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Asymptotic dimension and uniform embeddings

Światosław R. Gal�

Abstract. We study uniform embeddings of metric spaces, which satisfy some asymptotic
tameness conditions such as finite asymptotic dimension, finite Assouad–Nagata dimension,
polynomial dimension growth or polynomial growth, into function spaces.

We show how the type function of a space with finite asymptotic dimension estimates its
Hilbert (or any `p-) compression. In particular, we show that the spaces of finite asymptotic
dimension with linear type (spaces with finite Assouad–Nagata dimension) have compression
rate equal to one.

We show, without the extra assumption that the space has the doubling property (finite
Assouad dimension), that a space with polynomial growth has polynomial dimension growth
and compression rate equal to one.

The method used allows us to obtain a lower bound on the compression of the lamplighter
group Z o Z, which has infinite asymptotic dimension.
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1. Introduction

The study of embeddings of metric spaces into function spaces (where Hilbert space
plays a prominent role) was introduced by M. Gromov in [Gro93, Section 7.E]. It
appeared to be a fundamental tool in geometric group theory since G. Yu proved
that a group admitting a uniform embedding with respect to the word metric into a
Hilbert space satisfies the Novikov Conjecture on homotopy equivariance of higher
signatures [Yu00] (which was already predicted by M. Gromov).

In [Gro93, p. 29] Gromov also introduced a large scale twin of the topologi-
cal covering dimension, the asymptotic dimension. As noticed by N. Higson and
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J. Roe [HR00] spaces of finite asymptotic dimension have property A of G. Yu, and
thus, in particular, they uniformly embed into `p spaces. This idea already appears
in [Yu98, Section 6].

In [GK04] E. Guentner and J. Kaminker initiated the quantitative study of such
embeddings (they defined the compression rate of such an embedding). This topic
was developed recently in a number of papers [AGS04], [CTV05], [SV06], [Tes06],
[Tes07], [ADS06].

In this paper we compare three (families of) profiles associated to metric spaces.

� The type function Dk , which is essentially the one introduced by M. Gromov
in [Gro93] (the two definitions will be compared in Section 3.1). The function
Dk is well defined (finite) under the assumption that the space in question has
asymptotic dimension at most k.

� The family of functions ıp which are defined for arbitrary metric space, and still
encode interesting information when the space has infinite asymptotic dimension
in a tame way (such as polynomial dimension growth defined by A. Dranish-
nikov [Dra06]). In Section 4.3 we will estimate those functions for the wreath
product Z o Z (the lamplighter group).

� The profiles �p being a quantitive measure of how well the space satisfies prop-
erty A of G. Yu.

These profiles will be used to estimate (from below) the compression rate of spaces sat-
isfying some tameness properties such as finite asymptotic dimension, finiteAssouad–
Nagata dimension, polynomial dimension growth or polynomial growth.

Section 3 is devoted to the proof of the main result, which is the comparison
between these three families of functions:
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As a straightforward corollary we obtain a lower bound for the Hilbert compression
of spaces of finite asymptotic dimension in terms of its type function (Theorem 1.1.1).
In particular, we will show that the spaces of finite asymptotic dimension with linear
type (spaces with finite Assouad–Nagata dimension) have compression rate equal to
one.

In Section 4 we will apply this result to some spaces with infinite asymptotic
dimension. We will show that a space with polynomial growth has polynomial di-
mension growth and compression rate equal to one (Theorem 4.1.4). A weaker result,
with the extra assumption that the space has the doubling property (finite Assouad
dimension), follows from the celebrated Assouad Embedding Theorem [Ass83].

Finally, in Section 4.3, more subtle estimates of ıp will give a lower bound for the
Hilbert compression of Z o Z.
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1.1. The type function and compression. The type functionDk (cf. [Gro93, p. 29])
of a metric space X is defined as follows (we will recall this definition in detail in
Section 3.1 as Definition 3.1.3). Dk.L/ is the infimum of those S such that there
exists an open cover U of X by sets of diameter at most S , the multiplicity of U is at
most k C 1 and, for every x 2 X , the ball BL.x/ of radius L around x is contained
in some set from U. The space X is said to have asymptotic dimension at most k if
Dk.L/ < 1 for all positive L.

Theorem 1.1.1. Let .X; d/ be a space of bounded geometry, asymptotic dimension
at most k and with type functionDk . Let u be any non-decreasing function such that
the Riemann–Stieltjes integral Z 1

c

du.t/p

tp
< 1 (1)

converges. Then there exists a Lipschitz map � W X ! `p such that

d.x; y/ � Dk.t/ ) k�.x/ � �.y/kp � u.t/:

In particular, one can take u.t/ D t � .log t /�.1Ca/=p for any a > 0 (see Exam-
ple 2.4.4). Another form of the condition (1) appears in [Tes07] as condition (Cp)
(we will show the equivalence in Section 2.5).

The proof of Theorem 1.1.1 will be given on p. 78 after Corollary 3.2.2.
If .X; d/ is a group with the word metric, then the type function grows at least

linearly since the diameter of a ball of radius L is at least 2bLc. The same is true for
quasi-geodesic spaces.

The spaces with linear type function are also known as spaces with finite Assouad–
Nagata dimension [Ass82], [LS05] or spaces with Higson property.

Example 1.1.2. The class of spaces with linear type function contains trees and
Lobačevskiı̆ hyperbolic spaces [Gro93, p. 29].

