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On a series of finite automata defining
free transformation groups
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Abstract. We introduce two series of finite automata starting from the so-called Aleshin and
Bellaterra automata. We prove that transformations defined by automata from the first series
generate a free non-Abelian group of infinite rank, while automata from the second series give
rise to the free product of infinitely many groups of order 2.
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1. Introduction

A (Mealy) automaton over a finite alphabet X is determined by the set of internal
states, the state transition function and the output function. A finite (or finite-state)
automaton has finitely many internal states. An initial automaton has a distinguished
initial state. Any initial automaton over X defines a transformation 7" of the set X *
of finite words in the alphabet X. That is, the automaton transduces any input word
w € X* into the output word T'(w). The transformation T preserves the lengths
of words and common beginnings. The set X* is endowed with the structure of a
regular rooted tree so that 7" is an endomorphism of the tree. A detailed account of
the theory of Mealy automata is given in [GNS].

The set of all endomorphisms of the regular rooted tree X * is of continuum car-
dinality. Any endomorphism can be defined by an automaton. However the most
interesting are finite automaton transformations that constitute a countable subset. If
Ty and T, are mappings defined by finite initial automata over the same alphabet X,
then their composition is also defined by a finite automaton over X. If a finite automa-
ton transformation 7 is invertible, then the inverse transformation is also defined by
a finite automaton. Furthermore, there are simple algorithms to construct the corre-
sponding composition automaton and inverse automaton. In particular, all invertible
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transformations defined by finite automata over X constitute a transformation group
5 (X). This fact was probably first observed by Horej$ [Hor].

A finite non-initial automaton A over an alphabet X defines a finite collection of
transformations of X* corresponding to various choices of the initial state. Assum-
ing all of them are invertible, these transformations generate a group G(A), which
is a finitely generated subgroup of & (X). We say that the group G(A) is defined by
the automaton A. The groups defined by finite automata were introduced by Grig-
orchuk [Gri] in connection with the Grigorchuk group of intermediate growth. The
finite automaton nature of this group has great impact on its properties. The formal-
ization of these properties has resulted in the notions of a branch group (see [BGS]),
a fractal group (see [BGN]), and, finally, the most general notion of a self-similar
group [Nek], which covers all automaton groups.

The main issue of this paper are free non-Abelian groups of finite automaton
transformations. Also, we are interested in the free products of groups of order 2
(such a product contains a free subgroup of index 2). Brunner and Sidki [BS] proved
that the free group embeds into the group of finite automaton transformations over
a 4-letter alphabet. Olijnyk [Olil], [Oli2] showed that the group of finite automaton
transformations over a 2-letter alphabet contains a free group as well as free products
of groups of order 2. In the above examples, all automata are of linear algebraic
origin.

A harder problem is to present the free group as the group defined by a single finite
non-initial automaton. This problem was solved by Glasner and Mozes [GM]. They
constructed infinitely many finite automata of algebraic origin that define transforma-
tion groups with various properties, in particular, free groups. A finite automaton that
defines the free product of 3 groups of order 2 was found by Muntyan and Savchuk
(see [Nek] and Theorem 1.5 below).

Actually, the first attempt to embed the free non-Abelian group into a group of finite
automaton transformations was made by Aleshin [Ale] a long ago. He introduced two
finite initial automata over alphabet {0, 1} and claimed that two automorphisms of the
rooted binary tree {0, 1}* defined by these automata generate a free group. However
the argument in [Ale] seems to be incomplete. Aleshin’s automata are depicted in
Figure 1 by means of Moore diagrams. The Moore diagram of an automaton is a
directed graph with labeled edges. The vertices are the states of the automaton and
edges are state transition routes. Each label consists of two letters from the alphabet.
The left one is the input field, it is used to choose a transition route. The right one is
the output generated by the automaton. Aleshin considered these automata as initial,
with initial state b.

The Aleshin automata are examples of bi-reversible automata. This notion, which
generalizes the notion of invertibility, was introduced in [MNS] (see also [GM]). The
class of bi-reversible automata is in a sense opposite to the class of automata defining
branch groups. All automata considered in this paper are bi-reversible.

In this article we are looking for finite automata that define free non-Abelian
groups of maximal rank, i.e., the free rank of the group is equal to the number of
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Figure 1. Aleshin’s automata.

states of the automaton. Note that the automata constructed by Glasner and Mozes
do not enjoy this property. For any of those automata, the transformations assigned
to various internal states form a symmetric generating set so that the free rank of the
group is half of the number of the states. Brunner and Sidki conjectured (see [Sid])
that the first of two Aleshin’s automata shown in Figure 1 is the required one. The
conjecture was proved in [VV].

Theorem 1.1 ([VV]). The first Aleshin automaton defines a free group on 3 genera-
tors.

In this article we generalize and extend Theorem 1.1 in several directions.

The two automata of Aleshin are related as follows. When the first automaton is in
the state c, it is going to make transition to the state a independently of the next input
letter, which is sent directly to the output. The second automaton is obtained from
the first one by inserting two additional states on the route from c to a (see Figure 1).

For any integer 7 > 1 we define a (2n + 1)-state automaton 4™ of Aleshin type.
Up to renaming of internal states, A is obtained from the first Aleshin automaton
by inserting 2n — 2 additional states on the route from c to a (for a precise definition,
see Section 4); in particular, AM and A® are the Aleshin automata. The Moore
diagram of the automaton A is depicted in Figure 6 below. Note that the number
of internal states of an Aleshin type automaton is always odd. This is crucial for the
proof of the following theorem.

Theorem 1.2. Automorphisms of the rooted binary tree defined by automata of
Aleshin type generate a free non-Abelian group of infinite rank. Moreover, all these
automorphisms are free generators of the group.

In particular, any automaton of Aleshin type defines a free transformation group
of maximal rank.



380 M. Vorobets and Y. Vorobets

Theorem 1.3. For any n > 1 the automaton A™ defines a free group on 2n + 1
generators.

Given a finite number of automata Y(l), LY ®) over the same alphabet with
disjoint sets of internal states Sy, ..., Sk, we can regard them as a single automaton
Y with the set of internal states S; U - - - U Sg. The automaton Y is called the disjoint
union of the automata Y, ..., Y% as its Moore diagram is the disjoint union of
the Moore diagrams of Y W ., Y® The group defined by Y is generated by the
groups G(YM), ..., G(Y ®).

We define the Aleshin type automata so that their sets of internal states are disjoint.
Hence the disjoint union of any finite number of distinct automata of Aleshin type is
well defined. Clearly, Theorem 1.2 implies that such a disjoint union defines a free
group of maximal rank.

Theorem 1.4. Let N be a nonempty finite set of positive integers and denote by AN)
the disjoint union of automata A™, n € N. Then the automaton AN defines a free
group on ), .n(2n + 1) generators.

It is easy to see that Theorem 1.4 is actually equivalent to Theorem 1.2.

Another consequence of Theorem 1.2 is that the 8 transformations defined by the
two Aleshin automata generate a free group on 8 generators. In particular, any two
of them generate a free non-Abelian group. Thus Aleshin’s claim is finally justified.

The Bellaterra automaton B is a 3-state automaton over a 2-letter alphabet. Its
Moore diagram is depicted in Figure 2. The automaton B coincides with its inverse

a
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C

Figure 2. The Bellaterra automaton.

automaton and hence all 3 transformations defined by B are involutions. Otherwise
there are no more relations in the group G(B).

Theorem 1.5 ([Nek]). The Bellaterra automaton defines the free product of 3 groups
of order 2.
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Theorem 1.5 is due to Muntyan and Savchuk. It was proved during the 2004
summer school on automata groups at the Autonomous University of Barcelona and
so the automaton B was named after the location of the university.

The Bellaterra automaton B is closely related to the Aleshin automaton A. Namely,
the two automata share the alphabet, internal states, and the state transition function
while their output functions never coincide. We use this relation to define a series
BW B@ . of automata of Bellaterra type. By definition, B™ is a (21 4 1)-state
automaton obtained from 4 by changing values of the output function at all ele-
ments of its domain. Also, we define a one-state automaton B(® that interchanges
letters 0 and 1 of the alphabet. All transformations defined by a Bellaterra type
automaton are involutions.

Theorem 1.6. Automorphisms of the rooted binary tree defined by automata of Bel-
laterra type freely generate the free product of infinitely many groups of order 2.

An equivalent, more detailed formulation of Theorem 1.6 is as follows.

Theorem 1.7. (i) For any n > 0 the automaton B defines the free product of
2n + 1 groups of order 2.

(i1) Let N be a nonempty finite set of nonnegative integers and denote by BW)
the disjoint union of automata B ) n € N. Then the automaton BN defines the
free product of Y, (2n + 1) groups of order 2.

Theorems 1.4 and 1.7 have the following obvious corollary.

Corollary 1.8. (i) Let n be an integer such thatn = 3 orn = 5orn > 7. Then there
exists an n-state automaton over alphabet {0, 1} that define a free transformation
group on n generators.

(i) For any integer n > 3 there exists an n-state automaton over alphabet {0, 1}
that define a transformation group freely generated by n involutions.

