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Quasi-classical ground states. I. Linearly coupled
Pauli-Fierz Hamiltonians

Sébastien Breteaux, Jérémy Faupin, and Jimmy Payet

Abstract. We consider a spinless, non-relativistic particle bound by an external potential and lin-
early coupled to a quantized radiation field. The energy & (u, f) of product states of the form
u ® Wy, where u is a normalized state for the particle and Wy is a coherent state in Fock space
for the field, gives the energy of a Klein—Gordon—Schrodinger system. We minimize the functional
&(u, f) on its natural energy space. We prove the existence and uniqueness of a ground state under
general conditions on the coupling function. In particular, neither an ultraviolet cutoff nor an infrared
cutoff is imposed. Our results establish the convergence in the ultraviolet limit of both the ground
state and ground state energy of the Klein—-Gordon—Schrodinger energy functional, and provide the
second-order asymptotic expansion of the ground state energy at small coupling.

1. Introduction

We consider in this paper a non-relativistic, spinless quantum particle — say, an electron
— in an external potential and coupled to a quantized, scalar radiation field. The Hilbert
space for the total system is given by

H = FHo Q Hr,

where #, = L?(R?) is the Hilbert space for the electron and #; is the Hilbert space
for the field, given as the symmetric Fock space over the one-particle Hilbert space ) =
L?(R3). The full Hamiltonian is a self-adjoint operator acting on #, of the form

H:= Hy @ It + I; ® Hy + Hiy,

where Hy = —A 4 V is the Hamiltonian for the non-relativistic particle in the external
potential V, H; is the Hamiltonian for the free field, Iy stands for the identity on #y and
Hiy, is the interaction Hamiltonian, acting on J¢. Such operators are usually called Pauli—
Fierz Hamiltonians [55] in the literature. Their spectral theory has been thoroughly studied
since the end of the nineties (see e.g. [58, 59] and references therein). In particular, con-
cerning the existence of a ground state — namely the proof that the bottom of the spectrum
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of H is an eigenvalue — we refer, among others, to [21] for massive Pauli—Fierz Hamil-
tonians (i.e. Pauli-Fierz Hamiltonians with a massive field dispersion relation), [7, 8] for
massless Pauli-Fierz Hamiltonians at small coupling and [29, 35] in the massless case
without any restriction on the coupling strength. Expansions of the ground state energy
of H for small coupling constants have also been obtained in [7, 8, 34,39] using “spec-
tral renormalization”, [10, 38] by an iterative variational procedure and [6] by iterative
multiscale analysis.

We focus in this paper on the case of an electron linearly coupled to a scalar field. We
consider an abstract class of linearly coupled Pauli-Fierz Hamiltonian that includes the
Nelson model [53] and the Frohlich polaron model [27]. For the Nelson model, in order
for H to identify a semi-bounded self-adjoint operator on J, an ultraviolet cutoff must be
imposed to the interaction Hamiltonian. The polaron model defines a self-adjoint operator
even without an ultraviolet cutoff [36,47]. The precise definition of the model we consider
will be given in Section 1.1.

We aim at studying the energy of product states

Eu, f) = {u®Wy), Hu ®Vs)), lullse, =1 ¥l =1~ (LD

assuming that the state of the quantized field, Wy, is a coherent state parametrized by
f € b. The functional &(u, f) is sometimes called quasi-classical energy. Assuming
indeed that the field degrees of freedom are “almost classical”, in the sense that the
creation and annihilation operator a*, a in H; are rescaled as a¥ = \/ea*, a, = J/ea,
see [4], one shows, under suitable assumptions, that the ground state energy of the rescaled
Pauli-Fierz Hamiltonian H, converges, as ¢ — 0, to the ground state energy of the quasi-
classical energy functional (1.1), [16—18,31]. In the case of the translation invariant Froh-
lich polaron model (no external potential), a proper rescaling shows that the quasi-classical
limit corresponds to the strong coupling limit of the original Hamiltonian M, see e.g. [57].
As we recall below, the quasi-classical energy (1.1) coincides with the energy of a
coupled Klein—Gordon—Schrodinger system. The variational and dynamical aspects of
Klein—-Gordon—Schrodinger systems in the quasi-classical limit have been studied in the
recent mathematical literature (see [1-3, 16—18, 25]), as quasi-classical limits of Pauli—
Fierz models. The strong coupling limit of the polaron model has also been studied in
several contexts, especially in the case of translation invariant systems allowing one to
study the effective mass of polarons, see [23,47] for seminal results and [12,24,46,52,57]
for more recent references; see also [45] for another definition of the effective mass of the
polaron in a slowly varying external potential and [26] for a polaron confined to a finite
volume. In all these references, the existence of a ground state associated to the non-linear
energy functional defined as in (1.1) constitute an essential ingredient of the analysis.
Our main concern in this paper is to prove the existence and study the properties of
ground states of the quasi-classical Klein—-Gordon-Schrddinger energy functional &(u, f),
on its natural energy space and under general conditions on the external potential and the
interaction term. We will recall that minimizing & (u, f') reduces to minimizing a Hartree
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(or Choquard—Pekar) energy functional. Existence, uniqueness and properties of ground
states for these functionals have been studied by many authors. We refer to the seminal
works [43] for the translation invariant model with a convolution potential given by the
Coulomb potential, and [48,49] in a more general setting, applying the concentration
compactness method. See also [51] for a more recent extensive survey of the vast literature
concerning Choquard type equations.

Our first main result in this paper provides the existence of a ground state for the quasi-
classical energy functional & (u, f). We consider a wide class of external potentials and
do not need to impose neither an infrared nor an ultraviolet cutoff into the interaction
term of & (u, f).

Next, for small coupling, we verify that the ground state of &(u, f) is unique. In
general, the field parameter f,, of the ground state (1, f4s) does not necessarily belong to
the original one-particle Hilbert space §). For massless fields, we will see that f,, belongs
to b if and only if an infrared regularization is imposed. On the other hand, no ultraviolet
cutoff is needed: Denoting by A the ultraviolet parameter associated to the ultraviolet
cutoff introduced into the interaction Hamiltonian, our results show that both the ground
states and ground state energies associated to (1.1) converge as A — co.

We also study the difference between the ground state energy for the microscopic
model and its quasi-classical counterpart,

info (H) — (in;) &, f), (1.2)

where o (H) stands for the spectrum of the Pauli-Fierz Hamiltonian H. The expansion up
to second order in the coupling constant of this expression reveals that the ground state
energy info (H) can be divided into two terms: a “coherent term”, given by inf(, r\&(u, f),
and a second term due to the contribution from the excited states of the electronic Hamil-
tonian.

As in previously cited references, our argument to prove the existence of a ground state
relies on usual strategies from the calculus of variations. The main novelty comes from
the possible absence of infrared and ultraviolet cutoffs in the interaction. This produces
singular terms with a critical behavior in the energy functional that we handle using, in
particular, suitable estimates in Lorentz spaces. The use of weak versions of Holder and
Young’s inequalities in Lorentz spaces seems to be new in the present context. It consti-
tutes one of the main technical tools in our argument.

The ultraviolet convergence of the ground state and the asymptotic expansion of (1.2)
at small coupling also seem to be new. In order to establish them (as well as the uniqueness
of the ground state), we project a non-linear eigenvalue equation associated to the min-
imization problem onto the vector space associated to the ground state of the electronic
Hamiltonian and its orthogonal complement.

In a companion paper [15], we will study the Pauli-Fierz Hamiltonian of a non-
relativistic particle with spin 1 coupled to the quantized radiation field in the standard

2
model of non-relativistic QED. In this case, the quasi-classical energy coincides with the



S. Breteaux, J. Faupin, and J. Payet 1194

energy of a coupled Maxwell-Pauli system. For the standard model of non-relativistic
QED with a spinless electron in the translation invariant case, we mention the works [9,44]
about the Lieb—Loss model, related to ours, where the infimum of the energy functional

€. ¥):=(u®V),Hu® V). |ule, =1 [¥]g=1

is considered. Here the expectation is taken over general product states, i.e. the field is
not supposed to be in a coherent state as in our case. It is then proven that inf ©(u, W)
diverges as A'2/7 in the ultraviolet limit, where A stands for the ultraviolet parameter.
On the contrary, our results show that, if the field is restricted to coherent states, then the
ground state energy converges in the ultraviolet limit A — oo, a ground state exists for all
0 < A < oo and an asymptotic expansion of the ground state energy at second order in
the coupling constant can be computed uniformly in A. Our results hold both for linearly
coupling models (this is the content of the present paper) and for the standard model of
non-relativistic QED (up to a trivial renormalization in A, see the companion paper [15]).

In the remainder of this section, we begin by introducing in Section 1.1 the abstract
class of Hamiltonians we consider and our main hypotheses. Next, in Section 1.2, we state
our main results.

Notations. We recall that for 1< p <oo, the Lorentz spaces (or weak L? spaces) L?>>®(R3)
are defined as the set of (equivalence classes of) measurable functions f : R® — C such
that

=

IS llpoo == fulgk({lfl >1})7t (1.3)

is finite, where A denotes Lebesgue’s measure.

The usual Fourier transform acting on tempered distribution is denoted by ¥ with
inverse (277)73%. (We use the normalization % (f)(x) = fR3 e f(£) dE for f in
L'(R?), and hence F (f)(x) = [gs €"** f(£) d&. This normalization is not the standard
one but it is convenient in our context.) Throughout the paper, we use the following con-
vention. Let f, g be functions associated to tempered distributions. Assume that ¥ (g)
identifies with a function such that f % (g) can be associated to a tempered distribution.
We write

F(f)xg:=Cn)F(fF(2) (1.4)
This convention extends the well-known equality which holds e.g. if f and g are in L' or
fisin L? and g in L!.
In several places, we will use localization functions in C® (R3) denoted by n and such
that 0 <75 <1, n(x) = 1if |x| < 1 and n(x) = 0 if |x| > 2. We define the non-negative
function 7] by

and for all R > 0, we set

nr(x) :=n(x/R) and 7gr(x) :=7(x/R). (1.5
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If #,, H#, are two Hilbert spaces, £(H1, #>) stands for the set of bounded linear
operators from #; to J¢,. Given a linear operator A on a Hilbert space #, we denote by
D(A) its domain and @(A) its form domain.

1.1. Model and assumptions

Before defining the abstract class of linearly coupled Pauli-Fierz Hamiltonians we con-
sider, we introduce our conditions on the electronic Hamiltonian Hy .

1.1.1. The electronic Hamiltonian. We suppose that the non-relativistic particle is spin-
less and bound by an external potential. The Hilbert space and Hamiltonian for the particle
are given by

He = L*>(R?), Hy = —A+ V(x),

where V : R3 — R is a real potential. We display the dependence on V' since one of
our main hypotheses (see Hypothesis 1) assumes the existence of a decomposition V' =
V1 4+ V5 such that V; > 0, V, vanishes at co and there is a gap between the ground state
energies of Hy and Hy;,.