Unfortunately, the most common way to show that a space has linear type func-
tion is to embed it into a product of trees and/or hyperbolic spaces. M. Bonk and
O. Schramm [BS00] showed that every Gromov hyperbolic group admits a quasi-
isometric embedding into a Lobačevskiı̆ hyperbolic space. Alternatively, S. Buyalo
and V. Schroeder [BS05] showed that such a group embeds quasi-isometrically in a
product of a finite number of trees.

Also Coxeter groups have linear type function as they can be embedded quasi-
isometrically in a product of (locally finite) regular trees [Jan02].

Another example is given by amenable Baumslag–Solitar groups defined by the
presentationBS1

m D ha; t j tat�1 D ami (wherem > 1 is any integer). They embed
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quasi-isometrically into the product of an .m C 1/-regular tree and a Lobačevskiı̆
space [FM98].

Recently, P. Nowak [Now07] found the first examples of groups with finite asymp-
totic dimension (even of asymptotic dimension one) with nonlinear type function.
Later G. Arzhantseva, C. Druţu and M. Sapir [ADS06] constructed groups of asymp-
totic dimension 2 having very small compression, therefore with very large type
functions.

Acknowledgements. The author warmly thanks Piotr Nowak, Nicolas Monod and
Romain Tessera for inspiring discussions. The author is also grateful to Pierre de
la Harpe and the University of Geneva for hospitality during the final work on the
manuscript.

1.2. Notation and preliminaries. Let f; g W RC ! RC be two weakly monotone
functions. We write f � g if there exist positive constants C and D such that
f .t/ � Cg.Dt/ for sufficiently large t > 0. We write f � g if f � g and f � g.

If f is a non-decreasing (resp. non-increasing) positive function, then by f �1.t/

we mean inf f �1.Œt;1// (resp. supf �1..0; t �/).

Definition 1.2.1. A metric space is said to have bounded geometry if for everyR � 0

there exists C < 1 such that every ball of radius R contains at most C points.

Most of this work remains true for a wider class of spaces namely measure-metric
spaces with bounded geometry (cf. [Tes07]).

By S1.`
pX/we will denote the unit sphere in `pX . In this paper we will consider

`p spaces only with 1 � p < 1.

2. Uniform embeddings in `p spaces

2.1. Property A and the associated profile. In this section we introduce a quanti-
tative description of property A of G.Yu which will be subsequently used in the proof
of Theorem 1.1.1. Other definitions were recently proposed by P. Nowak [Now07,
Definition 3.2] and R. Tessera [Tes07, Definition 4.1].

Definition 2.1.1. Let � W X 	 X ! R be a kernel. We will write .x; y/ 7! �x.y/.
Define

(1) S.�/ WD supf d.x; y/ j �x.y/ ¤ 0 g,

(2) ".�Ip/ WD sup
n k�x��ykp

d.x;y/
j x ¤ y

o
.

Remark 2.1.2. A map � W X ! `p.X/ is ".�Ip/-Lipschitz, and ".�Ip/ is the best
Lipschitz constant.
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Definition 2.1.3. For a space X define

�X Ip.S/ WD inff ".�Ip/ j � W X ! S1.`
pX/; S.�/ � S g:

In particular, for any S > 0, it is possible to find a map � W X ! S1.`
pX/ with

S.�/ � S and ".�Ip/ < 2�X Ip.S/. Notice that �X Ip is a non-increasing function. We
will write �X Ip DW �p if it does not lead to ambiguity. We will call �p the p th-profile
associated with property A.

We do not recall the original definition of the property A due to G. Yu [Yu00,
Definition 2.1]. Instead we give an equivalent formulation due to N. Higson and
J. Roe [HR00, Lemma 3.5].

Definition 2.1.4. A discrete metric space X of bounded geometry has property A if
for any R > 0 and � > 0 there exists � W X ! S1.`

1X/ with S.�/ < 1 and such
that k�x � �yk � � provided d.x; y/ � R.

Proposition 2.1.5. If inf �X I1 D 0 then X has property A.

Proof. � W X ! S1.`
pX/ with S.�/ < 1 and ".�I 1/ D �=R satisfies the condition

in the above definition.

To prove the opposite implication we need a mild assumption that the space is
uniformly discrete (which can be always realized in a quasi-isometry class of the
metric).

Definition 2.1.6. A metric space .X; d/ is uniformly discrete if zero is an isolated
value of the metric.

An example of uniformly discrete space is a vertex set of a graph (with unit length
edges) with an induced metric, e.g. a discrete group with a word metric.

Proposition 2.1.7. Assume that a uniformly discrete space X has property A. Then
inf �X I1 D 0.

Proof. By hypothesis we can find r > 0 such that d.x; y/ < r implies x D y.
Assume that k�x � �yk � � � r for d.x; y/ � 2=�. Then � W X ! `1.X/ is �-Lip-
schitz.

We are interested in the asymptotic behavior of �X Ip (how fast it does converge to
zero).

Remark 2.1.8. Let d.x; y/ D 2S.�/. Then k�x � �yk D 2. Therefore ".�Ip/ �
S.�/�1 for all such � and �p.S/ � S�1. This demonstrates that we cannot expect
faster decay of �p.S/ than S�1 for a general metric space.
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More precisely, let us make a reasonable assumption on the metric space. We
assume that there exists M such that for ı sufficiently large there are x; y 2 X such
that ı < d.x; y/ < Mı.

