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ABSTRACT. In this paper, we discuss the problem of derivation of
kinetic equations from the theory of weak turbulence for the quintic
Schrédinger equation. We study the quintic Schrédinger equation
on LT, with L > 1 and with a non-linearity of size ¢ < 1. We
consider the correlations f(T") of the Fourier coefficients of the solution
at times t = Te~2 when ¢ — 0 and L — oo. Our results can be
summed up in the following way: there exists a regime for ¢ and L
such that for T' dyadic, f(T") has the form expected from the Physics
literature for kinetic regimes, but such that f has an infinite number
of discontinuity points. This discontinuity appears in the context of
finite-box effects.
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1 INTRODUCTION

In this paper, we discuss the problem of derivation of kinetic equations from
the theory of weak turbulence for the quintic Schrodinger equation.

Wave turbulence has been introduced by Peierls in the late 1920s, in [29] for
cristals. It describes the statistical dynamics of random non-linear waves. It
was followed by works by Brout and Prigogine, [3] and early developments are
described in the book by Prigogine [30]. In the 1960s, wave turbulence was
developed for plasma physics [32, 36], and in the context of water waves and
primitive equations, for example the works by Benney and co-authors [2], by
Hasselman [18, 19] and Zakharov and Filonenko [34, 35]. These works started
to describe the statistical dynamics of waves that were far from equilibrium, as
opposed to a perturbative study. Zakharov introduced in particular the now-
called Kolmogorov-Zakharov spectra, [33], that modelises a specific momentum
transport.

An extensive literature has been developed since in Physics, as it is reviewed
in the book by Nazarenko, [28].

The derivation of kinetic equations consists in describing the dynamics of the
statistic of random waves, that is to derive an equation satisfies by the moments
or the law of a solution to a generic Hamiltonian equation. It is called kinetic in
analogy with the kinetic equations for large systems of particles (eg the Vlasov
equation) but instead of having particles that interacts to form a non-linearity,
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SINGULARITIES IN THE WEAK TURBULENCE REGIME 2493

one considers the repartition of waves, and these waves interacts to form a
non-linearity.

We first describe the expected result before describing our framework and re-
sults.

Consider the quintic Schrédinger Cauchy problem :

iOptue,r, = — A ue,r +elue M ue 1 (1)
usﬂL(t = 0) = ay,

on the torus LT, L > 1, with ¢ < 1 and with initial datum

eikx/L

ar, = kez;a(k/L)\/mgk

where (gir)r is a sequence of independent centered and normalized Gaussian
variables, and a is a smooth, compactly supported map.

The map ue,r is a map from R x (LT) x ©Q where  is a probability space
supporting the (gr)r, and A is the Laplace-Beltrami operator on LT.

The issue at stake is the description of the dynamics of

E(|tie, (¢, k)[*)
as € goes to 0 and L goes to oo, for any k € %Z, where

1

dE,L(t,k) ::\/271'—[/ .

e_“”u&L(t, x)dx

is the Fourier transform of u. r.
Note that because the law of the initial datum a, and the equation are invariant
under the action of space translations, we have

E(te (¢, k' )te, (¢, k) =0

at all times t € R, if k #£ K.
The ersatz is the following. Approaching u. ; by its O-th, first and second
Picard iterates, we get up to second order in ¢,

Ue,r,(t) ~ ePar + ebr(t) + E2CL(f),
where b7, and ¢y, are solutions to the equations

i0bp, = — Abp + |eitAaLl4(eitAaL)
10, = — N ep, + 3|eitAaL|4bL + 2bL|ei’5AaL|2(e“AaL)2

with initial datum by, (t =0) = ¢ (t =0) = 0.
Up to second order, we thus get

OE(|ae L (L, K)|*)

~ ggRe(e@(t, k)Orby (1, k)) +252Re(e@L(t, k)Orér (1, k)+br (¢, k)b (L, k)).
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Because of probabilistic cancellations due to the law of the initial datum ap,
the term

Re (e@(zﬁ, k)diby (¢, k:))

involves only first order trivial resonances, which can be removed from the
solution by multiplicating y a phase, see [10, 26] for a discussion in different
contexts.
This suggests that the right scale of time is €72, and thus we consider the
quantity

Uer (t.k) = B 1 (t2 k) )

with
8:U..L(t, k) ~ 2Re (eit@aL(k)ataL(tﬁ, k) + by (te=2, k)dyby (te 2, k)).

This is valid only if the right hand side is not null.
By taking L — oo and € — 0, we expect to get

Ue,L(t, k) =

3 > 1
27 J, 2:: Ak k))—k i k)| H|a V2 Fo(k, £)dE,

(2
where k = (k1,...,ks), where
- 1 1 1 1 1 1
Fy(k k) = — + - + — ,
(&, %) (Ia(k’)IQ la(k)[? * la(k2)> la(ks)?  la(ks)[? Ia(ks)IQ)

where A(k, k) = k% — k2 + k2 — k2 + k2 — k2 and where the ds are Dirac deltas.
The integral converges.

The aim of this paper is to illustrate the fact that this limit is far from being
obvious in generic regimes. The reason is that the Picard expansion does
not uniformly converge in L for times of order £72, the L? Lebesgue norm of
the initial datum aj growing with L. The series of paper [4, 5, 6, 10] have
reached larger and larger times by developing fine analytic estimates for the
cubic Schrodinger equation due to the algebraic structure of the non-linearity.
In particular, they estimate so-called Dyson series. We also mention [1, 11].
However, full derivation of the kinetic equation for a slightly modified laplacian
and for the cubic Schrédinger equation for the regime e = L~! was reached in
[9] (in dimension d > 3). In [31], the authors reach full derivation of the kinetic
equation for KdV type equations in dimension d > 14, by taking L. — oo and
then € — 0, as it is done in the physics literature.

In the series of papers [15, 13, 14], Dymov and Kuksin reach a satisfying result
at times of order £ ™!, by using quasi-solutions for the cubic Schrédinger equa-
tion, a notion coming from the Physics literature. We take here an approach
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closer to their point of view. We also mention the work [26] on cubic equa-
tions on nets, [7, 8] on quadratic equations coming fluid mechanics, and [17].
For a general bibliographical review on connected subjects, we refer to [6] and
references therein.
Apart from the model (quintic Vs cubic or quadratic equations), chosen to get a
nontrivial manifold for the first order resonances, even when the dimension is 1,
the main differences with the above literature are threefold. One important
aspect of this work is that, to justify the use of quasi-solutions, we use the
stochastic tool of Wick products. A side advantage of this is that we avoid
certain possible correlations, that actually cancel each other out but that taken
individually would diverge at times of order e~2. Another main difference is
that, in order to reach times of order e~2, we prepare the approximation of
the equation in LT. We justify this approximation in the next subsections. It
allows to reach very large times.
Finally, we exhibit a regime for ¢ and L such that depending on the time
t € R, we can get different behaviors for the sequence U, (¢, k). This regime
falls within the framework of finite-bozx effects, that is well-known in the Physics
literature - it is for instance described in Chapter 10 of [28] - because it is some-
thing that appears when doing experimental measurements. These finite box
effects appears when the nonlinear frequency broadening is not big compared to
the frequency spacing in the finite box. In our case, this translates as when &2
is not very big compared to # In other words, we expect to see the kinetic
regime when

e> L1

The regime we describe here is such that € = o(L™1). In this case, one expects
to be in the regime of discrete wave turbulence. This means that the set of
b-waves interactions that contribute to the final limit is expected to be depleted
to the exact resonances. This is the context of the Diophantine problem for-
mulated by Kartashova in [22, 23]. This is what can be seen when one takes
first € to 0 and then L to oo. However, in the context of a regime in € and L,
one must take into account the 27-periodicity of sin — we mean the sine that
appears in (9). Here, we take indeed € such that

e L™ o L2%7%>1

but we have that
L% ?mod[27] < 1

which help us get close to a kinetic regime at specific given times in Theo-
rem 1.1. However, we still observe a depletion of contributing 5-waves interac-
tions at other times, which is what happens in Theorem 1.2.

The regime of discrete wave turbulence is discussed in [6]. This is when —
using the notation of this paper — Tk, > 1. In this paper, they also treat the
case when Ty;, < 1, and in a previous paper [5], they dealt with T;, ~ 1.
We mention that the work by Dymov and Kuksin [15] deals with the kinetic
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regime case, but that [16] is about the derivation of effective equation in the
discrete turbulent regime.

Note that a mesoscopic behavior has been exhibited, combining both the kinetic
behavior of larger boxes and the discrete behavior of small boxes, as in [27].
We now describe our framework and results.

1.1 FRAMEWORK

Let (&;)rez be a sequence of real, independent, centered and normalized Gaus-
sian variables. We write (Q, F,P) their underlying probability space and A
the o-algebra generated by the (£)x. Given a well-chosen sequence (qx)rez of
positive real numbers, we define S_; (H*(LT)), s > 4 the space of Kondratiev’s
distributions of (2, 4,P) on H*(LT). For the exact definition of Kondratiev’s
distributions, we refer to Subsection 2.1. Here, we use the terminology of
[21, 25], and for the general definition of Kondratiev’s distributions, we re-
fer to the original work [24]. The Wick product (see again Subsection 2.1) is
well-defined on S_1(H?*(LT)), we denote it o.

Let F, be the map defined on Fourier mode by, for all k € %Z,

Fio 8. 0)(0) = s 3 k) Bka) 09 (k) 0 8(ke) o).
Cr (k)

where

Crk) = {(kl,kg,kg,k4,k5) € (%2)5 ‘ ky — ko + ks — ka + ks = k,
R o e (A N R R R - S A S E)
and where we used the abuse of notation
a(kn) o Blkz) = ((@(k1)e™7) o (Blg)eitar) Jeilhrrhale,

Here, 1 and v are sequences indexed by L € N* that go to co as L goes
to co. The sequence v helps with avoiding the first order resonances, and u
compensates v when taking the final limits and obtaining the Dirac deltas.
Note that taking (ur) a sequence of maps such that uy, € S~1(H*(LT)) and
such that for any a € N?, the sequence ||(ur)a| m+(zT) is uniformly bounded
in L (see Remark 3.1 for the relevance of this property), then we have that for
all smooth and compactly supported map f, and all a € NZ,
(f Fr(u,u,u,u, ) — (uo@ouotiou),) — 0,

L—oo
where (-, -) is the inner product in R, as soon as v goes to oo with L.
We consider the Cauchy problem

1Oue,r, = — D e, + eFr(u, u, u, u, w)
UE,L(t = O) =ar
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where ay, is given by
eikr/L

ar = a(k/L)——=gx,

kezz 2L
where g = %(&p(o,k) +i€,(1,x)) With ¢ a bijection from {0} x ZLI{1} x Z to Z.
The sequence (gx )k is a sequence of independent, centered, normalized complex
Gaussian variables. This is the classical way of extending real Gaussian Hilbert
spaces to complex ones.
We call Py the projection onto the Wiener chaos of degree at most V.
We are now ready to state the results.

1.2 RESULTS

THEOREM 1.1. For any L € N*, there exists a Banach algebra X C
S_1(H?(LT)) into which the Cauchy problem (4) is globally well-posed and such
that ar, € X. Set N € N*, M > N, and set f and g two smooth compactly
supported maps of R.
Assume that e writes

e7? =2 L*2% + p(L),

that p,v and u satisfy the following relationships:

and finally assume that t is dyadic and not null.
Then, we have

Jim OE((PUL, f){g, PaUL))(t) =

5

Bk + Y (-1 R)SAR) i 1] laCe)*F03Iak [ dk

j=1 j=1

3

47t Jre

and besides the integral converges.
Above, we have Uf, = u., 1,(te™2), A(k) = k* — ki + k3 — k3 + k3 — kZ and the és
are Dirac deltas.

REMARK 1.1. The regime v =L, =L, p=L" with0 <y < f < a < %
and B+ v < « satisfies the assumptions (5).

REMARK 1.2. On the one hand, this theorem applies to a class of times that
are dense in R. If the dyadic numbers are not satisfying, they can be changed
to rational numbers by choosing the regime

e 2 =2nL?L! + p(L).
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However, this will serve us to prove that

has a chaotic behavior.

THEOREM 1.2. With the same notations as in Theorem 1.1, assuming that e

writes
e~? =2rL?2% + p(L),

that p,v and p satisfy (5) and that t € %Jr]]]), D being the set of dyadic numbers,
we have

Jim OE((PnUL, f){(g, PuUL))(t) =

# /Rﬁ 5(k+ ;(—1)%)(5@(%))m ];[ la(k;)|* f(k)g(k)dk ] | dk;

and besides the integral converges.
REMARK 1.3. The difference is in the constant in front of the integral.

REMARK 1.4. The behavior on the sequence O{E((PNUL, f){(g9, PmUL)) depends
mainly on the behavior of the sequence

2Lt — | 2%7¢).

