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Abstract. We show that if H is a finite group with a unique minimal normal subgroup N,
which is not abelian, then the number of conjugacy classes of complements of N in H is
strictly smaller than |V |.
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Let G be a finite group and let K be a field. As one of the first applications of
the classification of finite simple groups, Aschbacher and Guralnick [2] proved that
if V is a faithful irreducible KG-module, then dimg H!'(G, V) < dimg V. Clearly
this result can be equivalently stated as follows: let H be a finite monolithic group,
i.e. a group with a unique minimal normal subgroup N = soc H; if N is abelian,
then the number of conjugacy classes of complements of N is H is strictly smaller
than |N|. One can ask whether the same result remains true without assuming that
N = soc H is abelian; in other words the question is whether an analog of the theorem
of Aschbacher and Guralnick holds in the non abelian context.

A first positive but partial answer has been given in [14], which considered the
particular case when N = soc H is a simple group; in that paper, with a case by
case analysis of the various possibilities, we proved that if the socle N of an almost
simple group H is complemented, than there are less than |/N| conjugacy classes
of complements of N in H. So in order to complete the discussion of this prob-
lem the case remains to be discussed when H is a monolithic group whose socle N
is the direct product S; X --- X Sg of k isomorphic non abelian simple groups and
k > 1. Under these hypotheses, a useful tool is a result proved independently by Gross
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and Kovics ([9], Corollary 4.4) and by Aschbacher and Scott ([3], Theorem 2): if
K = 85 x--+x S, then there is a bijection between the conjugacy classes of comple-
ments of NV in H and the conjugacy classes of complements of N/K in Ny (K)/K.
Using this result, it is not difficult to prove that there exists an absolute constant ¢ < 4
such that the number of conjugacy classes of complements of N in H is smaller than
|N|€ (see, for example, [15], Lemma 2.8). The bound ¢ < 4 can be obtained without
a heavy use of the classification of finite simple groups: the only information which is
needed is that any subgroup of the outer automorphism group of a finite simple group
can be generated by three elements. But to establish our result we have to prove
¢ = 1 and this requires a more detailed analysis, especially in the case of groups of
Lie type. This is the work which is performed in the present paper and which leads
to the following ultimate result:

Theorem. Let H be a finite group with a unique minimal normal subgroup N, which
is not abelian. Then the number of conjugacy classes of complements of N in H is
strictly smaller than |N |.

In Section 1 we prove that counting the conjugacy classes of complements of N/ K
in Ny (K)/ K is equivalent to counting up to conjugacy certain homomorphisms from
Ng(K)/K to Aut(S) and we give the general outline of the proof of the theorem. A
short argument, depending on a result of P. Neumann, supplies the necessary bound
when |Out(S)| < 2. This holds for sporadic and alternating groups Alt(n) when
n # 6. So we are left with simple groups S of Lie type, which are treated with a case-
by-case analysis based on the isomorphism type of S. This discussion depends on the
structure of Out(S), the most complicated cases being when Out(S) has subgroups
requiring 3 generators. The cases S = A,(q), 2A,(¢) and D;(q) are those that
require a more careful analysis and are discussed in Section 3, 4 and 5 respectively.
The remaining groups of Lie type are discussed in Section 6. Section 2 contains some
technical results on generators and centralizers.

1. Preliminary results and outline of the proof

Let S be a finite simple nonabelian group, and assume that S is a normal subgroup
of the group X. Consider the map ¢: X — Aut(S) defined by x — ¢(x), where ¢(x)
is the automorphism induced by x on S by conjugation. We have the following:

Proposition 1. Let X be a finite group and S a nonabelian simple normal subgroup
of X. Let € be the set of complements to S in X and K the set of homomorphisms
¢: X/S — Aut(S) such that w oo = p, where w: Aut(S) — Out(S) is the natural
map and p: X /S — Out(S) is defined by p: Sx + Inn(S)i(x). Then:

(1) Themap Y > @y is a bijection of € with J, where oy : Sy — 1(y)fory € Y.
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(2) SactsonH ontheleftvias: ¢ — c,s)0@, wherefora € Aut(S), cq: Aut(S) —
Aut(S) is defined to be conjugation by .

() Y, Z € € are conjugate in X if and only if oy and ¢z are in the same orbit of
S on J. Thus there is a bijection between the set € /S of conjugacy classes of
complements to S in X with the set J /S of orbits of S on J.

Proof. (1)LetY beacomplementof S in X. The fact that the map ¢y is a well-defined
group homomorphism such that (7 o ¢y)(Sx) = Inn(S)c(x) is straightforward.
Moreover, if Z # Y is another complement of S in X then ¢y # ¢z. Namely, if
z € Z\Y then there exists aunique y € Y suchthat Sz = Sy and((y) = ¢y (Sy) =
@y (Sz) # ¢z(Sz) = 1(z), because t(y) = t(z) implies thatzy~! € Cx(S)NS =1
and thus z = y, a contradiction. On the other side, if ¢: % — Aut(S) is such that
m o¢@ = p, consider the subgroup of X definedby ¥ =Y, = {x € X | 1«(x) =
@(Sx)}. Letnow x € X;asInn(S)t(x) = Inn(S)¢(Sx), there exists s € S such that
©(Sx) = t(s)t(x). Itfollowsthatp(Ssx) = ¢(Sx) = t(sx),sosx € Yandx € SY,
implying that X = SY. Moreover if x € S N'Y we have that ((x) = ¢(S) = 1 and
so x € Cx(S)N S = 1. This proves that Y is a complement of S in X. Moreover,
for this Y and for any y € Y we have ¢y (y) = t(y) = ¢(Sy), so that the maps
Y — ¢y and ¢ — Y, are inverses to each other.

(2) This is clear since ¢,(sr) = Ci(s)i(r) = Cu(s)Cu(r) fOr every s,z € S.

(3) Let Y and Z be two complements of S. We have that Y = Z* forsome s € S
if and only if gy = ¢,(5) o9z, a8 ¢, 5y 0z : Sz = 8z° > 1(2)'®) = ((z%). O

QOutline of the proof of the theorem. As already mentioned in the introduction, we
have that N = S X - -- X Sg, where §; is isomorphic to some fixed nonabelian simple
group S foreveryi = 1,...,k. Let K = S5 X ---x Sg; then by [9], Corollary 4.4 or
[3], Theorem 2 there is a bijection between the conjugacy classes of complements of
N in H and the conjugacy classes of complements of N/K =~ Sin X := Ny (K)/K.

We note that, as N is the unique minimal normal subgroup of H and it is non-
abelian, H < Aut(N) = Aut(S) ¢ Sym(k) (see Proposition 3.3.20 of [17]), the per-
mutational wreath product of the automorphism group of S by the symmetric group of
degree k,and Ny (K) = N (S1) < Naww)(S1) = Aut(S)x (Aut(S)Sym(k—1)),
so that, identifying N/ K with S, we have that % < Out(S) x (Out(S)Sym(k —1)).

By Proposition 1 we need to count Inn(S)-classes of homomorphisms ¢ : X /S —
Aut(S) such that ¢(Sx) € Inn(S)u(x) for all x € X. We will choose a suitable set
X ={y1,...,ys} of generators of X/S and use the fact that ¢ is determined by its
effect on the elements of X. So we will first bound the number of possible choices
for ¢(y1) (possibly up to Inn(.S)-conjugacy), then once ¢(y1) is given we bound the
number of possible choices for ¢(y,) and so on.

The following observation will often be used in the sequel:
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Lemma 2. With the same notation as in Proposition 1 the following hold:

D) if T < X/S is normalized by y € X/S and ¢(T) is given, then there are at
most |Cs(p(T))| possible choices for ¢(y);

i) if @(y) is subject to the further condition ¢(y) € P for a fixed subgroup
P < Aut(S), then there are at most |Cs(¢(T)) N P| possible choices for ¢(y).

Proof. For every x € T we have that ¢(x)??) = ¢(x?) = o(x)e(x,y]) €
@(T) is given, so that if z1,z, are two possible choices for ¢(y), then z;z5! €
Cau(s)(¢(x)). Moreover, the definition of # in Proposition 1 gives that z;z,! €
Inn(S), so that z;z; 1 € Cpuncs)(¢(x)). This implies that z1z5 1 € Crns)(@(T)), i.e
Z1 CInn(S)((p(T)) = ZZCInn(S)((p(T))- As |CInn(S)(§0(T))| = |CS(§0(T))| the result
follows. The last statement is obvious. O

Lemma 3. With the same notation as in Proposition 1, assume that X is k-generated.

Then the number of conjugacy classes of complements of S in X is strictly smaller
than |S|*.

Proof. We apply Proposition 1. The definition of # implies thatif ¢ € J then ¢(a) is
determined modulo Inn(S) foreacha € X, so that there are at most |Inn(S)|* = |S|¥
choices for ¢. The S-orbit of ¢ has length greater than 1 unless ¢ is trivial; it follows
that the number of S-orbits of # is indeed strictly smaller than |S |k .

