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The locus of curves with an odd subcanonical point
André Contiero and Aislan Fontes

Abstract. We present an explicit construction of a compactification of the locus of smooth curves
whose symmetric Weierstrass semigroup at a marked point is odd. This construction extends Stohr’s
techniques, which can be seen as a variant of Hauser’s algorithm for computing versal deformation
spaces. As an application, we prove the rationality of the locus for genus at most six.

1. Introduction

Let H,¢_» be the locus of compact Riemann surfaces (smooth projective algebraic curves)
of genus g > 4 with a fixed abelian differential vanishing at a point to order 2g — 2. In
a remarkable work, M. Kontsevich and A. Zorich [17, Thm. 1] showed that H,¢_» has
exactly three irreducible components, namely the locus f}f;ygp_z of hyperelliptic points,
the even 35,7, and the odd U{g‘;d_z points. Ten years later E. Bullock [4, Thm. 2.1]

characterized the general points of such components.

Theorem 1.1 (Bullock [4, Thm. 2.1]). For g > 4, the following hold.
* A general point of S'Cg};,p_z has Weierstrass gaps {1,3,5,...,2¢g —3,2¢g — 1},
* A general point of }Cg‘i,d_z has Weierstrass gaps {1,2,3,...,g —1,2g — 1};

even

* A general point of H5;™, has Weierstrass gaps {1,2,3,...,g —2,g,2¢g — 1}.

We recall that an abelian differential has a zero of order 2g — 2 at a point if, and
only if, this point is subcanonical, [4, Def. 1], i.e. the associated Weierstrass semigroup is
symmetric.

Let Mg’l be the moduli space of smooth pointed curves of genus g > 1 with a fixed
symmetric Weierstrass semigroup S at the marked point. In his famous Ph.D. thesis,
Pinkham [20] studied the moduli Mg’l relating it to the negatively graded part of the
versal deformation space of the monomial curve associated to §. Various authors have
used his techniques to explicitly determine the defining equations of Mg’l for low genus.
For instance, in a recent paper, Stevens [23] uses computational methods to describe all
the moduli spaces M;l when g < 7, determining their dimensions, that coincide with a
lower bound given by A. Contiero, A. Fontes, J. Stevens, and J. Vargas in [7].

Following a proposal made by D. Mumford [18], and also inspired by Pinkham’s

approach, K.-O. Stohr [24] constructed a compactification of M ﬁ,p when § is symmetric,
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by allowing Gorenstein curves at the boundary. Stéhr’s techniques avoid suitable classes
of symmetric semigroups. Precisely, it is assumed that the multiplicity n; of § satisfies
3 <njp < g,and that § # (4, 5), not achieving the general points of ﬂ{g?_z and of }Cgi,d_z
of the Kontsevich—Zorich space J{,g—>. The main obstruction in Stohr’s techniques to
also deal with odd subcanonical points, lies in his way of constructing linear syzygies of
the defining equations of the monomial curve, [24, Lem. 2.3]. Stohr’s syzygies are not
explicitly given. They are constructed using the general position theorem for canonical
curves and Petri’s original paper, which requires the defining equations to be quadratic
forms. However, the defining equations of a monomial curve associated to an odd numer-
ical semigroup may not be quadratic forms

Since Gorenstein curves are not necessarily nodal, Stohr’s compactification does not
relate to the Deligne—-Munford stack of stable curves. A successful approach to study fam-
ilies of Weierstrass points and their limits in the moduli stack of Deligne—Mumford stable
curves is to consider (generalized) Wronskians and their derivatives, we refer to [11, 12].

In this paper, we extend Stohr’s techniques to construct in a rather explicit way a com-
pactification (Af_{gjl of the moduli space e/\/t;l when § is a symmetric semigroup different
from the hyperelliptic (2,2g + 1). Numerical semigroups of odd type tend to be realized
as Weierstrass semigroups of possibly singular Gorenstein curves that are a triple covering
of the projective line P!, i.e. 3-gonal singular curves, see Lemma 3.1. Hence the canonical
ideal of the monomial Gorenstein curve associated to a numerical odd semigroup cannot
be generated by only quadratic forms as required in Stohr’s paper [24], cf. Lemma 3.4 of
the present work.

Given a non-hyperelliptic symmetric semigroup § # (2,2g + 1), following Hauser’s
algorithm [14,15], and also [22], we unfold the defining equations of the associated canon-
ically embedded monomial Gorenstein curve, introducing new variables. To take care of
flatness, we explore suitable syzygies that are given by purely combinatorial arguments,
see Lemma 3.6, we then obtain a compactification of Mg’l by allowing Gorenstein sin-
gularities at the boundary, cf. Theorem 3.9. The compactification is (by construction) a
closed subset of the weighted projective space P(Tlii;“k), where Tll(i;]lk stands for the
negatively graded part of the first module of the cotangent complex associated to the
monomial curve singularity with semigroup §, which relates to Pinkham’s approach.
Since our construction is completely explicit (and implementable) we can produce non-
trivial examples and investigate the global geometry of the moduli spaces Mg’l.

In the last section of this paper we illustrate our techniques computing the equations
of ﬂg,l when § is odd of genus 5, § = (5,6,7,8), and of genus 6, S = (6,7,8,9, 10),
showing that the moduli varieties eMg’l associated to these two odd numerical semigroups
are rational.

2. Gorenstein subcanonical curves and Weierstrass points

Let § be a symmetric non-hyperelliptic numerical semigroup § of genus g > 1 with first
gnon-gaps 0 =ng <ny <--- <ng_; =2g — 2. We recall that a numerical semigroup §
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of genus g is symmetric if its Frobenius number (its largest gap) £, is the largest possible,

namely {; = 2¢g — 1. Equivalently, § is symmetric if and only if {; = {; — n,_;, for all

i =1,...,g, where {; stands for a gap of §. Additionally, § is non-hyperellipticif 2 ¢ §.
Let us associate to § its canonical monomial curve

AR {(s""tzé’_1 csMipbem Tl g2 Tl e iy (g0 € IP’I} c P&t

It can be checked that it has a unique unbranched singular point, namely (1:0: ---: 0), of
singularity degree g. Since the semigroup § is symmetric, C©) is a Gorenstein curve. The
contact orders with hyperplanes at its unique point P = (0 : ---: 0 : 1) at the infinity are
exactly {; — 1,7 = 1,..., g (the vanishing sequence). Thus €@ has degree 2g — 2 and
its Weierstrass semigroup at P is §. Hence every symmetric non-hyperelliptic numerical
semigroup can be realized as a Weierstrass semigroup at a smooth point on a canonical
Gorenstein curve.

Let € be a complete integral Gorenstein curve of arithmetic genus g > 1 defined over
an algebraically closed field k. Throughout this section we assume that € is subcanonical,
i.e. there is a rational function on € with pole divisor (2g — 2) P, where P is a nonsingular
point of €. The dualizing sheaf @ of € is Oe((2g — 2) P), and the vector space of its
global sections is

H()(‘tf’,a))=k-x,,0€]9k-xn1 @Dk xp, ,, (Mo=0<ny<---<ng_1=2-2),

where each x,, is a rational function on € whose pole divisor is n; P. Equivalently, the
marked point P € € is a Weierstrass point with gap sequence 1 = {1 < {p <--- < {y =
2g — 1, and whose symmetric Weierstrass semigroup § of genus g is canonically gener-
ated by its first g non-gaps, (no,n1,...,ng_1) = 3.

Let us assume that € is also non-hyperelliptic, thus its dualizing sheaf @ induces an
embedding in the (g — 1)-dimensional projective space P€~! defined over K,

(Xng -+ Xny,) 1 € > PEL = P(HO(€, ).

