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Abstract. We show that if H is a finite group with a unique minimal normal subgroup N ,
which is not abelian, then the number of conjugacy classes of complements of N in H is
strictly smaller than jN j.
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Let G be a finite group and let K be a field. As one of the first applications of
the classification of finite simple groups, Aschbacher and Guralnick [2] proved that
if V is a faithful irreducible KG-module, then dimK H1.G; V / < dimK V . Clearly
this result can be equivalently stated as follows: let H be a finite monolithic group,
i.e. a group with a unique minimal normal subgroup N D socH ; if N is abelian,
then the number of conjugacy classes of complements of N is H is strictly smaller
than jN j. One can ask whether the same result remains true without assuming that
N D socH is abelian; in other words the question is whether an analog of the theorem
of Aschbacher and Guralnick holds in the non abelian context.

A first positive but partial answer has been given in [14], which considered the
particular case when N D socH is a simple group; in that paper, with a case by
case analysis of the various possibilities, we proved that if the socle N of an almost
simple group H is complemented, than there are less than jN j conjugacy classes
of complements of N in H . So in order to complete the discussion of this prob-
lem the case remains to be discussed when H is a monolithic group whose socle N
is the direct product S1 � � � � � Sk of k isomorphic non abelian simple groups and
k > 1. Under these hypotheses, a useful tool is a result proved independently by Gross
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and Kovács ([9], Corollary 4.4) and by Aschbacher and Scott ([3], Theorem 2): if
K D S2 �� � ��Sk , then there is a bijection between the conjugacy classes of comple-
ments of N in H and the conjugacy classes of complements of N=K in NH .K/=K.
Using this result, it is not difficult to prove that there exists an absolute constant c � 4

such that the number of conjugacy classes of complements ofN inH is smaller than
jN jc (see, for example, [15], Lemma 2.8). The bound c � 4 can be obtained without
a heavy use of the classification of finite simple groups: the only information which is
needed is that any subgroup of the outer automorphism group of a finite simple group
can be generated by three elements. But to establish our result we have to prove
c D 1 and this requires a more detailed analysis, especially in the case of groups of
Lie type. This is the work which is performed in the present paper and which leads
to the following ultimate result:

Theorem. LetH be a finite group with a unique minimal normal subgroupN , which
is not abelian. Then the number of conjugacy classes of complements of N in H is
strictly smaller than jN j.

In Section 1 we prove that counting the conjugacy classes of complements ofN=K
inNH .K/=K is equivalent to counting up to conjugacy certain homomorphisms from
NH .K/=K to Aut.S/ and we give the general outline of the proof of the theorem. A
short argument, depending on a result of P. Neumann, supplies the necessary bound
when jOut.S/j � 2. This holds for sporadic and alternating groups Alt.n/ when
n ¤ 6. So we are left with simple groups S of Lie type, which are treated with a case-
by-case analysis based on the isomorphism type of S . This discussion depends on the
structure of Out.S/, the most complicated cases being when Out.S/ has subgroups
requiring 3 generators. The cases S D An.q/, 2An.q/ and Dl.q/ are those that
require a more careful analysis and are discussed in Section 3, 4 and 5 respectively.
The remaining groups of Lie type are discussed in Section 6. Section 2 contains some
technical results on generators and centralizers.

1. Preliminary results and outline of the proof

Let S be a finite simple nonabelian group, and assume that S is a normal subgroup
of the group X . Consider the map � W X ! Aut.S/ defined by x ! �.x/, where �.x/
is the automorphism induced by x on S by conjugation. We have the following:

Proposition 1. Let X be a finite group and S a nonabelian simple normal subgroup
of X . Let C be the set of complements to S in X and H the set of homomorphisms
' W X=S ! Aut.S/ such that � B' D �, where � W Aut.S/ ! Out.S/ is the natural
map and � W X=S ! Out.S/ is defined by � W Sx 7! Inn.S/�.x/. Then:

(1) The map Y 7! 'Y is a bijection of C with H , where 'Y W Sy 7! �.y/ for y 2 Y .
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(2) S acts on H on the left via s W ' 7! c�.s/B', where for˛2Aut.S/, c˛ W Aut.S/ !
Aut.S/ is defined to be conjugation by ˛.

(3) Y;Z 2 C are conjugate in X if and only if 'Y and 'Z are in the same orbit of
S on H . Thus there is a bijection between the set C=S of conjugacy classes of
complements to S in X with the set H=S of orbits of S on H .

Proof. (1) LetY be a complement ofS inX . The fact that the map'Y is a well-defined
group homomorphism such that .� B 'Y /.Sx/ D Inn.S/�.x/ is straightforward.
Moreover, if Z ¤ Y is another complement of S in X then 'Y ¤ 'Z . Namely, if
z 2 ZnY then there exists a unique y 2 Y such thatSz D Sy and �.y/ D 'Y .Sy/ D
'Y .Sz/ ¤ 'Z.Sz/ D �.z/, because �.y/ D �.z/ implies that zy�1 2 CX .S/\S D 1

and thus z D y, a contradiction. On the other side, if ' W X
S

! Aut.S/ is such that
� B ' D �, consider the subgroup of X defined by Y D Y' D fx 2 X j �.x/ D
'.Sx/g. Let now x 2 X ; as Inn.S/�.x/ D Inn.S/'.Sx/, there exists s 2 S such that
'.Sx/ D �.s/�.x/. It follows that'.Ssx/ D '.Sx/ D �.sx/, so sx 2 Y andx 2 SY ,
implying that X D SY . Moreover if x 2 S \ Y we have that �.x/ D '.S/ D 1 and
so x 2 CX .S/ \ S D 1. This proves that Y is a complement of S in X . Moreover,
for this Y and for any y 2 Y we have 'Y .y/ D �.y/ D '.Sy/, so that the maps
Y 7! �Y and � 7! Y� are inverses to each other.

(2) This is clear since c�.st/ D c�.s/�.t/ D c�.s/c�.t/ for every s; t 2 S .
(3) Let Y andZ be two complements of S . We have that Y D Zs for some s 2 S

if and only if 'Y D c�.s/ B 'Z , as c�.s/ B 'Z W Sz D Szs 7! �.z/�.s/ D �.zs/.

Outline of the proof of the theorem. As already mentioned in the introduction, we
have thatN D S1 �� � ��Sk , where Si is isomorphic to some fixed nonabelian simple
group S for every i D 1; : : : ; k. LetK D S2 � � � � �SkI then by [9], Corollary 4.4 or
[3], Theorem 2 there is a bijection between the conjugacy classes of complements of
N inH and the conjugacy classes of complements ofN=K Š S inX WD NH .K/=K.

We note that, as N is the unique minimal normal subgroup of H and it is non-
abelian, H � Aut.N / Š Aut.S/ o Sym.k/ (see Proposition 3.3.20 of [17]), the per-
mutational wreath product of the automorphism group ofS by the symmetric group of
degree k, andNH .K/ D NH .S1/ � NAut.N /.S1/ Š Aut.S/�.Aut.S/oSym.k�1//,
so that, identifyingN=K with S , we have that X

S
� Out.S/� .Out.S/ oSym.k�1//.

By Proposition 1 we need to count Inn.S/-classes of homomorphisms ' W X=S !
Aut.S/ such that '.Sx/ 2 Inn.S/�.x/ for all x 2 X . We will choose a suitable set
X D fy1; : : : ; ysg of generators of X=S and use the fact that ' is determined by its
effect on the elements of X. So we will first bound the number of possible choices
for '.y1/ (possibly up to Inn.S/-conjugacy), then once '.y1/ is given we bound the
number of possible choices for '.y2/ and so on.

The following observation will often be used in the sequel:
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Lemma 2. With the same notation as in Proposition 1 the following hold:
i) if T � X=S is normalized by y 2 X=S and '.T / is given, then there are at

most jCS .'.T //j possible choices for '.y/;
ii) if '.y/ is subject to the further condition '.y/ 2 P for a fixed subgroup

P � Aut.S/, then there are at most jCS .'.T // \ P j possible choices for '.y/.

Proof. For every x 2 T we have that '.x/'.y/ D '.xy/ D '.x/'.Œx; y�/ 2
'.T / is given, so that if z1; z2 are two possible choices for '.y/, then z1z

�1
2 2

CAut.S/.'.x//. Moreover, the definition of H in Proposition 1 gives that z1z
�1
2 2

Inn.S/, so that z1z
�1
2 2 CInn.S/.'.x//. This implies that z1z

�1
2 2 CInn.S/.'.T //, i.e

z1CInn.S/.'.T // D z2CInn.S/.'.T //. As jCInn.S/.'.T //j D jCS .'.T //j the result
follows. The last statement is obvious.

Lemma 3. With the same notation as in Proposition 1, assume thatX is k-generated.
Then the number of conjugacy classes of complements of S in X is strictly smaller
than jS jk .

Proof. We apply Proposition 1. The definition of H implies that if' 2 H then'.a/ is
determined modulo Inn.S/ for eacha 2 X, so that there are at most jInn.S/jk D jS jk
choices for '. The S -orbit of ' has length greater than 1 unless ' is trivial; it follows
that the number of S -orbits of H is indeed strictly smaller than jS jk .

Lemma 1 and Lemma 2 indicate that information on the structure and generators
of xX D X=S , as well as on centralizers of subgroups of Aut.S/, will be crucial. We
will come back to this point in the next section. For the moment, we recall a result of
P. Neumann whose proof can be found in [4].

Let x be a real number; the notation bxc indicates the greatest integer less or equal
to x.

Lemma 4. Let G � Sym.k/ be a permutation group of degree k. Then G can be
generated by at most

�
k
2

˘
elements if k ¤ 3, and at most 2 elements if k D 3.