Lemma 1 and Lemma 2 indicate that information on the structure and generators
of X = X/S, as well as on centralizers of subgroups of Aut(S), will be crucial. We
will come back to this point in the next section. For the moment, we recall a result of
P. Neumann whose proof can be found in [4].

Let x be a real number; the notation | x | indicates the greatest integer less or equal
to x.

Lemma 4. Let G < Sym(k) be a permutation group of degree k. Then G can be
generated by at most L%J elements if k # 3, and at most 2 elements if k = 3.

When S = Alt(n) with n # 6 or S is a sporadic simple group, it is well known
that |Out(S)| < 2sothat X < Cp x (C32Sym(k —1)) < Sym(2k) and by Lemma 4
it is possible to choose a set X of generators of X/S of order k (here C, is the
cyclic group of order 2). Then we apply Lemma 3 and we obtain that the number of
conjugacy classes of complements of S in X is strictly smaller than |S|¥ = |N|. By
[9, Corollary 4.4] or [3, Theorem 2] this concludes the proof. O

As Alt(6) is isomorphic to PSL(2, 9) we may now assume that S is a finite simple
group of Lie type over a field GF(p™) of order p™, for some prime p. We will follow
the definitions and notation of the book [8], unless otherwise stated. So S will be a
group of the form S = ¥;(g) where [ is the Lie rank of S and ¢ = p™, for some
prime p. Also, ¢ denotes the Frobenius map.
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The structure of Aut(S) and Out(S) is well known and is described e.g. in [8,
Theorem 2.5.12].

2. Generators and centralizers

We present here some results on generators. We denote with d(G) the minimum
number of generators of the (finite) group G.

Lemma 5. Let p be a prime, and P a Sylow p-subgroup of Sym(k). If H < P then
d(H) < L%J Ifp |k t= %, p # 2 and G < Sym(k) has an abelian factor group

of order p', then G is an elementary abelian p-group of rank t.
Proof. This is a simple consequence of Theorem and Corollary in [12]. O

Lemma 6. Let H € {Sym(3), Ce}. If G is a subgroup of H ! Sym(k), then d(G) <
k + 1. Moreover the equality d(G) = k + 1 holds only if H = Sym(3) and
G = Alt(3)*(g) where g is an involution that inverts every element of Alt(3)¥.

Proof. The group G has a factor group G/N such that d(G/N) = d(G), its socle
M/ N is the direct product of G-equivalent chief factors of G, and Cq(M/N) < M
(see for example [6, Corollary 15]). If M/ N is abelian, then there exist an irreducible
G-module A and an integer ¢ such that M/N is G-isomorphic to A’; the relation
between d(G), t and the structure of 4 as a G-module can be deduced from a formula
due to Gaschiitz, as explained for example in [S]; in particular (as follows from
Lemma 1.51in [13]), d(G) <t + 1 andif d(G) = ¢ 4 1 then G does not centralize A.
Now let B = H* be the base subgroup of H ? Sym(k) and let E = O3(B N G).
Then E < M. If E < N, then d(G) = d(G/N) = d(G/E) < k, since G/N is
isomorphic to a subgroup of Sym(2) ? Sym(k) < Sym(2k). If E £ N, then M/N
is a 3-group, in particular M/N = A’, with A an irreducible G-module. Note that
0>(BNG) < N and G/ N is a factor group of Sym(3)?Sym(k) < Sym(3k), hence,
by Lemma 5, d(M/N) < k. Astd(A) = d(M/N),wehave d(G) <t+1 <k + 1.
Moreoverifd(G) = k+ 1thent = k, A =~ C5 is non central and, again by Lemma 5,
N = O,(B N G). This cannot occur if H = Cg, since no element of Cg 2 Sym(k)
acts as inversion on the Sylow 3-subgroup of the base subgroup of the wreath product.
So H = Sym(3), N = 1, M = Alt(3)%, |G/M| = 2 and any element of order 2
in G acts on M as inversion. O

Lemma 7. Let G be a finite group and let A be an abelian normal subgroup of G.
We have d(G) < d(A4 x (G/A)).

Proof. As we recalled in the proof of the previous lemma, G has a factor group
G/N such that d(G/N) = d(G), the socle M/N = B® of G/N is the direct
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product of § G-equivalent non-Frattini chief factors of G, and Cq(M/N) < M.
Since A centralizes every chief factor of G, we have A < M. If A < N, then
d(G) = d(G/N) = d(G/A) < d(A x (G/A)). Assume now N < AN < M. In
this case M/N has a complement in G/N and G/N = B® x G/M. There exists
§1 < 8 with M/AN =g B% and AJANN =g AN/N =g B%7%1. This means
that G/N =~ (A/AN N) x G/AN is an epimorphic image of 4 x G/A. O

Lemma 8 ([10], Proposition 3.6). If P is a Sylow subgroup of a non abelian simple
group S, then |P|? < |S|.

Most of the relevant information on centralizers in S of subgroups of Aut(S),
where S is a simple group, is well known and can be found e.g. in [8] or [11]. We
present here a few special results that we could not find in the literature.

If r is a prime and x is an integer, x, will indicate the biggest power of r dividing x.

Lemma 9. Let S = X;(q) be an untwisted simple group, where ¢ = p™ for some
prime p, ¢ the Frobenius automorphism, and d = |OutDiag(S)|. For every a €

1

InnDiag(S) we have that |Cs(¢'a)| < (d|S|)1¢".

Proof. By the Lang-Steinberg theorem (see [8, Theorem 2.1.1]) ¢'a is conjugate
to ¢’ in X;(F), where F is the algebraic closure of the field F with ¢ elements.

So we have [Cs(¢'a)| < |Cz,(1?)(¢ta)| = |C§;,(1?)(¢t)| = |InnDiag (El(qﬁ))i

1
< (d|S])1¢'l, where the last inequality follows by direct calculation. O

Lemma 10. Let S = PSL(n,q), andd = (n,q — 1). For every a € InnDiag(S) we
have that |Cs(a)| < |GL(n —1,q)| ifn =3 and |Cs(a)| < g + 1 ifn = 2.

Proof. The structure of Cpgy(n,q)(@) is described in [8, Theorem 4.2.2], and then the
result follows by comparing orders. O

Lemma 11. Let S = PSL(n, q) where g = p™ for some prime p, ¢ the Frobenius
automorphism, and d = (n,q —1). Assume that a, b € InnDiag(S), |a| = r where r
is a prime which divides d, d is not a power of 2, m is even and ¢ 2 b induces on {a)
an automorphism of order at most 2. Then |Cs({¢2 b,a))| < |GL(n — 1, q%)| and
Cs({p%b.a)la < |GL( = 1,q7)|%.

Proof. Let C = Cs({¢2 b, a)). From the fact that d # d, it follows that n > 3,

n#ny,q#9and|g—1|2 < %. Moreovera? >? € {a*!}. Let F be the algebraic
closure of the field with g elements.

Assume that a®*? = a. Then by the Lang—Steinberg theorem (see [8, Theo-
rem 2.1.1]) we have that (¢2b)? = ¢Z for some y € PSL(n, F), so that |C| <
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|CPSL(n,I,:)((¢%,ay))|. Now CPSL(nj)(¢%) = PGL(n,q%), and the result follows
by Lemma 10 because a¢” € InnDiag(PSL(n, q%)).
So we may assume that a®?? =g landrisodd. Let A, B € GL(n, F) be two

pre-images of @ and b, so that (4% 2 B)~! = £A for some £ € F. We may assume that
A is a diagonal matrix, and let Wy, ..., W; be the eigenspaces of A, with eigenvalues
Al,...,Ar. We have that ¢%B induces a permutation o of the eigenspaces of A,

because for every i the subspace Wf’jB is an eigenspace of A of eigenvalue & Al._l.
We may assume that 0 = (1,2,...,e1)(e1 + l,e1 + 1,...,€2) - (€f—1,...,€k)
is the product of disjoint cycles. Let us look at Wi + --- 4+ W,,. We choose a

m
basis wi,1,...,wp,; of Wi, so that w; » = wf’lz B is a basis of W, and in general
m
w;; = wf3 f_lf is a basis of W;. We do the same for the other cycles of o and with
respect to this basis B is a block diagonal matrix in which every block corresponds

I
to a cycle of o and is of the form ( 1)'
B;

Assume that M € GL(n, F) centralizes A. Then M is a block diagonal matrix

M,
. .. . M
and its restriction to Wy + - -- + W, is of the form > . . We have that
M.,
o7 B
Mg,
m
M¢%B — mP 2
m
M®?

e;—1

If M F* centrahzes ¢ % b in PGL(n, F) we have that AM ¢ 5 _ = M for some A.
So M, = AM;p fori > 1 and also

o (1=  ger'd
= ¢ = o= (TP 24t 2 ar0°1 2 B
M, =AM =A M .

So, once A is fixed, the choices for M; are at most |GL(%, pel%)|, by the Lang—
Steinberg Theorem applied to GL (%, F), and then all the matrices M; are determined.