Therefore, € can be identified with its image under the canonical embedding. Hence € C
P&¢~1 is a projective curve of genus g, degree 2g —2and P = (0:---:0: 1).
According to Enriques—Babbage’s theorem for smooth curves, if we assume that € is
not isomorphic to a plane quintic, then its ideal can be generated by quadratic forms, when
it is non-trigonal, and by quadratic and cubic forms when it is trigonal.
An extended version of Max Noether’s theorem for complete integral non-hyperelliptic
curves, cf. [6,25], states the homomorphism

Symr(HO(‘C’,a))) — H(€,0")

is surjective for all r > 1. In the following, we recall a proof of Max Noether’s theorem
for subcanonical curves given by Stohr in [24].

Let € be a complete non-hyperelliptic Gorenstein curve of genus g with a subcanoni-
cal point P. Since € is non-hyperelliptic, we must assume that the Weierstrass semigroup
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§ at P is not hyperelliptic, i.e. 2 ¢ §, equivalently § # (2,2g + 1). Now, for each nongap
s < 4g — 4, we consider a suitable partition of s as a sum of two nongaps

s =as+bs, ag < by <2g -2,

with a the smallest possible nongap. From Oliveira’s paper [19, Thm. 1.3] the 3g — 3
rational functions x4, xp, of € form a P-hermitian basis for the space of the global sec-
tions of the bicanonical divisor w? = Oe((4g — 4) P). Now, for each integer r > 3 a
P-hermitian basis for the space H(€, ®") is given by the r-monomial expressions

r—1 s

Xpo Xn; (i=0,...,g—1),
r—2—i i — =

Xpo o XagXpgXp, | i=0,....,r=2,5s=2g,...,4g — 4),
r—3—i i s

Xpg o XnyXag—nXng_yXp,_, (i=0,...,r=3).

Note that the pole orders of the above (2r — 1)(g — 1) rational functions are pairwise
different, so they form a linearly independent set in H°(€, »").

Let 1(€) = ©%,1,(€) be the homogeneous canonical ideal of € C P71, As an
immediate consequence of the existence of the above P-hermitian basis of r-monomials
for H°(€, w"), the homomorphism

k[ Xng,-- -, Xng—]]r — Ho(e’wr)

induced by the substitutions X, — X, is surjective for each r > 1. Thus we obtain a proof
of Max Noether’s theorem for non-hyperelliptic Gorenstein curves with a subcanonical
point.

Now Riemann’s Theorem assures that for each r > 2, the codimension of 7, (€) in the
(r+‘f _1)-dimensional vector space k[Xp,, ..., Xp,_,]r of homogeneous r-forms is equal
to (2r — 1)(g — 1). So the vector spaces of quadratic and cubic relations have dimensions

(g—2)(g—3)
2

g+2

dim I,(€) = N

and dim /3(€) = ( ) —(5¢g —95),
respectively.

For each r > 2, we define the vector subspace A, of k[Xy,, ..., X, ], spanned
by the lifting, substituting x,, — Xj,, of the above P-hermitian r-monomial basis of
HO(€,"). It is spanned by the r-monomials in X, ..., X, , whose weights are all
the nongaps n < r(2g — 2) and are pairwise different. We declare the weight of X,,, to

be n;. Since A, N I,(€) = 0 and
dim A, = dim H°(€, ") = codim I, (€),

we obtain
k[Xy,, .. .,X,,g_l]r =1,(€)®A,, foreachr >2.

Let r$ be the set of all sums of r nongaps n; withi = 0,..., g — 1. Oliveira showed,
cf. [19, Thm. 1.5], that each nongap smaller than or equal to r(2g — 2) belongs to rS.
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Moreover, each sum of r nongaps < 2g — 2 is a nongap < r(2g — 2). Consequently,
#rS = (2r — 1)(g — 1) and therefore

#rS = dim H°(€, 0").

Now, for each nongap s < 4g — 4 we list all the partitions of s as sums of two nongaps,
namely s = ag; + bs; € 28 where

asi <bsi <2¢g—2({ =0,...,v5) and as:=das <das1 <dsy <+ < dgy,.

Since xq,, Xp,; € H®(€, w?) and {x4, xp, } is the above fixed basis for H°(€, w?), we can
write

s
Xagi Xby; = Z CsinXa, Xb, s
n=0

foreachi =0, ..., v, where the coefficients cy;, are uniquely determined constants and
the summation index only varies through nongaps.

In the same way, for each nongap o < 6g — 6 we consider all the partitions of s as sums
of three non-gaps, without repetitions, namely o = aq;j + bs; + coj € 35. Analogously,
we can write

[
Xagj XbgjXeqj = Z dajn XanXb,Xcy»
n=0

for each integer j =0, ..., vy, where the coefficients dy;, are uniquely determined con-
stants and the summation index only varies through nongaps.

Multiplying the functions Xy, . .., X,,_, by constants we do not change the P-hermit-
ian property of the above basis, thus we can normalize the coefficients cs;s = 1 and dyjo
= 1. Therefore, the (g'z"l) —Bg—-3)= %(g — 3)(g — 2) quadratic forms

s—1
Fyi = Xy Xo; — Xa,Xo, = Y _ CsinXa, X5, 2.1)
n=0
and the (¥1?) — (5g — 5) cubic forms
o—1
Goj = Xag; Xy Xeo; — Xag Xp, Xe, — Y dojnXa, Xp, Xe,. (2.2)
n=0

vanish identically on €. We attach to the coefficient cy;, the weight s — n and to dy;, the
weight 0 — n. Thus the above quadratic and cubic forms are also isobaric forms, recalling
that the weight of X, is n;.

The above quadratic and cubic forms are unfolded forms of the initial quadratic forms
F = Xay; Xp,, — Xa, Xp, and the initial cubic forms G = Xa,; X, Xey; — Xa, Xby Xey-
respectively. Also, note that these initial forms vanish identically over the canonical mono-
mial curve €©) and they only depend on §.

Coj
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We want to ensure that the canonical ideal of € can be generated by the above qua-
dratic and cubic forms. Next, we show that there is only one remaining class of symmetric
semigroups to be considered. We assume that the non-hyperelliptic symmetric semigroup
S is non-ordinary of genus g > 3, that is equivalent to assume that the multiplicity n; of §
satisfies 2 < ny < g. By a theorem of Oliveira [19, Thm. 1.7], if we consider 3 < n; < g,
then there is at least one quadratic form, i.e. vy > 1, whenever s = n; + 2g — 2 fori =
0,...,g — 3. In this case, Contiero—Stohr [9] gave an algorithmic proof that the canonical
ideal of a Gorenstein curve € C P81 with Weierstrass semigroup § at the base point is
generated by only quadratic relations. If 3 € §, then its genus has residue 1 or 0 modulo 3,
hence § := (3, g + 1), implying that €@ is a complete intersection curve. The case where
€ is a Jocal complete intersection curve is completely studied by Contiero and Mazzini
in [8], where they show that M§,1 = IP)(Tkl[’;”k). If § = (4,5), then it is very known that €
is isomorphic to a plane quintic contained in the Veronese surface. In addition, Contiero—
Mazzini’s work also achieves this last case. Hence the remaining case is just the odd case,
S =N\{1,2,...,g —1,2g — 1}, and the curve € is possibly trigonal.

In the next section, we investigate the Weierstrass semigroup of trigonal complete
curves and then, we will give an algorithmic proof that the canonical ideal of a complete
Gorenstein curve with odd symmetric Weierstrass semigroup

S:=N\{l,2,....g—1.2¢—1}=(0.g.g+ 1,....2g —2)

at a smooth point is generated by quadratic and cubic forms.