When S D Alt.n/ with n ¤ 6 or S is a sporadic simple group, it is well known
that jOut.S/j � 2 so thatX � C2 � .C2 o Sym.k� 1// � Sym.2k/ and by Lemma 4
it is possible to choose a set X of generators of X=S of order k (here C2 is the
cyclic group of order 2). Then we apply Lemma 3 and we obtain that the number of
conjugacy classes of complements of S in X is strictly smaller than jS jk D jN j. By
[9, Corollary 4.4] or [3, Theorem 2] this concludes the proof.

As Alt.6/ is isomorphic to PSL.2; 9/we may now assume that S is a finite simple
group of Lie type over a field GF.pm/ of order pm, for some prime p. We will follow
the definitions and notation of the book [8], unless otherwise stated. So S will be a
group of the form S D †l.q/ where l is the Lie rank of S and q D pm, for some
prime p. Also, � denotes the Frobenius map.
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The structure of Aut.S/ and Out.S/ is well known and is described e.g. in [8,
Theorem 2.5.12].

2. Generators and centralizers

We present here some results on generators. We denote with d.G/ the minimum
number of generators of the (finite) group G.

Lemma 5. Let p be a prime, and P a Sylow p-subgroup of Sym.k/. IfH � P then
d.H/ � �

k
p

˘
. If p j k, t D k

p
, p ¤ 2 and G � Sym.k/ has an abelian factor group

of order pt , then G is an elementary abelian p-group of rank t .

Proof. This is a simple consequence of Theorem and Corollary in [12].

Lemma 6. Let H 2 fSym.3/; C6g. If G is a subgroup of H o Sym.k/, then d.G/ �
k C 1. Moreover the equality d.G/ D k C 1 holds only if H D Sym.3/ and
G D Alt.3/khgi where g is an involution that inverts every element of Alt.3/k .

Proof. The group G has a factor group G=N such that d.G=N/ D d.G/, its socle
M=N is the direct product of G-equivalent chief factors of G, and CG.M=N/ � M

(see for example [6, Corollary 15]). IfM=N is abelian, then there exist an irreducible
G-module A and an integer t such that M=N is G-isomorphic to At ; the relation
between d.G/, t and the structure ofA as aG-module can be deduced from a formula
due to Gaschütz, as explained for example in [5]; in particular (as follows from
Lemma 1.5 in [13]), d.G/ � t C 1 and if d.G/ D t C 1 thenG does not centralizeA.
Now let B D H k be the base subgroup of H o Sym.k/ and let E D O3.B \ G/.
Then E � M . If E � N , then d.G/ D d.G=N/ D d.G=E/ � k, since G=N is
isomorphic to a subgroup of Sym.2/ o Sym.k/ � Sym.2k/. If E 6� N , then M=N
is a 3-group, in particular M=N Š At , with A an irreducible G-module. Note that
O2.B\G/ � N andG=N is a factor group of Sym.3/ o Sym.k/ � Sym.3k/, hence,
by Lemma 5, d.M=N/ � k. As td.A/ D d.M=N/, we have d.G/ � t C 1 � kC 1.
Moreover if d.G/ D kC1 then t D k,A Š C3 is non central and, again by Lemma 5,
N D O2.B \ G/. This cannot occur if H D C6, since no element of C6 o Sym.k/
acts as inversion on the Sylow 3-subgroup of the base subgroup of the wreath product.
So H D Sym.3/, N D 1, M D Alt.3/k , jG=M j D 2 and any element of order 2
in G acts on M as inversion.

Lemma 7. Let G be a finite group and let A be an abelian normal subgroup of G.
We have d.G/ � d.A Ì .G=A//.

Proof. As we recalled in the proof of the previous lemma, G has a factor group
G=N such that d.G=N/ D d.G/, the socle M=N Š Bı of G=N is the direct
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product of ı G-equivalent non-Frattini chief factors of G, and CG.M=N/ � M .
Since A centralizes every chief factor of G, we have A � M . If A � N , then
d.G/ D d.G=N/ D d.G=A/ � d.A Ì .G=A//. Assume now N < AN � M . In
this case M=N has a complement in G=N and G=N Š Bı Ì G=M . There exists
ı1 � ı with M=AN ŠG Bı1 and A=A \ N ŠG AN=N ŠG Bı�ı1 . This means
that G=N Š .A=A \N/ ÌG=AN is an epimorphic image of A ÌG=A.

Lemma 8 ([10], Proposition 3.6). If P is a Sylow subgroup of a non abelian simple
group S , then jP j2 < jS j.

Most of the relevant information on centralizers in S of subgroups of Aut.S/,
where S is a simple group, is well known and can be found e.g. in [8] or [11]. We
present here a few special results that we could not find in the literature.

If r is a prime and x is an integer, xr will indicate the biggest power of r dividing x.

Lemma 9. Let S D †l.q/ be an untwisted simple group, where q D pm for some
prime p, � the Frobenius automorphism, and d D jOutDiag.S/j. For every a 2
InnDiag.S/ we have that jCS .�

ta/j � .d jS j/ 1

j�t j .

Proof. By the Lang–Steinberg theorem (see [8, Theorem 2.1.1]) �ta is conjugate
to �t in †l. xF /, where xF is the algebraic closure of the field F with q elements.

So we have jCS .�
ta/j � jC†l . xF /.�

ta/j D jC†l . xF /.�
t /j D ˇ̌

InnDiag
�
†l

�
q

1

j�t j
��ˇ̌

� .d jS j/ 1

j�t j , where the last inequality follows by direct calculation.

Lemma 10. Let S D PSL.n; q/, and d D .n; q � 1/. For every a 2 InnDiag.S/ we
have that jCS .a/j � 1

d
jGL.n � 1; q/j if n � 3 and jCS .a/j � q C 1 if n D 2.

Proof. The structure of CPGL.n;q/.a/ is described in [8, Theorem 4.2.2], and then the
result follows by comparing orders.

Lemma 11. Let S D PSL.n; q/ where q D pm for some prime p, � the Frobenius
automorphism, and d D .n; q�1/. Assume that a; b 2 InnDiag.S/, jaj D r where r
is a prime which divides d , d is not a power of 2,m is even and �

m
2 b induces on hai

an automorphism of order at most 2. Then jCS .h�m
2 b; ai/j � jGL.n � 1; q

1
2 /j and

jCS .h�m
2 b; ai/j2 � jGL.n � 1; q 1

2 /j 1
2 .

Proof. Let C D CS .h�m
2 b; ai/. From the fact that d ¤ d2 it follows that n � 3,

n ¤ n2, q ¤ 9 and jq�1j2 � q�1
3

. Moreover a�
m
2 b 2 fa˙1g. Let xF be the algebraic

closure of the field with q elements.

Assume that a�
m
2 b D a. Then by the Lang–Steinberg theorem (see [8, Theo-

rem 2.1.1]) we have that .�
m
2 b/y D �

m
2 for some y 2 PSL.n; xF /, so that jC j �
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jCPSL.n; xF /.h�
m
2 ; ayi/j. Now CPSL.n; xF /.�

m
2 / D PGL.n; q

1
2 /, and the result follows

by Lemma 10 because ay 2 InnDiag.PSL.n; q
1
2 //.

So we may assume that a�
m
2 b D a�1 and r is odd. Let A;B 2 GL.n; xF / be two

pre-images of a and b, so that .A�
m
2 B/�1 D �A for some � 2 xF . We may assume that

A is a diagonal matrix, and letW1; : : : ; Wt be the eigenspaces of A, with eigenvalues
�1; : : : ; �t . We have that �

m
2 B induces a permutation 	 of the eigenspaces of A,

because for every i the subspace W �
m
2 B

i is an eigenspace of A of eigenvalue ���1
i .

We may assume that 	 D .1; 2; : : : ; e1/.e1 C 1; e1 C 1; : : : ; e2/ � � � .ek�1; : : : ; ek/

is the product of disjoint cycles. Let us look at W1 C � � � C We1
. We choose a

basis w1;1; : : : ; wh;1 of W1, so that wi;2 D w
�

m
2 B

i;1 is a basis of W2 and in general

wi;j D w
�

m
2 B

i;j �1 is a basis of Wj . We do the same for the other cycles of 	 and with
respect to this basis B is a block diagonal matrix in which every block corresponds

to a cycle of 	 and is of the form

 
I :::

I
Bi

!
.

Assume that M 2 GL.n; xF / centralizes A. Then M is a block diagonal matrix

and its restriction toW1 C � � � CWe1
is of the form

0
@M1

M2 :::
Me1

1
A. We have that

M �
m
2 B D

0
BBBB@

M
�

m
2 B1

e1

M
�

m
2

1 :::

M
�

m
2

e1�1

1
CCCCA :

IfM xF � centralizes �
m
2 b in PGL.n; xF / we have that �M �

m
2 B D M for some �.

So MiC1 D �M
�

m
2

i for i � 1 and also

M1 D �M �
m
2 B1

e1
D � � � D �1Cp

m
2 C���Cp

.e1�1/ m
2
M

�
e1

m
2 B1

1 :

So, once � is fixed, the choices for M1 are at most jGL.h; pe1
m
2 /j, by the Lang–

Steinberg Theorem applied to GL.h; xF /, and then all the matricesMi are determined.

Let T D CGL.n; xF /.A/ xF �

xF �
\ CPSL.n; xF /.�

m
2 b/.

We have that jGL.h
e
; pe m

2 /j � jGL.h; p
m
2 /j. If 	 consists of at least two different

cycles or if	 D 1 then jT j � jGL.n�1; q 1
2 /j and jT j2 � jGL.n�1; q 1

2 /j 1
2 , while if	

is a cycle then jT j � jGL.n
e
; pe m

2 /j � jGL.n�1; pm
2 /j and jT j2 � jGL.n

e
; pe m

2 /j2 �
jGL.n � 1; pm

2 /j 1
2 (all these inequalities follow by easy calculations).
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Now we note that jCPSL.n; xF /.h�
m
2 b; ai/ W T j 2 f1; rg, and if that index is r

then A has precisely r different eigenvalues and all the eigenspaces have the same
dimension n

r
. Moreover, as r is an odd prime which divides q � 1, we have that

r � q
1
2 C 1. In this case, the inequality r jGL.n

e
; pe m

2 /j � jGL.n � 1; p
m
2 /j proves

that jC j � jGL.n � 1; q 1
2 /j, and jC j2 � jGL.n � 1; q 1

2 /j 1
2 , as claimed.

