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Abstract. We give a parametrization by m-adic integers of the limits of Baumslag—Solitar
groups (marked with a canonical set of generators). It is shown to be continuous and injective
on the invertible m-adic integers. We show that all such limits are extensions of a free group
by a lamplighter group and all but possibly one are not finitely presented. Finally, we give
presentations related to natural actions on trees.
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Introduction

The set G of marked groups on k generators (see Section 1 for definitions) has a
natural topology, which turns it into a metrizable, compact and totally disconnected
space. This topology, introduced explicitly by Grigorchuk [Gri84], corresponds to
an earlier and more general construction by Chabauty [Cha50]. Let us mention that
Grigorchuk and Zuk also defined spaces of marked graphs [GZ99].

The Grigorchuk topology was introduced in the context of growth of finitely
generated groups.! Grigorchuk constructed a set of 3-generated groups in g, that is
homeomorphic to the Cantor set and he fruitfully studied the neighborhood of the
first (intermediate growth) Grigorchuk group inside this set [Gri84]. The Grigorchuk
topology has various connections with problems in group theory. Let us cite the
following examples:

 Stepin used the Cantor set constructed by Grigorchuk to deduce the existence
of uncountably many amenable but non-elementary amenable groups without

*Supported by the Swiss National Science Foundation, No. PP002-68627.
**Supported by the Swiss National Science Foundation, grant 20-109130, and the Université de Neucha-
tel, where he was employed during the research presented in this article.
'Note that a very similar topology was used by Gromov when he discussed further its celebrated
polynomial growth theorem [Gro81], Final remarks, p. 71.
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growth estimates [Ste86].

* Shalom proved that every finitely generated Kazhdan group is a quotient of
some finitely presented Kazhdan group by showing that Kazhdan’s property (T)
defines an open subset of the space of marked groups [Sha00].

¢ Champetier showed that the quotient of the space of marked groups on k gen-
erators by the group isomorphism relation is not a standard Borel space. He
also proved that the closure of non-elementary hyperbolic groups contains a G
dense subset consisting of infinite torsion groups [Cha00].

* Champetier and Guirardel characterized limit groups of Sela (this class coincides
with fully residually free groups and with groups having the same universal
theory as a free group) as limits of free groups. They also related the Grigorchuk
topology to the universal theory of groups and ultraproducts [CGOS5].

* Nekrashevych constructed a minimal Cantor set in &3 [Nek07] and proved that
it contains a group with non-uniform exponential growth locally isomorphic to
the iterated monodromy group of z2 + i [Nek].

We are interested in the closure of Baumslag—Solitar groups (with their standard
marking) and its elements, which we study for their own right. Let us recall that
Baumslag—Solitar groups are defined by

BS(m,n) = (a,b | ab™a™' = b") form,n € Z \ {0}.

These groups have been introduced in [BS62], in order to give the first examples of
non-Hopfian one-relator groups. Since then they received much attention and served
as test cases for several problems in combinatorial and geometric group theory. They
bear further pathologies in various fields such as topology, geometry and algebraic
geometry over groups. Like BS(2, 3), many of them

* do not embed into the fundamental group of any sufficiently large, irreducible,
compact and connected 3-manifold [JS79],

* have no proper action on a CAT(0) cube complex [Hag],
* are not equationally Noetherian [Bau99].

Let us recall that they were classified up to group isomorphism by Moldavanskii
[Mol91] and up to quasi-isometry by Farb and Mosher [FM98] and Whyte [WhyO1].

This paper is a continuation of [Sta06], where the second-named author character-
ized convergent sequences among Baumslag—Solitar groups (marked by generators
a and b), provided that the two parameters m and n are coprime. Given any non-
zero integer m, let us recall that the topological ring Z,, of m-adic integers is the
projective limit of Z/ m"Z for h € N* (see Section 1.1 or [HR63], Chapter II, §10,
for more details). Given any & in Z,,, using results of [Sta06], we may define (see
Definition 1.7):

BS(n,§) = lim BS(n, &)
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where (€n)n is a sequence of rational integers such that &, tends to § in Zy, and [&,|
tends to infinity as n goes to infinity. This describes a parametrization BSy, : Z — 92
given by & — BS(m, ). Our first results, proven in Section 2 are the following:

Theorem 1 (Theorem 2.1 and Corollary 2.2). Let m € Z \ {0} and let £, € Zy,.
The equality of marked groups BS(m, &) = BS(m,n) holds if and only if there is
some d € 7\ {0} such that gcd(§, m) = ged(n, m) = d and the images of £/d and
n/d in Zpq are equal. In particular, the map BS,, is injective on the set of invertible
m-adic integers.

Theorem 2 (Corollary 2.11). The map BS,,, is continuous.

These theorems allow us to describe (in Corollary 2.13) the set of groups BS(m, £),
with £ invertible, as a boundary of a set Baumslag—Solitar groups (marked by the
generators a and b) in 9,.

It is well-known that a Baumslag—Solitar group acts on its Bass—Serre tree by
automorphisms and on Q by affine transformations. The first action is faithful whereas
the second is not in general. Section 3 is devoted to actions and structure of the groups
BS(m, £). The groups BS(m, £) mainly act by automorphisms on a tree which is in
some sense a “limit” of Bass—Serre trees (Theorem 3.5). These considerations imply

Theorem 3 (Theorem 3.11). For any m € Z \ {0} and § € Zn, there exists an exact
sequence | - F — BS(m,&) — Z ! Z — 1, where F is a free group.

Note that some properties obviously hold for the groups BS(m, ), since these
properties define closed sets in the space of marked groups: the groups BS(m, £)
are torsion free and centerless, their subgroup generated by a and hab~! is a non-
abelian free group for |m| > 2, and they are non-Kazhdan. We now present some
consequences of our Theorem 3, which are not obvious in the former sense.

Corollary 4 (Corollary 3.13). The limits BS(m, £)
(1) have the Haagerup property;
(2) are residually solvable.

In the last section of the paper, we discuss presentations of the limits BS(m, £).
We prove in particular

Theorem S (Theorem 4.1). For any m € Z \ {0} and & € Zy \ mZy, the group
BS(m, &) is not finitely presented.

We then exhibit (in Theorem 4.4) presentations of the limits by again using their
actions by tree automorphisms.
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1. Definitions and preliminaries

Nota Bene. We denote by N the set {0, 1, 2, ... } of non-negative integers and by N*
(respectively Z*) the sets of positive (respectively non-zero integers). If A is any ring,
then A is the set of invertible elements of A. For instance, Z* = {—1, 1} whereas
Z* =7\ {0}.

We refer to Z as the ring of rational integers to avoid confusion with the ring of
m-adic integers defined in the next section.

1.1. The ring of m-adic integers. Let m € Z*. Recall that the ring of m-adic
integers Z,, is the projective limit (in the category of topological rings) of the system

e > 2" > 2"l — - > Z)mP L — 7/ mZ,

where the arrows are the canonical (surjective) homomorphisms. This shows that
Z, is compact. This topology is compatible with the ultrametric distance given, for

& # n, by

dm(a 7}) — |m|—max{k€N|§—n€mem}.

We collect now (without proofs) some easy facts about m-adic integers which are
useful in the following sections. Detailed proofs were given in the second-named
author’s Ph.D. thesis [Sta05], Appendix C.? Notice that Z,, is the zero ring if |m| = 1.

Proposition 1.1. Let m € Z such that |m| = 2 and let m = :I:plfl ...pife be its
decomposition in prime factors.

(a) One has an isomorphism of topological rings Ly = Zp, @ -+ @ ZLp,. In
particular, if m is not a power of a prime number, the ring Zy, has zero divisors.

(b) The group of invertible elements of Z, is given by

Z;;z =Zm \ (P1Zm U - U pyZLp).

(¢) Any ideal of Zy, is principal. More precisely, any non-zero ideal of ZLny can
be written as p' ... p) Lm withiy,...ig € N. . 4 .
(d) Forany iy, ...ig € N, one has Z N pi' ... p)f Zm = py ...} L.