3. Curves with an odd subcanonical point

Let € be a complete integral curve of arithmetic genus g defined over an algebraically
closed field k. A linear system of dimension r on € is a set of the form

L=LFV)=x"1F|xeV\0}

where J is a coherent fractional ideal sheaf on C and V is a vector subspace of H%(€, )
of dimension r + 1.

The notion of linear systems on curves presented here is characterized by replacing
bundles by torsion-free sheaves of rank 1. This is a meaningful approach since they may
possess non-removable base points, see Coppens [10].

The degree of the linear system £ is the integer deg F := y(F) — y(O¢), where x
denotes the Euler characteristic. Note, in particular, that if Q¢ C F then

degF = Y dim(Fp/O¢,p).
PeC

The notation g7; stands for a linear system of degree d and dimension r. The linear system
is said to be complete if V. = H°(€,J), in this case one simply writes £ = |F|. According
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to E. Ballico’s [1, p. 363, Def. 2.1 (3)], the gonality of € is the smallest d for that there
exists a g}i on €, or equivalently, a torsion free sheaf I of rank 1 on € with degree d and
(e, F) > 2.

The following lemma is a straightforward generalization of Kim’s result [ 16, Thm. 2.6]
characterizing the Weierstrass semigroup associated to an unramified point on a trigonal
curve.

Lemma 3.1. Let € be a complete integral trigonal curve of arithmetical genus g > 5 and
P € € a Weierstrass unramified point. The Weierstrass semigroup S of € at P is of the
form

{0,m,m+ l,m+2,...,m+(s—g),s+2,s+3,s+4,...},

where s and m are positive integers such that g > m > L%J + 1. In particular, if § is
symmetric, the Weierstrass semigroup is odd

§=1{0,g,g+1,...,2¢—-2,2¢,2¢g +1,2¢g+2,...}.

Proof. Let {4 be the Frobenius number of the Weierstrass semigroup § associated to Pe€.
Equivalently, s := £z — 1 is the largest positive integer such that the divisor Dy = s P
is special. Since P is a Weierstrass point, follows that g < {, — 1 < 2g — 2. By the
maximality of s

dim |O(Do)| =5 —g + 1.

Since Dy is a special divisor,
we ~ Oe(Do+ Pr+ P+ -+ Prg_ny)

is the dualizing sheaf of € where P; € €, P; 2 Pandi =1,...,2¢ —2—s. As P is
an unramified point, the first nongap m is greater than 3, and so the linear system |mP| is
not g3. Let us consider the divisor

D::(S_m)P+P1+P2+"‘+P2g—2—s' (31)
We observe that we = Oe(mP) ® Q¢ (D) and by [16, Lem. 2.1] follows that
|D| = (g —m)g3 + B,

where B is the base locus of |D|, and dim |[D| = g — m by Riemann—Roch theorem.
For each element R of g} with R > P, wehave R = P + Q + Q», with P # Q; and
P # Q5 because P is an unramified point of €. Since D is the right-hand side of equation
(3.1) we obtain

Pi+Py+oid Prgo s =(g—m)Q1+ (g —m)Qa2,

implying 2(g —m) < 2g —2 — 5. Therefore, m > [*F1] + 1.
On the other hand,
B> (s—gP,
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that means that (s — g) P is contained in the base locus of | D|. Consequently, each divi-
sor iP is not in the base locus of |[mP + iP|,i =0,...,s — g, and therefore m, m +
1,...,m+ s — g are nongaps of S. As s + 1 is a gap and each r > s 4 2 is a nongap the
set

S = {0,m,m+ 1,...,m+(s—g),s+2,...}

is contained in § and the cardinality of N — S is g. ]

Let us consider a non-hyperelliptic symmetric semigroup of genus g > 5 and let us fix
at once the %(g — 3)(g — 2) initial quadratic forms as in (2.1)

FS(iO) = Xasi szi - Xas sz (32)
and (g ';2) — (5g — 5) initial cubic forms as in (2.2)

GO .— x Xp,, X

aj doj

— X, Xp, Xe, - (3.3)

Coj

Remark 3.2. Many cubic initial forms are simply multiples of quadratic initial forms. Let
g denote the number of cubic initial forms that are not multiples of quadratic ones.

The next result explicitly identifies all the initial cubic forms that are not multiples of
quadratic ones when § is an odd symmetric semigroup.

Proposition 3.3. Let§ :=(0,g,g + 1,...,2g —2). Thereare p = (*1%) = (5g = 5) -,
with

. . g—4 h
1=-de-2+ -2 £+ £+ T S5,

j=1
initial cubic forms that are not multiples of the quadratic initial forms.
Proof. We starting by taking the fixed basis for A,, that is,

g—2
U (X5, XoXgti, Xg Xgvir Xgtj Xog—a}.
i=0, j=1

The monomials of degree two that are notin A, are just Xo4; X4 ; where 1 <i < j and
j =1,...,g— 3. The basis for Aj is

2 2
U (X3 Xi. XoXa, Xb,. Xa, Xp, X2g—2, X2 X2g_3}.
i=0,g,g+1,..., 2g—2
Xag Xps €A

Set F .= F S(IO ) for an initial quadratic form. The products XoF and X, > F are cubic
forms for every F. Hence we already have (g — 3)(g — 2) cubic forms that are multiple
of quadratic initial forms.
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Since Xgyx Xg4iXg4+j € A3, fork=0,...,g—3andi,j =1,..., g — 3, the product
Xg 4« F defines an initial cubic form when Xy 1 Xo Xg1; or Xg 1 p Xg1 i Xog 2 isin Aj.
In the first case,

Xg+ngXg+i (S} A3

fori=g—2,k=0,...,g—3and (i =g — 3, k = 0). Hence, the initial cubic forms
Xoik(Xa, Xp, — XgXog2),withk =0,...,g—3,and Xz (X4, Xp, — Xg X2g3) are
multiples of quadratic initial forms, and there are (g — 2) I_gT_zj + I_gT_e’J of them. In

the remaining_ case, Xg4k Xg4jX2g—2 € Azjustfork =0, j =1,..., g — 2, obtaining
Zj’:;‘ L%J initial cubic forms Xg (X4, Xp, — Xg+jX2g—2), with j =1,..., g —4,
and we are done. [

It is straightforward that the quadratic F' s(iO) and cubic forms G ((7(1).) introduced in (3.2)
and (3.3), respectively, vanish identically on the monomial curve €(?). The next lemma
shows that F, s(iO) and G((T(;) generate the ideal of €, providing an extension of Contiero—
Stoher’s result [9, Lem. 2.2].

Lemma 3.4. Let § be a non-hyperelliptic symmetric semigroup of genus g > 4. The
canonical ideal 1(€©®) is generated by the %(g — 2)(g — 3) quadratic forms F s(iO) and
the o (cf. Remark 3.2) cubic forms G((T(}). In particular, when S is odd the ideal of €©
is given by the %(g — 2)(g — 3) quadratic initial forms and by the g cubic initial forms
described in Proposition 3.3.

Proof. Since I1(€©) is generated by homogeneous and isobaric forms, all we have to
do is show that a homogeneous and isobaric form belongs to 7(€©) if and only if it
belongs to the ideal & generated by the binomials F, S(I.O) and Gg;). It is just obvious that
g € 1(€®). For the opposite inclusion we order the monomials i;(l) X ,l,’; according to
the lexicographic ordering of the vectors

(Zikv an ik, —io,—ig_l, ey —il).

