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The isomorphism problem for residually torsion-free
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Abstract. Both the conjugacy and isomorphism problems for finitely generated nilpotent
groups are recursively solvable. In some recent work, the first author, with a tiny modification
of work in the second author’s thesis, proved that the conjugacy problem for finitely presented,
residually torsion-free nilpotent groups is recursively unsolvable. Here we complete the algo-
rithmic picture by proving that the isomorphism problem for such groups is also recursively
unsolvable.
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1. Introduction

1.1. The main theorem. The objective of this paper is to prove the following theo-
rem.

Theorem A. There exists a recursive class of presentations of finitely presented resid-
ually torsion-free nilpotent groups with unsolvable isomorphism problem.

More precisely we will prove the

Theorem A’. Let I1 be the collection of all presentations of extensions of the free
group F = (s1,...,s,) by the free group T = (t;,...,t;) with n - m defining
relations of the form

t7's;it; = sjc;j wherec;; € [F, F]

fori =1,....mand j = 1,...,n. Then the isomorphism problem for the groups
presented in 11 is recursively unsolvable. Each group presented in I1 has solvable
word problem and is residually torsion-free nilpotent.
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It is worth noting that the class IT is indeed recursive. One has only to single
out, as J. Nielsen did (see, e.g., [8]), those presentations in which the images s;c;;
of the given generators generate the free group F. Moreover, the residual torsion-
free nilpotence of the groups defined by IT follows from the fact that free groups are
residually torsion-free nilpotent [9] once one observes that T acts like the identity on
the abelianization of F (for details, see Lemma 2, p. 302 of [1]).

One of the by-products of the approach that we have taken here is the following
theorem, which does not seem to immediately follow from the usual Adian—Rabin
construction.

Theorem B. Ifn is chosen sufficiently large, then there is no algorithm to determine
of a finite presentation with n generating symbols whether or not the group presented
is free abelian of rank n.

So it follows that if we consider all finite presentations then there is no algorithm
to decide which of the groups so presented are free abelian on the given generators.

1.2. One of the consequences of Theorem A. The isomorphism problem for finitely
generated nilpotent groups is solvable [5], [6]. It follows then from Theorem A that
there exist infinitely many, finitely presented, residually torsion-free nilpotent groups,
no two of which are isomorphic, with the same nilpotent factor groups. The special
case of the existence of finitely presented, residually nilpotent groups with the same
nilpotent images as a free group, the so-called parafree groups, exist in profusion.
They have been the subject of various papers (see, e.g., [2] and the references there
cited).

1.3. Some general comments. Finitely generated residually nilpotent groups can be
viewed as generalizations of finitely generated nilpotent groups and as such it makes
sense to compare them with these finitely generated nilpotent groups. Finitely gen-
erated nilpotent groups are finitely presented and have solvable word, conjugacy and
isomorphism problem. However there are continuously many finitely generated resid-
ually torsion-free nilpotent groups and so most of them are not finitely presented [1].
It follows from the fact that finitely generated nilpotent groups have solvable word
problem that finitely presented residually nilpotent groups also do. However, as noted
in the abstract, there exist finitely presented residually nilpotent groups with unsolv-
able conjugacy problem. The remaining open algorithmic problem is now settled by
Theorem A.

1.4. A sketch of the proof. The basic idea involved in both the construction of
a finitely presented residually nilpotent group with unsolvable conjugacy problem
and a recursive family of such finitely presented residually nilpotent groups with
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unsolvable isomorphism problem is contained in the thesis of the second author [12].
Miller invented a method whereby a given finite presentation

P={s1,....8n|7r1,....,7m)

of a group H is transformed, by what we term here a word-conjugacy transforma-
tion w, into a presentation w(P) of a group w(H). The complexity of the word
problem, as well as the conjugacy problem, in the group H defined by P is reflected
in the conjugacy problem of the group G = w(H). So, in particular, if H has an
unsolvable word problem, G has an unsolvable conjugacy problem. This observation
plays a key part in the proof of Theorem A.

In fact the proof of Theorem A is carried out in several stages. We start out with
a finitely presented group with an unsolvable word problem. We then modify it in
order to obtain another finitely presented group H with an unsolvable word problem
all of whose defining relators are commutators. Using this group H we adapt the
Adian—Rabin construction, as in [13], to produce a family H,, of finitely presented
groups parametrized by the words w in the given generators of H. Each of the Hy,
is generated by the same number of generators and the given generators of Hy, freely
generate H,, modulo its derived group. The key fact here is that Hy, turns out to be free
abelianifand only if w =g 1 and hence has a solvable word problem. In the event that
w #pg 1, then Hy, has an unsolvable word problem. We now transform this family of
groups Hy, by the word-conjugacy transformation w. Then by Corollary 5 on p. 28
of [12], the conjugacy problem for the group G, = w(Hy) is unsolvable whenever
w #pg 1. The proof of Theorem A is completed by proving that if w =g 1, then the
groups G, are all isomorphic and have a solvable conjugacy problem; consequently
the class of groups G, has an unsolvable isomorphism problem. The proof that the G,
have a solvable conjugacy problem when w =g 1 is the most difficult technical part
of the proof and uses the same technology as that employed in [12].

1.5. The word-conjugacy transformation w. The word-conjugacy transforma-
tion @ was introduced in the second author’s thesis [12]. The very nature of w
suggests that it might well have some other uses not only in combinatorial group
theory but also in the study of associative and lie algebras. As already indicated it
plays a key role in the proof of our main theorem.

