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Minimal topological actions do not determine the measurable
orbit equivalence class
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Abstract. We construct an amenable action @ of a non-amenable group I on a discrete space.
This action extends to a minimal topological action ® of " on a Cantor set C. We show that
® is non- uniquely ergodic and furthermore there exist ergodic invariant measures 41 and (o
such that (d> C, 1) and (<I> C, o) are not orbit equivalent measurable equivalence relations.
This also provides an instance of the failure of equivalence between the notions of “global” and
“local” amenability for countable equivalence relations.
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1. Introduction

J. Oxtoby [27] constructed an example of a minimal, non-uniquely ergodic Z-action
on a compact metric space (the action induced by the shift on a sequence space).

H.Dye [5] showed that any two (non-atomic) probability measure preserving
ergodic Z-actions are orbit equivalent.

Then D. Ornstein and B. Weiss [26] showed that any free ergodic probability mea-
sure preserving action of an amenable group is orbit equivalent to an ergodic Z-action.
In combination with Dye’s result, this gives that all ergodic actions of amenable groups
define the same equivalence relation, the hyperfinite relation.

In this paper we consider actions of non-amenable groups.

F. Greenleaf [12] posed the problem of the existence of amenable actions of non-
amenable groups. E.K.van Douwen [4] provided the first examples. Recently,
new examples were found by R.I. Grigorchuk and V. V. Nekrashevych [15] and by
Y. Glasner and N. Monod [11].

In the present paper we construct a new example of amenable actions of non-
amenable groups. More precisely we show the following.
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Example 1.1. There exists a countable, connected, amenable regular graph G whose
vertex set carries a faithful and transitive action ® of the (non-amenable) group
r =Zz*Z2*Zz*Zz.

This graph is a Schreier graph of I" and is properly 4-edge-colored. Moreover, it
has dense holonomy, in the sense of Gromov [18] or, equivalently, in the language of
the theory of Delone sets [22], it is repetitive. Also G is generic (any two vertices
have non-isomorphic spherical neighborhoods of sufficiently large radius).

With G we then associate a compact metric space X g, that we call the type space.
In virtue of dense holonomy and genericity of G we have that Xg is homeomorphic
to the Cantor set and that G densely embeds into Xg. This way, the I'-action ®
on G naturally extends to a topological action ® on X G- This action is faithful and
minimal.

We then show that there exist two invariant measures 41 and uz on X¢ such
that the measurable equivalence relations (<I> Xg, 1) and (CD X, 12) are not orbit
equivalent. In particular, @ is not uniquely-ergodic. This is our main result, which
we state as follows:

Theorem 1.2. There exists a minimal topological action ) of anon-amenable group T’
ona Cantor set C for which there exist ergodic invariant measures J11 and [, such that
the measurable equivalence relation given by the systems (®, C, w1) and (@, C, u2)
are not orbit equivalent. In fact one is hyperfinite, the other is non-hyperfinite.

To prove it, we use the theory of costs for countable measurable equivalence rela-
tions, initiated by G. Levitt [23] and developed by D. Gaboriau [8], [9], in combination
with the Farrell-Varadarajan ergodic decomposition theorem.

Incidentally, our constriction also gives another instance of the failure of the equiv-
alence between the “global” notion (hyperfiniteness) and the “local” notion (a.e. leaf
is Fglner) of amenability for countable equivalence relations. Indeed, by dense holon-
omy of G and regularity of the action ®, we have the following.

Theorem 1.3. Let ® be the minimal topological action of I' = Zp * Ly * Ly * 7
on Xg (the natural extension of the action ® of T" on the amenable graph G). Then
all leaves are Fglner.

Observe that whereas global amenability always implies local amenability, there
exist (counter)examples of countable equivalence relations which are not hyperfinite
but whose leaves (= orbits) are a.e. Fglner: they were first given by V. A. Kaima-
novich [19], [20].
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2. Amenable groups and amenable actions

2.1. Amenable actions. Let I" be a countable group and X a set (with no additional
structure). A homomorphism ®: I' — Sym(X) from I' into the full permutation
group of X is called an action.

An action @: I' — Sym(X) is amenable if there exists a ®-invariant finitely-
additive probability measure on X, thatis, amap u: (X) — [0, 1], where P (X) =
{A| A C X} is the set of all subsets of X such that:

(i) w(X) = 1 (normalization),
(i) u(AUB) = u(A) + n(B) — u(A N B); forall A, B C X (finite additivity);
(iii) u(P(y)A) = u(A), forall A € X and y € I" (P-invariance).

A (discrete) group I' is amenable if the action A of I" on itself by left multiplication

(A(y)y’ = yy',forall y,y’ € T'), is amenable.

2.2. Fglner sequences and Schreier graphs. Let G = G(V, E) be a graph with
vertex set V and edge set E. If {x, y} € E we also write x ~ y and we say that the
vertices x and y are neighbors. Let x € V; if {x} € E we call this edge a loop at x.
Note that we actually admit even multiple loops: if x € V has k loops (or a loop with
multiplicity k) we denote them by ({x},i) € E,fori = 1,2,...,k.

The boundary of a subset F C V, is defined by

dF = {x € F | there exists y € V \ F such that x ~ y}.

Suppose that G is countable. One says that G is Fglner (or amenable) if it admits a
Folner sequence, that is a sequence { Fj, },en of non-empty finite subsets of V' such
that lim;, — oo % = 0. It can be shown that if G is amenable, then there exist Fglner
sequences which are increasing (F, € Fn41) and exhausting (,ey Fn = V).

Let I be a finitely generated group acting on a set X. Fix a finite and symmetric
generating system X and denote by § = §(I', £, @, X) the corresponding Schreier
graph, that is, the graph with vertex set V' = X and x ~ ®(0)x for all x € X and
o€ X. If X =T and ® = A one calls it the Cayley graph of I" with respect to X,
simply denoted by § = (T, X).