In this way, the binomials F S(I-O) and G((T(}) form a Groebner basis for §. Now, for each
homogeneous form F of degree r that is also isobaric of weight @ we divide it by the
Groebner basis obtaining a decomposition

F=Y HuFY +> TG + R,

where R € A, and Hy; and T, are homogeneous of degrees r — 2 and r — 3, respec-
tively, and isobaric of weights w — s and w — o, respectively. The remainder R is the only
monomial in A, of weight @ whose coefficient is equal to the sum of the coefficients of
F.Since F € I(€©®) the sum of its coefficients is equal to zero, then R = 0. |

A different proof of the above lemma when § is odd can be found in [13, Thm. 1.1]
by noting that the symmetric semigroup § = (0, g,g + 1,...,2g — 2) is generated by a



A. Contiero and A. Fontes 1036

generalized arithmetic sequence. The ideal 1(€®) is then generated by the 2 x 2 minors
of suitable matrices, cf. [13, Thm. 1.1]. So, it can be seen immediately that the ideal given
by the 2 x 2 minors is equal to the ideal generated by the initial forms F' s(iO) and G ((7(;).

As we noted above, for each numerical symmetric semigroup § of genus g > 4, it is
associated the canonical monomial curve €(® and also %(g — 2)(g — 3) initial quadratic
forms and g initial cubic forms, FS(I-O) and G((r(])‘)’ respectively, that generated the ideal
1(€©), cf. Lemma 3.4. Now we unfold the quadratic and cubic initial forms in the fol-

lowing way:
s—1

Fsi := Xay Xo;, — Xay Xo, = Y _ CsinXa, Xb,
n=0

and
o—1

Goj = Xag,- Xbaj Xng — Xag Xpy Xy — Z dojnXay, Xp, Xy
n=0
where the coefficients cy;, and dg;, belong to the ground field k. Each unfolded is taken
by adding to the initials forms F s(iO) (respectively G ((;;)) a summation, a linear combination,
of basis elements in A, (in A3) whose weights are less than the weight s (respectively
o) of the respective quadratic initial forms F s(iO) (cubic initial forms G((T(})). We want to
preserve the pole orders at P when we specialize X, — Xx,,, keeping the P-hermitian
properness, that was the starting point to produce the quadratic and cubic (initial) forms.

Goal 3.5. Let AV be the affine space whose coordinates function are the coefficients cs;,
and dyj,. By considering X0 C P€~! x AN the zero locus of the unfolded forms, and
taking 7 to be the restriction to X of the second projection P€~1 x AN — AN we obtain
a commutative diagram

eOC . x

y

Speck —— AN

whose fibers are closed subsets of P€~! and the special fiber is €@. Our goal is to
explicitly describe the conditions on the coefficients cy;, and dy;, that provide canoni-
cal Gorenstein curves with a Weierstrass semigroup § as fibers over .

To achieve the Goal, we require some technical results. We begin by generalizing a
result in [9, Lem. 2.3], which only considers the first syzygies of quadratic initial forms
due to its assumptions. Here, we must also consider syzygies of cubic forms, which will
induce nonlinear syzygies (see, for example, equations (4.1) and (4.3) of Section 4).

Syzygy lemma 3.6. For each of the %(g —3)(g — 4) quadratic forms F, S(,(;? not equal to
Fn(:)-)f—Zg—Z,l (i =1,...,g—23) there is a linear syzygy of the form

Xog—aFS) + 3 eS X, FY =0 (3.4)

i’ nsi
nsi
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and for each cubic form G((r(,);, not equal to G‘(tg,)_ 41> there is a syzygy of the form

0 'y 0
Xag—2G3ly + Y i) X465 =0, (35
qoj
where the coefficients sflss/ii /), pg:]j ) are equal to 1,—1 or 0, and where the sum is taken

over the nongaps n,q < 2g — 2, the double indices si with s +n =2g —2 + s’ and aj
withq +0 =2g —2+0d’.

Proof. Given a quadratic form F = F S(,(:? or F =—-F S(,??, we can write

F=XnX,— X, X,

where m, n, q, r are nongaps satisfyingm +n =¢qg +randg <m <n <r <2g—-2.1If
r + 1is a gap then, by symmetry, k :=2g —2 —r + n is a nongap and we find the syzygy

X2g—2(Xan - Xqu) + Xr(XqXZg—Z - Xka) - Xm(XnXZg—Z - Xer) = O,

The binomials in the brackets can be written as F’ S(io) - F S(;)), F S(I-O) or —F S(;)). Analogously

if m 4 1 is a gap then we take the nongap k := 2g — 2 — m + r and we obtain a syzygy as
above. Now we can assume that r + 1 and m + 1 are nongaps, hence we have the syzygy
X2g72(Xan - Xqu) + Xq(XngZXr - X2g73Xr+1)
— Xog3(Xm41Xn — Xg Xrg1) — Xn (X X2g—2 — X2g-3Xm41) = 0.

For a cubic form, if we set G = G((,(J)-) orG = —G((,(j).) then we can write
G =XnXnXp, — Xg X, Xs,

where m, n, p,q,r,s are nongaps satisfyingm +n+p=qg+r+tandg <m <n <
r<p<t=<2g-2.
If p + 1 is a gap then, by symmetry, the integer k := 2g — 2 — p + ¢ is a nongap
smaller than 2g — 2, hence we have the syzygy
Xogo(Xin XnXp — Xg Xr X1) + Xp (Xog 2 X: Xg — X: Xp Xi)
- Xp(XZg—ZXan - XrXth) =0,
0 0
oi» Ggj or =Gy, . Anal-
ogously, if » + 1is a gap then k := 2g — 2 — r 4 p is a nongap, and therefore we obtain
the syzygy
X2g—2(XanXp - XquXt) + Xm(XerXn - X2g—2Xan)
— X, (X XmXn — X2g—2X:Xy) =0.

where the binomials in the brackets can be written as G ((T(])-) — G(O.)

Now we can assume that p 4+ 1 and r 4 1 are the nongaps. We just take the syzygy

X2g—2(XanXp - XquXt) + X2g—3(Xr+1Xth - Xp+1XnXm)
- Xm(XPXZg—2Xn - Xp+1X2g—3Xn) - Xq(ng—SXr+1Xz - X2g—2XrXt) =0. =
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The syzygies corresponding to the cubic forms that are multiples of the quadratics
forms are trivial, therefore we just consider syzygies for the g — 1 cubic forms, however,
these g — 1 syzygies are not necessarily linear.

Lemma 3.7. Let I be the ideal generated by the %(g — 2)(g — 3) unfolded quadratic
forms Fg; and by the p unfolded cubic forms Gy;j. Then,

K[ Xngs .o Xng_ylr = Ir + Ay foreachr > 2.

Proof. Let F be a homogeneous polynomial of degree r and weight w. Let S be its
quasi-homogeneous component of weight w and R the unique monomial in A, of weight
w whose coefficient is the sum of the coefficients of S. Thus, S — R € 1(€©) and by
Lemma 3.4 we can write the expression

S—R=)_SiFQ+Y HeGY.
si aj

Replacing each polynomial Sy; and H,; with its homogeneous component of degree r — 2
and r — 3, respectively, we can take S; and H,; homogeneous of degree r —2 and r — 3,
respectively. Likewise, we can assume that S; and Hy; are quasi-homogeneous of weight
w — s and w — o, respectively. Then the polynomial

F-R=>"SiF =Y HyGY
si aj

is homogeneous of degree r and weight smaller than w. Now, the proof follows by induc-
tion on w. u

To achieve Goal 3.5, a key step is to establish conditions on the coefficients cy;, and
dgjn such that each homogeneous element in k[ Xy, ..., X, ], can be uniquely written
as a sum of a homogeneous element in the ideal I, generated by the unfolded quadratic
and cubic forms and element in A,. In order to do this, we start by replacing the binomials
Fs(,?? and F S(io) on the left-hand side of equation (3.4) of the Syzygy lemma by the unfolded
quadratic forms Fy; and Fy;, we obtain for each of the %(g — 3)(g — 4) double indexes
s’i" a linear combination of cubic monomials of weight less than s’ + 2g — 2, that by
Lemma 3.7 admits the decomposition