The main examples we have in mind are confining potentials, V' (x) — oo as |x| — oo,
and Coulomb-type potentials, V(x) = —c|x|~! with ¢ > 0. We introduce general hypothe-
ses on V that are fulfilled by a large class of potentials, including the two preceding
examples. As we will see below, some of our main results have interesting consequences
in special cases, especially when V' is confining.

We set

py = info(Hy),

and likewise if V is replaced by another potential. For U : R3 — R, we denote by
Uy := max(U,0), U- :=max(-U,0),

the positive and negative parts of U, respectively, so that U = Uy — U_.
We make the following hypothesis.

Hypothesis 1 (Conditions on V). There exist 0 < a < 1 and b in R such that the negative
part of 'V satisfies
Vo < —aA + b,
in the sense of quadratic forms on H'(R3). Moreover, V decomposes as V = V| + Vs
with
() VieLl (R*RY),
(i) Va € LY(R3:R) and limjy| 00 Va(x) = 0,

(i) py < py.

We have the following accompanying remarks (we refer to Section 2.1 for justifica-
tions). Since V. > 0, Hy, = —A + V, identifies with a non-negative self-adjoint operator
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on L?(R3) with form domain
Q(Hy,) = Q(-A)NQVy) = {u e H'(R?) ‘ / V+(x)|u(x)\2dx < +oo}.
R3

Moreover, it follows from our hypotheses that Hy identifies with a semi-bounded self-
adjoint operator with form domain

(QV = (Q(Hv) = @(HV+) = (Q(HVI),
and that @y is a Hilbert space for the norm
12
lullg, = lulz + (Vi) z2u| .. (1.6)
In particular, ;y and py, are well-defined. We will most of the time consider a state v in
U = {u € Qy | ullg: = 1}.

In order to obtain uniqueness of minimizers, we require that the Schrodinger Hamil-
tonian Hy has a unique ground state. By Perron—Frobenius arguments, it is well-known
that, under suitable conditions on V, if py is an eigenvalue of Hy then it is simple and
there exists a corresponding strictly positive eigenstate (see e.g. [56, Theorems XIII.46
and XII1.48]). We make the following related hypothesis.

Hypothesis 2 (Ground state of Hy ). The ground state energy jLy of the particle Hamil-
tonian Hy is a simple isolated eigenvalue associated to a unique positive ground state uy
in L2(R3; R ), such that |uy ||z = 1.

The orthogonal projection onto the vector space spanned by uy is denoted by ITy. We
also set H{; =1-TIly.

1.1.2. Linearly coupled Pauli-Fierz Hamiltonians. We suppose that the radiation field
is a scalar, bosonic field with Hilbert space given by the symmetric Fock space

He = Fs(L*(RY)) = @\/LZ(R3) (1.7)

In the momentum representation, the free field Hamiltonian is the second quantization of
the multiplication operator by w(k),

H; := dT (w(k)),

where o : R® — R is a non-negative measurable function. See Appendix A for the
precise definition of second quantized operators. The coupling between the electron and
the field is linear in the creation and annihilation operators, given by

Hin 1= gv2®(hy),
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where g in R is a coupling constant, ®(h), for 4 in L?(R3), denotes the field operator (see
Appendix A for the definitions of the field, creation and annihilation operators), and

hy(k) = v(k)e %,

for all x in R3, where v : R3 — R is a coupling function.
This framework covers several models of interest:

» The Nelson model [53], with the relativistic dispersion relation w(k) := k2 + m?
corresponding to a field of mass m > 0, and the coupling function v(k) = a)(k)_% x(k)
with v in L?(R3). Here, in particular, y incorporates an ultraviolet cutoff. Moreover,
without infrared regularization, y = 1 near k = 0, while if an infrared regularization
is imposed, one assumes that y(0) = 0.

*  The Frohlich polaron model [27], with w(k) = 1 and v(k) = |k|™".

* The phonon Hamiltonian of solid state physic (see e.g. [40]), with a bounded disper-
sion relation @ : R3® — R such that w(k) ~ c|k| near k = 0 in the case of acoustic
phonons, or 0 < ¢; < w(k) < ¢, in the case of optical phonons. Here ¢, ¢y, cp are
positive constants. Moreover, v(k) = |k|% x(k), with v in L?(R3) and y = I near
k=0.

Assuming that V' satisfies Hypothesis | and that

v2
/ — < 00, (1.8)
R3 @

it is not difficult to verify that, for all values of the coupling constant g, the total Hamilto-
nian

H = Hy ® It + Iy ® Hy + gv2®(hy). (1.9)

is a semi-bounded self-adjoint operator with form domain
QM) = Q(Mfree), Hpee := Hy ® It + Iy ® H. (1.10)

See Appendix A for details. The domains of H and He. in fact also coincide in this case.
Note that the condition (1.8) is satisfied in the case of the Nelson model and the phonon
model, but not for the polaron model. In the latter case, one can still prove that H identifies
with a self-adjoint operator with form domain @ (H) = Q (Hje.), see [36].

1.1.3. Klein—-Gordon-Schrodinger energy. For f in L2(R3), the coherent state of pa-
rameter f is denoted by

(2
Wy = PP NQ e g, (1.11)

where Q stands for the Fock vacuum. Let u in U and let f in L?(R3) be such that
w'/? f belongs to L?(R?). A simple computation shows that the energy of the product
state u ® Wy is given by

(v @ Wy). H(u ® ¥y)),, = Eu. f) (1.12)
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(see Appendix A) where

&, f) = /R3 Wu(x)|2dx+/RS V(x)|u(x)|2dx+/Rsa)(k)|f(k)’2dk
+2gERe/ ey (k) f (k) |u(x)|? dx dk. (1.13)
RS

Hence we obtain the energy of a coupled Klein—-Gordon—Schrddinger system, the coupling
being given by the last term in (1.13).

We aim at proving the existence and uniqueness of a minimizer for the energy func-
tional &, under suitable assumptions on w and v. The natural energy space for & (u, f) is
U x Z,, where

Zy = {f : R?* - C measurable | a)l/zf € LZ(RS,dk)}.

We make the following hypothesis on v which, combined with Hypothesis 1, ensures
that & is well-defined on U x Z,, (see Proposition 3.1 and Lemma B.1 below). Recall
also that v is real-valued and w is supposed to be a non-negative measurable function.

Hypothesis 3 (Condition on v). The map W := g?w~'v? decomposes as W = W, + W,
with

(i) W eL' (R,

(i) W, e L¥®(R?).

It should be noted that this hypothesis covers all the examples previously mentioned
(the Nelson, polaron and phonons Hamiltonians). Indeed, Hypothesis 3 is satisfied if one

assumes that ™~ 'v? belongs to L1 (R?) and that

o™ (l)v? (k)| < Crlk [T k<t + Colk| ' g1, &> 0,

for some positive constants Cy, C,. This follows from the facts that |k|7>T¢1 < is
in L(R3) while |k|7'1 x> isin L>*°(R?). We emphasize in particular that, for the Nel-
son model, no infrared regularization is required and the ultraviolet cutoff can be removed,

taking v(k) = k|72 and w(k) = vVkZ + m2, m > 0.

1.2. Main results

We are now ready to state our main results. For clarity we decompose the presentation
into a few subsections.

1.2.1. Infrared problem for Klein—-Gordon-Schrodinger. We begin with a relatively
simple property, which we refer to as the “infrared problem”, keeping the usual terminol-
ogy from QED. Since, in general, Z,, is not contained in L2(RR?), the field component fis
of a minimizer (ug, fgs) of the Klein-Gordon—Schrodinger energy functional over U x
Z., may not belong to the original one-particle Hilbert space § = L?(R?). This formally
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corresponds to the fact that the coherent state Wy, does not belong to Fock space. On the
other hand, if fy belongs to L?(R?3), then, using in addition that ugs belongs to @y and
Jes 10 Zyy, one easily verifies that ug ® Wy, belongs to @(H), so that the Pauli-Fierz
energy (1.12) in the state ugs ® Wy, is well-defined.

The next proposition provides both a necessary and a sufficient condition ensuring
that fy belongs to L?(R?).

Proposition 1.1. Suppose that V satisfies Hypothesis 1 and W satisfies Hypothesis 3. If
(Ugs, fos) is a minimizer of the Klein-Gordon—Schrodinger energy functional over U x
Z, then

v

v
Y1
o K=t e

v
Lis1 € L2RY) = fu € LPRY) =~z € L2RY).

Considering the massless Nelson model where w(k) = |k| and v(k) = |k|7V/2x(k),
the previous conditions reduce to

ke k|72 ()L =1 € L2(R3),
ke k|32 g (k) Ljg<1 € LA(R?).

Thus, in order to have that f,, belongs to L?(R3), it is necessary to impose an infrared
regularization, but no ultraviolet regularization is needed. Note that the presence of an
infrared regularization is also necessary to have the existence of a ground state for the
massless Nelson Hamiltonian [22, 30, 50], while it is well known that the Nelson Hamil-
tonian is renormalizable in the ultraviolet limit [53].

For the Frohlich polaron model, we have w = 1, hence Z,, = L2(R?) and the previous
proposition is trivial.

1.2.2. Existence of a ground state. One of our main results is the following theorem
which provides the existence of a ground state for the Klein—-Gordon—Schrodinger energy
functional under our general assumptions on V' and W.

Theorem 1.2 (Existence of a ground state). Suppose that V satisfies Hypothesis 1 and W
satisfies Hypothesis 3. There exists Cy > 0 such that, if the decompositions V =V, + V,
and W = Wy + W, as in Hypotheses | and 3, respectively, can be chosen such that

[Willer + Cyv [Wallp3.00 < 8(pyy — pv) (1.14)

and |
CW2| L3 < 5(1 —a), (1.15)

for some universal constants C,8 > 0 and where a is given by Hypothesis 1, then the
Klein—-Gordon—Schridinger energy functional (1.13) has a minimizer over U X Z,.

We have the following accompanying remarks concerning the smallness conditions
(1.14) and (1.15).
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Remark 1.3. The smallness condition (1.15) only concerns the term W in L3> of W,
not the term W; in L!. Moreover, in the case of a confining potential, V' (x) — oo as
|x| — oo, the condition (1.14) is automatically satisfied provided one suitably chooses
the potential V7, see Lemma 2.2. This implies that if V' is confining and W, = 0, then
a minimizer exists for any g in R. In fact, for the special case of a confining potential,
one can prove the existence of a minimizer by simpler arguments than those we use in the
proof of Theorem 1.2, since in this case the relative compactness of minimizing sequences
can easily be deduced from the confining assumption.