Lemma 12. Let S D PSU.n; q2/, where q D pm for some prime p, � the Frobenius
automorphism and d D .n; q C 1/. Let ˛ be an automorphism of S of the form ˛ D
�

2m
r a, where 1 < r divides 2m and a 2 InnDiag.S/, and assume that j˛r j divides

d . If r � 3 then jCS .˛/j � .d jS j/ 1
3 . If r D 2 and n � 5 then jCS .˛/j � .d jS j/ 2

3

and jCS .˛/j2 � .d jS j/ 2
7 .

Proof. Let xF be the algebraic closure of the field F with q elements and let G D
SL.n; xF /, xG D PSL.n; xF /. We want to study C xG.�m
/ \ C xG.�

2m
r a/, where

Œ�m
; a� D 1.
Assume that r is divisible by an odd prime. Then replacing �

2m
r a with a suitable

power we may assume that r D 2sC1 is an odd prime, so that by the Lang–Steinberg
theorem �m
.�

2m
r a/�s D �

m
r 
c is conjugate to �

m
r 
 and its centralizer in xG is

isomorphic to PGU.n; q
2
r /, so it has order at most jPGU.n; q

2
3 /j < .d jS j/ 1

3 .
Let now r be a power of 2; replacing �

2m
r a with a suitable power we may assume

that r is either 2 or 4 and that j˛r j D 2s as an element of Aut.S/, i.e. .�
2m
r a/r D �2mz

where z 2 InnDiag.S/ has order 2s , a divisor of d .
Let �m
.�

2m
r a/� r

2 D 
y. Then Œy; �2m� D 1 and .
y/2 D z�1 has order 2s . We
have that C xG.�m
/ \ C xG.�

2m
r a/ D C xG.�

2m
r a/ \ C xG.
y/. By the Lang–Steinberg

theorem there exists x 2 xG such that .�
2m
r a/x D �

2m
r so that conjugating by x

we may assume that a D 1. As C xG.�
2m
r / D PGL.n; q

2
r /, we have that CS .˛/ is

isomorphic to a subgroup of C
PGL.n;q

2
r /
.
y/, where y 2 PGL.n; q

2
r / and .
y/2 has

order 2s .
We now study the structure of C

PGL.n;q
2
r /
.
y/, with the aim of bounding its order.

If .
y/2 D 1 (this is certainly the case if p D 2), then 
y is a graph automorphism of
PGL.n; q

2
r /, its centralizer is well known and its order satisfies the required inequal-

ities. So we assume that q is odd and 2s > 1. Let Y be a preimage of y in GL.n; q
2
r /

and B D .
Y /2. The minimum polynomial of B has simple irreducible factors; it
divides x2s �� and � is either 1 or �1, since if � is an eigenvalue of B then also ��1

is one. As the elements of C
GL.n;q

2
r /
.
Y / are exactly the isometries of the bilinear

form on the natural module V over the field with q
2
r elements given by the matrix Y �1

with respect to a suitable basis, the structure ofC
GL.n;q

2
r /
.
Y / can be studied with the

methods of [16]. We note that the asymmetry 	 associated to the given bilinear form
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is represented by the matrix Y �1Y > D B�1 and that if A is any matrix representing
an element of C

PGL.n;q
2
r /
.
y/ then A centralizes B . If f is an irreducible factor of

the minimum polynomial of B�1 let Vf be the f -primary component of the natural
module V , and let nf be its dimension. Let f � D xdeg f f . 1

x
/. The dimensions of

Vf and Vf � are the same and Vf D Vf � iff f � and f are associates. Set zVf D Vf

if Vf D Vf � and zVf D Vf ˚ Vf � otherwise. Then V D f̊
zVf is the direct sum

of orthogonal B-invariant, non isomorphic subspaces. It follows that our isometry
group is the direct product of the isometry groups of the factors; upon conjugation
by an element of GL.n; q

2
r / we may assume that B is in block-diagonal form, with

blocks zBf according to the decomposition V D f̊
zVf ; then also Y has a similar

form, with blocks zYf .
We now have a number of possibilities to discuss.
First, if f is self-paired of degree 1, then 
 zYf induces a graph automorphism of or-

der 2 on GL.nf ; q
2
r /. Second, if f is self-paired of degree> 1, thenC

GL.nf ;q
2
r /
. zBf /

is isomorphic to a subgroup of GL.nf

2
; q

4
r /, on which 
 zYf acts as an automorphism

of order 2 that is not inner-diagonal. To see this, we note that zBf is diagonalizable in
GL.n; xF /, so if � is an eigenvalue of zBf , then I C zBf is centralized by 
 zYf if and
only if 1C ��1 D .1C �/�1. It follows that 
 zYf cannot centralize both I C zBf and
I� zBf . Finally, in the remaining cases f and f � are not associate, nf is even and 
 zYf

induces an automorphism of order 2 on GL.nf ; q
2
r /. Moreover, if zMf D

�
M1

M2

�
is a matrix centralized by 
 zYf it follows easily thatM2 D M�>

1 so that the centralizer

of 
 zYf is isomorphic to a subgroup of GL.nf

2
; q

2
r /.

The bounds on jC
PGL.n;q

2
r /
.
y/j and on the order of a Sylow 2-subgroup can be

deduced from these observations and some easy calculations.

3. The special linear groups

Throughout this section we will have S D PSL.n; q/, where q D pm for some
prime p. If n � 3 we have that Out.S/ D OutDiag.S/hInn.S/�; Inn.S/
i, where �
is the Frobenius automorphism and 
 is the automorphism induced on S by the
“inverse-transpose” automorphism of GL.n; q/: .ai j /

� D .aj i /
�1, while if n D 2

then Out.S/ D OutDiag.S/hInn.S/�i. Moreover, OutDiag.S/ is cyclic of order
d D .n; q � 1/, jh�ij D m, jh
ij D 2 and Œ�; 
� D 1.

We will need the following technical results:

Proposition 13. LetG D P1 �P2 � � � � �Ps be an irreducible nilpotent subgroup of
the general linear group GL.V; F /, where dimF .V / D n, jF j D q, Pi 2 Sylpi

.G/
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and pi jj q � 1. Then G is a subgroup of the tensor product Q1 ˝ Q2 ˝ � � � ˝ Qs

where Qi 2 Sylpi
.GL.pri

i ; F // and dimF .V / D p
r1

1 � � �prs
s .

Proof. By induction on s. If s D 1 we have thatG D P1 is contained in a Sylow p1-
subgroup Q1 of GL.n; F /. If n were not a power of p1 then Q1 would be reducible
(cfr. [18], Theorem 25.2) and so would P1, contradicting our hypotheses.

Let now s > 1, and writeG D H �P whereH D P1 � � � � �Ps�1 and P D Ps .
Let V1 be an irreducible FH -submodule of V . Then V D V1 ˚ V2 ˚ � � � ˚ Vt , a
direct sum of isomorphic FH -modules, is a homogeneous FH -module.

Let T D EndFH .V1/. By induction H is a subgroup of the tensor product Q1 ˝
Q2 ˝� � �˝Qs�1 whereQi 2 Sylpi

.GL.pri

i ; F // and dimF .V1/ D p
r1

1 � � �prs�1

s�1 . So
if u D ŒT W F � from the fact that dimF .V1/ D u dimT .V1/ it follows that also u is a
fp1; : : : ; ps�1g-number. We have thatM D CGLT .V /.H/ is isomorphic to GL .t; T /,
T D EndFHM .V / and V may be regarded as a T -vector space. Moreover P � M .
The maximal fp1; : : : ; ps�1g-subgroup S of the multiplicative group T � of the field
T commutes with H and P ; replacing G with hG;Si, we may assume that S � H .
As ŒT W F � is a fp1; : : : ; ps�1g-number the F -algebra generated by S is T , and so
FH D TH .

Let A D HomFH .V1; V / D HomTH .V1; V /; A is a T -space of dimension t ,
with a T -base ˛1; : : : ; ˛t such that ˛1 D 1 and V1˛i D Vi ([1], Proposition (3.11)).
The map ˇ 7! ˇx (ˇ 2 A, x 2 M ) gives a faithful T -representation of M on A,
and moreover M Š GLT .A/. In particular M contains a Sylow ps-subgroup Q
of GLT .A/ such that P � Q. By replacing G with hG;Qi, we may assume that
P D Q.

Now V , considered as a T .HM/-module, is isomorphic to V1 ˝T A; if v1; : : : ; vr

is a T -base of V1, then fvi j̨ g is a T -base of V and the action of HM is given by
.vi j̨ /.gx/ D vig j̨x (here g 2 H , x 2 M ).

As jT j D qu and u is a fp1; : : : ; ps�1g-number, for every k > 0 the ps-part of
quk � 1 equals the ps-part of qk � 1, and so a Sylow ps-subgroup of GL.t; F / is also
a Sylow ps-subgroup of GL.t; T /. It follows that there exists a T -base ˇ1; : : : ; ˇt

of A such that the elements of P are matrices with entries in F . Moreover the set
fvi ǰ g is a T -base of V . Once we fix an F -base c1; : : : ; cu of T , the set fckvig is
an F -base of V1. Moreover the set fckvi ǰ g is linearly independent over F and has
urt D ŒT W F � dimT .V1 ˝T A/ D dimF .V / elements, so it is an F -base.

Finally, let B D P
F ǰ : we have that B is an F -space and an absolutely irre-

ducibleFP -module and it turns out that V is isomorphic to V1 ˝F B as anF.H �P /-
module.