In the case when t is rational, because the sequence 2Lt — |2Lt] is pre-periodic,
we believe that

Jim OE(PyUL, f){g, PuUL))(t) =

C(t) y o(k + Z(—l)jkj)fS(A(E))m 1] la(k) P f(k)g(k)dk ] | dk;

j=1

or at least that the sequence admits a finite number of adherence values of this
form.
The behavior of 2Lt — |25t] when t is irrational is not so obvious. We recall
that the closure of

{2Ft — [2%t] | L e N}
is either the torus R/Z or a subset of null Haar measure, but that it is almost
surely the torus. When (2Lt — |2Lt])y is dense in the torus, we believe that the

sequence
(OE(PNUL, f){g, PuUL)) (1)1

has at least an infinite number of adherence values.
For a complete description of the behavior of the sequence 28t — |21t |, we refer

to [12].

DOCUMENTA MATHEMATICA 27 (2022) 24912561



SINGULARITIES IN THE WEAK TURBULENCE REGIME 2499

REMARK 1.5. Given a fized t, a similar argument to ours will yield that there
exists a regime e(t, L) such that

Jim OE(PNUL, f){(g, PuUL))(t) =

4—73;/ 6(k+;(—1)jkj)6(A(E))mH|a(kj)|2f(k)g(k)dkHdkj

RS =1 i=1

or written differently that

lim inf
e—0,L—o00

-2 /Ro 5(k + ;(—1)’%]-)#(12)—@ [T latk)PF(k)3(R)dk T ] k| = o.

j=1 j=1

8tE(<PNUs,L7 f> <g7 PIVIU57L>)(t)

This may be compared with the result of [26].

REMARK 1.6. We restricted ourselves to the dimension 1 for seek of clarity but
the techniques used do mot depend on dimension, except when the dimension
plays a role in the structure of first order resonances. The results could be
carefully extended to higher dimension with some adaptation.

The proof relies on the following strategy. We first describe solutions u. 1, as a
series (converging in Kondratiev’s distributions) where each term corresponds
to a certain degree in terms of Wiener chaos decomposition. Then, we describe
each term of the series thanks to trees, or so-called Feynman diagrams. Finally,
we analyze each of these trees and decide which of them are contributing to
the considered limit.

The relevant trees are the ones with only one node, or of Wiener chaos of
degree 1. The others are irrelevant for mainly two reasons: either they give
a contribution of size e"t*" f(L) with f(L) — 0, which gives, taking time t
of order £72 something that goes to 0 when L goes to oo; or they give a
contribution of size £2"t™g(L) with m < m, in which case, taking as time
scale £72, we get a contribution of size e2("~™)g(L) and we use that £2(»~™)
can compensate the behavior of g(L), as long as it has at most polynomial
growth.

The first case arises when, in the history of interactions between the different
wavelengths, special resonances occurs. This translates as constraint equations
on the wavelengths and is explained in Subsection 4.2.

The second case arises in a more general context, which is explained in Sub-
section 4.1.

The reason we ask in Cp(k) (and thus in the non-linearity) that |A(K)| >
v~1(L) and then, in Assumptions (5), v*+® = O(L'/?) is to deal with the trees
presenting constraint estimates. It is probably not optimal, as explained in
Remark 4.1 but the proof suggests that the optimal assumption is v!+® = o(L).
The issue is that simply assuming A(k) = 0 ensures only that [A(K)| > L2
Hence, we need the condition on v to be far enough from first order resonances.
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We now explain the special regime for e. If
7%t € py(L) + 21 L7

we need pi(L) = o(L) while p;(L) goes to oo to get the result. But if
et = py(L) = o(L)

then (L) cannot be small enough to close the argument. So, we decided to
use the degree of freedom in 27 L?Z. To include the dyadic numbers, we chose

2 = 2xL?2% + p(L)

and thus € was small enough to be able to be far from optimality regarding the
trees contributing as e2"t™g(L).

Finally, the reason we ask |k—k;+ko—ks| > u~1(L) is to be able to manipulate
integrals when passing from sum to integral or when getting Dirac deltas.

1.3 ORGANIZATION OF THE PAPER

In Section 2, we review the definitions of Kondratiev’s distributions and Wick’s
product. We prove global well-posedness of Equation (4).

In Section 3, we define quintic trees and ordered quintic trees, that we use to
describe the solution u. ;, as a sum indexed by these trees.

In Section 4, we estimates the different contributions of the trees.

In Section 5, we take the final limits that yield to our result.

Finally, for the rest of the paper, we write Z/L = %Z to lighten notations.

ACKNOWLEDGMENTS
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2  WICK’S PRODUCT, WELL-POSEDNESS OF THE EQUATION

2.1 WIcK’s PRODUCT, KONDRATIEV’S DISTRIBUTIONS

Let 2, A,P be a probability onto which one can define ({x)rez a sequence of
independent Gaussian variables centered and normalized. For any a € NZ with
finite support, we define

ak gk

o= 0

keZ

where H,, is the aj-th Hermite polynomial. It is a well-known fact that
[T, Var!&s is the orthogonal (in L?((£2,.4,P))) projection of

[

keZ
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on the orthogonal of the polynomials of degree at most |a| —1 =73, o — 1.
Let F be the sigma-algebra generated by the sequence (). We recall that
for any ¢ € L?((Q2, F,P), H*(LT)), we have the decomposition (called Wiener

chaos decomposition)
¢= daba

7
ozENf

where ¢, € H*(LT) and N? is the set of sequences in NZ with finite support.
What is more,

||¢H%2(Q,HS(LT)) = Z H¢a”§{s(m)-

For more information on Wiener chaos, we refer to [20]. For the rest of this
section, we omit the dependence in LT of the Sobolev spaces.
Let ¢ = (qr)rez € C%, o, B € N?, we introduce the notations

<« o « (CY—}-B)'
q :qukaa!:Hak!alalzzak; a+pB — Oz'ﬂ' .
k k k

Moreover, we write (0) the sequence in NZ identically equal to 0.
We define the Wick’s product of &, and £z as the orthogonal projection in
L2((Q, F,P)) of

6046,6’

on the orthogonal of the polynomials of degree at most |«| 4 || — 1, that is

goz < 6,6’ = Cg+5€a+5'

Let (gr)r be a sequence of increasing, positive numbers such that for all D > 0,
there exists N € N such that
3 RN
~ar 4D

We recall that the space of Kondratiev distributions S_;(H?) is defined as the
inductive limit of spaces (S_1,—;(H?))ien where S_1 _;(H?) is the closure of
L?(Q, H®) with regards to the norm

1
21— =D —a " lIgall--
a'

[e3%

The space of Kondratiev’s distributions is the dual of the space

Sl(His) = ﬂ Slyl(His)

leN

where S1,;(H~*) is induced by the norm

1115, = > ald'[léal--.
[e3
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For any ¢ € S_1(H?), we have the chaos expansion
0= daba
therefore, we can define the Wick’s product of two elements of S_1(H?®), ¢ and

Y by
(o)=Y VO Pa,Pa,

a1tas=a

Note that for any s > 1, if ¢ € Sy, (H®) and ¢ € S_1 _;,(H*), taking

25
Z—<1

I = max(l; + A, l2), where
k qk

we have since H? is an algebra,

1
909121 =2 G N6 e valli: =

7la az)/2
>y (ﬁllwa i Jin% 1
o q*lal/Q 7la /2
T Il e 90 ).

By Cauchy-Schwarz, we have

) q—la/Q 2 )
< —— s
ool < ( > e leln ) el -
where indeed, [|9||_1,—; < co. Again by Cauchy-Schwarz, we have
lgowl2y < a™el2 Ly Il o

We recognize

M= 3 (Y )

o NeN &k Tk

1
lel

r 9k

which is finite since

is strictly less than 1.
Therefore the Wick product of 2 elements of S_;(H?) is well-defined.
The space S_1(H?) is called the space of Kondratiev distributions of H*.
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2.2 EMBEDDINGS
DEFINITION 2.1. Let C, be defined as
Co=0,Ch=1, forall |a| =1
and

Ca= Y, CuClay

a]taz=a

LEMMA 2.2. We have for all a € N%,
Cy < 4lel,
Proof. Let (2x)r € R” be sequence with finite support such that

X

<1
1

Set M € N and
F]M(Z) = Z zO‘Ca.

la|<M
This is a finite sum, therefore, it converges.
We have
Fy(z) = Z 2%+ Z Z 2%Cq, Cas, -
la|=1 1<|a|<M a1taz=a

therefore

F]\/[(Z) = sz =+ FM(Z)2 — ZCQICQQZQ

k An

where Ay = {(aq, a2)| o |, |az] < M, oy + as| > M}. We work on the union
of nonempty submanifolds of R%, d € N*,

1 1
{z € R% \ > al < gand >z =Y CaCanz®l < )
k Anr

Writing

Gu(2) =) CoyCay2®
A

11
Fu(z) = 5j:§\/142,zk+4(:M.
k

Because F;(0) = 0, we have

1 1
F]\/[(Z) = 5 — 5\/14sz+4(11\4
k

we have

DOCUMENTA MATHEMATICA 27 (2022) 24912561



2504 A.-S. DE SUZZONI

Expanding the square root, we get
(2n — 3)! N
A= S £ (5
Mm(2) ;Zk Gu Jr; lin—1)! ;Zk Gu

Keeping in mind that Fj; is a polynomial of degree at most M in z, and
that Gy is a polynomial of degree at least M + 1, we have

-Tae T Y (;M

1<n<M

Therefore

sz—i— Z Z

1<n<M |a|=

Thus, for all 1 < |a] < M, we have

2lof =3)! _ glol

= faar= 13 =

Besides, for all |a] =1, C, = 1 < 4, which concludes the proof. O

DEFINITION 2.3. Let D > 0, and X (D) be the space of Kondratiev’s distribu-
tions ¢ such that ¢9 = 0 and

sup [ ¢allm <o
a ValC,Dlel

endowed with the norm

||¢HX( _SU.p H(baHHs
\/_C Dloz\

PROPOSITION 2.4. The space X (D) is a Banach algebra (for the Wick product).

Partial proof. We prove that X (D) is complete. Let ¢™ be a Cauchy sequence
in X(D). We have that by definition of X (D), at « fixed, the sequence ¢%
is Cauchy in H® and thus converges towards some ¢, in H°. By the usual
arguments, we have

sup —Loe it |allzre
ValC,Dlel

and

6o — o lla-
su p JalC. Dlal —0

when n goes to co. The issue at stake is to prove that (¢4)s is indeed a
Kondratiev distribution.
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SINGULARITIES IN THE WEAK TURBULENCE REGIME 2505

We have for | big enough

—lo
q al  —la
>~ l|allF <> D65 1y

a!

Because of the bound on C,, we have

> lIalli

la

q7 al —la
o SZ(4D)2| g™ H¢||§((D)'

We recognize
[e3% — n 1
S (D)l = YD (30 ).
a n k Tk
For [ big enough

1 1
Z_l < (4D)?

e Ik

hence (¢q)q defines an element of S_; _;(H®) and thus a Kondratiev distribu-
tion.

We omit the proof that X (D) is an algebra as the fact is irrelevant for the
sequel and the proof is fairly straightforward. O

2.3 GLOBAL WELL-POSEDNESS OF THE EQUATION

Let X;(D) be the space of ¢ € C(R,S_1(H?)) such that for allt € R, ¢(t) (o) = 0
and induced by the norm :

I¢llx.o) = sup 016l xpeyra)-
te[—T,T)

PROPOSITION 2.5. Let Dy > 0. There exists D > Dqy such that for all ¢g in
the unit ball of X (D) with (¢o)y = 0, the Cauchy problem

z@tqﬁ = — A¢+EFL(¢)
{ o(t = 0) = o ©)

admits a unique global solution in X¢(D) and the flow thus defined is continuous
in the initial datum.