ZNote that the second part of statement (a) is false there.
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Definition 1.2. Let m € Z such that |[m| = 2 and let py, ..., p¢ be its prime factors.
If E is a subset of Z,, containing a non-zero integer, the greatest common divisor
(gcd) of the elements of E is the (unique) number plll ... pf (with iy,...,iy € N)

such that the ideal generated by E is pi‘ .. p? Loy
If [m| = 1, we set by convention gcd(Z,,) = 1.

Lemma 1.3. Letm € Z* and letm’ be a divisor ofm. Letus writem’' = :I:p{1 .. .pge
and m = :I:pllcl ...pf‘z‘ their decomposition in prime factors (js < ks for all
s =1,...,0). Let m: Zy, — Zyu be the ring morphism induced by projections
Z)m"Z — 7.)](m")'Z (for h = 1). Then the following hold:

(a) One has w(n) = n for any integer n.

(b) Forany d = :i:pi' ...pé‘ withiy,...,ig € N, one has 1= (d L) = d L.

The ideal d Z,, is both open and closed in Z,,. More generally we have

Lemma 1.4. Let m € Z* and let m’ be an integer whose prime divisors divide m.

There exists h which depends only on m’ and such that for any €, in Z,, the
inequality d, (€, 1) < |m|™" implies gcd(€,m") = ged(n, m’). In particular, the set
of m-adic integers & such that gcd(§, m’) = d is both open and closed in Z,.

Proof. Consider h such that m’ divides m”. If d,,(£,17) < |m|™", one has § =
k 4+m"pand n = k +m"v withk € Z and u, v € Z,, by Proposition 1.1 (d). Hence
ged(§,m’") = ged(k,m’) = ged(n, m’). O

1.2. Marked groups and their topology. Introductory expositions of these topics
can be found in [Cha00] or [CGO0S5]. We only recall some basics and what we need in
the following sections.

The free group on k generators will be denoted by [Fy, or F's (with S = (s1, ..., 5k))
if we want to specify the names of (canonical) generating elements. A marked group
on k generators is a pair (G, S) where G is a group and S = (s1,...,5¢) € GF is
a family which generates G. A marked group (G, S) is endowed with a canonical
epimorphism ¢ : Fg — G, which induces an isomorphism of marked groups between
Fs/ker ¢ and G. Hence a class of marked groups can always be represented by a
quotient of Fg. In particular if a group is given by a presentation, this defines a
marking on it. The non-trivial elements of R := ker ¢ are called relations of (G, §).
Given w € Fy we will often write “w = 11in G” or “w =g 1” to say that the image
of w in G is trivial.

Letw = xfl ... x;" be areduced word in Fg (with x; € S and ¢; € {£1}). The
integer n is called the length of w and denoted |w|. If (G, S) is a marked group on k
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generators and g € G, the length of g is

|glg :=min{n | g =s;...5, withs; € SUS™!}
= min{lw| | w € Fs, ¢(w) = g}.

Let G be the set of marked groups on k generators (up to marked isomorphism).
Let us recall that the topology on §j comes from the following ultrametric distance:
for (G1,S1) # (G2, S2) € G we set d((G1, S1), (G2, S2)) := e™*, where A is the
length of a shortest element of [y which vanishes in one group and not in the other
one. But what one has to keep in mind is the following characterization of convergent
sequences.

Lemma 1.5 ([Sta06], Proposition 1). Let (Gy,), be a sequence of marked groups in
Y. The sequence (Gp)n=o converges if and only if for any w € Fy we have either
w = 1in Gy, for n large enough, or w # 1 in G, for n large enough.

Observe that the latter condition characterizes exactly Cauchy sequences. Se-
quences converging to a finitely presented group enjoy a very special and useful
property:?

Lemma 1.6 ([(CGO05], Lemma 2.3). If a sequence (Gp), in § converges to a marked
group G € G which is given by a finite presentation, then, for n large enough, G is
a marked quotient of G.

We refer to the given references for proofs.

1.3. Notation and conventions. We define a family of limits of Baumslag—Solitar
groups in the following way.

Definition 1.7. For m € Z* and § € Z;,, one defines a marked group on two
generators BS(m, £) by the formula

B_S(m, £) = nli)fgo BS(m, &),

where (§,), is any sequence of rational integers such that &, tends to £ in Z,, and |&, |
tends to infinity as n goes to infinity.

Notice that BS(m, §) is well defined for any & € Z, by Theorem 6 of [Sta06].
Note also that for any n € Z*, one has BS(m,n) # BS(m,n). Indeed, the word
ab™a~'b~" represents the identity element in BS(m, n), but not in BS(m, n).

3This property is already used in [Gri84], Proof of Theorem 6.2.
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When considered as marked groups, the free group IF, = F (a, b), the Baumslag—
Solitar groups, and the groups BS(m, £) are all (unless stated otherwise) marked by
the pair (a, b).

Another group which plays an important role in this article is:

Z7 =7, Zlt,t | = Zxs Dy Z,

where the generator of the first copy of Z acts on Z[t,¢~!] by multiplication by ¢
or, equivalently, on @@, Z by shifting the indices. This group is assumed (unless
specified otherwise) to be marked by the generating pair consisting of elements (1, 0)
and (0, 9).

The last groups we introduce here are I'(m,n) = Z x » Z[iﬁﬂﬁﬁﬁi] (m,n € 7*)

where the generator of the first copy of Z acts on Z[lg:rggﬁz ;] by multiplication by 2.

This group is assumed (unless specified otherwise) to be marked by the generating pair
consisting of elements (1, 0) and (0, 1). The latter elements are the images of (1, 0)
and (0, %) by the homomorphism Z ¢ Z — I'(m, n) given by the evaluation t = o
they are also the images of the elements a and b of BS(m, n) by the homomorphism
defined by a +— (1,0) and b ~ (0, 1). Observe that the group Z x Z[iﬁgzzg] acts
affinely on Q (or R) by (1,0) - x = ~~x and (0, y) - x = x + y.

We introduce the homomorphism o,: F, — Z defined by o,(a) = 1 and
o4(b) = 0. It factors through all groups BS(m, n), BS(m, £), Z2 Z and ' (m, n). The
induced morphisms are also denoted by o,. Finally we define the homomorphism
7 F, — F, given bya = a and b = b~!. Note that it induces homomor-
phisms ™ BS(m,n) — BS(m,n) for m,n € Z* and™: BS(m,£) — BS(m, §) for
m e Z*, &€ L.

2. Parametrization of limits

This section is devoted to the study of the map
BSy: Zm — 95; £ BS(m, §).

First, we characterize its lack of injectivity, thus giving a classification of groups
BS(m, &) up to isomorphism of marked groups (Theorem 2.1). Second, we prove that
it is continuous (Corollary 2.11).

2.1. Lack of injectivity. Let us summarize the key points of this set-theoretic part.
Our aim is the classification (up to isomorphism of marked groups) of the groups
BS(m, &) marked by the pair (a, b).
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Theorem 2.1. Letm € Z* and £, 1 € Z,. The equality of marked groups
BS(m, &) = BS(m, n)

holds if and only if there is some d € N* such that gcd(§,m) = ged(n,m) = d and
the images of §/d and n/d in Zy, q are equal.

As a consequence, we obtain the injectivity of BS,,, when restricted to the set
invertible m-adic integers.

Corollary 2.2. Let m € Z* and let §,n € Zp with § # n. If no prime factor of
m divides both & and ), then one has BS(m, &) # BS(m,n). Hence the map BS,,

becomes injective when restricted to invertible m-adic integers.

Proof of Corollary 2.2. By Theorem 2.1, we may suppose that ged(m,§) =
ged(m,n) = d. Then d = 1 by assumption and 7(§) = & # n = n(n) where
. Zm —> ZLmjq is the canonical ring morphism. By Theorem 2.1, one gets
BS(m, £) # BS(m, n). O

To prove Theorem 2.1, we first need to characterize the converging sequences
of Baumslag—Solitar groups marked by the standard pair (a, b). This is done in the
following statement.