Lemma 14. Let F be a field of order q andG � GL.n; F / be a nilpotent group such
that the primes dividing jGj divide also q�1. Then jGj � 2

5
2 n�1 if q D 3, otherwise

jGj � .q � 1/n2n�1 unless n D 2, q is a Mersenne prime and jGj D 2.q2 � 1/.
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Proof. If q D 3 then G is contained in a Sylow 2-subgroup of GL.n; 3/ which has
order at most 2

5n
2 �1. So we may assume that q ¤ 3.

G is completely reducible by Maschke’s theorem, so let us first assume that G is
irreducible. By Proposition 13 n D p

r1

1 � � �prs
s where each pi divides q � 1 and G is

isomorphic to a subgroup of the direct product Q1 � � � � �Qs , where Qi is a Sylow
pi -subgroup of GL.pri

i ; q/ (note that it could be ri D 0 for some i ).
If q � 1 .mod 4/ or if pi ¤ 2 we have:

jQi j � jq � 1jp
ri
i

pi
p

pi
ri . 1

pi
C���C 1

pi
ri

/

i D jq � 1jp
ri
i

pi
p

p
ri
i

�1

pi �1

i � jq � 1jp
ri
i

pi
2p

ri
i

�1:

If pi D 2 and q � �1 .mod 4/, then we have:

jQi j D .2jq C 1j2/2ri �1

22ri �1:

Now assume that n D p
r1

1 is a prime power. If p1 ¤ 2 or q � 1 .mod 4/ then

jGj � jq � 1jnp1
jq � 1jp0

1
2n�1 D jq � 1jn�1

p1
.q � 1/2n�1:

If p1 D 2, q � �1 .mod 4/, n � 2 then

jGj � jq C 1j2jq2 � 1j n
2 �1

2 2n�1.q � 1/;
so that jGj � .q2 � 1/

n
2 2n�1. But in fact if q is not a Mersenne prime or if n > 2

we have jGj � .q � 1/n2n�1. This is clear if q is not a Mersenne prime. If q is a
Mersenne prime, it follows from the inequality .2.qC1//

n
2 � 2.q�1/n�1 that holds

for q � 7, n � 4.
Now assume that n is not a prime power. If n is odd or q � 1 .mod 4/ then

jGj � .q � 1/max.p
ri
i

/2
P

.p
ri
i

�1/ � .q � 1/n�12n�2:

If n is even and q � �1 .mod 4/ (p1 D 2) then (setm D max.2r1�1; p
r2

2 ; : : : ; p
rs
s /)

jGj � jq2 � 1j2r1�1

2 22r1 �1
Y

pi >2

.jq � 1jp
ri
i

pi
2p

ri
i

�1/

� .q � 1/mjq C 1j2r1�1

2 2
P

.p
ri
i

�1/ � .q � 1/n
2 jq C 1j n

6

2 2
n�2 � .q � 1/n�12n�2:

In all these cases jGj � .q � 1/n2n�1.
Now assume that V is not irreducible, so that V D V1 ˚ � � � ˚ Vt where t > 1,

dim Vj D nj and the Vj ’s are irreducible G-spaces. We have that G � Q
Gj where

Gj is the restriction of G to Vj and jGj j � .q � 1/nj 2nj �1, unless nj D 2, q is a
Mersenne prime and jGj j D 2.q2 � 1/. If q is not a Mersenne prime or if nj ¤ 2 for
all j then jGj � .q � 1/n2n�1.
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Now assume that q is a Mersenne prime and that the number of 2-dimensional
subspaces occurring in the decomposition of V in irreducible subspaces is h � 1, so
that jGj � 2h.q2�1/hQnj ¤2.q�1/nj 2nj �1. Ifh D 1 then

Q
nj ¤2.q�1/nj 2nj �1 �

.q � 1/n�22n�3 so that jGj � .q � 1/n�22n�32.q2 � 1/ � .q � 1/n2n�1. If h � 2

then 2h.q2 � 1/h � .q � 1/2h22h�1 and we get the same conclusion.

Lemma 15. If F is a field of order q and G � GL.n; F / is maximal with respect to
the conditions that G is nilpotent and the primes dividing jGj divide also q � 1, then
j.GF �=F �/ \ PSL.n; q/j D jGj

d.q�1/
.

Proof. Maximality ofG implies thatG contains all the scalar matrices, so it remains
to prove that if r is a prime, r jjq� 1, thenG contains an element xr such that det.xr/

generates the Sylow r-subgroup F �
r of F �. G is completely reducible, and it is

clearly enough if we prove the lemma when G is irreducible, so that Proposition 13
applies. Let F �

r D h�i and assume that r − n. Then xr D �I 2 G by maximality
of G and has the required property. Otherwise, in the notation of Proposition 13, by
maximality we have that G D Q1 ˝Q2 ˝ � � � ˝Qs , r D pj for some j and every
Sylow r-subgroup of GL.p

rj

j ; q/ contains an element yr such that det.yr/ D �r , so
that xr D I1 ˝� � �˝yr ˝� � �˝Is 2 G has the desired property (here Ii is the identity
matrix of GL.pri

i ; q/).

Lemma 16. There are at most �.n/ PSL.n; q/-conjugacy classes of subgroups xG �
PGL.n; F / which are maximal with respect to the conditions that xG is nilpotent and
the primes dividing j xGj divide also q�1, where �.n/ is the number of partitions of n.

Proof. The preimage G of xG in GL.n; q/ is completely reducible by Maschke’s
theorem. Once we know the dimensions mi of the G-irreducible subspaces Vi such
that V D V1 ˚ � � � ˚ Vt (there are at most �.n/ possibilities), by Proposition 13 G is
completely determined up to GL.n; q/-conjugacy. By the proof of Lemma 15 we have
that if r is a prime, r jjq�1, thenG contains an element xr such that det.xr/ generates
the Sylow r-subgroup F �

r of F �, so G is actually unique up to SL.n; q/-conjugacy.
The result then follows easily.

Lemma 17. We have that jPSL.n; q/j � q
n.2n�1/

2 , with the following exceptions:

(1) n D 2. If q is even then d D 1 and jS j D q.q2 � 1/ � 1
2
q3. If q is odd then

d D 2 and jS j D 1
2
q.q2 � 1/ � 1

3
q3;

(2) n D 3, q D 2: d D 1, jS j � 1
2
q

n.2n�1/
2 ;

(3) n D 3, q D 4: d D 3, jS j � 1
2
q

n.2n�1/
2 ;

(4) n D 3, q D 7: d D 3, jS j � 1
2
q

n.2n�1/
2 .

Proof. By direct calculation.
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3.1. Proof of the theorem when S D PSL.n; q/. We have that xX D X
S

� Out.S/�
.Out.S/ o Sym.k � 1// D Out.S/k Ì Sym.k � 1/, where Sym.k � 1/ acts trivially
on the first component of B D Out.S/k . We shall prove that the number of S -orbits
of homomorphisms xX ! Aut.S/ as in Proposition 1 is smaller than jS jk .

Let D D OutDiag.S/k , ˆ D hInn.S/�ik , � D hInn.S/
ik .

Case 1: xX \ˆD D 1.
In this case xX ,! C2 o Sym.k/ is k-generated by Lemma 4, so we conclude by

Lemma 3.

Case 2: xX \ˆD ¤ 1, xX \D D 1.
In this case xX\B is isomorphic to a subgroup ofB=D Š ˆ�� , which is abelian,

and xX is isomorphic to a subgroup of .h�i � h
i/ o Sym.k/.
We recall that xX � .Out.S1/�� � ��Out.Sk//ÌSym.k�1/, so that every element

of xX \ ˆD is a k-tuple of elements of Out.S/. Let Inn.S/�ta 2 Out.S/ such that
t < m, a 2 InnDiag.S/ and Inn.S/�ta is of maximal order among the entries of
this form of the elements of xX \ ˆD. As H acts transitively on the components
of N , we may assume that Inn.S/�ta is the first entry of some z1 2 xX \ ˆD. If

jInn.S/�taj > jInn.S/�t j then 1 ¤ z
jInn.S/�t j
1 2 xX \D, a contradiction. It follows

that jz1j D j�t j. By Proposition 1 we have that'.z1/ D �tas for some s 2 S (here we

identifyS with Inn.S/) so j'.z1/j D j�t j and by Lemma 9 jCS .'.z1//j � .d jS j/ 1

j�t j .
There exist elements z2; : : : ; z2k 2 xX \ B such that the set Z D fz1; : : : ; z2kg

generates xX \ B , then by Lemma 4 we need to add to Z at most k
2

more elements
to obtain a generating set X of xX . Let us now count the choices for '.z1/, up to S -
conjugacy. If �tas1; �

tas2 are two such choices, by the argument above j�tas1j D
j�tas2j D j�t j, so by [14, Proposition 1.1] they are PGL.n; q/-conjugate, and as we
are counting S -orbits the choices are at most jPGL.n; q/ W S j D d . As Œzj ; z1� D 1

for every j D 2; : : : ; 2k by Lemma 2 with T D hz1i we have that the choices for

each '.zj / are at most jCS .'.z1//j � .d jS j/ 1

j�t j . Again, all the remaining elements
x 2 X normalize xX \ B so by Lemma 9 with T D xX \ B the choices for '.x/ are

at most jCS .'. xX \ B//j � jCS .'.z1//j � .d jS j/ 1

j�t j . So the number of conjugacy

classes of complements of N in H is at most d.d jS j/ 1

j�t j
. 5

2 k�1/
< jS jk D jN j if

j�t j � 4.
Assume now that j�t j D 3. Then xX \ B is k-generated and as z1 is fixed we

may assume that jZj D kC1 and arguing as above we obtain that the number of con-
jugacy classes of complements of N in H is at most d.d jS j/ 1

3 .
3
2 k/ < jS j 1

2 C k
4 C k

2 �
jS jk D jN j, for k � 2.