We prove Theorem 1.2 using the dual automaton approach. Namely, each finite
automaton Y is assigned a dual automaton Y’ obtained from Y by interchanging
the alphabet with the set of internal states and the state transition function with the
output function. It turns out that there is a connection between transformation groups
defined by Y and Y’. As intermediate results, we obtain some information on the
dual automata of the Aleshin type automata.

Proposition 1.9. (i) The dual automaton of the Aleshin automaton defines a group
that acts transitively on each level of the rooted ternary tree {a, b, c}*.

(ii) For any n > 1 the dual automaton of A™ defines a group that acts transitively
on each level of the rooted (2n + 1)-regular tree Q.
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The proof of Theorem 1.5 given in [Nek] also relies on the dual automaton ap-
proach. In particular, it involves a statement on the dual automaton D of B. Since the
group G(B) is generated by involutions, it follows that the set of double letter words
over the alphabet {a, b, ¢} is invariant under the action of the group G(ﬁ). Hence
G(ﬁ) does not act transitively on levels of the rooted tree {a, b, c}.

Proposition 1.10 ([Nek]). The dual automaton of the Bellaterra automaton defines
a transformation group that acts transitively on each level of the rooted subtree of
{a, b, c}* formed by no-double-letter words.

We derive Theorem 1.6 from Theorem 1.2. This does not involve dual automata.
Nonetheless we obtain a new proof of Proposition 1.10 that also works for all Bel-
laterra type automata.

Proposition 1.11. For any n > 1 the dual automaton of B™ defines a group that
acts transitively on each level of the rooted subtree of Q, formed by no-double-letter
words.

Finally, we establish relations between groups defined by automata of Aleshin
type and of Bellaterra type.

Proposition 1.12. (i) The group G(A) is an index 2 subgroup of G(B({O’l})).

(ii) For any n > 1 the group G(A™) is an index 2 subgroup of G(B{0m)),

(ii1) For any nonempty finite set N of positive integers the group G(A(N )) is an
index 2 subgroup of G(BWNY0)),

Proposition 1.13. (i) G(A) N G(B) is a free group on 2 generators and an index 2
subgroup of G(B).

(ii) For any n > 1, G(A™) N G(B™) is a free group on 2n generators and an
index 2 subgroup of G(B™).

(iii) For any nonempty finite set N of positive integers, G(AN)) N G(BM)) is an
index 2 subgroup of G(B™)). Also, G(AMN)) N G(B™)) is a free group of rank less
by 1 than the free rank of G(AM)).

The article is organized as follows. Section 2 addresses some general construc-
tions concerning automata and their properties. In Section 3 we recall constructions
and arguments of the paper [VV] where Theorem 1.1 was proved. In Section 4 they
are applied to the Aleshin type automata and their disjoint unions, which results in
the proof of Theorem 1.4 (Theorem 4.10). Besides, Proposition 1.9 is established in
Sections 3 and 4 (see Corollaries 3.6 and 4.9). Section 5 is devoted to the study of the
Bellaterra automaton, automata of Bellaterra type, and their relation to automata of
Aleshin type. Here we prove Theorems 1.5 and 1.7 (Theorems 5.3 and 5.4), Propo-
sitions 1.10 and 1.11 (Propositions 5.9 and 5.10), Proposition 1.12 (Proposition 5.2),
and Proposition 1.13 (Propositions 5.6, 5.7, and 5.8).
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2. Automata

An automaton A is a quadruple (Q, X, ¢, ¥) formed by two nonempty sets Q and
X along with twomaps ¢: O x X — Qand ¥: Q x X — X. The set X is to
be finite, it is called the (input/output) alphabet of the automaton. We say that A is
an automaton over the alphabet X. Q is called the set of internal states of A. The
automaton A is called finite (or finite-state) if the set Q is finite. ¢ and Y are called
the state transition function and the output function, respectively. One may regard
these functions as a single map (¢, ¥): O x X — 0 x X.

The automaton A canonically defines a collection of transformations. First we
introduce the set on which these transformations act. This is the set of words over
the alphabet X, which is denoted by X*. A word w € X™ is merely a finite sequence
whose elements belong to X. The elements of w are called letters and w is usually
written so that its elements are not separated by delimiters. The number of letters
of w is called its length. It is assumed that X* contains the empty word @. The
set X is embedded in X ™* as the subset of one-letter words. If wq = x1...x, and
Wy = Y1 ... Ym are words over the alphabet X then w; w, denotes their concatenation
X1...XpV1-..Ym- The operation (w1, wy) — w;w, makes X * into the free monoid
generated by all elements of X. The unit element of the monoid X* is the empty
word. Another structure on X* is that of a rooted k-regular tree, where k is the
cardinality of X. Namely, we consider a graph with the set of vertices X * where two
vertices wy, wy € X* are joined by an edge if w; = wyx or wp, = w;x for some
x € X. The root of the tree is the empty word. For any integer n > 0 the n-th level
of a rooted tree is the set of vertices that are at distance n from the root. Clearly, the
n-th level of the rooted tree X * is formed by all words of length » in the alphabet X .

Now let us explain how the automaton A functions. First we choose an initial state
q € Q and prepare an input word w = X1Xx3 ... X, € X*. Then we set the automaton
to the state ¢ and start inputting the word w into it, letter by letter. After reading a
letter x’ in a state ¢’, the automaton produces the output letter ¥ (¢’, x’) and makes
transition to the state ¢(¢’, x’). Hence the automaton’s job results in two sequences:
a sequence of states qo = ¢,41,--.-,qn, Which describes the internal work of the
automaton, and the output word v = y1y2 ...y, € X*. Here ¢; = ¢(qi—1, x;) and
Vi = w(qi_l,xi) forl <i <n.

For every choice of the initial state ¢ € Q of A we get a mapping A4: X* — X*
that sends any input word to the corresponding output word. We say that A, is
the transformation defined by the automaton A with the initial state g. Clearly, 4,
preserves the length of words. Besides, A, transforms words from the left to the
right, that is, the first n letters of A4(w) depend only on the first n letters of w.
This implies that A, is an endomorphism of X* as a rooted tree. If A, is invertible
then it belongs to the group Aut(X *) of automorphisms of the rooted tree X *. The
set of transformations Ay, g € Q is self-similar in the following sense. For any
g€ Q,x € X,andw € X* we have that A, (xw) = yA,(w), where p = ¢(q. x),
y =v(g.x).
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It must be noted that in many papers on automata the transformation A, is denoted
simply g. However that short notation is not appropriate in our paper as we are going
to consider different automata with the same set of states.

The semigroup of transformations of X* generated by A4, ¢ € Q is denoted by
S(A). The automaton A is called invertible if A, is invertible for all g € Q. If
A is invertible then A4, g € O generate a transformation group G(A), which is a
subgroup of Aut(X*). We say that S(A4) (resp. G(A)) is the semigroup (resp. group)
defined by the automaton A.

If A is an invertible automaton then the restriction of any transformation g € G(A)
to a level of the rooted tree X * is a permutation on this finite set. As a consequence,
the restriction of the semigroup S(A) to any level of the tree is actually a group (while
the semigroup itself need not be a group). This implies that the actions of S(A4) and
G(A) on X* have the same orbits.

One way to picture an automaton, which we use in this paper, is the Moore
diagram. The Moore diagram of an automaton A = (Q, X, ¢, V) is a directed graph
with labeled edges defined as follows. The vertices of the graph are states of the
automaton A. Every edge carries a label of the form x|y, where x, y € X. The left
field x of the label is referred to as the input field while the right field y is referred to
as the output field. The set of edges of the graph is in a one-to-one correspondence
with the set O x X. Namely, for any ¢ € Q and x € X there is an edge that goes
from the vertex g to ¢(q, x) and carries the label x|y (g, x). The Moore diagram of
an automaton can have loops (edges joining a vertex to itself) and multiple edges.
To simplify pictures, we do not draw multiple edges in this paper. Instead, we use
multiple labels.

The transformations A4, ¢ € O can be defined in terms of the Moore diagram of
the automaton A. Forany g € Q and w € X™* we find a path y in the Moore diagram
such that y starts at the vertex ¢ and the word w can be obtained by reading the input
fields of labels along y. Such a path exists and is unique. Then the word A, (w) is
obtained by reading the output fields of labels along the path y.

Let I' denote the Moore diagram of the automaton A. We associate to I" two
directed graphs I'y and I'; with labeled edges. I'; is obtained from I' by interchanging
the input and output fields of all labels. That is, a label x|y is replaced by y|x. I'; is
obtained from I by reversing all edges. The inverse automaton of A is the automaton
whose Moore diagram is I';. The reverse automaton of A is the automaton whose
Moore diagram is I';. The inverse and reverse automata of A share the alphabet
and internal states with A. Notice that any automaton is completely determined by
its Moore diagram. However neither I'y nor I, must be the Moore diagram of an
automaton. So it is possible that the inverse automaton or the reverse automaton (or
both) of A is not well defined.

Lemma 2.1 ((GNS)). An automaton A = (Q, X, ¢, V) is invertible if and only if for
any q € Q the map ¥ (q, -): X — X is bijective. The inverse automaton I of A is
well defined if and only if A is invertible. In this case, 1, = A;l forall g € Q.
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An automaton A is called reversible if the reverse automaton of A4 is well defined.