Proof. We solve the fix point problem

T
6(t) = A(6) = S(t)po — i / S(t — ) FL($(r))dr

in the ball of X;(D) of radius n for D big enough. Since the linear flow preserves
the H* norm, and since for all ¢ € R and ® such that &) =0,

ol me
A4 iy = su |
O 1@l x gy ot ValCo DIl (£ (1

< ||®
o = 12lxo),
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we have

OV A ) x(peryiray < lldollx(py + L) e s%)ﬂ IFL (&) (T) | x (Deyrray-
T7€|0,

We have by definition

FLO)8) = oz 3 k) 0 ka) 0 (ks) 0 6(ks) o (k).
Cr(k)

where

CL(k):{(/{Zl,...,k5)€Z/L||k1—k2+k3—k4+k5:/{3,
IAK) > vk — ko 4 ks| > ')

Therefore, for o € N? such that |a| > 5 (for |a| < 5, Fr(¢)a = 0),

- 1 Val
Fi(9)a(k) = (2w L)? a1+a2+asz+a4+a5:a aplaglaslaglos!
Z 927)041 (kl)gf;a2 (kQ)anz (k3)¢§a4 (k4)(£a5 (k5)
Cr(k)
We get

R 1 Va!
>

arlaglaslaglas!
artaztaztastas=a 1-02:043:044:CX5

Z 927)041 (kl)gf;a2 (kQ)anz (k3)¢§0¢4 (k4>(50t5 (k5> :

k1—ko+ks—kst+ks=k

By convexity of (z)?¢ and Cauchy-Schwarz (and using that s > 1/2), we get

IFL(@)allms S

Val
> b, [l [ e | e 12 G 7 | B 1
a1tastaztastas=a 1020030045

We have using the norm of ¢, for some constant Cs depending on the Sobolev
regularity,

IFL(@)a(Mllae < CoVal() /DY Call gl (o111

that is
IFL($)a(T) e < CsVal((r) /D) Con () =2/

Note that this Cs does not depend on (or is uniformly bounded in) L € N* as
its dependence in L is characterized by the value of

% > (k)< % +2/d$(x>_2s.

keZ/L

DOCUMENTA MATHEMATICA 27 (2022) 2491-2561



SINGULARITIES IN THE WEAK TURBULENCE REGIME 2507

Because |a| > 5, and (1) < (t), we have
IFL(@)a(7)llzze < Co((1)/*D)!* Can ()=,

We deduce
I FL(8)(7) | x(piayy < Cs(t) ™49,

Taking 7 such that Cyn*e < %, we get

Dy 1
1A(@)l1x. 0y < =5 llPollx (Do) + 57
D 2
Taking D such that
Dy < 1
D = 2"
we get that the ball of X;(D) of radius 7 is stable under A. A similar argument
yields that A is contracting for n such that

6'55774 <

N =

where C; is a constant independent from L but depending on the Sobolev
regularity s. o

3 TREES, DESCRIPTION OF THE SOLUTION

3.1 PICARD EXPANSION

Let ¢ be a bijection from {0,1} x Z to Z. We call, by abuse of notation,

gL,k = gcp(k)
‘We set
gr = o,k + &1 k-
Let, for all z € (LT)?,

eikm/L k
ar(x) = ngﬁa(f>

kEZ
where a is a smooth function with compact support. We call
Ue, L

the solution to
iOue,, = — D ue,r, +eFp(ue, 1)

with initial datum az, in X;(D) for some D big enough.
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First, note that, setting Supp o = {k € Z | ay; # 0}, we have

“a(k/L) if |a| = 1 and Supp(a) = {¢(0,k)}
(ar)a =1q i a(k/L) if |a| =1 and Supp(a) = {¢(1,k)}
0 otherwise.
Hence

l(aL)allm: < sup(z)*la(z)]
z€R

and therefore ay, is in the unit ball of X (Dg) for any Dy > ||(x)®a||L~. Hence
Ug, 1, is well-defined.

REMARK 3.1. We have that ay, belongs to some X (Do) with Dy uniformly
bounded in L. According to the proof of Proposition 2.5, we have that the
solution

Ue, L

belongs to X¢(D) with
D = ¢yDoe'/*

where cg is a constant depending only on the Sobolev regularity s and thus D
1s uniformly bounded in L.
Finally, we have

(e, £(0)all 7= 21y < ValCaDI®l()(1el=D
and thus for all o € N% and all t € R, we have that
| (ue,.(t))all s (L)
1s uniformly bounded in L.
PROPOSITION 3.1. Set ug,r, = S(t)ar, := e*2ay, and define the sequence Un, L
by induction on n: for n € N, up41,1, 15 the solution to
10¢Un41,L

=-A Up41,1 + § : FL(unhLaunz,Launs,La un47Laun5,L)
ni+na+ns+tnitns=n

with initial datum 0.
Then, the series

E EnunﬁL

converges in X¢(D) for D big enough.
The solution ue,1, to (4) satisfies

oo
n
Ue,[, = E €™ Un, L
n=0
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What is more, setting Py the projection over chaos of degree at most N, we

have
M

Pnuer = g €™Un, I,

n=0
with M = | &2

Proof. We prove that the series

0o
§ n

€ Un,L
n=0

converges in X;(D) for D big enough.
We prove that w, 1, is either 0 or a Wiener chaos of exact degree 4n + 1 (by
which we mean a sum of monomials of exact degree 4n + 1) and that there
exists D big enough and 7 small enough such that [u, 1| x,(py <7 < 1. This
is true for ug,r,, we have for any n > 0,

u : oy <1
[ O’L”X,,(H(T)SZ”L ) n

We prove that this is true for any n by induction.
We have

t
unJrLL(t) = 71/ S(t - 7_) Z FL(unlvun27un37un4vun5)
0

ni+nz+ns+nstns=n

where we recall that S(t) is the linear flow €2, Since u,,, is of exact degree
4n; + 1, we get that

Fr, (unl » Ung s Ung, Uny, un5)
is of degree 4(ny +n2 +ng+mns+ns) +5=4n+5 =4(n+ 1) + 1 or null.
Besides, for any a, we have

[unt1,L(B)allms <

CCORLTID'S S sup Ll (Do e ()™

n1+ng+ngtnatns=n aj+agtastastas=a =t

Using that
||Unj (T)Otj ”HS (O‘j!)il/2

is 0 if |aj| # 4n; + 1 and is less that
D4’nj+1<7_>n]‘ Cozj CYj!
we get, if |a] = 4n + 5,
[tn+1.L(E)allzs < Cv®(a)t?|t]
Z H Caj D4(n+1)+1 <t>n _ CV5CQD4(n+1)+1<t>n+1

artaztaztastas=a j
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2510 A.-S. DE SUZZONI

and is 0 if |a| # 4n + 5.
Hence
[tnt1,Lllx, (D) < CV°.

For v small enough such that Cv* < 1, we have indeed lluns1,ollx, 0y < v.
Therefore, since v < 1 and € < 1, the series

n
E € Un,L
n

(z)°allpoo

converges in X (D) for D = I >
Since this series satisfies equation

i0iu=— ANu+eFr(u)

with initial datum wg 7, we have
n
Ue, [, = E €"Un, I,
n

What is more,
n
Pyue = g " PNUn, L,
n

and because u,, 1, is of degree 4n+ 1, we get Pyun,r = up, if 4n+1 < N and
is 0 otherwise. O

We set

U, (k1) = U, 1 (z,t) e da.

2w L TL

We get that 1, 1 (k) satisfies for n > 1,

1
. A _ 2 A
10l 1, = kU, 1.(k) + nl)? E
ni+ns+ns+ns+ns=n—1

Z ﬂnhL(kl) Oﬂn27L(k2) Oﬂn37L(k3) O’CLn4,L(k4) O’LALnS,L(]%).
Cr(k)

We set vy 1 (k,t) = e 14, 1 (k,t) and get the equation
’UO,L(k,ﬁ) = a(k)

and

10,01 () = ﬁ 3

ni+nzs+ns+ns+ns=n—1

Z €iA(k)t’l}n1,L(k/’1) < ’Un27L(k2) < 'Ung,L(k/B) <& ’Un4,L(k/’4) < Un5,L(k5)- (7)
Cr(k)
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3.2  QUINTIC TREES

All the definitions in this subsection and the next one have examples in Ap-
pendix A.

DEFINITION 3.2. Let k € Z/L. We define by induction the set T,[k] of quintic
trees with n nodes by

and
7;1+1[l€] = {(Tl,TQ,Tg,T4,T5,k) | Vj = 1, .. .,5,Tj S 7;” [kj] Wlth
an =n, (1{31, .. .,k5) S CL(I{?)}

We set
1ITo=|J Talkl.

k€Z/L

DEFINITION 3.3. For any tree we define the following functions or random
variables. First, we set

Fuyt) =1, 9w =9k, Aw) = alk),
and if T = (Tl, TQ, T37T4,T5, k) with Tj S 7;” [kj], we set

t
Fr(t) = —i / ¢/ Fr, (r)Fiy () Fry () Frs (7) Fiy ()
0
and - .
9T = 911 09T, © 975 © 91w © 915, AT = A A, AT, AT, ATy

DEFINITION 3.4. Finally, we define the labels T of the leaves of a tree T in the
following way

-

(F)=k e Z/L

and for T = (T, T, T3, Ta, Ts, k) writing (kj1,. .., kjan,;+1) = T; with T; €
T, (L], we set

T = ki1, kranst, kot s k2 any st
k3a, .o k3ang+1, ka1, kaangt1, k51,5 ks ang 1)
REMARK 3.2. The definition is consistent as T € Rin+1 for any T € 1T,.
PROPOSITION 3.5. Let T € T,[k] and T = (k1,. .., kant1), we have

4n+1 ‘ 4n+1 ‘ .
k=3 (-1"k, Ar= [ alky, (-1)"), gr = 0 gty -

=1 =1
We used the notation
a(k;, 1) =a(k;) and a(k;,—1) = a(k;)

9k;1 =9k, and Gk —1 = Gk, L
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2512 A.-S. DE SUZZONI

Proof. By induction starting from Equation (7). O

PROPOSITION 3.6. We have for all (n,k,t) e NxZ/L x R,

vn,L(k,t):[;r Z Fr(t)Argr.

2
@rL)d S

Proof. By induction. O
We introduce unlabelled quintic trees.

DEFINITION 3.7. Let 7, defined by induction by
To={L}

and

5
7;l+1 = {(Tl,TQ,Tg,T4,T5)|Vj = 1, .. .,5,Tj € 7;” Z?’LJ‘ = n}
=1

Given k = (ki, ..., kans1) € (Z/L)*"L, we write
L(k) = (k1)
and
(Ty, Ta, Ts, T, Ts) (k) = (T1 (K1), To(ka), Ts (Ks), Ta(ka), Ts (Ks), k)

)
with Tj S 7;” and Ej = (kﬁj_l,_l, ey kﬁj+4nj+1) with

j—1 4n+1 .
n; = Z(4nl +1) and k=- Z (=1 kp.
=1 j=1

We now give a definition of labels for the nodes and the leaves that helps seeing
the ”history” of the tree, as the paternity of nodes.

DEFINITION 3.8. For any tree T € | J,, T, we define by induction
N(1)=0,N(L)={0}
and if T = (Tl, TQ, Tg, T‘47 T5), we write

N(T) = {0} U ({1} x N(Th))
U ({2} x N(T2)) U ({3} x N(T3)) U ({4} x N(Tu)) U ({5} x N(T5))

and

N(T) = {0} U ({1} x N(T1))
U ({2} x N(T)) U ({3} x N(T3)) U ({4} x N(To)) U ({5} x N(T5)).
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DEFINITION 3.9. Let k = (k1. .., kuns1) € (Z/L)*"1. We define

- N(T) - Z/L

ki

such that k| +(0) = ki and if T = (T1, To, T3, T4, T5) with T} € T,,, and k; =
(K415 Ky tan;+1) with

j—1
iy = (4 +1)
=1
we define
4n+1
krp(0) = > (=1 and  kpp((j,m)) = Ky, (m).
j=1

We define also

T,k
such that
QT,E(O) = k;;;(o) k;,;((l, 0))
+ k7 :((2,0)) = k7 £((3,0)) + &7, £((4,0)) — &7, £((5,0))

and
Qr((,1) = (=171 Q7 (1).

We use the notation (2 instead of A because of the discussion of the sign.
Finally, we define a condition on k such that T'(k) € T,[k].

DEFINITION 3.10. We define by induction Cr(k) by
C1(k) = {k}
and k € Cr(k) iff
kpp(0) =k, |kp;(1,0) = by 2(2,0) + Ky 1(3,0) — kp (0)] > 7,

and .
|QT,E(O)| > yil, Vi=1,...,5, kj S CTj (k/TJz(.]ﬂO))

with T' = (Tl, - ,T5), Tj S 7;” and

kj = (Ka;+1,... kaan, 1)
with 7; = Zl<j(4nl +1).
ProprosiTiON 3.11. We have

To[k] = {T(K)|T € T,, and k € Cr(k)}.
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Proof. By induction using Definition 3.7. O
PROPOSITION 3.12. We have for all (n,k,t) e Nx Z/L x R,

vn,L(k,t):{QﬂL} D 2 P

TeTn keCr(k)

where
4n—+1 - dn+1
Ap = H a(k;, (1)) and gp = ‘<_>1 Gk (—1)i+1-
i=1 =
Proof. Direct consequence of Propositions 3.6, 3.11, and 3.5. o

3.3 ORDERED TREES

DEFINITION 3.13. We define on N (T') the partial order relation Ry such that
for all l € N(T),
JRr O

fOI‘ all ll = (jl,ml) S {]1} X N(le) and lQ = (jg,mQ) S {]2} X N(sz), we
have
1Rl & 91 = Jo and 7’I’L1RTj1 mao.

REMARK 3.3. The partial order Ryp represents parenthood in the tree.
PROPOSITION 3.14. The cardinal of N(T) is n. We have
Frey () = (=)™ / I et
IT(t) 1N (T)

where I7(t) = {(t1)iencry € [0,t]" | LRIy = t;;, < t1,} and where N is

defined by induction on the number of nodes of T by N; = 0 and for T =
(T17T25T37T47T5)7
5
B SO

j=1
LEMMA 3.15. We have
IT(t) = {(tl)leN(T) S [O,t]n | Vi=1...5, (t(j,lj))leN(Tj) S ITj (fo)}

Proof. We recall that 0 is bigger than any other element of N(T) and that
if j; is different from ja, (ji1,m1) and (j2,m2) are not comparable while
(j,ml)R(j, mg) iff mlRijg. O

Proof of Proposition 3.14. From Lemma 3.15, the induction follows almost di-
rectly, it remains to see that

eiAL — e—iAt
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which justifies in the definition of the function Q7 (4, m) the sign —1 when j is
even, as in

QT(j, m) = _QTj (m)
O

DEFINITION 3.16. Let T € 7T,, we define &1 be the set of bijection from
[1,n] NN to N(T)such that ¢ € &p if and only if

Vll,lg S N(T), l1R7ly = (p_l(ll> < gﬁ_l(lg).