Assume now that j�t j D 2. Then xX \ B is a 2-group, so that '.Z/ will be
contained in a Sylow 2-subgroup P of Inn.S/�. xX \ B/, which is unique up to
S -conjugacy. The choices for'.z1/ are at most jP\S j < jS j 1

2 . We now use Lemma 2
and we have that the choices for the remaining '.zi /’s are at most jCS .�

t / \ P j.
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We may also assume that n > 2, as otherwise xX \B is elementary abelian of rank k
and we argue as in case 1. So d � jS j 1

7 and jCS .�
t / \ P j D jCS .�

t /j2 � jS j 1
4 ; it

follows that jP \S jjCS .�
t /\P j2k�1.d jS j/ 1

2
k
2 � jS j 1

4 C k
2 C k

28 C k
4 < jS jk for k � 2

and this concludes the proof for this case.

Case 3: xX \ B D xX \D ¤ 1.
If q D 3 or if n D 2 then xX ,! C2 o Sym.k/ is k-generated and we conclude as

in case 1.
Let Z be a set of k generators of xX \D. As xX \D is abelian, '.Z/ is contained

in a maximal nilpotent subgroup xG of PGL.n; q/ (here we identify PGL.n; q/ with
�.PGL.n; q//). As the primes dividing j xX\Dj are also divisors of q�1 by Lemma 16
there are at most �.n/ choices for xG, up to PSL.n; q/-conjugacy. The preimage G
of xG in GL.n; q/ is a nilpotent subgroup of GL.n; q/ satisfying the hypotheses of
Lemma 15 so by Lemmas 14 and 15 it follows that j xG \ S j � .q � 1/n�12n�1.

Thus there are at most �.n/.q � 1/k.n�1/2k.n�1/ choices for '.Z/.
Moreover, as '.Z/ contains a non trivial diagonal automorphism of S and n � 3,

by Lemma 10 we have that jCS .'.Z//j � q�1

.qn�1/qn�1 jS j.
By Lemma 4 we need to add to Z at most k

2
elements x1; : : : ; xb k

2 c to obtain a

generating set for xX and by Lemma 2 with T D xX \ B the choices for each '.xi /

are at most jCS .'.Z//j � q�1

.qn�1/qn�1 jS j.
Therefore the number of conjugacy classes of complements of N in H is at most

�.n/..q � 1/n�12n�1/k
�

q�1

.qn�1/qn�1 jS j
�k

2

< jS jk , as �.n/ � 2n�1.

Case 4: xX \ˆD D xX \D ¤ 1.
The abelian group xX \D has exponent dividing d and is generated by a set Z of

order at most k; as xX= xX \ D D xX= xX \ ˆD ,! C2 o Sym.k/ is k-generated, we
may assume that a generating set for xX is of the form Z [ fx1; : : : ; xkg.

Assume that xX \D is an r-group for some prime r . Then '.Z/will be contained
in a Sylow r-subgroupP of Inn.S/�. xX\D/, which is unique up to Inn.S/-conjugacy.

By Lemma 2 ii) the choices for '.Z/ are at most jP \ S jk � �
1
d
.q � 1/n�12n�1

�k
if q ¤ 3 and n ¤ 2 and at most 2.

5
2 n�3/k if q D 3 (see Lemmas 14 and 15), while if

n D 2 we have jP \ S jk � .q C 1/k .
Assume now that there are at least two different primes dividing j xX \Dj. Then

d � 6, n � 6, q � 7. We have that '.Z/ is contained in a maximal nilpotent
subgroup xG of PGL.n; q/ and by Lemma 16 there are at most �.n/ choices for xG,
up to PSL.n; q/-conjugacy. Also, by Lemmas 14 and 15 it follows that j xG \ S j �
.q � 1/n�12n�1.

Again, by Lemma 2 with T D xX \ B and by Lemma 10 the choices for each
'.xi / are at most jCS .'.Z//j � q�1

.qn�1/qn�1 jS j if n � 3 and at most q C 1 if n D 2.
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In all these cases an easy calculation shows that the number of conjugacy classes
of complements of N in H is smaller than jS jk , as required.

Case 5: xX \ˆD > xX \D ¤ 1.
Let Z be a generating set of xX \D of order at most k; we may also assume that

1 ¤ �.z1/ 2 InnDiag.S/ for some z1 2 Z.
As before, we recall thatX=S � .Out.S1/� � � � � Out.Sk//Ì Sym.k�1/, so that

every element of xX \ˆD is a k-tuple of elements of Out.S/ of the form S�sx, with
x 2 InnDiag.S/. Let Inn.S/�ta, with a 2 InnDiag.S/, be an entry of an element of
xX \ˆD such that j�t j is maximal. As H acts transitively on the components of N ,

we may assume that Inn.S/�ta is precisely the first entry of some y1 2 xX \ˆD.
There are suitable elements y2; : : : ; yk 2 xX such that the set Y D fy1; : : : ; ykg

generates xX\ˆDmodulo xX\D, and then as xX= xX\ˆD ,! C2 �.C2 oSym.k�1//
is k-generated, a generating set of xX will be of the form X D Z [ Y [ fx1; : : : :xkg,
where x1 generates . xX= xX \ˆD/\C2 (i.e. the intersection with the first component
of the direct product).

Assume that j�t j � 4. Given '. xX \D/, by Lemma 2 with T D xX \ B and by
Lemma 10 the choices for'.y1/ are at most jCS .'.Z//j � q�1

.qn�1/qn�1 jS j. Then again
by Lemma 2 the choices for the images of the remaining elements of X are at most
jCS .'.y1//j; as'.y1/ D �tax for somex 2 S , by Lemma 9 jCS .'.y1//j � .d jS j/ 1

4 .
By Lemma 14, Lemma 15 and Lemma 16 we have that the number of conjugacy

classes of complements of N in H is at most

�
�.n/

�" � .q � 1/n�12n�1

d

�k
q � 1

.qn � 1/qn�1
jS j.d jS j/ 1

4 .2k�1/: (?)

Here " D 1 if there are at least two different primes dividing j xX \Dj and " D 0

if xX \D is an r-group for some prime r . The expression in .?/ is strictly less than
jS jk . This is easily checked if n D 2. If n > 2 to reach the conclusion we use the

inequality q
n.2n�1/

2 � jS j from Lemma 17 and, if " D 1, the information that d � 6,
n � 6, q � 24, �.n/ � 2n�1.

If j�t j D 3 then by Lemma 6 xX= xX \D ,! C6 o Sym.k/ is k-generated and we
argue as in case 4.

So from now on we will assume that j�t j D 2 and that xX \ B > xX \ ˆD, as
otherwise xX= xX \D ,! C2 o Sym.k/ and we could argue as in case 4. In particular
n > 2.

First we assume that xX \D is not a 2-group. As xX \B is supersolvable, xX \D
contains a cyclic subgroup ha1i of order an odd prime r which is normal in xX \ B ,
and we may also assume that �.a1/ 62 Inn.S/ and that a1 2 hz1i, where z1 2 Z. Also,
xX\B D . xX\D/L, whereL is a Sylow2-subgroup of xX\B , and we may also assume

that Y [ fx1g � L and that �.y1/ 2 �m
2 InnDiag.S/, where y1 2 Y. By Lemmas 14,
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15 and 16 the choices for '. xX \B/ are at most
�
�.n/

�"�
.q� 1/n�12n�1=d

�k
, where

" is as in .?/.
Again, we have that '.L/ � P , where P is a Sylow 2-subgroup of �.L/ Inn.S/.

The choices for P are at most j�.L/ Inn.S/=P j D jS j=jS \ P j and the choices for
'.y1/ are at most jP \ CS .'.a1//j � jS \ P j. Now we can apply Lemma 11, and

we note that j GL.n� 1; q 1
2 /j < .d jS j/ 1

2

qn�1 . Moreover, by Lemmas 2 and 11 the choices

for '.fy2; : : : ; yk; x1g/ are at most
�

.d jS j/ 1
2

qn�1

� 1
2 k

and the choices for the images of the

remaining generators are at most
�

.d jS j/ 1
2

qn�1

�k�1

. First assume that k � 4 and q ¤ 4,

so that 2 � q
1
4 – the missing cases will be dealt with using ad hoc arguments.

We obtain that the number of conjugacy classes of complements of N in H is at
most �

�.n/
�"�
.q � 1/n�12n�1

�kjS j
�
.d jS j/ 1

2

qn�1

� 3
2 k�1

:

If xX \D is an r-group we have that

�
.q � 1/n�12n�1

�kjS j
�
.d jS j/ 1

2

qn�1

� 3
2 k�1

� q
5
4 k.n�1/jS j 3

4 kC 1
2
.q � 1/ 3

4 k� 1
2 qn�1

q
3
2 k.n�1/

� jS j 3
4 kC 1

2 .q � 1/ 3
4 k < jS j 7

8 kC 1
2 < jS jk;

as .q � 1/ 3
4 < jS j 1

8 for n � 3.
If there are at least two different primes dividing j xX\Dj the result follows because

d � 6, n � 6, �.n/ � 2n�1 � q
1
4 .n�1/ < jS j 1

24 and .q � 1/ 3
4 < jS j 1

40 .
Here are the arguments for the exceptions:

If k D 2 then xX � B .
In case xX \D is an r-group we have

.q � 1/2.n�1/4n�1jS j
� .d jS j/ 1

2

qn�1

� 3
2

< jS j 7
4 .q � 1/n�1d

3
4 < jS j2;

as d
3
4 .q � 1/n�1 < jS j 1

4 for n � 4, while if n D 3 then we need the sharper bound
.q � 1/2 for the order of a Sylow 3-subgroup of S .

If k D 2 and there are at least two different primes dividing j xX \ Dj the result
follows because 2n�1d

3
4 .q � 1/n�1 < jS j 1

4 for n � 6.
If k D 3 we assume that L is a Sylow 2-subgroup of xX and that x1 2 L, so

the number of choices for '. xX/ is at most that of the case k D 2 multiplied by

.q � 1/n�12n�1 .d jS j/ 1
2

qn�1 < .q � 1/ 1
4 .n�1/C 1

2 jS j 1
2 < jS j.
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If q D 4 then 3 < jS j 1
9 and the choices for each generator of '. xX \ B/ are at

most the order of a Sylow 3-subgroup P of PSL.n; 4/, which is at most 3
3
2 .n�1/, and

the result follows in the same way (for k D 2 it is also necessary to take into account
that jP j D 9 when n D 3).)