Remark 1.4. Our assumptions cover the critical case % (W)(x) = g2|x|~2 of the Hartree
equation (1.16) (taking W(k) = cg?|k|™! in L3>*°(R?)), which has been studied e.g.
in [20, 37]. In particular, with % (W)(x) = g2|x|~2, it has been proven in [20,37] that
the Hartree energy has no minimizer for g larger than some critical value g*. Hence the
smallness condition (1.15) in Theorem 1.2 cannot be removed.

The proof of Theorem 1.2 follows from observing that (u, f) is a minimizer for the
Klein—Gordon—-Schrédinger energy functional (1.13) if and only if it is of the form (u, f;,)
where the field parameter satisfies

fu=—govF (Ju?)

and where ¥ minimizes the Hartree energy
J(u) = (u, Hyu)p2 —/ (FW) « |u|2)(x)|u(x)|2dx, ueU. (1.16)
R3

Our strategy then rests on usual arguments from the calculus of variations [48, 49]. As
mentioned in the introduction, the existence of minimizers for the Hartree (or Choquard—
Pekar) energy has been studied by many authors in different contexts (see in particular [3,
5,20,28,33,37,42,43,48,49], see also [51] for a detailed survey of results). We are not
aware, however, of a result giving the existence of a minimizer under our general con-
ditions on V and W. The main difficulties come from the fact that we consider external
potentials with possibly both a confining and a negative part, the latter vanishing at infin-
ity, and, more importantly, that our assumptions on the convolution term in the Hartree
energy (1.16) concerns the Fourier transform of the usual pair potential, with possibly a
critical behavior corresponding to the term W, in L3°°. Such critical terms are due to the
fact that we do not impose an ultraviolet cutoff into the interaction. To handle them, we
have to rely on suitable estimates in Lorentz spaces whose use, to our knowledge, seems to
be new in the context of minimizing the Hartree energy functional. For completeness, we
provide a complete proof of the existence of a minimizer for (1.16) under our conditions
in Appendix B.

We mention that the minimization problem for & (u, f) has been studied in the recent
paper [3], in the particular case of the massive Nelson model with V' confining, the disper-
sion relation w(k) = vk2 + m?2 and v(k) = w(k)~"/2 y(k) with y a smooth compactly
supported function. Our results cover this particular case.
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1.2.3. Uniqueness of the ground state and expansion of the ground state energy at
small coupling. Our next concern is the question of the uniqueness of the ground state for
the Klein—-Gordon—Schrdédinger energy functional. To establish it, we need to strengthen
our assumptions, assuming that the electronic Hamiltonian Hy has a unique ground state
as stated in Hypothesis 2 and that the coupling is sufficiently small. Of course, uniqueness
of a minimizer for & (u, f) only holds up to a phase, since & (u, f) = &(e'?u, f) for any
0 in R.

Theorem 1.5 (Uniqueness of the ground state). Suppose that V satisfies Hypotheses 1
and 2 and that W satisfies Hypothesis 3. There exists ey > 0 such that, if

Wl 4130 < ey,

then the Klein—-Gordon—Schridinger energy functional (1.13) has a unique minimizer
(Ugs, fos) in U X Zg, such that (ugs, uy )2 > 0.

Under the conditions of the previous theorem, recalling that W = g?w™ 102, we can

now compute the asymptotic expansion of the ground state energy as the coupling constant
g goes to 0.

Proposition 1.6 (Expansion of the ground state energy at small coupling). Under the
conditions of Theorem 1.5, we have

min  &(u,
(u,f)e Uxz, ( f)

—pv =g [ (F@ s Pl 0 ax+ 0. @7

as g — 0.

To obtain uniqueness of the minimizer, as well as the expansion (1.17), we use that any
minimizer of (1.16) is a non-linear Hartree eigenstate and project the non-linear eigenvalue
equation to the vector space spanned by the electronic ground state uy and its orthogonal
complement.

As mentioned above, in the case where W, = 0,i.e. W = gza)_lv2 is in LI(R3), the
Hamiltonian H in (1.9) identifies with a semi-bounded self-adjoint operator. Hence we
can compare the ground state energy of H with its quasi-classical counterpart:

Proposition 1.7 (Comparison with the ground state energy of H). Under the conditions
of Theorem 1.5, with W in L'(R3), we have

info(H) — & (ugs, fes)

=—g° /Rs v(k)(uy. T (Hy — py + 0(k)) ™ Tiye ™ uy), dk + o(g).

asg — 0.
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The term of order g2 of the asymptotic expansion given by Proposition 1.7 can be
rewritten as

info (H) — & (ugs, fgs)
= —g*(uy ® Q,a(h) (T ® I)(Hiee — )~ (T @ Ia™ (h)uy ® Q) + 0(g?).

It should be compared with the term of order g? in the asymptotic expansion (1.17) of the
quasi-classical ground state energy & (i, fgs), Which is given by

_g2 /R3 (f(w_lvz) k |uV|2)(x)|uV()C)|2dx
=—g*(uy ®Q, a(hy)(My @ Mg) (Hiee—py) ™ (My ®Tg)a* (h)uy ®Q),  (1.18)

where I1g is the projection onto the Fock vacuum and 1L :=I— IIg. Hence we see that,
at second order in the coupling constant, the ground state energy of H can be divided into
two terms: a “coherent” term which is independent of the excited electronic eigenstates,
and a “non-coherent” term which sums the contributions from these excited states. In
particular, defining y := dist(uy,o(Hy) \ {ity}) the distance between py and the rest
of the spectrum of Hy, we deduce from the previous expressions that if §y is large, then
the non-coherent term is small and hence the coherent term becomes a good approximation
to the ground state energy of H.

Remark 1.8. Under the conditions of Proposition 1.7 and assuming in addition that the
function 715 <1 + ﬁﬂ\klzl belongs to L2(IR?) (so that fys is in L? by Proposition 1.1
and hence the coherent state in Fock space Wy, (see (1.11)) is well-defined), one can also
choose a ground state Wy, of IH such that

”\Ijgs —Ugs ® \ijgs ||J€c1®=7€f =0(9). (1.19)

Note that the existence of a ground state for H under these conditions follows from [29].
The estimate (1.19) is then a direct consequence of our proofs of Theorem 1.5 and Propo-
sitions 1.6—1.7 together with [7], since [7] shows that

”\I"gs —uy ® Q”de@e%’f = (9(g)7

for a suitably constructed ground state Wy, while our argument will show that

lugs —uvlse, = O@&®), | feslz = O(g).

see Section 3.4.

1.2.4. Ultraviolet limit. We suppose here that the coupling function is cut-off in the ultra-
violet, i.e. that it is of the form vA = vl g < for some ultraviolet parameter 0 < A < oo.
We are interested in the ultraviolet limit A — oco. We write

Wy = gzw_lvA = W]l|k\5A,
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and note that if W satisfies Hypothesis 3, then for all A > 0, Wj is in L (this follows
from the weak Holder inequality, see (2.12) below). The fact that W, belongs to L' in
turn ensures that the Pauli—Fierz Hamiltonian

Hp = Hy @ L+ Ia ® Hy + g®@(hax),  hax(k) = valk)e *,

identifies to a self-adjoint operator (see Appendix A).

Let &5 be the Klein—-Gordon—Schroédinger energy functional with an ultraviolet cut-
off, i.e. &4 is given by (1.13) with v, instead of v. The next proposition establishes the
convergence of the ground state energies in the ultraviolet limit. Note that the assumptions
are rather weak. In particular they do not necessarily imply the existence of a ground state
for & and &4.

Proposition 1.9 (Ultraviolet limit of the ground state energies). Suppose that V satisfies
Hypothesis | and that W satisfies Hypothesis 3. Then

inf Ea(u, —_— inf Eu, f).
(u,f)eUxZ, A( f) A—oo (u,f)e UxZ, ( f)
Under conditions ensuring that &4 and & have unique minimizers, we can also estab-
lish the convergence of the ground states of &4 to the ground state of &, as A — oo.

Proposition 1.10 (Ultraviolet limit of the ground states). Suppose that V satisfies Hy-
potheses | and 2 and that W satisfies Hypothesis 3. There exists ey > 0 such that, if

IWlpi 4130 < v,

then for all A > 0, Ex and & have unique minimizers (UA g5, fA,gs) and (Ugs, fos) in
U x Zy, respectively, such that (Up g, uy)p2 > 0and (ug, uy )2 > 0. They satisfy

” (MA,gs, fA,gs) - (ugs’ fgS) Hanza) A—00 0.

The proofs of Propositions 1.9 and 1.10 are not straightforward. The main difficulty
comes from the fact that, in general, W, does not converge to W in L1 4+ 13 To
circumvent this difficulty, we use a convergence property in a weaker sense, based on a
suitable application of Lebesgue’s dominated convergence theorem.

1.3. Organization of the paper

Our paper is essentially self-contained. It is organized as follows. Section 2 is a prelimi-
nary section containing several technical estimates that we subsequently use in Section 3
to establish our main results. In Appendix A, we recall the definitions of standard objects
related to second quantization as well as the self-adjointness of the Pauli—Fierz Hamil-
tonian H. Appendix B contains a proof of the existence of a minimizer for the Hartree
energy functional under our conditions.
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2. Preliminaries

In this preliminary section, we gather several technical estimates that are useful for our
concern. The first subsection mainly concerns the electronic Hamiltonian Hy . In a second
subsection, we prove some functional estimates in Lorentz spaces that are used in Sec-
tion 3 in a crucial way to control the interactions terms of the Klein-Gordon—Schrédinger
energy functional.

2.1. Estimates on the electronic part

Recall that our assumptions on the external potential V' of the electronic Hamiltonian
Hy = —A + V have been introduced in Section 1.1. We begin with a few remarks show-
ing that Hy is well-defined and that its form domain satisfies @(Hy) = Q(Hy,) =
Q(Hy,), with V; as in Hypothesis 1.

First, V_ is form bounded with respect to —A with a relative bound less than 1, by
Hypothesis 1. Thus V_ is also form bounded with respect to Hy, with a relative bound
less than 1, and hence the KLMN Theorem (see e.g. [56, Theorem X.17]) implies that
Hy identifies with a semi-bounded self-adjoint operator with form domain @(Hy) =
Q(Hy,).

Next, Hypothesis 1 (ii) implies that V5 is relatively form bounded with respect to —A
with relative bound 0. Indeed, for R large enough, we have Vo1, >r € L>(R3) since
V2(x) — 0 as |x| — oo, while Vo1l |4 <g € L3/2(Bg) with Bg := {x € R?®| |x| < R},
since V5 € Li,/c2(R3). Therefore V> € L3/2(R?) + L*°(R?) and hence we can apply [56,
Theorem X.19] to deduce that V5 is infinitesimally form-bounded with respect to —A. In
turn, since

Vi=-Vi=W+V_

is form bounded with respect to —A, it is not difficult to verify that
Q(Hy,) = Q(Hy,).
Recall the notation @y = @(Hy). We begin with the following easy lemma.