We set

n

FP (1) = / o (Pt gy
Tk ogtlg..,smgtjl;[l !
PRrROPOSITION 3.17. We have

Frp(t) = (=)™ Ff (1),
peST

Proof. Description of Ir(t). O

3.4 DESCRIPTION OF THE SOLUTION

LEMMA 3.18. Let ky € (Z/L)*™+1 and ky € (Z/L)*">*1. We have
E(9z,95,) =0

unless n1 = ne =: n and unless there exists a bijection o0 € Sy 41 such that for
allj=1,...,4n+1,
1 2
k() = kj-
Besides, if for all j1 # jo, kz}l #* kjl»2 then o is uniquely defined and conserves
the parity.

Proof. We have
4dn;+1

95, = j<:>1 it (~1)i+1

that is by definition of gy (1)1,
11

4ng+1 fo,Lk;, + i(*l)jH&,Lk;
g’zl - <:>1 ( \/5 )

J

Expanding the product, we get
4dn;+1

(\/5)4711-1-19]_5[ — Z <2 gb(j),LkéiL(j)(_l)(j+1)L(j)‘

[1,4n+1)nN—{0,1} 7~
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Therefore,

|:477,1 +1

O € gas, iU (—1) DG

22(n1+n2)+1E(ﬁgEZ) _ Z E
L1,L2
4dns+1

O ity ae, 1720 ()02 .

First, for
Anq+1 . .\ 4ng+1 . .
(41) (J1+1)e1(d1) (42) (J2+1)e2(42)
[J_ﬁ §L1(]1)Lk1 i (=) o jﬁ fLZ(n) Lk, iR (=1) 2 2]

not to be zero, one needs the existence of a bijection from [1,4ns + 1] NN to
[1,4n1 + 1] NN such that
Koty = k5,

o(j2) =
This implies that ny = no but o is not necessarily uniquely defined unless
the kjl are all different. In this case, we get

PRy ) = 3 E[iglﬁLl(ﬁ),Lk;lf“(jl)(—l)(h“)“(j”
4””1&200(]_2)%1 00 (— )<a<jz>+1>uoa<jz>]
j2=

For
4"1:15 G, 17100 (~1) DR GY

4n2+1

gb oo (ia) LK, jt20 U(Jz)( )(0(j2)+1)b200(j2)

not to be 0, we need 3 0 0 = ¢y, therefore, setting k; = kjl and n = n; = ng,
we get

4n+1
fb(j) Lk;

} [[(-noteon,

An+1
2 Egklgkz ZE[

If o conserves parity, we have

An+1

24"+1E gklgk2 ZE{ J<:>1 §L(j)7ij 2i| > 0.

Otherwise, let jo such that jo + o(jo) is odd. For any ¢, we write ¢/ such that
! (jo) = —t(jo) and ¢/(j) = ¢(j) for all j # jo. Since ¢ — ¢’ is a bijection of

[1,4n+1] NN — {0,1},
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we have

4n+1
O vk,
J=1

2} [[(-1)G+ee 6,

B 95,) = D E|

Since the k; are all different replacing §L(j0)7ij0 by §L/(j0),ij0 consists in ex-
changing the roles of §O,ij0 and fl,ijU- In other words, since

(gL(j)JCj )j and (gb’(j),kj )j

have the same law

4n+1 2 4n+1 2
E[ RION }:E[ 0 &)Lk }
Jj=1 j=1
Since
H(,l)(ﬂa(j))b’(a’) - _ H(,l)(ﬂd(a’))b’(j)
J J
we get

E(EQTE) = 7E(EQT2) =0.

ProrosiTioN 3.19. We have
E(vn, (K, t)vny (K, t)) =0
unless n1 = ny = n and in this case

— 1 . _
E(’UnyL(k,w’Un’L(k,t)) = W Z (*’L)NT? Nr,
(T1,T2)€T?

L on —  E(gz9;.)
oD X G WA — e

0€Gun+1 0 €6T; feC(Ty,T2,0,k)
where setting k= (k1. .., kant1), we used the notations
ko = (ko1),- - Ko(ant1)),
C(Ty, Ty, 0,k) = {k € Cp, (k) | ky € Cp, (K)},

P1,P2 _ F‘Pl F</72

Ty, Tek ke~ T,k To.ks

and

o(0,k) = #{0" € Gunt1 | ko = ko }.
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Proof. We use Proposition 3.12 to get that

vn,z(k,t) = (27 L2n Z Z Fr k) Argg-

TeTn keCr(k)

Therefore if g; is involved in this sum, then k € Cr(k) for some T € 7, and
thus k € (Z/L)*+1.

Let nq,n2 € N and assume that g;; appears in the sum describing Uny.L(k, 1)
and gi, appears in the sum describing v, 1, (k, t) then according to Lemma 3.18,
we have that

E(gz 93,) # 0
implies that n; = ny and that there exists 0 € G4y, 41 such that for all j =
L,...,4n1 + 1, k3 = kj, in other words ky = (k1),-.
Therefore, if ny # no, we have indeed:

E(Un1,L(k’ t)vnmL(k:a t)) =

If n1 = no = n, we have
E(Jvn,r(k, 1)]?) =
1 -
(27TL)47L Z Z FTl(kl)( )FTz(kz ( >A A (g/ﬁgkz)

(T, T2)€T2 kyeCr; (k)

We remark that if k; = k and ks = k, then k, € Cr, (k). Now, if k is such that
there exists j1 # jo such that k;, = k;, there exists o # ¢’ such that k, = ko.
We should not count these twice and thus

E(|vn(k, t)]*) =

1 7 i kIE,
(2w L)4n 2 2 2. EnwOFne) 04, c(o,k)

(T1,T2)€T? 0€Gan+1 EeC (T, Ta,0,k)

We conclude thanks to Proposition 3.17. We have

Fro () = (—i)Nm F}’;,;(t)
p1€ST
and thus
Fry iy O Fpy e, () = (=) =m0 37 FPL(OF (1)
pj€6T;
= ()T ) G (0
‘PJ'GGTJ'
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SINGULARITIES IN THE WEAK TURBULENCE REGIME 2519

COROLLARY 3.20. We have

1 . —
(v (k) = Gy 2 ()VRn
(Tl,TQ)GTf

—  E(gz9z)
©1,p2 AL kvks
Z Z Z atGTl,TQ,E,EC, (t) kAka C(O’, E)

0€8un+1 9 €8T keC(T),Te,0,k)

Proof. We derive under the (finite) sum, using that the only terms that depend

on time are the functions
P1,p2
Ty, T k.o

O

REMARK 3.4. Note that since a is of compact support, all the sums are finite
and thus converge.

4  ANALYSIS

4.1 TIME ESTIMATES

In Subsections 4.1 and 4.2, we define the behavior of certain quantities at large
time (and large L). In these subsection we take |t| > 1.

PROPOSITION 4.1. Let Qy,...,Qn € Z* /L%, we define

M

Gu(t) = / [T &% at;.
0<t1<..<tm<t

Al—lj

Gur(t) = Op (LMt 57)

unless M is even and for all j =1 to M /2, we have Qa;_1 + Qa5 = 0, in which
case

We have

M2y My

lef(t) = E Q_QJ(M/Q)'

M-—1

+ O(L2M|t|L 72

J),
Proof. We prove it by induction. If M = 0, we have

0
I -
Gut)y=1=1]] oot O(LO|t|L = )).
;0!

We assume that the proposition is true for all m < M, we prove it for M + 1.
We have if M =0,
eiﬁlt -1

_ 2
M = O,

Guyi(t) =
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2520 A.-S. DE SUZZONI

Otherwise, since

¢
GM+1(t)=/ €mM“tM“GM(tM+1)dtM+1,
0

by integration by parts, we get

i1t t ei(QM+1+QM)T
GM+1(t) = mGM(t) —/O WG]\J_l(T)dT.
First case, M + 1 is odd. We have since M is even

|GM(t)| — OM(tIV[/QLM) + OM(t(M72)/2L2M) _ OM(L2I\/ItI\/[/2),

therefore _
e’LQM+ 1t

: GM(t) — OM(tM/2L2(M+1)).
ZQM+1

Since M — 1 is odd, we have
ei(QM+1+QM)T

- Guy-1(1) = OM(T(M*Q)/2L2(M71))
ZQM+1

thus

t W(Qar+1+QMm)T

e

/ dTi_ G]u_l(T) = O]M (tM/2L2M)
0 Q41

which concludes the induction when M + 1 is odd.
Second case, M + 1 is even. We have

Gy (t) =0y (LQJMt(]M—l)/2)

hence )
elQM+1 t

. Gar () = Opg (LMD f(M=1)/2)
Q41

Then, if Qpr41 + Qar # 0, we have either M = 1 and then

t et Qu1+Q0)T et Q1+t _
/ dr————
0

GMfl(T) =

= =Oo(L*
=1 (a1 + Qar) (5

Q041

or M > 1 and by integration by parts

t o1 ( Q1 +QM)T
/ ———  Gu-i(r)dr =
0

QM1
et (1 +Qn)t et Q1 +Qn)t

t
Gr—1(t +/ d

—(Qnm+1 + Q) Q11 w-1(t) o T*(QAI+1+Q]M)Q]M+1

We have

eiQM*lTG]ufg(T).

ei(QM+1 +QM)t

—(Qar41 + Q) Q041

Gar_1(t) = Opp(LAL2M D (M=1)/2)

DOCUMENTA MATHEMATICA 27 (2022) 24912561



SINGULARITIES IN THE WEAK TURBULENCE REGIME 2521

and

ei(QM+1 +Qa)t
—(Qar41 + Q) Qs 11

hence

eiQA4,1TGM72(T) — OI\/[ (L4L2(1\/1—2)t(M—3)/2)

GM+1 (t) = Oy (LQ(MJrl)t(IVIfl)/Q).

If Qary1+Qar = 0, either at least Q951 + Qa; # 0 for one j =1 to (M —1)/2,
in which case

t e (Qnrp1+Q0)T
drT——— Gy (7T
/0 ZQM+1 M 1( )
t
:/ OM(LQLQ(Mfl)T(IV[73)/2):OIV[(L2(I\/[+1)t(IV[71)/2)
0

or Q51+ =0forall j =1 to (M —1)/2 (which includes M = 1), in which
case

t ei(QM+1+QM)T
dr——— Gy (1) =
/0 ZQM+1 M 1( )

. (M—1)/2 M—1)/2
/ . 1 FM-1)/ N OM(LQ(M,DT(M%)/Q)) -
0

Q041 i Q9 (M —1)/2!
(M+1)/2 1 (M+1)/2

OM(LQ(M-i-l)t(M—l)/Q).

PROPOSITION 4.2. Let M be odd. We are in one of the following cases:

1. M =1 then o
eremt
Gult) = ——;
m(t) Eo
2. we are not in case 1,Vj=1,..., %, Qo = —Qo5_1 = —Qp then

, —(M+1)/2 (M_1)/2_ tMTD/2
Gu(t) = (iQum) (-1) =12

+ O(L2Mt(M_3)/2);

(eiQ]\/[t o 1)

8. we are not in cases 1 or 2,¥Vj=1,..., %, Qo + Q251 =0 then
(M-1)/2 _
1 ((M—1)/2
G t) = -1 (I\/[*l)/? : eZQ]y[t
]\/1( ) ( ) Jl}) ZQQj+1 (M o 1)/2|

+ O(L2Mt(M_3)/2);
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4. we are not in cases 1, 2, or 3, V3 =1,..., %, Qo + Qo541 = 0 then

(M=1)/2

Ga(t) = (-2 T

=0

1 H(M—1)/2

iQ2j+1 (M — 1)/2| + O(LQMt(M73)/2)’

5. we are not in cases 1, 2, 3 or /4, there exists jo € [1, %] NN such that

QQjo-i'l + QQjo + ngo_l =0 and Vj > jo, ng+1 + ng =0 and V_j < jo,
ng + QQj—l =0 then

T L B el (M-3)/
G ) = (-1 M-1)/2 . +0 L21\/It M-3 2;
)= (O T o gy O )

6. we are not in cases 1, 2, 3, 4, or 5, then

Gy (t) — O(LQJMt(]M—B)ﬂ).

Before proving the proposition, we prove the following lemma.

LEMMA 4.3. Letn € N, and o # 0, we have

t iat M
. e 1\* nl! 1\ n+l
(e - (7 _) 7tn—k (7 _) 1 8
/0 ©TT N l;) ia/ (n—k)! + i " ®)

Proof. Writing
t
n = / et dr
0

the proof follows from

and the induction relation

O

Proof of Proposition 4.2. We omit in the proof the dependance in M of the
constant. We proceed by induction over M.

If M =1, we are in case 1.