Under the above assumption �p.S/ � .MS/�1. Indeed, if d.x; y/ > 2S and
S.�/ � S , then �x and �y have disjoint supports and k�x � �yk D 2. Thus if
2MS > d.x; y/ > 2S , then k�x � �yk=d.x; y/ > .MS/�1.

Example 2.1.9. Let V be a vertex set (with the induced metric) of any simplicial tree.
Then �V Ip.S/ � .2S/�1=p . Indeed, fix a point ! in the boundary of the tree. Let
�x.y/ D S�1=p when y is at distance at most S from x in the direction of !. Then
� W V ! S1.`

pV / is .2S/�1=p-Lipschitz [DJ99, Proposition 1].

The above estimate is sharp only for p D 1. The following example shows the
optimal estimate. Although it is a direct corollary of Corollary 3.2.2 in the case where
the tree is uniformly locally finite (has bounded geometry), we find it instructive to
do the proof by hand in full generality.

Proposition 2.1.10. Let V be a vertex set .with the induced metric/ of any simplicial
tree. For any S � 1 one can construct � W V ! S1.`

pV / with S.�/ � S and such
that � is 8S�1-Lipschitz.

Proof. Define �x.z/ D max .S C 2 � jS � 2d.x; z/j; 0/ if the geodesic ray from x

towards ! goes through z and �x.z/ D 0 otherwise. Then

k�xkp >

�
2

Z S=2

0

.2t/p dt

�1=p

D
�
SpC1

p C 1

�1=p

D S1C1=p

.p C 1/1=p
;

and if d.x; y/ D 1, then k�x � �ykp
p D 2p.2bS=2c C 2/. Thus �x D �x=k�xkp

satisfies

k�x � �ykp < 2

�
2bS=2c C 2

S

�1=p

.1C p/1=pS�1 � 8S�1;

for d.x; y/ D 1.

2.2. Quasi-isometry invariance. Let f W X ! Y be a map. If X and Y are
equipped with metrics dX and dY we define the compression �f of f as the greatest
non-decreasing function such that

dY .f .x/; f .x
0// � �f .dX .x; x

0//

for all x; x0 2 X .
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Proposition 2.2.1. Let f W X ! Y be an L-Lipschitz map. Then �Y Ip.�f .S// �
L � �X Ip.3S/.

Proof. Choose a map s W Y ! X such that f .s.y// 2 B .y; 2 dist.y; f .X//. This
can be done since obviously f �1 .B .y; 2 dist.y; f .X/// is not empty. Notice that

d.f .x/; f .s.y/// � d.f .x/; y/C d.f .s.y//; y/ � 3d.f .x/; y/;

while d.f .s.y//; y/ � 2 dist.f .X/; y/ � 2d.f .x/; y/. In particular, f .s.y// D y

if y 2 f .X/.
For � W Y ! `p.Y / we define � W X ! `p.X/ by the formula

�x.z/ WD
� X

s.y/Dz

j�f .x/.y/jp
�1=p

:

It remains to show that

k�xkp D k�f .x/kp;

k�x � �x0kp � k�f .x/ � �f .x0/kp;

and

�f .S.�// � 3S.�/:

Indeed,

k�xkp
p D

X
z2X

X
s.y/Dz

j�f .x/.y/jp D
X
y2Y

j�f .x/.y/jp D k�f .x/kp
p ;

k�x � �x0kp
p D

X
z2X

�� X
s.y/Dz

j�f .x/.y/jp
�1=p �

� X
s.y/Dz

j�f .x0/.y/jp
�1=p

�p

(by the triangle inequality in `p.s�1.z//)

�
X
z2X

X
s.y/Dz

ˇ̌
�f .x/.y/ � �f .x0/.y/

ˇ̌p D k�f .x/ � �f .x0/kp
p ;

�f .S.�// D supf�f .dX .x; z//j�x.z/ ¤ 0g
� supfdY .f .x/; f .z//j�x.z/ ¤ 0g
� supfdY .f .x/; f .s.y///j�f .x/.y/ ¤ 0g
� supf3dY .f .x/; y/j�f .x/.y/ ¤ 0g
� supf3dY .u; y/j�u.y/ ¤ 0g D 3S.�/:

A consequence of the previous proposition is the quasi-isometry invariance of �X Ip .
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Corollary 2.2.2. Let X and Y be uniformly discrete metric spaces. Let f W X ! Y

be a quasi-isometry. Then
�X Ip � �Y Ip:

In particular, ifG is a finitely generated group equipped with a word metric, then the
asymptotic behaviour of �GIp is independent of the chosen generating set.

Proof. Observe that if the target space is uniformly discrete, then any large scale
Lipschitz map is in fact Lipschitz.

From Proposition 2.2.1 we get an immediate

Corollary 2.2.3. Let X 
 Y be a subspace with the induced metric. Then

�X Ip � �Y Ip:

2.3. The dependence on p. For the proofs of the estimates of this section the reader
may consult [BL00] or easily adjust the proofs from the original paper [Maz29].

Consider the map M W S1.`
qX/ ! S1.`

pX/ (called the Mazur map) defined by
the formula

.Mf /.x/ D jf .x/jq=p�1f .x/:

This map is q=p-Lipschitz if p � q. Thus we obtain

Corollary 2.3.1. Assume that p � q. Then

�p � q=p � �q:

Lemma 2.3.2. Assume that �q.S/ � '.S/S˛=q , where ' does not depend on q. Then

�p.S/ � e˛

p
'.S/ log.S/;

for S � ep .