Lemma 2.1. Suppose that V satisfies Hypothesis 1. Then, for all u in Qy,

s = 7= (G, Hyu) + bllullZ2). 2.1)

Proof. The positivity of V. and the bound on V_ from Hypothesis 1 yield, for u in @y,
(u, Hyu) = ull gy, — (u, Vo) = lul%y, —alu,—Au) —blulz,
= (1= a)|ulf, — bllullz-.
which proves the result. u

The next lemma shows that, for confining potentials V', the gap (y, — iy can be made
as large as we want, provided that the potential V is suitably chosen.
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Lemma 2.2. Suppose that V. = V. — V_ is such that
@) Vi€ LR,

loc

(i) V. e LYA(R3),
(iii)) V(x) — oo as |x| — oo.

Then, for all C > 0, there exist a decomposition V = Vi c + V¢ as in Hypothesis |
such that, moreover,

Wviec — KV > C.

Proof. Recall that the localizations functions ng, §g have been defined in (1.5). Let
C > 0. We set
Vie =Vi+ 2C17§3, Voo = —-V_ — 2Cr1§e.

Observe that V¢ + Va,c = V4 — V_ = V. Moreover, since V(x) — oo as |x| — oo,
we have that V_(x) = 0 for |x| large enough. Hence, since in addition 7% is smooth
and compactly supported, one sees that the decomposition V' = V; ¢ + V ¢ satisfies the
conditions of Hypothesis 1 for any R.

Now we verify that py, . — uy > C for suitably chosen R. Using the IMS localization
formula (see e.g. [19]), we write

e = inf (05 + T (=4 + Vi) + 2C Jgull2)

= ulg‘lfl ((nru. (—=A + Vi)nru)+(Tru. (A + Vi) iiru)+0(R)+2C [ngull7.).
since |%r1R|2 + |%ﬁR|2 = 0(R®), R — oo. Next, using that —A > 0 and that supp(7jg) C
B(0, R)¢, we estimate

pie = inf (wv, + 20 Ingullfz + (_inf Vi)l +o(R7).

Since V4 (x) — oo as |x| — oo, there exists Ry > 0 such that for R > Ry,

inf V. > 2C.
. +(x) = puy, +

Therefore, for R > Ry, we obtain
e = inf (o +20) (IngulZs + [rul}) +o(R%)
= uy, +2C + o(R"). (2.2)
On the other hand, since V_ > 0, we have that
vy > inf (u, (=A+ Vi = Voyu) = py. (23)
ueU
Combining (2.2) and (2.3) gives
1vie = v +2C + o(R%).

Fixing R large enough, we deduce that uy, . — uy > C, which proves the lemma. ]
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To conclude this section, we give a lemma which is useful to prove the existence of
minimizers for the energy functional studied in Section 3.

Lemma 2.3. Suppose that V satisfies Hypothesis 1. Let (uj)jeN be a bounded sequence
in H'(R3) which converges weakly to us, in H'(R3), and strongly in L*>(R3). Then

(toos (A 4+ Vo) < liminf (u;, (A + V)u;).
j—o0
Proof. We consider each term of
(u, —Au) + (u, Viu) + (u, Vou) 2.4)

separately.
The first one is handled using the lower semi-continuity of | - || 2. Indeed, as u; — U
weakly in H'(R?), it follows that Vu; — Vue, weakly in L?(R?) and hence

(Moo, —Alios) = |Vuco|7, < liminf||Vu;|7, = liminf(u;. —Au;).  (2.5)
j—oo j—oo
For the second term of (2.4), we use Fatou’s Lemma, which gives, since V; > 0,

(oo, Vilioo) < liminf(uj, Viu;). (2.6)
j—>o0o

As for the third term in (2.4), we claim that
<u007 V2u00> = hm <uj7 V2uj>7 (27)
Jj—o0
for some suitable subsequence that we keep denoting by (#;);en. Indeed, let ¢ > 0. We

have that ||1|y> g, V2|lco < & for Ry large enough, since V> (x) — 0 as |x| — oo. Therefore,
forall j in N,

(Ui, Lixj>ry Vauj) <&, (Uoo, Lix|>Rry Volhoo) < €. (2.8)

Next, we approximate 1|xj<g, V2 by a more regular function. More precisely, since the
function 1||<g, V> lies in L3/2(R3), one can find Vs ¢ in C(?O(RB’) such that

<Ry V2 = Vae | 132 < &
Holder’s inequality together with Sobolev’s embedding H!(R3) C L®(R?) then yield
|14 i<y Vatus) = (1t Dix <o Vaustt)| = [Lixi<ro V2 = Vase | a7
< ellujliz < e 2.9)
since we assumed that (1;);en is bounded in H!(R?). Likewise,
[{too. Ljx| <Ry Vathoo) = (Uoo, Ljxj<Ry V2,ellco) | < . (2.10)

Now, since 1 jx|<r,u4; — L|x|<r,Uco Strongly in L2(R3), and since V; . is bounded, we
deduce that
(Uoo, Lix|<Ry V2,6Uo0) = jlin;o(uja]llxlgRo Va,euj). (2.11)

Combining (2.8), (2.9), (2.10) and (2.11), we obtain (2.7). ]
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2.2. Some functional inequalities in Lorentz spaces

In the proof of our main results, we will use in a crucial way some functional inequalities
in Lorentz spaces that we present in this section. For 1 < p < oo, the Lorentz spaces
L7 = [P (R¥) are defined as the set of (equivalence classes of) measurable functions
f :R? — C such that (1.3) holds.

More generally, for 1 < p < oo and 1 < ¢ < oo, the Lorentz spaces L9 = P4 (Rd)
are defined as the set of (equivalence classes of) measurable functions f : R¢ — C such
that the quasi-norm

1£llzra == P 2(1AT> D7 1] Laomoanrn

is finite.

For1 < p <ooand 1 < ¢q; < ¢, < 00, the continuous embedding L?-9' C [P+92 holds.
Moreover L?-? identifies with L?. We will use the following generalizations of Holder
and Young’s inequality in Lorentz spaces, see [13,41, 54, 60] or [32, Exercise 1.4.19].

For 1 < p1, pp» < 00,1 < ¢q1,92 < oo, Holder’s inequality states that

1 1 1 1 1 1
I/1/2llLea < | fillLevar || f2llLreee, —= —+—, —=—+—, (212)
p P1 P2 q q1 q>
whenever the right-hand side is finite.
Young’s inequality states that, for 1 < p, p1, p» < 00, 1 < g1, g2 < 00,

1 1 1 1 1 1

I f1* f2llLee S N fillLeva || f2llreee, 1+ —=—+—, —=—+—, (2.13)
P P1 P2 q 491 92
andforl < p <o00,1 <¢q < o0,
1 1 1 1
/1% fallLee S N f1llLrall f2llppas —+— =1, —+— =1 (2.14)
p p q9 4

We have the following estimates that are used several times in Section 3. The first
one is an obvious application of the usual Holder and Young inequalities. The second and
third ones are close to the Hardy-Littlewood—Sobolev inequality but cannot be directly
deduced from it. Recall the convention (1.4) on the Fourier transform.

Lemma 2.4. The following inequalities hold:
(i) Letui,us € L?> and W € L. Then,

|F W) % 1) | oo S W Iz e[| 2 ez 2 (2.15)
(i) Letui,ur € H and W € L3, Then W ¥ (uqu») € L and
|7 W) s uru2) | oo S IW llLsce || ozl o (2.16)
(i) Letuy € L% up,uz € H and W € L>®. Then W ¥ (uju5) € L3/%% and

I(F W) * ru2))us| . S IW llzsee Tz el ol o
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Proof. To simplify formulas below, we write w = F (W).
(i) directly follows from the Holder and Young inequalities:

|lw* i) | oo < llwllzee furuzllr < lwllzee flurllz2 uzllz2,
which yields (2.15) using |w|/ze < ||W|L1.

To prove (ii), we use first the Holder inequality in Lorentz spaces (2.12),
[w* iu2)||; e S |W F (uruz) |10 S W Lo | F ruz)|| ;501
and then both the Young (2.13) and Holder (2.12) inequalities in Lorentz spaces
”37(”1u2)“L3/2,1 < ||~77(u1) * }V(MZ)”Ls/z,l < ”37(”1)||L6/5,2 Hy(uz)an/s,z

S 1K e [1KIF @) | 2 [ KIF 2) | 22 S Tt g N2l
To prove (iii), we use first the Young inequality in Lorentz spaces (2.13),
[ (wx Gruz))us |2 < [(WF Giruz)) 7 ws)| 2
< || WF (urusz) ||L3/2,oo ” F(u3) ”Le/s,z-

The term with u3 is controlled with the Holder inequality in Lorentz spaces (2.12),

“37(7"3)“L5/5,2 < |||k|_1“L3,oo |||k|37(u3)”L2,2 < ||u3||H1

The term with u; and u, is estimated using the Holder inequality in Lorentz spaces (2.12)
first, followed by the Young inequality in Lorentz spaces (2.13),

[WF (uru2) | 3200 S NIW L300 | F (u1) % F (u2) || 300
S IWlLseo | F @) | 200 | F (2) | fessico-

The term || F (u2) || po/5.00 S | F (U2)]6/5.2 is estimated in the same way as || F (13) || /5.2,
while

H‘(F(ul)HLz,oo < “‘(F(MI)HLZQ S lluallz.

This proves the lemma. ]

3. Proof of the main results

In this section, we prove the results stated in Section 1.2. We begin with reducing the
problem of the minimization of the Klein—Gordon—Schrodinger energy functional to the
problem of the minimization of a well-chosen Hartree functional in Section 3.1. We prove
the existence and uniqueness of a minimizer in Sections 3.2 and 3.3, respectively. In Sec-
tion 3.4, we derive the asymptotic expansion of the ground state energy at small coupling.
Finally, in Section 3.5 we prove the convergence of the ground state and ground state
energy in the ultraviolet limit.

Throughout this section, Cy stands for a positive constant depending on V' which may
vary from line to line.
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3.1. The Hartree energy functional

Recall that the Klein—-Gordon—Schrodinger energy functional & (u, f) has been defined
in (1.13). The next proposition shows that the minimization problem for & reduces to the
minimization problem for the Hartree energy.