0y (A F*
LetT = % N CPSL(n F)(¢ 2 b)
We have that |GL(}e’, 7)| < |GL(h, p 7)|. If o consists of at least two different

cyclesorifo = 1then|T| < |GL(n 1 q2)|and|T|2 |GL(n—1 q2)|2 whileif o
isacyclethen |T'| < |GL(%, p ¢3)| < |GL(n—1, p?)|and|T|, < IGL(%, p e%)|, <
|GL(n — 1, p%)ﬁ (all these inequalities follow by easy calculations).
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Now we note that |CPSL(n’ﬁ)((¢%b,a)) : T| € {1,r}, and if that index is r
then A has precisely r different eigenvalues and all the eigenspaces have the same
dimension . Moreover, as r is an odd prime which divides ¢ — 1, we have that
r< q% + 1. In this case, the inequality |GL(7, p¢?)| < |GL(n — 1, p2)| proves
that |C| < |GL(n — l,q%)|, and |C|, < |GL(n — l,q%)ﬁ, as claimed. O

Lemma 12. Let S = PSU(n, g?), where ¢ = p™ for some prime p, ¢ the Frobenius
automorphism and d = (n,q + 1). Let o be an automorphism of S of the form o =
¢2r*"na, where 1 < r divides 2m and a € InnDiag(S), and assume that |«" | divides
d. Ifr > 3 then |Cs(a)| < (d|S|)3. Ifr = 2andn > 5 then |Cs(a)| < (d|S])3
and |Cs (@) < (d|S])7.

Proof. Let F be the algebraic closure of the field F with ¢ elements and let G =
SL(n. F), G = PSL(n. F). We want to study Cg(¢™7) N Cg(¢ a), where
[p"7,a] = 1.

Assume that r is divisible by an odd prime. Then replacing ¢27ma with a suitable
power we may assume that r = 2s 4 1 is an odd prime, so that by the Lang—Steinberg
theorem ¢mr(¢27ma)_s = ¢’ tc is conjugate to ¢ * T and its centralizer in G is
isomorphic to PGU(n, q%), so it has order at most |PGU (n, q%)| < (d |S|)%.

Let now r be a power of 2; replacing ¢2Tma with a suitable power we may assume
that r is either 2 or 4 and that |@” | = 2° as an element of Aut(S), i.e. (¢2Tma)r = ¢z
where z € InnDiag(S) has order 2%, a divisor of d.

Let¢™ (¢ a)~% = ty. Then [y, ¢?"] = 1 and (ty)? = z~! has order 2°. We
have that Cz(¢™7) N Cg (g{)%a) =Cg (d)%a) N Cg(ry). By the Lang—Steinberg
theorem there exists x € G such that (¢27ma)x = ¢2Tm so that conjugating by x
we may assume that a = 1. As Cé(d)sz) = PGL(n,q%), we have that Cg() is
isomorphic to a subgroup of CPGL(n,q%)(ry), where y € PGL(n, q%) and (ty)? has
order 2°.

We now study the structure of CPGL na?) (ty), with the aim of bounding its order.

If (ty)? = 1 (this is certainly the case if p = 2), then 7y is a graph automorphism of
PGL(n, q%), its centralizer is well known and its order satisfies the required inequal-
ities. So we assume that ¢ is odd and 2° > 1. Let Y be a preimage of y in GL(n, q%)
and B = (tY)2. The minimum polynomial of B has simple irreducible factors; it
divides x2° — 1 and pu is either 1 or —1, since if A is an eigenvalue of B then also A~

is one. As the elements of CGL(n q%)(r Y') are exactly the isometries of the bilinear

form on the natural module V' over the field with q% elements given by the matrix ¥ !
with respect to a suitable basis, the structure of CGL na?) (tY) can be studied with the

methods of [16]. We note that the asymmetry o associated to the given bilinear form
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is represented by the matrix ¥ ~'Y' T = B~! and that if A is any matrix representing

an element of CPGL(n q%)(ry) then A centralizes B. If f is an irreducible factor of

the minimum polynomial of B~! let Vy be the f-primary component of the natural
module V', and let ns be its dimension. Let f* = xdeg f f (%). The dimensions of
V¢ and Vy« are the same and Vy = Vp« iff f* and f are associates. Set I7f =V
if V/ = Vp« and Vf = V¢ @ Vs« otherwise. Then V = &y I7f is the direct sum
of orthogonal B-invariant, non isomorphic subspaces. It follows that our isometry
group is the direct product of the isometry groups of the factors; upon conjugation
by an element of GL(n, q%) we may assume that B is in block-diagonal form, with
blocks Ef according to the decomposition V = @y I7f; then also Y has a similar
form, with blocks ff.

We now have a number of possibilities to discuss.

First, if f is self-paired of degree 1, then ‘L'Yf induces a graph automorphism of or-

der2onGL(n/, q%). Second, if f is self-paired of degree > 1, then CGL(n JEN (Ef)
=

is isomorphic to a subgroup of GL(%, q%), on which ¥ s acts as an automorphism
of order 2 that is not inner-diagonal. To see this, we note that B 7 18 diagonalizable in
GL(n, F), so if A is an eigenvalue of B 7, then 1 + B '+ is centralized by TYf if and
only if 1 +A71 = (14 1)L, It follows that rYf cannot centralize both / + B '+ and
I-B '+ Finally, in the remaining cases f and f* are not associate, ns is even and 124 f

induces an automorphism of order 2 on GL(n, q%). Moreover, if M = (M ! Mz)

is a matrix centralized by rff it follows easily that M = M| T so that the centralizer
of rff is isomorphic to a subgroup of GL(%, q%).

The bounds on |CPGL (n’q%)(ry)| and on the order of a Sylow 2-subgroup can be
deduced from these observations and some easy calculations. O

3. The special linear groups

Throughout this section we will have S = PSL(n,q), where ¢ = p™ for some
prime p. If n > 3 we have that Out(S) = OutDiag(S){(Inn(S)¢, Inn(S)t), where ¢
is the Frobenius automorphism and t is the automorphism induced on S by the
“inverse-transpose” automorphism of GL(n,q): (a; ;)" = (a;;)”"', while if n = 2
then Out(S) = OutDiag(S)({Inn(S)¢). Moreover, OutDiag(S) is cyclic of order
d=(n.qg—1),[{¢)| =m,|(r)] =2and [p,7] = L.

We will need the following technical results:

Proposition 13. Let G = Py X Py X --- X Pg be an irreducible nilpotent subgroup of
the general linear group GL(V, F), where dimp (V) = n, |F| = g, P; € Syl, (G)
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and p; | ¢ — 1. Then G is a subgroup of the tensor product Q1 ® Q2 ® -+ ® QO
where Q; € Syl, (GL(p]", F)) and dimp (V) = pi'--- pg*.

Proof. By induction on s. If s = 1 we have that G = P, is contained in a Sylow p;-
subgroup Q4 of GL(n, F). If n were not a power of p; then Q; would be reducible
(cfr. [18], Theorem 25.2) and so would P, contradicting our hypotheses.

Letnows > 1,and write G = H x P where H = P; x---X P;_jand P = P;.
Let V7 be an irreducible FH-submodule of V. Then V = Vi @ Vo ®--- D V4, a
direct sum of isomorphic F H-modules, is a homogeneous FH-module.

Let T = Endrpg (V7). By induction H is a subgroup of the tensor product 01 ®
02®---® Q51 where Q; € Syl, (GL(p;", F)) anddimp (V1) = pi' --- p;*7'. So
ifu = [T : F] from the fact that dimr (V1) = u dimg (V1) it follows that also u is a
{P1. ..., ps—1}-number. We have that M = Cq,-(v)(H ) is isomorphic to GL (¢, T'),
T = Endrgp (V) and V may be regarded as a T-vector space. Moreover P < M.
The maximal {p1, ..., ps—1 }-subgroup S of the multiplicative group T of the field
T commutes with H and P; replacing G with (G, S), we may assume that § < H.
As [T : Flisa{p1,..., ps—1}-number the F-algebra generated by S is T, and so
FH =TH.

Let A = Hompg (V1,V) = Homryg (V1,V); A is a T-space of dimension ¢,
with a T-base ay, ..., o such that @y = 1 and Vi; = V; ([1], Proposition (3.11)).
The map B — Bx (B € A, x € M) gives a faithful T-representation of M on A4,
and moreover M =~ GL7(A). In particular M contains a Sylow pg-subgroup Q
of GL7(A) such that P < Q. By replacing G with (G, Q), we may assume that
P =0.

Now V, considered as a T'(H M )-module, is isomorphic to V; @1 A4; if vy, ..., v,
is a T-base of V1, then {v;c;} is a T-base of V' and the action of HM is given by
(viaj)(gx) = viga;x (here g € H,x € M).