Proof. This follows from Corollary 2.3.1 by putting q D logS .

On the other hand, if p � q the Mazur map is only Hölder with exponent p=q.
Thus, even if �1.S/ � S�1 (i.e. �1 has the fastest possible decay, cf. Remark 2.1.8),

the estimate on �p coming from the Mazur map (�p.S/ � S�1=p) is usually far from
sharp (cf. Example 2.1.9 and Proposition 2.1.10).
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2.4. The `p-compression

Definition 2.4.1 ([Gro93]). Let X , Y be metric spaces. A map f W X ! Y is
a coarse embedding .uniform embedding/ if there exist non-decreasing functions
��; �C W Œ0;1/ ! Œ0;1/ satisfying

(1) ��.dX .x; y// � dY .f .x/; f .y// � �C.dX .x; y// for all x; y 2 X ,

(2) limt!1 ��.t/ D C1.

The smallest function �C one can choose is called the dilation of f .
If the spaceX is quasi-geodesic (as for example the Cayley graph of a group) then

one can take �C to be an affine function. The main quantitative interest is how big
can one choose ��.

The Hilbert space compression rate of a metric space X was introduced by
E. Guentner and J. Kaminker [GK04] and it is the supremum of ˛ such thatX admits
a coarse embeddings into the Hilbert space with lower bound ��.t/ � t˛ .

Below we consider embeddings in an `p space for any p � 1.

Proposition 2.4.2. LetX be a metric space. Let f W Œc;1/ ! R be a non-decreasing
left-continuous function. Assume that a measurable field of maps

Œc;1/ 	X 3 .S; x/ 7! �S
x 2 S1.`

pX/

satisfies S.�S / � S and the Riemann–Stieltjes integralZ 1

c

".�S ; p/pd .f .S//p DW L

is convergent .L < 1/. Then the map �.x/ WD �.x/��.x0/ .where x0 is an arbitrary
reference point/ is an L1=p-Lipschitz map X ! Lp.Œc;1/; df p/ ˝ `p.X/ which
compression �� is asymptotically bounded by f , more precisely

��.d/ � 2f .d=2/ � 2f .c/:

Proof. Step 1 (� is L1=p-Lipschitz). From the definition of the norm in the space
Lp.Œc;1/; df p/˝ `p.X/ we have

k�.x/ � �.y/kp
p D

Z 1

c

k�S
x � �S

y kp
pdf .S/

p

�
�Z 1

c

".�S ; p/pdf .S/p
�
d.x; y/p D Ld.x; y/p:



72 Ś. R. Gal

Step 2 (bound on the compression). Assume that d.x; y/ > d . Since supp.�S
x / �

BS .x/ we have that k�S
x � �S

y kp D 2 if 2S � d . What follows,

k�.x/ � �.y/kp
p �

Z d=2

c

2pdf .S/p

D 2p.f .d=2/p � f .c/p/ � 2p.f .d=2/ � f .c//p:

The claim follows by the continuity of f on the left.

Corollary 2.4.3. Let X be a metric space. Let f W Œc;1/ ! R be a non-decreasing
function such that Z 1

c

�p.S/
pdf .S/p < 1:

Then there exists a uniform embedding � W X ! `p such that the compression ��
satisfies �� � f .

Proof. The assumption in Proposition 2.4.2 that f is left-continuous was made only
to get a precise bound on the compression. Replacing f by g.t/ WD lims&t f .s/

makes the function g left-continuous and does not change the value of the integral.
On the other hand, f � g with constants arbitrary close to one.

Taking sufficiently small subdivision of Œc;1� one constructs a piecewise constant
(thus measurable) field � with the property ".�S Ip/ < 2�p.S/ and S.�S / � S .

One can always approximateg by a piecewise constant hwith the same asymptotic
behavior. In this case Lp.Œc;1/; dhp/˝ `p.X/ is isomorphic to `p , thus the claim.

Example 2.4.4. Let u satisfy the condition (1) from Theorem 1.1.1, namelyZ 1

c

du.t/p

tp
< 1:

Then f .t/ WD u.1=�p.t// satisfies the assumption of Proposition 2.4.2. An example
of such u is u.t/ D t log.t/�.1Ca/=p for any a > 0. Indeed,Z 1

c

�p.S/
pd

1

�.S/pj log.�p.t//j1Ca
.t WD j log.�p.S//j/

D
Z 1

j log �p.c/j
e�ptd

ept

t1Ca
D

Z 1

j log �p.c/j
dt�1�a C pt�1�a dt

D t�1�a � p

a
t�a

ˇ̌̌1
j log �p.c/j

< 1:
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2.5. The integrability condition. In this section we will demonstrate the equiva-
lence of the condition (1) from Theorem 1.1.1 and the condition (Cp) introduced by
R. Tessera.

For any non-decreasing function u W Œc;1/ ! RC, let 	.s/ WD .u.s/=s/p . Define
two functions:


.s/ WD
Z s

c

d .u.t/p/

tp
� 	.c/

and

�.s/ WD
Z s

c

	.t/ d log .t/:

Observe that both 
 and � are non-decreasing.
Tessera’s condition (Cp) says that sup � < 1, while (1) is equivalent to sup 
 < 1.