We assume that the proposition is true up to M — 2, and we prove it for M.
CASE 2 We have by definition

M—-1

t
G]\/I(t) :/ dﬁMeiQMtM/ H €iQ"t"dfn.
0 0

<1< <tm-1<tm
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SINGULARITIES IN THE WEAK TURBULENCE REGIME 2523

Because of the hypothesis on the €2,,, we have

¢ _ (M-1)/2
GM(t):/ dtMeZQMtM/ H GZQM(t2n71*t2n)dt2n71dt2n.
0 0<t1<...<tm-1<tm

n=1

By integration by parts, we get

G einutG t 1 G
t) = _1(t) — _ dr.
M (t) 0, M 1(¢) /0 0y M2 T

By Proposition 4.1, we have

Q) M-1)/2
MtGM_l(t) _ (_1)(1\471)/2 1 #( )/
(iQpr ) M+1)/2 (M — 1) /2!

n O(t(MfB)/2L2M)-

We have that Gjs_s is either in case 1 or 2, hence

1 7_(IV[73)/2
(’L'QI\/[)(wal)/Q (M — 3)/2'
+ O(T<M75)/2L2(1\/172)).

GIV[72(7_) — (71)(M73)/2(6’L'§2]\/[T - 1)

We use (8) to get

((M—1)/2

GM(t) _ (M — 1)/2! (71)<M71)/2(eiQMt71)(iQM)7(M+1)/2+O(t(1\/[73)/2L21\/[)

3

which is the desired result.
CASE 3 By integration by parts, we have

et t ei(QJ\l"FQJ\l—l)T
Gu(t) = nr Gu-1(t) _/0 TGM—2(T)dT-

By Proposition 4.1, we have

(M—3)/2

Gro1(t) = (—1)M-D/2 H

Jj=0

1 H(M—1)/2
Qa1 (M —1)/2!

+ O(t(M—3)/2L2(]M—1))

therefore

(~DMD12G (1) =
(M-1)/2

1 t(]\/[*l)/? t i(ﬂjy[+§2N[71)T
/ € GM_Q(T)CZT
0

Qart
e - —
H ZQQj+1 (M — 1)/2'

i
=0 M

+ O(t(M_3)/2L2M).
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We have that Gj;_s is either in case 1, 2 or 3. If it is in case 1 or 2, then
Qs +Qn7-1 # 0 otherwise Gy is in case 3 and Qp +Qpr_1+Qp 2 = Qpr # 0,
therefore,

(M-1)/2 1 t(M—=1)/2 /t et QM+ —1)7T LI 27 _ |
dr
0

Qs t
GM(t) = e M H 7;Q2j+1 (M — 1)/2' —

] iQM iQM—2
Jj=0

+ O(t(M—s)/2L2M)

if Gpr—9 is in case 1 and

(M-1)/2 ((M=1)/2

; 1
_ iQnmt
Gu(t)=e Jl;[o s (M —1)/21

_/t e (Qu+Q2nm—1)7 _1)(M—3)/2 M —27 _ q F(M=3)/2
0 (11 -2)M=1D/2 (M — 3) /2!

dT+O(t(AI—3)/2L2]M)

1y
if Gpr—2 is in case 2. In both cases, by (8), we get

(M-1)/2 1 H(M—1)/2

G(t) = et -
I\/[( ) ]];[) ZQQj+1 (M - 1)/2'

+ O(t(M—s)/2L2M)

which is the desired result.
If Gpr_2 is in case 3, then

(M-1)/2 1 H(M=3)/2

o(t) = (—1 (I\/I*?))/Q iQpr—ot
G2 =0 ‘ ]1;[ Q541 (M —3)/2!

+O(t(1\/[75)/2L21\/[).

Since Qpr + Qpr—1 + Qar—2 = Qpr # 0, we have by (8)

(M=1)/2

Gy (t) — it H

Jj=0

1 ((M—1)/2
Q541 (M —1)/2!

+ O(t(IV[73)/2L2IV[)

CASE 4 The integration by parts yields

1
Qs

Gr—2(7)dT.

Because we are not in case 2 or 3, by Proposition 4.1, we have
GM—l(t) — O(t(IV[73)/2L2(M71))

thus

t
1
GM(t) = —/0 ZQM G]\/[_Q(T)dT + O(t(jw_s)/2L2M).
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We have that Gp;_s is either in case 1, 2, or 4. If Gj;_5 is in case 1 then

toq t o2 _
—/ Grr—a(7)dr = —/ = L o
0 0

i iQniQn—2  iQiQr—2

which yields the desired result.
If Gpr_2 is in case 2, then

1 eiQ]\{7‘2T -1 7_(]\/1—3)/2
Gar(t) = ()2 [ dr
o iz (iQ27—2)M=372 (M — 3)/2!
+ O(t(M_3)/2L2M).

By (8), we get
1 1 t(I\/Ifl)/Z

0 = (—1)M+1)/2
Gu(t) = (-1) iQn (iQn—2)M=3)/2 (M —1)/2!

+ O(t(IV[73)/2L2M).

If Gpr_o is in case 4, then

to M=3/20 (M-3))2
Gart) = —(—1 <M—1>/2/ L . 0
]M( ) ( ) 0 ZQM ]I;IO ZQQj+1 (M - 3)/2'

4 O(t(M—s)/2L2M)
therefore

(M-1)/2 1 H(M—1)/2

Gar(t) = (_1)(M+1)/2 ].1;[0 Qa1 (M —1)/2!

oM/ 20y

Case 5 Let jo such that Qgj,41 + Qa5 + Q2jo—1 = 0. We cannot have (2, +
Q2j,—1 = 0 hence
G]M—l(t) = O(tM*3)/3L2(I\/[71))

by Proposition 4.1.

CASE 5.1 : jo = % We recall that by integration by parts

e’LQ]\/jt t ei(ﬂjy[~‘rﬂjy[71)7'

GM(t) = — G]\/jfl(t) 7/ %Gw[72(7)d7_.

0 ’LQ]\/]
We have that Gp;_» is either in case 1, 2, or 3. If G;_» is either in case 1 or 2,
we have

(M—3)/2 Qs g
GIV[72(7_) _ (71)(M73)/2 T . e n

(M —3)/2! (iQps_2)(M—1)/2

Therefore by (8), since Qp+Qa—1 = —Qpr—2 # 0and Qpr+Qp—1+Qp—2 = 0,
we have

O(T<M75)/2L2(1\/[72)).

1 F(M=1)/2

(M_3)/2L2M
Qa1 (iQs—2)M-D/2 (M —1)/2! +O(t ).

G]\/[(t) _ (71)(1\/1—1)/2
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2526 A .-S. DE SUZZONI
If Gpr_2 is in case 3, we have

t i+ Q-1+ Qg 2)T (M=3)/2 M—3)/2
G (t) _ _/ e (Qm+Q2m—1+Q20m—2) (_1)(M—3)/2 H 1 7—( )/
0 iQQj+1 (M — 3)/2!

Q0
+ O(t(M—s)/2L2M).

And since Qp; + Qpr—1 + Qpr—2 = 0, we get
(M-1)/2 1 H(M—1)/2

Gu(t) = (~1)M-1/2 Jl;[o Q41 (M —1)/21

+ O(t(M—s)/2L2M)_

This is the desired result in case 5.1.
CASE 5.2 jo # % In this case, Qp + Qa1 = 0 and Gps_o is in case 5.
Therefore

t gr M=38)/2 H(M=3)/2
M( ) 0 'LQI\/I( ) l_lé ZQZjJrl (M — 3)/2| ( )

j=

which yields by exact computation

(M-1)/2 1 HM—1)/2

Gul(t) = (_1)(M—1)/2 jl;[o iQaj11 (M —1)/2!

+ O(t(M—s)/2L2M).

CASE 6 Because we are not in cases 1, 2, or 3, we have
GMfl(t) _ O(t(M73)/2L2(M71)).

If Gpr—o is in case 1 or 2, we have Qpr 4+ Qpr—1 + Qar—2 # 0 otherwise Gy is
in case 5 (and even 5.1) and Qpr + Q-1 # 0 otherwise G/ is in case 2 or 4.
Therefore by integration by parts, induction hypothesis on G;—o and (8), we
get

Gy (t) = O(t(M_3)/2L2M).

If Gpr—o is in case 3, then Qpr + Qa1 + Qas—2 # 0 otherwise Gy is in case 5,
and we conclude by the above strategy, as in CASE 3, with G;_2 in case 3.
If Gpr—o is in case 4, then Qp; + Q-1 # 0 otherwise Gy, is in case 4, and we
conclude by the above strategy, as in CASE 3, when Gjp;_o is in case 1 or 2.
If Gpr—o is in case 5, then Qp; + Q371 # 0 otherwise Gy is in case 5 and we
conclude by the above strategy, as in CASE 3, when Gjp;_o is in case 1 or 2.
If Gpr_o is in case 6, then

GMfg(T) _ O(T<M75)/2L2(1\/172))

and we can conclude. O
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4.2 CONSTRAINT ESTIMATES

Given the description of
0cE(|va?)

in Corollary 3.20, we separate the sum in three parts, in the case n > 1,
either CASE A o, ¢, Ty, T» are such that for all k € C(Ty,Ts, 0, k), we have that

hGE . o # O 2LM)

or CASE B o, ¢ are not such but however

© n—2r4n
8tGT17T2Jszo £ 0" L™
or Case C
%} _ n—2rdn
atGT11T27121EG o O(t L ).

We recall that in general, we have

8,G¥ = O(t" L")

T11T27E1E<1 -

but that if the term of higher order is null then

OGL ik, = O™ L™).

We first explain why CASE A never happens.

PROPOSITION 4.4. There does not exist any (T1, T2, 0, k) such that for all ke
C(T1,T3,0,k), we have that

@ n—2r4n
Proof. Let T1,T5 € T, 0 € Sani1, p1 € Sy, 02 € S, and k € Z/L. Assume
that for all k € C(T1, T3, 0, k), we have

Gy o pp FOWTLT)

and let us prove that it yields to a contradiction.
We recall that

OGP . = FP F? . + FP O F%
Rl 5 Uk Tz,ka+ T E T R

o

and that F' and 9, F take the form

n

T,k Ogtlg...gtnﬁtgl;[l ]
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2528 A.-S. DE SUZZONI

and

n—1
O, F (t) = eiQle;;(tpl(n))t / eiQleg(m(j))tj dt;.
Tk 0<t1 <. Sta 1<t 32
CASE 1: the integer n is even.
The maximal order for ¢ in F}PQE is
2

Vo

n
2

and for t in 8, F¥' . is 2=2 for a total
T,k 2

order of
n— 1.

The situation for the other term in 0;G is symmetric.
Lower orders are

O(L4n72tn72).

For F}ng to be of order F in ¢, one needs to be in the situation that for j =1

2,Ro

to

(SIS

3

Qp, 7 (02(27 — 1)) + Qo 7 (02(25)) = 0.

But Qg ¢ (¢(2j — 1)) and Qg 7 (92(2j)) are two different second order

polynomials in k and therefore their sum cannot be identically 0 for all
k € C(Ty, Tz, 0,k), which yields to a contradiction.
CASE 2: the integer n is odd.

The maximal order for ¢ in F¥?. is 2=t

and for t in 8, F¥" . is 2=L for a total
Ty ko 2 T,k 2

order of
n— 1.

The situation for the other term in 0;G is symmetric.
Lower orders are
O(L4n72tn72)

For 8tF}QIE to be of order ”T_l in t, one needs to be in the situation that for
1,

n—1
)

Jj=1to %5

Q50127 = 1) +Qp x(91(24)) = 0.

But Qp #(¢1(2j — 1)) and Qp, 7(¢1(25)) are two different second order poly-

nomials in k and therefore their sum cannot be identically 0 for all k€
C(T1, T3, 0, k), which yields to a contradiction. O

We now prove that CASE B happens only for a few k € C(T1,Ts,0,k) such
that the total measure of

{k € C(T1,Ts,0,k) | we are in Case B}
is very small compared to L*".
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PROPOSITION 4.5. Let 11,15 € Tp, 0 € Gunt1, p1 € S, w2 € G, and
keZ/L. Set

1 s — _
V(TDTQ;U) kaSDhSDQ) = (47TL)" Z atG;17;2’E7EU(t) EAEGE(gEgEU)
keC(T1,Tz,0,k)

We have for all a > 0,

V(Tb TQa g, kv ©1, 502) = Oa,T1,T2,(P1,(P2,G',OL [tnfly(1+a)n/2L7(n71)/2:|

+ Oa,n (L4n—2tn—2).
Proof. In all the proof, we omit the dependence in 11,75, 0, ¢1, @2.

We write ) -
Q = {k cC | atF;“)ll,];FrliiEU 75 On(L4n_2tn_2)}

and i )
C={keC| F;;I,EatFTiz,;;a £ O, (L*"=2"=2)}.
We set X - B
W= Gty 2 OF 7 i, A B@og,)
keC
and X - B
W= g 2 PP, eds, Blggsr, )
keC
Since for all k € C,
4An+1

TeA Bgrog,)| < (n+ 0! T lak)?
j=1

. ant1
and since [[;"T

i1 la(ky)[? is integrable on

An—+1

(F] Y k(-1 =)

we get that
V=W+W +0,q(L*"2""?).