We recall the details from [12], not only for later use but also to emphasise its
importance. To this end, let

P={(s1,....8n | ri(S1,e-s8n)seeesTm(S1, ..., 8n)) 1)
be a given finite presentation. Then we term the presentation w(P) with generators

Sla---,Sn,dl,---adn,tla---,tmyq
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and defining relations

a’l_lqdl = slqsl_l, .. .,dn_lqdn = s,,qsn_l,

dl-_lsjdi =5 (1<i,j <n),

tl_lqtl =qri(S1,.--28n)s--ns t,;lqtm = qrm(S1,...,Sn),
t7lsiti=s; (1<i<m, 1<j<n)

the word-conjugacy transform of (1). If J is the group presented by P and if K is the
group presented by w(P), then we set K = w(J) and we term it the word-conjugacy
transform of J. It is these word-conjugacy transforms that are used in the proof of
Theorem A.

2. A modification of the Adian—Rabin construction

2.1. Adjusting the presentation of a group with unsolvable word problem. We
start with a finitely presented group

A={ay,....,an|rn=1,...rp,=1)

having unsolvable word problem. Of course each r; is a word on the a; and we
sometimes write r; (@) or ri(ay,...,a,) to make this explicit. Let F, be the free
group on a4y, ..., d, and similarly let F be the free group on by, ...,b,. Now the
obvious homomorphisms map F, and F onto A. As observed by Mihailova [11] (see
also [13] or [8]), the fibre product of these two homomorphisms is the subgroup S of
F, x Fp generated by the diagonal elements a1b;1,azbs, ..., a,b, and the elements
ra(@), ..., rm(@). (It follows that the r; (b) € S as well.) Thus w(@) € S if and only
if w(d) =4 1. Since the word problem for A is unsolvable, there is no algorithm to
determine whether or not w(a) € S.

Next form the HNN extension H of F, x Fp by adding a stable letter p which
commutes with §. Then p~!w(ad)p = w(a) if and only if w(@) € S, so the word
problem for H is unsolvable. But we observe that H can be presented as

H={ay,....an.b1,....by.p|[a;,bj)]=1(1<1i,j <n),
[poaibi] =1 (1 <i <n), [prj@]=1(1<j <m))
1

where we use the commutator notation [x, y] = x =1y~
the following.

xy. Thus we have established

Lemma 1. There exists a finitely presented, torsion-free group H with unsolvable
word problem having a presentation in which all the defining relators are commuta-
tors. O
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2.2. Modifying the Adian—Rabin construction. In what follows we need only the
weaker result that the relators all lie in the derived group of the free group on the given
generators. This can be established by other methods. For instance, if we embed the
group A with unsolvable word problem in a 2-generator group B using the method
of Higman, Neumann and Neumann [7], then the relators of B all lie in the derived
group of the free group on the generators given there.

The Adian—Rabin construction [13] yields a recursive family of finite presentations
Jy parametrized by words w from a group J with unsolvable word problem. The
construction is arranged so that Jy,, is the trivial group if and only if w =, 1. Forming
the free products K, *Z" with a free abelian group, we obtain a family of presentations
which present a free abelian group of rank » if and only if w =; 1. But we need
a stronger property, namely that when w =; 1 the group should be free abelian
with basis all of the generating symbols in the presentation. Here is a version of the
construction which yields such a family.

Lemma 2 (Modified Adian—Rabin construction). Let H be a group given by a finite
presentation

H=(X1,...,Xn|1"1 = l,~--arm=1>

where the relators r; all lie in the derived group of the free group on the x;. For any
word w in the given generators of H, let Hy, be the group with presentation obtained
from the given one for H by adding three new generators a, b, ¢ together with defining
relations

() a'lb,cla =[w,b],

2) a ' c¢™2bc? a = ¢72bc?,

3) a e 37 lebeda =3 ebed,

4) a! c_2'5i [b,c]cz'si a = c—2~5f [x,-,b]cz'si, i=1,...,n,
(5) al 3 [b,c]c3’5i a= 0_3'5ib_1[x,-,c]bc3'5i, i=1,...,n,
(6) a ! c_sixicsi a= c_sixl-csi, i=1,...,n
7 a! c_zi'3jbczi'3j a= c_zi'3j [xi,xj]bczi'Sj, l<i<j<n
Then

(1) ifw #g 1, H is embedded in Hy, by the inclusion map on generators;

(ii) the abelianization Hy, /[Hy, Hy ] is the free abelian group with basis the given
generarors xi,...,xn,a, b, c;

(iii) the normal closure of w in Hy, is the derived group [Hy,, Hy); in particular, if
w =g 1 then Hy, is free abelian on the given generators;
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@iv) if H has an unsolvable word problem, then the isomorphism problem for the
family of groups Hy, is unsolvable.

Proof. In view of the hypothesis on the defining relators of H, its abelianization
H/[H, H] is free abelian with basis the images of the x; (i = 1,...,n). In particular
the x; have infinite order. Assertion (ii) is routine to check from the given relations
since both sides of each equation have the same exponent sum on each generator.

Suppose now that w #g 1. Then in the ordinary free product L = H * {c,b | )
of H with the free group on generators » and c, the element [w, b] has infinite order.
It is then easy to check that the right hand sides of the equations in (1) through (7)
freely generate a free subgroup D of L. Similarly the central parts of the left hand
sides of (1) through (7) being conjugated by a (that is, [b,c], c™2bc?, ...) freely
generate a free subgroup C of L. Thus if w #g 1 we see that Hy, has the structure
of an HNN extension of L with stable letter ¢ which conjugates C to D as indicated
(see Subsection 3.2). So H is embedded in Hy,. This proves (i).