Now assume that xX \ D is a 2-group. Then xX \ B is a 2-group so that
'. xX \ B/ � P , where P is a Sylow 2-subgroup of �. xX \ B/ Inn.S/, which is
unique up to Inn.S/-conjugacy. Moreover, as xX= xX \ˆD ,! C2 � .C2 o Sym.k//,
we may assume that x1; : : : ; xd k

2 e 2 xX \ B (here
˙

k
2

	
denotes the least integer

greater or equal to k
2

). Then the choices for '.Z [ fy1g/ are at most jP \ S jkC1 ��
.q�1/n�12n�1

d

�kC1

. Then by Lemma 2 for i D 2; : : : ; k the choices for '.yi / are at

most jP \ CS .'.y1//j � jGL.n; q
1
2 /j2 � .q

1
2 � 1/n2n�1, and again by Lemma 2

with T D xX \ˆD for each of the remaining
l

k
2

m
C 1 generators the choices are at

most .d jS j/ 1
2 (see also Lemma 9). So the number of conjugacy classes

�
.q � 1/n�12n�1

d

�kC1 �
.q

1
2 � 1/n2n�1

� 3
2 k�1

.d jS j/ 1
2

k
2

� �
.q � 1/ 7

4 n2
5
2 .n�1/

�kC1jS j k
4

� .q � 1/ 31
12 n.kC1/jS j k

4

� jS j 1
2 .kC1/C k

4 < jS jk

for k � 2.

4. The unitary groups

Throughout this section we will have S D PSU.n; q2/, where q D pm for some
prime p and n � 3 (n D 2 is covered by the previous section). Then Out.S/ D
OutDiag.S/hInn.S/�i, where � is the Frobenius automorphism. Furthermore,
OutDiag.S/ is cyclic of order d D .n; q C 1/ and jh�ij D 2m. As usual, we
have that xX D X

S
� Out.S/k Ì Sym.k � 1/, where Sym.k � 1/ acts trivially on the

first component of B D Out.S/k . Let D D OutDiag.S/k and ˆ D hInn.S/�ik .
To prove our theorem for unitary groups we imitate as closely as possible the

argument of the previous section.
If xX \B D 1, then xX embeds in Sym.k�1/, it is k

2
-generated and the conclusion

follows from Lemma 3.
If xX \D D 1 ¤ xX \B , then xX is isomorphic to a subgroup of h�i o Sym.k/. If

the exponent of xX \ B is 2, then xX is k-generated and again Lemma 3 applies. So
we can assume that the exponent of xX \ B is at least 3. We choose – as in case 2
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of the proof for PSL – an element z1 2 xX \ B with the property that the order
of its first coordinate is maximum among the orders of coordinates of elements of
xX \B . We then choose z2; : : : ; zk so that hz1; z2; : : : ; zki D xX \B andw1; : : : ; wk

2

such that w1. xX \ B/; : : : ; wk
2
. xX \ B/ generate xX=. xX \ B/. A homomorphism '

as in Proposition 1 is determined by the images of z1 (certainly less than jS j pos-
sible choices), of z2; : : : ; zk which by Lemma 2 are determined modulo CS .'.z1//,
and of w1; : : : ; wk

2
that are also determined modulo CS .'.z1//. By Lemma 12

jCS .'.z1//j � .d jS j/ 1
3 . It follows that we have less than jS j.d jS j/ 1

3 .k�1C k
2 / < jS jk

possibilities for ', up to S -conjugation.
So assume that xX \ D ¤ 1. We want to estimate the number of S -classes of

homomorphisms ' as described in Proposition 1; we first discuss their restriction
to xX \ D that is abelian of exponent dividing d and generated by some set Y of
at most k elements. If the order of xX \ D is a prime power, then '. xX \ D/ will
be contained in a Sylow subgroup R of Aut.S/ and the image of any y 2 Y is
determined moduloR\S : at most jR\S jk possibilities. Lemma 8 gives the bound
jR\S j < jS j 1

2 , and better estimates are available for some specific cases that we need
consider. In the general case '. xX \ D/ will be contained in a nilpotent subgroup
xN of PGU.n; q2/ of order coprime to p. From [19, Lemma 2.4] it follows easily

that xN � NPGU.n;q2/. xT / for some maximal torus xT of PGU.n; q2/. The number of
S -conjugacy classes of maximal tori of PGU.n; q2/ is �.n/, so we have at most �.n/
choices for xN , up to S -conjugation, and then the choices for '.y/ for every y 2 Y

are at most j xN \ S j � nŠ .qC1/n�1

d
.

This is enough to conclude in the case xX \ B D xX \ D. Namely, choose a
set W of minimum cardinality s generating xX modulo xX \ B; as xX=. xX \ B/ is
isomorphic to a subgroup of Sym.k � 1/, s � bk�1

2
c if k ¤ 4, s � 2 if k D 4.

The image of any w 2 W will be determined modulo the centralizer in S of a non
trivial diagonal automorphism, whose order is at most jS jd

qn�1.qn�1/
. It follows that the

number of S -classes of '’s is smaller than jS j k
2

� jS jd
qn�1.qn�1/

�k
2

< jS jk if xX \D has

prime power order; and that

�.n/.nŠ
.q C 1/n�1

d
/k
� jS jd
qn�1.qn � 1/

�k
2

� ..q C 1/n�1nŠ/kjS j k
2

otherwise. Since now n > 4 this last number is < jS jk .
Let us now assume that 1 ¤ xX \D < xX \ B . Let z1; : : : ; zk be generators of

xX \B modulo xX \D, where z1 has been chosen such that z1. xX \D/ has maximum
order in . xX \ B/=. xX \D/, and that this is the order of its first coordinate.

For the moment we will also assume that the exponent of . xX \ B/=. xX \ D/

is at least 3 (so that q is not a prime), and that n � 6. If ' is already defined on
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xX \D, then '.z1/ is determined modulo the centralizer in S of a non trivial diagonal
automorphism, whose order is at most jS jd

qn�1.qn�1/
. And then the images of z2; : : : ; zk ,

as well as the images of the generators in W as described above, will be determined
modulo CS .'.z1//. As '.z1/ D �ta for some a 2 InnDiag.S/ and j�t j > 2, we
know from Lemma 12 that jCS .'.z1//j < .d jS j/ 1

3 . It follows that the number of
S -classes of '’s is smaller than

�.n/

�
.q C 1/n�1

d
nŠ

�k jS jd
qn�1.qn � 1/.d jS j/ 1

3 .k�1Cs/:

As �.n/ � 2n�1, s � bk�1
2

c if k ¤ 4 and s � 2 if k D 4, and .q C 1/n�1nŠ < jS j 1
3

when n � 6 and q � 4, this number is smaller than jS jk .
Assume now that the exponent of . xX\B/=. xX\D/ is 2 and that n � 6 and q � 5.

Suppose that ' is already defined on xX \D. Supersolvability of xX \B implies that
some non identity cyclic subgroup hui of xX \D is normal in xX \B and we may also
assume that the first coordinate of u is non trivial. We choose generators z1; : : : ; zk of
xX \B modulo xX \D in some Sylow 2-subgroup of xX \B , and we may assume that

the first coordinate of z1 has the form Inn.S/˛ where ˛ D �ma, a 2 InnDiag.S/,
while the first coordinates of z2; : : : ; zk are in OutDiag.S/. The images of z1; : : : ; zk

will lie in a Sylow 2-subgroup P of the normalizer in h˛; InnDiag.S/i of h'.u/i;
such Sylow subgroups are all conjugate under CInnDiag S .'.u//, so their number is
at most d jCS .'.u//j=jCS .'.u//j2. Then the image '.z1/ is determined modulo
P \CInn S .'.u//, while '.z2/; : : : ; '.zk/ are determined modulo P \CInn S .'.z1//,
and finally the images of generators in W as described above, will be determined
modulo CS .'.z1//. From Lemma 12 we obtain the bounds jCS .'.z1//j � .d jS j/ 2

3

and jCS .'.z1//j2 � .d jS j/ 2
7 .

It follows that the number of S -classes of '’s is smaller than

�.n/

�
.q C 1/n�1

d
nŠ

�k jS jd2

qn�1.qn � 1/.d jS j/ 2
7 .k�1/C 2

3 s:

As �.n/ � 2n�1, s � bk�1
2

c if k ¤ 4, and .q C 1/n�1nŠ < jS j 29
100 when n � 6

and q � 5, this number is smaller than jS jk unless k D 3, s D 1 or k D 4, s D 2.
A small modification of the argument allows to reach the same conclusion also in
the two remaining cases: we need one generator w1 (respectively, two generators
w1,w2) for xX= xX \B which is isomorphic to Sym.2/ (respectively, Sym.3/), but the
difficulty is overcome by choosing z1; : : : ; zk; w1 to lie in the same Sylow 2-subgroup
of h xX \ B;w1i.