The estimate on W’ being symmetric, we only estimate W.
CASE 1: the integer n is even.
Let k € C, we have

n n/2
e _ /2 H | 1 . +On(L2ntn/2_1)
Tako  (n/2)! e iQp, 7 (92(29))
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and

H(n—2)/2 (n=2)/2 1 o2
<o 1 0, (L2=2n/2-2),
oo U m mmeron o :

o

Ty, k

What is more, k belongs to C% N C' with

P . n . .
C*={keC|Vi=1,...5, Op (p2(2) = 1) + O, (£2(2))) = 0}
and
Ql — ﬁl U@l U%l
where
¢ . n— . .
Gl ={keC|Vji=1...,—= Q ;(21(2] = 1))+ Qp, (e1(2)) =0},
- ) n—2 . )
Gl ={keC|Vi=1,..,—5= Qp i(p1(2+1)) + O ;(1(27)) =0},
and finally
' ={kec|
Vi=jo+1,..., %52, Qp p(01(25 + 1) + Qp z(1(24)) =0
3o, Qp (@1(230 +1)) +Qp £ (1 (2j0)) + Qp 701250 —1)) =0
VJ =1....50— 1 Qp x(e1(2 — 1))+ Qp z(e1(24)) =0

The set C? is built such that F ‘pzk (t) is of maximal order, and the set C*

21(7

is built such that 8tF}OIE( ) is of maximal order. The sets Cit, Oy and C5t
» 12 =3
corresponds to the different cases in Proposition 4.2.

Because of the estimate on atF}DI ka we get

17 2,ho
W <
n/2 4n+1

1
- a
it [y 5 (127 = D)2, 5, (02(29))] H Jal

2(4n +1)! 1
((n—2)/2)(n/2)! (4nL)n >

+ On,a(L4n_2tn_2)4
By Cauchy-Schwarz inequality, we get
W S Cntn71W1W2 + On,a(L4n72tn72)

where C), is a constant depending only on n,

1 (n=2)/2 dn+1
W2=_— la(k;
w2 1 o eeror
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and

n/2 4n+1
19

1
W2 =
2 (47TL)n H |2 H la(
eCc?i 1
We estimate W5. For each j = 1 to n, and for each m = 1 to 5, we write

ln(j) = kTZ,;gd (sm (2(4))

where s,, : N(Ty) — N(T3) is defined by induction by s,,(0) = (m,0) and
Sm(mi,l) = (m1, $m(1)). In other words, s,,(j) is the label of the mth subnode
or leaf of the node indexed by j. For example, if T = (L, 1,1, 1, 1) and
k= (ki ko, ks, ka, ks), we have s,,(0) = m and [, (0) = kyp,.

We also write

1) = 1) =1() +ls() =) +15(5) and 1(G) =1() =1 (5)+12()) =3 (j)-
We have that S7,.5.0, : k = 1 = ((11(5),12(5),13(), 14(j))1<j<n is linear and
injective. Indeed, if ((11(7),12(4),13(j),14(J))1<j<n is fixed, then, since [(n) =
kr, 7. (0) =k, we get that I5(n) is fixed. Now, since {(n —1) is one of the l;,(n)
for m =1 to 5, we get that I5(n — 1) is fixed. By going down the tree, we get
to know the full (I;m(J))m,; for m =1 to 5 and j = 1 to n. In particular we
know the labels of the leaves for all the nodes at the bottom of the tree. We
know the la_pels of the leaves, in other words, k, and knowing o, we know k.
We set (1) = Qg 1 (92(7))-

The image of Q2 by S7,,0,4, is included in

(<p2 24)

bl

82 ={l'e@/Ly"™ |Vi=1,....n, [IG)=u",

I
— _ . n
QD1 2 v Vi=1 5, Qa5a(l) + Qa(1) = 0}
We get, with the new notations
(1+a)n/2) n/2 4n+1
g U
Ws < 27TL (9T \in ZH|Q2 |1 a H |a ST2U‘P2 |
SZ] 1 J
with the convention S, 5,0, (f) = k;. Because a has compact support, so has

a o St, - and therefore, there exists K K(a,0,Ts, p2) such that

(1+a)n/2) /2

(2w L)t 2 M= Iﬂzg( j[r-e

fe§2 —K,K]4n j=1

W2 < max |a|2¢4n+Y

We count the degrees of freedom in S2. We start by fixing
l1(n),la(n),l5(n),ls(n). As we remarked earlier, this fixes automatically
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Is(n) and therefore, I[(n — 1), and Q,(I). Because we are in S2, this fixes too
Qn—1(1).

We then fix arbitrarily i1 (n—1), l2(n—1) and I3(n—1), which fixes automatically
I(n —1). We recall that Q,_1(I) is fixed and that

Q1 (D) = Pn—1)—B(n—1)+B3(n—-1)—13(n—-1)—I(n—1)—2l(n—1)ly(n—1).

Therefore, this fixes [4(n — 1) and in turn l5(n — 1).

Going down the tree, we get that fixing (11(25),12(24),13(25),14(25),11(2j —
1),15(2j — 1),13(2j — 1)) for j = n/2 to 1 is sufficient to recover the whole I.
Therefore, we have

p(1ta)n/2) n/2

PR ¢

le(z/LN[-K,K])™/2 =1

—_

2
"= S

where [~ K, K]*" has been replaced by [—K, K]™/2.
Because

2y (1) = —21(25) (1a(2) — ﬁ(l%%) — 13(2) + B(2)) - 32)) — (2))).
By integrating in the following order 13(1), I2(1), 11(1), 14(2), 13(2), 12(2),
ll( ), ,lg(nfl) lg(nfl) ll(nfl) ( ), lg(n), 12( ) 1(n),we get that

n/2

1
11 Qa5 (1)1

j=1
is integrable on compacts and therefore

y(1+a)n/2)
1172 <
2 ~a,T2,0,p2 Ln/2

For W, there are in each subset forming C’, "T’Q constraint estimates on
the Qs, while we integrate 4 different Q~2s. Therefore, by applying the same

strategy as for Wa, we get
(1+a)n/2
Wl ~a,T1,p1 W
We deduce

L(L+a)n/2)

W= Oa,Tl,Tz,a,wl,wz,n(W

tn—l) T On,a(L4n—2tn—2)

which yields the result when n is even.
CASE 2 : n is odd.
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Let k € C. We have

fn-1)/2  (1)/2 1 (1) /21
|F72 e | < 20— , + O, (L¥n=1/2=
i = W e e O )
and
tnfl)/Z (n=1)/2 1 ony(n1)/2—1
0, F? | < S — W R S
ey | oy R )
What is more, k belongs to C!' N C? with
- . n—1 . .
Cl={keC|Vj=1,..., 5 Sy k(0125 = 1) + Q1 (1(25)) = 0}
and
C? = G2 UG U Cs?
where
- . n—1 . ,
CL2={FeC|Vi=1 "0, Qg (02(2) = 1) + Qg 1 (#2(20) = 0),
- . n—1 . .
G ={keC|Vj=1,....,—5— Qp (#2(2] + 1) +Qp, 1 (#2(2)) =0},
and finally
cs?={kec|
Vi=jo+1,..., %5 Qp g (922 +1)) + QT2 (p2(29)) =

Jjo, Qp, (802(2J0* D)+ Q7 (502(2]0))+Q (502(2J0+1)) =
Vi =1,. -1, Qg (802(2J*1))+QT2 (p2(25)) =0

We get as previously by Cauchy-Schwarz inequality,

w < CnW1W2tn71 + On,a(L4n72tn72)

with
(n—1)/2 dn+1
W2
e Dl | e
keCl j=1 j=1
and
(n—1)/2 1 dn+1
2 27TL4"Z H |Q @22]+1|H|
kect J=0

We repeat the same strategy as in the case n even.
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For W1y, there are 2L quantities |Q|~2 to integrate and 251 constraints esti-

mates. Hence,
V(lJra)(nfl)/Q

2
Wi /Sa,Tm@lya L(n—1)/2

For W, there are 24t quantities |Q2]~2 to integrate and “5— constraint equa-

tions, hence
V(l+a)(n+1)/2

WY SoTopnae —Fmmz
Therefore, we have
(14a)n/2
v n—2;n—
W = Oa7T1,T2,<P17‘10270',0¢( L(n—l)/Q ) + Oa,n(L4 2t 2)

which concludes the proof when n is odd. o

REMARK 4.1. The application of the Cauchy-Schwarz inequality prevents us
from being optimal. The worst case scenario we can think of (n odd, Ty = Ts,
©1 = @2, 0 = Id) yielding a bound of the form
p(1+a)(n—1)/2
L(n—l)/2

ve.
4.3 Casen=1

We now deal with the case n = 1.

The set 77 is reduced to 1 element 7= (L, L, 1, 1, 1). We write C(k) = Cr(k)
and for all o € &5, we write C, (k) = C(T, T, 0,k). We also write 2 the set of
o € G5 that conserves parity.

PROPOSITION 4.6. We have

sin(A k)t
E(lon (8, R)2) =D Y oA (;(2)))

ceA L, keC, (k)

[T la(kp)P? +0u(L™w).

5
j=1

Proof. By definition, we have

E(|o1(t, k)|?) =
AR 1 E(9797 )
92 _ 71A(kg)tAﬂAﬂ kIko )
Re[ Z Z 27TL iA(K) c kke c(o, k) }

€65 keC, (k)

We write
OE(jv1(t,k)]*) = A+ B
with
1 et _q - E(9z9z )
A=2Re| > > emitko)t g A " TKoke ]
[aem reom GO iAR) c(o,k)
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and

pARE 1 E(g+77)
= 2Re{ Z Z — e*%A(ko)tAgAE —TkTko !
cEB T ke, (k) 27TL ’LA(]{?) C(Uak)

where %5 is the complementary of 2 in (‘55
If o € 2, then A(k) = A(k,), AgAy, = [T, la(k;)|* and E(g;77) = E(|gz])-
Therefore

5 _12

sin(A(
A= Z Z 27TL A(F) c(o k)

oA EeC, (k)

Write .
Coz(k) = {k € Co(k) | Vi1 # j2, kjy # kjs}

and C, — (k) its complementary in Cy, (k). For all k € Cy,+(k) we have, accord-
ing to Lemma 3.18 E(|gx|?) = 1 and c¢(o, k) = 1 and thus

A=A +A-
with . 5
2 sin(AY :
AF= Z Z omL)* A(E) Hla(kj)|
o€AEeC, (k) j=1
and
2 sin(A(R)) T E(lg:[?)
A= X R T lalhy) (= 22— 1),
o€NeC, _(k) (27L) A(k) 55 c(o, k)
Since | (lg’“| ) _ 1] < 5!'and |A(k )| > L we get

FEEE S ﬁ TT latk)[

o€ ke, (k)

Because satisfying “dj # [ such that k; = k;” is a constraint independent from
Z?Zl(fl)jkj +k =0, we get that

A =0, (L7 ).
We estimate B. We recall that if o does not conserve parity and k € Cy (k)
then E(g;g; ") # 0 implies k € Cy = (k). Therefore

zA(k)t -1

1 z E(9z97.)
B=2Re| Y Z emiAha)t g A TRk
[ae% reor (27rL) iA(k ) v c(o,k)
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E(9z9%,
Since |ﬂ| < 5! and since

eIAR)E _
iA(K)

o—iA k)t

we get

5
Bl<2-5w > Y (2;@4 T etk

7€B [eC, = (k)
Because belonging to C, =(k) implies two independent linear constraint on E,

we get
B =0,(L"'v).

5 FINAL LIMITS AND PROOF OF THE RESULT

We sum up what we have done so far. Since for alln > 1, T1,T5 € T,,0 €
Gunt1, k € Z/L and t € R, we have thanks to Proposition 4.5

V(T1,T2, o, p1, P2, k, t) = OTI,TZJ#H,wz,a,a(tn—ly(l-i-a)n/QL—(n—l)/Q)
4 On’a(tnf2L4an)7

we get
WE (|, (K, 1)[?) = Opa,a(t" T 2L=0020/2) 4 O (77204 72),
We deduce that for all ¢ € R, we have that
2 VOE(vn, 1 (b, te™)|?) = Onapa(TOM2L=02) 4 O, 4 4(€2L472).
Indeed, when t = 0,
2V, E (v 1 (k, te72)[2) = 0

and when ¢ # 0 then for ¢ small enough (or L big enough) [t[e™2 > 1.
Therefore, we have

N
— - v —
> 2B (v 1 (ks t 7)) = Owat Tz ) + Onaal LN 72).

n=2

E(Jvs (£, k)| Z Z o sin A]% )t) H|a(kj)|2+0a(L_1V)-

€A EeC, (k) A(k) j=1
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We set

sin(A(k)te =2 9
Lob)=3 Y G A((l_z,)g R (9)

o€ EeC, (k)
We introduce test functions.