To verify assertion (iii) we suppose w =g 1. Then [w, b] = 1in L and by relation
(1) it follows that [b, ¢] = 1, so b and ¢ commute. Consequently, relation (2) implies
a~'bha = b and relation (3) implies a~'ca = ¢ so that a, b, ¢ all commute with each
other. The relations of type (4) and (5) then imply that [x;, 5] = 1 and [x;, c] = 1 for
i =1,...,n. Hence by (6) it follows that a 'xja = x;fori =1,...,n. Finally the
relations (7) imply that [x;,x;] = 1for 1 < i, j < n. So all the generators of H,,
commute with each other and Hy, is free abelian on the given generators.

Finally to prove (iv), we observe that Hy, is free abelian of rank n + 3 if and only
if w =g 1. Since H has an unsolvable word problem, we have proved (iv).

This completes the proof. O

It follows immediately from Lemma 2, once we choose H to be a finitely presented
group with unsolvable word problem in which all the relators lie in the derived group
of the ambient free group, that we have proved the following theorem.

Theorem B. If n is chosen sufficiently large, then there is no algorithm to determine
of a finite presentation with n generating symbols whether or not the group presented
is free abelian of rank n.

2.3. A second look at Lemma 2. Lemma 2 will play a crucial role in the sequel.
In order to formulate what we will require of Lemma 2 we adopt here the hypothesis
and notation employed in its formulation. In addition we will assume that the word
problem for H is recursively unsolvable. As already noted, if w =g 1, then Hy,
is free abelian on the given generators and so has a solvable word problem. Hence
there is no algorithm to determine for an arbitrary word w whether or not H,, = Hj.
Finally we note that w = 1 (in the free group freely generated by given generators
of H) if and only if [w,b] = 1 in Hy. Moreover, if w = 1, then [w,b] = lis a
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consequence of the given relations ry = 1,...,r, = 1 without using relations (1)
through (7) in Lemma 2. Now observe that the parameter w appears in exactly one
relation of H,, which can be rewritten as [w, bla='[c,b]la = 1 orasua~'[c,bla = 1
where u = [w, b]. Completely revising our notation we can summarize our results
as follows:

Lemma 3. There is a recursive collection of finite presentations of groups Hy, H,, . . .,
parametrised by the words uy,us, ..., u;,..., of the form

Hi=(s1,....5n | Ri(uj) =1, R, =1,..., Ry = 1)

with the following properties.

(1) Each R; lies in the derived group [ Fs, Fs] of the free group Fs on the generators
S1,...,8,. Hence the groups H;/[H;, H;]| are all free abelian on the listed
generators.

(2) The first relation R1(u;) = 1 depends on the parameter u; and has the form
uijug = 1 where u; is a word depending on i and ug is a fixed word.

(3) The relators R,, . .., Ry, are fixed words, that is, they are the same for each H;.
(4) uq is the empty word and H; is the free abelian group on the given generators.
(5) H; is isomorphic to Hy if and only if u; = 1 in H;.

(6) Ifu; = lin H;, then this is a consequence of the relations R, = 1,..., Ry, = 1.

(7) If H; is not isomorphic to Hy, then u; # 1 in H; and H; has an unsolvable
word problem.

(8) There is no algorithm to determine for an arbitrary i > 1 whether or not H;
and H are isomorphic. O

We remark that the properties of the H; listed in the above statement are analogous
to those of a corresponding class of groups for which triviality is undecidable that was
used in [12] to prove that the isomorphism problem for finitely presented, residually
finite groups is unsolvable.

Although not strictly necessary for what follows, it is useful to re-arrange the
above presentations. We begin by transforming each of the relations (1) through (7)
of Lemma 2. First we invert both sides of relations (2), (3) and (6). Then we insert
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inverse pairs and conjugate to bring them into the following forms.

(1) alb,wla™ [b,c] =1,
2" [b,ca"[c?, bla [a,b] = 1,
3) [e,bc3lat[be3, cla [a, c] =1,
4) 25 g2 [c,b]cz'si ac™2s [xi,b] =1, i=1,...,n,
(5 be¥S q71e73% [c,IJ]L‘3'5iczc_3'5ib_1 [x;,c]=1, i=1,...,n,
(6" [x,-,csi]a_l[csi,xi]a la,xi]=1, i=1,...,n,

(7) b gy g7 [xi,xj]=1, 1<i<j<n.
Each of these relations (1) through (7') is equivalent to the corresponding relation in
Lemma 2 in the sense that each has the same normal closure.

Observe that as the proof of Lemma 2, if w =g 1 then relation (1’) implies
[b,c] = 1. Relations (2") through (5) have the forms vy[a,b] = 1, v3[a,c] = 1,
v4[x;,b] = 1 and vs, [x;, c] = 1 where each v; = 1 is a consequence of [b,c] = 1.
Thus [a,b] = [a,c] = 1 and [x;b,] = [x;,c] = 1. Then relations (6’) and (7’) have
the form vg[a, x;] = 1and v7[x;, x;] = 1 where v = 1 and v7 = 1 are consequences
of relations [b, c] = 1 and (2') through (5). Finally the relations ry = 1,...,r, = 1
are consequences of [b, ¢] = 1 and (2') through (7).