Given a finitely generated group I' (with a symmetric generating system ) one
has the following combinatorial characterization of amenability for group actions.
The following conditions are equivalent:

(a) the action ®: I' — Sym(X) is amenable;
(b) the Schreier graph § (I, X, @, X) is Fglner.
In particular, with & = A, we have that the following are equivalent:
(a") T is amenable;
(b’) the Cayley graph ¢ (T, X) is Fglner.
Note that if I" is amenable then all I"-actions are amenable.
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2.3. Amenable actions of non-amenable groups. Greenleaf [12] raised the ques-
tion on the existence of amenable actions of non-amenable groups, provided (to avoid
trivialities) the actions are transitive and faithful.

This question was answered positively by van Douwen [4].

Recently, in [15] Grigorchuk and Nekrashevych provided two interesting new
examples of amenable actions of non—amenable groups. In the first construction,
' is the free group F,, of rank m > 2 and X is the homogeneous space F,,/H
corresponding to a coamenable subgroup H with trivial core ({4 cF,, g 'Hg ={1)).

The second example is inspired by a “tree—wreathing” construction due to S. Sidki.
Starting from an arbitrary non—amenable subgroup Iy of Aut(9), the group of all
automorphisms of an infinite spherically homogeneous rooted tree 7, they suitably
extend it to a group I acting on 7 U 07 (here 07 denotes the boundary of 7). Then,
the homogenous space is X = I'/P) where P is a parabolic subgroup, namely the
stabilizer of a point in 7.

We also refer to the recent paper by Glasner and Monod [11] who considered the
class # consisting of all countable groups admitting a faithful and transitive amenable
action.

2.4. Ergodic invariant measures and Oxtoby’s example. Let X be a compact
metric space and 7: X — X be a homeomorphism. A probability measure p on X
is T-invariant if w(T~'(A)) = j(A) for all measurable subsets A C X and ergodic
it every T -invariant subset is p-null or p-conull: A = T'(A) implies u(A) € {0, 1}.

The transformation 7T is minimal if each orbit is dense in X. Moreover, T is
uniquely ergodic if there exists a unique ergodic probability measure which is 7T -in-
variant.

In [27] Oxtoby constructed an example (a shift transformation on a sequence
space) of a minimal, non-uniquely ergodic transformation on a compact metric space.

3. From dense holonomy and genericity to minimal actions on the Cantor set

3.1. Gromov’s graphs of dense holonomy. Let G = G(V, E) be a countable con-
nected graph possibly with multiple loops. We also suppose that G is regular of degree
K: forallx € Vonehas |[{y € V | y ~ x}| = K (clearly, if x has a loop with
multiplicity k,then K = [{y € V | y # x,y ~ x}| + k).

A K-proper edge-coloringon G isamapé: E — {1,2,..., K} such that §(e) #
8(e’) for all distinct e, ¢’ € E with e N e’ # @; in words, adjacent edges (including
multiple loops at a same vertex, if any) have different colors. If the graph G has these
properties we indicate itby G = G(V, E, §, K).

Any such colorings § define an action ® = ®(§, K) of the group I' = Zy *- - % Z>,
the free product of K copies of the group Z, of order two, on the set V' of vertices
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of G. Indeed, letting ¥ denote the standard generating set for I, for any element y =
OnOn—1...01 In I (0; € X) and x € V, there exists a unique path (xg, X1,...,Xy)
in G such that:

® Xo =X,
e let (x;,y) € E be the edge colored by o;; then x; 41 = y.

Then one sets P(y)(x) = x,.

Let r > 0. We call the spanned subgraph B,(x) = {y € V | dg(x,y) < r} of
G with the induced edge-coloring, the rooted colored r-ball around x € V. Here dg
denotes the geodesical distance on G.

Let U(; be the set of rooted equivalence classes of these edge-colored rooted -
balls in G, that is, we consider two rooted r-balls B,(x) and B,(y) as equivalent if
there exists a graph isomorphism 6 : B, (x) — B,(y) preserving the edge-coloring §
and mapping x to y. Clearly Uy is a finite set. For each x € V' the r-type of x is the
element , (x) € U representing the class of the r-ball around x.

Following Gromov [18], we call G a graph of dense holonomy if, forany « € U/,
there exists an integer m, such that any ball of radius m, in G contains at least one
vertex x with r-type o (x) = «. Note that in the theory of Delone sets such graphs
are called repetitive [22].

Also, we say that the graph G is generic if for any x # y € V there exists r > 0
such that the r-types of x and y are different.

3.2. The associated topological action. Let G = G(V, E, 8, K) and I be as in the
previous section. We naturally associate with G a compact metric space Xg with a
topological I'-action by the construction below.

Letr,s € N with r < s and suppose that« € U and B € U. We write o« < f8
if the r-ball around the root of S is just «, or equivalently, if « D .

Let @ = {o; < ap < ---} be an infinite chain such that o, € U for all
r = 1,2,.... These chains form the compact metric space Xg, the type space,
where

dyg (o <az <}, {1 < fo <o} =277

and r is the smallest integer for which «, # B,. We show below that the I"-action on
G extends to X in a natural way.

For each x € V, we denote by 7(x) = {o1(x) < az(x) < ---} the associated
element in X, where o, (x) is the r-type of x. Obviously, G is generic if and only
if r: V — Xg is an injective map.

Proposition 3.1. The action ® extends to a topological action ) of T on the metric
space Xg.

Proof. First note that, by definition, the image of 7: V' — Xg, where, for x € V,
w(x) = {o1(x) < az(x) <---},isdensein Xg. Leta = {1 < ay <---} € Xg



144 T. Ceccherini-Silberstein and G. Elek

and consider an element y = 0,,0,—1...01 € I', whereo; € X. Foralli =1,2,...
let x; € V be such that o 4,(x;) = ajyn. If yi = P(y)(x;), setting B; = «;(y;)
one has 8; < B;+1 and defines

D()@) = {B1 < P2 <}

Obviously &)(y) is a continuous map and E)(y)(ﬂ(x)) = w1 (®P(y)(x)) forally e T
andx € V. O

Proposition 3.2. If ® is an amenable action of T, then ® admits an invariant measure
on Xg.