Proposition 2.5.1. Let u be any non-decreasing nonnegative function. Then sup 
 D
sup � .

Proof. Integrating by parts we see that


.s/ D �.s/C 	.s/:

Thus immediately we get that sup 
 � sup � .
To prove the opposite inequality observe that if sup � D 1 then there is nothing

left to prove. Assume that sup � < 1. This implies that lim inf 	 D 0 (moreover, it
is an easy exercise, as u is non-decreasing, to replace lim inf by lim, but we shall not
use this). Fix " > 0. We can find s such that 	.s/ � ". Then 
.s/ � �.s/C". Since s
(for a fixed ") can be chosen arbitrarily large we conclude that sup 
 � sup � C ". By
the arbitrariness of " we conclude that sup 
 � sup � .

The Khinchine inequalities provide a bi-Lipschitz (linear) embedding of the Hilbert
space into any of the spaces LpŒ0; 1�. Therefore, if one is interested in the Lp-com-
pression, the Hilbert compression provides a lower bound. It is not clear if the same
is true for the `p-compression.

Note that the condition (1) gets slightly weaker as p increases. In particular
u.t/ D t= q

p
log.t/ satisfies (1) if and only if p > q.

2.6. Uniform embeddings of trees. Given any non-decreasing function u withR
t�pdu.t/p < 1, Corollary 2.4.3 and Proposition 2.1.10 provide an embedding

of a tree into `p space with compression bigger than u.
Independently, R. Tessera improved [Tes06, Theorem 7.3] the original construc-

tion of E. Guentner and J. Kaminker [GK04, Proposition 4.2] to obtain an embedding
of trees with such an asymptotic.
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On the other hand, using the result of J. Bourgain [Bou86, Theorem 1], R. Tessera
[Tes06, Corollary 6.3] showed that, for 2 � p < 1 and any tree T with no ver-
tices of valence 1 or 2, the compression � of any Lipschitz map T ! `p satisfiesR
t�pd�.t/p < 1.

The difference between our construction and the construction of E. Guentner,
J. Kaminker and R. Tessera is the following. The former is a cocycle with respect to
the action of the (amenable) stabilizer of the point in the boundary, whereas the latter
is a cocycle with respect to the action of the (compact) stabilizer of the vertex in the
tree.

By being a cocycle we mean the following property. Let a group� act on a spaceX .
The action induces a representation on the space W D `p.X/ ˝ Lp.Œc;1//. The
map � W X ! W is called a �-cocycle if � 3 
 7! #.
/ WD �.
x/ � 
�.x/ 2 W is
independent of x 2 X . Moreover, then # satisfies the cocycle relation

#.

 0/ D 
#.
 0/C #.
/;

or, in other words, w 7! 
w C #.
/ is an affine isometric action of � on W .

Proposition 2.6.1. Let a group � act on a space X . If �S W X ! S1.`
pX/ are �-

equivariant, then the map � constructed in Proposition 2.4.2 is a�-cocycle. Moreover,
#.g/ D �.gx0/ where x0 is the chosen reference point.

On the other hand, assume that � is a cocycle on the vertex set of a tree with values
in a Hilbert space equivariant with respect to some group � , subgroup of the full
automorphism group of the tree, with the compression �� satisfying �� .t/=

p
t ! 1.

Then the group � is necessarily amenable by Theorem 4.1 in [CTV05] or by a small
modification of Theorem 5.3 in [GK04].

Note that if � is compact (e.g. it is the stabilizer of a vertex) then # , being con-
tinuous, must be bounded. But this only shows that � is bounded on the orbits of � .

3. Spaces with finite asymptotic dimension

3.1. The type function

Definition 3.1.1. Let U be a cover of X . Define
(1) the Lebesgue number of U at x 2 X ,

L.U; x/ WD sup
U 2U

fr j Br.x/ � U gI

(2) the Lebesgue number of U,

L.U/ WD inf
x2X

L.U; x/I
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(3) the multiplicity of U at x 2 X ,

m.U; x/ WD #fU 2 U j x 2 U gI
(4) the multiplicity of U,

m.U/ WD max
x2X

m.U; x/I

(5) the mesh of U,

S.U/ WD supfdiam.U / j U 2 Ug:

Definition 3.1.2 ([DB05]). We say that a metric space X has asymptotic dimension
less than m 2 N, denoted

asdimX < m;

if for every L < 1 there exist a number S < 1 and a cover U with mesh at most S ,
with multiplicity at most m and with Lebesgue number at least L.

Definition 3.1.3. LetX be a metric space of asymptotic dimension at mostm. Define
the type function Dm�1 W RC ! RC [ f1g in the following way: Dm�1.L/ is the
infimum of those S > 0 for which X can be covered by a family of sets with mesh at
most S , multiplicity at most m and Lebesgue number at least L.

Definition 3.1.4. We also define ıp.S/ D supU

n
L.U/

m.U/2=p

o
, where U runs over a set

of covers of X with mesh at most S .

Remark 3.1.5. Of course, Dm�1

�
m2=pıp.S/

� � S for any m and p.

Remark 3.1.6. The type function was originally ([Gro93, p. 29]) defined in a different
way. In the rest of this section we will compare the two definitions.

Proposition 3.1.7. A metric spaceX has asymptotic dimension at most k if for every
L there exists a cover U D Sk

iD0 Uk with finite mesh and the property, that, for any
0 � i � k, any two different sets from Ui are L-disjoint.