Xog2Fyir + ZSLSS: )XnFsi = Z nf,ss,l )XnFsi + Ryir,

nsi nsi

where the sum on the right-hand side is taken over all the nongaps n < 2g — 2, the double
157

indexes si withn + s < s’ 4+ 2g — 2, the coefficients sfs: ) are constants and where Rg/;

is a linear combination of cubic monomials of pairwise different weights less than s’ +

2g — 2.
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Repeating the above procedure for the initial cubic forms on equation (3.5) of the
Syzygy lemma, and applying the above Lemma 3.7 we obtain a decomposition

Xog 2Gorjr + Z P;Z;!,)XqGoj = Z Mf:;{;,}XquFoj + Z V;?,;!,)Xanj + Ry jr,
q0] mqaoyj qoj
where the sum on the right-hand side is taken over the nongaps m,q < 2g — 2, the indexes
mgqo and go withm +qg +0 <2¢g—2+ 0’ andg + 0 < 2g — 2 + o/, the coefficients
f: ;{; }, v;‘;;j ) are constants and where R, is a linear combination of quartic monomials
of pairwise different weights less than 2g — 2 + ¢”.

For each nongap m < s’ 4+ 2g + 2 (resp. r < 0’ + 2g + 2) let 05/irm (resp. ¥y jrr) be
the unique coefficient of Ry;/ (resp. Ry ;) of weight m (resp. r). Note that we do not lose
any information on the coefficients of Ry and Ry j» when we replace X, — t", where
t is an indeterminate. So we introduce the polynomials

s'+2g—2
Rs’i’(tno’---’tngil) = Z Qs’i’mtmy
m=0

o'+2g-2
R/ jr(t", ... 1" 1) = Z Dt jirt”.
r=0

We can assume that the coefficients oy;, are quasi-homogeneous polynomial expres-
sions of weight s’ + 2¢ — 2 — m in the constants ¢y;,, while the coefficients ¥y ;/, are
quasi-homogeneous polynomial expressions of weight ¢’ + 2g — 2 — r in the constants
dojn.

The next theorem outlines the effort required to achieve Goal 3.5.

Theorem 3.8. Let S be a non-hyperelliptic numerical symmetric semigroup of genus
g>4. The %(g — 2)(g — 3) unfolded quadratic forms Fs; and the g unfolded cubic forms
Gyj cut out a canonical integral Gorenstein curve on P&~ if and only if their coeffi-
cients Cgin, dgjn satisfy the quasi-homogeneous equations 0y = 0 and Vg jir = 0. In
this case, the point P = (0 : ---: 0: 1) is a smooth point on the canonical curve whose
Weierstrass semigroup is equal to S.

Proof. We first assume that the %(g — 2)(g — 3) unfolded quadratic forms Fy; and the p
unfolded cubic forms G; cut out a canonical curve € C P81 Since each Ry and Ry ;-
belong to the ideal / generated by the unfolded quadratic and cubic forms, it follows that
Ryit(Xngs -+ Xng_y) = Ro1jr(Xng. ..., Xn,_;) = 0 for each pair of index s’i’ and o’ j'.
We can write
s'+2g-2
Ryir(Xpgs---s xngfl) = Z Os'i'mZs'i'm;
m=0
o'+2g—2
Rg/j/(XnO, ey xng_1) = Z ﬂg/j/rzg/j/r,

r=0
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where the zg/j/,, Zo j» are monomial expressions of weights m and r respectively in the
projective coordinates functions X, ..., X ao1? and hence zy;,, has pole divisor mP
while z, 7, has pole divisor rP. Then we conclude that 95/, = Fg/i7r = 0.

Conversely, let us assume that the coefficients cyip, dgjn satisfy the equations oy m
= 0 and ¥4/, = 0. Since the g — 3 quadratic hypersurfaces V(Fy; 42¢—2,1) C P&, for
i =1,...,g— 3, and the cubic hypersurface V' (G45—4,1) intersect transversely at P, in
an open neighborhood of P their intersection has a unique irreducible component that
contains P, and so this component is a projective integral algebraic curve, say €, that
is smooth at P and whose tangent line is the intersection of their tangent hyperplanes
V(Xy;),i =0,...,8 —3.

Let Yy, ..., Yn,_, be the projective coordinate functions of €. Let us consider the
affine open set with defining equation y,, , = 1. Since the local coordinate ring of C at
P is a discrete valuationring and ng—1 —ng—» = I — Iy = 1, we have that 7 := y,,_, is
a local parameter of € at P, and yu,, ..., Vn o3 are the power series in ¢ of order greater
than 1. More precisely, comparing coefficients in the g — 3 equations

Frit26—2Vngs -+ Yng 2 Yng ) =0, i =1,...,8—3
and
G4g—4’ I(Yno, v ’yngfl’yngfl) =0

one sees that

Yn; = t"¢7 17" 4 (sum of higher orders terms)
=tle-i71 4 (sum of higher orders terms),
for each integer i = 0, ..., g — 1. This means that the g integers ; — 1 (i = 1,...,g)
are the contact orders of the curve € C P#~! with the hyperplanes at P. In particular, the
curve € is not contained in any hyperplane.

By assumption, 0y = 0 and 94/, = 0 for each pair of double indexes s'i’ and
o’ j’, respectively. Hence, we obtain the syzygies

XZg—st’i/ + ZESS; )XnFsi - Z niiﬂl )XnFsi =0

nsi nsi

and

Xog-2Gorjt + 3 Pagy XaGoj = D Mooy XmXaFoy = vig!  XyGoy = 0.

qoj mqoj qoj
Replacing the variables X, ..., X,,_, by the projective coordinates functions yy,., ...,
Yng_1» tWo systems are provided: a system with %(g — 3)(g — 4) linear homogeneous
equations in the %(g —3)(g — 4) functions Fy/i'(Vng, .- - Yng_,) With the coefficients in

the domain k[[¢]] of formal power series; the second system is composed by g — 1 linear
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homogeneous equations in the g — 1 functions G/ (yny, - - - » Yn,_,) With the coefficients
in the domain £[[¢]] of formal power series. Since the triple indexes nsi of the coefficients

(s'i") . (/i) . . o _ ,
nsi - Tespectively, n, 7, satisfy the inequalities n < 2g —2andn +s5 =2g —2 + 5/,
respectively, n <2g —2andn + s <2g — 2 + s/, the diagonal entries of the matrix of the
system have constant terms 1, while the remaining entries have positive orders. Therefore,

the matrix is invertible, and so the equation

&

Fsi(ynga--wyng_]) =0

holds for each double index si. In the second system, the indexes qoj, mgoj and noj of
the coefficients pggf l), ,uf:: ;{; ; and v,(gf ,), respectively, are such that satisfy the inequali-
tiesq <2g—2andq + o0 =2g —2+ o/, respectively, m,q <2g—2andm +q + 0 <
2g — 2 4 o¢’. So the diagonal entries of the matrix of the system have constant terms 1,
while the remaining entries have positive orders, hence the matrix is also invertible. This
means that the equation Gg; (Vny» .- -» Yn,_;) = 0 holds for each double index o . There-
fore we just proved that / C I(€), where [ is the ideal generated by the %(g —-2)(g—3)
quadratic forms Fy; and by the g cubic forms Gg;.