Proof. First fix an ultrafilter @ on N and consider the associated ultralimit
lim: £*°(N) — R.
w
Let { F,,};2 | be a Fglner-sequence in G with respect to ®. Let o € U(; be an r-type

of the Schreier graph. Denote by t,(c) the number of vertices in the set F;, which
are of r-type «. Then let

. Tn (Ol)
o) ;= lim ,
p(e) = lin Fol

where @ C X is the clopen set of chains {61 < §, < ---}, with §, = «.
Now let {,BrIH,ﬂrZH, . ,Bfﬂ} be the set of (r + 1)-types such that o« < ,Biﬂ.
Clearly,

k
(@) =Y ta(Bliy)-
i=1
In other words, u(a) = Zf»;l w(BL +1)> Where B +1 C Xg is the clopen set of chains
with (r 4+ 1)-type ,3; 41~ This shows immediately that u defines a Borel-measure on

the compact metric space X¢. In order to prove that w is ®-invariant it is enough to
show that

w@©)(@) = n@),
where o is one of the generators of I" (the involutions generating the free factors Z,).
Let {1, 00,...,00} C Ué“ be the set of (r + 1)-types in the Schreier graph of the
action with the following property. The r-ball around ®(o)(x;) is just &, where x; is
the root of ;. Observe that (o) (x) = ]_[f=1 «;. Hence we need to prove that

14
wla) =) ule). (3.1)

i=1
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In order to check (3.1) it is enough to see that

lim |‘L'n(O[)—Zf=1Tn(ai)| _

0. (3.2)

Let F,, () be the set of vertices in F;, of r-type o and Fj,(c;) be the set of vertices in
F, of (r 4+ 1)-type «;. Let us observe that:

* Fulai) N Fu(aj) =0ifi # j;
e forany x € F,(a), if ®(0)(x) € F,, then ®(0)(x) € F,(;) for some i;

e for any x € F,(v;), if ®(0)(x) € Fy, then ®(0)(x) € F, () (recall that o is
an involution, namely 02 = 1).

Therefore,

14
@) = > ta(er)| < 210F, .

i=1

Thus (3.2) immediately follows from the Fglner property. 0

3.3. Generic actions of dense holonomy. Let G = G(V, E,§, K), I' and ® be as
in Section3.1.

Suppose that G = G(V, E, §, K) is generic resp. of dense holonomy. Then we
say that the associated I'-action @ is generic resp. of dense holonomy.

Proposition 3.3. Suppose that ® is of dense holonomy and generic. Then Xg is
homeomorphic to a Cantor set and the associated topological T action ® is minimal.

Proof. Leta € U, then there exists f # B’ € U (for some s > r) such thata < f8
and @ < f#/, that is, the r-balls around the roots of 8 and B’ are of type «. Indeed,
let x € V a vertex of r-type «. Then, by the dense holonomy property, there exists
y € V of the same r-type. By genericity there exists some s > r such that the s-types
of x and y are different. Consequently, X¢ is a compact metric space with no isolated
points, and thus, also in view of its ultrametric structure, it is homeomorphic to the
Cantor set. _

Now we prove minimality. Let& = {o; < ap <---}and B ={f1 < B2 <---}
be elements of Xg. It is enough to show that for any r > 0 there exists y € I' such
that ®(/)(@) = {1 < P2 < -+ < Br < Blyy - thatis, d(B. 8(»)(@) < 277
Let m > r be an integer such that, by dense holonomy, any m-ball in the graph G
contains a vertex of r-type B,. Consider a vertex p € V such that its 2m-type is
Qom. Let g € By (p) be a vertex of r-type B,. Then there exists a group element
y = 0y0¢—1 ...01, L < m, such that ®(y)(p) = ¢. By the definition of the induced
topological action ® one has 5()/)(65) ={f1<Pa<--<Pr=<--} O
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Note. If the action of a group is generic but not of dense holonomy, the associated
action on the type space may fail to be minimal. Consider, for instance, the group
Do, = Z3 * 7, the infinite dihedral group generated by the symbols A and B. We
define an action on the positive integers N in the following way:

e d(A)2n—-1)=2n,n>1;

e d(A)2n)=2n—-1,n>1,

s ®(B)2n—-1)=2n—-2,n>1;

e O(B)2n)=2n+1,n>1,

* ®(B)(1) =1.
It is easy to verify that ® is generic. The associated compact metric space is
{1,2,3,...} U {oo}, where

®(A)(c0) = 00 and P(B)(c0) = oo.

Thus the action ® is not minimal.

4. The main construction

4.1. Technicalities. For our main construction we need a couple of simple lemmas
of a purely graph theoretical flavour.

Lemma 4.1. Let G(V, E) be a finite connected graph and d be an integer larger
than 2. Suppose that V' C V isa2d-net, thatis, if x # y € V' thendg(x,y) > 2d.

Also suppose that diam G > 2d. Then ‘|LV/\I < %

Proof. By the diameter condition, for each x € V' andi = 1,2,...,d there exists
Zx,i € V such that dg(x,zx,;) = i. Hence |B4(x)| > d. Since the d-balls around
the elements of a 2d -net are disjoint, the lemma follows. O
Lemma 4.2. Let 51 < 5o < --- < 8, be integers, s; > 100+1. Suppose that

diam(G) > 10s,,. Then there exists a partition

V=R IR |[]---[IR.]] O
such that
* Rjisa?2si-netforalli =1,2,..., n;

e forallx € V and 1 <i < n there exists p; € R; such that dg (p;, x) < 10s;.
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Proof. Let Ry C V be a maximal 2s;-net in V. By the previous lemma

|R1] - 1

VI~ s
Moreover, for the same reason, for any spanned subgraph 77 C G with diam(7") >
281:

T N Ry 1

7| S1
By maximality, forany y € V there exists p; € R suchthatd(py,y) < 2s; < 10s;.
Now let R, C V be a 2s,-net which is maximal with respect to the property that
R; N R, = . Again, for any spanned subgraph 7" € G with diam(7") > 2s5:

(4.1)

T N Ry 1 T N Ry| 1
—_— <, —= < 4.2)
|T| 51 T 52

Let x be an arbitrary vertex of V. We need to prove that By, (x) N R; is non-empty.
If Bios,(x) N Ry = @ then by maximality, Bsg, (x) is completely filled with vertices
from the set R;. However, diam Bsg, (x) > 255, which is in contradiction with (4.1).
Thus p> can be chosen as any element in B¢y, (x) N R». By induction, suppose that
fori = 1,2,... wehave determined a 2s;-net R; C V which is maximal with respect
to the property that R; N R; = @ whenever j < i. Then, for any spanned subgraph

T C G with diam(T) > 2s;:
T N Ry 1 T N Ry| 1 T N R;|

= =

1
, C e <—. 4.3)
7| 51 7| 52 7| s

Thus, when constructing the 2s;1-net R;+; C V, in order to check the existence of
Pi+1 € Bios;,(x) N R;4 for any x € V, the same arguments for the case i = 1

apply and Bjos;,, (x) N R;+1 = @ would contradict (4.3), as Z;Zl % < 1. O

4.2. The construction. The goal of this section is to construct a
e faithful, transitive and amenable,
* generic,
* dense holonomy

I"-action on a countable set X .

The countable set X will be the vertex set of a graph G = G(V, E, §, 4) (thus
regular of degree 4 with a 4-proper edge-coloring) which is generic and of dense
holonomy.

From now on we shall denote by I" the group Z, * Z, * Z» * Z,, freely generated
by the elements A, B, C, D of order two, and by T the subgroup generated by A, B
and C.
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We also fix a parameter m > 10 to be specified later. We need two auxiliary graph
sequences. The first one is {C; 72, where C; is the cycle of length 2i edge-colored
by A and B. The second graph sequence is given in the following the way. The group
T is residually finite (free product of finite groups), hence one can pick a decreasing
sequence of finite index normal subgroups with trivial intersection:

fDN]DNZDNSD"'v m?ilNl:{l}

Then the 3-colored graph K; is the Cayley-graph of the finite group r /Ni. Note that
1K 72, is a large girth sequence, that is, for any s > 0, if i is large enough, then K;
does not contain cycles of length less than s.

Finally, we lexicographically enumerate the non-trivial elements in I': A, B,

C, D, AB, AC, AD, BA,.... Denote the corresponding n-th element by y, =
GIEZ)UIEZ)_I --.02(”)01("), where 01.(") € ¥ = {A, B, C, D}; note that the word-length
ky of y, is at most n.
Step (1): Let Go(Vy, Eo) be the graph consisting of one single vertex p. Let
G1(V1, Eq) be the graph constructed in the following way. H; is a triangle, edge-
colored by A, B and C. The vertex p is connected to a vertex g of H; by an edge
colored by D. Finally a vertex of H; which is not g shall be called r;. Thus we have
graphs Gy C Gj. In the n-th step we shall have graphs Go C G; C G, C --- C Gy.
Finally let us set 51 1= 2m, s, = m22/V(GDI,

Step (2): Let H, be a graph C;, in such a way that diam C; > 10s,. By Lemma4.2
there exists a partition

V(Hy) = RI| [ R3] ] 02

where R? isa2s;-net, R is a 2s,-net satisfying the properties described in the lemma.
Connect each point of R? to a copy of Gy (a single vertex) with an edge colored by D.
For one single vertex of R% connect a copy of G (at the vertex r; !) with an edge
colored by D. Let x; be a vertex of Q2. Consider the first non-trivial element in T,
namely y; = A. Let y2, y? be two new vertices (i.e. distinct from any other vertex
involved in the construction till now) and connect x, to y3 by an edge colored by D
and connect y3 to y7 by an edge colored by A. Finally pick an other vertex of Q2
and call it r5.

Thus we constructed 4-colored graphs Gy C G1 C G». In G, we have a spanned
subgraph H, such that
VG\V(H)| _ 1
[V(G2)l m
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Indeed, |V(G,)| = (1 + [V(Go))|R2| 4+ (|V(G1)| + |R2]) + | Q2| + 2 (the last term
corresponds to [{y3., y}|) and

[V(G2) \ V(H2)| _ |RI+ V(G| +2
IV(G2)] V(G2)|
IR?|+7 1 7
< —_ < — -
T \V(Hy)| ~ 2m  10m224

Set 53 1= m32V(G2)],
Step (n): Suppose that we have already constructed the graphs Go C G C G, C
-+« C Gp—1 with the following properties:

* if i > 1, then G; contains a spanned subgraph H; such that

VGO\V(H)| _ 1
veGor T

o 5 = mile(Gifl)l;
* |[V(Hi-1)| < |V(H))l;
e for each H;, we fixed a vertex r;.

Let then H,, be isomorphic to C; for n even and to K; for n odd, for some i € N
in such a way that diam(H}) > 10s,.
We apply Lemma 4.2 again:

V(Hp) = Ry IRy 11--- 112",
where R is a 2s;-net and for each x € V(H,) there exists p € R} such that
dm, (p,x) < 10s;.