Lemma 4. The relations Ry, ..., Ry, of the H; in Lemma 3 can be taken to have the

following additional properties where p = "5

(1) ug is [s1, 2] and the relator Ry of H; is u;[s1, $2];

(2) for each j = 2,...,p, the relation R; = 1 has the form vj[sx.s¢] = 1

where the word v; is a consequence of ug = 1 and the earlier relations
R2 = 1,...,Rj_1 = 1;

(3) foreach j = p +1,...,m, the relator R; is a consequence of ug = 1 and the
earlier relations R, = 1,..., R, = L.

In addition the first relation of the group parametrized by the identity word uy is
R1 =1, that is, uou, = ug = [s1,52] = 1. O

3. Construction of the residually nilpotent groups

3.1. The groups w(H;). We adopt now the notation and conclusions reached in the
formulation of Lemma 4. Thus we have a family of groups

H; :(sl,...,sn|R1(ui): 1,R2:1,...,Rm:1> (l :1,2,...)
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satisfying the conditions described in Lemma 4. We now apply the word-conjugacy
transformation w introduced in Section 1.5, to each of these groups. We need to
describe the resultant groups in a little more detail. To this end, we observe that each
w(H;) is a semi-direct product of the free group F on the generators

g, S1,---+5n
by the free group 7" on the generators

di,....dn, 1,... ;.
The action of T on F is described as follows:

t7qti = qR;, 1<i<m,

—1 .
st = s, l<j=n,

di'qde = skqsi', 1<k <n,
di'spdi = s, 1<j<n.

Notice that only the relation 77 'g#; = ¢R;(u;) depends on the parameter i, or
equivalently u;, and it has the form ;7 'g#; = qu,ug as noted in Lemma 4.
We emphasize, as we observed earlier, the

Lemma 5. Each G; = w(Hj) is the split extension of the finitely generated free
group F by the finitely generated free group T. Hence each G; has solvable word
problem and is residually finite. O

Since each R; belongs to [Fs, Fs], it follows that the action of each of the gen-
erators of 7 on F induces the trivial map on F/[F, F]. So, as noted already, on
appealing to Lemma 2, p. 302 of [1] we find that

Lemma 6. G; is residually torsion-free nilpotent fori = 1,2, . ... O

3.2. HNN extensions and the lemmas of Britton and Collins. We will need to
look at the G; as HNN extensions (see [8] or [12] for discussions of HNN extensions
and some relevant terminology). To this end observe that, because of the relations
not involving ¢, the group Fg x T is a subgroup of G; and the presentation of G;
can be obtained from one for Fg x T by adding the new generator ¢ and the defining
relations

g 'tiq=tR", 1
q_ldkskq = dy Sk, 1<k <n.
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Since the subgroups generated by the left and right sides of these equations are free
on the listed generators, it follows that G; is also an HNN extension of Fg x T with
stable letter g.

We can also view, somewhat trivially, the G; as HNN extensions with base group
F, stable letters t1, ..., tm,d1, ..., d, and associated subgroups all coinciding with
the base group F itself.

We remind the reader of some word and conjugacy terminology concerning
HNN extensions (again, see [8] or [12]). Let J = (S | D) be a group and sup-
pose that ¢: A — B is an isomorphism between the subgroups A and B of J.
Then the corresponding HNN extension E with stable letter p is presented as
E = (S,p| D,plap = ¢(a),a € A). If wis a word of E of the form
w = wy p~lapw, witha € A then, using the defining relations, the subword p~lap
can be replaced by b = ¢(a) to obtain wibw, =g w. Similarly a subword of the
form pbp~! with b € B can be replaced by a = ¢~!(b). In both cases the resulting
word has 2 fewer occurrences of p or p~!. A subword of either of these forms is
called a p-pinch and the process of replacing them using the defining relations as in-
dicated is called pinching or p-reduction. A word is p-reduced if it does not contain
a p-pinch. Britton’s Lemma [3] says that if w is a word of E which contains p or
p~landif w =g 1 then w contains a p-pinch. Recognizing p-pinches is equivalent
to determining membership in the subgroups A and B. So Britton’s Lemma reduces
the word problem for E to the join of the word problem for J and the membership
problems for A and B.

A word w is cyclically p-reduced if every cyclic permutation of w is p-reduced.
Collins’ Lemma [4] asserts that if u,v € E are cyclically p-reduced which are
conjugate in E and if u begins with p, then there is a cyclic permutation v of v which
also begins with p and an element @ € A such that a~'ua =g ©. Moreover u
and ¥ are p-parallel meaning they have the same sequence of p*!’s appearing in
them. Under similar hypotheses, in case u begins with p~! then for some b € B and
cyclic permutation v of v which also begins with p~! we have b~ 'ub =g . Similar
versions of Britton’s and Collins’ lemmas apply when there are several stable letters.

We are now in a position to discuss the groups G; in more detail.

3.3. Relating conjugacy in w (H;) to equality in H;. The following result relates
conjugacy in G; to equality in H; and partly explains the terminology that we have
introduced here. Again the arguments given here are modeled on those in [12].

Lemma 7. If w is any word on {s1, ..., Sn}, then qw is conjugate in G; to q if and
only if w =g, 1. Thus if H; has unsolvable word problem, then G; has unsolvable
conjugacy problem. Moreover, w =g, 1 if and only ifY~ lqy =g, qw for some
wordY € T.

Proof. In one direction this claim is easy. For observe that the mapping which sends



The isomorphism problem for residually torsion-free nilpotent groups 11

each s; in G; to the corresponding s; in H; and all other generators to the identity,
defines a homomorphism ¢ from G; to H;. Thenif Y ~!g¢Y =g, qw it follows that
¢(Y) '¢(Y) =g, wand hence w =g, 1.