At this point we are left with a list of small cases in which the ‘generic’ argument
breaks down: n < 6 when xX \ D ¤ 1 and the exponent of . xX \ B/=. xX \ D/ is
greater than 2; n < 6 or q < 5when xX\D ¤ 1 and the exponent of . xX\B/=. xX\D/
is 2. The additional arguments required to deal with these cases are sketched below.
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When n is one of 3, 4, 5, xX \D ¤ 1 and the exponent of . xX \ B/=. xX \D/ is
greater than 2we have that xX\D is a 3-group (a 2-group, a 5-group, respectively), so
that '. xX \D/ is contained in a Sylow subgroup R (for the relevant prime) of Aut S
and there are at most jR \ S jk possible choices . The conclusion follows, since the
orders of these Sylow subgroups are strictly smaller than jS j 1

3 .
Similar considerations apply if xX\D ¤ 1 and the exponent of . xX\B/=. xX\D/

is 2, for almost all the remaining cases. Namely, if either n D 5 or q D 4 then d D 5

and a Sylow 5-subgroup of S has order smaller than jS j 1
4 . If n D 4 or q D 3 then

xX \B is a 2k-generated 2-group and '. xX \B/ is contained in a Sylow 2-subgroup
R of Aut S , so that its contribution is at most jR\S j2k < jS j 2

3 k (since jS j2 < jS j 1
3 );

then we have k
2

more generators, whose images are determined modulo CS .'.z1//

that has order at most jS j 2
3 . If q D 2 or n D 3 and the exponent of . xX \B/=. xX \D/

is 2, then xX is isomorphic to a subgroup of Sym.3/ o Sym.k/. In fact, 3 D d j qC 1

implies that q D pm with m odd, Out.S/ D OutDiag.S/hInn.S/�mi � hInn.S/�2i,
OutDiagShInn.S/�mi Š Sym.3/, xX\Z.B/ D 1 and xX is isomorphic to a subgroup
of .Out.S/=Z.Out.S// o Sym.k/ Š Sym.3/ o Sym.k/. It follows that xX is either
k-generated or k C 1-generated with k generators mapping into a Sylow 3-subgroup
whose order is strictly smaller than jS j 1

3 .

5. The groups Dl .q/

In this section S will be a simple group of the form Dl.q/ with q D pm and l � 4.
In this case Out.S/ D H � C where C is a cyclic group of order m and H is
isomorphic to a subgroup of Sym.4/. More precisely C D hInn.S/ i where  is
a product �
 with � a field automorphism and 
 a graph automorphism if p � 3

mod 4, l is odd and m is even,  is a field automorphism in all the other cases.
Finally Out.S/=OutDiag.S/C Š Sym.3/ if l D 4, jOut.S/=OutDiag.S/C j D 2

otherwise. Our first task is to estimate jCS .˛/j for ˛ 2 h ; Inn.S/i.

Lemma 18. Let ˛ 2 h ; Inn.S/i be an automorphism of order e. Then jCS .˛/j �
jS j 21e�3

e.21e�4/ .

Proof. By direct calculation.

We also need information on generators for permutation groups of a very special
form:

Lemma 19. Let G be a subgroup of Sym.4/ o Sym.k/ with transitive projection on
Sym.k/, and letH be the stabilizer of 1 in the action ofG on the blocks. Denote byB
the base subgroup of Sym.4/oSym.k/, byA its subgroup Alt.4/k , byD the subgroup
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O2.B/. Assume thatH \B is neither a 2-group nor a 3-group and thatH \D ¤ 1.
If H is not k-generated, then d.H/ D k C 1, and H is one of D � diag Sym.3/,
D � diag Alt.3/, A � diag.C2/.

Proof. We note that no non trivial element of H \ D is central in H \ A: if d D
.d1; : : : ; dk/ 2 H \D with dj ¤ 1 and c D .c1; : : : ; ck/ 2 H \ A is an element of
order 3, we can find aG-conjugate c0 of c whose j -coordinate c0

j ¤ 1, and Œc0; d � ¤ 1.
Assume that d.H/ D l > k. H has a factor groupH=N such that d.H=N/ D l ,

its socleM=N is a direct product ofH -equivalent chief factors ofH andCH .M=N/ �
M . We first discuss the case when d.H=.H\D// � k. M=N is a 2-group: otherwise
H \ D � CH .M=N/, hence H \ D � N and H=N would be k-generated, a
contradiction. Similarly we exclude the possibility that a 2-chief factor of H above
H \ D is isomorphic to one of the chief factors contained in M=N : we would get
H \ A � CH .M=N/, so that H \ A � N and d.H=N/ � k, a contradiction.

We are left with: M=N is the direct product of k non central chief factors H -
isomorphic to chief factors contained in D. As D is self-centralizing in Sym.4/ o
Sym.k/, we get D � H and H=D isomorphic to a subgroup of Sym.3/, so that H
is one of D � diag Sym.3/, D � diag Alt.3/.

Suppose now that d.HD=D/ > k. By Lemma 6HD=D � A=D; more precisely,
HD=D D .A=D/hDgi where Dg is an involution inverting A=D. But HD � A

and H \D ¤ 1 imply that H \D contains one of the factors of D, and transitivity
of G then gives D � H so that finally H D A � diag.C2/.

After these preliminaries, we move to the proof of our theorem. We have xX �
Out.S/ o Sym.k/; more precisely, we have a subgroup xH of Out.S/ o Sym.k/ with
transitive projection on Sym.k/, and xX is the stabilizer of the first coordinate. In
the base subgroup B of Out.S/ o Sym.k/ we single out the subgroups ‰ D C k and
D D .OutDiag.S//k . We will show that the number h ofS -orbits of homomorphisms
xX ! Aut.S/ as in Proposition 1 is smaller than jS jk .

Case 1. xX \‰ ¤ 1.
Let e be the exponent of xX \‰. We take generators f1; : : : ; fk of xX \‰ with the

property that f1 has first coordinate of order e. By [14, Proposition 1.1], the image
of f1 is S -conjugate to an element ˛ of h ; Inn.S/i or order e. We select the images
of f2; : : : ; fk in CS .˛/. As xX= xX \‰ ,! Sym.4/ o Sym.k/, to generate xX we need
at most 2k more elements; their images are determined modulo CS .˛/. The number
h is then at most jCS .˛/j3k�1.

If e � 4 we have 21e�3
e.21e�4/

.3k � 1/ < k.
If e D 3we choose the images of the fi ’s in a fixed Sylow 3-subgroup T ofCS .˛/,

and we have jCS .˛/ W T j choices for it. By Lemma 8, jT j � jCS .˛/j1=2. Hence h is
at most jS j 60

3�59 . k�2
2 C2kC1/ < jS jk .

If e D 2, then xX= xX \ ‰ is 2k-generated (it is isomorphic to a subgroup of
Sym.4/ o Sym.k/), and its quotient xX= xX \ ‰D isomorphic to a subgroup of
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Sym.3/ o Sym.k/, is k C 1-generated. We choose generators for xX : fi ’s as above,
k � 1more elements in‰D, kC 1more to generate xX modulo xX \‰D. The image
of f1 is given; we choose a Sylow 2-subgroup T of CS .˛/ (among � jCS .˛/ W T j
possibilities); f2; : : : ; fk will be mapped into T , the images of the remaining k � 1

generators from‰D are determined modulo T ; and finally, we have to choose images
for kC 1 more generators, that are determined modulo CS .˛/. If q is odd, we check
that jT j � jS j 1

6 , hence h is at most jS j 39
2�38 C 1

6 .2k�3/jS j 39
2�38 .kC1/ < jS jk for k � 2.

If q is even, by Lemmas 8 and 9 we have a weaker bound, jT j � jS j 1
4 , but in that

case D D 1 so we do not need the k � 1 generators in ‰D nD and the number h is
at most jS j 39

2�38 C 1
4 .k�2/jS j 39

2�38 .kC1/ < jS jk for k � 2.

Case 2. xX \‰ D 1.
As an abstract group xX ,! Sym.4/ o Sym.k/ is 2k-generated.

2:1: xX \ B is a 2- or a 3-group.
Let xX \ B be a 2-group. If q is even, then OutDiag.S/ D 1 and xX \ B is a

2-subgroup of Sym.3/k; hence xX is isomorphic to a subgroup of Sym.2/ o Sym.k/
and can be generated by k elements. So we may assume q odd. We can generate xX
with s generators in xX\B and t more elements coming from generators of xX= xX\B ,
t � k

2
, sC t � 2k. The generators in xX \B will be mapped into a Sylow 2-subgroup

P of Aut.S/, which is uniquely determined up to conjugacy by inner automorphisms
of S . Once P is fixed, the image of each generator in xX \B can be chosen in at most
jP \ S j < jS j 1

3 different ways. So the S -orbits on the set H of Proposition 1 are
fewer than jS j s

3 jS jt ; the worst case is t D k
2

, s D 3k
2

so in any case jS j s
3 jS jt � jS jk .

Let now xX \B be a 3-group. xX can be generated with k elements of xX \B and
k
2

coming from generators of xX=. xX \B/. It is enough to note that the k elements of
xX\B will be mapped into a Sylow 3-subgroupP of Aut.S/ and that jP \S j < jS j 1

2

by Lemma 8.
From now on we will assume that xX \ B has both 2- and 3-elements. This is

possible only if l D 4.

2:2: xX \D‰ D 1.
As an abstract group xX ,! Sym.3/ o Sym.k/, and we can assume that xX is not k-

generated. By Lemma 6 xX Š Alt.3/k �hgi where g is an involution inverting Alt.3/k .
Hence xX can be generated by k C 1 elements a1; : : : ; ak; b with the property that
ha1; : : : ; aki is a Sylow 3-subgroup of xX . This implies that a1; : : : ; ak will be mapped
into a Sylow 3-subgroup P of Aut S . Once P is fixed, the image of each ai can be
chosen in at most jP \ S j < jS j 1

2 different ways (here we use again Lemma 8). So
the S -orbits of homomorphisms are at most jS j k

2 jS j < jS jk .

2:3: xX \D‰ ¤ 1.
It easily follows that xX \D ¤ 1 (which implies that q is odd): if df 2 xX with

d 2 D, f 2 ‰; f ¤ 1, in xX \ B there is a 3-element g that does not commute
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with d and Œg; df � D Œg; d � 2 xX \D.
Assuming that xX is not k-generated, its structure is described by Lemma 19. We

take generators of xX in the following way: d11 2 D acting on S as a non inner
automorphism, we split D into xX -modules D1 � � � � �Dk with d11 2 D1, we take
a second generator d12 of D1, d2; : : : ; dk module generators of the other Di ’s, c1 of
order 3 not centralizing d11, c2; : : : ; ck such that hc1; : : : ; cki is a Sylow 3-subgroup
of xX , z a 2-element.