Lemma 2.2 ([VV]). An automaton A = (Q, X, ¢, V) is reversible if and only if for
any x € X the map ¢(-,x): Q — Q is bijective.

Let A = (Q,X,¢,¥) be an automaton. Let Az = Ag, ... Ag, Ay, for any
nonempty word § = ¢1¢2...qn € QF. Set Az = 1 (here 1 stands for the unit
element of the group Aut(X™*), i.e., the identity mapping on X*). Clearly, any
element of the semigroup S(A) is represented as Ag for a nonempty word £ € Q*.
The map X* x Q* — X™ given by (w,§) > Ag(w) defines a right action of the
monoid O* on the rooted regular tree X *. That is, Ag ¢, (w) = Ag, (g, (w)) for all
£1.6 € Q*andw € X*.

To each finite automaton A = (Q, X, ¢, V) we associate a dual automaton D,
which is obtained from A by interchanging the alphabet with the set of internal
states and the state transition function with the output function. To be precise, D =
(X, 0.¢.v), where ¢(x,q) = ¥(q.x) and ¥ (x,q) = ¢(g.x) forall x € X and
q € Q. Unlike the inverse and reverse automata, the dual automaton is always well
defined. It is easy to see that A is the dual automaton of D.

The dual automaton D defines a right action of the monoid X * on Q* given by
(&, w) > Dy, (). This action and the action of @* on X * defined by the automaton A
are related in the following way.

Proposition 2.3 ([VV]). Forany w,u € X* and § € Q*,
Ag(wu) = Ag(w)Ap,, &) ().

Corollary 2.4 ([VV]). Suppose that Ag = 1 for some § € Q*. Then Ag) = 1 for
every g € S(D).

A finite automaton A = (Q, X, ¢, V) is called bi-reversible if the map
¢(-,x): Q — Q is bijective for any x € X, the map ¥(q, -): X — X is bi-
jective forany ¢ € Q, and the map (¢, ¥): O x X — Q x X is bijective as well. All
automata that we consider in this paper are bi-reversible. Below we formulate some
basic properties of bi-reversible automata (see also [Nek]).

Lemma 2.5. Given a finite automaton A, the following are equivalent:

(1) A is bi-reversible.
(i1) A is invertible, reversible, and its reverse automaton is invertible.
(ii1) A is invertible, reversible, and its inverse automaton is reversible.

(iv) A is invertible, its dual automaton is invertible, and the dual automaton of its
inverse is invertible.

Proof. Suppose that A = (Q, X, ¢, V) is a finite automaton. By Lemma 2.1, 4 is
invertible if and only if maps ¥ (g, - ): X — X are bijective for all ¢ € Q. By
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Lemma 2.2, A is reversible if and only if maps ¢ (-, x): Q — Q are bijective for all
x € X. Let T be the Moore diagram of A and I'/ be the graph obtained from I" by
reversing all edges and interchanging fields of all labels. The graph I'" is the Moore
diagram of an automaton if for any ¢ € Q and x € X there is exactly one edge of
I'’ that starts at the vertex ¢ and has x as the input field of its label. By definition
of T/ the number of edges with the latter property is equal to the number of pairs
(p,y) € O x X suchthatg = ¢(p, y) and x = ¥ (p, y). Therefore ' is the Moore
diagram of an automaton if and only if the map (¢, ¥): QO x X — O x X is bijective.
Thus A is bi-reversible if and only if it is invertible, reversible, and I'/ is the Moore
diagram of an automaton.

Assume that the automaton A is invertible and reversible. Let / and R be the
inverse and reverse automata of A4, respectively. If the graph I' is the Moore diagram
of an automaton then the automaton is both the inverse automaton of R and the reverse
automaton of 7. On the other hand, if I'” is not the Moore diagram of an automaton
then R is not invertible and 7 is not reversible. It follows that conditions (i), (ii), and
(iii) are equivalent.

It follows from Lemmas 2.1 and 2.2 that a finite automaton is reversible if and
only if its dual automaton is invertible. This implies that conditions (iii) and (iv) are
equivalent. O

Lemma 2.6. If an automaton is bi-reversible then its inverse, reverse, and dual
automata are also bi-reversible.

Proof. 1t follows directly from definitions that an automaton is bi-reversible if and
only if its dual automaton is bi-reversible.

Suppose that A is a bi-reversible automaton. By Lemma 2.5, A is invertible and
reversible. Let I and R denote the inverse and reverse automata of A, respectively.
By Lemma 2.5, [ is reversible and R is invertible. It is easy to see that A is both the
inverse automaton of / and the reverse automaton of R. Therefore the automata / and
R are invertible and reversible. Moreover, the inverse automaton of / is reversible
and the reverse automaton of R is invertible. By Lemma 2.5, the automata / and R
are bi-reversible. O

Suppose that AV = (01, X, ¢1, Y1), ..., AR = (O, X, ¢x, V) are automata
over the same alphabet X such that their sets of internal states Qq, Q», ..., O are
disjoint. The disjoint union of automata A, A® . A® is an automaton U =
(Q1U---U Qk, X, ¢, ¥), where the functions ¢, { are defined so that ¢ = ¢; and
¥ = y;on Q; x X for1 <i <k. Obviously, U, = AP forallg € 0;,1 <i <k.
The Moore diagram of the automaton U is the disjoint union of the Moore diagrams
of AV, A@ A% This observation easily leads to the following statement.

Lemma 2.7. The disjoint union of automata A(l)_, AD . A® isinvertible (resp. re-
versible, bi-reversible) if and only if each A® is invertible (resp. reversible, bi-
reversible).
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3. The Aleshin automaton

In this section we recall constructions and results of the paper [V V] where the Aleshin
automaton was studied. Some constructions are slightly modified.

The Aleshin automaton is an automaton A over the alphabet X = {0, 1} with the
set of internal states Q = {a, b, c}. The state transition function ¢ and the output
function i of A are defined as follows: ¢(a,0) = ¢(b,1) =c,p(a, 1) = ¢(b,0) =
b,$(c.0) =¢(c.1) =a;¢(a.0) =y (b.0) =vy(c.1) =1Vl =y(b.1) =
¥(c,0) = 0. The Moore diagram of A4 is depicted in Figure 1. It is easy to verify
that the automaton A is invertible and reversible. Moreover, the inverse automaton
of A can be obtained from A by renaming letters 0 and 1 of the alphabet to 1 and 0,
respectively. The reverse automaton of A can be obtained from A by renaming its
states a and c¢ to ¢ and a, respectively. Lemma 2.5 implies that A is bi-reversible.

Figure 3. Automaton U.

Let I denote the automaton obtained from the inverse of A by renaming its states
a,b,ctoa”!, b™1, ¢!, respectively. Here, a~!, b~!, and ¢! are assumed to be
elements of the free group on generators a, b, c¢. Further, let U denote the disjoint
union of automata A and /. The automaton U is defined over the alphabet X =
{0, 1}, with the set of internal states QF = {a,b,c,a”!,b~!, ¢~ '}. By definition
and Lemma 2.1, U, = Ag, Uy = Ap, Uo = Ac, Uyt = ALY, Uyt = AL,
U1 = Ac_l.

Let D denote the dual automaton of the automaton U. The automaton D is defined
over the alphabet Q*, with two internal states 0 and 1. By ¢p denote its transition
function. Then ¢p(0,q) = 1 and ¢p(1,9) = 0 for ¢ € {a,b,a™',b~"}, while
#p(0,9) = 0 and ¢p(1,q) = 1 for g € {c,c™'}. Also, we consider an auxiliary
automaton E that is closely related to D. By definition, the automaton E shares with
D the alphabet, the set of internal states, and the state transition function. The output
function ¥ g of E is defined so that £ (0,g9) = 0¢(gq) and v g (1, q) = 01(q) for all
g € OF, where 69 = (@~'b~") and 07 = (ab) are permutations on the set Q*.
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ale a~ bt
blb bt
cla cla
cYHat 0 i c Yot
alb a et
blc blpt

Figure 4. Automaton D.

ala e
blb b~ la™t
cle cle
cLle ! 0 1 c et
alb atat
bla bLpt

Figure 5. Automaton E.

Lemmas 2.6 and 2.7 imply that 7, U, and D are bi-reversible automata. As for the
automaton F, it is easy to verify that E coincides with its inverse automaton while
the reverse automaton of £ can be obtained from E by renaming its states 0 and 1 to
1 and 0, respectively. Hence E is bi-reversible due to Lemma 2.5.

To each permutation t on the set Q = {a, b, ¢} we assign an automorphism , of
the free monoid (Q*)*. The automorphism 7 is uniquely defined by 7. (¢) = 7(q),
(g7 1) = (z(g)) "' forallq € Q. Let {a, b, ¢) denote the free group on generators
a,b,andc,let8: (QF)* — (a, b, c) be the homomorphism that sends each element
of 0F C (0%)* to itself, and let p; be the automorphism of (a,b,c) defined by

p(q) = 1(q), q € Q. Then §(r:(€)) = p-(8(§)) forall § € (Q*)*.

