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Automatically presented groups

Anna Erschler

Abstract. We introduce the notions of automatically presented groups and piecewise auto-
matically presented groups. We show that if G is a piecewise automatically presented group
satisfying the property 7" of Kazhdan, then G is finite. We prove that if G is amenable and
finitely presented, then G is virtually abelian. We give further restrictions for a group to be
piecewise automatically presented and study properties of such groups. We also give examples
of automatically presented groups.
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1. Introduction

We introduce the notion of an automatically presented group and the more general
notion of a piecewise automatically presented group. Such a group is defined in a
natural way by a finite state automaton (or a sequence of finite state automata in
the general case) and admits the group generated by the finite state automaton (or,
respectively, the piecewise automatic group defined by the sequence of automata) as
a quotient. Informally speaking, a word in such a group is equivalent to the identity
if it becomes trivial on some level of the tree on which the corresponding (piecewise)
automatic group acts (see the next section for a formal definition).

Groups similar to automatically presented groups appear implicitly already in [14]
(where Grigorchuk constructs torsion-free groups of intermediate growth). However,
not much is known about this class of groups.

In this paper we provide examples of automatically presented groups. We show
that, on one hand, these groups resemble groups generated by finite state automata in
some aspects, and, on the other hand, these two classes of groups are basically differ-
ent. We show, in particular, that an infinite piecewise automatically presented group
cannot have the property 7' of Kazhdan and that every finitely presented amenable
group in this class is virtually abelian. This is in contrast with the fact that groups
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generated by finite state automata may have the property 7 and that there are many
solvable (e.g. nilpotent) finitely presented groups generated by finite state automata.
We recall also that all known restrictions for a group to be generated by a finite state
automaton are related to residual finiteness properties and properties of the word
problem (see the last section of this paper for more details).

Finally, we show that piecewise automatic presentations help in establishing prop-
erties of some groups that were obtained earlier by other constructions.

2. Finite state automata, automatically presented groups and piecewise
automatically presented groups

Definition 1. A finite state automaton over a finite alphabet X consists of a finite set
of states Aandamapt: A x X — 4 x X.

Given a state a, denote by 7,: X — X the composition of t(a,—) with the
projection of A x X to X.

If, for every state a € A, the map 7, is bijective, the automaton is said to be
invertible.

We recall the definition of a piecewise automatic group.

Definition 2. Consider an ascending sequence of sets Ay € A, € A3 € -+ and
a sequence of finite state invertible automata (A4,,1,), 1 < n < oo defined over
a common alphabet X (an important example is A; = A, = A3z ..., with t; not
necessarily equal to each other).
For every a € A1, define a transformation a of the set of onesided infinite words
X (or the set of finite words X *) in the following way. Take x = x;XxX3... in
X% (orin X*). Set
(a2, y1) = n(a, x1),
and, forall j > 2,
(@j+1,y;) = tilaj, x;j).
Finally, define
a(x) =yiy2y3....
Note that if all (4,, t,) are invertible automata then, for every state a € Ay, a is

a bijection on X°° (or X *). Hence in this case we can consider the group generated
by the transformations a, a € A;. This group is called piecewise automatic group.

If all automata in the above definition are equal to some automaton 7, we obtain
the group generated by the finite state automaton .
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Piecewise automatic groups were defined in [10] and [29] (in [10] we only con-
sidered the case when there is only a finite number of mutually distinct automata
among Ty).

In the sequel we always assume that A C e US U S~ 1, e € 4, t(e, x) = (e, x)
and that t(s~!, y) = (a~', x) whenever s,s~! € A and 7(s, x) = (a, y).

Consider an automaton A, T over the alphabet X and take a word w over A. Note
that w defines amap 7, : X — X. Forw = aja,...ax,a; € A,

Ty = Tqy ©Tgy ©*** 0 Tgy -

Here, as before, 7,4, (x) is the projection of 7(a;, x) onto X .

Lett: A x X — A x X be an invertible automaton and let w be a word over the
alphabet A. Note that, for every x € X, w defines a restriction w,, which is again a
word over A: forw = aia,...ax,a; € A,

Wy = blbz...bk,

where the state b; is the projection of t(a;, Ta; 4, 1...a; (X)) Onto A.