Fori = 1,2,...,n — 1 we connect a copy of G;_; (at vertex r;) to each vertex of
R} by an edge colored by D. Then we connect one single copy of G, to H, by
an edge colored by D between r,—; and an arbitrary vertex in R?. The remaining
set Q" plays a different role: we just need two points in it, the first one r, € Q" to
connect, at the following (inductive) steps, G, with the H,,, m > n, the second one,
Xn € Q" \ {r,} to attach a path corresponding to the n-th word y,, € " (which will
guarantee the faithfulness of the I' action on G). More precisely, consider the nth

element y, = o,gl’)a,g:)_l .. .01(").
o If ol(n) = D, then choose new vertices yf, y7,..., y; distinct from any previ-
ous vertices and connect the path (y7,y5,..., J’Z”) to Xp by the edge (x,, y1)

colored by D and let color the edges (y}', y', ;) by 6", ;.
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o If ol(") # D, then choose new vertices y; , y1 Sy yk distinct from any pre-
vious vertices and connect the path (yg, y7. ..., yk ) to x,, by the edge (x,, y7)
colored by D and let color the edges (y}, y/', ;) by oy

Note that we also have

[V(G)\V(Hn)|

VGD| < s (4.4)

Indeed, arguing as in Step (2), we have

[V(Gn)l = (1 + [V(Go)DIRT| + (1 + [V(GD)DIRS | + -
A+ (L V(Gn2)DIR, | + (IR + [V(Ga-)D) + (17| + k).

where k, corresponds to [{y,..., y,’:n}|. Thus,

VGO\V(H)| _ 1
VGl V(G
A VG IRy | + 1V (Ga)| + ki

IV(G)||RY| + |V(G)||RE| + -+

= eIV GO IR+ VGOIIR + -+
-4 |V(Gn—2)||Rn 1| + |[V(Gu=1)| + n]
=S WG KL VGl

£ V) T WVHDL T VG

n—1
V(Gi-)| | [V(Ga-1)l n
<
= ZmQW(Gi_l)\ + [V (Hpy)| + [V(Gn)

i=1

<1/m.

Note that our choice of the s;’s, namely s; > 10°T!, besides giving the obvious
estimate ) oo, % < 1 (which is needed, for instance, at the end of the proof of
Lemma 4.2) is motivated by the fact that, later on, when considering Fglner sequences
in G, we want to have the “new” part G,, \ G, — much larger than the “old” part G,—1,
so that the latter can be basically neglected in our computations.

Thus we constructed a sequence of graphs Gy C G; C --- C G, and we proceed
by induction. Set G’ = U32,G,. For each x € V(G') of degree §(x) < 4 we add
4 — §(x) loops at x and we label them with suitable different letters in {4, B, C, D}
in such a way that all edges incident to x bear distinct labels. Denote the resulting
4-regular, properly 4-edge colored graph by G. In the next section, we prove that G
is generic, has dense holonomy and carries a faithful, transitive, amenable action of
the group I'.
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In Figure 1 we try to give an idea of how the chain of finite graphs Gy C G; C
G, C --- C G, C Gpyq1 C --- and the whole graph G look like. It is purely
illustrative and not completely realistic. For instance, we omitted the loops (so that
the resulting graph is not 4-regular), and the shapes (for n odd) and the sizes (e.g.

diam(H;) # 10s;) of the subgraphs H, do not completely satisfy the requirements
from our definitions.

o— —©
o—o * 0

5 H; >—’A’—.
; o—¢ —©
o— —©

[ S

o
&

<

Sw

o—o —© y13
oo H2 —@
oo —@
Py Py Py X2
i l l l Yo
2
H Y
g !
p
Go C Gy C G, C Gs3 C

Figure 1. An illustration of the chain Go C G1 C G2 C ---.

4.3. The graph G. In this section we check that the graph G constructed in the
previous section has indeed all the required properties.

Proposition 4.3. The action of T is faithful, transitive and amenable.
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Proof. Transitivity is obvious from the connectivity of G. Faithfulness was ensured
by the attachment of paths (y1, 5, ..., ygn). The subgraphs {G,};2, are forming
an increasing and exhausting Fglner sequence, since 0G,, = {r,}. O

Lemma 4.4. The single vertex p of Go has the property that for any q € V(G),
q # p, there exists r such that B,(p) and B,(q) are not isomorphic.

Proof. Let g € V(G) be a vertex with three loops (otherwise the statement trivially
holds). If g was defined in Step (k), then there exists a spanned connected subgraph
of G which is isomorphic to Hj such that the path from ¢ to the subgraph does
not contain any vertex of a subgraph isomorphic to Hyx_;. Indeed, Hy itself can
be chosen as the spanned subgraph. On the other hand, any path connecting p to
a spanned subgraph isomorphic to Hj passes through such a vertex. In particular,
r = diam(Gy ) would satisfy our requirements. This proves our lemma. O

Note that, with the notation from the statement of the previous lemma, one has a
Sortiori that B, (p) and B, (g) are not isomorphic as colored graphs; in other words,

ar(p) # ar(q).

Proposition 4.5. The 4-edge-colored graph G is generic.

Proof. Let x, y be two distinct vertices of G. By transitivity of the action there exists
y € I such that ®(y)(x) = p (the single vertex of Gg). Set ¢ = ®(y)(y). By the
previous lemma, there exists r such that B, (p) is not colored-isomorphic to B, (g).
Then B, 4y|(x) is not colored-isomorphic to B,y |(), where |y| is the word-length
of y. O

Proposition 4.6. The 4-edge-colored graph G is of dense holonomy.

Proof. Lett € V(G) and r > 0. Leti = i(¢) be such that B,(t) C G;. Put
M = diam(G; +3).

Lemma 4.7. For any x € V(G), the ball By (x) contains a vertex y belonging to a
spanned subgraph L isomorphic to H; for some j > i + 3.

Proof. If x € V(G;4») then the statement obviously holds. We proceed by induction.
Suppose that the statement holds for any x € V(Gy) with £ > i + 2. Let x €
V(Gyg+1)\V(Gy). If x € Hyyq then L can be chosen as Hyq itself. If x is attached
to Hy4 then we have two cases:

* B (x) intersects Hy41: then the statement is clearly true.

* B (x) does not intersect Hy, 1: then there exists a vertex x” € V(Gy) such that
B (x) and By (x’) are isomorphic, hence the statement follows by induction.
O
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We continue the proof of the proposition. Let x € V(G) andlety € L >~ H; with
j > i+3,asinthelemma. Thenin a (10s;4+3)-neighborhood of y we attached a copy
of G 43. Hence By 4105, 5 () contains a vertex of the same r-type as . Therefore,
Bam +10s;,.5(x) contains a vertex of the same r-type as the vertex 7; in other words
(recalling the definition of dense holonomy) if ¢ (t) = «, then my = 2M + 10s; 43
(recall that i = i(¢)), and the proposition follows. O

5. Measurable equivalence relations

5.1. Measurable equivalence relations: definition and examples. Let (X, 1) bea
standard Borel space, where  is a probability measure without atoms. A (measurable)
equivalence relation on X is a measurable subset R of X x X such that the relation
x ~g yif (x,y) € R is an equivalence relation.