We first choose '.d11/: 2 choices, up to conjugation. We then fix a Sylow 2-
subgroup T of C.'.d11// (this is the centralizer in InnDiag.S/) and choose the
images of the remaining di ’s in T . We fix a Sylow 3-subgroup R of the nor-
malizer of '.D1/ in Aut.S/: the images of the cj ’s are determined modulo R \
C.'.d11//\S ; the image of z is also determined modulo T \S . As the possibilities
for T are at most jC.'.d11//j=jC.'.d11//j2 and the possibilities for R are at most
jC.'.d11//j=jC.'.d11//j3, the number h of S -orbits of homomorphisms will be at
most

2 � jC.'.d11//j2 � jC.'.d11//jk2 � jC.'.d11//jk�1
3 :

The possibilities for '.d11/, i.e. representatives of the conjugacy classes of non
inner diagonal involutions, are listed in the Table 4.5.1 of [8] together with their
centralizers. We can check that in all cases 2 � jC.'.d11//j2 � jS j 5

4 , jC.'.d11//j2 �
jS j 1

5 and jC.'.d11//j3 � jS j 1
4 . It follows that h is at most

jS j 5
4 C 1

5 kC 1
4 .k�1/ < jS jk :

6. The remaining simple groups

As in the previous cases, xX � Out.S/k Ì Sym.k � 1/; let D D OutDiag.S/k and
B D Out.S/k . In all the cases OutDiag.S/ is a cyclic r-group (with r D 3 if
S 2 fE6.q/;

2E6.q/g and r D 2 otherwise). We will show that the number of orbits
of S on the set H of homomorphisms xX ! Aut.S/ as in Proposition 1 is smaller
than jS jk .

Case 1. xX \D D xX \ B .
We can generate xX with k generators in xX \ B and k

2
more elements coming

from generators of xX= xX \B . The generators in xX \B will be mapped into a Sylow
r-subgroup P of InnDiagS , which is uniquely determined up to conjugacy by inner
automorphisms of S . Once P is fixed, the image of each generator in xX \ B can be
chosen in at most jP \S j < jS j 1

2 different ways. So the S -orbits of homomorphisms
are fewer than jS jk .

Case 2. xX \D < xX \ B .

2.1. S … fE6.q/;
2E6.q/g.
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We choose x1; : : : ; xa generating xX \ D, y1; : : : ; yb generating xX \ B mod-
ulo xX \ D and z1; : : : ; zc generating xX modulo xX \ B . Since OutDiag.S/ and
Out.S/=OutDiag.S/ are cyclic groups, a � k, b � k and c � k

2
. The generators in

xX \D will be mapped into a Sylow 2-subgroup P of InnDiag.S/, which is uniquely
determined up to conjugacy by inner automorphisms of S . Once P is fixed, the im-
age of each generator in xX \ B can be chosen in at most jP \ S j different ways.
Let e be the exponent of xX \ B= xX \ D. We can choose y1 with the property that
jy1. xX \ D/j D e, and that e is also the order of its first coordinate. The image
˛ of y1 is an automorphism of S of order e modulo InnDiag.S/. The images of
y2; : : : ; yb; z1; : : : ; zc are determined modulo CS .˛/. So the S -orbits of homomor-
phisms are at most � D jP \ S j�kjS jjCS .˛/j 3k

2 �1, with 
 D 1 if q is odd, 
 D 0

if q is even.

If S 2 fBl.q/; Cl.q/; E7.q/g, then it can be easily checked that 2jP \S j < jS j 1
3

if q is odd (if q is even jP \ S j < jS j 1
2 by Lemma 8) and jCS .˛/j � .2jS j/ 1

e .
If e � 3, then � < jS jkI if e D 2, then xX \ B is a 2-group so we have at most
jP \ S jk.�C1/jCS .˛/j k

2 < jS jk possibilities for the images of our generators.

IfS D 2Dl.q/, then 4jP \S j � jS j 1
3 if q is odd, jCS .˛/j � .4jS j/ 1

3 if e … f2; 4g,
jCS .˛/j � .4jS j/ 1

4 if e D 4. If e ¤ 2 we conclude as in the previous case; if
e D 2 then, by Lemma 6 and Lemma 7, xX can be generated by k.1 C 
/ elements
and at least k.1

2
C 
/ are mapped into a Sylow 2-subgroup, so we have at most

jP \ S j k
2 C�jS j k

2 < jS jk possibilities.
If S 2 fG2.q/; F4.q/; E8.q/;

2B2.q/;
2G2.q/;

2F4.q/;
3D4.q/g, then we have

OutDiag.S/ D 1, so a D 0, the choices for ˛ are fewer than jS j and the image of
each of the remaining 3k

2
�1 elements is determined in at most jCS .˛/j different ways.

If e is not a prime power, then jCS .˛/j < jS j 1
2 and the choices for our homomorphism

are fewer than jS jjS j 1
2 . 3k

2 �1/ � jS jk . If e is power of a prime r , then the generators
y1; : : : ; yb are mapped into a Sylow r-subgroup so we have at most jS jkr jS j k

2 < jS jk
possibilities.

2.2. S D E6.q/.
In this case jOutDiag.S/j D .3; q � 1/ and Aut.S/ D h�; 
; InnDiag.S/i with �

a field automorphism of order m and 
 a graph automorphism of order 2. Let
ˆ D hInn.S/�ik . We choose x1; : : : ; xa generating xX \ D, y1; : : : ; yb generat-
ing xX \Dˆmodulo xX \D and z1; : : : ; zc generating xX modulo xX \Dˆ. Clearly
a � k, b � k and c � k since xX=. xX \ Dˆ/ � C2 o Sym.k/. The generators in
xX \ D will be mapped into a Sylow 3-subgroup P of Aut.S/, which is uniquely

determined up to conjugacy by inner automorphisms of S . Once P is fixed, the im-
age of each generator in xX \ B can be chosen in at most jP \ S j different ways.
Let e be the exponent of xX \ˆD= xX \D. We can choose y1 with the property that
jy1. xX \ D/j D e, and that e is also the order of its first coordinate. The image ˛
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of y1 is an element of hInnDiag.S/; �i with order e modulo InnDiag.S/. The images
of y2; : : : ; yb; z1; : : : ; zc are determined modulo CS .˛/. So the S -orbits of homo-
morphisms are at most � D jP \ S j�kjS jjCS .˛/j2k�1, with 
 D 1 if 3 divides
q � 1, 
 D 0 otherwise. It can be easily checked that 3jP \ S j < jS j 1

8 if p ¤ 3

and jCS .˛/j � .3jS j/ 1
e . If e � 4, then � < jS jk . If e D 3 it suffices to notice that

also the images of y1; : : : ; yb can be chosen in P . Now assume e 2 f1; 2g; in this
case xX= xX \D � .C2 � C2/ Ì Sym.k � 1/, so we may choose our generators with
the following further property: there exists d � c such that c � d � .k � 1/=2 if
k ¤ 4, c � d � 2 if k D 4 and hy1; : : : ; yb; z1; : : : ; zd i is contained in a Sylow
2-subgroup of xX \B . If e D 2, then the elements y1; : : : ; yb; z1; : : : ; zd are mapped
into a Sylow 2-subgroup Q of hInnDiag.S/; �

m
2 ; 
i (and we have at most jS j=jS j2

possibilities forQ), ˛ belongs toQ and can be chosen in at most jS j2 different ways,
the elements y2; : : : ; yb; z1; : : : ; zd are mapped into CQ.˛/ and the images of each

of these elements can be chosen it at most jCQ.˛/ \ Inn S j � jS j 1
4 different ways,

the image of zi with i > d can be chosen in jCS .˛/ � .3jS j/1=2 different ways,

so we have at most
� jS j 1

8

3

�ajS jjS j bCd�1
4 .3jS j/ c�d

2 < jS jk possibilities. If e D 1,
then b D 0, the elements z1; : : : ; zd are mapped into a Sylow 2-subgroup, so the

possibilities are at most
� jS j 1

8

3

�ajS jjS j d�1
2 .jS j/c�d < jS jk .

2.3. S D 2E6.q/.
In this case jOutDiag.S/j D .3; q C 1/ and Aut.S/ D h�; InnDiag.S/i where

� is a field automorphism of order 2m. We choose x1; : : : ; xa generating xX \ D,
y1; : : : ; yb generating xX \ B modulo xX \ D and z1; : : : ; zc generating xX modulo
xX\BI a � k, b � k and c � k�1

2
if k ¤ 4, c � 2 if k D 4. The generators in xX\D

will be mapped into a Sylow 3-subgroup P of InnDiagS . Let e be the exponent of
xX \ˆD= xX \D. As in the discussion of the previous cases, there exists ˛ 2 Aut S

with order e modulo InnDiag.S/ and the S -orbits of homomorphisms are at most
� D jP \ S j�ajS jjCS .˛/jbCc�1, with 
 D 1 if 3 divides q C 1 , 
 D 0 otherwise.
It can be easily checked that 3jP \ S j < jS j 1

8 if 
 D 1 and jCS .˛/j � .3jS j/ 1
2

if e ¤ 2. Hence � < jS jk if e ¤ 2. If e D 2 and d D 1, then we can use
Lemma 7 to deduce that d. xX/ � k. If e D 2 and d ¤ 1, then it can be shown
that xX is isomorphic to a subgroup of Sym.3/ o Sym.k/, so by Lemma 6 either it is
k-generated, or it can be generated by kC 1 elements a1; : : : ; ak; b with the property
that ha1; : : : ; aki is a Sylow 3-subgroup of xX . This implies that a1; : : : ; ak will be
mapped into a Sylow 3-subgroup P of Aut S and the S -orbits of homomorphisms
are at most jS j k

2 jS j < jS jk .
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