For the converse, suppose w =g, 1. First observe that tj_lqtj = gR; and hence
tthj_l = qu_l. Also observe that dk_lqskdk = sgq. Soif x = x(s;) is any word in
the s; and X(d;) is the corresponding word in the d; then X "'gxX = xg. Similarly,
XqX~ ' = x"!gx and X~'¢X = xgx~'. Combining these observations we have

—1y—1 -1y _ ys—ey-1 -1 _ y— —1,ey—1
(Xt; X)) q(Xt; X)) = Xt; X gXt; X" = Xt;°xqx" t; X
= X)chJE-x_lX_1 = qu;x_l.
Since w =g; 1,
w =rg X1(5)R5Fx1 ()™ (s) RS g (1) ™!
for suitable words x in the given generators. So if we set

Y = Xp(di)tF Xe(s)™" o Xa(di)esk X (si) 7!

(note that the order has been reversed) it follows that Y “1gY =g ; qw and of course
Y € T as desired. O

Corollary 8. If u; is the parameter in the first relation of H; and if u; # 1 in H;,
then G; has an unsolvable conjugacy problem.

Actually the conjugacy problem for G; is at least as difficult as the conjugacy
problem for H; as we see from the following lemma.

Lemma 9. Ifu, v, x are any words on {s1, ..., Sp}, then qu is conjugate in G; to qu
if and only if u and v are conjugate in H;. Moreover, x 'ux =g, v if and only if
Y~ IxlquxY =g, qv for some wordY € T.

Proof. Since H; is aquotient of G; via ¢, gu conjugate in G; to gv clearly implies that
u and v are conjugate in H;. For the converse suppose that x ~1ux =g; v. InG; quis
conjugate to x ~!qux. Since x is a word in the {s1, ..., s,} we can conjugate x ' qux
by a word in the d;’s to gx 'ux. Now set w = v(x 'ux)~!. Then w =g, 1. It
follows from Lemma 7 that there is a word Y € T with Y "1qY = gqw. So we have
Y lgx~'uxY = qwx~'ux = gv. This proves the result. O

A useful variant of Lemma 7 is the following:

Lemma 10. Ifx, y are any words on {s1, ..., Sp}, then xy =g, 1 if and only if there
isaword Y € T with Y™1qY = xqy. In this case Y(t;,d;)x = Y(t;,d;s;) and
Y(tj.disi)'qY (t;.disi) = qyx.
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Proof. If Y™lqY = xqy with Y € T, then applying the quotient map from G;
to H; shows xy =g, 1. Conversely, if xy =g, 1 then by Lemma 7 for some
Yo € T we have Y; 'qYy = gxy. Now d; 'gsid; = siq so if x = x(s;) and
X = x(d;) isthe corresponding wordin d; then X "!'gxX = xq. SolettingY = Yo X
we have Y~ lqgY = X 'Y;1qYoX = X l¢gxyX = xqy. This equation can be
rewritten as Y "!¢g~!Yxqy = 1 and then by Britton’s Lemma there is a g-pinch and
so Yx = Y(¢t;,d;s;). This completes the proof. O

We now proceed as in the proof of Theorem 26, pp. 74-77 of [12].

Lemma 11. Ifu; is the parameter in the first relation of H; and ifu; = 1in H;, then
the corresponding group G; is isomorphic to G.

Proof. Fix i > 1 and suppose that u; =p; 1. Then u; = 1 is a consequence
of the relations Rj,..., R, by the properties of H;. It follows from the proof of
Lemma 7 that there is a word Y on the generators dy,...,dy, 2, ..., ty, such that
Y~ !qY = qu;. Notice that ¢, is not included in the generators needed to express Y .
Now Y ~1qY = qu; holds in every one of the groups G; with j > 1 since only the
first relation ;7171 = qujuy is different. Note that since ¥ commutes with Fs, we
have YqY ! = qu;!.

We now define a map ¢ : G; — G which sends ¢; to #; Y and which fixes all of
the other generating symbols. Note that ¢ induces an automorphism of 7" since Y
does not contain #;. In G; we calculate

e 'qt) = (1Y) 'q(nY) =Y i qnY =Y TqueY
=Y 'qYuo = quiuo = ¢(quiuo).

Since Y commutes with Fg, all the other relations are preserved and so ¢ is a homo-
morphism.

Next we define amap v : G;) — G; by ¥(t1) = t; Y ! and ¥ fixes all the other
generating symbols. This time we compute in G; that

prtgn) = (Y ) q@Y ) = Yirlqn Y = Yquuey ™!
= YqY_luiuo = qui_luiuo = quo = V¥ (quo).

Again all the other relations are preserved and so ¥ defines a homomorphism. Clearly
¢ and ¥ are mutually inverse and so G; is isomorphic to G;. O

It would seem that we have nearly finished the proof of Theorem A. But it is still
conceivable that G is by “accident” isomorphic to one of the G; withu; # 1in H;.
If that were the case, then G; would also have unsolvable conjugacy problem by
Corollary 8. So to complete the proof of Theorem A it suffices to show that G; has a
solvable conjugacy problem.
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Of course conjugacy in G is modelled on H; which is the free abelian group on
the given generators. In fact, by using the technique of the previous lemma and some
additional properties of the presentation for H it is possible to prove the following

Lemma 12. G isisomorphic to an analogous group Go inwhichall the t; Ygt; = qR;
relations have the very simple form t; ' qt; = q[s;, si] or t; 'qt; = q.