Lemma 3.1 ([VV]). (i) E2 = E? = 1, EgEy = E\Eo = (ap).
(i1) Do = m@e)Eo = T(abe)E1, D1 = T@abe) Eo = T(ac) E1-

Proposition 3.2 ([VV]). The group G(D) contains Eq, E1, and all transformations
of the form m.. Moreover, G(D) is generated by Eg, 7(qp), and m(pc).

As described in Section 2, the automaton U defines a right action X * x (Q )y
X* of the monoid (Q*)* on the rooted binary tree X* given by (w, §) — Ug(w).
Let y: (Q%)* — {—1, 1} be the unique homomorphism such that y(a) = x(b) =
xa@ )=y =-1yx)=ychH=1

Lemma 3.3 ((VV]). Given &£ € (Q%)*, the automorphism Ug of the rooted binary
tree {0, 1}* acts trivially on the first level of the tree (i.e., on one-letter words) if and

only if x(§) = 1.
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Now we introduce an alphabet consisting of two symbols * and *~!. A word
over the alphabet {*, !} is called a pattern. Every word & over the alphabet Q* is
assigned a pattern v that is obtained from & by substituting * for each occurrence of
letters a, b, ¢ and substituting «~1 for each occurrence of letters a1, b1, ¢71. We
say that v is the pattern of £ or that & follows the pattern v.

Aword £ = q1q2...¢qn € (QF)* is called freely irreducible if none of its two-
letter subwords q1¢2, g2g3, - . ., gn—19n coincides with one of the following words:
aa= ', bb™, cc™ a7 a, b~'b, c'c. Otherwise £ is called freely reducible.

Lemma 3.4 ((VV]). For any nonempty pattern v there exist words £1,&, € (Q%)*
such that &, and &, are freely irreducible, follow the pattern v, and x(&2) = —x(&1).

Proposition 3.5 ([VV]). Suppose that £ € (QF)* is a freely irreducible word. Then
the orbit of & under the action of the group G(D) on (QF)* consists of all freely
irreducible words following the same pattern as .

Corollary 3.6. The group defined by the dual automaton of A acts transitively on
each level of the rooted ternary tree Q™.

Proof. Let D denote the dual automaton of A. The rooted tree Q* is a subtree
of (Q%)*. It is easy to see that Q* is invariant under transformations Dy, D; and
the restrictions of these transformations to Q* are D(}L , Dfr. In particular, the orbits
of the G(D ™) action on Q* are those orbits of the G(D) action on (Q*)* that are
contained in Q*. Any level of the tree Q™ consists of words of a fixed length over
the alphabet Q. As elements of (Q¥)*, all these words are freely irreducible and
follow the same pattern. Proposition 3.5 implies that they are in the same orbit of the
G(D™) action. O

Lemmas 3.3, 3.4 and Proposition 3.5 lead to the following statement.

Theorem 3.7 ([VV]). The group G(A) is the free non-Abelian group on generators
Aa; Ab> AC’

4. Series of finite automata of Aleshin type

In this section we consider a series of finite automata starting from the Aleshin au-
tomaton. Also, we consider disjoint unions of such automata. We use the notation of
the previous section.

For any integer n > 1 we define an Aleshin type automaton 4™, This is an
automaton over the alphabet X = {0, 1} with a set of states Q, of cardinality
2n + 1. The states of A™ are denoted so that 01 = {a1,b1,c1} and Q, =
{an.bu.cn.qni.....qn2n—2} for n > 2. The state transition function ¢, of A
is defined as follows: ¢, (an,0) = ¢n(by, 1) = cu, Pulan, 1) = ¢n(b,,0) = by,
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and ¢,(qni,0) = ¢n(gni, 1) = gn,i+1 for 0 < i < 2n — 2, where by definition
qno = cn and ¢p2n—1 = a,. The output function v, of A®™ is defined so that
for any x € X we have ¥, (¢, x) = 1 —x if ¢ € {a,,b,} and ¥,(¢,x) = x if
q € On \ {an,bu}.

as 434 433

C3 q31 432

Figure 6. Automaton A,

Up to renaming of the internal states, AD and A® are the two automata intro-
duced by Aleshin [Ale] (see Figure 1).

We shall deal with automata A®™ by following the framework developed in the
paper [VV] and described in Section 3.

Let us fix a positive integer n. It is easy to see that the inverse automaton of the
automaton 4™ can be obtained from A by renaming letters 0 and 1 of the alphabet
to 1 and 0, respectively. Besides, the reverse automaton of A“ can be obtained
from A™ by renaming its states ¢y, gn1, - - - Gn.2n—2,4n 10 A, Gn 202+ - - - s qnls Cn>
respectively. Lemma 2.5 implies that A® is bi-reversible.

Let /™ denote the automaton obtained from the inverse of A®™ by renaming
each state ¢ € O, to g1, where ¢! is regarded as an element of the free group on
generators dy, by, Cn. qn1, - - - » qn 2n—2. Now that the states of the inverse automaton
are renamed, we can form the disjoint union U ™) of automata A™ and 1™ . The
automaton U™ is defined over the alphabet X = {0, 1}, with the set of internal

states OF = quQn {q.q~'}. By definition and Lemma 2.1, Uq(n) = AEI") and

n

Uq(z)l = (AL(In))_1 forallg € Q,.

Let D™ denote the dual automaton of the automaton U ). The automaton D )
is defined over the alphabet Qni, with two internal states 0 and 1. By A, denote its
transition function. Then 1,(0,¢) = 1 and A,(1,q) = 0if ¢ € {an,by,a,',b; '},
while 1,(0,¢) = 0 and A,(1,q) = 1 otherwise. Also, we consider an auxiliary
automaton E™ . By definition, the automaton E® shares with D the alphabet,
the set of internal states, and the state transition function. The output function u,
of E™ is defined so that i1, (0,q) = 00(q) and u,(1,q) = 01(q) forall g € QF,
where 09 = (a,, 'b,!) and 01 = (a,by,) are permutations on the set Q,:—L
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Lemmas 2.6 and 2.7 imply that 7, U™ and D™ are bi-reversible automata.
Further, it is easy to see that the automaton E " coincides with its inverse automaton
while the reverse automaton of £ can be obtained from E ) by renaming its states
0 and 1 to 1 and 0, respectively. By Lemma 2.5, E™ is bi-reversible.

To each permutation 7 on the set O, we assign an automorphism JT ) of the free
monoid (QF)* such that nrn)(q) = 7(q), n,(")(q_l) = (t(g))" ! forall g € Q.

(n) -

The automorphism ; ~ is uniquely determined by t.

Lemma 4.1. () (E{")? = (E{")? = 1, E;"E\" = E{VE” =z, |
anbn
(ii) D(()n) = nﬁg)Eé") = ng?)Efn), Dgn) = nr(:’)E(()n) = g)’)Efn), where Ty =

(ancnqm ce Qn,2n—2)’ 1 = (anbnchnl ce Qn,2n—2)-

Proof. Since the inverse automaton of E™ coincides with E™, Lemma 2.1 implies
that (E(”))Z (E(n))z

We have that £ (") = (X Q £ An, 14n), where the functions A, and j,, are defined
above. Note that the function A, does not change when elements 0 and 1 of the set X
are renamed to 1 and 0, respectively. For any permutation o on the set Q ,jf we define
an automaton Y ? = (X, Q;—L, An, Oy ). The Moore diagram of Y ¢ is obtained from
the Moore diagram of E™ by applying o to the output fields of all labels. It is easy to

observe that Y = ax E ((,") and Y[ =asE §"), where o is the unique automorphism
of the monoid (Q,:—L)* such that a;(g) = o(q) forall g € Q,ﬂf
Let us consider the following permutations on Q,jf:

oo = (a, 'b; ).

o1 = (anby),

02 = (anbn)(a,'b; "),

03 = (anCnqni - -~Qn,2n—2)(a;lb;lc;lq,:1l "'Qr:,12n—2 )
04 = (Anbncnqni - . .qn,zn_z)(a,jlc;lq;ll ...q,zlz,l_z),

05 = (AnCnn1 - - Gnan—2) @y e gl o @ bes),

06 = (anbnCntn1 - - dn2n-2)(@y by e att - Gy hn o)

Since 0,09 = 071 and 0,01 = 0y, it follows that the automaton Y °2 can be ob-
tained from E™ by renaming its states 0 and 1 to 1 and 0, respectively. Therefore

EM =¥ = 040, E™ and E™ = Y = a0, E”. Consequently, EVE™ =
Qg (E("))2 = ag, and E(")E(n) Qg (E("))2 = Qg,. Clearly, o, = ﬂ((afzbn)

Since 0509 = 03 and 0501 = 04, it follows that Y°5 = D™ Hence D(()”) =
Uos E(()") and Dg") = ag E 1("). Furthermore, the equalities 0509 = 04 and 0601 = 03
imply that the automaton ¥ %6 can be obtained from D by renaming its states 0 and
1 to 1 and 0, respectively. Therefore D = Y76 = @y E™ and D™ = v

Ogg E(()"). It remains to notice that ag5 = n% and o, = n,(?). O
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Proposition 4.2. The group G(D™) contains E, (), E, (n) , and all transformations
of the form JT-E ") Moreover, G(D™) is generated by E(n), nﬁg), and 7Tr1 , where
70 = (AnCnqni - -Qn,2n—2); 71 = (anbnchnl .. -Qn,2n—2)-

)

Proof. Ttis easy to see that 77 = 7 7™ for any permutations 7 and o on the set

0,,. It follows that n('f)l = (m"))_1 for any permutation 7 on Q,,.