Proposition 3.1. Suppose that V satisfies Hypothesis | and W satisfies Hypothesis 3. We
have

inf  &(u, f)= inf J(u),
ueU

ueU,fezy,
where
J() = (u. Hy u) — |W2F (lu?) |7,
=ttty = [ (FOV ¢ WP dx = € f). GD
and

fu = —go wF (lul?). (3.2)

Moreover u v+ (u, f) is a bijection between the minimizers of J and those of &.
Proof. The Klein—Gordon—Schrodinger energy functional can be written under the form
€, f) = (u, Hyu) + (0? f,0? f)+ 2gRe(0 2vF (u?), 0? f)
= (u, Hyu) + ||a)2 f+go 2v317 |u ||L2 g ||a) 2v37 |u ||L2 3.3)

Note that w!/2 f belongs to L2 since f is in Z,. Moreover, 0~ 2 v.F (|u|?) belongs to L2
since

g o™ o7 (uP) [ = W7 (uP) .
< Wl |7 () o + 192 (0a) | |7 (1) ] o

4 2 2
S IWillpllullzz + [IWallpsee llull g, ullz. < oo,
where we used Lemma 2.4 in the second inequality. Equation (3.3) then implies that

E(u. fu) = {u, Hyu) = g* o207 (uP) [ = min €, /).

and f, is the unique minimizer of &(u, f) at fixed u. By our convention (1.4) on the
Fourier transform, the energy & (u, f;) can be rewritten as the Hartree energy (3.1), which
yields the result. ]

We now establish Proposition 1.1 which gives necessary conditions and sufficient
conditions so that fy belongs to L*(R3), where (ug, fos) @ minimizer of the Klein—
Gordon-Schrodinger energy functional & (u, f).
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Proof of Proposition 1.1. It follows from Proposition 3.1 that any minimizer (u, fgs) of
the Klein—-Gordon—Schrodinger energy functional over U x Z,, satisfies the relation (3.2):

Vk eR?, fus(k) = —go™ (k) o(k)F (Jugs|?) (k).
Since ug 18 in H'(R3), we have, for all k in R3,
|7 (lugsl?) ()| < min (1, [&[ 7).

Moreover, since F (|ugs|?) is continuous at k = 0 and F (Jugs|?)(0) = 1, we have

N =

3
= i?(|ugs|2)(k)| = E,

in a neighborhood of k = 0. Hence we see that sufficient conditions ensuring that f
belongs to L?(R3) are

v(k)

~ el O thia € L2R2)

——— > € L2(R?) and k ((k)

while a necessary condition is

e 20 s € LRD)

This establishes Proposition 1.1. ]

In the remainder of this section, we study the Hartree energy functional (3.1). By
Proposition 3.1, the results that we prove for the Hartree energy directly imply the corre-
sponding results for the Klein—-Gordon—Schrodinger energy.

3.2. Existence of a minimizer

The next proposition gives the existence of a minimizer for the Hartree energy (3.1). It
implies Theorem 1.2 from the introduction.

Proposition 3.2. Suppose that V satisfies Hypothesis 1 and W satisfies Hypothesis 3.
There exists Cy > 0 such that, if the decompositions of V_.and W of the form V =V; + V>,
W = Wi + W, in Hypotheses 1 and 3, respectively, can be chosen such that

[Willer + Cy W2l L300 < (v, — py) 3.4

and {
ClIWallpsee = (1 —a).

then the Hartree energy functional (3.1) has a minimizer. Here C and § are universal
constants and a is given by Hypothesis 1.
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As mentioned in the introduction, the existence of a minimizer for the Hartree energy
has been proven under various conditions in different contexts, but we are not aware of a
reference giving the result under our assumptions. We detail the proof of Proposition 3.2
in Appendix B.

Remark 3.3. Writing the Hartree energy in its usual form
2
500 =,y = [ (e )0 .

we have in our context w = % (W) (in the sense of distributions) and it is thus natural
to make an assumption on the Fourier transform of the convolution potential w. In other
contexts, however, it might be more natural to make hypotheses on w rather than on its
Fourier transform. It is straightforward to verify that our proof adapts to the conditions

w = w; + wy € L2(R?) + L¥>®R?),
1
lwillzee + Cyllwallpszce < 8y, —py). Cllwallpype = S(1—a).
It suffices to use, instead of (2.15)—(2.16), the inequalities

| (w * ua P a1 S Iwllzos a1 w2l
2 2 2 2
| (w s e PY 2] o S wllpomos 12, 2132
that can be proven using the weak Holder and Young inequalities (2.12)—(2.14).

Remark 3.4. As in Remark 1.3, in the case of a confining external potential V', one can
always find a decomposition V' = V; + V5, such that (3.4) holds, by Lemma 2.2. Hence a
minimizer exists in this case without any restriction on the size of || W1 | 1.

3.3. Uniqueness of the minimizer

Now that we have the existence of a minimizer for the Hartree energy functional J, we
prove the uniqueness of the minimizer. The next proposition implies Theorem 1.5 from
the introduction.

Proposition 3.5. Suppose that V satisfies Hypotheses 1 and 2 and that W satisfies Hypoth-
esis 3. There exists ey > 0 such that, if

IWlei4130 < ev,

then J has a unique minimizer ugs in U such that (ug, uy )2 > 0.

To prove Proposition 3.5 we use the following decomposition:

L*(R%) = Cuy & (Cuy)™,
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where uy is the ground state of Hy as in Hypothesis 2, and we write u = auy + ¢,
with the normalization condition |a|? + ||<,0||]2J2 = 1. The Hartree ground state energy is
denoted by
Ey := inf J(u).
ueU

We display the dependence on V' since the existence of a gap, Ey < Ey,, is an important
step in our proof of the existence of a minimizer in Appendix B.

Our proof of Proposition 3.5 relies on the following two lemmata. For A € R, we
set the resolvent Rj := (Hy — A)~! (defined, a priori, as an unbounded operator on
Ran(133;(Hy))1). We also recall that IT3; := 1 — [uy ) (uy]|.

Lemma 3.6. Suppose that V satisfies Hypotheses 1 and 2 and that W satisfies Hypothe-
sis 3. There exists ey > 0 such that, if

IWlpi4130 < ev,

then for all global minimizer u in U of J such thatu = cuy + ¢, witha in C, ¢ in Qy,
anduy L ¢ in L2, we have

@ = 2R, Ty (FW) * |ul®)u, Ay :=Ey —(u, (FW) x [ul*)u). (3.5

Proof. We first recall that if u is a minimizer of J, then u is a non-linear Hartree eigen-
state,
(Hy —2F (W) * [ul*)u = Ayu  in @7, (3.6)

where @7, is the topological dual of @y and Ay is defined by (3.5). Here Hy should be
understood as an operator in £(@y , @7;). Equation (3.6) can be proven by using that, for
all f in C and all ut € U such that u L uL in L2, we have

T+ 10P) 72 + b)) > Ey.

Computing the term of order 1 in ¢ in the asymptotic expansion of the previous expression
as t — 0 shows that
(ut, (Hy —2F (W) = [u*)u) =0,
for all u+ € U such that ¥ L ul in L2. Hence (3.6) holds for some Ay € C. Since
J(u) = Ey, we obtain that Ay is given by (3.5).
Now, applying HJ‘; to (3.6) gives

(Hy — Ay)5u = 215 (F (W) * [ul*)u. (3.7

Let §y := dist(uy,o(Hy) \ {itv}) be the distance from py to the rest of the spectrum
of Hy. Recall that Hypothesis 2 implies that §yy > 0. Using perturbative arguments, it is
not difficult to verify that

1
Ey <py + ESV, (3.8)
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provided that || W||p14 3.0 < €y, for some ey > 0 small enough (see (B.3) in Appendix B
for a precise justification). Moreover, since

(. (F W) fulP)u) = W27 (u?) |- = 0,
we also have Ay < Ey, and hence

1
Ay < py + 55V. (3.9)

Therefore the operator
(Hy —2y)Ily € £(Qy.Q})

is bounded invertible with inverse R;WH%, € £(@7%,,Q@y). Since ¢ = H{;u, (3.7) then
implies (3.5). ]

In the following lemma, given u, u, two minimizers of J, we decompose as before,
for j =1,2,u; = ajuy + ¢;, witha; = (uj,uy) >0,¢; € Qy anduy L ¢; in L?.

Lemma 3.7. Suppose that V satisfies Hypotheses 1 and 2 and that W satisfies Hypothe-
sis 3. There exists ey > 0 such that, if

IWlpgr30 <ev,
then for all global minimizers uy, u, in U of J, we have

2
lor = @2l@y < CrIW Ly rses (lunln + luzllf) ey —uzllzz. (3.10)

Proof. Let Ay, A, be defined as in Lemma 3.6, namely A; = Ey —(u;, (F (W) * [u;|®)u;).
By Lemma 3.6 and the triangle inequality, we have

ler — o2ll@y < St + Sa,
where
Sy = 2” (RMHJI; - RMH#)(‘??(W) * |u1|2)u1 H(QV’

Sy :=2| RAZHIL,((f_'(W) * [ug?)uy — (ff(W) * |“2|2)”2)”av'
We first estimate the second term. From (3.9) we deduce that R ,121'1%, e £(Q%,Qy)
and
H RMHIL/

Hx(a*v,czy) < 463" 3.11)

Hence we can estimate

S> < 88, [(F W) * [ur|*)uy — (F (W) * [uz|*)uz]|

Q5
< 88 [(F W) # Jur P)us — (FOW) * sz |,
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since L% C @7,. We obtain from the triangle inequality that

Sy < 88, [(F (W) * [y — ti2)uy |)uy [
+ 885 [(F (W) * 121 —u2)Jur [ 2
+ 88, | (F (W) * [uz*) (ur —u2) | .

and hence Lemma 2.4 yields
S2 = CylWllpagrace (el + lleallF) e — uzlz2. (3.12)
Now we estimate S . It follows from the resolvent equation that
St = 221 = Aol (R, Ty Ra, TT9 ) (F (W) [P | -

Using (3.11) twice, first for R, and next for R, (using also that @y C @7, in the latter
case), and then applying Lemma 2.4, we obtain

S1 < CylIWlpigrsee w3 1A — Azl (3.13)

Since A; = Ey — (uj, (F (W) * |u;*)u;) and |luj |12 = 1, we can estimate, by the tri-
angle inequality,

A1 = A2l < llur — wall 2| (F (W) * Jur P)ur |
—+ “ (.S"V(W) * |M1|2)M1 — (?(W) * |u2|2)u2||L2.

Using Lemma 2.4 to bound the first term, and the same argument we used to prove (3.12)
for the second one, we obtain

A1 = A2| < CyWllpigrae (It + luzll3p) luy — uzll 2. (3.14)
Putting together (3.13) and (3.14) yields
S1 < CyvIWIZipaeo lunllZ (a3 + ezl ) lun — uall 2. (3.15)

Using | W || L1430 <&y and combining (3.15) and (3.12), we obtain (3.10). Since the
role of ¢ and @ in the left-hand side of (3.10) is symmetric, this concludes the proof. m

We are now ready to prove the uniqueness of a minimizer for the Hartree energy (3.1).