By virtue of Lemma 3.7, codim /,, < dim A, for each r > 2. Since I,(€) N A, =0,

we deduce dim A, < codim /,(€) and we obtain
codim I, (€) = codim I, = dimA, = 2¢g—2)r +1—g.

Thus /(€) = I and the curve € C P&~ has Hilbert polynomial (2g — 2)r + 1 — g, hence
€ has degree 2g — 2 and arithmetic genus g.

Intersecting the curve € with the hyperplane V(X,,_,) we obtain the divisor D :=
(2g — 2) P of degree 2g — 2, whose complete linear system |D| has dimension at least
g — 1, and so by Riemann—Roch theorem for complete integral curves the Cartier divisor
D is canonical, and € is a canonical Gorenstein curve. [

The fixed P-hermitian basis Xuq, Xn,, ..., Xn, ; Of H°(€, (2g — 2)P) is uniquely
determined up to a linear transformation of the form

g—1
Xn; > E cijx,,j,
j=i

where (c;j) € GLg (k) is an upper triangular matrix with diagonal entries of the form
cii =c",i=0,...,g — 1, for some non-zero constant ¢, due to the normalizations
csis = 1. We assume that the characteristic of the field of constants k is zero, or a prime
not dividing any of the differences m — n with n, m nongaps such thatm <n <2g — 2.
If the symmetric semigroup is non-odd we can normalize % g(g — 1) coefficients cg;p
of the unfolded quadratic forms to be zero, for eachi = 1, ..., g — 1 just transforming

i
Xni = Xn; + § Cnini_j Xni_;
J=1
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and proceeding by induction on the weight of the coefficients, as in [9, p. 587]. In the odd
case, we can normalize g — 3 coefficients of the cubic form G4g_4,1 by transforming

g3
Xog—a+> Xog—g + E dag—ang_si Xng_s ;s

i=1
and

i
Xni = Xn; + 2 Cnini_j Xni_;
Jj=1

with n; # ngy_3 = 2g — 4. Next we normalize the remaining %g(g — 1) — (g — 3) coef-
ficients of the unfolded quadratic forms Fy,; 424 -2.1.

Due to the normalizations the only freedom left to us is to transform x,, +— ¢"xy;,
i =0,...,g—1 for some non-zero constant ¢ € K. Therefore, a fine moduli space is
realized as a weighted projective space, as follows.

Theorem 3.9. Let S be a non-hyperelliptic symmetric semigroup of genus g > 5. The
isomorphism classes of the pointed complete integral Gorenstein curves with Weierstrass
semigroup § correspond bijectively to the orbits of the G, (k)-action

. . S—n . o—m .
b
(c,... Csins-vovdojm, .. )= (... "csin,....c dojm.--.)

on the affine quasi-cone of the vectors whose coordinates are the coefficients cgin, dg;
of the normalized unfolded quadratic and cubic forms Fs; and G satisfying the quasi-
homogeneous equations Qyirm = Vg'iry = 0.

4. Odd numerical semigroups of genus at most six

We start this section with the following observation on the rationality of J"_(g,r If the
symmetric semigroup § is generated by less than 5 elements, using Pinkham’s equivariant
deformation theory [20], complete intersection theory and a quasi-homogeneous version
of the rather technical Buchsbaum-Eisenbud’s structure theorem for Gorenstein ideals of
codimension 3 (see [2, p. 466]), one can deduce that the affine monomial curve C ©) can
be negatively smoothed without any obstructions (see [3,26], [27, Satz 7.1]), hence

/S 1,—
M = P(Tsy)-

Although the above observation assures that qu,l =P for § := (5,6,7,8), we believe it
is relevant to illustrate our techniques in a simpler example without the need for complex
computations. Therefore, we guess that a simpler and explicit proof of the rationality
of ﬁg,l for symmetric semigroups generated by less than five elements can be carried
forward.
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4.1. Odd of genus five

Let € be the canonical monomial Gorenstein curve associated to the odd symmetric
semigroup of genus 5. Up to change of coordinates, we can write

€O = {(@®:a®h : a®b® 1 a'b7 1 b®) | (a : b) € P!} C P*.

The symmetric Weierstrass semigroup associated to the point P = (0:0:0:0: 1) is
S := (5,6,7,8). Following Lemma 3.4 the ideal of € can be generated by the seven
isobaric and homogeneous initial forms

FY = X2 - XsX, F{Y = X6X7 — Xs5X;.
F = X2 - XeXg, G2 = X2 - XoX7Xs,
G = X2Xs — XoX2. G\ = X2 — X2Xs.
G = X3 - Xs5X2.
Now we follow the procedure described in Theorem 3.8 to achieve Goal 3.5. We begin

by unfolding the seven quadratic and cubic initial forms above, we also introduce new
variables to reduce the notation

i
Fro= FO -3 "c;Zioj, (i=12,13,14),
j=1

i
Gi =G =Y d;Wi_;. (i =15.16,18,21),
j=1

where Z;_; (respectively W;_;) stands for the basis monomial in A, (in A3) of weight
i — j, and the summation index j varies only through the integers such thati — j € §.

In view of Goal 3.5, counting all the coefficients ¢;; and d;; that are involved, we have
the commutative diagram

eOC 5 x cP4x A7

| L

Speck ——— A74

Due to the normalizations made before Theorem 3.9 are independent of the procedure
described in Theorem 3.8, we perform them once to reduce the number of coefficients.

Using the transformations
i—1
Xi— X; + ZA]’X,'_]',
J=1

we can normalize the ten coefficients

C12,1 = Ci12,2 = C12,7 = C13,1 = C13,2 = €133 = C138 = d16,1 = d16,6 = d21,5 = 0.
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Now we produce the syzygies associated to the canonical monomial curve €@ c P# that
are described in Syzygy lemma 3.6:
XsFQ — X7 FQ + X6 F =0,
XsGD — XsX6FY + X569 — X761 =0,
XsGD — XG4+ X5 X, FQ — XeXs FQ =0,
XsG3Y — X7 Xs F\y + X2F(9 = 0.

“4.1

Replacing the binomials Fi(o) and G;O) and on the left-hand side of the above syzygies by
the unfolded quadratic and cubic forms F; and G;, respectively, and applying the division
algorithm recursively, as described in Theorem 3.8, until all the monomials of these new
equations belong to the basis A3 or A4, we obtain the four polynomial equations

XgF12 — X7F13 + X6 F1a
= —F12(c14,3X5 + c14,8X0) + F1ac136 X0 — G16C1a,4
+ Fi3(c13,7X0 — c14,2X5 — c14,7X0),
XsG15 — X6G17 + X5G13 — X7G16
= (c12,6X0X5 — d18,1 X0 X5) F12
— (c14,3d16,4 + c14,3d153d18,1 + d13,7) X0G16 + (d16,5X5 + c12,5X5) X0 F13
+ (di6,9X0 — di18,1Xs + d15,8d18,1 X0 + d15,3d18,1 X5 + di6,4X5) X0 F14
+ (d16,10X0 + dis,0d18,1 X0 + di5,1d18,1 X8 + d15,4d18,1 X5 + d16,2X3) Xo F13
+ (—c14,4d16,4X0 — C14,4d15,3d18,1 X0 — d13,1 X7 — d13,3X0)G 15,
X3G13 — X5G21 — X6 XgF12 + X7 X5F14
= (—C%4,3d16,4 —C142€14,3d155 — C14,3C14,4d15,3 + C14,3¢14,7) G16 X0
+ (c14,3d153d14,4 + C14,2C14,8 — C14,2C14,4d154 + 6124,2014,3d15,3)X0G16
X (+c14,4d159X0 — d15,10f4,2X8 —di5,4d14,4X5 — c148X5 + €12,5Xs
+ c14,2¢14,3Xs + c1a3d162Xs — d15,4¢74 , X5 — C142¢14,3d15,8 X0
+ c14,4d15,1 X3 — d15,1d14,4Xs — d15,9d14,4 X0 + C14,3d16,10X0 + C14,3d16,5X5
+ c1a,4d154Xs — dis50014 ,Xo — C1a2¢14,3d15,3X5) Xo F13
X (+d1a11 X0 + d1a,aX7 + di143Xs — cra,4X7 + 6‘124,2X7 — C14,4C14,3d16,4 X0
+ c1a,10142Xs + di5,3¢74 514,4X0 — €14 4d15,3X0 + C14,4d15,3d 14,4 X0
—C14,2C14,4d155X0+C14,2€14,0X0+C14,4C14,7X0+C14,2C14,4X5+C14,2€14,3X6) G 15
X (Cf4,2X0X8 —C14.4X0Xs + d14.4X0Xg — C14.7X0X5 — c142X2 + c143d169X3
+ c14,4d15,3X0X5 — di53d12,4X0 X5 + c143d16,4X0 X5 — d15,8d14,4 X7
+ c14,4d158X5 — ¢42d153X0 X5 — ¢34 ,d15,8X3) F1a + (d142Xs — c143X7)G 16