Theorem 2.3. Let m € Z* and let (&), be a sequence of rational integers such that
|&x | tends to infinity as n goes to infinity. The sequence (BS(m, £,)), converges in G,
if and only if the two following conditions hold:

(1) Thereis d € N* such that gcd(m, &,) = d for all n large enough.
(ii) (§x/d)n converges in Z, ;4.

One implication of Theorem 2.3 was proved by the second-named author [Sta06]
for d = 1. The purpose of the following proposition is to generalize it to any d:

Proposition 2.4. Let m € Z* and let (§,), be a sequence of rational integers such
that |&,| tends to infinity as n goes to infinity. If (§,)n, defines a converging sequence
in Zn, then the sequence of marked groups (BS(md, &,d)),, converges in G, for any
del”.

We obtain this proposition by performing minor technical modifications on [Sta06],
Theorem 6, and the related lemmas. Nevertheless, the process being not completely
obvious, we give adetailed proof of it. As the proof of Proposition 2.4 is more complex
than the first two statements, we postpone it to the end of this section.

We first show that Theorem 2.3 implies Theorem 2.1.
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Proof of Theorem 2.1. Choose a sequence of rational integers (&), such that

Eon - €, Eant1 > and |&,| — oo as n goes to infinity.
m m

One has BS(m, £) = BS(m, n) if and only if the sequence (BS(m, £,)), converges.
By Theorem 2.3 this is equivalent to have gcd(m, &,) = d for n large enough (for
some d in N*) and the sequence (7 (§,/d)), converging in Z,,,4 (where 7w : Z,, —
Zq is the canonical ring morphism). Finally, the first condition is equivalent to
ged(m, &) = d = ged(m, n) by Lemma 1.4, and the second condition boils down to

n(§/d) = n(n/d). O

We now prove that Proposition 2.4 and the following lemma imply Theorem 2.3.
This lemma is actually independent and is only used for the converse implication.

Lemma 2.5. Let m;,d; k; € Z* fori = 1,2 such that
mydy = mads, |kads| # 1, ged(ma, ky) = 1 and dy does not divide ds.

Then the distance between BS(m1d1, k1d1) and BS(mada, kods) in 6, is not less
than e~ with § = 10 + 2dym>.

Proof of Lemma 2.5. Consider r = a2b%™14=2p and let w = r7. On one hand, we
have r = b@1ki+1ip BS(mdy, k1dy), whichimplies thatw = 1inBS(md, k1d1).
On the other hand, r = ab™192k24=1pin BS(mads, kods). Asm; and k; are coprime
integers, we deduce that m,d, divides myd,k, if and only if d; divides d>. Under
the assumptions of the lemma, the writing ab™192%24=1pab=m192k24=1p=1 is then
a reduced form for w in BS(myd>, kyd;). By Britton’s Lemma, we have w # 1 in
BS(mads, kads). As |lw| = 10 + 2d1m%, we get the conclusion. O

Proof of Theorem 2.3. Proposition 2.4 implies immediately that conditions (i) and
(i1) are sufficient.

Let us show that conditions (i) and (ii) are necessary. For this we assume that
the sequence (BS(m, &,)), converges in §,. If (i) does not hold, we can find two
subsequences (£},), and (§)), of (§,)» such that ged(m, &) = dy, ged(m, &) = d»,
|€/] > 1 for all n and d; does not divide d>. Then Lemma 2.5 clearly shows that
(BS(m, &,)), is not a converging sequence in §,, a contradiction. Hence (i) holds;
let d be a rational integer satisfying it. The marked subgroup I'g, 4 of BS(m, §,)
generated by (a, b?) is equal to BS(m/d, &,/d) endowed with its standard marking
(a,b). The sequence of the BS(m/d,&,/d) is then also converging in §,. By
Theorem 3 of [Sta06], the sequence of rational integers (£, /d ), defines a converging
sequence in Z,,,4. Hence (ii) holds. O
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We now turn to the proof of Proposition 2.4, which occupies the end of this
subsection. Because of Lemma 1.5, it boils down to show that for any w in F, we
have the implication: if w reduces to 1 in G, = BS(md, §,d) for infinitely many
n then w reduces to 1 in G, for all n large enough. Our strategy is to prove that
under the hypothesis of Proposition 2.4, any word w undergoes the same sequence of
cancelations in G, for all n large enough.

Let (G, (a, b)) be a marked group on two generators a and b. We call a-length
of an element g € G the minimal number of letters a, a~! occurring in a word on
{a,a™',b,b~!} which represents g.

The precise statement is

Lemma 2.6. Let w = b®a®'b®! ... a®b withe; = £l for j = 1,...,h. Let
0 <t < h/2and let C be a class modulo m*. Assume that there are infinitely many
n € C suchthatthe a-length of (the image of ) w inBS(md, nd) is atmost h—2t. Then
there exist 81, . .. ,0p—p; € {£1} and polynomial functions ay, . . ., 0p—oy, depending
only on w and C, such that

W =ps(md.nd) W) := peo®) Srpaim) o 8h—2s pan—2:(n)
for alln € C with |n| large enough.

Proposition 2.4 then follows.

Proof of Proposition 2.4. Assume that w = b%a®1he! . . a®b¢ is trivial in
BS(md, &,d) for infinitely many n. The sum &; + --- + &5 has to be zero. Thus
h is even and we can set ¢ = h/2. By hypothesis, there exists a class modulo m’,
say C, such that £, € C for all n large enough. We apply Lemma 2.6: there exists
a polynomial function @ = «g depending only on w and C such that w reduces
to w(n) = b*E) in BS(md, &,d) for all n large enough. As () is zero for in-
finitely many »n, the polynomial function « is the zero function. Hence w = 1 in
BS(md, &,d) for all n large enough, which proves that (BS(md, &,d)), converges in
%, by Lemma 1.5. O

It only remains to prove Lemma 2.6. Reductions of w in BS(md, &, d) are ruled by
the congruence classes of its b exponents modulo md and &,d. By Britton’s Lemma,
we have indeed: w = b®a®1h®! ... a®b® is not reduced in BS(md, §,d) if and
only if there is some i in {1, ..., i} such that

(1) eithere; = —g;+1 = l and ¢; = 0 (mod md), or
(2) e = —¢€j4+1 = —lande; =0 (mod &,d).

In both cases, the word w reduces in BS(md, £,d) to a word w’ such that its length
with respect to {a !, a} decreases by 2. We define below integers ro(£y), .. ., 7 (£n),
so(En), ..., s:(En) to keep track of the b exponents in the reductions w’, w”, ..., w®
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of w in BS(md, £,d) along a sequence of ¢ cancelations of type (1) or (2). These
integers will be crucially used in the proof of Lemma 2.6 to give a description of such
b exponents as functions of n. The integers r; (§,) (respectively s; (§,) modulo m) are
shown to depend only on the congruence class of £, modulo m’.

Lemma 2.7 ([Sta06], Lemma 4). Fix m € Z*. We define recursively two sequences
50,S1,... and ro, 11, ... of functions from Z* to 7, by

(i) ro(n) = 0and so(n) = 1 forall n;
(i) si—1(m)n = s;(m)ym + r;i(n) and 0 < ri(n) < m fori = 1 (Euclidean division).

Then, for any n, n’ in Z* and t > 1 such that n’ = n (mod m'), we have
ri(n) = r;(n’) and s; (n) = s;(n’) (mod m'™") forall 0 <i <t.

Remark 2.8. Let us observe that the functions s, ..., s; are polynomial functions
when restricted to a given class C modulo m’. Letc¢ € {0,...,m" — 1} and let C
be the set of rational integers n such that n = ¢ (mod m'). Define recursively the
polynomial P; c(X) by Po,c(X) = 1 and P;c(X) = XPi—1,c(X) — ”rfl—n) with
neCandi > 1. Clearly, mP;c(X) = mX' —ri(n)X""! —--. —r;(n). The
previous lemma implies that P; ¢ is a polynomial whose coefficients do not depend
onn € C. Assi(n) = Pic(;;) forall0 <i <tandalln € C,s; is a polynomial
function of degree i on C.