Since we will not use this presentation here, we omit the proof. However we
note that the presentation of Gy has only relations which say either that two symbols
commute or, for the relations

1

g 't7 qt; = [sa.5p] and g 'd;'qdk = ¢ s gsk,

that the commutator of two symbols is equal to the commutator of two other symbols.
It would be astounding if such a group had an unsolvable conjugacy problem. One
could hope to show there are no “accidental” isomorphisms with G; by some more
direct technique. For instance, in each G; adding the relation ¢ = 1 maps G; onto
H; x T. Now H; x T has solvable word problem if and only ¥; = 1 in H;. So
if the normal closure of ¢ were characteristic, one could rule out an ‘“accidental”
isomorphism, but it is not clear whether this is true.

4. Some elementary equations in free groups

4.1. The equation x¥uy* = v. In order to solve the conjugacy problem for the
group G; we need a number of preliminary results. We recall first the theorem of
Nielsen and Schreier [8], [10] that subgroups of free groups are free. Moreover
Nielsen gave an algorithm for solving the generalized word problem in a free group.

That is, if Fs = (s1,...,5, | ) is a free group, there is an algorithm to decide for
words w, hy,...,h; on the s; whether or not w belongs to the subgroup generated
by h1,...,h,. An easy graphical algorithm suitable for computer use is described
in [15].

If 1 # u € Fs and we write u = z™ for m € Z maximal, then it follows that z
generates the centralizer of u in Fg. We call z a primitive root of u and note that z !
is the only other generator of the centralizer of u. Suppose that 1 # u,v € Fg are
two reduced words. If uv = vu, then v belongs to the centralizer of ¥ and so v = zk
for some k. In particular, ¥ and v are powers of a common element and they have the
same primitive root (up to inverses).

On the other hand if uv # vu then u and v generate a non-abelian free subgroup £
and, since it has rank 2, {u, v} is a free basis for E. Thus if w € Fs and w € H
then w is uniquely expressible as a word in u and v.
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Lemma 13. There is an algorithm to determine of any four given words x, y,u,v €
Fs whether or not there exists an integer k € 7. such that

xkuy* = v

in Fg, and if so, to find k. If such a k exists, it is unique except when u = v and
y = u~'x"Yu (and then the equation holds for all k).

1 1

Proof. Note that xkuyk = v if and only if xkuyku_ = vu~ -, so if the equation
has a solution for some k, then vu~! belongs to the subgroup E( generated by x and
uyu~'. We now apply the algorithm to decide membership in Eq. If vu~! does not
lie in Eg, k does not exist. So we may assume that vu~! does lie in Eq and that we
have expressed vu~! as a word in the generators x and uyu~!.

In case x and uyu~! do not commute, this representation of vu~! as a word in
the generators is unique. By inspection we can see whether it has the correct form
and if so determine k. In case x = 1 or y = 1 (but not both) then vu~! is a power
of the non-trivial generator of E(y and again k is unique and can be determined by
inspection.

Next suppose x and uyu™" commute and neither is trivial. Let z be a primitive
root of x. Then for some i, j we have x = z/ and uyu~! = z/. To solve the desired
equation we must have z/%z/k = zKG+7) = yy =1 First suppose vu~! # 1. Then
once again, if such a k exists, it is unique and has absolute value at most the length of
vu~!. This can easily be checked. Finally suppose vu~! = 1, thatis, u = v. Then
j = —i, and the original equation is x¥u(u~'x~'u)¥ = u which holds for every k.
This completes the proof. O

1

4.2. Solving a ‘“‘simultaneous’ conjugacy problem. Recall thatanelementu € Fg
is said to be cyclically reduced if every cyclic permutation of u is freely reduced. Two
cyclically reduced words are conjugate if and only if one is a cyclic permutation of
the other. Of course this solves the conjugacy problem for Fg. In more detail, if
u,v € Fg are conjugate, then we can write u = uoulual and v = vovlvgl where
the products are freely reduced as written and #; and v, are cyclically reduced. Also
u; = upuz and vy = uzu, where the products are freely reduced as written and we
choose u, to be the shortest initial segment of u; with the indicated properties. We
define the initial conjugator of u to v to be the word xo = uouav, 1 and note the
calculation

"uxo = (vouz 'ug ) (uousuzug ) (uouavy ') = vousuzvg ' = v.

Xo
Observe that the length of x is at most the maximum of the lengths of # and v. Now
if x is any solution of the equation x !ux = v and we write x = xo(x5'x) = X0y,
then x"'ux = y~'vy = v. Thus y commutes with v and hence y = z¥ for some
k € Z where z is a primitive root of v. We record these observations as follows:
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Lemma 14. If the two non-trivial elements u,v € Fs are conjugate, then every
solution x of the equation x ‘ux = v has the form x = xoz* where xq is the initial
conjugator and z is a primitive root of v O

Using these observations we can now solve the “simultaneous” conjugacy prob-
lem.

Lemma 15. There is an algorithm to determine of any two sequences uy, . .., Uy, and
V1, ..., Uy of m elements of Fs whether or not there exists an element x € Fg such
that the equations

x_lulx = vy, x_luzx =V, ..., x_lumx = Uy

hold simultaneously. If such an x exists and vy # 1, then either (1) x is unique
or (2) the initial conjugator xq for the equation x 'u;x = vy is a solution for the
simultaneous system and the v;’s are all powers of the primitive root z of v1.

Proof. First check to see that each pair u;, v; is conjugate. We can assume they are
conjugate and are non-trivial. By Lemma 14, every solution of the first equation
x~lu;x = vy has the form x = x¢z¥ where x; is the initial conjugator of u; to vy
and z is a primitive root of v;. So if we put u; = xo_luixo fori = 2,...,m, then
solving the original system is equivalent to finding a k € Z such that
z_k[tzzk =V, ..., Z_kﬁmzk = Uyy,.