Proof. This is a part of Theorem 1 in [DB05].

The original definition of a type function, which we will call zDk , is as follows:
zDk.L/ is the infimum of the mesh of the covers as in Proposition 3.1.7.

Note thatL=2 thickening of the cover as in Proposition 3.1.7 is a cover with mesh
at most zDk.L/C L, multiplicity at most k and with Lebesgue number at least L=2.
Thus

Dk.L=2/ � zDk.L/C L:
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We leave it as an easy exercise to show that if the space is the vertex set of a graph
(with unit length edges) with the induced metric, then zDk.L/ � L=k � 1. More
generally, the inequality zDk.L/ � L holds for quasi-geodesic spaces. For such
spaces Dk � zDk and Theorem 1.1.1 remains true if one replaces Dk by zDk .

3.2. Asymptotic dimension and property A. In this section we will exhibit a link
between the profile �p and the type function. In particular, we will show that a large
class of spaces, namely the spaces with finite asymptotic dimension of linear type,
satisfy �p.S/ � S�1 for all p � 1.

Theorem 3.2.1. Let U be a cover of X with finite multiplicity. Then there exists a

map � W X ! S1.`
pX/ which is 2

p
p

2m.U/2

L.U/
-Lipschitz and satisfies S.�/ D S.U/.

Proof. Let U be a cover of X . For any U 2 U define

 U .x/ WD dist.x;X � U/;
 .x/ WD

� X
U 2U

 U .x/
p

�1=p

:

We have .x/ � L.U; x/ � L.U/, and U is1-Lipschitz, i.e. j U .x/� U .y/j �
d.x; y/.

Claim. ˇ̌̌̌
 U .x/

 .x/
�  U .y/

 .y/

ˇ̌̌̌
� 2

.m.U/C 1=2/1=p

L.U/
d.x; y/:

Indeed,ˇ̌̌̌
 U .x/

 .x/
�  U .y/

 .y/

ˇ̌̌̌p

D
ˇ̌̌̌
 U .x/ �  U .y/

 .x/
�  U .y/

 .y/
�  .x/ �  .y/

 .x/

ˇ̌̌̌p

(by the inequality between the arithmetic and p-mean)

� 2p�1

� j U .x/ �  U .y/jp
 .x/p

C  U .y/
p

 .y/p
� j .x/ �  .y/jp

 .x/p

�
(by the triangle inequality in `p.U/ and  U .y/ �  .y/)

� 2p�1

 .x/p

�
j U .x/ �  U .y/jp C

X
V 2U

j V .x/ �  V .y/jp
�

� 2p�1

L.U/p
.1C 2m.U// d.x; y/p:
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Let U .x/ D  U .x/= .x/ and �U D  U =k U kp . Define

�x.z/ WD
� X

U 2U

U .x/
p�U .z/

p
�1=p

:

Note that �U and �x are well defined. The support of  U is contained in a ball of
radius S , thus the norm reduces to the finite sum. Also the sum in the definition of
�x.z/ runs over those U which contain both x and z, thus at most m.U/ of them. In
particular, �x.z/ ¤ 0 if and only if x and z belong simultaneously to at least one
U 2 U. Therefore S.�/ D S.U/.

Moreover,

k�xkp
p D

X
z2X

X
U 2U

U .x/
p�U .z/

p

D
X
U 2U

U .x/
p

� X
z2U

�U .z/
p

�
D 1:

All we have to check is the Lipschitz condition. If d.x; y/ � L.U/, the condition
is trivial as k�x � �yk � k�xk C k�yk D 2 for all x and y. Therefore assume that
d.x; y/ < L.U/, and, in particular, there is a set in U containing both x and y. Thus,
there are at most 2m.U/ � 1 sets containing any of x or z. As before we check:

k�x � �ykp
p D

X
z2X

ˇ̌̌� X
U 2U

.U .x/�U .z//
p

�1=p �
� X

U 2U

.U .y/�U .z//
p

�1=p ˇ̌̌p

(by the triangle inequality in `p.U/)

�
X
z2X

X
U 2U

jU .x/�U .z/ � U .y/�U .z/jp

D
X
U 2U

jU .x/ � U .y/jp
� X

z2U

�U .z/
p

�
(by the Claim)

�
X

x or y2U 2U

2�1.2m.U/C 1/

�
2d.x; y/

L.U/

�p

D 2�1.2m.U/ � 1/.2m.U/C 1/

�
2d.x; y/

L.U/

�p

� 2m.U/2
�
2d.x; y/

L.U/

�p

and, in particular, � W X ! S1.`
pX/ is 2.2m.U/2/1=pL.U/�1-Lipschitz.
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The proof of Theorem 3.2.1 follows an informal argument of N. Higson and J. Roe
[HR00] and more precisely a computation from the proof of Theorem 1 from [DB05]
(case p D 1 of Theorem 3.2.1).

Corollary 3.2.2. Let X be a metric space with ı-function ıp .see Definition 3.1.4/.
Then

�p � 21C1=p

ıp
� 4

ıp

for all 1 � p < 1.

Proof of Theorem 1.1.1. Substitute f WD u B D�1
k

in Corollary 2.4.3. The claim
follows from inequalities

4=�p � ıp � k�2=pD�1
k ;

due to Remark 3.1.5 and Corollary 3.2.2.

4. Application to spaces with infinite asymptotic dimension

4.1. Spaces with polynomial dimension growth. A. Dranishnikov [Dra06] defined
groups with a polynomial dimension growth. In terms of the function ıp this is defined
as follows.