The following lemma describes how the b exponents in w transform through a
cancelation of type (1) or (2) in BS(md, nd). These exponents are put into a particular
form by means of the s; and this form is shown to be (fortunately) preserved under
reductions. The result coincides with [Sta06], Lemma 5, when d = 1. The proof is
very similar, it is provided for completeness.

Lemma 2.9. Fix m,d € Z* andt > 1. Let C be a class modulo m*. Let
ko,....k: € Z andlet a: C — Z be the function defined by

a(n) = ko + kind + kasi(m)nd + -+ + kys;—1(n)nd

where g, S1, . .. are given by Lemma 2.]. Let us also takery, ry, ... asin Lemma?2.7.

(1) The class of a(n) modulo md does not depend onn € C. Ifa(n) = 0
(mod md) for some n € C, then d divides ko and we get ab®™qa=" = pP™) jp
BS(md,nd) foralln € C, with

Bm) = lind + Lsi(m)nd + -+ + l;115:(n)nd

and

1 (k .
11 = E(EO —|—k17’1(ﬂ)+"'+kﬂ'z(l’l)), li =ki—1f0r2§l =t+1
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(i1) We have either a(n) = 0 (mod nd) for all n € C such that |n| > ko or
a(n) £ 0 (mod nd) foralln € C such that |n| > ky.

In the first case we get a='b*Ma = bB® jn BS(md, nd) foralln € C such that
|n| > ko, with

B(n) = lod + lind + Lsy(n)nd + --- + l;_15,—2(n)nd

and
lo=kim—kyri(n)—---—kirsi—1(n), i =kig1forl <i <t—1.

Moreover, the l;’s are constant rational integers in both cases.

Proof. (i) Lemma 2.7 ensures that the class of s; (n) modulo m does not depend on
neCforalli =1,...,t — 1. Hence the class of «(n) modulo md does not depend
onn € C. Assume now that «(n) = 0 (mod md) for some n € C. Then, we have
ko =0 (mod md), ab*™a=" = p"*®/m in BS(md, nd) with

a(n) = (% +kiri(n) + -+ keri(n) + kysy(m)ym 4+ -+ + k,st(n)m)d

since s;j_1(n)n = s;(n)m + r;(n) for all i > 1. Hence we obtain

1 (k
no;in) = %(EO + kyri(n) +---+ ktrt(n))nd +kisi(m)nd + -+ + kysi(n)nd

= lhind 4+ Lsi(m)nd + --- + l;115:(n)nd = B(n).

By Lemma 2.7, r; (n) does not depend onn € C foralli = 1,...,t. Consequently,
the rational integers [y, ..., /;+1 donotdependonn € C.

(ii) Assume that |n| > |ko|. We have a(n) = 0 (mod nd) if and only if kg = 0.
Suppose now that it is the case. We have then ab*™g~1 = p™*®™/" in BS(md, nd)
with

ma(n)

=kymd + kasi(n)md + -+ + kys;—1(n)ymd
=kymd —kyri(n)d —...—kiri—1(n)d + kaso(m)nd + -+ + kysi—>(n)nd
= lod + lind + lasi(n)nd + -+ + l;_15:—2(n)nd = B(n)

since s;(n)m = s;i_1(n)n — r;(n) for all i > 1. By Lemma 2.7 again, the rational
integers lg, ..., l;—1 donotdependonn € C. O

We are now able to prove Lemma 2.6.

Proof of Lemma 2.6. Set G, = BS(md,nd). We show by induction on ¢ > 0 that,
provided the assumption in the lemma is satisfied, the functions o; : C — Z exist
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and satisfy

a;(n) = ko, ifr =0, )
a;(n) = ko; +kyind +kyisa(n)nd + -+ kyjs;—1(n)nd  ift >0,
where the s; are the functions defined in Lemma 2.7 and ko, ..., k;; are integers

that depend only on w and C. Functions of the form (*) depend only on w and C.
These functions are polynomial functions of n € C by Remark 2.8.
Case t = 0: It suffices to take «; (n) = e; to satisfy (x) and w(n) = w for all n.
Induction step (0 < t < h/2): We denote by C’ the class modulo m’~! defined by
C. By assumption, there exists an infinite subset I € C C C’ such that the a-length
of w in BS(md, nd) is at most h — 2¢ for all n € I. By induction hypothesis, there

exist §1,...,8;_,, , € {£1} and polynomial functions &y, ..., a;_,, . , satisfying
aj(n) = ko, ift =1,
aj(n) =ko; +kiind +kyiso(m)ynd + -+ ki—y,;5i—2(n)nd ift > 1,

and such thatw = w’(n) := b%™gb1pe1M) Labh—2rr2p@h—2042 inBS(md,nd)
for all n € C’ with |n| large enough.

Hence, for all n € I with |n| large enough, the word w’(n) is not reduced in
BS(md, nd) since its a-length in this group is at most 2 — 2¢. For such n’s, Britton’s
Lemma gives an index i = i(n) € {1,...,h — 2t + 1} such that

(a) either aSip®Mgbitt = gp%Mg=1 and a;(n) =0 (mod md), or
(b) aSip% ®gbit1 = g=1p% Mg and aj(n) =0 (mod nd).

Therefore, there exists an infinite subset I’ € I C C and a fixed index i, such that
one of the cases (a),(b) occurs for all n € I’. Applying Lemma 2.9, we see that a
reduction will occur at index i for all n € C with |n| large enough. Hence, we get
abib%i™glivt = pB® iy BS(md,nd), where

B(n) = lod + lind + lasi(m)nd + -+ + l;+15:(n)nd,

for all n € C with |n| large enough (two last terms vanishing if we were in case (b)).
Finally, we are done by setting

aj(n) if j <i—1,
aj(n) = a;_ (n)+B(n) +a; (n) ifj=i-1,
() itj =i

forj =0,...,h—2t. O
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2.2. Continuity. We now turn to the topologist’s point of view. Namely, we are
going to prove the following analogue of Theorem 2.3.

Theorem 2.10. Let m be in Z* and let (§n)n be a sequence in Zy. The sequence
(BS(m, &,))n converges in G, if and only if the following conditions both hold:

(1) Thereis d € N* such that gcd(m, &,) = d for all n large enough.
(ii) The images of §,/d define a converging sequence in Zi,;, 4.

In particular, if (§x)n converges 10§ in L, then the sequence (BS(m, &,)), converges
to BS(m, &) in G,.

The following corollary is immediate.
Corollary 2.11. For all m € 7%, the map BS,,: Zm — G, is continuous.

For |m| = 2, note that if we endow Z with the m-adic ultrametric, the analogue
map
Z* — §>; n — BS(m,n)

is nowhere continuou_s. Indeed, n + m* tends to n as. k tends to infinity, while
BS(m,n + m*) — BS(m,n). We recall that one has BS(m,n) # BS(m, n), since
the word ab™a~'h™" defines the trivial element in BS(m, n) but not in BS(m, n).

Proof of Theorem 2.10. Let (§,), be a sequence of m-adic integers. By an easy
argument of diagonal extraction, we can find a rational integer sequence (7,,), such
that

(1) d(BS(m,1,), BS(m, &) < 7,

(2) dm(nn.&n) < %,
3) [l = n.

The sequence (BS(m, £,)), converges if and only if (BS(m, 1)), converges because
of inequality (1). By Theorem 2.3, the sequence (BS(m, n,)), converges if and
only if there is some d in Z* such that gcd(n,,m) = d for all n large enough and
(Mn/d)n converges in Z,,;4. By (2) and Lemma 1.4, we have ged(§,,m) = d for
all n large enough if and only if ged(n,,m) = d for all n large enough. Since
Amja(n/d, w(§n/d)) < dm(nn, &n), we deduce from (2) that the sequence (1, /d ),
converges in Zy,q if and only if (7(§,/d)), convergesin Z,, 4.