Also for a branch of the first level of the form y; = x1 ... we say that wy, is the
restriction of w to the branch y; and for a branch y,, of level m, y,, = x1... X, .. .,
we define by induction on m the restriction of w to y,,. This restriction is equal to
the restriction to x,, of the restriction of w to the branch y,,—; = x1...xp—1... of
level m — 1.

Definition 3 (Automatically presented group). Lett: AxX - AxX (A CeUSU
S~1, e € A) be an invertible automaton. The automatically presented group G*(7)
over t is the group given by the following presentation. The generating set is S and
a word w over S U S~! is in the set of the defining relations if the following holds.
There exists i such that w represents an element from the stabilizer of level i (in the
group generated by the finite state automaton t) and for every branch y of level i the
restriction of w to y is freely equivalent to the identity in the group freely generated
by S.

It is clear that the group generated by 7 is a quotient of the automatically presented
group over t. In the next section we see that in some cases these groups are equal
and in some cases they are essentially different.

Given a sequence A; € A, € A3 C ---, asequence of automata 7;: A; X X —
A; x X and a word in the alphabet A, we define the restrictions of w to the branches
of the rooted tree in a similar way as for a single automaton . For a branch y,, of
level m, Y = X1...Xm ..., we define by induction on m the restriction of w to yy,.
This restriction is equal to the restriction to x,, with respect to the automaton t,, of the
restriction of w to the branch y,,—1 = x1...x;,—1 ... of level m — 1. By definition,
the restriction of w to a branch of level m is a word over the alphabet A4,,.
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Definition 4 (Piecewise automatically presented group). Consider an ascending se-
quence of sets A} € A, € A3 C --- and a sequence of finite state invertible automata
An, T, 1 < n < o0, defined over a common alphabet X (as before, an important case
is Ay = A, = As ..., with t; not necessarily equal to each other). We assume that
A; CeUS;US l._l and that e € A; foreach i. The piecewise automatically presented
group defined by the sequence (A, t,) is the group generated by A; in the following
way. A word w over A; is a defining relation in this group if there exists i such that w
represents an element from the stabilizer of level i (in the piecewise automatic group
defined by 71, 75 . ..) and for every branch y of level i the restriction of w to y (the
restriction is taken with respect to 71, 72, . . ., 7;) is freely equivalent to the identity in
the group freely generated by S;.

If all (A, t,) coincide, then the piecewise automatically presented group defined
above is equal to the automatically presented group over t;.

It is clear that piecewise automatic groups are quotients of the corresponding
piecewise automatically presented groups.

Note that, under the assumption of the previous definition, the piecewise automat-
ically presented group is generated by S;.

3. Examples of automatically presented groups

Example 1. Every finite group is automatically presented.

Indeed, let G be a finite group, set A = X = G, and consider the automaton
7: AXX — Ax X givenby 7(g1, g2) = (e, g1g2). Itis clear that the automatically
presented group over t is equal to the group generated by this finite state automaton
and is isomorphic to G.

Example 2. Z isautomatically presented. Indeed, take any finite state automaton with
asingle non-identity state generating Z. Such automata do exist: consider for example
t:{a,e} x{0,1} — {a,e} x {0, 1} defined by 7(a,0) = (a, 1), t(a, 1) = (e,0) and
(e, x) = (e, x) for x = 0, 1. It is clear that the automatically presented group over
7 is isomorphic to Z.

Note that the class of automatically presented groups is closed under taking direct
products. Indeed, let G;, G, be automatically presented groups over t; and 73,
respectively, where 71 : A1 X X1 = A1 X X1, 12 Ay x Xy > Ay x X5, A1 = A Ue,
A, = AyUe. PutX = X;UX5,A=A; UA,Ueanddefinet: AxX - Ax X
by 7(e, x) = (e, x), forall x, t(ay, x) = 11(ay, x) fora; € Ay, x € X4, t(ay, x) =
(e, x) fora; € Ay, x € X, and similarly t(az, x) = 12(az, x) fora, € Ay, x € Xs,
T(az,x) = (e,x) fora, € Ay, x € X;. Itis clear that the automatically presented
group over 7 is G X G».