Definition 4.1.1. A space has polynomial dimension growth of degree less than k if
lim

S!1 ı2k.S/ D 1.

A straightforward corollary from Corollary 3.2.2 and Proposition 2.1.5 is

Corollary 4.1.2 ([Dra06, Theorem 3.3]). A space with a polynomial dimension growth
has property A.

By the very definition, if p � q, then ıp � ıq . If the space has finite asymptotic
dimension then, by Remark 3.1.5, lim

S!1 ı2k.S/ D 1 for all p > 0.

Definition 4.1.3. A space is said to have polynomial growth of degree ˛ if there exists
a constant C such that every ball of radius R contains at most C �R˛ elements.

Theorem 4.1.4. A space of polynomial growth of degree ˛ has polynomial dimension
growth of degree at most ˛ C " for any " > 0 and Hilbert compression rate equal
to one.
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Proof. Take a cover by all balls of radius S=2. Its mesh is at most S , the Lebesgue
number is S=2, and the multiplicity is C � .S=2/˛ . Thus ıp.S/ � 22=p�1

C 2=p S1�2˛=p .

In particular, by Corollary 3.2.2, �p.S/ � 4C 2S�1C2˛=p and, by Lemma 2.3.2,
�p.S/ � .4e2˛C 2p�1/ log.S/=S for S � ep , and thus the `p-compression rate for
such a space equals one.

A metric space is said to have the doubling property if there exists a constant K
such that for all R > 0 the ball of radius 2R can be covered by K balls of radius R.
It is an easy observation that such a space has polynomial growth of degree at most
log2K.

The compression part of Theorem 4.1.4 for spaces with the doubling property is
also a corollary [Ass83, Proposition 2.6] of the beautiful characterization theorem
of P. Assouad that .X; d/ has the doubling property if and only if .X; d�/ admits a
bi-Lipschitz embedding into a Euclidean space for all 0 < � < 1.

4.2. Preliminaries on Zk. Let An�1 WD fx D .x1; : : : ; xn/ 2 Rnj Pn
iD1 xi D 0g.

Equip An�1 with a norm kxk WD Pn
iD1 jxi j. For any I � f1; : : : ; ng define a

functional

I .x/ WD
P

i2I xi

#I
�

P
i 62I xi

#I c
D n

P
i2I xi

#I � #I c
:

Here I c denotes the complement of I . Note that I D �I c .

Remark 4.2.1. For any I we have kxk > I .x/.

Let
V WD ˚

x 2 An�1 j I .x/ � 1
2

for all I
�
:

Let

Œi �j WD
(
i � n if j � i;

i if j > i:

Define ƒ WD fAn�1 \ Zng. Let Ui WD fŒi �C x C V jx 2 ƒg.

Lemma 4.2.2. U WD Sn�1
iD0 Ui is a .closed/ cover of An�1.

Proof. Put for the moment the auxiliary `2-norm, defined by kxk2 D
qPn

iD1 jxi j2,

on An�1.
Below we will check that V consists of the points that are closer or at the same

distance to 0 than to any vector Œi � or its image by the action of the permutation group
Sn, which is enough to conclude the claim.

Indeed, the set of points which are closer or at the same distance to 0 than to Œi � is
defined by the inequality

hxjŒi �i � 1=2k Œi �k2
2; (2)
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where h � j �i is the scalar product associated to k � k2.
Straightforward computation shows that (2) is equivalent to f1;:::;ig.x/ � 1=2.
One can prove a stronger statement, namely that V is the Voronoi cell of the latticeSn�1

iD0 ƒC Œi � [CS99, Ch. 6.6 and 21.3.B].

Lemma 4.2.3. Each Ui consists of 1=.n � 1/-disjoint sets.

Proof. Let x and x0 be two different points in Œi �Cƒ. Choose i0 such that xi0 > x
0
i0

.
Let I D fi0g. Then

I .x � x0/ � n.xi0 � x0
i0
/

1 � .n � 1/ � n

n � 1:

Let z 2 x C V and z0 2 x0 C V . Then

kz�z0k � I .z�z0/ � I .x�x0/�I .z�x/CI .z
0�x0/ � n

n � 1�1
2

�1
2

D 1

n � 1;

by Remark 4.2.1.

Question 4.2.4. What is the best estimate for the disjointness?

The set of extremal points (the vertices) of V is the orbit of � D .2n/�1.1 � n;

3�n; : : : ; n�1/under the permutations of coordinates [CS99, Chapter 6.6 and 21.3.B].
From now on assume that n D 2k is even. Then k�k D .4k/�1 � 2Pk

iD1.2i � 1/ D
k=2.

Thus we have proved

Lemma 4.2.5. The 1
2.2k�1/

open thickening U0 of U satisfies L.U0/ � 1
2.2k�1/

,
m.U0

k
/ D 2k and S.U0/ D k C 1=.2k � 1/.

Corollary 4.2.6. D2kIZk .L/ � .2k2 � 2k C 1/L.

Proof. Observe that the map � W Zk 3 .: : : ; zm; : : :/ 7! .1=2/.: : : ; zm;�zm; : : :/ 2
A2k�1 is an isometry. Thus the induced cover ��U0 satisfies the inequality of the claim
for L D 1

2.2k�1/
.