By Lemma 4.1, the group generated by E(()"), n,(g), and Jr(") contains G(D ™).
Besides, D(n)(D("))_1 = (")E(")( § E(")) . n,g)(ng )~1. By the above

ntg)(n(")) 1 — ng'), where 72 = 191; ' = (bncy). Similarly,

(D(()n))—ngn) = (n (n)E(n)) 1 (n)E(n) (E(")) 1 (”)Eé"),

-1 n)

where 13 = 1, 71 = (anbn). Lemma 4.1 implies that E ) and JT( commute,

hence (D(")) ID(") nm) Consider two more permutations on Q,: T4 = (dnCy)
and 15 = (¢nqn1 - - - qGn,2n—2). Note that 74 = 177375 and 75 = 147¢. By the above
7 7™ e G(D™), hence 7Y € G(D™). Then 7P EM = 7P 7z M EM =

nm)D(") e G(D™). Since t5(a,) = a, and t5(b,) = by, it easily follows that
transformations n( ") and E ™) commute. As 75 is a permutation of odd order 2n — 1

while E ) is an involution, we have that (n(") E ("))2”_1 = E(()n). In particular,

((,") € G(D(")). Now Lemma 4.1 implies that ng)'), ﬂr(?) Efn) € G(DM).
It is easy to observe that the group of all permutations on the set Q,, is generated
by permutations 71 = (@nbnCnqni - - - qn 2n—2) and 13 = (anby,). Since ngl), ng)

G(D™), it follows that G(D ™) contains all transformations of the form 715 ). O

Now we proceed to disjoint unions of Aleshin type automata. Let N be anonempty
finite set of positive integers. We denote by AM) the disjoint union of automata 4,
n € N. Then AN is an automaton over the alphabet X = {0, 1} with the set of
internal states On = |, ey On. Itis bi-reversible since each A™ is bi-reversible.
If the set N consists of a single integer n then AN) = 4™,

Let /™) denote the disjoint union of automata / ™) 1 € N. The automaton I )
can be obtained from the inverse of AN) by renaming each state ¢ € Qpy to g~ .
Further, let U®) denote the disjoint union of automata AN) and 1 V), Obviously,
the automaton U ™Y) is also the disjoint union of automata U™, n € N. It is defined
over the alphabet X = {0, 1}, with the set of internal states Q?\E, = U,eny OF.
Clearly, UM = A" and U(N ) = (AN forallg € Oy

Let D) denote the dual automaton of the automaton U Y), The automaton D ™)
is defined over the alphabet Qﬁ, with two internal states 0 and 1. Also, we consider
an auxiliary automaton £®). By definition, the automaton £™) shares with D)

the alphabet, the set of internal states, and the state transition function. The output
function uy of E®) is defined so that .y (0, ¢) = 0o(gq) and uy(1,q) = 01(q) for
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allg € Q%, where 09 = [[,,en(ay,'b; 1) and 01 = [[,cp (@nby) are permutations
on the set Qﬁ.

Lemmas 2.6 and 2.7 imply that / N W) and DY) are bi-reversible automata.
Further, it is easy to see that the automaton E ™) coincides with its inverse automaton
while the reverse automaton of E ) can be obtained from E®) by renaming its states
0 and 1 to 1 and 0, respectively. By Lemma 2.5, E™) is bi—reversible

To each permutation 7 on the set Q ; we assign an automorphism 71 N of the free

monoid (Q%)* such that M (q) = 1(q), 7" (¢g71) = (r(q))"' forallg € Oy.
The automorphism nr(N) is uniquely determined by .

Lemma 4.3. (i) (EN)2 = (EW)2 = 1, EMVEW) = EMEM = 2 where

T= HneN(anb )
. N N N N N N N N N N
i) DV = 2V EN = 2V EM, DN = 2V EN = 2V EWM

To = HneN(anchnl .. 'Qn,2n—2)a 71 = Hne]v(anbncnq;zl .. -Qn,Zn—2)~

, where

The proof of Lemma 4.3 is completely analogous to the proof of Lemma 4.1 and
we omit it.

Proposition 4.4. The group G(D™)) contains transformations ESN), E fN), ngv),
N N N

a7 and 70, where v = [lyen@bncndni - - dnon-2), T2 =

[Then(©€ngni - --gn2n—2), 3 = [1,en (@nbn), and ta = [],cn (bncn).

Proof. We follow the proof of Lemma 4.2. First let us notice that Jr(N) = JI-SN)JI((TN)

and n(l_vl) = (nTN)) ! for any permutations 7 and o on the set Q y.

By Lemma 4.3, DV (D™)1 = 7z EW) (z M g1 5 (V) ()1
where 79 = [[,cn (anCnin -Gn2n—2). In view of tor;! = 14 it follows that
D(()N)(DiN))_1 = 7). Similarly,

(D(N)) ID(N) (ﬂ(N)E(N)) JT(N)E(N) (E(N)) JT(N)E(N)

)

since 13 = T 17,. Lemma 4.3 implies that E, (V) and Jl'(N commute. Therefore

(D(()N))_lDiN) = ngv). Consider the permutation ts = [[,cn(@ncn) on Qy.

Notice that 75 = 147374 and 1, = 7579. By the above 7T(N) Jrgv) € G(D(N)),
hence n( ) € G(D™)). Then JT(N)E(N) = T(év) (N)E(N) = ngv)D(()N) €
G(D(N)) Since 72(a,) = a, and ‘Cz(b ) = b, for all n € N, it easily follows

(N) EéN)

that transformations 7, * and commute. As 75 is the product of commuting

permutations of odd orders 2n—1,n € N, while E; () i5 an involution, we have that

(N)E(N))m = (N) , where m = [[,cn(2n — 1). In particular, E( ) and n(N)

are contained in G(D(N )). Now Lemma 4.3 implies that JTrN) E; (N) € G(D(N ).
O
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Recall that words over the alphabet {*,*~!} are called patterns. Every word
£e (Qf,)* is assigned a pattern v that is obtained from & by substituting * for each
occurrence of letters ¢ € Q y and substituting *~! for each occurrence of letters ¢!,
q € Qn. We say that £ follows the pattern v.

Now we introduce an alphabet Pﬁ that consists of symbols *, and *;1 for all
n € N. A word over the alphabet Pﬁ is called a marked pattern. Every word
IS (Qljf,)* is assigned a marked pattern v € (Pﬁ,c)* that is obtained from £ as
follows. For any n € N we substitute *, for each occurrence of letters ¢ € Q,
in £ and substitute *;1 for each occurrence of letters g~', ¢ € Q,. We say that £
follows the marked pattern v. Clearly, the pattern of £ is uniquely determined by its
marked pattern. Notice that each letter of the alphabet P ﬁ,t corresponds to a connected
component of the Moore diagram of the automaton U ). Since D®) is the dual
automaton of U™ it easily follows that the G(D ™)) action on (Qldf,)* preserves
marked patterns of words.

Aword &£ = q1q92...qx € (Q?\E,)* is called freely irreducible if none of its two-
letter subwords ¢1¢2, ¢2q3., - - . » qx—19x is of the form g¢g ™ org~'q, where g € Q.
Otherwise £ is called freely reducible.

Lemma 4.5. For any nonempty word v € (P;,—L)* there exists a freely irreducible
word § € (Qlﬂ\t,)* such that v is the marked pattern of & and the transformation US(N)
acts nontrivially on the first level of the rooted binary tree X *.

Proof. For any n € N let us substitute a, for each occurrence of *, in v and b}’
for each occurrence of *,!. We get a nonempty word £ € (Qf,)* that follows the
marked pattern v. Now let us modify £ by changing its last letter. If this letter is aj,
(n € N), we change it to c,. If the last letter of & is b;l, we change it to cn_l. This
yields another word 1 € ( Qf,)* that follows the marked pattern v. By construction,

& and n are freely irreducible. Furthermore, U,gN) = Ag? (A;Z))_IUS(N) if the last
letter of v is *,, n € N, while Un(N) = (AEZ))_IAI(;'I)U;N) if the last letter of v
is x,;1. For any n € N both Ag? (Ag;))_1 and (AE',?)—lA},’;) interchange one-letter
words 0 and 1. It follows that one of the transformations U;N) and U,gN) also acts
nontrivially on the first level of the rooted tree {0, 1}*. O

Given a nonempty, freely irreducible word & € (Qlﬂ\[,)*, let Z n(£) denote the set
of all freely irreducible words in ( Qf,)* that follow the same marked pattern as &
and match £ completely or except for the last letter. Obviously, & € Zy(§), and
neZy(E)ifandonlyif & € Zy(n).