The elements z, u; and v; are all fixed and so we can apply Lemma 13 to determine
whether there is a k& such that the equation 77k ﬁzzk = v, has a solution. We can
assume that such a k exists. Also by Lemma 13 this & is unique except when i, = v,
and z = ﬁ;lzﬁz, that is, except when u, and v, are both powers of z (and then the
equation holds for all k). In the first instance we just check whether z¥ satisfies the
remaining equations. Otherwise, we apply Lemma 13 successively to the remaining
equations. Then at some stage we will either find a unique £ which does or does not
yield a solution to the remaining equations or else we find that #; = v; and that the v;
are all powers of z. In the event that the remaining v; are all powers of z, then x
conjugates the u; to the v; for all i. This completes the proof. O

5. Solution of the conjugacy problem for G

5.1. Setting the stage for the proof. Our objective now is to find a solution of the
conjugacy problem for the group G;. This will complete the proof of our main result,
Theorem A. For simplicity of notation we put G = G; and H = H;. (We could use
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the even simpler presentation G for G, but curiously that does not seem to be of
much advantage and so we have not utilized it here.)

We recall that the group H is modeled on the free abelian group on the s;. The
arguments given below work under the somewhat more general circumstances that H
is abelian. So the proof that G has a solvable conjugacy problem will apply both
in the case where H is free abelian and in the case where it is trivial, which was
the situation envisaged in the remark on p. 77 of [12]. So for the remainder of this
section we will assume without further mention that H is abelian. Consequently if
w € [Fs, Fs] then w =g 1; also u and v are conjugate in H if and only if u =g v.
Now we can restate part of Lemma 9 as follows.

Lemma 16. Let u, v be two words of Fs. Then qu is conjugate in G to qv if and only
ifu =g v. Moreover, u =g v ifand only if Y "'quY = qv for some word Y € T.

5.2. Solving the conjugacy problem for G;. We now apply these considerations
to our group G = G, modeled on H = H; which we are viewing as an HNN
extension in two different ways as discussed already in Subsection 3.2. We note that
the relations involving the #; and d; acting on F define T -pinches which preserve the
number of g symbols. On the other hand the relations for the stable letter ¢ acting
on subgroups of Fg x T preserve the number of #; and d; symbols. We also note
that there is an algorithm to recognize g-pinches since the associated subgroup is
completely determined by the T portion of the word. Hence for any word w of G
we can effectively find a (7, ¢)-reduced word w with w =g w, that is, w is both
q-reduced and reduced with respect to the stable letters that generate 7. Similarly we
can find a cyclically (T, q)-reduced word conjugate to w in G.

We are now in a position to begin the proof of the last part of the proof of Theorem A.

Theorem 17. If the finitely presented group H is abelian, then G has solvable con-
Jjugacy problem.

Proof. Suppose we are given two words U, V of G and we want to determine whether
or not they are conjugate. By the above discussion we can assume they are both
cyclically (7, g)-reduced. There are several cases to consider, which we will deal
with in turn.

5.3. Case (1): U is (T, q)-free. So here we are assuming that U does not contain
any g or T symbols, so it is an element of Fs. Then V is also (7, g)-free by Collins’
Lemma. Now any element W of G can be written as AY where A € FandY e T.
But WUW™! = AYUY 'A™! = AUA™! since the T symbols commute with
the s;’s. Soif U and V are conjugate in G, they are already conjugate in F' and hence
in Fs. Hence we can decide whether U and V are conjugate in this case.
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5.4. Case (2): U is g-free and involves at least one 7 symbol. So here U does
not involve ¢ but does involves some #; or d;. Then V is also ¢-free and involves a T’
symbol. After cyclically permuting V' and taking inverses of both if necessary, we can
assume U is YA and V is YB where Y = Y(¢;,dy) € T and A, B € Fs. It suffices
to test for this arrangement whether there is an element W € F with W-lUW = V.
We can easily check whether U and V are conjugate in Fg x T', and so can assume
they are not. Hence W must involve a ¢ symbol. We can suppose W is freely reduced
and of the form C¢¢W; where C € Fs and € = +1. Now if

WlUW = W lq ¢ CT'YACqG W, =V

then g~ ¢C~!'YAC g€ is a g-pinch by Britton’s Lemma. Hence, if € = +1, then we
must have C™'YAC = Y(t;,dysi) and g~ 'C~1YACq = Y(4; Ri_l,dksk) because
of the form of the relations for g as a stable letter. Similarly if ¢ = —1, then we must
have C™'YAC = Y(t; R; ', disi) and gC~'YACq™" = Y (4., disi). But similar
considerations apply to V' = YB. So in order for U = YA and V = YB to be
conjugate in G, one of them must be conjugate in Fg x T to Y (¢;, di sx) and the other
to Y(t; R, dsk), and then the conjugation can be done by ¢ or ¢~*. Hence we can
decide whether U and V' are conjugate.

5.5. Case (3): U is T -free but involves g. Then the same is true of V', and by taking
inverses and cyclic permutations as necessary we may suppose they have the forms

U =quiq®uy...q%uj,
V =quiq?vy...q%v;

where u;,v; € Fs. Moreover we can arrange that, if circularly U contains two
consecutive g symbols with the same sign, then €, = +1. Otherwise either there is
only one ¢ or the signs alternate.