Since we can precompose � with a homotety of An�1 the claim is true for arbi-
trary L.

Question 4.2.7. What is the rate ofDkIZk ? Can one replace a square inD2kIZk .L/ �
2k2L by some lower power? What about the estimates for Dk˛ IZk ?
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One can adjust the results of the next section to prove that ifDck˛ IZk .L/ � CkˇL

then �pIZoZ � log.S/= 1C
p̌
S and, what follows, the compression rate of Z o Z is

at least 1
1Cˇ

. On the other hand G. Arzhantseva, V. Guba and M. Sapir [AGS04,
Theorem 1.8] showed that the Hilbert compression rate of Z o Z is at most 3=4. It
follows that Dck˛ .L/ � kˇ � L is impossible with ˇ < 1=3. Thus the answer to
Question 4.2.7 is nontrivial.

4.3. The lamplighter group Z o Z. The lamplighter group is the (restricted) wreath
product Z o Z, where H oG is defined as the semidirect product

L
G H ÌG, where

G acts on
L

G H by permutation of the factors. In other words

H oG D hH;G j Œa; Œb; g�� D Œa; b�; a; b 2 H; g 2 G � fegi:

Proposition 4.3.1 ([Dra06, Prop 4.2]). Let K be a normal subgroup of G. Let G be
equipped with a .left invariant/ metric. Put on K the restricted metric, and induce
the metric on H D G=K. Let k and h be two integers. Then

Dkh�1IG.L/ � 4

3
Dk�1IK

�
6Dh�1IH .L/

�
:

In our case G D Z o Z and H D Z. Thus D2k�1IG.L/ � 4=3Dk�1IK.24L/,
where K D L

Z Z with the restricted metric dK . This translates to the following
statement. Given a cover V of K one constructs a cover W of Z o Z such that
L.W/ � L.V/=24, S.W/ � 4=3S.V/ and m.W/ � 2m.U/.

Following A. Dranishnikov [Dra06] we decompose K WD L
Z Z D Km ˚ Km,

where

Km D
M

f�mC1;�mC2;:::;m�1g
Z and Km D

M
f:::;�m�1;�m;m;mC1;:::g

Z:

Lemma 4.3.2. Let K=Km 3 ˛ ! g˛ 2 K be a section and let V be a cover of Km.
Then 	V WD S

˛ g˛V is a cover of K with the same mesh and multiplicity. Moreover

L.	V/ D minfL.V/; 2mC 1g.

Proof. Observe that any two cosets of Km are at least 2mC 1 apart.

Proposition 4.3.3. Let f W .G; d/ ! .G0; d 0/ be a map, and U be a covering of G0
then

�C.L.f �U// � L.U/; ��.S.f �U// � S.U/;

wheref �U D ff �1U jU 2 Ug is the induced cover ofG, and �˙ are the compression
and dilation of f .
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Lemma 4.3.4. The natural homomorphism j W Km ! Z2m�1 satisfies

dK.x; y/ � 4.m � 1/ � d1.f .x/; f .y// � dK.x; y/:

Proof. Recall ([CT05]) that if f W Z ! Z is an element of K (i.e. if f has finite
support), then the length of f (with respect to the metric restricted from Z o Z) is
equal to

2max.f0g [ fkjf .k/ ¤ 0g/C 2max.f0g [ f�kjf .k/ ¤ 0g/C
X
k2Z

jf .k/j:

Corollary 4.3.5. There exists a cover V ofKm satisfyingL.V/ � 2m, S.V/ � 16m3

and m.V/ � 4m.

Proof. By Corollary 4.2.6 and the previous lemma we may construct a cover of Km

satisfying the bounds. The bound on mesh follows from

S.V/ � D4mIZ2m.2m/C 4.m � 1/
� .2.2m/2 � 2.2m/C 1/ � .2m/C 4.m � 1/ � 16m3:

Let m D 12L. By the result of Dranishnikov, we construct a cover W of Z o Z
with the properties L.W/ � 1

24
� 2 � 12L D L, S.W/ � 4=3 � 16.12L/3 D 36864L3

and m.W/ � 2 � 4 � 12L D 96L.

Corollary 4.3.6. ıpIZoZ.S/ � .96/�2=p



3
p
S=36864

˘1�2=p � .1=C /S1=3�2=.3p/.
In particular, the group Z o Z has asymptotic dimension growth of order 1C " for any
" > 0.

Corollary 4.3.7. �pIZoZ.S/ � log.S/= 3
p
S for any 1 � p < 1.

Proof. This follows from Corollary 3.2.2 and Lemma 2.3.2

Corollary 4.3.8. The `p-compression rate of E. Guentner and J. Kaminker of Z o Z
is at least 1=3 for all 1 � p < 1.

Remark 4.3.9. This result is not sharp. By other techniques G. Arzhantseva, V. Guba
and M. Sapir [AGS04, Theorem 1.8] and independently Y. Stalder and A. Valette
[SV06, Corollary 4.5a] showed that the Hilbert compression rate is at least 1=2.
Recently R. Tessera showed that the Hilbert compression rate is at least 2=3 [Tes06,
Corollary 15].

On the other hand P. Nowak showed [Now07, Corollary 4.4] that �1IZoZ � S�1,
thus the `1-compression rate of Z o Z is one. By the Hölder property of the Mazur
map the `p-compression rate is at least 1=p, which gives a better estimate than Corol-
lary 4.3.8 for 1 � p < 3.
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