Thus we see that, for every n, Z" is automatically presented.
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Example 3. Let 7 be the standard automaton generating the first Grigorchuk group.
Recall that this is the finite state automaton (A4, 7) over the alphabet X = {0, 1},
where A = {a,b,c,d,e}and t: A x X — A x X is defined by

(e,0) = (e,0), t(e,1)=(e,1), 1(a,0)=(e,1), t(a,1)=(e,0)
and

7(b,0) = (a,0), t(c,0) = (a,0), (d,0) = (e,0),
(b, 1) =(c,1), t(c,1)=1(d,1), w(d,1)=(b,1).

Then the automatically presented group over t contains a free non-abelian subgroup.
In particular, this group is not equal to the group generated by the finite state automa-
ton t.

Let us show that the subgroup generated by b, ¢ and d is free. To see this take
any word w in b, ¢, d representing a non-trivial element in the free group on these
three generators. Observe that for every n that is divisible by 3 the restriction of w
to the branch 11...1... of level n is again the word w. Therefore, w represents a
non-trivial element in the automatically presented group over t.

Example 4. Let 7 be the automaton from [17], generating the Basilica group. Recall
that this is the finite state automaton (A, t) over the alphabet X = {0, 1}, where
A={a,b,e}andt: A x X > A x X is defined by

7(a,0) = (e,0), t(a,1)=(b,1), 1(b,0)= (e, 1), (b,1)=(a,0),

(and 7(e,x) = (e,x) for x = 0,1). We will prove bellow that the automatically
presented group over 7 is equal to the group generated by this automaton.

It was shown in [5] that the Basilica group is amenable. Therefore, we see that
the class of automatically presented groups contains amenable groups that are not
virtually abelian.

Lemma 1. (i) Let w be a word of length [, | > 3, in the alphabet a, b, a™!, b™1, e
and let y be a branch of level 2 in the tree, corresponding to X = {0, 1} (that is, y is
equal to 00...,01...,10... or 11...). Then the restriction w, of w to y defined
by t (from Example 4) is freely equivalent to a word of length at most [ — 1.

(ii) Let w be a word in the alphabet a, b, a=', b~!, e of length 2 representing a
trivial word in the group, generated by the finite state automaton t. Then w is freely
equivalent to a trivial word.

Proof. (i) Note that for every automaton the restriction of a word of length m to
any branch has length at most m. Thus it is sufficient to consider the case / = 3.
Moreover, without loss of generality we can assume that w is freely irreducible word
(of length 3).
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First assume that w contains as a subword one of the following words b2, b~2, ba,
ba=l, ab™!, a~1b~!. Note that the restriction of each of these words to any branch
of the first level is freely equivalent to a word of length at most 1. Therefore, the
restriction of w to any branch of the first level, and consequently, to any branch of the
second level has length at most / — 1

Observe also that if w contains as a subword a? or a~2, then w, has length at
most [ — 1, because the restriction of a and of a2 to any branch of level 2 is freely
equivalent to a word of length at most 1.

Therefore, it suffices to consider the case when w is freely irreducible word of
length 3 that does not contain as a subword any of the words a2, a=2, b2, b=2, ba,
ba=', ab™!, or a1h~!. Note that in this case w = bab~! or ba=1h~1. One can
check that the restriction of each of these two words to any branch of the second level
is freely equivalent to a word of length at most 2.

(ii) It is sufficient to consider the case when w is equal to a2, a2, ae, ea, b?,
b~2; Otherwise w would either be freely equivalent to a trivial word, or its action of
the first level would be non-trivial (and, therefore, w would represent a non-trivial
element in the group generated by the finite state automaton t). Each of the words
a2,a72, ae, ea, b2, b2 acts non-trivially on the second level, and thus w does not
represent the trivial element in the group generated by t. O

2

Note that the lemma above implies that the automatically presented group over ©
(from Example 4) is equal to the group generated by this automaton. Indeed, take
a word w representing the identity in the group generated by . The first part of
the lemma implies that there exists a level / such that each restriction of w to a
branch of this level has length at most two. Since w represents the identity in the
group generated by t, the action on the level / of w is trivial and all the restrictions
represent the identity in the group generated by . Combining this with the claim of
the second part of the lemma, we see that each of these restrictions is freely equivalent
to the identity word. Therefore, w represents the identity element in the automatically
presented group defined by 7.