X (+c12,6X8 — C14,2€14,3d159X0 — C14,2C14,3d15,4 X5 — C142C14,3d15,1 X8) Xo Fi2.



The locus of curves with an odd subcanonical point 1045

G21,2Xg — G21,1 X3 — G2 X7
= Xg(c14,3X5 + c14,8X0) F13
+ Xs[(c14.2X5 + c14,7X0) F1a — c14.2€14.4G15 — €14.2¢14,3G16 -
Now we determine the weighted vector space Tkl[:S’_]|k’ that is (up to an isomorphism) the
locus of the linearizations of the above four equations. Solving in the coefficients ¢;; and
d;;j, the linearizations are given by the system of polynomials

XgF12 — X7F13 + XeF14 = 0,

XsG15 — X5XeF12 + X5G13 — X7G16 = 0,
XsG1s — X5Ga1 + X5 X7F14 — Xe XgF12 = 0,
XsGa1 — X7XgFi4 + X2 F13 = 0,

4.2)

by solving it in the coefficients ¢;; and d;;. Note that the system in (4.2) is given by
substituting by zeros each right-hand side of the above four equations. To solve this system
we replace X, — t", giving rise to another 20 linear equations on the coefficients c;;
and d;;. We can solve this linear system as follows:

dis,10 = di15,10, di69 =di159. digg =dis8.  Cia7 =cC13,7, dig7 = C13,7,
dis;7 = —c13,7, da21,7 =2C13,7, Cia,6 = —Ci2,6. d21,6 = —Ci2,6. d18,6 = Ci2,6
diss = d155, Cla4 =—C124, diea =di154, dr1,4=—Ci24, dig4 =C124,
die3 =di53, dis2 = d15,2-

We can verify that the weighted vector space Tkl[’S_]\k depends only on the ten coefficients
d15,2, d15,3, C12,4, d15,4, d15,5, C12,6, C13,7, d15,8, d15,9, d15,10, that implies

dim Ty, = 10.
More precisely, counting the coefficients of weight s, we obtain the dimension of the
graded component of Tkl[’s_]Ik of negative weight —s:

dmT}™ =1, (s = —10,-9,-8,-7,—6,-5,—-3,—2) and dimT', =2.

For the remaining integers the dimension of Ty~ is zero. In particular, the compactified
moduli space W_(g,l can be realized as closed subset of the 9-dimensional weighted pro-
jective space P (T, kl[’s_]lk) = P°. Note that in Diagram 4.1 we start with a large affine space
of dimension 74, which was reduced to dimension 64 due to the 10 normalizations. The
above computations imply that to achieve our Goal 3.5 the solution of the four equations
in the coefficients ¢;; and d;; depends on 10 coefficients, i.e. there are 54 coefficients that

can be expressed in terms of the other 10.

Finally, due to Theorem 3.8 and Theorem 3.9 to obtain the equations of ngl, we must
solve the four polynomial equations in the coefficients ¢;; and d;;. By replacing, again,
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Xp, — t" in theses four equations, the compactified moduli space M‘g 1 1s cut out by 70
equations that depend on 64 variables. We can solve them, according to the linearizations,
in the following way:

18 coefficients that are identically zero, namely:

11 linear equations:

C14,4 = —C12,4,
die,a = dis,4,
di8,4 = C12,4,

d21,4 = —C12,4,

17 quadratic polynomials:

12,12
Ci14,6

C14,8

C14,14 =

die,8

dig,12 =

dig,13 =

da1 s

dig,10 =

= —C12,4d153,

—C12,4d152 — C12,6,
—Clz,4d15,4,
—C12,4d15,10,
—C12,4d15.4 + dis3,
—C12,4d15,8 — 0122,6,
C12,4d15,9,
—C12,4d15 4,

—C12,4C12,6,

and the following 8:

dis;7 =
dies =
dige =

die3 =

C13,13
C14,7
C14,9

dis,15

d16,10
da1,6
da1,7

da1,9

=135 = C13,6 = C14,1 = C14,2 = C14,3 = d15,1 = d16,11 = d13,1 = 0,

=dis3 =digs =digs = dis,11 = da1,1 = d212 =dz1,3 =d21,10 =0,

—C13,7, d16,2 = d15,2,

dis;s,  dieo = dis,9.,
c12,6. dis,7 = C13,7,
d15,35

= c12,4d15,9,

= —C12,4d153 + C13,7,

= —012,4d15,5,

= c12,6d15,9 + C13,7d15,3,

= —c12,6d15,4 — €13,7d15,3 + d15,10,
= —c12,4d152 — C12,6,

= —ci2,4d153 + 2c13,7,

= —c12,4d15,5,

d16,16 = —012,4d15,3d15,9 + 612,4d15,4d15,8»
di1g,18 = €12,4C12,6d15,8,
2
d21,13 = —C12,4d15,2d15,3 - 612,4012,6d15,3 + 612,4C13,7d15,2
+ c12,4d15,9 + C12,6€13,7,
d =—c2, ,d? 2 d — d —c?
21,14 = —C134015,3 + 2c¢12,4C13,7d15,3 — C12,4d15,10 €13,7>
2
dz1,15 = —€13 4d15,3d15,4 + 2C12,4C13,7d15 4,
2
da1,11 = =13 4d15,3 + C12,4C13,7,
2
dz1,16 = —C13 4d15,3d15,5 + C12,4¢13,7d15 5,

2 2
dr121 = =15 4d15,3d15,10 + €15 4d154d159 + C12,4¢13,7d15,10-
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We note that there are 16 missing equations from the 70 mentioned, but they are
repeated. Recall that the weight of the coefficient c¢;; (respectively d;;) is j. The equa-

tions of the moduli space Mg,l are given by the first 18 equations, and by the zeros of
the isobaric polynomials of the right-hand side of the last 36 equations whose weights
are greater than the weights of the respective left-hand side. However, there is no iso-
baric polynomial satisfying this condition. Hence,

ME | =P(T5) =Py, witha =(2,3,4,4,5,6,7,8,9,10).