Now let us turn to the particular case &, — £ in Z,. We get condition (i)
by Lemma 1.4, and condition (ii) is obvious. The sequence (BS(&,,m)), is thus
converging. Moreover, its limitis BS (11, £), since it does not change if one intercalates
a £-constant subsequence in (§,),. O
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We now “specialize to the case of invertible elements” and show that, in this
case, the BS groups form the set of accumulation points of the BS groups. Precise
statements are as follows:

Definition 2.12. For m € Z*, we define
Xm = {BS(m,n) | n is relatively prime to m},
23 = (BS(m.&) | & € 2},

By convention, we say that Z%, is empty.

Corollary 2.13. Forallm € Z*, the boundary of X, in 9 is Z,,. Itis homeomorphic
to the set of invertible m-adic integers.

Proof. Theorem 3 of [Sta06] implies that the elements of X, are the BS(m, n) with n
relatively prime to m and the BS(m, £) with § € Z,. One sees easily that the groups
BS(m, n) are isolated points in X,, (consider the word ab™a~'b~"). The equality
0X,, = Z,, follows immediately. The second statement is a direct consequence of
Corollary 2.11. O

3. Actions and structure of the limits

It is well known that Baumslag—Solitar groups act on their Bass—Serre trees and
(affinely) on the real line or on Q. In this section, we study such actions (which are
“trivial” in the affine case) and the structure of the limits BS(m, £).
3.1. A common quotient. We recall that I'(m,n) = Z x 2 Z[iﬁﬂg’; : ;] acts affinely
on R and that it is a marked quotient of both BS(m,n) and Z ¢ Z (see Section 1.3).
Notice that these groups are distinct from the groups I'g, 4 introduced in Section 2.
The following lemma enables us to define converging sequences of homomor-
phisms induced by the same endomorphism of [,,.

Lemma 3.1. Let (Gy), and (Hy), be sequences of marked groups and let G and H be
their limits in G,,. Let ¢ be an endomorphism of T, which induces an homomorphism
from Gy, to Hy, for all n. Then ¢ induces an homomorphism from G to H. Moreover,
if¢: G, — H, is injective for infinitely many n, then ¢: G — H is injective.

Proof. Let w € I, be such that w =g 1. For all n large enough we have w =g,, 1
(Lemma 1.5), and hence ¢ (w) =g, 1. Consequently, ¢ (w) =g 1, which shows that
¢ induces an homomorphism from G to H. Assume ¢ is injective for infinitely many
n and consider w € IF,, such that its image in G belongs to ker(¢p: G — H). There
are infinitely many » such that the following hold:
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(i) ¢: G, — H, is injective,
(i) ¢(w) =m, 1.

It follows that w =g,, 1 holds for infinitely many n. As a consequence, w =g 1. [

Proposition 3.2. For anym € Z* and & € Z,, the -morphism of marked groups
q: Fo — Z 7 factors through a morphism ¢, ¢ : BS(m,§) — 7.2 Z.

Proof. Take (§,), a sequence of rational integers such that |, | tends to infinity and &,
tends to £ in Z,, as n goes to infinity. By Definition 1.7, the sequence (BS(m, &,))n
converges to BS(m,£). We now claim that T'(m, £,) tends to Z 2 Z as n goes to
infinity, a statement analogous to Theorem 2 in [Sta06]. As each I"(m, &,) is a marked
quotient of Z? Z, we only have to prove that any non-trivial element (o, P(t)) € Z?Z
defines eventually non-trivial elements in the I"(m, &,)’s. This is obvious if o # 0.
Assume o = 0. The Laurent polynomial P has only finitely many roots so that
P(&,/m) # 0 for n sufficiently large. This tells us that (o, P) is eventually non-
trivial in the I"(m, &,)’s, which proves the claim.
Hence one has the following “diagram”:

BS(m, &) "> BS(m, £)

n—0o0

Lm.§n) —— 1 Z

As vertical arrows are induced by the identity of [,, the result follows from the
previous lemma. O

3.2. Affine actions. Let R be aring and Aff(R) =~ R* x R be the affine group on R.
Forany @ € R*,itis straightforward to see that formulaea-x = axandb-x = x+1
define a homomorphism Z ? Z — Aff(R). Thus Proposition 3.2 immediately gives
the following

Proposition 3.3. Let R be aring and leta € R*. Foranym € Z* and any § € Ly,
the group BS(m, &) acts affinely on R via formulae

a-x=oax and b-x=x+1.

3.3. Actions on trees. We are to produce a tree on which the group BS(m, £) acts
transitively. This tree will be constructed from the Bass—Serre trees of the groups
BS(m, &,). It will be shown that the tree we construct does not depend on the auxiliary
sequence (&,)n.

We recall that BS(m, n) is the fundamental group of the graph of groups (G, Y)
showninFigure 1, see [Ser77], Section 5.1. Notice thata is theelementof 71 (G, Y, P)
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Gp=(b)=Z:Gy=(c)=17

¢’ =b"; Y =b"

Figure 1. Baumslag—Solitar groups as graphs of groups.

associated to the edge y. To be precise, we set the Bass—Serre tree of BS(m, n) to be the
universal covering associated to (G, Y), the maximal subtree P and the orientation
given by the edge y [Ser77], Section 5.3. We choose the edge y instead of y to
minimize the dependence on n of the set of tree edges. Denoting by T the Bass—Serre
tree of BS(m, n), one has

V(T) =BS(m,n)/(b),  E+(T) =BS(m,n)/(b"™),
o(w(b™)) = w(b), t(w(b™) = wa™" (b),
where o(e) and ¢ (e) denote the origin and terminal vertex of the edge e. The chosen
orientation on 7 is preserved by the BS(m, n)-action.
Given m € Z*, &€ € Z,, and (§,), a sequence of rational integers such that
|€,| — oo and §, — & in Z,,, we denote by H, (respectively H,") the subgroup

of BS(m, &,) generated by b (respectively ™) and by T, the Bass—Serre tree of
BS(m, &,). We set

v = (TTvw)/~=(T]BSen.&)/H)/~
neN

neN
v = (T1 E+@)/~= (] BSOn.£)/H;") /~,
neN neN

where ~ is defined in both cases by (x;)n, ~ (yn)n < there exists ng such that
Xp = yy forall n > ng. We now define an oriented graph X = X,, ¢ by

V(X) = {x € Y | there exists w € [, such that (x,), ~ (wWHy).},
EL(X)={y € Y™ | there exists w € F5 such that (y,), ~ (WH,")»},
o((wH,")n) = (WHp)n = (0(WH,"))n,
t(wH,")n) = (wa_lHn)n = (t(wH,"))n.
The map o is well defined since (vH"), ~ (wH]"), implies (vH,), ~ (WHy)p.
On the other hand, the map ¢ is well defined since (vH)"), ~ (wH)"), implies
v lw € HI" for n large enough, whence (va™")"N(wa™!) = av"'wa™! € H, for

those values of n. It follows that (va~'H,), ~ (wa~'Hy),. The graph X is thus
well defined and the free group [, acts obviously on it by left multiplications.
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Remark 3.4. There is an alternative way to define X, which we now describe briefly.
Consider the Z-trees V(T,) and define the ultraproduct V = (]—[ V(Tn)) /w, which
is a “Z-tree (where w is some non-principal ultrafilter over N). The ultraproduct
group ([IBS(m.&,))/w contains BS(m., §) and acts on V. Now the set of vertices
of X is equal to subtree of V' spanned by the orbit BS(m, £) - vo, with vg = [Hy]w.
However, even if this approach would immediately tell us that X is a tree endowed
with a BS(m, £)-action (one has only to check that the subtree is a Z-tree), we prefer
the more down-to-earth one described above for the sake of a self-contained and
explicit construction. See [CGO5], [ChiO1], [Pau04] for more information on this
second approach.

It is almost obvious that X is simple (i.e., it has no loop and no bigon). Indeed a
loop (or bigon) in X would immediately provide a loop (or bigon) in some tree 7.
The statement we want to prove is the following.