4. Properties of piecewise automatically presented groups

We recall that a finitely generated group I" has the property T of Kazhdan if for some
(and hence for all) finite generating set S of ' there exists a positive constant &(S)
such that for every unitary representation (7, H) of I" with no invariant vectors and
for every u € H there exists s € S such that ||z(s)u — u| > &(S)]||u|. For more on
the property T see, for example, [20].

Theorem 1. Let G be a piecewise automatically presented group.
(1) If G has the property T of Kazhdan, then G is finite.



Automatically presented groups 53

(1) If G is amenable and finitely presented, then G is virtually abelian.
(iii) More generally, if G is a quotient of a finitely presented group J without free
subgroups, then G is virtually abelian.

We recall that a group I' is polycyclic if there exists a sequence e = 'y C I'; C
-+ C 'y = T such that each I is a normal subgroup in I'; 4 and T';41/T} is a
(finite or infinite) cyclic group. It is known that every polycyclic group is finitely
presented (see for example [25]). Therefore, the second part of the theorem shows in
particular that every polycyclic piecewise automatically presented group is virtually
abelian.

The theorem is in contrast with the fact that among groups generated by finite state
automata there are groups having the property 7' (see Mozes and Glasner, [22]) and
there are many amenable finitely presented groups that are not virtually abelian (for
example any nilpotent group admitting an expanding map is generated by some finite
state automaton, [23]).

It is known that the Schreier graph of any contracting action on a regular rooted
tree is of polynomial growth ([2], see also [23]), and thus groups admitting a faithful
contracting action cannot have the property T (unless they are finite). There is a
conjecture that any group admitting a faithful contracting action is amenable. Note
that we cannot replace the assumption in (i) by non-amenability.

Remark. The third part of the theorem implies that if J is a group without free-
subgroups admitting as a quotient the Basilica group from Example 3, then J is
infinitely presented.

Let G be a finitely generated group and S a finite generating set of G. Recall that
the labeled Cayley graph of (G, S) is the graph whose vertices are the elements of
G and in which two vertices g and g, are joined by an edge whenever there exists
s € S such that g1s = g,. In this case this oriented edge is labeled by s.

The Grigorchuk topology (also called the Cayley topology or the Chabauty topol-
ogy) on the space of d-generated groups is the topology in which two groups G
and G, generated by S, (#S = d) are close whenever the labeled Cayley graphs
of (G1,S) and (G,, S) coincide in the ball of radius R, for large R. This space is
metrizable and the associated metric is mg ((G1, S), (G2, S)) = (1/2)R, where R
is the maximal radius such that the labeled Cayley graphs of (G, S) and (G5, S)
coincide in the ball of radius R. It is easy to see that the space of groups generated
by a finite set S is compact in this topology. See [19] for further properties of this

topology.

Lemma 2. Let G be the piecewise automatically presented group defined by the
sequence (A1, 11), (A2, 12), . ... Consider a piecewise automatically presented group
G™, defined by the sequence (Ay, rl+), (A, 1'2+), ..., such that, for alli < N, we
have t; = ‘L’l»+.
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If N is large enough, then G is a quotient of some group G’ which is close to G
in the Grigorchuk fopology. That is, for every ¢ > 0 there exists N, and a group G’,
generated by S, satisfying mg ((G', S)(G, S)) < & and such that G™ is a quotient
of G', whenever N > N,. (Here in G and G we consider the system of generators S
coming from Ay).

Proof. Let R be a finite set of words representing the identity in G. Note that if N
is large enough, then by definition of piecewise automatically presented groups all
words in R represents the identity in G as well.