PROPOSITION 5.1. Let f, g be two smooth, compactly supported functions on R.
Let M > N € N*. We have

atE(<PNUL7f><97PMUL>) = 27% > FR)GR) L L (k1)

keZ/L

Vl—i—a
+ ON,a,k,t,f,g(

VL

+ EQLN_S).
Proof. Set ng = | %1 |. We have
PNUL Z e” Unp, L a

hence
no

(PNUL(), f) = €™ (un 1(e71), f)-

n=0
What is more,
) ) eikz
Unp(te™®) = Y i p(te? k) ——
rez) L 2L

and we recall that because the support of a is compact, the sum over k is finite.
Hence

(PNUL(), f) =

For the same reasons

(9, PmUL(t)) \/— Z ZE G, (te™ %, K )g(K')

k' €Z/L m=0

where mo = |2 ].
Therefore,

IE((PNUL,f><g,PMUL)) =

%LL Z Fk)g(k") Z "R (T 1 (a2, k)i 1 (te =2, K')).

k,k’ n,m
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We recall that
B, 1 (te=2, k)i 1.(te 2, K'))

is null unless n = m and k = k’. Hence,
_ -2
E(<PNULaf><gaPMUL ) = L k;ﬂf ZE "E(|an, 1 (te72, F)[?).

‘We have
E(|tin,z.(te ™2, K)[*) = E(|vn,(te =2, k)[?)

hence
8t]E(<PNUL7 f><gv PMUL>)

- % Z )9 (k) zo:52(n_1)atE(|Un,L(k’)|2)(t€_2).

n=1

We recall

no
Z 52(n—1)atE(|’Un7L(k)|2)(t€_2) = 0"07a7t(L1/2 4 g2 4Ano— 2)

n=2

hence
— Z F(k 262(" DOE(|Jun, L (k)[*) (te™?)
kEZ/L n=2
— Ono,a,t,f,g(Ll/2 + g2 [Ano— 2)
Finally,
WE (o1, (k)|?)(te™2) = L, n(k,t) + Oa(L™v)

hence

=z 2 Bows 0Pt = 7o 3 FOTEea()

€Z/L €Z/L

which concludes the proof.

We set
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5.1 CASE t IS DYADIC

PROPOSITION 5.2. Assume that =2 = 272F L% + p(L) and that t is dyadic. We
have

3 sin( ( tp 5 . -
R H' o+ Y1)
P> p
+Oa(f+7+;)

where B = {(k,k/’l,kg,kg,k4,k/’5) S RG | |k— k/’l —l—k/’g — I{?3| > i}, where

and dk = dk T]_, dk;
Proof. Let k € Cy := {(k,k')|K' € Cy(k)}, we have
A(k)te 2 = A(k)L*2r2" + A(k)tp
Therefore, since ¢ is dyadic, for L big enough
A(k)te= € A(k)tp + 2.

Hence .
(k. sin(A(k)tp) >
AT Db pjeet e UL}
ced e, (k) J=1
Since o
sin(A(k)t
Sl
A(k)
and

sin(A(K)tp 9 xcosT — sinx
‘V(W)‘ < |tp| |VA|HTHLOO

we get the convergence towards the Riemann integral since p? = o(v?) = o(L),

Z/ oo sin %“’H| |5/<:+Z ROLA

oed

+ Oa,f,g,t(/) L_l)

where

B‘T = {(kaklak23k3;k4;k5) | |k - kl +k2 — k3| > ,U,_l,
|k — ko) + ko(2) — k0(3)| > ,u_l, A(E) > y_l}_
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We have
5

H Jalky)?6(k +Y_(=1)k;)|.f (k)g(k)|dk =

/A(k)<u,k K tko—kg| > % =

/ Akt o) Pla(ke) Pla(ho) P £ (936
|k—ky+ka—k3|> 2

4
[ dmlakn)Plati+ 3o(-1)7k)P.
|A(k) <3 j=1
Since
. 3
AR) =k — k2 + k2 — k+k+z )2 = 2ka(k+ > (-
=1

we get that |A(K)| < L implies

K=k 4+ k3 — ki — (k+k+ Y] (-1)7k;)® 4
|ky — | < >

2(k + 3251 (~1)7k))

hence

ot

H| Z 1Y k)| f (k)g(k)|dk

/A(k)<y,k k1+ko— k3‘>

< suplaf*2 / dhdtsdhdiala(kn) Pla(ka) Pla(ko) P F (00|

Thus, we get
sin( ( )t > ; >
Z/ v pH| GRSk + > (=17 k) T dks+
cea’ Bg A(k) =1 =1 =1
Ou.t.ra ('L + Outosa(25)
where

—_

1
Bl = {(k, k1, ko, k3, ka, ks) | |[k—k1+ko—ks| > 0 |k—ko1) Fho)—koi)| > =}

=

We have

&
=
I

5 5
)38 TT lathky) 200k + 3 (-

/dkdkzldkzgdlm|a(k1)|2|a(k2)|2|a(k4)|2|f(k)§(k?)|

dks|a(ks)||a( Z

/|k+2?1(—1)fka<j>|<%

I

/k+2?1(—1)jka<j>|<ﬁ
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We get
5 5 .
I la Z D7 ky)| f (k) (k)| di

/|k+2?1(—1)jka<j>|<% =1 =

1
/dkdkld/@dkﬂa(’ﬁ la(kz)[?|a(ka)?| f (k)g(k )|Sup|a|4;-

Thus, we get
sin(A(K)tp
= k)o(k —1)k;)dk
Z/ T A H| @+ 3 (1))
+ Oupg (L7 + 22 4 5)
which concludes the proof since the cardinal of 2 is 312! = 12 o
Let
3 sin( ( Vtp >
Jr(t) = / _— a(k k)o(k + 1) k;)dk
=15 ) T Am JHl| 0+ 317k
=
PROPOSITION 5.3. We have that
e =
3 1 >
— 6 k _ k2 f (k) k

and besides the integral converges

Proof. We have

JL(t) 1 Jeo ( i
where
C:{(kz,kl,...,kz4||k—k1+k2—k3|2;}
and
Dk, k... ka) = Ak, ky, .ok k=Y (=
=1

To lighten the notations, we write equally
= {(k1, ko, k3)| |k — k1 + ko — k3| > ,u}'
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We get

3 s
Jo(t) = R/Cdk:cuﬁdk2d/<:3f(k:)g(k)|a(k1)|2|a(k2)|2|a(k3)|2J§(t, k, ki, ko, k3)

where

JE(t, K, ke, ko, ks) = /d@% 2)|?a( k+z
Given a fixed k, ki1, ko, ks € C, the derivative of ks — D(k) being
—2(k — Ky + ko — ks)
and denoting E=k—ky +ky— ks # 0, we get by integration by parts
JE(tk, ki, ko, ks) = J7 (6 k, kKo, k) + JE ot K, ki, ko, ks)
with
— cos(D(k)tp)

DRty |a(ka)*la(k + ka)[*

Jia(t k k1, ko, ks) = /dk:4

and
JE otk ki, ko, ks) =

1fcos(D(E)tp) o (a (kG alk 2 2.k a(k
/dk4—ED(E)tp Re (a’ (ka)a(ks)|a(k + ka) | + la(ka)2a’ (F + ka)a(k + ks)) .

For j =1, 2, write
Jr;(t) =

3
A A5

dkdkldkzdkgf( )g(k)|a(ky)*la(ke)*la(ks)|*JL ; (¢, k1, ks, ks).

We estimate JL,Q(t). First, we have
1—cos(D(k)tp) _ 1
Dy~ (D(Eyip)

and thus

Jg 2(t7kaklak27k3) < Ha’/HL“’Ha’H%“’ 7 4
’ Vip o)

which implies in turn

(k)| T laky) P

1 .
Jp2(t) Sa 7 / dkdky dkydksdls| f (k)§ (k)| - -
ple |k[\/ D(k)
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Then, we see that . - -
D(k) = D(ky, ko, ks) — 2kky
with - - ~ -
D(k1, ko, k3) = k> — k? + k2 — k2 — k? = D(ky, ko) + 2kks
with
D(ky, ko) = k? — k2 + k2 — (k — ky + k2)? = =2(k — k1) (k2 — K1).

We divide the domain of integration of Jy, » in three parts as

Jra(t) = Jr3(t) + Jra(t) + Jo5(t)
with

47

5L, 3(t) =

/ _ dkdkydkadks| f(R)g(k)||a(k)|?|a(ks) la(ks)|* TE ot k1, ko, Ks),
on{D<D/2}

Jra(t k) = 3 / dkdk, dksdks
47 Jon(p>b/2,p<D)2)
|F(R)g(R) (k)P a(ka)[*a(ks)[* T2 o (¢, Ky, Ko, ks)
and
3
Jrs(t k) = / dkdk, dkodks
md cn{D>D/2,D>D/2}

[F (k)G () la(ka)Plalka) Plalks) 2 TL 5t Ky, ko, ks).
For Jy, 5, we use that D > D/4 to get

[ (k/’4|H _y la(ky)? _
k[\/ D(k1, k2)

1 201N A
ol S0 [ didiadradiyda] F(1)3(0)
C

We use that we integrate over C to get
3
sl < In? In" 11 |la(k4)] Hj:l la(k;)?
L5 Sa — — .
vt || n*([K|)\/(k — kv) (k2 — k1)

We recall that k = k — ky + ko — ks, therefore, by integrating first in k4 then
in k3 then in ko then in k7 and finally in k, as in

t
1;1/27) | JL5] Sa

Jak)t [ la(k)P Jaks)® /
dk f /dk dk3 —=———— dkala(k
/ F(R)ak) e [ wen s [k [ aslati

dkdkldkzddek4|f( )9 (k)|
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we get
In? p
Jr sl < mp
[ JL.5] Saf m

which goes to 0 as L goes to oo as In? p = o(\/p).
For Jy, 4 we use that since D < D/2, we have that

and therefore since |D| > |D|/2, we get

D)
kq| > d |a(k4)
el 2 g and Jalh)] <

SIVel(z)%all = S VIH

\/lk_4 Fa)? ™ VD)2

from which we get

T
LTt k)| Sa
In” p

ak)P o) lat)l® VI
\/|k — ki \/|k2 — ki |k|1n2(|k:|) (kg)? D(E)

/ dkdly dlesdisdiea| f(k)3(k)|

Since D‘g‘c) = —2ky+ (k1 ko, k3) where « is a map depending only on ky, ko, k3
we get
Tt k)] Sz 2
L,4\t, ~a .
f.9 Vip
For Jr, 3 we use that since |D| < |D|/2 we have that
D-D D
k3| = | = | > u
2|k| Al k|
and therefore,
k
(k)] So 1|12,

We get as previously

L st ) 5o
gy JaGE ) la(ks) i
R N e N L Ty e

and we conclude as for Jy, 4.

DOCUMENTA MATHEMATICA 27 (2022) 24912561



SINGULARITIES IN THE WEAK TURBULENCE REGIME 2545

We now compute the limit of J, ;. By the change of variable £ = D(E)tp, we
have

Pla(k + 2= 8/0)y e

TE (kb ) :/%1 —zgs(ﬁ)m(D—Q'g‘k{(tp)
We divide the integral into two parts as
Jé,l(t, k k1, ko, ks) = Kf,l(t,k, k1, ko, ks) + Kf,Q(t,k, k1, ko, ks3)
with
Kfl(t,kz,kl,kg,k:g) =

48 1 oot) D= E100) oy, DoElC)
/£<D|tp/z2|15| e = etk + JAVZAY

and

K%,Q(tv ka kla k27 k3) =

/ d_§1—COS(€)|a(D s‘/(tﬂ ) 2la(k + 5/(t/)))|2_
le|>|Dltpy2 21k &2

We denote for j = 1,2,

Kyt k) =

o dkdkldk2dksf( )g(k)la(k) | a(ks)*laks) [P K7 ;(t, kK, ko, ka).

For K, 2, using the bound on [£| we get

1 1 —cos(&) 1
K1 otk k1, ko, ks)| <o = _ /d <o —= _____
N (Ll R A S T T T

We divide the integral on ki, k2, k3 in two as previously as

(KL 2(t)] Sa Krs(t) + Kra(t)

with
Kp3(t) =
/DSDmC W|f(’<f)§(k)||a(k1)|2|a(/<f2)|2|a(/<f3)|2dk1d/<f2d/<f3
and
K 4(t) =

1 -
/D 572 CW|f(k)g(k)||a(k1)|2|a(/<?2)|2|a(’f3)|2dkdk1dk2dk3-
>D/2n
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For K7, 4 we use the inequalities on k and D to get

(1?):/4 Hralh) 5

/ dkdk, dkodks
[ 1 (|k|) [k = i [/4]ky = ko |14

| F(k)g(k)a(ky)Plalkz) Pla(ks)

which is integrable as previously, hence

In* (1)

< -
Kra(t, k) Sa.f.g (tp) /4"

For K7y, 3 we recall that the inequality on D implies that

D
| s 7k
We use that
|k|3/4
ko)l o 1557
We deduce
K3 Sa

1

n ~ 2 2
a7 | T (90 el lala) Plas) didia dkadk.