As|T| =qg* andu is a {p1,..., ps—1}-number, for every k > 0 the ps-part of
g¥* — 1 equals the ps-part of g¥ — 1, and so a Sylow p-subgroup of GL(z, F) is also
a Sylow ps-subgroup of GL(¢, T'). It follows that there exists a T-base f1,..., B:
of A such that the elements of P are matrices with entries in F'. Moreover the set
{viB;} is a T-base of V. Once we fix an F-base cy,...,cy of T, the set {cxv;} is
an F-base of V;. Moreover the set {cxv;B;} is linearly independent over F and has
urt = [T : F]ldimp(V; @7 A) = dimg (V') elements, so it is an F-base.

Finally, let B = )_ Ff;: we have that B is an F-space and an absolutely irre-
ducible F P-module and it turns out that V' is isomorphicto V1 ® r B asan F(H x P)-
module. O

Lemma 14. Let F be a field of order g and G < GL(n, F) be a nilpotent group such
that the primes dividing |G| divide also ¢ — 1. Then |G| < 2301 if g = 3, otherwise
|G| < (g — 1)"2" Y unless n = 2, q is a Mersenne prime and |G| = 2(g* — 1).
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Proof. 1If ¢ = 3 then G is contained in a Sylow 2-subgroup of GL(#n, 3) which has
order at most 2% ~1. So we may assume that g # 3.

G is completely reducible by Maschke’s theorem, so let us first assume that G is
irreducible. By Proposition 13 n = p;‘ -+ ps* where each p; divides ¢ — 1 and G is
isomorphic to a subgroup of the direct product Q1 x --- x Qg, where Q; is a Sylow
pi-subgroup of GL( pl.r ", q) (note that it could be r; = 0 for some 7).

If g =1 (mod 4) orif p; # 2 we have:

’:
1

ri piTi (AL gL rp Pl

i Di (1’1’ pirl) p; —

P; , "D Pl pli—
|0i] < |q — 1|p,- p; =g — 1|p,- pip <lg— 1|pi 27 1,

If p =2and g = —1 (mod 4), then we have:

ri—1 ri _
10il = (2lg +1]2)*" 22" 7L

1

Now assume that n = p; is a prime power. If p; # 2 org = 1 (mod 4) then

Gl <lg =105 1g = 12" =g =17 (g — D2" .

If pp =2,9 = —1 (mod 4), n > 2 then
5—-1,,—
Gl <lg+ 1hlg> =113 2" (g —1),

so that |G| < (¢ — 1)22"~. But in fact if ¢ is not a Mersenne prime or if n > 2
we have |G| < (¢ — 1)"2"~!. This is clear if ¢ is not a Mersenne prime. If g is a
Mersenne prime, it follows from the inequality (2(g + 1))2 < 2(g —1)"! that holds
forqg >7,n > 4.

Now assume that 7 is not a prime power. If n is odd or ¢ = 1 (mod 4) then

G| < (g — D™ @ DXE D < (g — 112,

If nisevenand ¢ = —1 (mod 4) (p; = 2) then (set m = max(2"1 7!, pgz, U 1A8))

r1—1 ory_ piri T
Gl <lg>— 15" 22" [T g = 1lp! 27771
p,‘>2

<(@—1D"lg+ 1 T2EET D < (g - DElg 4118272 < (g — )22,

In all these cases |G| < (g — 1)"2" 1.

Now assume that V' is not irreducible, sothat V = V; & --- @ V; where t > 1,
dim V; = n; and the V;’s are irreducible G-spaces. We have that G < [[ G, where
G; is the restriction of G to V; and |G;| < (g — 1)"/2" 1, unless n; = 2, g isa
Mersenne prime and |G, | = 2(¢? — 1). If ¢ is not a Mersenne prime or if n; # 2 for
all j then |G| < (g — 1)"2" L.
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Now assume that ¢ is a Mersenne prime and that the number of 2-dimensional
subspaces occurring in the decomposition of V' in irreducible subspaces is 4 > 1, so
that |G| < 2" (¢g2—1)" [T, 22(q=1)" 27" Ifh = Lthen ], L, (g—1)"2" " <
(g — 1" 22" 3 sothat |G| < (g — 1)"22"32(¢> = 1) < (g —1)"2"" L. Ifh > 2
then 2" (g2 — 1) < (¢ — 1)?#22"~1 and we get the same conclusion. O

Lemma 15. If F is a field of order ¢ and G < GL(n, F) is maximal with respect to
the conditions that G is nilpotent and the primes dividing |G| divide also g — 1, then

x | px _ _lG|
[(GF*/F*) NPSL(n,9)| = gii=my-

Proof. Maximality of G implies that G contains all the scalar matrices, so it remains
to prove that if r is a prime, r | ¢ — 1, then G contains an element x, such that det(x;)
generates the Sylow r-subgroup F* of F*. G is completely reducible, and it is
clearly enough if we prove the lemma when G is irreducible, so that Proposition 13
applies. Let F = (A) and assume that r { n. Then x, = A/ € G by maximality
of G and has the required property. Otherwise, in the notation of Proposition 13, by
maximality we have that G = 01 ® 0, ® -+ ® Oy, r = p; for some j and every
Sylow r-subgroup of GL( pjr:/ ,q) contains an element y, such that det(y,) = A, so
thatx, = [1® - -®y, ®---® I; € G has the desired property (here /; is the identity
matrix of GL(p.", ¢)). O

Lemma 16. There are at most A(n) PSL(n, q)-conjugacy classes of subgroups G <
PGL(n, F) which are maximal with respect to the conditions that G is nilpotent and
the primes dividing |G| divide also ¢ — 1, where A(n) is the number of partitions of n.

Proof. The preimage G of G in GL(n,q) is completely reducible by Maschke’s
theorem. Once we know the dimensions m; of the G-irreducible subspaces V; such
that V = Vi @ --- @ V; (there are at most A(n) possibilities), by Proposition 13 G is
completely determined up to GL(7, ¢)-conjugacy. By the proof of Lemma 15 we have
that if r is a prime, r |¢ — 1, then G contains an element x, such that det(x,) generates
the Sylow r-subgroup F* of F*, so G is actually unique up to SL(n, g)-conjugacy.
The result then follows easily. O

n2n—1)

Lemma 17. We have that |PSL(n,q)| > q 2, with the following exceptions:
() n=2 Ifqiseventhend = 1and |S| = q(¢> — 1) > %q3. If q is odd then
d =2and|S| = 3q(¢*> — 1) = 1¢°

@ n=3g=2d=1]S|>1"5%";
G)n=3g=4d=3|S=1"5";

_ _ . _ 1 n2n—1)
@YD n=3qg=7d=3|S|=259 = .

Proof. By direct calculation. O
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3.1. Proof of the theorem when S = PSL(n, q). WehavethatX = % < Out(S)x
(Out(S) 2 Sym(k — 1)) = Out(S)¥ x Sym(k — 1), where Sym(k — 1) acts trivially
on the first component of B = Out(S k. We shall prove that the number of S-orbits
of homomorphisms X — Aut(S) as in Proposition 1 is smaller than | S |¥.
Let D = OutDiag(S)*, ® = (Inn(S)¢)*, I' = (Inn(S)7)¥.

Case 1: X N ®D = 1.
In this case X < C, ¢ Sym(k) is k-generated by Lemma 4, so we conclude by
Lemma 3.

Case2: XN®D #1,XND = 1.

In this case X N B is isomorphic to a subgroup of B/ D = ® x I, which is abelian,
and X is isomorphic to a subgroup of ({(¢) x (t)) 2 Sym(k).

We recall that X < (Out(S;) x---x Out(Sk)) x Sym(k — 1), so that every element
of X N ®D is a k-tuple of elements of Out(S). Let Inn(S)¢’a € Out(S) such that
t < m, a € InnDiag(S) and Inn(S)¢'a is of maximal order among the entries of
this form of the elements of X N ®D. As H acts transitively on the components
of N, we may assume that Inn(S)¢a is the first entry of some z; € X N ®D. If
|Inn(S)¢’a| > |Inn(S)¢!| then 1 # zllhm(s)q’t| € X N D, a contradiction. It follows
that |z1| = |¢’|. By Proposition 1 we have that ¢(z1) = ¢’as forsomes € S (here we
identify S with Inn(S)) so |¢(z1)| = |¢’| and by Lemma 9 |Cs(¢(z1))| < (d|S|)|d>17tl.

There exist elements z5, ..., zo; € X N B such that the set Z = {z1,..., 2ok}
generates X N B, then by Lemma 4 we need to add to Z at most % more elements
to obtain a generating set X of X. Let us now count the choices for ¢(z;), up to S-
conjugacy. If ¢p’asy, ¢p'as, are two such choices, by the argument above |¢p’as;| =
|p?as,| = |@'], so by [14, Proposition 1.1] they are PGL(n, g)-conjugate, and as we
are counting S-orbits the choices are at most |PGL(n,q) : S| =d. As [zj,z1] =1
for every j = 2,...,2k by Lemma 2 with T1= (z1) we have that the choices for

each ¢(z;) are at most |Cs(¢(z1))| < (d|S])1#’I. Again, all the remaining elements
x € X normalize X N B so by Lemma 9 with T = X N B the choices for p(x) are

_ 1
at most |Cs(¢(X N B))| < |Cs(¢(z1))| < (d|S|)14"1. So the number of conjugacy

1 (5p_
classes of complements of N in H is at most d(d|S|)\¢’\(2k D < |S)* = |N|if
'] > 4. ~

Assume now that |¢!| = 3. Then X N B is k-generated and as z; is fixed we

may assume that |Z| = k + 1 and arguing as above we obtain that the number of con-
jugacy classes of complements of N in H is at most d(d|S|)%(%k) < |S|%+%+% <
|S|¥ = |N|, fork > 2.