Two measurable equivalence relations (X1, R1) and (X2, R») are isomorphic if
there exists a measurable bijection 7 : X; — X, such that

(x,y) € Ry if and only if (7 (x), 7(¥)) € R»

for all x,y € X;.
Letnow I'y be a countable group and « be a I'y-action by p-preserving measurable
automorphisms of (X, u). The set Ry C X x X defined by

Ro = {(x,a(y)x) | x € X,y € T}

is the associated orbit equivalence relation on X .
Two actions «; of groups I'; on (X;, u;i), i = 1,2, are orbit equivalent if the
corresponding orbit equivalence relations Ry, are isomorphic.

5.2. Amenable measurable equivalence relations. Dye [5] showed that any two
(non-atomic) probability measure preserving ergodic Z-actions are orbit equivalent.

Subsequently, Dye [6] extended this result to groups of polynomial growth and to
infinite abelian groups.

Then Ornstein and Weiss [26] showed that any free ergodic probability measure
preserving action of an amenable group is orbit equivalent to an ergodic Z-action. In
other words, combining Dye’s first result and the latter, one has that all ergodic actions
of amenable groups define the same equivalence relation, called the hyperfinite relation
(this terminology comes from the fact that there exists an increasing, exhaustive
sequence {R, }nen of finite measurable subequivalence relations of R).

There is a notion of amenability for equivalence relations (X, R) due to R. Zim-
mer [31]. Hyperfiniteness easily implies amenability; much less obvious, the converse
implication was proved by Connes, Feldman and Weiss [2]. See also [19] for another
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approach to these notions which, incidentally, leads to an alternative proof of the
Connes—Feldman—Weiss theorem.

Hyperfiniteness can be thought of as a “global”’amenability property for equiva-
lence relations. Another property, of a “local” nature, is that a.e. orbits (the Schreier
graphs) are Fglner. Whereas global amenability always implies local amenability
(see, e.g., [2], Lemma 8, and [19], Theorem 1) the converse is, in general, not true.
Besides the results of C. Series [29] and M. Samuélides [28], who proved that folia-
tions of polynomial growth are hyperfinite, Kaimanovich [19], [20] provided several
(counter)examples of countable equivalence relations, whose leaves are a.e. Fglner,
which, however, are not hyperfinite.

Let R be ameasurable-equivalence relationon (X, i). LetS C X beameasurable
subset of positive measure. Denote by g the restriction of u to S and by (R|S) the
induced equivalence relation on (S, ius). One calls S a complete section for R if it
intersects every class of R.

The following easy result (see, e.g., [21], Proposition 6.9) relates hyperfiniteness
of a measurable equivalence relation to the hyperfiniteness of the equivalence relation
induced by a complete section.

Proposition 5.1. Let R be a measurable-equivalence relation on (X, ). Suppose
that S C X is a measurable subset. If R is hyperfinite, then (R|S) is also hyperfinite.
Conversely, if S is a complete section for R and (R|S) is hyperfinite, then R is
hyperfinite.

5.3. L-graphings. A (locally countable measurable) graph on (X, ) is a graph §
with vertex set X, the edge set a measurable subset of X x X and such that every
x € X has at most countably many neighbors. Any such graph defines an equivalence
relation Rg on X: two points x, y € X satisfy (x, y) € Rg if and only if they belong
to the same connected component of §, i.e., there exists a finite path in § connecting
them.

If R is a countable measurable relation, then a (measurable) L-graphing of R is
a graph § whose connected components are exactly the equivalence classes of R. In
other words, Rg = R, and one says that § generates R. As an example, if « is an
action on (X, w) of a finitely generated group I'g, say by a finite symmetric generating
system X, then the associated Schreier graph §(I'g, X, «, X)) (whose vertices are the
points x € X and the edges are the pairs (x,®(0)x), x € X and o0 € X) generates
the associated equivalence relation R, .

5.4. Cost of an equivalence relation. For a group I’y the minimal number of gen-
erators is called the rank. Similarly, with an equivalence relation one associates a
numerical invariant, called the cost. This concept was introduced by Levitt [23] and
developed by Gaboriau [8], [9]. Here is how it is defined.
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Let R be ameasurable equivalence relation on (X, i). Then, one defines a measure
M on R by setting, for all measurable A C R,

M(4) = [X Al du(o).

where | - | denotes cardinality (possibly infinite) and Ay = {y | (x,y) € A} for
x € X. If § is a graphing of R, then one defines its cost by

1
Cu(®) = 3M(9)

(the factor % is a normalizing constant). Note that in fact one has

Cu(8) = 5 [ degg () dio),

where degg = |{y € X | (x,y) € §}] is the degree of x: for this reason, sometimes
one also calls C,,(§) the edge measure of §.

Finally, the cost C,,(R) of an equivalence relation R is the infimum of the costs
over all the generating graphings:

CulR) = inf _ Cu(9).

This is an invariant of the equivalence relation: orbit equivalent relations have the
same cost.

The cost of the hyperfinite ergodic relation is 1.

An L-treeing is a graphing where graphs associated with almost all x € X are
trees. We have the following remarkable fact ([8]; see also [21], Proposition 19.1 and
Theorem 19.1).

Theorem 5.2 (Gaboriau). Let R be a countable measurable equivalence relation
and let |1 be R-invariant with C,(R) < oo. Let § be a graphing of R. Then
Cu(§) = Cu(R) (i.e., § realizes the infimum of the costs) if and only if G is a
treeing of R.