Theorem 3.5. Let m € 7%, £ € Z,, and (&,), a sequence of rational integers such
that |§,| — oo and &, — & in Zy. The graph X = Xy, ¢ (seen here as unoriented)
satisfies the following properties:

(a) Itis a tree.

(b) It does not depend (up to equivariant isomorphism) on the choice of the auxiliary
sequence ().

(¢) The obvious action of the free group 2 on Xy, ¢ factors through the canonical
projection Fy — BS(m, £).

Before the proof, we give a simple consequence of [Sta06], Lemma 6, or of
Lemma 2.6 (with t = h/2).

Lemma 3.6. Let (vH,), and (WH},), be two vertices of the graph X. If vH,, = wH,
for infinitely many values of n, then (vH,), = (wWHy), in X.

Proof of Theorem 3.5. (a) Let us show first that the graph X is connected. We show
by induction on |w| that any vertex (wHj),, with w € F5, is connected to (Hpy),.
The case |w| = 0 is trivial. If [w| = £ > 0, there exists x € {a*!, h*!} such that
wx has length £ — 1. By induction hypothesis, it is sufficient to show that (wHp),
is connected to (wxHp),. If x = a, then the edge (wxH,"), connects (wxHp), to
(WHp)pn. If x = a™', then the edge (wH™), connects (wHp), to (wxH,), and if
x = b*!, then one has even (wH,), = (WxHp),.

Second, we show that X has no closed path without backtracking. We take a
closed path in X, with vertices

(oHp)n, WViHp)n,...,(veHp)p = (VoHp)n,
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and we want to prove the existence of some backtracking.

For any n, the sequence vo H,, v1 Hy, ..., vo H, defines a path in T,. For n large
enough, one has vy H, = vo Hj, so that the path is closed. As the T},’s are trees, these
closed paths all have at least one backtracking. Thus, there exists i € {0,...,£ — 1}
such that v;_y H, = vj41 H, for infinitely many values of n (v-indexes are taken
modulo £). Now, by Lemma 3.6, we obtain that (vi_1Hy,), = (vit1Hp)n in X.
As X is a simple graph, this means that the original closed path in X has some
backtracking, as desired.

(b) We show now that X does not depend (up to equivariant isomorphism) on the
choice of the sequence (£,),. Take another sequence (&),), satisfying both |&),| — oo
and &, — £ in Z,, and consider the associated tree X’. We construct the sequence

(&) given by

1

n ! if n is odd,

n—1
2

{ {f% if n is even,

which satisfies again both |&,/| — oo and £, — £ in Z,, and the associated tree X".
There are obvious equivariant surjective graph morphisms X” — X and X" — X’.
We have to show the injectivity of these morphisms, which we can check on vertices
only, for we are dealing with trees. But Lemma 3.6 precisely implies the injectivity
on vertices.

(c) Take w € F, such that w = 1 in BS(m, £). We have to prove that w acts
trivially on X. As X is a simple graph, we only have to prove that w acts trivially
on V(X). Let (vH,), be a vertex of X. For n large enough, we have w = 1 in
BS(m, &,), so that wvH, = vH,. Hence we have w - (VHy), ~ (vH,),, as desired.

O

Remark 3.7. The action of BS(m, £) on X is transitive and the stabilizer of the vertex
vo = (Hy)y, is the subgroup of elements which are powers of b in all but finitely many
BS(m, &,). It does not coincide with the subgroup of BS(m, £) generated by b, since
the element ab™a ™! is not in the latter subgroup but stabilizes the vertex.

Remark 3.8. The BS(m, £)-action on X being transitive on vertices and on edges,
BS(m, &) is a HNN-extension with basis Stab(vg). We shall not focus on this structure
in the present article but leave it for another paper.

We end this section with statements about the structure of the tree X, ¢. The first
one is the analogue of Lemma 3.6 for edges.

Lemma 3.9. Let (vH]"), and (WH]"), be two edges of the graph X. If one has
vH)" = wH]" for infinitely many values of n, then (VH)""), = (wH,"), in X.

Proof. By assumption, one has vH, = wH, and va~' H, = wa~! H, for infinitely
many values of n. By Lemma 3.6, we get (vH,), = (wH,), and (va"'H,), =
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(wa™'Hp),. As the edges (vH™), and (wH™), have the same origin and terminal
vertex, they are equal since X is a simple graph. O

Proposition 3.10. Letm € Z* and & € Z,,. Each vertex of the tree X, ¢ has exactly
|m| outgoing edges. More precisely, (given a sequence (&), of non-zero rational
integers such that |&,| — oo and &, — &) the edges outgoing from the vertex (WH,)p,
are exactly (WH™),, (WbH™),, ..., (wbm=1gm),.

Proof. Ttsuffices to treat the case w = 1. Theedges (H")n, (BH)n,..., (b= H™),
are clearly outgoing from (H,), and distinct. Let now (vH,"), be an edge outgoing
from (H,),. In particular, we have (vHy,), = (Hy)n, so that v = b* in BS(m, £,)
for n large enough. There exists necessarily A € {0, ..., |m| — 1} such that we have
An = A (mod m) for infinitely many values of , so that vH," = bAH,’l" for infinitely
many values of n. By Lemma 3.9, we get (VH]"), = (bAH,;”),,, and we are done.

O

3.4. A structure theorem. We denote by N the kernel of the map g appearing in
Proposition 3.2. We now are able to state the main results of this section.

Theorem 3.11. Consider the exact sequence (where Ny ¢ is the image of N in
BS(m. §))

1 > Npg — BS(m.&) =5 2.7 — 1.

Foranym € 7% and & € Ly, the group Ny, ¢ = Ker qp, ¢ is free.

Remark 3.12. Since Z?Z is metabelian, the second derived subgroup of BS(m, £) is
a free group. Thus BS(m, £) enjoys the same property as the generalized Baumslag—
Solitar groups; see [Kro90], Corollary 2.

Proof of Theorem 3.11. Take m € Z*, §¢ € Z,, and (&,), a sequence of rational
integers such that |§,| — oo and &, — £ in Z,,. Set X to be the tree constructed in
Subsection 3.3. By [Ser77], Section 3.3, Theorem 4, it is sufficient to prove that N, ¢
acts freely on X, i.e., that any w’ € N which stabilizes a vertex satisfies w’ = 1 in
BS(m, £).

Let us take w’ € N and (vHy), a vertex of X which is stabilized by w’. Thus
Lw'v stabilizes the vertex (Hy,),, i.e., w is a power of b, say w = brn in all

w=v
but finitely many BS(1m, £,). Then the image of w in I'(m, &) = Z x » Z[%]

is equal to (0, A,) for all but finitely many values of n. But, on the other hand, one
has w € N, thatis, w = 1 in Z ? Z, which implies that A,, = 0 for those values of n
(since the I'(m, &,) are marked quotients of Z ¢ Z). Thus, one has w = b° = 1 in all
but finitely many BS(m, &,), which gives w = 1 = w’ in BS(m, §). O
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Corollary 3.13. Foranym € Z* and & € Z,y, the group BS(m, £)
(1) has the Haagerup property,
(2) is residually solvable.

Remark 3.14. The Haagerup property for Baumslag—Solitar groups was already
known [GJ03]. It may also be deduced from the fact that the second derived subgroup
is free [Kro90], Corollary 2.

Proof of Corollary 3.13. Looking at the exact sequence

1 = Ny — BS(m.£) > Z2Z — 1,

we see that the quotient group is amenable (it is even metabelian) and the kernel
group has the Haagerup property by Theorem 3.11. By [CCJT01], Example 6.1.6,
we conclude that BS(m, £) has the Haagerup property. As a free group is residually
solvable, BS(m, £) is then the extension of a residually solvable group by a solvable
one and hence is residually solvable by [Gru57], Lemma 1.5. O

4. Presentations of the limits

The purpose of this section is, first, to prove that the groups BS(m, £) are almost
never finitely presented (Theorem 4.1), and second, to give presentations, whose
construction is based on actions on trees described in Section 3.3 (Theorem 4.4).