Lemma 4.6. For any nonempty word v € (P;,—L)* there exists a freely irreducible
word § € (Qlj\E,)* such that v is the marked pattern of £ an the set Z n (§) is contained
in one orbit of the G(D™)) action on (Qljf,)*
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Proof. Let QN = Unentan. bn.cn, nl,bnl, c, I The set (QN)* of words in

the alphabet QN is a submonoid of (QN)*. Let hy: (QN)* — (Q%)* be the
homomorphism of monoids such that hy(a,) = a, hy(b,) = b, hn(cy) = c,
hy(a,') = a™t, hn(b,Y) = b7, hy(c,;!) = ¢! foralln € N. For any
IS (Q]T,)* the word & () follows the same pattern as ¢. The word ¢ is uniquely
determined by /A (¢) and the marked pattern of £. If A () is freely irreducible then
so is ¢ (however hy () can be freely reducible even if ¢ is freely irreducible). It

is easy to see that Eo(hy () = hN(E(N)(g)) 7ap)(hn (0)) = hN(ﬂ(N)(é')) and

7o)y (£)) = hy (28 (©)), where 01 = [T,en (@nbn) and 02 = [T,en (bucn)
are permutations on Q. By Proposition 3.2, the group G(D) is generated by
Eo, m@ap), and mpey. On the other hand, E((,N) n((,llv),nélzv) € G(D™) due to

Proposition 4.4. Let G denote the subgroup of G(D ™)) generated by E((,N) n((,llv),

and n(N). It follows that for any go € G(D) there exists g € G such that
go(hn () = hy(g(Q)) for all ¢ € (Qﬁ)*. Now Proposition 3.5 implies that
words (1,8, € (QN?\E,)* are in the same orbit of the G (D ™)) action on (Qf,)* when-
ever they follow the same marked pattern and the words hy ({1), in ($2) are freely
irreducible.

Given a nonempty marked pattern v € (Pi,t)*, let v be the word obtained by
deleting the last letter of v. For any n € N we substitute @, for each occurrence of
%, in vo and b, ! for each occurrence of ;1. This yields a word n € (ijf,)* that
follows the marked pattern vg. Now let £ = nc,, if the last letter of v is *,,n € N
and let § = nc,; 1 if the last letter of v is *;1. Clearly, £ is a freely irreducible word
following the marked pattern v. Moreover, £ € (O ]jf,)* and the word &y (§€) is also
freely irreducible.

We shall show that the set Z x (§) is contained in the orbit of £ under the G(D (N
action on (Q N)* Take any { € Zn (). If  is a word over the alphabet Q y and
hn(§) is freely irreducible, then it follows from the above that { = g(&) for some
g € G c G(DW)). On the other hand, suppose that the last letter of ¢ is gp; or
g, wheren € N, 1 <i < 2n —2. In this case we have { = (nT(N)) (&), where
T = [[,en(€ngni - - - qn,2n—2). By Proposition 4.4, Jr(N) € G(D(”)).

It remains to consider the case when the last letter of ¢ belongs to Q~ ]j\[, but the word
hn (¢) is freely reducible. There is at most one { € Z (&) with such properties. It
exists if the last two letters of v are *l*;ll or *1—1 *m,Wherel,m € N,l # m. Assume
this is the case. Then the last letter of the word 7 is either a; or bl_l. Let us change
this letter to ¢; or cl_l, respectively. The resulting word 7 follows the marked pattern
vg. Also, the words Ay (1) and Ay (n1) are freely irreducible. By Proposition 3.5,
hn(n1) = gi1(hn(n)) for some g, € G(D). There exists a unique {; € (Qljf,)*
such that ix (&) = g1(hy(¢)) and v is the marked pattern of ¢;. By the above
there exists §; € G such that &;(n) = n; and g,(¢) = &;. Since the word iy (¢) is
freely reducible, so is 4y ({1). On the other hand, the word % (71), which can be
obtained by deleting the last letter of /5 (1), is freely irreducible. It follows that the
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last two letters of i1y (¢1) are cc™! or ¢~ !c. Then the last two letters of {; are ¢;c;,!
or ¢; ¢y If 2m — 1 does not divide 2/ — 1 then the word (w")21=1(¢,) matches ¢
except for the last letter. Consequently, the word {’ = g7 (wiN)21=15, () matches
¢ except for the last letter. Since the G(D®)) action preserves marked patterns, the
word ¢’ follows the marked pattern v. Hence {' € Zy(§). As ¢’ # ¢, it follows
from the above that ¢’ = g(£) for some g € G(D™)). Then ¢ = go(&), where
g0 =& (@)1 gig € G(DW).

Now suppose that 2m — 1 divides 2/ — 1. Then (ﬂiN))ZI_l (¢1) = ¢ and the above
argument does not apply. Recall that the last two letters of hy (¢1) arecc ™ ore™ e, If
these letters are preceded by b~1, we let &, = nol )(§ 1). Otherwise they are preceded
by a or hx(¢1) has length 2. In this case, we let {, = {;. Further, consider the
permutation 7, = t2" 1oyt~ @M=, 22m=1 o0 O . Since 7, ngzv) e G(DM),
N) _

we have that 7r( (JT(N))Zm lnglzv)(ngm)l —2m (N)(JT N))zm le G(D(N)). It

iseasy to see that t1(cm) = cmand 11 (a,) = a, foralln € N. Since2m—1 < 2[—1,
we have t1(c;) = b;. Also, for any n € N we have 11(b,) = b, if 2n — 1 divides
2m — 1 and 71(b,) = ¢, otherwise. It follows that {3 = 771(1 )(ﬁz) is a word in the
alphabet Qﬁ such that hx({3) is freely irreducible. Since {3 follows the marked
pattern v, we obtain that {3 belongs to the orbit of & under the G(D ™)) action. So
does the word ¢. O

Proposition 4.7. Suppose that & € (Qﬁ)* is a freely irreducible word. Then the
orbit of & under the action of the group G(D™)) on (QJ:'\:,)* consists of all freely
irreducible words following the same marked pattern as §.

Proof. First we shall show that the G(D ™)) action on (Q N)* preserves marked
patterns and free irreducibility of words. Let ¢ N and ¥ N denote the state transition

and output functions of the automaton U V). By én and ¥y denote the state transition
and output functions of its dual DW) | Take any g € Qlf, and x € X. For every
n € N we have that ¢1$(q,x) € Qp (resp. qﬁ(q,x) € QF)if and only if ¢ €
Qn (resp. ¢ € QF). Since qﬁ (g.x) = ¥n(x.q), it follows that transformations
D((,N) and DgN) preserve marked patterns of words. So does any g € G(DM).
Further, let p = qﬁﬁ(q,x) and y = 1//f\,:(q,x). Then ¢ﬁ(q_1,y) = p~! and
Yi(g".y) = x. Consequently, D" (qq™") = Y (x.q) VN (PN (x.9).q7") =
¢x(q,. x)¢F (7 ¥ (q.x)) = pp~!. It follows that the set P = {gq~! | q €
Qﬁ} C (Q?\E,)* is invariant under D(()N) and DgN). Any freely reducible word £ €
(Qf,)* is represented as £1£0&», where £y € P and &1, &, € (Qf,)* Forany x € X
we have D)(CN)(E) = D)(CN)(SI)D(N)(EO)D(N)(EZ) where xo, x; € X. By the above
D )(CN) (&) is freely reducible. Thus DSN) and D gN) preserve free reducibility of words.

Since these transformations are invertible, they also preserve free irreducibility, and
so does any g € G(DW)),
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Now we are going to prove that for any freely irreducible words &1, &, € (def,)*
following the same marked pattern v there exists g € G(D™)) such that &, = g(&;).
The claim is proved by induction on the length of the marked pattern v. The empty
marked pattern is followed only by the empty word. Now let k£ > 1 and assume that
the claim holds for all marked patterns of length less than k. Take any marked pattern
v of length k. By Lemma 4.6, the marked pattern v is followed by a freely irreducible
word £ € (Q N)* such that the set Zy (&) is contained in an orbit of the G(D ™))
action. Suppose that &1,& € (Q N)* are freely irreducible words following the
marked pattern v. Let 7, 1, 2 be the words obtained by deleting the last letter of £,
&1, &, respectively. Then 1, 11, 15 are freely irreducible and follow the same marked
pattern of length k — 1. By the inductive assumption there are g, g, € G(D®M)
such that n = g1(n1) = g2(n2). Since the G(D™)) action preserves marked
patterns and free irreducibility, it follows that g1(£1), g22(62) € Zn(§). As Zn ()
is contained in an orbit, there exists go € G(D™)) such that go(g1(£1)) = g2(£2).
Then & = g(&1), where ¢ = g5"'gog1 € G(DW)). O

Corollary 4.8. Let n be a positive integer. Suppose that £ € (Q)* is a freely
irreducible word. Then the orbit of & under the action of the group G(D™) on
(0 f)* consists of all freely irreducible words following the same pattern as §.

Corollary 4.9. The group defined by the dual automaton of an Aleshin type automaton
A acts transitively on each level of the rooted tree 0.

Corollary 4.8 is a particular case of Proposition 4.7, when N = {n}. Furthermore,
Corollary 4.9 follows from Corollary 4.8 in the same way as Corollary 3.6 follows
from Proposition 3.5. We omit the proof.

Theorem 4.10. For any nonempty set N of positive integers the group G(AN)) is
the free non-Abelian group on generators AEIN), q € QON.