Proof of Proposition 3.5. By Proposition 3.2, we know that the Hartree functional energy
J has a minimizer for |W||p14 3.0 < ey with ey small enough. Let u;, u, be two mini-
mizers of J. We use the same notations as in the previous proof, decomposing

Uuj = o;juy + ¢;.

Since o; = (uj,uy) > 0, in order to verify that u; = u5, it suffices to prove that ¢; = ¢,.
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To this end, we first show that ||u; ||§11 is bounded by Cy and next apply Lemma 3.7.
We can write

i3, < Gujs Hyoug) = ) + Gy, Voug) = (g, (F W) * [u; P)uy).

We have J(u;) = Ey since u; is a minimizer, (4;, V_u;) < allu; ”i‘ll + b witha < 1 by
Hypothesis 1 and [(u;, (F (W) * |uj[*)u;)| < C|IW |14 13.00]lus |3, for some universal
constant C by Lemma 2.4. Therefore

1
2 < .
s <1+ T e (Ev +b + C|W L1 413).

Hence, since in addition, by (3.8), Ey < uy + %SV for || W L1430 < ey with ey small
enough, we deduce that ||u; ”?-11 < Cy.Lemma 3.7 then implies that

lpr = p2lley = Cv WL Lo llur —uzllz2. (3.16)

Now we have
lur —uzl72 = lar — o2l + llgr — @2lI7 . (3.17)

To conclude the proof, we show that |o; — «3| can be controlled by |¢1 — @2 ||22. Lemma
3.6 and the arguments used in the proof of Lemma 3.7 ensure that |¢; || 2 < % Indeed,

lollze < llgsllay = 2 Ra, T (F W) [u; P)uj | o,
< Cr[(F V) *1u; P)u; | o
< Cy|[(F W) * uj *)u; |

< CylIW |1y raeollug |13
< CyWllpiypsee,

where in the last inequality we used in addition that ||u; ||§1,1 < Cy. Therefore ||@; |12 < %
for ||W | L1430 < ey with e small enough and we can thus estimate
o —aal = (1= llgrl132)"* = (1 = llg21l32) |
- ezl Tole: llzlzz = ol
(1=ligrl2)"* + (1= llgl12,) "2
= Cllgr = ¢2llz2- (3.18)

Inserting this into (3.16)—(3.17) and using that |¢; — <p2||22 < |1 — (/)2”2‘21/’ we finally
conclude that
ler —@2lley < CvlIWllLi4raellor — @2llay-

For | W | L1430 < ey with ey small enough, this implies that ¢; = ¢, which concludes
the proof of the proposition. ]
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3.4. Expansion of the ground state energy for small coupling constants

Assuming that V satisfies Hypotheses 1 and 2 and that W = g2w~!v? satisfies Hypoth-
esis 3, it follows from Proposition 3.5 that J has a unique ground state in U, denoted by
Uy, such that (ug, uy )2 > 0. The next proposition provides the asymptotic expansion of
the Hartree ground state energy (or equivalently the Klein—-Gordon—Schrodinger ground
state energy) stated in Proposition 1.6.

Proposition 3.8. Suppose that V satisfies Hypotheses 1 and 2 and that W = g?w~1v?

satisfies Hypothesis 3. Then, as g — 0,
By = Sty =y = ¢ [ (F@™0) 4 by )y (0 dx + 0.

Proof. As in Lemma 3.6, we decompose the Hartree ground state ugs = otosUy + @y,
with ags in C, @gs in @y and uy L @, in L2 By Lemma 3.6, we have

leeslay =28 | Ray T (F (@' 0%) * futgsJutgs | g,
< Cvg®|[(F (@' v?) * Jug|*)ug | al
< Cyg*|[(F (@™ "0?) * [ugP)ugl| . = O(&?).

the last equality being a consequence of Lemma 2.4. Similarly, using that

-1
Ry, = (Hy —Ay)™,
we can estimate

{(@es: Hy )|

< v llgaslZ + |5 (F @710%) s P, Ry T (F (@7 02) 5 s Pt

= 0O(gh. (3.19)
Here we used (3.9) which shows that |1y/| is bounded by Cy and that

R;, Ty € £(Q@}, Qy).
Besides, since [og|* = 1 — [|@gs]|7 5, we have
logs| = 14+ O(g*). (3.20)
We can then compute
J(ug) = (gstty + @gs. Hy (@gsuty + ¢g));
—g? / F (0 ?) % lotgsuty + qogslz(x)]agsuv(x) + (pgs(x)|2 dx
= |otgs |* 14y + (a5, Hy @os) 12

—g2|ags|4[3?<w—1v2> « Juy Py ()] dx + 0(g*).
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where in the second equality we used that Hyuy = puyuy, uy L @y in L2, and Lemma
2.4 in order to obtain the expansion of the convolution term. Inserting (3.19) and (3.20)
into the last equality concludes the proof of the proposition. ]

We conclude this section with the proof of Proposition 1.7 which provides the dif-
ference, at second order in the coupling constant, between the ground state energy of the
Pauli-Fierz Hamiltonian H and the ground state energy of the Klein—Gordon—Schrédinger
energy functional.

Proof of Proposition 1.7. Under the conditions of Proposition 1.7, using perturbative
methods developed in the literature to study ground states of Pauli-Fierz Hamiltonians
(see e.g. [6,8,34,38,39,58]), it is not difficult to verify that the second-order asymptotic
expansion of inf o (H) is given by

info(H) = py — g%uy ® Q.a(hy) Iy @ M) (Hyee — py) "
x (y ® M) a*(h)uy ® Q) + o(g?).

where we recall that ITy stands for the orthogonal projection onto the ground state uy of
Hy, Tlq stands for the orthogonal projection onto the Fock vacuum €2, and

(My ® M)t =1-Tg.
Moreover, Heee = Hy ® I 4 1) ® Hy. Decomposing
My @ M)t =Ty @ g + My @

and using (1.18), we obtain

info(E) = v =% [ (F@™02) iy Py (0 v
R3
— luy ® Q.a(h) (M @ I) (Hiee — pv) (M3 ® Ia* (ha)uy @ Q) + 0(g2).
A direct computation gives
(uy ® Q.a(hy) (T3 @ 1) (Hiee — pv) (I ® Ia* (h)uy ® )

, -1 .
= /R3 v(k)2(uv, e’kaIl,(HV — uy + w(k)) Mie ’kxuV)L)zcdk,
which, together with Proposition 1.6, proves Proposition 1.7. ]

3.5. Ultraviolet limit

We suppose in this section that the coupling function is of the form vp = vIjx<a for
some ultraviolet parameter A > 0 and we write
Wa = g%0 'vpa = Wi <a,

where we recall that o stands for the dispersion relation for the bosons and W = g2~ v2.
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Our first concern is to show that the ground state energies Ey, 5 defined by

Eya = inf Ja(u), Ja(u):= (u, Hyu) —/ (.%:(WA) * |u|2)(x)|u(x)|2dx,
ueU R3

converge to £y as A — 0o. As mentioned in the introduction, the main difficulty comes
from the fact that, in general, W, does not converge to W in L' 4+ L3, Nevertheless,
we can rely on the following easy lemma.

Lemma 3.9. Suppose that W satisfies Hypothesis 3. Let u in Qy. Then

/ (5":(WA) * |u|2)(x)|u(x)}2dx N / (f(W) * |u|2)(x)|u(x)|2dx, (3.21)
R3 A—oco JR3

and B
| (F W = Wa) * ul?)u] . ———0. (3.22)

Proof. To prove (3.21), we compute
/ (ff:(W) * |u|2)(x)|u(x)|2dx —/ (ff':(WA) * |u|2)(x)|u(x)|2dx
R3 R3
_ As (W(k) — Wa (k) |7 (u?)[* (k) dk
_ /RS W)y 2|7 (luf?) (k) dk.

Clearly, for all k in R3, W(k)Ljx>a|F (Ju]?)|?(k) — 0 as A — oo. Moreover, since
Wisin L' 4+ L3* and u in @y, the proof of Lemma 2.4 shows that W % (|u|?) is in L!
and hence W | ¥ (Ju|?)|? belongs to L!. Lebesgue’s dominated convergence Theorem then
proves (3.21).

The proof of (3.22) is similar, using Lemma 2.4 (iii) together with Lebesgue’s domi-
nated convergence in L2, |

Now we can prove the convergence of the ground state energies in the ultraviolet limit.
The next proposition implies Proposition 1.9 from the introduction.

Proposition 3.10 (Ultraviolet limit of the ground state energies). Suppose that V satisfies
Hypothesis 1 and that W satisfies Hypothesis 3. Then

EV,A —_—> E[/.
A—o0
Proof. First, we observe that for 0 < A < A/,
= 2 o~ 2
L F@y s )wlueoax = [ wato|7 (uf?) o ok

< [ W () P ai,
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and therefore Jo > Jar. Hence A — Ey,  is non-increasing on (0, oo) and bounded
below by Ey. We set
EV,oo = lim EV,A > Ey.
A—o00

Now we show that Ey oo < Ey.Lete > 0 and let u, € U be such that J(u.) < Ey +¢.
We have
o 2
Evin = Intu) = Juo) = [ (W) = W) |7 (1) P 0k
< Eyte- /R (WA k) = W) | (e ) k) k.
Applying Lemma 3.9, this yields
EV,oo = lim EV,A < Ey +e.
A—o00

Since ¢ > 0 is arbitrary, this concludes the proof of the proposition. ]

Next, we establish the convergence of the ground states of J to the ground state of J,
as A — oo. Combined with Proposition 3.1, the next result implies Proposition 1.10 from
the introduction. Some arguments of the proof below are similar to those used in the proof
of the uniqueness of the minimizer of J in Section 3.3. We do not give all the details.

Proposition 3.11 (Ultraviolet limit of the ground states). Suppose that V satisfies Hy-
potheses 1 and 2 and that W satisfies Hypothesis 3. There exists ey > 0 such that, if

IWilpi4r30 < ev,

then for all A > 0, Jp and J have unique minimizers ua g and ug in U, respectively,
such that (Up g, Uy )12 > 0and (ug, uy)r2 > 0. They satisfy

485 = s ”av Aee 0.