4.1. Most of the limits are not finitely presented. Our first goal in this section is
to prove

Theorem 4.1. Foranym € Z* and & € Z,, \mZp, the group BS(m, £) is not finitely
presented.

Notice that the theorem excludes also the existence of a finite presentation of
such a group with another generating set; see for instance [dIHOO], Proposition V.2.
By Theorem 2.1, there is only one remaining case, the case £ = 0, where it is still
unknown whether or not BS(m, 0) is finitely presented. We nevertheless make the
following remark.

Remark 4.2. For |m| = 1, the limits BS(%£1, §) are not finitely presented.

Proof. The result [Sta06], Theorem 2, implies that BS(+1, £) = Z Z for the unique
element £ € Z_; and Baumslag’s result [Bau61] on the presentations of wreath
products ensures that Z ¢ Z is not finitely presented. O
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Lemmad4.3. Letm € Z* and & € Zyy \ mZy,. Let £ be the maximal exponent in the
decomposition of m in prime factors and set d = ged(m, &), my = m/d.

(a) There exists a sequence (&), in Z* such that foralln = 1 one has |&,| > |€,—1]
and

&, =€ (mod m"Zy),
£ £ & (mod m"TdZ,y,).

(b) This sequence satisfies |&,| — oo, & — & and

£, =& (mod m") forall r = n,

En # Egnyr (mod mt"F1d) forall n.

Proof. (a)Let p be aprime factor of m (there exists one, for§ & mZ,,). The sequence
(&,)n is constructed inductively. We choose for &y any non-zero rational integer such
that &g — & &€ mZ,,. At the n-th step, we begin by noticing that the exponent of p in
the decomposition of m” (respectively mf”“d ) is at most £n (respectively at least
{n + 1). Hence, mf”“d is not a divisor of m” so that there exists @ € Z with & = «
(mod m"Z,) but £ # «a (mod mli”HdZm).

Notice now that we may replace o by any element of the class « + m”mf"“d Z,
so that it suffices to choose &, among the elements 8 in the latter class which satisfy
1Bl > [§n—1l-

(b) The properties &, = & (mod m"Z,,) and |§,| > |&,—1] clearly imply that
& — &, 1€ = oo and &, = & (mod m") for r = n (for the latter one, Proposi-
tion 1.1 (d) is used).

Finally, combining £, 1 = £ (mod m***1Z,) and &, # £ (mod m‘"*1dZ,,)
gives &, # Enr1 (mod m{"'d). m

Proof of Theorem 4.1. The hypothesis & € Z,, \ mZ, implies that |m| = 2. Take £,
d, m; and a sequence (£,), as in Lemma 4.3. Then BS(m, §,) — BS(m, £). It is
thus sufficient by Lemma 1.6 to prove that the BS(m, &,,) are not marked quotients of
BS(m, &) (for n large enough).

Notice now that (for n large enough) one has gcd(m, &,) = d since &, = £
(mod mZ,,) holds. Then, for n = 1, we define the words

w, = a" T Mg hEn g pg T p Mg pEn gL

By Lemma 3 of [Sta06], we have w, = 1 in BS(m, k) if and only if k = §,
(mod m'{d). By part (b) of Lemma 4.3, it then follows that w, = 1in BS(m, &) for
all r = n, hence w, = 1in BS(m, £) (for n large enough). On the other hand we get
Wen+1 # 1in BS(m, &,) in the same way, so that BS(m, £,) is not a marked quotient
of BS(m, £) (for n large enough). O
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4.2. Presentations of the limits. As we noticed before (see Remark 3.8), the limits
BS(m, £) are HNN-extensions. This would give us presentations of the limits, pro-
vided that we would have presentations for the vertex and edges stabilizers. Neverthe-
less, rather than to follow this approach and look for presentations for the stabilizers,
we establish directly a presentation for the whole group.

Form € Z* and § € Z,, we define the set R = R,, ¢ by

R = {wb | w=ab* ...ab%a 'h¥+1 a1 po2k

withk e N*, o; € Z (i = 1,...,2k) and w - vg = v},

where vy is the favoured vertex (H,), of the tree X,, ¢ defined in Section 3.3.

Recall that the stabilizer of the vertex vy consists of elements which are powers
of b in all but finitely many BS (m, &,), where (£, ), is any sequence of rational integers
such that |§,| — oo and &, — & in Z,, (see Remark 3.7). It follows that we have
W Vg = Vg < W - V9 = Vg. The aim is now to prove the following result.

Theorem 4.4. For allm € Z* and & € Z,, the marked group BS(m, £) admits the
presentation (a,b | R, ).

Set I' = (a,b | R,¢) until the end of this section. The elements of R, ¢
are trivial in BS(m, £): indeed, if w fixes the favoured vertex H,, in the Bass—Serre
tree of BS(m, &,), then ww is trivial in BS(m, &,). This gives a marked (hence
surjective) homomorphism I' — BS(m,£). Theorem 4.4 is thus reduced to the
following proposition, which gives the injectivity.

Proposition 4.5. Let w be a word on the alphabet {a, a=',b, b7} Ifone hasw =1
in BS(m, &), then the equality w = 1 also holds in T'.

Before proving Proposition 4.5, we need to introduce some notions which admit
geometric interpretations.

From words to paths. Let us call path (in a graph) any finite sequence of vertices
such that each of them is adjacent to the preceding one. Let w be any word on the
alphabet {a,a™!, b, b~'}. It defines canonically a path in the Cayley graph of I" (or
BS(m, £)) which starts at the trivial vertex. Let us denote those paths by pr(w) and
Pes(w). The map I' — BS(m, £) defines a graph morphism which sends the path
pr(w) onto the path pgg(w).

The word w defines the same way a finite sequence of vertices in X, ¢ starting
at vy and such that each of them is equal or adjacent to the preceding one. Indeed,
let f be the map V(Cay(BS(m, £), (a,b))) — V(X ) defined by f(g) = g - vo
for any g € BS(m, §). If g, g’ are adjacent vertices in Cay(BS(m, &), (a, b)), then
f(g) and f(g’) are either adjacent (case g’ = ga®!), or equal (case g’ = gh*!).
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The sequence associated to w is the image by f of the path pgg(w). Now, deleting
consecutive repetitions in this sequence, we obtain a path that we denote by px (w).

It follows that if the word w satisfies w = 1 in BS(m, £) (or, stronger, w = 1
in I'), then the path py (w) is closed (i.e., its last vertex is vg).

Height and valleys. Recall that one has a homomorphism o, from BS(m, £) onto Z
given by o4(a) = 1 and 0,4(b) = 0. Given a vertex v in X, ¢, we call height of v the
number A (v) = 0,(g) where g is any element of BS(m, £) such that g - vo = v. Itis
easy to check that any element g’ of BS(m, £) which defines an elliptic automorphism
of X, ¢ satisfies 0,(g") = 0, so that the height function is well defined. It is clear
from construction that the height difference between two adjacent vertices is 1.

Given L = 1 and k > 1, we call (L, k)-valley any path p in X,, ¢ such that one
has:

e p=(vo,v1,...,VL = Vg, Vq,..., Vax), Where v is the favoured vertex;
* h(vo) =0 = h(vg) and h(vo) = —k = h(vax);
* h(v) < 0 for any other vertex v of p;

® Vo = V.

Given an (L, k)-valley p = (vo,v1,...,0L = Vo, V1,...,Vsx), the subpaths
(vo,...,vg) and (vg,...,vaxr = Vo) have to be geodesic, for the height difference
between vg = vpk and v is k. Thus, one has vy = vog_1,..., Vg1 = Vg41-

Lemma 4.6. Let w be a word on the alphabet {a,a™',b,b™'} such that the path
px (w) is an (L, k)-valley, say px(w) = (vo, v1,...,vL = Vo, V1,...,Vax). There
exists a word W' such that the equality w' = w holds in T’ and the path px (w’) is
(vo, v1,...,VL).

Proof. We argue by induction on L.