By Collins’ Lemma it suffices to determine whether these words are conjugate by
a word of the form W (z;, di.si). Now for any such word we can write W(¢;, d.s;) =
W(t;,dy)x where x = W(1,s;) € Fs and W(t;,dy) " 'qgW(t;,d) = xqy. Note that
xy =g L.

Subcase (3.1): j = landso U = qu;. Then V is just gv; and, by Lemma 16, U
and V' are conjugate if and only if u; =g v; which is decidable since H is abelian.

Subcase (3.2): There is more than one g symbol and €, = +41. If hypothetically
W (t;, di.si) conjugates U to V then

V = Wt disi) " UW (. dicsi) = qyuixgyus ... (xqy)“ ujx

andhencev; =f¢ yuix. Thenu; =g vy sincexy =g 1. Hence we can assume that
u; =g v; and hence by Lemma 16 find a word Y € T such that Y ~!qu;Y = qv;.
Now we conjugate U by Y to obtain

U=Y'UY = quiqiiaqg® ... q% i



18 G. Baumslag and C. F. Miller III

where u; € Fg are determined by the u; and the action of ¥ on g. So we are reduced
to determining whether U is conjugate to V' by a W of the desired form.
If now hypothetically W(t;, dysx) conjugates U to V then

V =Wt disi) " UW(ti, diesi) = qyvixqyiiz(xqy)® ... (xqy)¥iijx

1

and hence v1 =p¢ yv;x or equivalently y = v1x~!vyl. So this equation becomes

_ -1, —1- -1, —1\€3 —1, —1\€; =
V =gquiquix™ v] ua(xquix” vy ). (xquixT vy )Y ujx.

Comparing the right hand side with V' gives a series of equations depending on
the signs €;. For instance if €3 = —1 we would have v, = le_lvl_lﬁzlevl_l
while if €3 = 41 we would have v, = le_lvl_lﬁzx. But for any sequence
of signs ¢; these observations give a sequence of equations over Fg of the form
v; = x Nd;jx fori =2,...,j. By Lemma 15 we can determine whether a solution
x € Fg to this system exists and if so find one. If no such solution exists, then U
and V are not conjugate in G. On the other hand if x is a solution, we also know
xle_lvl_l =g 1 since H is abelian an so by Lemma 10 we can finda W € T such
that W~1gW = xqvix~1v]! and hence W(t;, djsg) conjugates U to V. Thus we
can decided conjugacy in this subcase.

Subcase (3.3): There are an even number of ¢’s with alternating signs. If now
hypothetically W(t;, dis) conjugates U to V then

V = W(t;, dise) "UW(, diesk) = qyury g 'x tuaxgy ..q_lx_luzjx.

This gives two systems of conjugacy equations: for odd indices yu; y~! = v; and
for even indices x " 'u;x = v;. Notice than none of the u; or v; can be equal to 1
since U and V are g-reduced.

Applying Lemma 15 we can decide whether solutions x, y € Fs to these systems
exist. Hence we may assume we have found such solutions. If they are both unique,
then U and V are conjugate if and only if xy =g 1 which is decidable.

If one, say y, is unique but x is not then the initial conjugator x for the equation
x " Yupx = v, solves the x-system and all the v,; are powers of the primitive root z,
of v. So U and V are conjugate if and only if xozé‘ y =g 1 hold for some k, that
is, if and only if x¢y belongs to the subgroup of H generated by z,. Since H is a
finitely generated abelian group, there is an algorithm to determine whether such a k
exists. Similar considerations apply if x is unique but y is not unique.

We are left with the possibility that neither solution x or y is unique. In this case,
the initial conjugators xg, yo solve the respective systems and the v,; are powers of
the primitive root z, of v, and the v,;4+1 are powers of the primitive root z; of vy.
Then U and V are conjugate if and only if xozlz‘ zf Yo =g 1, that is, if and only if
XoYo belongs to the subgroup of H generated by z; and z,. Again this is decidable
since H is finitely generated and abelian. This complete this subcase.



The isomorphism problem for residually torsion-free nilpotent groups 19

5.6. Case (4): U involves both ¢ and T symbols. Then the same is true of V' and
by taking inverses and cyclic permutations as necessary we may suppose they have
the forms

U =quiq®uy...q%u;Y,
V =quiq?vy...qv;Y

where u;,v; € Fg and Y € T is cyclically reduced. By Collins’ Lemma it suffices
to determine whether these words are conjugate by a word of the form W(¢;, dy.sx).

Now if we hypothetically suppose that W (t;, dis;) "' U W(t;, dy.sx) = V then we
have W(t;,di) 'Y W(t;,dy) = Y and so W is a power of the primitive root Z € T
of Y. Thus U and V are conjugate if and only

Z(ti, disi) U dys)* =V

for some k € Z. Here Z € T is fixedand Z~'qZ = xqy for fixed words x, y € Fys.
Also Z 7% qZ k= xk q yk. So U and V are conjugate if and only if the equation

qu1qva ... q9v; =F¢ gy ur(x¥qy*)2us .. (xFqy*)u, Xk

has a solution k € Z (x and y are known). Now this gives a system of equations
of the form ykuixk = v; or yku,-y_k = v; or x_ku,-y_k = v; or x_ku,-xk = v;
depending on the signs of the e¢;. By Lemma 13, there is an algorithm to determine
for each of these whether such a k exists. For each equation the & is unique or it holds
for all k. Hence there is an algorithm to determine whether there is a k for which all
hold simultaneously, and then U and V will be conjugate. Either it is unique or the
equations holds for all k, and then U = V. This completes the proof in this case and
hence the proof of the theorem. O
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