Proof. Existence of a unique minimizer for J follows from Proposition 3.5. The same
holds for J since, for any A > 0,

[Wallpt 42300 < [|W L1430 (3.23)

We write u = ug, and up = up,g to simplify expressions below. We decompose u =
auy + @, with a coefficient @ = (u,uy) > 0, ¢ in @y and uy L ¢ in L?, and likewise
UpA =apuy + @a, with a coefficient ap = (up,uy) >0, ¢p in @y anduy L @p in L2

In the same way as in the proof of Proposition 3.5, using also (3.23) and the fact that
Ey, A is uniformly bounded in A (since Ey, 5 converges as A — oo, by Proposition 3.10),
we have

el < CvlWllrsrsee.  lloalle < CyvlIWllpitpse.
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This yields

lu —ualle, < Crla —anl+ llo —oallay- (3.24)

The difference |@ — ap| can be controlled by ||¢ — @a ||22. Indeed, we have the upper
bound |lggllz2 < Cyv|[W L1430 < % for ||W]|p14130 < ey with ey small enough,
where @y stands for ¢ or ¢ . We can thus estimate in the same way as in (3.18),

loallzz + llellr-
1/2
(T=1llelz,) "~ + (1= llealz,)

Since ||¢ — @A llL2 < |l¢ — ¢a @, inserting the previous inequality into (3.24) gives

o —aa| = o |leallze = lIglize] < Cllo — eallze.

lu —ualley, < Cvlle —ealla,- (3.25)
Now we estimate ||@ — ¢a || @, - To this end, we use Lemma 3.6, which gives
@ = 2R, I (F (W) * |u|*)u, Ay = Ey —(u, (F(W) * [u*)u),
o = 2Ry, TG (F(Wa) * [ua*)un. Av,a := Ev,a — (ua. (F (Wa) * [ual*)ua).
By the triangle inequality,
lo —palley =T1 + T2+ T3, (3.26)
where
Iy = 2” (RKV HJ_ - RKVAHL)(‘%:(W) * |u|2)u||@V,
Ty = 2| Ruy I (F (W = Wa) * [ul*)u g, -
T3 := 2| Ra, Iy ((F (Wa) * u|*)u — (F (Wa) * [ual?)ua ”@V

We first estimate the term 73. As in (3.9), we have that Ay o < uy + %SV, with the

distance to the lower eigenvalue 8y = dist(uy, o (Hy) \ {iy}). Hence RAV,AHIL/ is in
£(Q%,Qy) and
H RAV,AH “x(@* ,Qy) = <26, (3.27)

This yields
T3 <48, [(F (W) * [ul*)u — (F (W) * [ual?)
<48 |[(F W) * [ulP)u — (F (W) * [ual?)unl .

since L2 C @7,. We obtain from the triangle inequality that
T3 <48, [(FOW) = [(@ —iia)u])u| .

+ 487 | (F W) # [ia @ —un) ] -
+ 485 [ (F W) # Jual?) e = ua) | .
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and hence Lemma 2.4 yields
2 2
T3 < Cy Wiy paoo (lullgp + luallz)llu —uallpz.

Since in addition we have |[ux ”3-11 < Cy (in the same way as in the proof of Proposi-
tion 3.5) uniformly in A, this gives

T3 < CyWlpi4relu —ualay- (3.28)

Next we estimate 77. It follows from the resolvent equation that

Ty < 20y = 2wl (Ray T Ry TIH) (FOF) 5 1P,
Using (3.27), the fact that, likewise,
“Rkv H%/”x(@;;,a;) = 25171
and then Lemma 2.4, we obtain
Ty < CylW iy e lulli Ay — Aval < CyllW llpiy sl Ay — Aval. (3.29)

The expressions of A, Ay imply
v —Aval < |Ev — Eval + |(u. (F (W) s [u)u) — (ua. (F (Wa) * [ual*)ua)|
<|Ey — Ev,al + |(u, (F (W — Wa) = [u]?)u)
+ |(us (F Wa) * [ul?)u) — (ua, (F (Wa) * lual*)ua)|.

The last term can be estimated by the same argument we used to bound 73. This gives

[Av —Aval < |Ev — Eval + CyvlIWpig 3o lu —ualay,
+ |(u. (F (W — Wa) * [ul*)u)|. (3.30)

To estimate the term 75, we write

Ty < Cy |[(F (W — Wa) * |ul?)u|

Q3
< Cy|[(FW = Wa) * [ulP)ul . 3.31)

since L? C @},
Putting together (3.25), (3.26), (3.28), (3.29), (3.30) and (3.31), we deduce that

(L=CylWlp1srs0)llu —upllay,
< Cy(|Ev — Eval + |(u. (F (W — Wa) = [ul*)u)| + |(F (W — Wa) = |u|2)u”L2).

For |W ||p14 3.0 < ey with ey small enough, Lemma 3.9 together with Proposition 3.10
then imply that |y —ua|l@, = 0as A — oo. |
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A. Operators in Fock space, self-adjointness

A.1. Operators in Fock space

We recall in this section a few well-known properties of basic operators in Fock space.
We do not specify their domains. For more details the reader may consulte.g. [11,14,56].
Recall that the symmetric Fock space &(f) over the one-particle space ) = L?(R?) has
been defined in (1.7). For & in b, the creation and annihilation operators a* (k) and a(h)
are defined as follows:

a*(Wyyry = v+ 1) 1h) \/Tyng, 1 =0,
Cl(h)|\/nb = \/ﬁ <h| ®I\/n—15, n>0, a(h)|(c =0.
Formally, we also have

a(h):As h(k)a(k) dk, a*(h):/]R}h(k)a*(k)dk,

where a(k) and a*(k) are operator-valued distributions which satisfy the well-known
canonical commutations relations

[a(k),a(k’)] = [a*(k),a*(k')] =0, [a(k),a*(k’)] =8k —k').
The field operator ®(h) is defined by
®(h) = (a(h) + a*(h))/ V2.

Let w be a self-adjoint operator on §). The second quantization of w is defined by

n
dF(w)lvn b = Z I\/k—l ) Rw® I\/nfk B
k=1
Note that this operator can be expressed in terms of creation and annihilation operators :

dlM (@) = /R ok)a* (k)a(k) dk.

The coherent state of parameter f in §) is the vector in Fock space defined as
1713 2O, £®n
Ve = e@(#f)ﬁ =e_TIJ f_,
n=0 n!

where 2 stands for the Fock vacuum. Coherent states are eigenvectors of the annihilation
operator in the sense that, for all f, & in b, we have

a(h)Wy = (h. f)p¥y.
This identity implies the following relations:
(W7, )W)y ) = 2%elh. fly. Uy, dD@)¥)g ) = (£S5,

These equalities were used to compute the expressions (1.12)—(1.13) of the Pauli-Fierz
energy of product stated of the form u ® Y.
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A.2. Self-adjointness of the Pauli-Fierz Hamiltonian

In the next proposition, we recall the self-adjointness property of the Pauli-Fierz Hamil-
tonian H defined in (1.9). Recall also that the free Hamiltonian Hy.. has been defined
in (1.10).

Proposition A.1. Suppose V satisfies Hypothesis | and that W = g?w~'v? is in L' (R3).
Then H is a self-adjoint, semi-bounded operator with form domain Q(H) = Q (Hye.) for
all g in R.

Proof. Using the well-known N -estimates for the creation and annihilation operators, we
have

Jathe)v|
la*(h)v|

2.0 = 1o 2l [dT (@) /2y |
sty = o™ 2l [dT (@) 2y |

Fs(H)’
Fs(H) + ”hx“b”l/f”%s(f))'

Note that the quantity ||w~"/2/, || is well-defined since W is in L. Now, by the Cauchy—
Schwarz inequality, we have

”dl—‘(a))l/zl//||{,T ® = (Vf dr(w)l/f>;§s(5) ”1//”81([7) ||dr(w)1ﬂ’|%s(m

=52 |W”%§s(h) += ||dF(a))w||% %)
Taking ¢ > 0 small enough allows us to conclude that there exists ¢ < 1 and b in R such
that, for all ¥ in §s (), the following inequality holds

|lg @) ¥ |5 ) < alHiee¥ I3, + 21V 13,5

Therefore g®(hy) is relatively bounded (and hence also relatively form bounded) with
respect to H.. with relative bound less than 1. Applying the KLMN theorem (see e.g. [56,
Theorem X.17]) then yields the result. ]

As mentioned in the introduction, the condition W € L! is not satisfied by the polaron
model. It is nevertheless proven in [36], by other means, that the polaron Hamiltonian H
also identifies with a semi-bounded self-adjoint operator with form domain

QM) = Q(Hjree)-

B. Existence of a minimizer for the Hartree equation

In this section, we prove the existence of a minimizer for the Hartree energy functional as
stated in Proposition 3.2. We write w = ¥ (W) = g2F (v~ 'v?) (where, recall, w is the
field dispersion relation, v is the coupling function and g is the coupling parameter) and
display the dependence of the Hartree energy functional (3.1) on the external potential V.
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In other words, we study in this section the energy functional
2 2
Jy(u) := (u, Hyu) —/ (w * |u| )(x)|u(x)} dx, uelU,
R3

where V,w : R?® — R are real potentials, Hy = —A + V, and
U = {u € Qy | ullgz = 1},

with @y C L?(R?) the form domain of Hy .
‘We begin with a lemma showing that Jy is well-defined and semi-bounded from below
under our assumptions.

Lemma B.1. Assume that V satisfies Hypothesis 1 and that W satisfies Hypothesis 3.
Then Jy (u) is well-defined for all u in U. Moreover, if the decomposition W = Wy + W,
in Hypothesis 3 can be chosen such that

[W2llL3.00 < C(1 —a)
for some universal constant C, where a is as in Hypothesis 1, then
Ey = inf Jy(u) > —oo. (B.1)
ueU

Proof. Combining (2.15)—(2.16) from Lemma 2.4 and (2.1) from Lemma 2.1, we deduce
that, for # in U,

C||Wa 3.0 bC||Wa| 1300
Jv(u) < (1 + %)(M»Hvu) + (||W1||L1 + ”lf""('f) (B.2)

for some universal constant C, and

C||W2|| 3.0 bC||Wa| L3
Jy(u) > (1 _ C|[Wa|s )(u, Hyu) — (||W1 I + [WallLs )
l—a 11—
Therefore, assuming C ||W;||13.0 < 1 — a, we deduce that (B.1) holds. |

Next we prove Proposition 3.2. Recall that uy = info (Hy ). Below, if V is another
potential, we denote by J, E7, 7 the quantities obtained from Jy, Ey, uy by replacing
V by V.

Proof of Proposition 3.2. Let (u;)jen C U be a minimizing sequence for Jy, i.e.

Jv(uj) —— Ey.
J—>+oo

The strategy consists in showing that (u;);en converges strongly in L2(R?), along some
subsequence, to a state U, in @y which is then a minimizer for Hy . We divide the proof
into several steps.
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Step 1. We prove that
Ey < Ey,.