In particular, any free action of the free group I, has cost n.
A crucial result of Gaboriau (see [21], Theorem 21.1) relates the cost of an equiv-

alence relation to the cost of the equivalence relation induced by a complete section.

Theorem 5.3 (Gaboriau). C, (R) = C,s(R[S) + u(X \ S).
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5.5. The ergodic decomposition theorem. For a countable measurable equivalence
relation R on X we denote by Eg the standard Borel space of ergodic R-invariant
probability measures on X (again a measurable subset of the standard Borel space
P (X) of probability measures on X, see [3]).

The ergodic decomposition theorem of Farrell [7] and Varadarajan [30] (see
also [21], Theorem 18.5) states as follows.

Theorem 5.4 (Farrel and Varadarajan). Let R be a countable measurable equivalence
relation on X. Assume that there exist R-invariant probability measures on X. Then
E® # 0 and there is a measurable surjection w: X — E g such that

(1) m is R-invariant;

() if Xe ={x | n(x) = e}, e € Eg, then e(X.) = 1 (and in fact e is the unique
R-ergodic measure on R|x,);

(iii) for any R-invariant probability measure |4,
uw= [ w(x)du(x) = / edv,(e)
X Er

where v, = w * i € P(Eg).

Corollary 5.5. With the above notation one has

C(R) = /X Cort (R) dpi(x) = / Ce(R) dvy(e). 5.1)

Egr

6. Measurable equivalence relations on X¢g

6.1. “Local” amenability. In this section we prove Theorem1.3, namely that for the
-action ® on X all leaves are Fglner. Recall that I' = Z % Zo * Zip % 7.

First note that the action @ is regular, that is, if p € Xg, y € T then either
d(y)(p) # p or the homeomorphism ®(y) fixes a whole neighborhood of p. Indeed
let p = {01, < ap < -+ < g < ---} and let the word-length of y be s. If
®(y)(p) = p, then D(y) also fixes all ¢ € Xg of the form g = {o1, < ap < -+ <
a5 < Psp1 <o}

We say that two 4-colored graphs G, G, are locally isomorphic if UC";1 = U(’;2
for any r > 0. Clearly if G; is amenable and of dense holonomy and G is locally
isomorphic to Gy, then G, is amenable and of dense holonomy as well [18]. Since our
graph G is generic, the dense leaf 7(G) C X¢ is isomorphic to G. By minimality,
regularity and dense holonomy, any two orbits (the corresponding Schreier graphs)
are locally isomorphic (see also [15]) and thus our theorem follows.
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As we shall see later, our I'-action ® defines a non-hyperfinite measurable equiv-
alence relation with respect to some ergodic invariant measure. As mentioned earlier,
the existence of non-hyperfinite relations with Fglner leaves was first observed by
Kaimanovich [20].

6.2. The invariant measures. Notice that in our main construction we have a pa-
rameter m and we have in fact constructed a graph G for each m > 10. By
Lemma4.1,

V™) = RO LR L] 0,

where
R !

<
VH™)| miVED)

fori =1,2,...,n so that
Q") !

V(H™)| m

Here the upper index (m) indicates that the parameter is chosen to be m. For each

i ‘) e attached a copy of a graph of size |V(G.('_”z )|. We also attached

vertex of R ;
a path of length at most n to one vertex of Q"™ From (4.4) we have the following
inequality:

VGMN\VHE™) 1

[V(H™)| m’

6.1)

Let F,,(m) = V(G,(,m))\V(G,(l'f)l). Clearly |8F,,(m)| = 2, thus {F,fm)},f‘il forms a
Fglner sequence in G Note that such a sequence is exhausting (i.e., Uflozo Fn(m) =
V(G,Sm))), though not increasing.

We now consider two new Fglner sequences for G™: {Fn1 ’(m)};’f:l and
(F2mMoo where F1™ = Fz(;") and F2™ = Fz(;"}rl. By the averaging process

n=1>
described in Proposition3.2 we then obtain two invariant measures, M(lm) and ,ugm) ,

on XG(m) .
Thus, for each m > 10 we have

* a compact metric space X gon);

e aminimal I"-action Ef)(m);

« an L-graphing € associated with the action;

« a measurable-equivalence relation R defined by €™;

* two R -invariant measures, u(lm) and [Lgm).
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6.3. Lower estimate for the cost. A point x € Xgem is called [-free if
®(y)(x) # x forany y € T\ {1}. Clearly the set S C Xgum) of T-free points is
closed.

Lemma 6.1. lim,, o0 1™ (S™) = 1.

Proof. Let S ,Em) be the set of points in X g for which ®(y)(x) # x whenever the

word-length of y € T is not greater than k. Clearly, ﬂzozl Slgm) = S Observe
that

(m)
. Wi
ug () = lim 0
| Fa
where Wn(,rz) is the set of vertices p in F,,z’(m) such that ®(y)(p) # p, if |y| < k.
Obviously, if p € H,ﬁ”’) and n is a large odd number, then p € Wn('z). Hence
ugm)(Slgm)) > 1— 2. Therefore ugm)(S(m)) > 1— 2 as well. O

Lemma 6.2. The induced equivalence relation (R 8 on the set of f—free
points is exactly the relation given by the T"-action.

Proof. Notice that in the graph G there is no simple cycle containing an edge
colored by D. Hence the same holds for the orbits in Xgen). Thusif p,g € S (m) and
y contains the symbol D, then ®(y)(p) # q. O

Lemma 6.3. Cugm)(ﬁ(’"HS(m)) = 30 (s0m),

Proof. This is a simple consequence of Theorem5.2 which can be rephrased as fol-
lows: the cost of an equivalence relation defined by an L-treeing § is exactly the edge
measure of §.

It then suffices to note that the edge measure of a free Z, * Z, * Z,-action on
a compact metric space with an invariant measure is % times the measure of the
space. O

Lemma 6.4. S is a complete section of R™.