Case L = 1: Then one has k = 1, px(w) = (vg,v1 = vg,v1,v2). Upto
replacing w by a word which defines the same element in F, (hence in I') and
the same path in X, we may assume to have w = b%a~1h*1abPra=1hP2.  Set
r=ab Pra='pb=*1abPrg=1b™ . Since vy and v, are equal, the subword abP1q~!
(of w) defines a closed subpath in X, so that we obtain ab=Prg=1p=a1 . yy = v,.
Consequently, we get r € R, whence r = 1in I". Inserting r next to the last position,

we obtain
w= protBig=lpartha —. o

This equality also implies that the paths px (w) and px (w’) have the same endpoint.
Hence one has px (w’) = (vo, v2) = (vo, v1) and we are done.

Induction step: We assume L > 1 to hold. Up to replacing w by a word which
defines the same element in I, (hence in I') and the same path in X, we may write

w = h¥0gfIpYt | qfLpeL . qpPr | abPrg pPr+1 | g 1pPax
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with &; = 1 and o; € Z for all i. We distinguish two cases:
(1) the vertex vr_; is higher than vy, (i.e. e = —1);
(2) the vertex vy —; is lower than vy, (i.e., ef, = 1).

Case (1): Set

z=ab Pr-1  ab Prg=lpPi—1 | g lpPigTlpeL and r = 23,

Since vg and vy are equal, the subword abP! ... abPra=1pPr+1 g~ 1pPar—14"1
(of w) defines a closed subpath in X, so that (when considered as a word on its own
right) it stabilizes the vertex vo. Inverting it, we get

ab Pr—1 abPrgTlpTPe—r a7 pTBig T Ly = vy
It implies r € R, whence r = 1 in I". Inserting r in next to last position, we obtain

w =p w* 1= b0gf1p% | gfL—1por—1+F%-

cabP—2  qbPrg T pPr—1 g 1pPr . g poLthak

We write w* = w”a~'b*- B2k Since the words w and w* begin the same way and
since one has w = w* in T, the path py (w*) has the form

(vo, V1,...,V—1 = W, W1,...,W2k—2,VL).

Since vy,—; is higher than vy, we have h(vy—;) = —(k — 1). Contemplating w*,
one sees that we have h(wg—1) = 0, h(wx—2) = —(k — 1), so that the subpaths
(wo,...,wr—1) and (wg—1,...,wrx—2,vr) are geodesic. On the other hand, the
geodesic between wy_; and vy, passes through vy—; = wyg, SO Wog—r = vp—1. It
follows that py (w”) has the form (vg, v1,...,Vp—1 = W, W1, ...,Wrk_2 = VL—1),
thus itis an (L — 1, k — 1)-valley. We apply the induction hypothesis to w” and get a
word w’” such that w” = w’” holds in " and px (w”’) = (vg,...,vr—1). It suffices
to set w’ = w”a~'b*L P2k to conclude.

Case (2): In this case, we have h(vy) = —k and h(vp—1) = —(k + 1), so that
the edge linking these vertices goes from vz to vp—;. By Proposition 3.10, there
exists A € {0,...,|m| — 1} such that wh*a=! vy = vi_y. Set w* = wh*a~! and
W = w*ab™*, and so w = W holds in I'. The path px(w*)is an (L — 1,k + 1)-
valley, so that we may apply the induction hypothesis to w*. This gives a word w”
such that w” = w* in T and px(w”) = (vg,...,vr—1). We conclude by setting
w = w"ab™. O

Proof of Proposition 4.5. Let w be a word which defines the trivial element in
BS(m,&). The path px(w) is closed; we denote its length by £, which is equal
to the number of letters a*! occurring in w. We argue by induction on £.
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Case £ = 0: In this case, w has no a*! letter; thus, one has w = »* in 5, so
that 5% = [ in BS(m, £). It follows ag = 0, hence w = 1inT.

Induction step (£ > 0): Let us write px (w) = (vg, V1,...,V¢—1,V¢ = vg). If w
is not freely cyclically reduced, let w, denote the word obtained by freely cyclically
reducing w. Then either some letter @ or ¢! has been deleted, in which case py (w;)
is strictly shorter than py(w) and we may apply the induction hypothesis to get
w = w, = 1inT, or px(w,) has length £ and it is equivalent to deal with w, instead
of w.

Hence, we may assume w to be freely cyclically reduced and write

w = b*a®1p%  gftp%t

with &; = %1 and o; € Z for all i. We may moreover assume A (v;) < 0 for all i:
indeed, if the vertex v has maximal height (among the v;), then it suffices to replace
w by the free reduction of the conjugate x~!wx, where x is the prefix h% . .. h%—1
of w. Note that this operation preserves the length of px (w) and the fact that w is
freely cyclically reduced.

Denote by kg = 0 < ky < -+ < ks = £ the indices k’ such that h(vg/) = 0. We
now distinguish two possibilities:

(1) the path px (w) backtracks at some vy, (i.e., there exists i with 1 <i < s —1
such that vg; 11 = vg;—1),

(2) the path py (w) does not backtrack at any vg, (i.e., foralli with1 <i <s—1
one has v, 1 7# Vk;—1)-

Case (1): Let i be an index (with 1 < i < s — 1) such that vg, 11 = vg, 1.
The subword w’' = a®*i—1t1p*ki—1+1  g®ki h%i g®ki+1 defines by construction a
(ki — ki—1 — 1, 1)-valley in the tree X. Lemma 4.6 furnishes then a word w” such
that w” = w’ holds in T and the path px (w”) is strictly shorter than px (w’). We
construct a word w* by replacing w’ by w” in w. The path py (w™*) is strictly shorter
than px (w) and one has w* = w in I". Applying the induction hypothesis to w*, we
getw* =1inT,hencew = 1inT.

Case (2): Let us recall that for all n € Z*, the following diagram of marked
morphisms is commutative (see Section 1.3 and Proposition 3.2).

) r BS(m. §) Z:Z
BS(m,n) I'(m,n) =7Zxn Z[iﬁﬁmg]

The image of w in Z? Z is (Zle D D a;th®D). Since w = 1in BS(m, £), this
implies that Zle g = 0and Zf:o ;1" =0,
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Suppose first (by contradiction) that s = 1. All vertices of px (w) but vy and vy
have strictly negative height. The image of w in Z ¢ Z has then the form (0, g + ot¢ +

Zj<0 B;t/),sothatag = —ay. Since h(vy) = —1 = h(vg_;), wealsohaves; = —1
and g, = 1. We thus see that w is not freely cyclically reduced, a contradiction.
Hence, wehave s = 2. There exists some in {0, ..., s—1} suchthatvg, = vg,,:

either one has v, = vg for all i, or we take i such that vy, is farthest from vo. We set
w* = @fkit1pki+1 | gfkit1—1 pFip1—1 oK

This is a subword of w, not containing all a*! letters since s = 2. Moreover, the
path px(w*) has the form (vg = vo,v7],..., UZ*—p vz‘* = vg). Let us now fix a
sequence (&), of non-zero rational integers such that |§,| — oo and &, — & in Z,,.
By Theorem 3.5, we may assume the tree X to be constructed from the sequence
(€x)n. The word w* stabilizing vo, we get that w* = b*» in BS(m, &,) for some
An € Z, which implies that w* = b*» in I'(m, &,) for n large enough. Now the
above diagram implies that

-1 £, )\
b= X s ()
j=1 m

for those values of n. Then, taking absolute values, this gives

*—1
_ Im] |
< E E lovke; + |-
n j=1

£*—1

o)
|kn| < Z ‘Olki+j (E—n)
j=1 "

It follows that |A,| < 1 holds for n large enough, since |&,]| tends to co. For those
values of n, we get w* = h% = 1 in BS(m, £,). Consequently, we get w* = 1 in
BS(m, £).

Since w* does not contain all a*! letters of w, the path py (w*) is strictly shorter
than py (w), so that we apply the induction hypothesis to w* and get w* = 1in T.
Erasing w* in w, we obtain that

w = w' = bUaFI P . qtki poki T¥hity g Fhi g H1p¥Ki L gEepte

Applying the induction hypothesis to w’, we get w = 1in T". O
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