — T(0)

T,cris
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which are extendable to Gk,. For each element of u € M%Cris, choose an
extension t, : Gx, — T(0O). The Hodge-Tate cocharacter HT (i(t,)) does
not depend on the choice of ¢,. It makes sense to write HT (u) for HT (i(t,))
(where t,, is any choice of extension).

In the proof of Proposition 2, we’ve shown that there exists v € EM%CIiS
M3,y cxis Which is a lift of p|r,,.

Fix a colabel 09 : Ky — C. By Lemma 12, there exists a crystalline repre-
sentation t : Gg, — T(O) such that HT(i(t))? is a regular cocharacter in
X.(G(C), T(C)) if 0 = 09, and is the trivial cocharacter if o # 0.

The restriction t|7, defines an element vy € M% By Lemma 8, we have

C

HT ((w @ 1)) = wHT (vo)w ™.
By Lemma 18 and Corollary 3, we have
HT((1© @5 )v9)” = HT (v9)7°%x .
Summing up, we have
f-1
—HT(Y wf © Bl g0

Jj=0

1—itf 1—itf

HT (Sug)7°%x

T
)

HT (! @ B! Tug) oot

- .
!
- O

1—itf

ijT(l ®(I){(*1*jv0)ao°‘1’;< w)

- .
- O

= T w/HT (oo)7oe ook g
=0
= W' HT (vo) " w™"

By Definition 5.1.1, Zvg is Hodge-Tate regular.

Let C be a very large positive integer. Write N for the cardinality of F*.
Define v’ := v + CNEvy. Since Mpy is N-torsion, v’ is a lift of p|;,. We
have HT (v') = HT (v)HT (Zvo)CN. Since HT (Zvy) is a regular cocharacter,
HT (v') is also a regular cocharacter if C' > 0.

Since EMP, 5. C M3, iy We have v + Evg € Mr 4 eris. By Corollary 2, o/
extends to a representation Gx — G(O) which is a crystalline representation
lifting p. O

A APPENDIX: HODGE-TATE THEORY WITH COEFFICIENTS

Let K/Qp, E/Q, be finite extensions. Assume E admits an embedding of
the Galois closure of K. Fix an embedding K — E. Let V be a finite di-
mensional E-vector space. Let p : Gk — GL(V) be a continuous represen-
tation. Assume p is Hodge-Tate. Let C := Cg be the completed algebraic
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closure of K. Let Bt := P, o5, C(n) be the Hodge-Tate period ring. Then
Byt ® V := Bt ®q, V is a C® E-module with G k-action.
Let 0 be an embedding E < C. Define

V, = {Z x; ®y; € Bur @ V| Za(a)xi Ry = le ® ay; for all a € E}
= ﬂ Ker(liga — lo(a)21) (where [,; is scalar multiplication by x)
a€lE

It is easy to see that
LEMMA 13. Let L, C C be the subfield generated by K and o(E).

(i) Vs is a G, -stable C ® E-submodule of Byt ® V;

(i1) Vs is isomorphic to Bur ®4, 5V as a Gr,-semi-linear C-module;
(iii)) Bur @ V =P, gy Vo-
Let L be the Galois closure of L, in C. Write D, (V) := V.92, By (iii),

P D.,(V)=Bur @ V)% = Dur(V) @k L
0:BC

The Hodge-Tate grading on Dyr(V) induces a grading on each of D, (V). So
D,(V,) is a graded L-vector space. We denote by HT? (V) the multiset of
integers n in which n occurs with multiplicity dimy, gr”™ D, (V, ), and call it the
o-co-labeled Hodge-Tate weights of V. 1

A.1 LABELED HODGE-TATE WEIGHTS

Let 7 : K — E be an embedding. Define

V. = {le ®y; € Bur ®V|Zami Ry = in ® 7(a)y; for all a € K}
= ﬂ Ker(la®1 — 11®T(a))
acK

LEMMA 14. We have

V, = @ v,

0:E—C,o|g=7""1
Proof. Unravel the definitions. O

While V,, is only G, -stable, V; is Gg-stable! Write D, (V) := (V;)9%. We
want to remind readers the usual definition of 7-labeled Hodge-Tate weights
(for example, the definition in [9, 1.1]).

IThis is a non-standard terminology.

DOCUMENTA MATHEMATICA 27 (2022) 2441-2468



CRYSTALLINE LIFTS 2463

DEFINITION 4. The multiset HT (V') is as follows: an integer n appears with
multiplicity
dlmE gI‘n(DHT(V) ®E®QPK,T E)
LEMMA 15. We have dimp gr™(Dut(V) ©@paq, k.- E) = dimp gr"(D-(V)).
Proof. Tt is easy to see (by unravelling the definitions) that the natural map
VTGK — Dyr(V) - D (V) QBgqg, kv £

is injective, and E-linear. So it must be an E-isomorphism because of the direct
sum decomposition. O

When we divide a multiset by an integer s, we divide the multiplicity of all
members of the multiset by s. For example %{1, 1,2,2,2,2} = {1,2,2}.

PROPOSITION 3. We have HT+(V) = g7 Uy pesc,o, emr -1 HT7 (V).
Proof. Let L be as before. We have
D,(V)exL = V&= . Vo = Pb b

0:E—C,o|,g=7""1 c:E—C,o|; k=71

as graded modules. So

dimg(D,(V)) = ﬁ dimg (D, (V) = ==

-5 ?K] S dimg D,(V)

0:E—C,o| k=71

Thus the multiset of 7-labeled Hodge-Tate weights is the average of certain
multisets of o-co-labeled Hodge-Tate weights.