Assume now that |¢?| = 2. Then X N B is a 2-group, so that ¢(Z) will be
contained in a Sylow 2-subgroup P of Inn(S )o(X N B), which is unique up to
S-conjugacy. The choices for ¢(z1) are at most | PNS| < |S|% We now use Lemma 2
and we have that the choices for the remaining ¢(z;)’s are at most |Cs(¢?) N P].
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We may also assume that n > 2, as otherwise X NBis elementary abelian of rank k
and we argue as in case 1. Sod < |S|% and |[Cs(¢") N P| = |Cs(p")]2 < |S|4 it
follows that |P N S||Cs(¢") N P21 (d|S|)25 < |S|#+5+%+5 < |S|k fork > 2
and this concludes the proof for this case.

Case3: XNB=XND #1.

Ifg =3orifn = 2then X — C,? Sym(k) is k-generated and we conclude as
in case 1.

Let Z be a set of k generators of X N D. As X N D is abelian, ¢(Z) is contained
in a maximal nilpotent subgroup G of PGL(n, ¢) (here we identify PGL(n, ¢) with
t(PGL(n, ¢))). As the primes dividing | X N D | are also divisors of ¢ — 1 by Lemma 16
there are at most A (1) choices for G, up to PSL(n, g)-conjugacy. The preimage G
of G in GL(n, g) is a nilpotent subgroup of GL(n, ) satisfying the hypotheses of
Lemma 15 so by Lemmas 14 and 15 it follows that |G N S| < (g — 1)*~12"~1,

Thus there are at most A(n)(g — 1)¥*=D2k@=1 chojces for ¢(Z).

Moreover, as ¢(Z) contains a non trivial dlagonal automorphism of S andn > 3,
by Lemma 10 we have that |Cs(¢(Z2))| < W|S|

By Lemma 4 we need to add to Z at most 5 elements xq, ... s Xk | to obtain a

generating set for X and by Lemma 2 with T = X N B the choices for each ¢(x;)
are at most |Cs(¢(2))| < W|S|

Therefore the number of conjugacy classes of complements of N in H is at most

k
A00((g = "2 R (s 1S1) T < IS IK as A <27

Case4: X N®D =X N D # 1.

The abelian group X N D has exponent dividing d and is generated by a set Z of
order at most k; as X/X N D = X/X N ®D — C, ? Sym(k) is k-generated, we
may assume that a generating set for X is of the form Z U {x1,..., xx}.

Assume that X N D is an r-group for some prime 7. Then ¢(Z) will be contained
ina Sylow r-subgroup P of Inn(S)¢(X N D), which is unique up to Inn(S)-conjugacy.
By Lemma 2 ii) the choices for ¢(Z) are at most |P N S|¥ < (%(q — 1)”_12”_1)k
if g # 3 and n # 2 and at most 2(3n-3)k if ¢ = 3 (see Lemmas 14 and 15), while if
n =2wehave |P NSk < (qg+ .

Assume now that there are at least two different primes dividing |[X N D|. Then
d > 6,n>6,qg > 7. We have that ¢(Z) is contained in a maximal nilpotent
subgroup G of PGL(1, ¢) and by Lemma 16 there are at most A(n) choices for G,
up to PSL(1n, ¢)-conjugacy. Also, by Lemmas 14 and 15 it follows that |G N S| <
((] _ l)n—lzn—l

Again, by Lemma 2 with 7 = X N B and by Lemma 10 the choices for each
@(x;) are at most |Cs(¢(2))| < W|S| ifn > 3 and at most g + 1 if n = 2.
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In all these cases an easy calculation shows that the number of conjugacy classes
of complements of N in H is smaller than |S|¥, as required.

Case5: X N®D > X ND # 1.

Let Z be a generating set of X N D of order at most k; we may also assume that
1 # t(z1) € InnDiag(S) for some z; € Z.

As before, we recall that X /S < (Out(S7) x---x Out(Sk)) x Sym(k — 1), so that
every element of X N ®D is a k-tuple of elements of Out(S) of the form S¢*x, with
x € InnDiag(S). Let Inn(S)¢’a, with a € InnDiag(S), be an entry of an element of
X N ®D such that |¢?| is maximal. As H acts transitively on the components of N,
we may assume that Inn(S)¢’a is precisely the first entry of some y; € X N ®D.

There are suitable elements y,, ..., yx € X such thatthe set ¥ = {y,..., yx}
generates X N®D modulo X N D, and thenas X /X N®D < C, x (C22Sym(k—1))
is k-generated, a generating set of X will be of the form X = ZU ¥ U {x,....x¢},
where x| generates (X /X N ®D) N C, (i.e. the intersection with the first component
of the direct product).

Assume that |¢?| > 4. Given ¢(X N D), by Lemma 2 w1th T = X N B and by
Lemma 10 the choices for ¢(y1) are at most |Cs (¢(Z))| < W |S|. Then again
by Lemma 2 the choices for the images of the remaining elements of X are at most
Cs(@(y)l;asg(y1) = ¢'ax forsomex € §,byLemma9 |Cs(¢(y1)| < (d|S])*.

By Lemma 14, Lemma 15 and Lemma 16 we have that the number of conjugacy
classes of complements of N in H is at most

N i A N Lk
(A(m) ( y ) =TT S1ISh (%)

Here ¢ = 1if there are at least two different primes dividing IX N D|and e =0
if X N D is an r-group for some prime r. The expression in (%) is strictly less than
|S|¥. This is easily checked if n = 2. If n > 2 to reach the conclusion we use the

inequality q% < |S| from Lemma 17 and, if ¢ = 1, the information that d > 6,
n>64g=>2% An)<2" L

If |¢!| = 3 then by Lemma 6 X/X N D < Cg Sym(k) is k-generated and we
argue as in case 4.

So from now on we will assume that [¢?| = 2 and that X N B > X N ®D, as
otherwise X /X N D < C, 2 Sym(k) and we could argue as in case 4. In particular
n>2.

First we assume that X N D is not a 2-group. As X N B is supersolvable, X N D
contains a cyclic subgroup (a;) of order an odd prime » which is normal in X N B,
and we may also assume that ((a;) ¢ Inn(S) and thata; € (z1), where z; € Z. Also,
XNB = (XND)L,where Lisa Sylow 2-subgroup of XN B, and we may also assume
that ¥ U {x;} € L and that ((y1) € ¢2 InnDiag(S), where y; € ¥. By Lemmas 14,
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15 and 16 the choices for ¢(X N B) are at most ()L(n))e((q — 1)”_12”_1/d)k, where
gisasin (x).

Again, we have that (L) < P, where P is a Sylow 2-subgroup of ¢(L) Inn(S).
The choices for P are at most |¢(L) Inn(S)/P| = |S|/|S N P| and the choices for
@(y1) are at most | P N CS((p(al))| |S N P|. Now we can apply Lemma 11, and

(dISI)2

we note that |GL(n — 1, ¢ 3 )| < . Moreover, by Lemmas 2 and 11 the choices

k
foro({y2,..., Y&, X1}) are at most ((‘”SD : ) and the choices for the images of the

k—1
remaining generators are at most ((‘;ls )2 ) . First assume that k > 4 and ¢ # 4,

so that 2 < q% — the missing cases will be dealt with using ad hoc arguments.
We obtain that the number of conjugacy classes of complements of N in H is at
most

‘ - (d|S]?) 3=

If X N D is an r-group we have that

k—1

NI

1)4 n 1
qzk(" 1)

<|S|3F3 (g — )ik < |5|8F+3 < |S|F,

< q4k(n 1)|S|4k+£ (q

d

3 1
as (g — 1) < |S|8 forn > 3.
If there are at least two different primes dividing | X N D | the result follows because
d>6,n>6An)<2"1< q%(”_l) < |S|Tl4 and (g — 1)% < |S|%.
Here are the arguments for the exceptions:
Ifk =2then X < B.
In case X N D is an r-group we have

d|S
(g =02 Darys) (N DYE st - 1ytad <P

as d%(q -l < |S|% for n > 4, while if n = 3 then we need the sharper bound
(g — 1)? for the order of a Sylow 3-subgroup of S.

If k = 2 and there are at least two different primes dividing |X N D| the result
follows because 2"~1d 3 (¢ — 1)"~! < |S|3 forn > 6.