Proof. We need to prove that the set of points p € Xz, such that there exists no

y € I' with CTD()/) (p) € S has Mgm)-measure zero. We denote this set by B,
Let Sk C Fnz’(m) be the set of vertices p such that dg,, (p, Hz(;"il) < k. Byour

construction of G | it is clear that for any & > 0 there exists k. such that

|Sken >1—e.
|FP)
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Therefore M;m) (®k,) > 1—¢, where Oy, isthe set of points x € X g for which there

exists § € " with |§| < k. such that d(8)(x) € S™ . Thus p,gm)(B(m)) =0. O

The following proposition is the straightforward corollary of the above lemmas
and of Theorem 2.2.

Proposition 6.5. limy o0 C, o (RM) = 3.
2

6.4. The hyperfinite relation. Let Do, = (A4, B) = Z, * Z, denote the subgroup
of I generated by the two involutions 4 and B. This is the infinite dihedral group. In

analogy with the I'-case, we have that the set S,y C Xgem of Do-free points is a

complete section of R ™) (with respect to the measure p,(lm) whichis “concentrated” on

the cycles C;’s). Since D is amenable, we have that the induced equivalence relation
(RS (m)) 1s hyperfinite. From Proposition 5.1, we then deduce the following.

Proposition 6.6. The measurable equivalence relation (5(m), Xgom, p,g”’)) is hyper-
finite for all m > 10.

With a little more work we can, in fact, also show that ,u(lm) can be chosen to be

ergodic. Let {eﬂf,m)}neN be a sequence of finite subequivalence relations converging
to R Denote by :9,1('") and € the corresponding graphings.
Let f(n) = CM(m) (& \ 5,1('")) denote the edge-measure of the edges in )
1

which are not in g,fm). Then f(n) monotonically converges to zero. By the ergodic
decomposition theorem we have

f = [ g™\ g dv .

Beppo Levi’s Theorem then implies that, for almost all e € FEg, the sequence
{Co (81 \ ﬁ,ﬁm))}neN also converges to zero, showing that the corresponding equiv-
alence relation is hyperfinite.

In other words, the ergodic decomposition of a hyperfinite measure is the direct
integral of hyperfinite ergodic measures.

6.5. The proof of the main result. We can now prove our main result (Theorem1.2).
Inoursettingwe have I' = Z, xZy xZy xZ» and C = Xg, where X is the type
space of the 4-regular, 4-properly edge-colored graph G of our main construction,
and @ is the associated minimal topological action of T.
We want to show that there exist two ergodic invariant measures (; and (i, on
X such that the corresponding measurable equivalence relations (@, Xg. ©1) and
(513, X, u2) are not orbit equivalent and, in addition, the first one is hyperfinite.
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By Proposition 6.5, there exists large enough m € N such that the cost of the
equivalence relation associated with (@, X ;qm) , ,ugm)) is>5/4. Set G = G,
O =M 4 = M(lm) and p), = Mgm). By the preceding section, we can suppose
that p is ergodic (hyperfinite).

On the other hand, by the ergodic decomposition theorem, since 5/4 < C Wy (R),
there exists an ergodic invariant measure (, with C,, (R) # 1. Thus (D, Xg. [12) is
not hyperfinite, which completes the proof.

7. A remark on the type space

Let G = (V, E) be agraph and x € V be a specified vertex. The pair (G, x) is called
a marked graph based at x. Given an integer k > 2, we denote by Xy the space of
all marked, k-regular, properly k-edge colored graphs (possibly with multiple loops).
Then X} becomes a metric space by introducing a distance function d : X3 x X —
[0, 1] defined by setting d ((G, x)(G', x’)) = 277 forall (G, x), (G’, x") € Xy, where
r =sup{n > 0| Bg(n,x) = Bg/(n, x’) as labeled graphs}. It is easy to see that X},
is compact (see [17], Theorem 3).

In a group theoretical framework, this notion was developed in the following sense.
Let F}, be the free group of rank m > 2. Consider the set & (F;,,) of all subsets of F,
and its natural direct product (metrizable) topology (this is the topology where the basis
consists of open cylindrical sets Ua,.p = {N € P(F,) | A C N,BN N = @}, with
A and B arbitrary finite subsets of F,). This topology was introduced by Grigorchuk
in [13] and is often called the Cayley—Grigorchuk topology (the full terminology will
become clear in the next paragraph); see also [1] and the survey [14]. We also mention
the recent paper [25], where it is constructed an isomorphism-invariant subset of 3
homeomorphic to the Cantor set such that the isomorphism classes are dense in it
(minimality). Also recall that for locally compact groups an analogous notion exists
and the corresponding topology is called the Chabauty topology.

Denote by & the subspace of Xj, consisting of all (marked) Cayley graphs of
k-generated groups (with symmetric generating systems!), equipped with the induced
topology from Xj. Then the map §,,, > ' — N(T") € P(F,,), where N(I') is the
kernel of the canonical quotient homomorphism Fy,, — T, is an isometry.

Let now G be a k-regular properly k-edge colored graph with dense holonomy
and denote by X¢ the corresponding type space (cf. Section3). Introduce the distance
d’: V(G) x V(G) — [0,1] defined by d’(x,y) = 27". Here r = sup{n > 0 |
ar(x) = ar(y)}forall x, y € V(G). Then, tautologically, the map ¥: V(G) — Xk,
defined by setting ¥(x) = (G, x) for all x € V(G), is an isometry and therefore
extends to a map W: Xg — Xi. Indeed,

Ulon <op <+ ) = lim (G.xy). (7.1)
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where x, € V(G) is such that a(x,) = «, forall r = 1,2,.... Note that the
limit on the right-hand side exists and is a well-defined marked, k-regular, properly
k-edge colored graph (cf. [18], Section 6.A). It follows that X is homeomorphic to
the closure {(G, x) | x € V(G)} C Xg. For such limits of (marked) Schreier graphs
see [16], Theorem 18.5N, where very interesting fractal sets are constructed from
Schreier graphs of so-called self-similar groups [24]. Note that similar limit objects,
called Benjamini—Schramm limits, are studied in the theory of graph percolation.
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