A.2 GALOIS TWIST

The following is a convenient observation.

LEMMA 16. Let K, E be arbitrary finite extensions of Q,. Let L/E be a field
extension. Let o0 : E — C be an embedding. Let ¢ : L — C be an embedding
extending o. Let K'/K be a finite extension. Then

(1) HT? (Resgs' V) = HT?(V);
(2) HT°(V) = HT°(V @ L).

Assume moreover that E admits an embedding of the Galois closure of K. Let
7: K — FE be an embedding. Then
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(8) HT, (V) =HT.(V ®g L).

PT’OOf. (1), (3) unravel deﬁnitions; (2) BHT ®L,& (V@EL) = (BHT ®L,5L) RE
V =Bur Qp,e V. O

COROLLARY 4. Assume E contains the Galois closure of K. Let 0 €
Aut(E/Qy). Let 7: K < E be an embedding. Then

(1) HT(V @p 4 E) = HT7 (V).

(2) HT(V Qpe E) = HTy-1,.(V).

Proof. (1) It is a special case of Lemma 16(2).
(2) By Proposition 3,

1
HT(V@peE) = > HT(V @, E)

0:E—C,o|, k=71

- = :1K] > HT?°(V)

0:E—C,o| gk=7""

- 5 ?K] 3 HT (V)

0:E—C,000- 1| g=7"1

HTg-10,(V) O

A.3 LUBIN-TATE CHARACTERS
In this subsection, we want to rewrite some results of [17, IIT.A.1-IIT.A.5] using

the language we just developed.

REMARK Proposition B.2 of [4, Appendix B] contains a result more general
than this subsection.

A.3.1

Note that the cyclotomic character has Hodge-Tate weight —1.

A.3.2 LUBIN-TATE CHARACTERS OF GALOIS EXTENSIONS OF Q,

We start with the simpliest case. Let E = K/Q, be a finite Galois extension.
Let 7 be a uniformizer of K. Let F; be the Lubin-Tate formal group associated
to K and 7. Let xx = xk.» : Gk — OE be the Tate module of F,, as is the
notation of [17]. Then x|, = 7% " (see subsection 3). (So rx is crystalline.)

LEMMA Let 01 € Gal(K/Qp). Then a o-co-labeled Hodge-Tate weight of
o1oxk is —1if o = 01_1, and 0 if otherwise.

Proof. See [17, Thm 2, IIT.A.5] and [17, Prop IIT.A.4]. Note that
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e Serre’s K and E are reversed,
e Galois hypothesis is required by [17, III.A.3(b)],
e Serre’s W, is our gr' V.
O

LEMMA 17. Now suppose E = K/Q, is not necessarily Galois. A o-co-labeled
Hodge- Tate weight of xx is —1 if ¢ =id 2, and 0 if otherwise.

Proof. Choose a Galois closure L of K over Q,. Consider

ab ab
G — Gk

l rec l rec

L M)KX
By local class field theory, xx|a, = Np/x o xL = HaeGal(L/K)U oxr. By
Lemma A.3.2, for 7 € Gal(L/Q,),

—1 if 7 fixes K

HT7 =
(xrla) {0 if otherwise

Now apply Lemma 16(1), (2) to conclude. O

LEMMA 18. Let K/Q, be a finite extension, and let E/Q, be a finite extension
admitting v : K — F.

(1) For each o : E — C, the o-co-labeled Hodge-Tate weight of 1o xk is —1 if
oot =idg, and 0 if otherwise.

(2) Suppose further E admits an embedding of the normal closure of K. Then
for each 0 : K — FE, the o-labeled Hodge-Tate weight of Lo xx is —1 if 0 =1,
and 0 if otherwise.

Proof. (1) We have

HT (10 xx) = HT7*(xK) By Lemma 16(2)
-1 if =id
- noot=idr By Lemma 17
0  if otherwise
(2) Follows from Proposition 3 and (1). O

LEMMA 19. Let K/Q, be a finite extension. Let L/K be an unramified ex-
tension in C. Let L' be the Galois closure of L over Q,. Let t: K — L' be

the tautological embedding. Let @i € G be a lift of a topological generator of
Gi/Ik. Letd =[L: K]. Then

2More precisely the tautological embedding of E in C
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(1) Let o : L — C. Then
HT (Indgx (xz)) = HT? (x2) UHT? (@5 0 x2) U--- UHT? (@5 " 0 x1)
(2) Let T : K — C. Then

{0,...,0,—1} if 7 is the canonical embedding, and

HT, (Ind&x =
(In GL (toxr)) {{0’ ...,0,0} if otherwise.

Proof. (1) Follows from Lemma 16 and Corollary 3.

(2) We have
1 ~
HTT(Indgf (toxr)) = [L' B K] U HTU(Indgf (toxwr))
. &:Llf_ﬂcv&lﬂ'KOT:id
= G
- HT? (Ind&x
LK) s Ui_d - (Indg¥ (xr))
g: 0| xkoT=id,0:=G|L
1 G
= HT? (Ind&x
[L:K] U:L_}CHKOT_M (Indg; (xz))
1 —
L K] U HT? (x) UHT (@ 0 x2) U--- UHT? (3% o y1)

0:L—C,o|rkoT=id

1 d—1
= [L . K] U U 60‘,LO<I>];(

0:L—C,o|;kor=id k=0

Here dxy is {—1} if X =Y and is {0} if otherwise. Since ®%. is the identity
when restricted on K, the last line is 0 unless 7 is the canonical embedding;

in this case, the last line becomes [L—lK] U;-l;é Z;(l) 5Lo<1>§<,bo<1>’;< ={0,...,0,—1}.
O
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