We have that -

|D| > 2|ks — Bk, ka)| |k — v(K1, ko)
where 8 and v are two maps depending only on ki, k. By using Holder’s
inequality on k3, we get

1 |a( kl
G
KL,B ~a ( )1/4/dk|f |/dk1|k k |3/4
|1 /3 | |1 /3

iy 0D ol a
2| |3/4H| |1/4||L (kg,)” |k |1/4HL (k3)|||k|1/4||L (k3)+

Since % < 1, we get
1
<, -
KL,B ~fhg (tp)1/4'

We now turn to K, ;. We set

1 1—cos
frk, ki ko ks, &) = 1k>ﬁ1|5|§|Dtp/2mT(€)
o 2L o D=L R ) Pl Pl P
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When L goes to co we have that p — oo and thus f converges almost surely
to

Joo (K, k1, ko, k3, &) =
1 1—cos(§)
2(k| €2

pv|| ol
W|| ]

() Pla(k + 22)” F(k)g(k)|a(ko) P lalks) *la(ks) .

What is more, because |¢| < |D|tp/2, we have that

‘w‘ > |2
2k ~ 14k
from which we deduce that
D —¢/(tp) ||/
<, = .
| ( 2]{/’ )l ~a |D|1/2

Therefore, if |D| > |D|/2, we get

|fr(k, k1, k2, ks, €)| Sa
1 1 — cos(&)
[k|[/2D]/2 €&

(k) () alk)Plalkz) ?|alks) .

On the other hand, if [D| < [D|/2 then

W)

|
4]

|k/’3| >

ol

and we get

1 1—
|fr(k, k1, ko, k3, )| S cos( )

e |k[1/2|D[1/2 | (R)g (k) la(k1)|?|a(kz) [*la(ks )]

Hence, for k, k1, ko, k3, k4 we have

|fr (k1 ko, ks, )] < 1 1- Cos()

REET e [F®)a (k) alkn) la(k)[* a(ks)],

the map on the right hand side being integrable we can apply DCT and get
that

hm Kpa(t /foo (k, k1, ko, k3, &)

3
T 4nl

W|| ]

WPlatk + Z0)Pla(k) Pla(ke) P |a(ks)|”

§|| ol

/dkldkgdkg |a(

and the map below the integral is integrable. o
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52 CASEt =g

PROPOSITION 5.4. Assume that e=2 = 22V L2 + p(L) and that t = &. We
have

1 sin( (tp > PN P -
R v Hl| 2305+ 3(-1)/k) IR

WPt o p
T HT D)

where B = {(k, k1, k2, ks, ka, ks) € RS | |k — k1 + ko — k3| > %}, where

oS

and dk = dkT]_, dk
Proof. First, we see that

1 1
t=3=> om
n>1
and therefore
oly e L | N
3
where x;, = 1 if L is even and xz;, = 2 if L is odd. We deduce that
2rx >
A(F)e~t € A(R)tp + L[ L?+> (-1 :|+27TZ.
j=1

And therefore, we get

sin(A(k)e2t) =

sin(A(F)pt) cos (%;L (L) + 30 (=1 (Lk;)?))

5
. 2 ,
+ cos(A(F)pt) sin ( ”;L [(kL)Q + Z(—w(uﬂj)ﬂ )
To know the values of

cos (22 [t + 3190, )

j=

—_

and
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it is sufficient to know the congruence of Lk, Lk; modulo 3. Therefore, we write

t) = (Qi)5 > Lor(t)

with k a map from [0,4] NN to {—1,0,1} and

L. (t) =

Z % Z sin(A(k)tp)bx, 1 +_‘COS(A(k)tp)CH7L H la(ky) 2 F 6)3 )

e EECG,H A(k)

j=1
where
Co’,/{ = {(k,kl, k27k37k4; k5) S C’0' | Lk S H(O) + 3Za V], ij S ’i(j) + 3Z}

and

and

We divide I, 1, in two as
L{,L = J/{,L + Kka,L

with

7 5
Jer=bo Y 2 3 : TT lak))I27 (k)3(E)

oe keCq j=1

and

COSAE 5 _
Kep=aw Y g5 30 S I fates 9500

oe keCa A

~—

With the same strategy as in the proof of Proposition 5.2, we have

dk+0a,f,g( +%+p)

12 sin(A( /;: )tp)
22 [ )

A(K)

According to the program set in Appendix B, b, 1, = 1 in 99 cases and is equal
to
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in 144 cases. Therefore,

Z JK,L =

99 — 72 / sm(A(E )tp) - P’ pp p
12— e dk + O, — 4+ =+=).
5 o T LT PO + Onp (T + 2+ 2)

w

Still according to the program in Appendix B, ¢, 1 = 0 in 99 cases, is equal to
\/Tg in 72 cases and is equal to —@ in 72 cases. We fix an involution k — &
such that cg,1 = —cx, . We get

5
KHL+KI€L CNLZL5 Z %H k)
oed kECaN j=1
cos(A(k)tp) >
oY 75 = D TH g(k)
€A keCoz j=1

5
+mZL5 Z H (k) f (k)3 (k)
oe keC,, Fl
5

anZL5 Z Hla (k) f(k)g (k). (10)

o€A  keC,, J:1

For the same reasons as in the proof of Proposwion 5.2, we get that

= A
oed L ];ECU " A(k) j=1
12 cos(A(k)tp) —1 - 27T P> pn  p
= [ B T (k) P F(3R) + Oug (& + 22+ 2)
5 Jes A jl;[1| (k)" f (k)9 (k) r\TH o Ty
the key points being that % < tp and that the derivative of cs2=1

is continuous and bounded.
This erases the first two lines in (10) as in

5
KI{L+KI€L CNLZL5 Z H )| f( )g()

oe i
5
—er Y 75 H laks) |2 F (k)5 (R)
oed keC, j:l

2
FOurg (T4 +0)

DOCUMENTA MATHEMATICA 27 (2022) 24912561



SINGULARITIES IN THE WEAK TURBULENCE REGIME 2551

We deal with the remainder, we set

KK,L,2 =
1 12 . 1 1 £ .
75 2 o [P FRatk) = w5 > =[] lalk))I* (k)3 (k).
KECo n AlkR) 5 keCo,x Alk) j=
Writing C\, = {k|Lk € #(0) + 3Z, Vj, Lk; € #(j) +3Z} and j = k + ST we
get

Ko =15 z [07)0 e, (ﬁ 50 I o)/ 95

DS J“‘ (H| 5 — [T 1) F()3))-

keCy j=1

We divide again K, 1, o into three parts as

Kirno=Ker3+Kerpa+t Kergs

with
5
L5 Z —)J%Hmwj)ﬁf(k)g(k),
1\ )
HL4 < - = akj 2 k)g(k
2 Lsg e (35 agy) etk 709505
and

5
Krps= L5 Z JEC (H k)

keC,

We first deal with K, 1 5. We have |E — j| < % Hence

JEC (H| (k) - H aGDPFGDFD) | Sag 2222

Jj=1

Besides a has compact support hence there exists M > 0 such that

1 Liec,v v
[Kn.sl Sars 75 > jT Sats T
keC.Nn[—M,M]6
We turn to K, 1.4. Given again the fact that a has compact support, we get
on the support of H?Zl la(k;)|* remembering that k = — Z?Zl(fl)jkj,
1 (;f;)k Lec,”.
€C, 7 2
TEUNA(R) AG) |A(R)|L
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-,

Since |A(K)| > |AG)| — |A() — A(K)| and since |A(f) — A(K)| <q L™ we get
that for L big enough, since v = o(v/L),

Lee, (- 1) 50 Yiec,””
TEENAR) AQG) L
And therefore, we get

1/2

|Kr,L.4l Sa.f.g I
We now turn to K, 1 3 and estimate the numbers of k such that

1-

keC, — 1

jeCs,

is not null. We assume without loss of generality that k € C, but that j ¢ C,.

FIRST CASE: |A(j)| < v~t. We have

-,

v < AR < 1AGD]+ IAR) - A

Since on the support of H?:l la(k;)|?, we have

-, |

IA(K) = AQ)| Sa L7

we get

-,

vl < AR < AG)] + Cal ™

We recall that A(k) = D(k, ki, kg, ks) — 2kks and thus
1 D 1 U

<k =< —+0C,E

u|/<;|—| * 2k|_u|k|+ v

Hence k4 belongs to the reunion of two intervals of size C,%.
SECOND CASE: |j| < u~t. We have

p— 7 - - 7 — 2
p <RI < |jl+ G-kl <n 1+Z‘

Therefore, k3 belongs to the reunion of two intervals of size %
THIRD CASE: [j,| < u~!. Similar to second case.

Therefore,
uy v
|KH,L,3| Sa,f,g f + Z
and we can conclude. O
From Proposition 5.3, we therefore get
2 0=
1 1 >
— | §(k ~1)7k)8(Ak)) ———————— k)2 f(k)g(k)dk
o [ # SRS g TT i) /(61505

and get Theorem 1.2.
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A TREE GLOSSARY

A.1 LABELED TREES

We draw some trees corresponding to Definition 3.2 in Figures 1 and 2. The
squares represent leaves and the circles represent nodes. We have Ty € To[k],
Ty € Ti[k] and Ty € Tslk]. We fix A = Ay = k? — k} + k3 — k3 + k7 — k2, and
Aoy = k? — j? +j3 — j2 + j3 — j2. Note that, in mathematical writing, we have

Ty = (k)a T, = ((kl)a (kQ)a (k?))’ (k4)’ (k5)’ k)a

and

Ty = (((]1)7 (j2), (j3)7 (j4)ﬂ (j5)7 k’l)ﬂ (k2)ﬂ (k3)ﬂ (k4)ﬂ (k5)ﬂ k)

T0 @

™

Under the condition (k1,k2,k3,k4,k5) in CL(k)

Figure 1: Labelled trees with 0 and 1 nodes

Keeping in mind the previous examples, we have corresponding to Defini-
tion 3.3:
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Under the conditions
(k1,k2,k3,k4,k5) in CL(k) and
(11.j2,j3,j4,j5) in CL(k1)

Figure 2: Labelled tree with 2 nodes

Fr,(t) = 1,
t
Fr(t) = —i/ eAdr,
0
t ) T
Fr,(t) = - ezAlT/ 225 dsdr,
0 0
agr, = JLk,
91, = YLk, ©GLks © 9Lks © GLks © 9Lks)
9r, = 9Lj1 ©GLjs O GLjs © GLjs © 9Ljs © GLks O GLks © GLks © 9Lk,
and
ATD = a’(k’)ﬂ
A, = a(ki)a(kz)a(ks)a(ka)a(ks),
Ar, = a(j)a(jz)a(js)a(ja)a(js)a(kz)a(ks)a(ks)a(ks).
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We have, corresponding to Definition 3.4,

ko :=T5 = (j1, j2, 73, Ja, J5, k2, k3, ks, ks).

A.2 TUNLABELED TREES

We draw a picture corresponding to Definition 3.7 in Figure 3. In
mathematical writing, we have to = 1, t; = (L,L1,1,1 1) and
to = ((L,L,L, L, 1), L, 1, 1,1). We also have Ty, = to(k), T =
tl((kl,kg,kg,k4,k5)) and

Ty = t2((J1, J2, 33, Jas Js, ko, k3, ka, ks)).

We draw a picture corresponding to Definition 3.8 in Figure 4. We forgot some
parenthesis as they were redundant.
Corresponding to Definition 3.9, we have

0k

K ekt (1,0) - ky

00—k, k

to,ko

with k = 3°,_, (=1)""1k; and

0—k
(l,O) — ki
(1,1,0) = 5

ktz,Ez :

with k1 = 0 (—1)!" 1 and k= Y0 (1) k.
We also have
0+ Al

Q ~1:0r—>A, Qtz,Ez: (1,0) = Ay

t1,k
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© ]

t1

Figure 3: Unlabelled trees with 0, 1 and 2 nodes

A.3 NODE ORDERING

Finally, corresponding to Definition 3.13, we write explicitly the partial or-
der R, on the tree with four nodes of Figure 5. We have

(1,4,0)Rs, (1,0)R,,0 and (5,0)R;,0

and the other nodes are not comparable. In other words, (1,0) is not compa-
rable to (5,0) but also (1,4, 0) is not comparable to (5,0).
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t0 D t0

t1 t1

Figure 4: Ordering labels of nodes and leaves

Figure 5: A tree with four nodes

B A PROGRAM IN PYTHON

Here, we present a program on Python designed to give the number of maps
k:]0,4] = {—1,0,1} such that the number

5
R(0)* + D (1Y k(j)?

j=1

is equal to 0, 1 or —1 in Fs.
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def hs(k)

a,b,c = 0,0,0

for x in range(3):
for x1 in range(3):
for x2 in range(3):
for x3 in range(3):
for x4 in range(3):

1f (xk*2-x1x*2+x 24k 2-x3#*k2+x4%*%2- (x~x1+x2-x3+x4) **2) )3 == 0:
a=a+l
else:
if (X**2-X1#*2+x2*%¥2-x3**2+x4* %2~ (X—-x1+x2-x3+x4) **2) 3 == 1:

b=b+1

else: c=c+l

return a,b,c

The program returns: (99,72, 72).
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