Lete > 0. Let u, in U be such that (u,, Hyu,) < uy + &. Applying (B.2), we obtain that

ClWallLse bC||Whl| 30
B < vt < (1+ =Ygy oy g 2RI
—da l—a
Letting ¢ — 0, this yields
C W 3,00 bC W 3,00

On the other hand, for all u in U, we can write, using (2.15), (2.16) and the fact that
V1 =0,
Jvi () = (u, Hy,u) — Wl — C||W2||L3’°°||u||§'11
> (1= C|Wallpsee) v, — [WallLt.

and hence
Ey, = (1= C|[WallLs.00) vy = [IWAlIL1- (B4)

Combining (B.3) and (B.4) gives

C W23 bC||W2| L300
1—a 1-—

= (1= CIWallpseo) (ury — ) = 2IWillLr = Cy [ Wall Lses, (B.5)

Ey—Ey = (1—C||W2||Ls,w)w1—(1+ )w—znwlny—

where we have set

::C(Z—G)MV +b'

C
4 1—a

The right-hand side of (B.5) is strictly positive since we assumed
1 1
ClW2llpsee = 5(1 —a) < >

and provided that
1
2[Willzr + Cy W2l < Z(le - Ky).

Step 2. We prove that for all u in U,

Jy(u) = Ey + (Ey, — Ev — 4| Wilp1 — C|Wal s ullz ) 1T RIS 2
+0(RY), (B.6)

as R — oo, for some universal constant C > 0.
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Recall that the localizations functions ng, g have been defined in (1.5). Writing the
decomposition u = n%u + ﬁ%u and commuting 7g, 7 g through —A, we have by the IMS
localization formula (see e.g. [19])

(u, Hyu) = (nru, Hyngru) + (Nru, Hy gu)
1 ~
- E(u, (IVnrl® + [VARI?)u). (B.7)

The definitions of ng, g yield ||Vnr|?lze = O(R72), |IVirI?|lLe = O(R™2). More-
over, since V5 (x) — 0 as |x| — oo,

(iru, Hyfiru) = (fru, Hy, firu) + o(R)||7ru?.
Inserting this into (B.7), we get
(u, Hyu) = (nru, Hynru) + (fru, Hy, Trut) + o(R°). (B.8)

Next we consider the convolution term in Jy (). We can write
/““ (s WPl ax = /R (w * [ngul) ()] () ()] dx

- /R (w * [TRul?) (0| () ()| dx

i /Rs (w * Ingul?) ()| (i) ()| dx

4 f (w * [Trul?) ()| (1)) dx. (B)
RS

We estimate the last two terms in the right-hand side of the previous equation. Since W
isin L1(R3), using (2.15) yields

[ F 0 )| oo e [ (000 < Yool o ax

<2|Willpr lInrulZ TRulZ2 < 20WillLaliRulZ-- (B.10)

Note that in the last inequality we used that ||[ngu| ;2 < ||u||z2 = 1. Next, since W, is
in L3°°(R3), using (2.16) yields

[ 08 )0 oo 0 et [ (F 0 )0 a0

R3
< ClIWallpses Inrully, IRul7> < ClIWallLseollullZ I7RUIIZ2 + 0(R?).  (B.1D)

where in the last inequality we used in addition that ||ngu g, < ||[u|l g1 + o(R°). Putting
together (B.8), (B.9), (B.10) and (B.11), we arrive at

Jv(u) = Jy(nru) + Jyv, (ru)
— 211l + ClIWall s lullz ) lRUllF 2 + 0(RO). (B.12)
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Now, suppose that ||[ngul|z2 7# 0. Then we can write

nRU nNRU
JV(nRu>=< Hy >||nRu||iz
Inrullz2 lnrullL2
2
nNRU
—/ (w*‘— ) )‘—(x) dx [Inaullts
oo\ | Trrulie TnrulL
RU
=JV(—” )nnRuniz
Il
2
NRU -
+f (w Ry )( )‘ )| dxlnrul iruls.
R3 lnrullL2 lnru ||L

By definition of Ey, we have that Jy (ngru/||nru|;2) = Ey. Estimating the integrated
term as above, using (2.15), (2.16) and ||ngullg, < |ullgr + o(R®), we then deduce that

Jy(nru) = Ev|nrullz. = (Wil + ClIWallpsee lullZ ) ITRulZ> + 0(R®). (B.13)
Similar arguments show that, if | jgru|| # 0, then

Jv,(@ru) = Ev, |[Trull7> — (IWillr + ClIWallLaeo lullz ) 17 Rul? 2 + 0(R°)
= (Ev, — Ey — [Willz1 — C|Wa | 3o llullz ) 1T Ru 17 2
+ Ey|firull; > + o(R). (B.14)

We claim that (B.12), (B.13) and (B.14) imply (B.6). Indeed, if ||jgullz2 = 0, then
Inru||r2 = 1 and (B.6) follows from (B.12) and (B.13). If ||ngu|| 2 = O, then ||jru||z2 =
1 and (B.6) follows from (B.12) and (B.14). Finally if both ||ngu| ;2 #0 and ||gru||;2 #0,
then combining (B.12), (B.13) and (B.14) gives (B.6), since ||17Ru||i2 + ||'77Ru||i2 =1

Step 3. We prove that (u;) N is bounded in @y (equipped with the norm defined in (1.6)),
uniformly in W5 such that C W2 |30 < 5 11 — a), for some universal constant C.

It suffices to show that ((u;, —Au;) + (uj, Viu;))jen = ((u;, Hy, u;));en is bound-
ed. We proceed as in the proof of Lemma B.1. We write

(uj, Hy,uj) = Jy (uj) + (uj, Vou;) + /]1&3 (w % |uj|2)(x)|uj(x)|2dx. (B.15)

For the second term in the right-hand side of the previous equation, we use Hypothesis 1,
which implies that
(uj. Vouy) < aluj, Hy,uj) + blluj|3.. (B.16)

The third term of the right-hand side of (B.15) can be estimated using (2.15) and (2.16),
namely

2 2 4 2 2
‘/Rs (w o uj 1) () uy (0" dx | < IWallzilluj 172 + CIWallpsoe g 15, Il 172

< |Willpr + Cl|Wal|ps.00 (uj, Hy, uj), (B.17)
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since ||u; || 2 = 1. Inserting (B.16)—~(B.17) into (B.15), assuming that C | W2 || 3.0 < 1 —a,
we obtain

1
G Hy ui) < Jv(u;i)+b W .
(uj, Hy uj) < [ —a_ C||W2||L3,oo( v(uj) +b+| 1||L1)

Since (Jy (1;))jen converges, it is bounded. This proves that (u;);en is bounded in @y .
In turn, since we can assume without loss of generality that Jy- (u;) < Ey + 1 forall j, one
easily concludes form the previous equation together with (B.3) that (u;);en is bounded

in @y uniformly in W, such that C | W2 | 130 < (1 —a).

Step 4. By Step 3, we know that (u;);jen is bounded in @y . Hence there exists a subse-
quence, still denoted (#;);eN, which converges weakly in Qy . Let uo, € @y be its limit.
In particular u; — U weakly in H'(R3). We prove that (u;)jen converges strongly
(along some subsequence) to s, in LZ(R3).

As in Step 2, we write, for R > 0,

luj —uool22 = 1R (j = too) |72 + | TR (1t — o) |- (B.18)

Consider first the term ||7g(u; — uoo)||iz. Let & > 0. It follows from Step 2 that there
exists Rg > O such that, for R > Ry,

- Jv(uj) — Ey
I7RU; (172 < +e. (B.19)
ST = By, — Ey — 4[Wi |11 — ClIWa pacelluj |13,

Here it should be noted that the term Ey, — Ey — 4| Wi |11 — C||W2||L3,oo||uj||%11 is
strictly positive. Indeed, we know from Step 3 that (||u; || g1),en is bounded uniformly in
W5 such that C | W3 || 3.0 < %(1 — a). Together with (B.5), this shows that

Ey, — Ey — 4| Wi 1 — C|[WallLao luj |13
1
> E(le —pv) —6[[Willpr — (C + Cy)[[Wallp3.00,

By the assumption (1.14), the right-hand side of the previous equation is strictly positive.
Returning now to (B.19), using in addition that Jy (u;) — Ey, we deduce that there
exists jo in N such that, for all j > jo (and R > Ry),

l7Ruj 1172 < 2e. (B.20)

Using the lower semi-continuity of || - ||;.2, we also obtain that, for R > Ry,

lTRuoo2 < Tim inf [[Tgu; 72 < 2e. (B.21)

Now fix Rg > 0 such that (B.20)—~(B.21) hold and consider the term ||, (4; —Uco) ”12}
from (B.18). Clearly, since (u;)jen converges weakly to us in H!(R?), it follows that
(nRoU;)jeN converges weakly to g, Uco i H! (B2R,), Where

Bag, = {x € R? | [x| < 2Ro}.
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The Rellich—Kondrachov Theorem then gives the existence of a subsequence, still denoted
by (nr,U;);en, which converges strongly to ng,Ueo in L?(BaR,)- We can then conclude
that there exists an integer j; > jo, such that, for all j > ji,

2 ~ 2
ey —uoollz2 = [[nRo (5 —uoo) | o + [|TRe () —to0) > < & + 8.
Hence (u;)jen converges strongly to us in L2(R3).

Step 5. We prove that 1, is a minimizer for Jy .
Obviously, since u; — uoo strongly in L?(IR?), we have that |1 |12 = 1. Moreover,
we clearly have

Ey < Jv(uw).
Hence it remains to show that Jy (1) < Ey.
Recall that
2 2
Jy (Uoo) = (uoo, (—A + V)uoo) - ./]R3 (w * [Uoo| )(x)|uoo(x)| dx. (B.22)

By Step 3, (u;) is bounded in H'(R?) and by Step 4, (u;) converges strongly t0 U in
L?(R3). Hence Lemma 2.3 yields

(o0, (=2 + V)too) < Timinf{uj (=A + V)t .
j—oo

It remains to consider the quartic term in (B.22). As in (2.15)—(2.16), we have

' [Pyl P s = [ oo o)
R3 R3

= '/W (w  (Juj > = Jucol?)) () |u; (x)]* dx

[ 0 o)) (1 O = fae) 0

2 2 2 2
< (IWallpr + Wallzace) (Il 17 + loollzy ) [11 = ool | s
< (Wil + IWallao) (g 17+ lucollz ) Iy + uoollL2lluj — toollz2
< (Wil + W2l paeo) 1wy — vooll 22

where we used in the last inequality that ||u;| 2 = 1 and that (1j)jen is bounded in
H'(R?). Since u; — uoo strongly in L2(R3), this yields

/ (w * |uoo|2)(x)|uoo(x)|2dx = lim / (w * [ [?) (x)|uy (x)|2dx. (B.23)
R3 j—oo Jr3
Inserting (2.5), (2.6), (2.7) and (B.23) into (B.22), we finally obtain that

Jy(Use) < li_mianV(uj) = Ey.
j—oo

This concludes the proof of the proposition. ]
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