Proof. The group G(A™)) is the free non-Abelian group on generators A4, q €
QOn, if and only if (A,(Ily))ml (AL(IIZV))'”2 - (Ay,g))’”k # 1 for any pair of sequences
qi,....qrandmy, ..., mgsuchthatk > 0,q; € Oy andm; € Z\{0}forl <i <k,
and ¢; # gi4q for1 < i < k — 1. Since U(N) = A(N) and U(N) = (A(N))_1

forallg € Qn, an equlvalent condition is that U (¥) # 1 for any nonempty freely
irreducible word £ € (Q N)*

y™

Suppose that = 1 for some freely irreducible word § € (ij\:,)* By

Corollary 2.4, U ;1(\;))5 = 1forall g € S(DM)). Since the transformation semigroup
S(D™)) has the same orbits as the transformation group G(D ™)), it follows that
UN) = 1 for all g € G(D™)). Now Proposition 4.7 implies that U, N) = 1 for

g —
any freely irreducible word n € (Q N)* following the same marked pattern as £.
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In particular, U,gN) acts trivially on the first level of the rooted binary tree {0, 1}*.
Finally, Lemma 4.5 implies that £ follows the empty marked pattern. Then £ itself is
the empty word. O

5. The Bellaterra automaton and its series

In this section we consider the Bellaterra automaton, a series of automata of Bellaterra
type, and their disjoint unions. We use the notation of Sections 3 and 4.

The Bellaterra automaton B is an automaton over the alphabet X = {0, 1} with
the set of internal states O = {a, b, c}. The state transition function $ and the output
function ¥/ ofB are defined as follows: $(a 0) = $(b, 1) =c,da, 1) =¢b,0) =
b, $(c,0) = (c. 1) = a; ¥(a,0) = ¥(b,0) = Y(c. 1) =0, ¥(a, 1) = Y (b, 1) =
¥(c,0) = 1. The Moore diagram of B is depicted in Figure 2. It is easy to verify
that the inverse automaton of B coincides with B. Besides, the reverse automaton
of B can be obtained from B by renaming its states a and ¢ to ¢ and a, respectively
Lemma 2.5 implies that B is bi-reversible.

The Bellaterra automaton B is closely related to the Aleshin automaton A. Namely,
the two automata share the alphabet, the set of internal states, and the state transition
function. On the other hand, the output function ¥ of B never coincides with the
output function i of A, that is, @(q, x) # Y¥(q,x)forallg € Qand x € X.

For any integern > 1 we define a Bellaterra type automaton B ™ as the automaton
that is related to the Aleshin type automaton A in the same way as the automaton
B is related to A. To be precise, B is an automaton over the alphabet X = {0, 1}
with the set of states 0,. The state transition function of B® coincides with that
of A™ _ The output function Wn of B(”) is defined so that for any x € X we have
wn(q,x) = x if ¢ € {an,b,} and \/fn(q,x) 1—xifqg € O, \ {an,bn}. Then
1/7,, (g.x) =1—Y,(q,x) forallg € Q, and x € X, where v, is the output function
of A®™ . Note that the automaton B! coincides with B up to renaming of the internal
states.

In addition, we define a Bellaterra type automaton B(®. This is an automaton
over the alphabet X with the set of internal states Q¢ consisting of a single element
co. The state transmon function ¢0 and the output functlon WO of B© are defined as
follows: ¢o(co.0) = ¢o(co. 1) = co; Yo(co.0) = 1, Yo(co. 1) = 0.

Itis easy to see that each Bellaterra type automaton B () coincides with its inverse
automaton. The reverse automaton of B® coincides with B(® as well. In the case
n > 1, the reverse automaton of B™ can be obtained from B by renaming its
states ¢n, qnis - - - »qn,2n—2,0n 10 Ay, qn.2n—2, - - - . qn1, Cn, respectively. Lemma 2.5
implies that each B™ is bi-reversible.

Let N be a nonempty finite set of nonnegative integers. We denote by B™) the
disjoint union of automata B ™) 5 e N. Then B®Y) is an automaton over the alphabet

= {0, 1} with the set of internal states Oy = |J,,cy Qn. Itis bi-reversible since
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Ao 422

(&) 421

Figure 7. Automaton B{0-23)

each B™ is bi-reversible. If 0 ¢ N, then the automaton B (V) ghares its alphabet,
its internal states, and its state transition function with the automaton AY) while the
output functions of these automata never coincide.

The relation between automata of Aleshin type and of Bellaterra type induces a
relation between transformations defined by automata of these two types.

Lemma 5.1. Let h = BYY. Then
(i) Aqg = hBg and By = hA, forany q € {a,b,c};
(i) A" = 1B and B = A foranyn = 1 and g € Qy;

(iii) A((]N) = hBéN) and Bq(N) = hAéN) for any nonempty finite set N of positive
integers and any q € Q n.

Proof. The transformation £ is the automorphism of the free monoid {0, 1}* that
interchanges the free generators 0 and 1. For any w € X* the word k(w) can be
obtained from w by changing all letters O to 1 and all letters 1 to 0.

Suppose that A and B are two automata over the alphabet X such that their sets
of internal states and state transition functions are the same but their output functions
never coincide. It is easy to see that Aq = hB and Bq = hA for any internal state
g of the automata A and B. The lemma follows. O

Proposition 5.2. (i) The group G(A) is an index 2 subgroup of G(B{01)),

(ii) For any n > 1 the group G(A™) is an index 2 subgroup of G(B®0m)),

(iii) For any nonempty finite set N of positive integers the group G(AM)) is an
index 2 subgroup of G(BWYI0),

Proof. Note that the statement (i) is a particular case of the statement (ii) as G(A) =
G(AM). Furthermore, the statement (ii) is a particular case of the statement (iii)
since A = AW for any integer n > 1.

Let N be a nonempty finite set of positive integers. The group G(A®M)) is gen-
erated by transformations A((JN) ,q € On. The group G(BNYOD) is generated by
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transformations & = Bc(g) and B,;N), qg € On. By Lemma 5.1, A,(IN) = hBégN) and
Bq(,N) = hA,(IN) for any ¢ € Q . It follows that the group G(B@WUi0)) is generated
by transformations 4 and AEIN), g € On. Inparticular, G(AN)) ¢ G(BWNUON),
For any 7 > 0 the automaton B coincides with its inverse. Lemma 2.1 implies
that 12 = 1 and (B(EN))2 =1,q9 € Opn. Then hAéN)h_1 = Bq(N)h = (A((i,N))_1 for
any ¢ € Q. It follows that G(A®)) is a normal subgroup of G(BWY{)) Since
h? = 1, the index of the group G(A™)) in G(BWY%) is at most 2. On the other
hand, G(AM)) #£ G(BWYIOD) a5 G(BWUIOD) contains a nontrivial involution /,
while G(A®™)) is a free group due to Theorem 4.10. Thus G(A®™)) is an index 2
subgroup of G(BWU0h), O

The relation between groups defined by automata of Aleshin type and of Bellaterra
type allows us to establish the structure of the groups defined by automata of the latter
type. As the following two theorems show, these groups are free products of groups
of order 2.

Theorem 5.3 ([Nek]). The group G(B) is freely generated by involutions B,, By, B..

Theorem 5.4. (i) For any n > 1 the group G(B™) is freely generated by 2n + 1
. . (n)
involutions By ", q € Qy.

(ii) For any nonempty finite set N of nonnegative integers the group G(B™)) is
freely generated by involutions BéN), q € 0ONn.

To prove Theorems 5.3 and 5.4, we need the following lemma.

Lemma 5.5. Suppose that a group G is generated by elements gg, g1, ..., gk (k > 1)
of order at most 2. Let H be the subgroup of G generated by elements h; = gogi,
1 <i < k. Then G is freely generated by k + 1 involutions go, g1, ..., gk if and
only if H is the free group on k generators hy, . .., hg.

Proof. Consider an element 1 = hf]'hfzz...hfll, where [ > 1,1 <ij <k, ¢ €
{—1,1}, and &; = &4 whenever i; = i;4;. Since h; = gogi and h;! = g;go
for1 <i <k, and g5 = 1, we obtain that h = g(gi, & - - -8, &> where each g’ is
equal to go or 1. Moreover, g]/. = go whenever ¢; = ¢ 1. In particular, h # 1if G
is freely generated by involutions go, g1, . - . , g. 1t follows that H is the free group
on generators Ay, ..., hy if G is freely generated by involutions g¢. g1, - . ., gk-

Now assume that H is the free group on generators /1, ..., hg. Then each h; has
infinite order. Since h; = gog; and g5 = g7 = 1, it follows that go # 1 and g; # 1.
Hence each of the elements g¢, g1, ..., gr has order 2. In particular, none of these
elements belongs to the free group H.

The group G is freely generated by involutions gg, g1, ..., gk if g # 1 for any
g = 8i;.--8 suchthat! > 1,0 <i; <k, andi; # ijy;. First consider the



On a series of finite automata defining free transformation groups 401

case when [ is even. Note that g;g; = h;'hj for 0 < i, j < n, where by definition
ho = 1. Therefore g = h;lhi2 . h;llhil € H. Since hy = 1, the sequence
h;l,hiz, e hi_[il ,hi, can contain the unit elements. After removing all of them,
we obtain a nonempty sequence in which neighboring elements are not inverses of
each other. Since Ay, ..., h; are free generators, we conclude that g # 1. In the
case when [ is odd, it follows from the above that g = g; h, where h € H. Since

gi, &€ H, we have that g ¢ H, in particular, g # 1. O

Proof of Theorem 5.3 and Theorem 5.4. First we observe that Theorem 5.3 is a par-
ticular case of Theorem 5.4 since the automata B and B! coincide up to renaming
of their internal states. Further, the statement (i) of Theorem 5.4 is a particular case
of the statement (ii) since B® = B for anyn > 1.