Now take L > 0. Put Ry to be the set of words of length at most L (in the
alphabet A1) that represent the identity in the group G. Let G’ be the group generated
by A1 with Ry, as the set of defining relations. By construction, the group G’ is finitely
presented. If L is large enough, then G’ is close to G in the Grigorchuk topology.
Note that there exists Ny, such that any group GV satisfying the assumption of the
lemma with N > Ny is the quotient of the group G’. O

Proposition 1. Let G be a piecewise automatically presented group. Suppose that G
is not virtually abelian. Then there exist sequences of groups G;, H;, such that, for
every i, H; is a quotient of G;, each H; contains a free non-abelian subgroup and
G; tends to G in the Grigorchuk topology.

Moreover, the sequences above can be chosen in such a way that H; admits a
finite index subgroup which is a subgroup in a direct product of free groups.

Proof. Let A; CeUS; U Si_l. Let 0; be some automaton, such that the set of states
of this automaton contains S; U S;! and the subgroup generated by S; in the group
generated by o; (and hence in the automatically presented group over o; as well) is
free. (Such automata do exist, see e.g. [23], [24] or [28].)

Let H; be the piecewise automatically presented group defined at each level j < i
by the automaton for the level j in the definition of G and by o; for j > i. Let us
show that each H; contains a free group on two generators as a subgroup.

Indeed, for any level i there are two words w; and w, over S; such that the action
on this level defined by these words is trivial and such that for some branch y of level i
the restriction to this branch w] and w) represent two non-commuting words in the
free group over S;. (Otherwise the stabilizer of the level i in G would be abelian and
G would be virtually abelian.) We see that w; and w, freely generate a free subgroup
in H;.

Now, we apply Lemma 2 and see that there exists a sequence of groups G;, such
that, for every i, H; is a quotient of G; and G; tends to G in Grigorchuk topology.
(In this special case one can take G’ = G and it is not necessary to take a quotient,
but we do not need it for the proof).

To prove the second claim of the proposition observe that the stabilizer of the
level i in H; is a subgroup in the direct product of free groups. Indeed, observe that
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a word in this stabilizer represents the identity in H; if and only if it represents the
identity in the corresponding piecewise automatic group. O

Proof of Theorem 1. To prove (i) we assume the contrary and suppose that G is infinite
and has the property T. Then G is not virtually abelian. Therefore, we can apply
Proposition 1 and conclude that there exist a sequence of groups G;, tending to G in
the Grigorchuk topology, and a sequence of groups H; such that each H; is an infinite
quotient of G;, admitting a finite index subgroup H/, which is a subgroup in a direct
product of free groups.

We know that G; tends to G and that G has the property 7. Recall that if G has
the property 7' and G’ is close enough to H in the Grigorchuk topology, then G’ also
has the property 7' ([26]). Therefore, there exists N such that, foralli > N, G; has
the property 7. The property T of Kazhdan is stable with respect to taking quotients,
and therefore, for every i > N, the group H; has the property T'. The property T is
also stable with respect to taking finite index subgroups, and so, foreveryi > N, H l.’
has the property T.

On the other hand, free groups have the Haagerup property, which is stable with
respect to taking direct products and subgroups (see e.g. [7]). Thus, for every i, the
group H/ has the Haagerup property.

In particular, Hj, is an infinite group that satisfies both the property 7 and
Haagerup property. We have arrived at a contradiction.

(i) Since any group admitting a free non-abelian subgroup is non-amenable, (ii)
is a particular case of (iii).

Now we prove (iii). We assume the contrary and suppose that J is finitely presented
group without free non-abelian subgroups and G is a quotient of J. We suppose also
that G is not virtually abelian.

By Proposition 1 we know that there exists a sequence of groups G;, tending to G
in the Grigorchuk topology, and a sequence of groups H; such that each H; contains
a free non-abelian subgroup and such that H; is a quotient of G;, for all i.

We know that G; tends to G and that G is a quotient of a finitely presented group J .
Hence there exists N such that, for every i > N, the group G; is a quotient of J.
Since J contains no free non-abelian subgroup and since this property is stable by
taking a quotient, this implies that, for all i > N, G; contains no free non-abelian
subgroups. Since each H; is a quotient of G;, this shows that, for all i > N, H;
contains no free non-abelian subgroups.