4.2. Odd of genus six

Let € be the canonical monomial Gorenstein curve of genus 6 associated to the odd
symmetric semigroup § := (6,7,8,9,10). The point P = (0:0:0:0:0 : 1) is smooth
in € and its Weierstrass semigroup is §. Applying Lemma (3.4), the generators of the
ideal of €@ are given by the following initial 6 quadratic and 8 cubic forms

F9 = X2 - X¢Xs, F = X7Xg — X¢Xo,
FO = X2 — X¢X1o. F{Q, = X7X5 — X6X10,
F9 = XgXo — X7X10, FQ = X2 — XgX10,
G = X2 — XoXsX10, G = X2X7— XoXoX10,
Gio = X3 Xs — XoX{y. Gig, = XeX7 — XoXTo,
GY) = X3 - X2Xo. G = X2Xs— X2Xu.
Gie = XsX3 — XeX7p, G = X3 — X7 X7,
Now we unfold the above 14 initial forms using the more suggestive notion of the previous

subsection

i
Fr=F9-3 ¢;jZi_;, (i=14.....18andi = 16,1),
j=1

i
G; =G =Y dijWij. (i=18....,22,26,27and i =20, 1),
j=1

where Z;_;, respectively W;_;, is a monomial in A, respectively A3z, of weight i — j,
whenever i — j is a nongap of §. Next, we do the normalizations described before the
Theorem 3.9, transforming the variables X, X¢, X7, X3, X9, X109 we are able to normalize
the 15 coefficients

C14,1 = C15,1 = C16,1,1 = d18,1 = d18,2 = C15,2 = C16,1,2 = C15,3 = 0,

C16,1,3 = C16,1,4 = C15,6 = C14,7 = C14,8 = C15,9 = C16,1,10 = 0.
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We also consider the ten syzygies of the monomial curve €(?, that are given by the
Syzygy lemma (3.6)

Xi0Fyy — XsFigh + X1F9 =0,

X10F9 — XoF{Q, + X1 Fy =0,
X10F® — X10FQ, - Xo FQ + Xg F =0,
X106 — X560 + x2FQ =0,

X106 — XoG39)| + XeX7F, =0,
X106 — X10G5o, + X X10F\9 =0,
X106 — X7 X10FQ — XeX10FQ =0,
X106 — X6 X10FQ — X5 X10F9 =0,
XloGgé) - X120F1(g,)1 - X9X10F1(7 =0,
X106 — x2 F9 — XoX,0FQ = 0.

4.3)

The 10 above syzygies of the monomial curve give rise to 10 polynomial equations involv-
ing the 14 unfolded forms F; and G;
X10F14 — XgF16,1 + X7F17,
Xi0F15 — XoFi6,1 + X7F13,
X10F16 — X10F16,1 — Xo F17 + X3 Fis,
X10G1s — XsGao + XZ Fie,
X10G19 — X9G20,1 + X6X7F16,1,
X10G20 — X10G20,1 + X6 X10F14,
X10G21 — X7X10F14 — X6 X10F15,
X10G22 — X6 X10F16 — X3 X10F14,
X10G26 — X120F16,1 — XoX10F17,
X10G27 — Xi9F17 — Xo X 10 F1s.

4.4)

As in the preceding subsection, we compute the linearization of the above ten polynomial
equations, that is isomorphic to the weighted vector space Tk[ Sk To do this, we make the
substitutions X; + ¢ and solve a homogeneous linear system with 60 equations. We can
solve it in a way that the solution depends only on the 15 coefficients

dig12, disi1, €158, C16,1,9. C16,1,8. C157. Cla6. d1s,6

dls,lo, C14,5, d18,5, C14,4, d18,4, d18,3, C14,2.

Therefore the compactified moduli space *Mg,1 can be realized as a closed subset of the
weighted projective space

P(Tjsy) = Pd* witha = (2,3.4.4.5.5.6.6,7.8.8.9,10. 11, 12).
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Since the odd symmetric semigroup § is negatively graded, cf. [21], the moduli space
Mg’l has codimension three in Mg 1, cf. [7]. Hence Mg,l has dimension 11. So it is a
proper subset of P14, in contrast to the odd symmetric semigroup with genus 5.

Now we take each polynomial in (4.4) and make successive divisions until the result-
ing polynomial is such that all its monomials belong to the basis A3 or Ay4. This is ensured
by Lemma 3.7. This procedure is completely computational and we can make it by using
a suitable software on computer algebra, like Singular or Maple. Here we do not display
the resulting polynomials, just because they have a large number of monomials. Then,
we make the substitutions X; — tt, withi = 6,7, 8, 9, 10, on the 10 polynomials whose
monomials are in A3 and A4 and solve 188 polynomial equations. This system can be
solved by increasing weights whose solution depends only on the 15 coefficients of the
linearization, we rename these coefficients

dig; =b; (i =3,4,56,1011,12),
Cla,j ‘= a; (] 22,4,5,6),

C16,1,8 := bs, C15,7 :== a7, Ci158 :=dg, C(C16,1,9 -= d9.

By Theorem 3.9 we can conclude that the moduli space Mg,l is given by the zero locus
of 5 isobaric polynomials

ts := 4asag — arasbs + asasbs — asbsbg + a2 + azbs + asb1y + asbio + 2 azbs,

Y13 = 2azasae + aﬁas + aﬁb5 + asasbys + asaghs + as’bs — asae + asasg
— asbg — 261607,

Y17 := asbiy — azag — a2a§b5 —agasbg — asbsbg + 2a§a7 + asa7bs — asaghy
—asaghz —agb11 + aobs,

1916 = a2a4a§ + a2a4a5b5 — a2a6b8 — 261461507 — a4a§ — a4a6b6 — a4a7b5
+ bg + agagby + asaobz — asbsbg — 612616 —asagbs — asbsbg — asbys
—agb1o — agbs,

o = a%ag + a%aébs + a2a4a§b3 + aragsasbzbs — 4a2a§a7 —3asasa;bs + bgbq1
+ asasaghy + azasaohs + ajasas + ajasbs + ajahs + azbsbs + asaz
—aobyg + 2a4a§b5 —2agsasarbz + a4a5b§ — asa7b3bs + asagbzby
+ asaoh? — azashis — araghyy + asasbio — asasas — asashs — ashsbis
— agbabiy + asbsbio — aZag + 4asa3 — asagbs — asbsbyy + 2a3bs
—2aqagby — 2a7a9bsz + 2a7b1, — aghiy.

By intersecting M§,1 with the open affine chart {as = 1} of P!, we see that Mg,l admits
the local parametrization

bio = asbsbg + arbg — asae — asbs — asbiy —2a7bg —bs — 1,

b1y = asbsbg + a>bs + asbg + agb11 — a7bs + agbs + ashz — aghg + a» —2ay,

bg = a£b5 + asaebs + 2asrae + ai —a4a9 + asby —2aea7 + ag + bs.
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Since M ‘2’1 is irreducible [4, Thm. 1.1], the moduli variety :M‘g,l is rational of dimension 11.
We also note that Bullock [5, Thm. 1] proved that the moduli spaces Mg,l are stably
rational when 2 < g < 6, with the possible exceptions (6,7, 8,9, 10) and (5,7,8,9, 11),
the last one is not subcanonical and is completely studied by Stevens in [23].

For a given monomial curve € associated to a semigroup §, its obstruction space
lies in the second cohomological module of cotangent complex T2 := T2 (k[S]|k). As
noted at the beginning of the last section of this work, if § is symmetric and generated
by less than five elements, the monomial curve € can be smoothed without any obstruc-
tions, which implies that e/\/_(g,l is the weighted projective space P(T1~(k[$]|k)). The
obstruction spaces of the two examples of this section are nonzero. To see this, we use
the description of 72 given by Buschweitz in [3, Thm. 2.3.1]. We can conclude that in
genus five, § = (5, 6,7,8), the homogeneous graded part of degree —9 of 7' has dimen-
sion 1, for genus 6, § = (6,7, 8,9, 10), the homogeneous graded part of degree —13 has
dimension 1, and in both cases 7! and T2 are negatively graded.
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