Suppose that N is a nonempty finite set of nonnegative integers such that 0 € N.
For any n € N the automaton B®™ coincides with its inverse. Lemma 2.1 implies
that (BSM)2 = 1 forallg € Qn. If N = {0} then O = {co} and G(B™) is a
group of order 2 generated by the involution # = Bc(g). Now assume that N # {0}.
Then K = N \ {0} is a nonempty set of positive integers. The group G(B®M)) is
generated by transformations / and B;K), q € Qk. All generators are of order at
most 2. The group G(A%)) is the free group on generators AfIK), q € Qg due to
Theorem 4.10. By Lemma 5.1, A,(JK) = hBéK) for any ¢ € Qg. Then Lemma 5.5

implies that G(B™)) is freely generated by involutions / and Bq(K), q € Ok.
Now consider the case when N is a nonempty finite set of positive integers. By the
above the group G(BWY{0)) s freely generated by involutions / and Bq(,N), qe0n.

Clearly, this implies that the group G(BM))is freely generated by involutions B;N),
q € On. O

Now we shall establish a relation between transformation groups defined by the
Aleshin type and the Bellaterra type automata with the same set of internal states.

Since G(A) is the free group on generators A,, Ap, Ac, there is a unique homo-
morphism A: G(A) — G(B) such that A(A,;) = Bg, A(Ap) = By, A(Ae) = Be.
Likewise, for any n > 1 there is a unique homomorphism A, : G(A™) — G(B™)
such that A, (AEI")) = Btgn) for all ¢ € Q,. Also, for any nonempty finite set N of
positive integers there is a unique homomorphism Ay : G(A™)) — G(B™)) such
that Ay (A$Y)) = BN forallg € Oy.

Proposition 5.6. (i) G(A) N G(B) = {g € G(A) | A(g) = g}.
(i) G(A) N G(B) is the free group on generators By By, and B, B..
(iii) G(A) N G(B) is an index 2 subgroup of G(B).
(iv) A;lAq = B, B, forall p,q € {a,b,c}.

Proof. Let h = BY. By Lemma 5.1, A, = hB, for all ¢ € {a,b,c}. Since

€o
the inverse automaton of B coincides with B, Lemma 2.1 implies that B2 = B[f =
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B? = 1. Thenforany p.q € {a.b,c}wehave A,' 4, = (hB,)"'hB; = B, ' B, =
B, B,.

It is easy to see that {g € G(A4) | A(g) = g} is a subgroup of G(A4) N G(B).
Let G be the group generated by transformations B, By and B, B.. By the above
A(A;'Ap) = B;'By = B,Bp = A ' Ap and A(A,;'A;) = B;'B. = B,B. =
A7 A,. Tt follows that G is a subgroup of {g € G(A) | A(g) = g}

By Theorem 5.3, the group G(B) is freely generated by involutions B, Bp,
B.. Then Lemma 5.5 implies that G is the free group on generators B, By and
B,B.. Note that B,B; € G for all q € Q. Then for any p,q € Q we have
B,B; = (B4B,) 'B,B, € G. It follows that for any g € G(B) at least one of the
transformations g and B, g belongs to G. Therefore the index of G in G(B) is at
most 2.

Note that B, ¢ G(A) as B, is a nontrivial involution while G(A) is a free group.
Hence G(A) NG(B) # G(B). Now it follows from the above that G = {g€G(A) ]
A(g) = g} = G(A) N G(B) and this is an index 2 subgroup of G(B). O

Proposition 5.7. Let n be a positive integer. Then

i) GAM)NG(B™W) = {g € G(AM) | Au(g) = g

(i) G(A™)YNG(B™M) is the free group on 2n generators B(")B("), qg € 0n\{an};
(iii) G(A™) N G(B™) is an index 2 subgroup of G(B™);

(iv) (AS)14P = BM B forall p.q € 0,

Proposition 5.8. Let N be a nonempty finite set of positive integers. Then
) GAM)NGBM) = {g e GAM) | An(g) = g}
(ii) forany n € N the group G(AMN)) N G(BW)) is the free group on generators
Bo By q € On \ {an}:
(i) G(AMY) N G(BM™)) is an index 2 subgroup of G(B™));
Gv) (AN 1AM = BV BN for all p.q € Q.

The proofs of Propositions 5.7 and 5.8 are completely analogous to the proof of
Proposition 5.6 and we omit them.

Now let us consider the dual automata of the Bellaterra automaton and automata
of Bellaterra type.

Let D denote the dual automaton of the Bellaterra automaton B. The automaton
D is defined over the alphabet Q = {a, b, c}, with two internal states 0 and 1. The
Moore diagram of D is depicted in Figure 8. The automaton D is bi-reversible since
B is bi-reversible.

A word £ over an arbitrary alphabet is called a double letter word if there are
two adjacent letters in £ that coincide. Otherwise we call £ a no-double-letter word.
The set of no-double-letter words over the alphabet Q forms a subtree of the rooted
ternary tree Q*. As an unrooted tree, this subtree is 3-regular. However it is not
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| 0 1 e
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Figure 8. The dual automaton D.

regular as a rooted tree. The following proposition shows that the group G(ﬁ) acts
transitively on each level of the subtree.

Proposition 5.9 ([Nek]). Suppose that & € ,Q* is a no-double-letter word. Then the
orbit of £ under the action of the group G (D) on Q* consists of all no-double-letter
words of the same length as &.

Proof. Let A and 1 denote the state transition and output functions of the automaton
B. By A and [t denote the state transition and output functions of its dual D. Take
anyg € Qand x € X. Let p = A(g,x) and y = u(q,x). Since B coincides
with its inverse automaton, it follows that p = A(q, y). Consequently, D, (qq) =
i, )ir(A(x,q9),q9) = A(g,x)A(q, u(q,x)) = pp. It follows that the set P =
{qq | ¢ € O} C Q¥ is invariant under Do and D;. Any double letter word £ € Q*
is represented as §15062, where § € P and §1,§, € O*. For any x € X we have
D &) = D, (El)DxO(SO)Dx1 (52) where xg,x; € X. By the above D, (&) isa
double letter word. Thus DO and D1 map double letter words to double letter words.
Since these transformations are invertible, they also map no-double-letter words to
no-double-letter words, and so does any g € G(ﬁ).

Now we are going to prove that for any no-double-letter words &,&, € Q% of
the same length / there exists g € G(D) such that & = g(&1). The empty word is
the only word of length O so it is no loss to assume that / > 0. First consider the
case when [ is even. We have &, = ¢192...q;—1q; and & = p1ps ... pj—1 p; for
some ¢;, p; € Q, 1 <i < [. Consider two words 71 = ¢195" ...q;—1q; " and
M= pip5' ... pi—1 pl_1 over the alphabet Q*. Clearly, n; and 7, follow the same
pattern. Furthermore, they are freely irreducible since &; and &, are no-double-letter
words. By Proposition 3.5, 1, = go(n1) for some go € G(D) (recall that D is
the dual of the automaton U, which is the disjoint union of the Aleshin automaton
A and its inverse). Since the G(D) action on (Q¥)* has the same orbits as the
action of the semigroup S(D), we may assume that go € S(D). Then gog = Dy,
for some word w € X*. Proposition 2.3 implies that Uy, (wu) = Uy, (w)Uy, (u)
for any u € X*. By Proposition 5.6, A;lAq = B, B, forall p,qg € Q. It follows
that Uy, = Bg, and U,, = Bg,. In particular, Bg (wu) = Bg, (w)Bg, (u) for any
u € X*. Now Proposition 2.3 implies that Bg, = By (¢,), where g = Dy € G(ﬁ).
By the above g(£) is a no-double-letter word. By Theorem 5.3, the group G(B) is
freely generated by involutions By, ¢ € Q. Since &, and g (&) are no-double-letter
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words in the alphabet Q, the equality Bg, = By (g,) implies that &, = g(&;).

Now consider the case when &; and &, have odd length. Obviously, there exist
letters go, po € Q such that £;g¢ and &; po are no-double-letter words. Since £1¢o
and &; pg are of the same even length, it follows from the above that & py = g(£190)
for some g € G(ﬁ). Then & = g(&;). O

For any integer n > 0 let D™ denote the dual automaton of the automaton B®.
The automaton D™ is defined over the alphabet Q,,, with two internal states 0 and 1.
It is bi-reversible since B™ is bi-reversible.

Proposition 5.10. Let n > 1 and suppose that § € Q) is a no-double-letter word.

Then the orbit of & under the action of the group G(ﬁ(”)) on Qy consists of all
no-double-letter words of the same length as &.

The proof of Proposition 5.10 is completely analogous to the above proof of
Proposition 5.9 and we omit it.
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