In particular, Hy is a quotient of a group without free non-abelian subgroups, but
Hy itself contains a free non-abelian subgroup. We arrived at a contradiction. [



56 A. Erschler
5. Word problem

The proof of the first part of the following proposition represents a well-known al-
gorithm that solves the word problem in groups generated by finite state automata.
The proof of the second part represents an algorithm that solves the word problem in
automatically presented groups.

Proposition 2. (i) Every group G generated by a finite state automaton is recursively
presented and the word problem in such a group is solvable in exponential time: there
exists an algorithm which, for a word w of word length I, performs exp(Cl) steps
and decides whether w represents the identity element in G.

(ii) Every automatically presented group G (defined by a finite state automaton)
is recursively presented and, moreover, the word problem in such a group is solvable
in exponential time.

Proof. (i) Taket: Ax X — A x X over an alphabet X of cardinality d, and consider
a word w of length / over the alphabet A4 in the group G generated by this finite state
automaton.

Consider the action of w on the first level of the tree. If it is non-trivial, the
algorithm stops and answers that w represents a non-identity element in G. If the
action is trivial, consider the restrictions of w to the branches of the first level. We

denote these restrictions by wi, wa, ..., wy.
Observe that the length of each w; is at most /. Apply recursively the same
procedure to wy, . .., Wy, having in mind that if, at some point, we get as a restriction a

word w that has already appeared, then we do not apply the algorithm to this additional
occurrence of w. If at some point the algorithm stops producing new words (all
restrictions of all considered words already appeared before) and all obtained words
act trivially on the first level of the tree, then the algorithm stops and answers that
w represents the identity in G. Note that the algorithm makes at most vg, 4(/) steps
(where vg,4(/) is the growth function of G with respect to the generating set A). At
each step one performs at most K/ operations, where K is some positive constant.
Therefore, the total number of operations is at most exp(C/), where C is some positive
constant.

(i)Lett: AxX — Ax X, AC SUS! U e, be an automaton which gives
an automatic presentation of G. Consider the set W of non-empty freely irreducible
words over the alphabet S of length at most /. Consider the oriented graph I'yy whose
vertices are the words in W and in which two words w; and w; are joined by an edge
in the direction from w; to w, if the restriction of w; to some branch of the first level
is freely equivalent to w,. In addition, draw a loop at every vertex w that acts as a
non-trivial permutation on the first level of the tree.

Observe that a word w represents a non-identical element in the group G if and
only if there is an oriented path starting at w and ending in a vertex which belongs to
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an oriented cycle of the graph 'y (to see this we use again the fact that the restriction
to a branch does not increase the length of the word).

For an oriented graph of bounded valency and of cardinality s this problem can
be solved in time, which is polynomial in s. Indeed, first we observe that we can
determine in polynomial time which of the vertices belong to an oriented cycle. If
a vertex belongs to some cycle, then it belongs to a cycle of length at most s. For
every m with 1 < m < s and for all pairs of vertices w; and w,, we can determine
whether there exists an oriented path of length m joining these two vertices, and this
can be done in polynomial time in s. To see this we apply an inductive argument and
observe, that if we can do this for some m < s, then we can do it also for m + 1.
Indeed, w; and w; are joined by an oriented path of length m + 1 if and only if there
exists w3 such that there is an oriented path of length m from w; to w3 and there is
an oriented edge from w3 to w,. This shows, that we can determine which vertices
belong to some oriented cycle in polynomial time in s. After this we take the vertex w
in our graph and for each vertex u belonging to some oriented cycle we check whether
there exists an oriented path of length at most s from w to u.

Now we return to the proof of (ii). Note that the cardinality of 'y is at most
exp(C) and the valency of each vertex is bounded by the cardinality of X. Therefore,
in time exp(K1) (K is a positive constant not depending on /) we can determine which
vertices correspond to a word, representing a non-identity element in G. O

1) For a given automaton, it seems interesting to understand the structure of the
graphs described in the proof of the second part of the proposition. In particular,
additional information about these graphs can lead to better estimates for the word
problem in the corresponding groups.

2) If the sequence of automata 7, is recursive, then the piecewise automatically
presented group defined by this sequence is recursively presented.
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