If k = 3 we assume that L is a Sylow 2-subgroup of X and that x; € L, so
the number of choices for ¢(X) is at most that of the case k = 2 multiplied by

(g — 1127 1(d|S|)2 < (g —1)Fe-D+3 513 < 5],
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If g =4then3 < |S |$ and the choices for each generator of o(X N B) are at
most the order of a Sylow 3-subgroup P of PSL(n, 4), which is at most 3%(”_1), and
the result follows in the same way (for k = 2 it is also necessary to take into account
that |P| = 9 when n = 3).)

Now assume that X N D is a 2-group. Then X N B is a 2-group so that
¢(X N B) < P, where P is a Sylow 2-subgroup of ((X N B)Inn(S), which is
unique up to Inn(S)-conjugacy. Moreover, as X /X N ®D < C, x (C, 2 Sym(k)),
we may assume that xp, ... LXTE € X N B (here Pﬂ denotes the least integer

greater or equal kto %). Then the choices for ¢(Z U {y;}) are at most |P N Sk+1 <
n— n— +1
(%) . Then by Lemma 2 fori = 2, ..., k the choices for ¢(y;) are at

most | P N Cs(¢(»1))| < |GL(n.¢2)|» < (g2 — 1)"2"~1, and again by Lemma 2
with T = X N ®D for each of the remaining ’%-| + 1 generators the choices are at

most (d|S |)% (see also Lemma 9). So the number of conjugacy classes

((q _ 1)n—12n—1

ket 1 3k—1 1k
) @) s

< ((C] o 1)%n2%(n—1))k+l|s|§
< (g — nEEDg)E

k
< |S|%(k+1)+z < |S|k

for k > 2.

4. The unitary groups

Throughout this section we will have S = PSU(n, ¢?), where ¢ = p™ for some
prime p and n > 3 (n = 2 is covered by the previous section). Then Out(S) =
OutDiag(S)({Inn(S)¢), where ¢ is the Frobenius automorphism. Furthermore,
OutDiag(S) is cyclic of order d = (n,q + 1) and |{(¢)| = 2m. As usual, we
have that X = % < Out(S)* x Sym(k — 1), where Sym(k — 1) acts trivially on the
first component of B = Out(S)*. Let D = OutDiag(S)* and ® = (Inn(S)¢)*.

To prove our theorem for unitary groups we imitate as closely as possible the
argument of the previous section.

If XN B = 1, then X embeds in Sym(k — 1), it is %—generated and the conclusion
follows from Lemma 3.

If XN D =1% XN B, then X is isomorphic to a subgroup of (¢) 2 Sym(k). If
the exponent of X N B is 2, then X is k-generated and again Lemma 3 applies. So
we can assume that the exponent of X N B is at least 3. We choose — as in case 2
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of the proof for PSL — an element z; € X N B with the property that the order
of its first coordinate is maximum among the orders of coordinates of elements of
X N B. We then choose z5, ...,z sothat (z1,2z5,...,2zx) = X N B and wy, S WE

such that wy(X N B), ..., wg(f N B) generate X /(X N B). A homomorphism ¢

as in Proposition 1 is determined by the images of z; (certainly less than |.S| pos-
sible choices), of z,, ..., zx which by Lemma 2 are determined modulo Cs(¢(z1)),
and of wy,...,w K that are also determined modulo Cs(¢(z;)). By Lemma 12

|Cs(p(z1))] < (a’|S|)%. It follows that we have less than |S|(d|S|)%(k_1+%) <|S|*
possibilities for ¢, up to S-conjugation.

So assume that X N D # 1. We want to estimate the number of S-classes of
homomorphisms ¢ as described in Proposition 1; we first discuss their restriction
to X N D that is abelian of exponent dividing 4 and generated by some set ¥ of
at most k elements. If the order of X N D is a prime power, then ¢(X N D) will
be contained in a Sylow subgroup R of Aut(S) and the image of any y € ¥ is
determined modulo RN S: at most |[RN S |k possibilities. Lemma 8 gives the bound
[RNS| < |S] 2, and better estimates are available for some specific cases that we need
consider. In the general case ¢(X N D) will be contained in a nilpotent subgroup
N of PGU(n, ¢?) of order coprime to p. From [19, Lemma 2.4] it follows easily
that N < NPGU(n,qZ)(T) for some maximal torus T of PGU(n, ¢?). The number of
S-conjugacy classes of maximal tori of PGU(n, ¢?) is A(n), so we have at most A(n)
choices for N, up to S-conjugation, and then the choices for ¢(y) for every y € ¥
are at most |N N S| < n!%.

This is enough to conclude in the case X N B = X N D. Namely, choose a
set ‘W of minimum cardinality s generating X modulo X N B; as X /(X N B) is
isomorphic to a subgroup of Sym(k — 1), s < L%J ifk #£4,s <2ifk = 4.

The image of any w € ‘W will be determined modulo the centralizer in S of a non
|S|d

trivial diagonal automorphism, whose order is at most P It follows that the
k
number of S-classes of ¢’s is smaller than |S|% (%) * < |S|* if X N D has

prime power order; and that

A(n)(n!

@+ [ ISld\% it krclk
: )(qn_l(qn_l)) < (g + 1" 'S

otherwise. Since now n > 4 this last number is < |S|¥.

Let us now assume that 1 # XND<XNB. Letzy, ... , Z be generators of
X N B modulo X N D, where z; has been chosen such that z; (X N D) has maximum
order in (X N B)/(X N D), and that this is the order of its first coordinate.

For the moment we will also assume that the exponent of (X N B)/(X N D)
is at least 3 (so that ¢ is not a prime), and that n > 6. If ¢ is already defined on
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X N D, then ¢(z;) is determined modulo the centralizer in S of a non trivial diagonal
automorphism, whose order is at most %. And then the images of z5, . . ., z,
as well as the images of the generators in ‘W as described above, will be determined
modulo Cs(¢(z1)). As ¢(z1) = ¢'a for some a € InnDiag(S) and |¢’| > 2, we
know from Lemma 12 that |Cs(¢(z1))] < (d]|S |)%. It follows that the number of

S-classes of ¢’s is smaller than

(g + D! |S|d
MM( d m)q“WW—D

AsA(n) <2" Vs < |55 ]ifk # 4ands < 2ifk = 4,and (¢ + 1)""'n! < IS|3
when n > 6 and g > 4, this number is smaller than |S |k )

Assume now that the exponent of (X N B)/(X N D)is2and thatn > 6andgq > 5.
Suppose that ¢ is already defined on X N D. Supersolvability of X N B implies that
some non identity cyclic subgroup (1) of X N D is normal in X N B and we may also
assume that the first coordinate of u is non trivial. We choose generators z1, . .., zx of
X N B modulo X N D in some Sylow 2-subgroup of X N B, and we may assume that
the first coordinate of z; has the form Inn(S)a where « = ¢™a, a € InnDiag(S),
while the first coordinates of z5, .. ., zx are in OutDiag(S). The images of zy, ..., z
will lie in a Sylow 2-subgroup P of the normalizer in (o, InnDiag(S)) of (¢(u));
such Sylow subgroups are all conjugate under Ciynpiag s (¢ (1)), so their number is
at most d|Cs(¢(u))|/|Cs(¢(u))|2. Then the image ¢(z;) is determined modulo
P N Crns(e(u)), while ¢(z2), ..., ¢(zx) are determined modulo P N Cpy, s (9(21)),
and finally the images of generators in ‘W as described above, will be determined
modulo Cs(¢(z1)). From Lemma 12 we obtain the bounds |Cs(¢(z1))| < (d|S|)%
and |Cs (p(z1))|2 < (d|S])7.

It follows that the number of S-classes of ¢’s is smaller than

@+ N\ |s|a?
A(”)( d ’”) @ D)

As A(n) < 271 5 < [kT_lJ ifk # 4,and (¢ + )" !n! < |S|% whenn > 6
and ¢ > 5, this number is smaller than |S|¥ unless k = 3,5 = lork = 4,5 = 2.
A small modification of the argument allows to reach the same conclusion also in
the two remaining cases: we need one generator w; (respectively, two generators
w1, wy) for X /X N B which is isomorphic to Sym(2) (respectively, Sym(3)), but the
difficulty is overcome by choosing z1, . . ., zx, w; to lie in the same Sylow 2-subgroup
of (X N B, wy).

At this point we are left with a list of small cases in which the ‘generic’ argument
breaks down: n < 6 when X N D # 1 and the exponent of (X N B)/(X N D) is
greaterthan2;n < 6orq < 5when X N D # 1 and the exponent of (XN B)/(X N D)
is 2. The additional arguments required to deal with these cases are sketched below.

k

(d|S|)%(k_l+s).

(d|sFEDT3s,
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When 7 is one of 3, 4, 5, X N D # 1 and the exponent of (X N B)/(X N D) is
greater than 2 we have that X N D is a 3-group (a 2-group, a 5-group, respectively), so
that (X N D) is contained in a Sylow subgroup R (for the relevant prime) of Aut S
and there are at most | R N S| possible choices . The conclusion follows, since the
orders of these Sylow subgroups are strictly smaller than | S| 3.

Similar considerations apply if X N D # 1 and the exponent of (X N B)/(X N D)
is 2, for almost all the remaining cases. Namely, if eithern = 5orq = 4thend =5
and a Sylow 5-subgroup of S has order smaller than |S| I Ifn=4or q = 3 then
X N B is a 2k-generated 2-group and ¢(X N B) is contained in a Sylow 2-subgroup
R of Aut S, so that its contribution is at most |[R N S |2 < |S|%k (since | S|, < |S|%);

then we have % more generators, whose images are determined modulo Cs(¢(z1))

that has order at most |S|%. If g = 2 orn = 3 and the exponent of (X N B)/(X N D)
is 2, then X is isomorphic to a subgroup of Sym(3) 2 Sym(k). Infact,3 =d | g + 1
implies that ¢ = p™ with m odd, Out(S) = OutDiag(S){Inn(S)¢™) x (Inn(S)¢?),
OutDiag S (Inn(S)¢™) = Sym(3), X N Z(B) = 1and X is isomorphic to a subgroup
of (Out(S)/Z(0ut(S)) 2 Sym(k) = Sym(3) ¢ Sym(k). It follows that X is either
k-generated or k + 1-generated with k generators mapping into a Sylow 3-subgroup
whose order is strictly smaller than | S| 3.

5. The groups D;(q)

In this section S will be a simple group of the form D;(g) withg = p™ and ! > 4.
In this case Out(S) = H x C where C is a cyclic group of order m and H is
isomorphic to a subgroup of Sym(4). More precisely C = (Inn(S)y) where v is
a product ¢t with ¢ a field automorphism and t a graph automorphism if p = 3
mod 4, [ is odd and m is even, i is a field automorphism in all the other cases.
Finally Out(S)/ OutDiag(S)C =~ Sym(3) if [ = 4, |Out(S)/ OutDiag(S)C| = 2
otherwise. Our first task is to estimate |Cg(«)| for o € (¥, Inn(S)).

Lemma 18. Ler o € (Y, Inn(S)) be an automorphism of order e. Then |Cs(a)| <
2le—3
|S| e2le—4)

Proof. By direct calculation. O

We also need information on generators for permutation groups of a very special
form:

Lemma 19. Let G be a subgroup of Sym(4)? Sym(k) with transitive projection on
Sym(k), and let H be the stabilizer of 1 in the action of G on the blocks. Denote by B
the base subgroup of Sym(4)2Sym(k), by A its subgroup Alt(4)*, by D the subgroup
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O>(B). Assume that H N B is neither a 2-group nor a 3-group and that H N D # 1.
If H is not k-generated, then d(H) = k 4+ 1, and H is one of D - diag Sym(3),
D - diag Alt(3), A - diag(C»).

Proof. We note that no non trivial element of H N D is central in H N A: if d =
(di,....dr) e HN D withd; # 1andc = (c1,...,cx) € H N Ais an element of
order 3, we can find a G-conjugate ¢’ of ¢ whose j -coordinate ¢} # 1,and [c’,d] # 1.

Assume that d(H) = [ > k. H has a factor group H/N such thatd(H/N) =1,
itssocle M/ N isadirect product of H -equivalent chief factorsof H and Cy (M/N) <
M . We first discuss the case when d(H /(H N D)) < k. M/ N isa2-group: otherwise
HND < Cyg(M/N),hence HN D < N and H/N would be k-generated, a
contradiction. Similarly we exclude the possibility that a 2-chief factor of H above
H N D is isomorphic to one of the chief factors contained in M/N: we would get
HNA<Cyg(M/N),sothat HN A< N andd(H/N) < k, a contradiction.

We are left with: M/ N is the direct product of k non central chief factors H -
isomorphic to chief factors contained in D. As D is self-centralizing in Sym(4) ?
Sym(k), we get D < H and H/D isomorphic to a subgroup of Sym(3), so that H
is one of D - diag Sym(3), D - diag Alt(3).

Suppose now thatd(HD/D) > k. By Lemma6 HD/D > A/D; more precisely,
HD/D = (A/D)(Dg) where Dg is an involution inverting A/D. But HD > A
and H N D # 1 imply that H N D contains one of the factors of D, and transitivity
of G then gives D < H so that finally H = A - diag(C>). O

After these preliminaries, we move to the proof of our theorem. We have X <
Out(S) ¢ Sym(k); more precisely, we have a subgroup H of Out(S) : Sym(k) with
transitive projection on Sym(k), and X is the stabilizer of the first coordinate. In
the base subgroup B of Out(S) 2 Sym(k) we single out the subgroups ¥ = C* and

= (OutDiag(5))*. We will show that the number /4 of S-orbits of homomorphisms
X — Aut(S) as in Proposition 1 is smaller than |S|¥.

Case 1. X N #£ 1.

Let e be the exponent of X N'W. We take generators fi, ..., fx of X N'¥ with the
property that f; has first coordinate of order e. By [14, Proposition 1.1], the image
of f1is S-conjugate to an element « of (i, Inn(S)) or order e. We select the images
of f...., frin Cs(a). As X /X N'W < Sym(4) 2 Sym(k), to generate X we need
at most 2k more elements; their images are determined modulo Cs (). The number
h is then at most |Cs (o) 3%,

If ¢ > 4 we have 6(2211“; 34) Bk —-1) <k.

If e = 3 we choose the images of the f;’s in a fixed Sylow 3-subgroup T of Cs (&),
and we have |CS (a) T| choices for it. By Lemma 8, |T'| < |Cs(«)|'/2. Hence & is
at most |S|359( 242k+1) |51k,

If e = 2, then X/X NV is 2k-generated (it is isomorphic to a subgroup of
Sym(4) 2 Sym(k)), and its quotient X/X N WD isomorphic to a subgroup of
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Sym(3) ¢ Sym(k), is k + 1-generated. We choose generators for X: f’s as above,
k — 1 more elements in WD, k 4 1 more to generate X modulo X N WD. The image
of f1 is given; we choose a Sylow 2-subgroup T of Cs(«) (among < |Cs(x) : T|
possibilities); f>, ..., fx will be mapped into T', the images of the remaining k — 1
generators from WD are determined modulo 7'; and finally, we have to choose images
for k + 1 more generators, that are determined modulo Cg (). If ¢ is odd, we check
that |T| < |S|¢, hence h is at most |S|238 +6@k=3)| |55 ¢+ < ||k for k > 2.
If ¢ is even, by Lemmas 8 and 9 we have a weaker bound, |T| < |S |%, but in that
case D = 1 so we do not need the k — 1 generators in WD \ D and the number 4 is
at most | S| 73 +1*=2)| g5 K+ < S|k for k > 2.

Case2. X NV = 1. B
As an abstract group X < Sym(4) ¢ Sym(k) is 2k-generated.

2.1. X N B is a 2- or a 3-group.

Let X N B be a 2-group. If g is even, then OutDiag(S) = 1 and X N B is a
2-subgroup of Sym(3)¥; hence X is isomorphic to a subgroup of Sym(2) 2 Sym(k)
and can be generated by k elements. So we may assume g odd. We can generate X
with s generators in X N B and ¢ more elements coming from generators of X /X N B,
t < ’%, s+t < 2k. The generators in X N B will be mapped into a Sylow 2-subgroup
P of Aut(S), which is uniquely determined up to conjugacy by inner automorphisms
of S. Once P is fixed, the image of each generator in X N B can be chosen in at most

[PNS| <|S |% different ways. So the S-orbits on the set # of Proposition 1 are
fewer than | S|3|S|’; the worst case is = %, = 3k soin any case |S|3|S|* < |S|*.

Let now X N B be a 3-group. X can be generated with k elements of X N B and
k

5 coming from generators of X /(X N B). It is enough to note that the k elements of

X N B will be mapped into a Sylow 3-subgroup P of Aut(S) and that [P N S| < |S |%
by Lemma 8.

From now on we will assume that X N B has both 2- and 3-elements. This is
possible only if [ = 4.

22.XNDV¥ =1

As an abstract group X < Sym(3) 2 Sym(k), and we can assume that X is not k-
generated. By Lemma 6 X = Alt(3)*-(g) where g is an involution inverting Alt(3)*.
Hence X can be generated by k + 1 elements ay, ...,ay, b with the property that
(ai,...,ay)isaSylow 3-subgroup of X . Thisimplies thatay, . .., ax will be mapped
into a Sylow 3-subgroup P of AutS. Once P is fixed, the image of each a; can be
chosen in at most |P N S| < |S |% different ways (here we use again Lemma 8). So

the S-orbits of homomorphisms are at most |.S | 5 IS| < |S|k.

23.XNDV #1. ~ ~
It easily follows that X N D # 1 (which implies that ¢ is odd): if df € X with
deD, feW f#1,inX N B there is a 3-element g that does not commute
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with d and [g,df] = [g.d] € X N D.

Assuming that X is not k-generated, its structure is described by Lemma 19. We
take generators of X in the following way: d;; € D acting on S as a non inner
automorphism, we split D into X -modules D X --- x Dy with di; € D, we take
a second generator d5 of D1, da, ..., d; module generators of the other D;’s, ¢y of
order 3 not centralizing d11, 2, ..., such that (cy, ..., cg) is a Sylow 3-subgroup
of X, z a 2-element.

We first choose ¢(d11): 2 choices, up to conjugation. We then fix a Sylow 2-
subgroup T of C(¢(d11)) (this is the centralizer in InnDiag(S)) and choose the
images of the remaining d;’s in 7. We fix a Sylow 3-subgroup R of the nor-
malizer of ¢(D1) in Aut(S): the images of the ¢;’s are determined modulo R N
C(p(di1)) N S; the image of z is also determined modulo 7' N S. As the possibilities
for T are at most |C(¢(d11))|/|C(¢(d11))|2 and the possibilities for R are at most
|C(p(d11))|/1C(¢(d11))|3, the number A of S-orbits of homomorphisms will be at
most

2+ |Clp(di))* - 1C(e(di1)]5 - 1C(e(di)]5 "

The possibilities for ¢(d11), i.e. representatives of the conjugacy classes of non
inner diagonal involutions, are listed in the Table 4.5.1 of [8] together with their

centralizers. We can check that in all cases 2 - |C(¢(d11))|? < |S|%, |C(p(d11))]2 <
|S|% and |C(¢(d11))]3 < |S|%. It follows that / is at most

5,1 1
|S|Z+§k+z(k—l) < |S|k

6. The remaining simple groups

As in the previous cases, X < Out(S)¥ x Sym(k — 1); let D = OutDiag(S)* and
B = Out(S)*. In all the cases OutDiag(S) is a cyclic r-group (with r = 3 if
S € {Es(q),?> E¢(q)} and r = 2 otherwise). We will show that the number of orbits
of S on the set # of homomorphisms X — Aut(S) as in Proposition 1 is smaller
than |S|*.

Casel. XND=XnNB.

We can generate X with k generators in X N B and % more elements coming
from generators of X /X N B. The generators in X N B will be mapped into a Sylow
r-subgroup P of InnDiag S, which is uniquely determined up to conjugacy by inner
automorphisms of S. Once P is fixed, the image of each generator in X N B can be
choseninatmost |P NS| < |S |% different ways. So the S-orbits of homomorphisms
are fewer than | S |¥.

Case2. XN D < X N B.
2.1. S ¢ {Es(q).*E6(q)}.
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We choose X1, ...,Xx, generating X N D, yi,...,yp generating X N B mod-
ulo X N D and zy,..., 2z, generating X modulo X N B. Since OutDiag(S) and
Out(S)/ OutDiag(S) are cyclic groups, a < k,b < k and ¢ < % The generators in
X N D will be mapped into a Sylow 2-subgroup P of InnDiag(S), which is uniquely
determined up to conjugacy by inner automorphisms of S. Once P is fixed, the im-
age of each generator in X N B can be chosen in at most |P N S| different ways.
Let e be the exponent of X N B/X N D. We can choose y; with the property that
|y1(X N D)| = e, and that e is also the order of its first coordinate. The image
a of y; is an automorphism of S of order ¢ modulo InnDiag(S). The images of
Y2,.es ¥b> 21, .., Zc are determined modulo Cs(«). So the S-orbits of homomor-
phisms are at most © = |P N S|"k|S||CS(a)|%_1, withn = lifgisodd, n =0
if g is even.

If S € {B;(q),Ci(q), E7(g)}, then it can be easily checked that 2| P N S| < |S|%
if ¢ is odd (if ¢ is even [P N S| < |S|2 by Lemma 8) and |Cs(a)| < (2|S])%.
Ife > 3, then u < |S|¥;if e = 2, then X N B is a 2-group so we have at most
|P N S|KO+D|C (oc)|% < |S|* possibilities for the images of our generators.

IfS = 2D;(q), then4|PNS| < [S|3 ifgisodd, |Cs()| < (4]S])¥ ife ¢ {2, 4},
|Cs ()| < (4|S|)% if e = 4. If e # 2 we conclude as in the previous case; if
e = 2 then, by Lemma 6 and Lemma 7, X can be generated by k(1 + 1) elements
and at least k(% + n) are mapped into a Sylow 2-subgroup, so we have at most

|P N S|%+’7|S|§ < |S|¥ possibilities.

If S € {G2(q). Fa(q), Es(q).? B2(q),>G2(q),* Fa(q).> D4(q)}, then we have
OutDiag(S) = 1, so a = 0, the choices for « are fewer than |S| and the image of
each of the remaining % —1 elements is determined in at most | Cs () | different ways.

If e is not a prime power, then |Cs ()| < |S| > and the choices for our homomorphism
are fewer than |S||S|%(%
Y1....,yp are mapped into a Sylow r-subgroup so we have at most | S|¥|S |% <|S|*

possibilities.

22. 8 = Eq(q).

In this case |OutDiag(S)| = (3,9 — 1) and Aut(S) = (¢, 7, InnDiag(S)) with ¢
a field automorphism of order m and t a graph automorphism of order 2. Let
® = (Inn(S)¢)*. We choose xi,...,x, generating X N D, yq,...,y, generat-
ing X N D® modulo X N D and z1,. .., z. generating X modulo X N D®. Clearly
a <k,b<kandc < k since X/(X N D®) < C,? Sym(k). The generators in
X N D will be mapped into a Sylow 3-subgroup P of Aut(S), which is uniquely
determined up to conjugacy by inner automorphisms of S. Once P is fixed, the im-
age of each generator in X N B can be chosen in at most | P N S| different ways.
Let e be the exponent of X N ®D/X N D. We can choose y; with the property that
|y1(X N D)| = e, and that e is also the order of its first coordinate. The image «

1 < |S|*. If e is power of a prime r, then the generators
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of yj is an element of (InnDiag(S), ¢) with order e modulo InnDiag(S). The images
of y2,...,Vp,21,..., 2z are determined modulo Cg (o). So the S-orbits of homo-
morphisms are at most & = |P N S|"%|S||Cs ()|, with n = 1 if 3 divides
q — 1, n = 0 otherwise. It can be easily checked that 3|P N S| < |S|% if p #£3
and |Cs ()| < (3|S|)é. If e > 4, then < |S|¥. If e = 3 it suffices to notice that
also the images of yi,..., yp can be chosen in P. Now assume e € {1,2}; in this
case X/X N D < (C; x C3) x Sym(k — 1), so we may choose our generators with
the following further property: there exists d < ¢ suchthatc —d < (k —1)/2 if
k#4,c—d <2ifk = 4and (y1,...,¥p,21,...,2q) is contained in a Sylow
2-subgroup of X N B. If e = 2, then the elements Viseoes VbrZ1, .-+ Zq are mapped
into a Sylow 2-subgroup Q of (InnDiag(S),$ 2, t) (and we have at most |S|/|S|»
possibilities for Q), a belongs to Q and can be chosen in at most | S |, different ways,
the elements y>,..., Y5, Z1,..., 24 are mapped into Cg(«) and the images of each

of these elements can be chosen it at most |Cg(a) N Inn S| < |S |% different ways,
the image of z; with i > d can be chosen in |Cs(a) < (3|S|)'/? different ways,

so we have at most (|S|8) |S||S|b+d : % < |S|¥ possibilities. If e = 1,
then b = 0, the elements Zl, ...,zq are mapped into a Sylow 2-subgroup, so the
possibilities are at most (lS‘8 ) |S||S| (|S|)C d < |8k
23. S =2E4(q).

In this case |OutDiag(S)| = (3,¢ + 1) and Aut(S) = (¢, InnDiag(S)) where
¢ is a field automorphism of order 2m. We choose xi, ..., x, generating X N D,

Y1,..., Yp generating X N B modulo X N D and zi,.. ., z. generating X modulo
XNB;a<k,b<kandc < k Lifk #4,c <2ifk = 4 The generators in X N D
will be mapped into a Sylow 3- subgroup P of InnDiag S. Let e be the exponent of
X N®D / X N D. As in the discussion of the previous cases, there exists @ € Aut S
with order e modulo InnDiag(S) and the S-orbits of homomorphisms are at most
w=|PNS|"S||Cs(e)bTc1, with n = 1if 3 divides ¢ + 1, n = 0 otherwise.
It can be easily checked that 3|P N S| < |S|% if n = 1and |Cs(a)| < (3|S|)%
ife # 2. Hence u < |S|¥ife # 2. Ife = 2 and d = 1, then we can use
Lemma 7 to deduce that d(X) < k. If e = 2 and d # 1, then it can be shown
that X is isomorphic to a subgroup of Sym(3) ¢ Sym(k), so by Lemma 6 either it is
k-generated, or it can be generated by k + 1 elements a;, . . ., ag, b with the property
that (ay,...,ax) is a Sylow 3-subgroup of X. This implies that a1, ..., ax will be
mapped into a Sylow 3-subgroup P of Aut S and the S-orbits of homomorphisms
are at most |S|§|S| < |S|k.
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